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ABSTRACT

In this paper we calculate some remarkable cubic and quartic

series involving the tail of ln 2. We also evaluate several

linear and quadratic series with the tail of ln 2.

RESUMEN

En este art́ıculo calculamos algunas series cúbicas y cuárticas

notables que involucran la cola de ln 2. También evaluamos

varias series lineales y cuadráticas con la cola de ln 2.
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1 Introduction and the main results

In this paper we calculate several remarkable cubic and quartic series involving the term 1
n
−

1
n+1 +

1
n+2 − · · · . The goal of this paper is to extend, to the case of cubic and quartic series, the results

recorded in [3], in problems 3.15, 3.29 and 3.45, concerning the calculation of some quadratic

series involving the tail of ln 2. Our results are new in the literature and they are obtained based

on a combination of techniques involving Abel’s summation formula and shifting the index of

summation, which allow us to reduce the calculation of a cubic or a quartic series to a linear or a

quadratic series, respectively. We also solve an open problem posed in [5, Open problem, p. 107].

The main results of this paper are Theorems 1.1 and 1.2 below.

Theorem 1.1 (Remarkable cubic series with the tail of ln 2). The following identities hold:

(a)

∞
∑

n=1

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)3

=
5

16
ζ(3);

(b)

∞
∑

n=1

(−1)n
(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)3

=
ζ(2)

4
−

3

2
ln2 2;

(c)
∞
∑

n=1

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)3

= −
ζ(2)

4
−

3

4
ln2 2 +

3

2
ln 2 +

5

32
ζ(3).

We mention that the alternating version of the series in part (c) of Theorem 1.1

∞
∑

n=1

(−1)nn

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)3

=
ln 2

4
−

3 ln2 2

4
−

ζ(2)

16

was calculated in [4]. The results in parts (a) and (b) of Theorem 1.1 are due to C. I. Vălean, who

communicated them to the first author, without proof, in an equivalent form in 2015.

Theorem 1.2 (Quartic series with the tail of ln 2). The following identities hold:

(a)
∞
∑

n=1

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)4

= 2 ln3 2 + 2ζ(2) ln 2−
9

4
ζ(3);

(b)

∞
∑

n=1

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)4

= ln3 2−
1

2
ln2 2 + ζ(2) ln 2−

13

16
ζ(3).

We collect, in the next lemma, some results we need in proving Theorems 1.1 and 1.2.
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Lemma 1.3 (A mosaic of linear and quadratic series with the tail of ln 2). The following identities

hold:

Linear series

(a)
∞
∑

n=1

(−1)n

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

=
ln2 2

2
−

ζ(2)

2
;

(b)
∞
∑

n=1

1

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

=
ln2 2

2
+

ζ(2)

2
;

(c)
∞
∑

n=1

1

n

(

1

2n
−

1

2n+ 1
+

1

2n+ 2
− · · ·

)

= ln2 2;

(d)
∞
∑

n=1

1

n2

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

=
13

8
ζ(3)− ζ(2) ln 2;

(e)

∞
∑

n=1

(−1)n

n2

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

=
ln 2

2
ζ(2)− ζ(3);

Quadratic series

(f)

∞
∑

n=1

(−1)n
(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)2

= −
ζ(2)

4
;

(g)
∞
∑

n=1

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)2

= ln 2;

(h)

∞
∑

n=1

1

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)2

=
3

2
ζ(3)− ζ(2) ln 2−

ln3 2

3
;

(i)

∞
∑

n=1

(−1)n

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)2

=
ζ(2)

2
ln 2−

3

4
ζ(3)−

ln3 2

3
.

Since

ln 2−

[

1 +
(−1)1

2
+

(−1)2

3
+ · · ·+

(−1)n−2

n− 1

]

= (−1)n−1

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

,

we have that all the series in this paper involve the tail of ln 2.

Before we prove the lemma, we observe that

1

n
−

1

n+ 1
+

1

n+ 2
− · · · =

∫ 1

0

(

xn−1
− xn + xn+1

− · · ·

)

dx =

∫ 1

0

xn−1

1 + x
dx. (1.1)

This implies

lim
n→∞

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

=
1

2
(1.2)
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and it follows that
1

n
−

1

n+ 1
+

1

n+ 2
− · · · ∼

1

2n
.

This shows that the series in Theorems 1.1, 1.2 and Lemma 1.3 are all convergent.

We also need in our analysis Abel’s summation formula, which states that: if (an)n≥1 and (bn)n≥1

are sequences of real numbers and An =
n
∑

k=1

ak, then

n
∑

k=1

akbk = Anbn+1 +

n
∑

k=1

Ak(bk − bk+1),

or, the infinite version

∞
∑

k=1

akbk = lim
n→∞

Anbn+1 +
∞
∑

k=1

Ak(bk − bk+1). (1.3)

Now we are ready to prove Lemma 1.3.

2 Proof of Lemma 1.3

Proof. (a) We have, based on (1.1), that

∞
∑

n=1

(−1)n

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

=

∞
∑

n=1

(−1)n

n

∫ 1

0

xn−1

1 + x
dx =

∫ 1

0

1

x(1 + x)

(

∞
∑

n=1

(−x)n

n

)

dx

= −

∫ 1

0

ln(1 + x)

x(1 + x)
dx =

∫ 1

0

ln(1 + x)

1 + x
dx−

∫ 1

0

ln(1 + x)

x
dx

=
ln2 2

2
−

∫ 1

0

ln(1 + x)

x
dx

=
ln2 2

2
−

ζ(2)

2
.

We used that

∫ 1

0

ln(1 + x)

x
dx =

ζ(2)

2
.

(b) We have, based on (1.1), that

∞
∑

n=1

1

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

=

∞
∑

n=1

1

n

∫ 1

0

xn−1

1 + x
dx =

∫ 1

0

1

x(1 + x)

(

∞
∑

n=1

xn

n

)

dx

= −

∫ 1

0

ln(1− x)

x(1 + x)
dx =

∫ 1

0

ln(1− x)

1 + x
dx−

∫ 1

0

ln(1− x)

x
dx

=
ln2 2

2
+

ζ(2)

2
.
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We used that

∫ 1

0

ln(1− x)

x
dx = −ζ(2) and

∫ 1

0

ln(1 − x)

1 + x
dx =

ln2 2

2
−

π2

12
(see [5, p. 203]).

(c) This nice result, which may be of independent interest, is obtained by adding the series in

parts (a) and (b) of the lemma.

(d) We have, based on (1.1), that

∞
∑

n=1

1

n2

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

=

∞
∑

n=1

1

n2

∫ 1

0

xn−1

1 + x
dx

=

∫ 1

0

1

x(1 + x)

∞
∑

n=1

xn

n2
dx =

∫ 1

0

Li2(x)

x(1 + x)
dx

=

∫ 1

0

Li2(x)

x
dx−

∫ 1

0

Li2(x)

1 + x
dx.

(2.1)

We calculate the first integral in (2.1) and we have that

∫ 1

0

Li2(x)

x
dx =

∫ 1

0

1

x

∞
∑

n=1

xn

n2
dx =

∞
∑

n=1

1

n3
= ζ(3). (2.2)

We calculate the second integral in (2.1). We integrate by parts, with f(x) = Li2(x), f
′(x) =

−
ln(1− x)

x
, g′(x) =

1

1 + x
and g(x) = ln(1 + x), and we have that

∫ 1

0

Li2(x)

1 + x
dx = ln(1 + x)Li2(x)

∣

∣

∣

∣

1

0

+

∫ 1

0

ln(1 − x) ln(1 + x)

x
dx = ζ(2) ln 2−

5

8
ζ(3), (2.3)

since

∫ 1

0

ln(1− x) ln(1 + x)

x
dx = −

5

8
ζ(3). For a proof of this result see [5, p. 328]. Com-

bining (2.1), (2.2) and (2.3), the desired result holds and part (d) of the lemma is proved.

(e) We have, based on (1.1), that

∞
∑

n=1

(−1)n

n2

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

=

∞
∑

n=1

(−1)n

n2

∫ 1

0

xn−1

1 + x
dx

=

∫ 1

0

1

x(1 + x)

∞
∑

n=1

(−x)n

n2
dx

=

∫ 1

0

Li2(−x)

x(1 + x)
dx

=

∫ 1

0

Li2(−x)

x
dx−

∫ 1

0

Li2(−x)

1 + x
dx.

(2.4)

We calculate the first integral in (2.4) and we have that

∫ 1

0

Li2(−x)

x
dx =

∫ 1

0

1

x

∞
∑

n=1

(−x)n

n2
dx =

∞
∑

n=1

(−1)n

n3
= −

3

4
ζ(3). (2.5)
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We calculate the second integral in (2.4). We integrate by parts, with f(x) = Li2(−x),

f ′(x) = −
ln(1 + x)

x
, g′(x) =

1

1 + x
, g(x) = ln(1 + x), and we have that

∫ 1

0

Li2(−x)

1 + x
dx = ln(1 + x)Li2(−x)

∣

∣

∣

∣

1

0

+

∫ 1

0

ln2(1 + x)

x
dx = −

ln 2

2
ζ(2) +

ζ(3)

4
, (2.6)

since

∫ 1

0

ln2(1 + x)

x
dx =

ζ(3)

4
(see [1, pp. 291–292]).

Combining (2.4), (2.5) and (2.6), the desired result holds and part (e) of the lemma is proved.

(f) We calculate the series by shifting the index of summation. We have

∞
∑

n=1

(−1)n−1

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)2

= ln2 2 +

∞
∑

n=2

(−1)n−1

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)2

n−1=m
= ln2 2 +

∞
∑

m=1

(−1)m
(

1

m+ 1
−

1

m+ 2
+

1

m+ 3
− · · ·

)2

= ln2 2−

∞
∑

m=1

(−1)m−1

[

1

m
−

(

1

m
−

1

m+ 1
+

1

m+ 2
− · · ·

)]2

= ln2 2 +

∞
∑

m=1

(−1)m

m2
+ 2

∞
∑

m=1

(−1)m−1

m

(

1

m
−

1

m+ 1
+

1

m+ 2
− · · ·

)

−

∞
∑

m=1

(−1)m−1

(

1

m
−

1

m+ 1
+

1

m+ 2
− · · ·

)2

and it follows that

2

∞
∑

n=1

(−1)n−1

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)2

= ln2 2 +
∞
∑

n=1

(−1)n

n2
+ 2

∞
∑

n=1

(−1)n−1

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

(a)
= ln2 2−

ζ(2)

2
+ 2

(

ζ(2)

2
−

ln2 2

2

)

=
ζ(2)

2
.

We mention that this series was calculated by a different method in [3, problem 3.45].

(g) This result is proved, using an integration technique, in [3, problem 3.29]. Here we give

another proof. We apply Abel’s summation formula with an = 1 and bn = x2
n, where

xn =
1

n
−

1

n+ 1
+

1

n+ 2
− · · · . Observe that xn + xn+1 =

1

n
.
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We have

∞
∑

n=1

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)2

= lim
n→∞

nx2
n+1 +

∞
∑

n=1

n
(

x2
n − x2

n+1

)

=

∞
∑

n=1

n (xn − xn+1) (xn + xn+1)

=
∞
∑

n=1

(xn − xn+1) = x1 = ln 2.

We used that lim
n→∞

nx2
n+1 = 0, which follows based on (1.2).

(h) We need the following power series formula
∞
∑

n=1

Hn

n
xn = Li2(x) +

1

2
ln2(1− x), x ∈ [−1, 1).

For a proof of this result see [5, p. 403].

We calculate the series by Abel’s summation formula with an =
1

n
and bn = x2

n, where

xn =
1

n
−

1

n+ 1
+

1

n+ 2
− · · · . Observe that xn + xn+1 =

1

n
.

We have

∞
∑

n=1

1

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)2

= lim
n→∞

Hnx
2
n+1 +

∞
∑

n=1

Hn (xn − xn+1) (xn + xn+1)

=

∞
∑

n=1

Hn

n

(

2xn −
1

n

)

= 2

∞
∑

n=1

Hn

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)

−

∞
∑

n=1

Hn

n2

(1.1)
= 2

∞
∑

n=1

Hn

n

∫ 1

0

xn−1

1 + x
dx− 2ζ(3) = 2

∫ 1

0

1

x(1 + x)

(

∞
∑

n=1

Hn

n
xn

)

dx− 2ζ(3)

= 2

∫ 1

0

1

x(1 + x)

(

Li2(x) +
1

2
ln2(1− x)

)

dx− 2ζ(3) (2.7)

= 2

∫ 1

0

(

1

x
−

1

1 + x

)(

Li2(x) +
1

2
ln2(1− x)

)

dx− 2ζ(3)

= 2

∫ 1

0

Li2(x)

x
dx+

∫ 1

0

ln2(1 − x)

x
dx− 2

∫ 1

0

Li2(x)

1 + x
dx−

∫ 1

0

ln2(1− x)

1 + x
dx− 2ζ(3).

We calculate

∫ 1

0

ln2(1− x)

x
dx =

∫ 1

0

ln2 y

1− y
dy =

∫ 1

0

ln2 y

(

∞
∑

n=0

yn

)

dy

=

∞
∑

n=0

∫ 1

0

yn ln2 y dy =

∞
∑

n=0

2

(n+ 1)3
= 2ζ(3).

(2.8)

We also have, see [5, p. 110], that

∫ 1

0

ln2(1− x)

1 + x
dx =

7

4
ζ(3)− ζ(2) ln 2 +

ln3 2

3
. (2.9)
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It follows, based on (2.5), (2.6), (2.7), (2.8) and (2.9), that

∞
∑

n=1

1

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)2

=
3

2
ζ(3)− ζ(2) ln 2−

ln3 2

3
.

We mention that the series in part (g) of Lemma 1.3 was calculated by a different method

by Boyadzhiev in [2].

(i) This formula was proved by Boyadzhiev in [2, entry (19)]. �

Now we are ready to prove Theorem 1.1.

3 Proof of Theorem 1.1

Proof. (a) We calculate the series by shifting the index of summation. We have

S =
∞
∑

n=1

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)3

=

(

1−
1

2
+

1

3
− · · ·

)3

+

∞
∑

n=2

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)3

n−1=i
= ln3 2 +

∞
∑

i=1

(

1

i+ 1
−

1

i + 2
+

1

i + 3
− · · ·

)3

= ln3 2 +

∞
∑

i=1

[

1

i
−

(

1

i
−

1

i+ 1
+

1

i+ 2
− · · ·

)]3

= ln3 2 +
∞
∑

i=1

[

1

i3
−

3

i2

(

1

i
−

1

i+ 1
+

1

i+ 2
− · · ·

)

+
3

i

(

1

i
−

1

i+ 1
+

1

i+ 2
− · · ·

)2

−

(

1

i
−

1

i+ 1
+

1

i+ 2
− · · ·

)3
]

= ln3 2 + ζ(3)− 3

∞
∑

i=1

1

i2

(

1

i
−

1

i + 1
+

1

i+ 2
− · · ·

)

+ 3

∞
∑

i=1

1

i

(

1

i
−

1

i+ 1
+

1

i+ 2
− · · ·

)2

− S.

It follows, based on parts (d) and (h) of Lemma 1.3, that

2S = ln3 2 + ζ(3)− 3

∞
∑

i=1

1

i2

(

1

i
−

1

i+ 1
+

1

i+ 2
− · · ·

)

+ 3

∞
∑

i=1

1

i

(

1

i
−

1

i+ 1
+

1

i+ 2
− · · ·

)2

= ln3 2 + ζ(3)− 3

(

13

8
ζ(3)− ζ(2) ln 2

)

+ 3

(

3

2
ζ(3)− ζ(2) ln 2−

ln3 2

3

)

=
5

8
ζ(3)

and part (a) of Theorem 1.1 is proved.
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(b) We calculate the series using Abel’s summation formula. We apply formula (1.3) with an = 1

and bn = (−1)nx3
n, where xn =

1

n
−

1

n+ 1
+

1

n+ 2
− · · · . We have

∞
∑

n=1

(−1)n
(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)3

= lim
n→∞

(−1)n+1nx3
n+1 +

∞
∑

n=1

n(−1)n
(

x3
n + x3

n+1

)

=
∞
∑

n=1

(−1)nn (xn + xn+1)
(

x2
n − xnxn+1 + x2

n+1

)

xn+xn+1=
1
n=

∞
∑

n=1

(−1)n
(

x2
n − xnxn+1 + x2

n+1

)

xn+xn+1=
1
n=

∞
∑

n=1

(−1)n
(

3x2
n −

3

n
xn +

1

n2

)

= 3

∞
∑

n=1

(−1)nx2
n − 3

∞
∑

n=1

(−1)n

n
xn +

∞
∑

n=1

(−1)n

n2

Lemma1.3 (f), (a)
= 3

(

−
ζ(2)

4

)

− 3

(

ln2 2

2
−

ζ(2)

2

)

−
ζ(2)

2

=
ζ(2)

4
−

3

2
ln2 2.

We used in the preceding calculations that lim
n→∞

nx3
n+1 = 0, which follows from (1.2).

(c) Let xn =
1

n
−

1

n+ 1
+

1

n+ 2
−· · · . We calculate the series by shifting the index of summation.

We have

S =

∞
∑

n=1

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)3

=

(

1

1
−

1

2
+

1

3
− · · ·

)3

+

∞
∑

n=2

nx3
n

n−1=i
= ln3 2 +

∞
∑

i=1

(i + 1)

(

1

i + 1
−

1

i + 2
+

1

i+ 3
− · · ·

)3

= ln3 2 +

∞
∑

i=1

(i+ 1)

[

1

i
−

(

1

i
−

1

i+ 1
+

1

i+ 2
− · · ·

)]3

= ln3 2 +
∞
∑

i=1

(i+ 1)

(

1

i3
−

3

i2
xi +

3

i
x2
i − x3

i

)

= ln3 2 +

∞
∑

i=1

(

1

i2
+

1

i3
−

3

i
xi −

3

i2
xi + 3x2

i +
3

i
x2
i − ix3

i − x3
i

)

= ln3 2 + ζ(2) + ζ(3)− 3

∞
∑

i=1

xi

i
− 3

∞
∑

i=1

xi

i2
+ 3

∞
∑

i=1

x2
i + 3

∞
∑

i=1

x2
i

i
− S −

∞
∑

i=1

x3
i .
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It follows, based on part (a) of Theorem 1.1 and parts (b), (d), (g) and (h) of Lemma 1.3,

that

2S = ln3 2 + ζ(2) + ζ(3)− 3

(

ln2 2

2
+

ζ(2)

2

)

− 3

(

13

8
ζ(3)− ζ(2) ln 2

)

+ 3 ln 2 + 3

(

3

2
ζ(3)− ζ(2) ln 2−

ln3 2

3

)

−
5

16
ζ(3)

= −
ζ(2)

2
−

3

2
ln2 2 + 3 ln 2 +

5

16
ζ(3),

and Theorem 1.1 is proved. �

Now we give the proof of Theorem 1.2.

4 Proof of Theorem 1.2

Proof. (a) We apply Abel’s summation formula with an = 1 and bn = x4
n, where xn =

1

n
−

1

n+ 1
+

1

n+ 2
− · · · . We have

∞
∑

n=1

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)4

= lim
n→∞

nx4
n+1 +

∞
∑

n=1

n
(

x4
n − x4

n+1

)

=

∞
∑

n=1

n (xn − xn+1) (xn + xn+1)
(

x2
n + x2

n+1

) xn+xn+1=
1
n=

∞
∑

n=1

(xn − xn+1)
(

x2
n + x2

n+1

)

=

∞
∑

n=1

(

x3
n − x3

n+1 +
xn

n2
−

3

n
x2
n + 2x3

n

)

= x3
1 +

∞
∑

n=1

xn

n2
− 3

∞
∑

n=1

x2
n

n
+ 2

∞
∑

n=1

x3
n

(∗)
= ln3 2 +

13

8
ζ(3)− ζ(2) ln 2− 3

(

3

2
ζ(3)− ζ(2) ln 2−

ln3 2

3

)

+
5

8
ζ(3)

= 2 ln3 2 + 2ζ(2) ln 2−
9

4
ζ(3).

We have applied at step (∗) parts (d) and (h) of Lemma 1.3 and part (a) of Theorem 1.1.

We also used that lim
n→∞

nx4
n+1 = 0, which follows from (1.2).

(b) We calculate the series by applying Abel’s summation formula with an = n and bn = x4
n,

where xn =
1

n
−

1

n+ 1
+

1

n+ 2
− · · · .

We have

∞
∑

n=1

n

(

1

n
−

1

n+ 1
+

1

n+ 2
− · · ·

)4

=
1

2
lim

n→∞
n(n+ 1)x4

n+1 +
1

2

∞
∑

n=1

n(n+ 1)
(

x4
n − x4

n+1

)

xn+xn+1=
1
n=
1

2

∞
∑

n=1

(n+ 1) (xn − xn+1)
(

x2
n + x2

n+1

)

=
1

2

∞
∑

n=1

(n+ 1)
(

x3
n + xnx

2
n+1 − xn+1x

2
n − x3

n+1

)
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xn+xn+1=
1
n=
1

2

∞
∑

n=1

[

nx3
n − (n+ 1)x3

n+1 + 2nx3
n + 3x3

n − 3x2
n −

3

n
x2
n +

xn

n
+

xn

n2

]

=
1

2

[

x3
1 + 2

∞
∑

n=1

nx3
n + 3

∞
∑

n=1

x3
n − 3

∞
∑

n=1

x2
n − 3

∞
∑

n=1

x2
n

n
+

∞
∑

n=1

xn

n
+

∞
∑

n=1

xn

n2

]

(∗)
=

ln3 2

2
+

(

−
ζ(2)

4
−

3

4
ln2 2 +

3

2
ln 2 +

5

32
ζ(3)

)

+
15

32
ζ(3)−

3

2
ln 2

−
3

2

(

3

2
ζ(3)− ζ(2) ln 2−

ln3 2

3

)

+
ln2 2

4
+

ζ(2)

4
+

13

16
ζ(3)−

ζ(2) ln 2

2

= ln3 2−
1

2
ln2 2 + ζ(2) ln 2−

13

16
ζ(3).

We used at step (∗) parts (c) and (a) of Theorem 1.1 and parts (g), (h), (b) and (d) of Lemma

1.3. We also used that lim
n→∞

n(n+ 1)x4
n+1 = 0, which follows from (1.2). �

The next corollary answers an open problem posed in [5, Open problem p. 107].

Corollary 4.1. The following identities hold:

(a)

∞
∑

n=1

(

1

n
−

2

n+ 1
+

2

n+ 2
− · · ·

)3

= 4 ln3 2 + 6ζ(2) ln 2−
27

4
ζ(3);

(b)

∞
∑

n=1

(−1)n
(

1

n
−

2

n+ 1
+

2

n+ 2
− · · ·

)3

= 4 ln3 2 + 2ζ(2)− 12 ln2 2− 3ζ(2) ln 2 +
15

4
ζ(3).

Proof. (a) Let xn =
1

n
−

1

n+ 1
+

1

n+ 2
−· · · and observe that

1

n
−

2

n+ 1
+

2

n+ 2
−· · · = xn−xn+1

and xn + xn+1 =
1

n
. It follows that

∞
∑

n=1

(

1

n
−

2

n+ 1
+

2

n+ 2
− · · ·

)3

=

∞
∑

n=1

(xn − xn+1)
3

=

∞
∑

n=1

[

x3
n − x3

n+1 + 3xnxn+1(xn+1 − xn)
]

=
∞
∑

n=1

[

x3
n − x3

n+1 + 3xn

(

1

n
− xn

)(

1

n
− 2xn

)]

=

∞
∑

n=1

[

x3
n − x3

n+1 + 3
xn

n2
−

9x2
n

n
+ 6x3

n

]

= x3
1 + 3

∞
∑

n=1

xn

n2
− 9

∞
∑

n=1

x2
n

n
+ 6

∞
∑

n=1

x3
n,

and the result follows based on part (a) of Theorem 1.1 and parts (d) and (g) of Lemma 1.3.



100 O. Furdui & A. Ŝıntămărian CUBO
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(b) We have, exactly as in the proof of part (a), that

∞
∑

n=1

(−1)n
(

1

n
−

2

n+ 1
+

2

n+ 2
− · · ·

)3

=

∞
∑

n=1

(−1)n (xn − xn+1)
3
=

∞
∑

n=1

(−1)n
[

x3
n − x3

n+1 + 3xnxn+1(xn+1 − xn)
]

=
∞
∑

n=1

(−1)nx3
n −

∞
∑

n=1

(−1)nx3
n+1 + 3

∞
∑

n=1

(−1)n
xn

n2
− 9

∞
∑

n=1

(−1)n
x2
n

n
+ 6

∞
∑

n=1

(−1)nx3
n

= 8

∞
∑

n=1

(−1)nx3
n + x3

1 + 3

∞
∑

n=1

(−1)n
xn

n2
− 9

∞
∑

n=1

(−1)n
x2
n

n
,

and the result follows based on part (b) of Theorem 1.1 and parts (e) and (i) of Lemma 1.3.

�

Remark 4.2. The calculation of the quintic series

∞
∑

n=1

x5
n, where xn =

1

n
−

1

n+ 1
+

1

n+ 2
− · · · ,

which we believe it can be expressed in terms of well known constants, can be approached by reducing

the series to the calculation of quadratic, cubic and quartic sums

∞
∑

n=1

x2
n

n3
,

∞
∑

n=1

x3
n

n2
and

∞
∑

n=1

x4
n

n
. These

series and other higher power sums involving the tail of ln 2 are the topics of a research project

that will be investigated by the authors.

We mention that other challenging quadratic and cubic series involving the tail of various special

functions, as well as open problems can be found in [5].
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