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ABSTRACT

In this work, by combining Carlson-type and Nash-type in-
equalities for the Weinstein transform % on K = R4~! x
[0,00), we show Laeng-Morpurgo-type uncertainty inequali-
ties. We establish also local-type uncertainty inequalities for
the Weinstein transform %, and we deduce a Heisenberg-

Pauli-Weyl-type inequality for this transform.

RESUMEN

En este trabajo, combinando desigualdades de tipo Carlson
y de tipo Nash para la transformada de Weinstein % en
K = R4 x [0,00), demostramos desigualdades de incer-
tidumbre de tipo Laeng-Morpurgo. Establecemos también
desigualdades de incertidumbre de tipo local para la trans-
formada de Weinstein Fw, y deducimos una desigualdad de

tipo Heisenberg-Pauli-Weyl para esta transformada.
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1 Introduction

Uncertainty principles are mathematical arguments that give limitations on the simultaneous con-
centration of a function and its Fourier transform. They have implications in quantum physics
and signal analysis. They also play an important role in harmonic analysis, many of them have
already been studied from several points of view for the Fourier transform, Heisenberg-Pauli-Weyl
inequality and local uncertainty [9, 10]. Laeng-Morpurgo and Morpurgo [4, 7] obtained Heisenberg

inequality involving a combination of L' and L? norms.

In this paper, we consider the Weinstein transform Fy [2, 5, 6] defined on L(K, 1) by

Fw(f)(©) = /K F@) e (@)du(a), €= (€.60) €K,

22k
d
7(d—1)/22k+(@=1/2 (k1)

where K := R4™1 x [0, 00), dvg(z) := dz’dz4 and

We(z) = e @) ji(wala), o= (¢ 24) €K

Here ji is the spherical Bessel function.

Many uncertainty principles have already been proved for the Weinstein transform %y, on K,
namely Mejjaoli and Salhi are the first that describe the uncertainty principles for the Wein-
stein transform [6]. Next, Ben Salem and Nasr obtained Heisenberg-type inequalities [3] for the
Weinstein transform Fy,. Saoudi [11] proved a variation of LP uncertainty principles for the We-
instein transform . In this work, by using Carlson-type inequality and Nash-type inequality
[2, 8] for the Weinstein transform F on L' N L2(K,vg); we deduce uncertainty inequalities of
Heisenberg-type for the Weinstein transform %y on L' N L?(K, ;). Next, due to a local uncer-
tainty inequality for the Weinstein transform - on L?(K,v4), we show uncertainty inequality of

Heisenberg-Pauli-Weyl-type for the transform - on L?(K, vy,).

The analog uncertainty inequalities are also proved, for the Dunkl transform %, on R? by Soltani

[12, 13].

This paper is organized as follows. In Section 2, we recall some results about the Weinstein
transform Fy on K. In Section 3, we prove uncertainty inequalities of Heisenberg-type for the
Weinstein transform Fy on L' N L2(K, v;). We show also uncertainty inequality of Heisenberg-
Pauli-Weyl-type for the transform %y on L2(K, v). In the last section, we summarize the obtained

results and describe the future work.
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2 Weinstein transform

In this section we recall some basic results related to the Weinstein analysis.

We consider the Weinstein operator Ay [1, 3, 8] defined on R?~! x (0, 00) by

d

0> 2%+1 0

7 Ay AL d>2 k> —1/2,
Oz? xq Ozq d=1 7+ Lk = /

AW =
i=1
where Ag_; is the Laplacian operator in R4~! and Ly, is the Bessel operator with respect to the

variable x4 defined on (0, 00) by

0% 2k+1 0

Ly = —= _—
g Ox?i rq Oxg

The Weinstein operator (also called Laplace-Bessel operator) has several applications in pure and
applied mathematics. The harmonic analysis associated to this operator is studied in [1, 2, 3, 5, 6, 8]

and references therein.

Throughout this subsection, let & > —1/2 and K := R?! x [0,00). We denote by LP(K,v),

p € [1, 0], the space of measurable functions f on K, such that

1/p
Ifllze @) = (/ |f($',fﬂd)|pdl/k(ff/»xd)> < oo, pe€ll,00),
K
||fHL°°(K,Vk) = €sssup |f(x/v$d)‘ < 00,
(z’,xq)€EK
where o
Ly

dz'dzg,

dvg(z) := dvg(2’, z4) = 7(d=1)/22k+(@=1)/2T (k + 1)

and dz’ = dx1day - - - dzg_q.

Let r > 0, the measure v, satisfies [3]:
vp(Jz| < r) = er?, (2.1)

where

CcC =

1
———— and a=2k+d+1, 2.2
Y CEE B 22)
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For all ¢ € K, the system

Liyu(x) = —&Gu(x), W(z) =—&u(z), j=1,...,d-1,

ou ou

u(O):l, aixd( ): ’ 8:cj

admits a unique solution W¢(z), given by
Ve(x) = 67i<x’,£’>jk(xd§d)’ ek,

where j; is the spherical Bessel function given by

. B 00 (_1)n T\ 2n
Ju(@) = P(k+1)7§mrm+k+1)(2) '

For all z,¢ € K, the Weinstein kernel W¢(z) satisfies
[We(a)] < 1.
The Weinstein (or Laplace-Bessel) transform Fy [2, 5, 6] is defined for f € L'(KK,v) by
Fw(1)(©) = [ F) V@) an). ek

The transform Fyy initially defined on L'NL%(K, v;,) extends uniquely to an isometric isomorphism

on L?(K,vy), that is,

1Fw () 2@ = 1f 2@, [ € LK, v). (2.3)

Moreover if f € L*(K,vy), then

1Fw (Al o) < Il - (2.4)

Finally, if f and F (f) are both in L'(K, v), the inverse Weinstein transform is defined by

f@) = [ FwOV-c@) (o). ae aek
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3 Heisenberg-type uncertainty principles

Similar results have been appeared in the literature by Soltani [13], he proved a Laeng-Morpurgo-
type uncertainty inequalities for the Dunkl transform % on R?. In the following, we will give

Laeng-Morpurgo-type uncertainty inequalities for the Weinstein transform %y on K.

Proposition 3.1 (]2, §]).

(i) (Carlson-type inequality). Let a > 0. There exists a constant A(a,«) > 0 such that for every
feL'NL?(K,v), we have

_2a_
1l ) < Ala, ONFN 2 Il 2] f||mz i) (3.1)

(ii) (Nash-type inequality). Let b > 0. There exists a constant B(b,a) > 0 such that for every
feL'NnL?(K,v), we have

_2b_
11122,y < B FIFTE 0 1 E1°Fw (f )Ilzz“ﬂi i) (3-2)

Thanks to the above proposition, by combining and multiplying the two relations (3.1) and (3.2)
we obtain the following uncertainty inequalities of Laeng-Morpurgo-type [4, 7] for the Weinstein

transform Fy on L' N L*(K, vy).

Theorem 3.2. Let a,b > 0. There exist three constants C(a,b,a) > 0, N(a,b,a) > 0 and
D(a,b,a) > 0 such that for every f € L' N L?(K,v), we have

() 1 FI532320 < Cla,b, @) | el FII2h e | 6P T (DI,

(ii) FIZE2420 < N(a,b,0) | [l FIZE2 I EPFiw ()12 e

(iti) IIFISHE ISR Ly < Dlasb, @)l [ FISEE o Il E1PFw (NIFEE -
By application of the two relations (3.1) and (3.2) we deduce also the following results which are
a local-type uncertainty inequalities for the Weinstein transform %y on L' N L3(K, vy).
Theorem 3.3. Let E be a measurable subset of K such that 0 < vi(E) < oo, and let a,b > 0. If
feL*NL*(K,vg), then

_2a _a
(i) 11eFw (N2 < Ala, @) e ENY2(F11 555 0 | 2l FI 5 L, where Aa, o) is the con-
stant given by Proposition 3.1 (i).
_2b _a_
(ii) 11 eFw (@) < Blb,a)WeE) 2 FIEE ool 1P Fw (D53 b, where B(b,a) is

the constant given by Proposition 3.1 (ii).

Being 1g the characteristic function of the set E.
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Proof. Let f € L' N L?(K,v,) and a,b > 0.

(1) From (2.4) we have

11 eFw ()2 < @B 21w (Fllzem) < @EDY21F L wu)-

The desired result follows from Proposition 3.1 (i).

(ii) From (2.3) we have
11 eFw ()l @m0 < @REN21Fw ()20 < @E)21F 22,0
The desired result follows from Proposition 3.1 (ii). O
Soltani [12] proved a Heisenberg-Pauli-Weyl uncertainty principle for the Dunkl transform % on

R?. In the following, we will give Heisenberg-Pauli-Weyl uncertainty principle for the Weinstein

transform Fy on L3(K, v).

Proposition 3.4. (local-type inequality). Let a > 0 and let f € L?>(K,v). If E be a measurable
subset of K such that 0 < v, (E) < oo, then

@ Fror a atza
155w (L2 < Ala, ) (B) T IFIHE, I el FIFE, . (33)

where A(a,a) is the constant given by Proposition 3.1 (i).

Proof. Let f € L*(K,v;) and a > 0. The inequality holds if || |#]® f||12(k,,,) = co. Assume that

Iz fll 22 (k1) < 00. For all 7 > 0, we have

1eFw (2w < 1eFwls ez + 1 1eFw (1= 18,) L2 v

we(E)Y21Fw A, )| L @) + 1Fw (1= 18,) )22k ,00)-

IN

Hence it follows from (2.3) and (2.4) that
1 eFw (N2 < (E)NY2I18, fllo @ + 11— 18.) 2@ m)- (3.4)
On the other hand, by Hoélder’s inequality and (2.1), we obtain

115, fllzr gy < (er®) 2 £ll L2, (3.5)

where ¢ is the constant given by (2.2).
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Moreover,

1= 1) flle2 @y <77 2l FllL2 @om)- (3.6)

Combining the relations (3.4), (3.5) and (3.6), we deduce that

11eFw (Hllr2@am) < @eENY2er) 2 F 2 + el fllrz -

By choosing

_ <2a|| || fHL2(K Vi)

2| fll 2 )

a+2a _ 1
) ey
we obtain the desired inequality. O
We shall use the local uncertainty principle to obtain uncertainty principle of Heisenberg-Pauli-

Weyl-type for the Weinstein transform %y on L?(K, ). We note that the following theorem is

given in [3] but in the proof, the approach is not the same.

Theorem 3.5. Let a,b > 0. There exists a constant K(a,b,a) > 0 such that for every f €
L?(K,v), we have

15y < K (@b, ) |21 11 (i IHELP Fow (D 250,

Proof. Let a,b > 0 and let r > 0. Then

1£1Z2 ) = 18, Fw (D220 + 1= 1B,)Fw (L2, (3.7)
Firstly,
11 = 15,)Fw (N L2y < 7 2 NEPFw (N L2@un)- (3.8)

From (2.1) and (3.3), we get

o =29 ﬁ a %
118, Fir (D2 < (Al )2 (™) E5 1152, el IS, (3.9)

where ¢ is the constant given by (2.2).

Combining the relations (3.7), (3.8) and (3.9), we obtain

1122 5.y < (Al @) (er )@*“Hfllfﬁé w2l fIIEJ&EVk r 2 IEP Fw (NI .-

By settin
y & a+2a
2aa+2b(a+2a)

ba+ 2a) || 1" Fw (D720,

270/ (14 a «@ a
ac(A(a, a))2ew¥5 | FEE el FIERE
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we get the inequality with

K(a,b,a) = (A(a, o))2b(e-+2a) 2ab <b®é+2a)>m (1 N b(L

ac+b(a+2a)
ao a+ 2a) > '

This completes the proof of the theorem. O

4 Conclusion and perspective

The manuscript deals with some uncertainty inequalities associated with the Weinstein transform
Fw. Especially, we studied Laeng-Morpurgo type uncertainty inequalities for this transform. As
it is well known, uncertainty inequalities are of great interest in harmonic analysis, in applied
mathematics and in several areas of mathematical physics. The results given in Section 3 are
complements to those given in references [3, 6, 8] and others. They also represent our contribution
in the study of local-type uncertainty inequalities and the Heisenberg type inequality for the
Weinstein transform Fy,. Finally, in a future paper, we have the idea to study the Weinstein-
Stockwell transform &, g € L?(K,v,), in which we will prove some uncertainty inequalities for

this transform analogous to those proven for the Weinstein transform Fy in this paper.
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