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ABSTRACT

The article explores a linear set-valued differential equation
featuring both conformable fractional and generalized con-
formable fractional derivatives. It presents conditions for the
existence of solutions and provides analytical expressions for
the shape of solution sections at different time points. Model

examples are employed to illustrate the results.
RESUMEN

Este articulo explora una ecuacion diferencial lineal con val-
ores en conjuntos que exhibe a la vez derivadas fraccionales
conformables y conformables generalizadas. Se presentan
condiciones para la existencia de soluciones y se proveen ex-
presiones analiticas para la forma de secciones solucion en
diferentes puntos de tiempo. Se emplean ejemplos modelo

para ilustrar los resultados.
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1 Introduction

Set-valued differential equations have recently been studied within the framework of an independent
theory - set-valued equations, but they are widely used for ordinary differential inclusions and fuzzy
differential equations and inclusions [7,26,29, 30, 36,37,46,48,53].

In 1967, M. Hukuhara introduced integral and derivative concepts for set-valued mappings and
explored their relationship [20]. The proposed derivative and integral extend the conventional
single-valued function derivative and integral to the set-valued context. However, the Hukuhara
derivative has a notable limitation: if a mapping is Hukuhara differentiable, its cross-section di-
ameter behaves as a non-decreasing function. To overcome this drawback, alternative derivative
concepts were proposed: T. F. Bridgland introduced the Huygens derivative [6], while Yu. N.
Tyurin [54] and H. T. Banks, M. Q. Jacobs [5] proposed the m-derivative using Radstrom’s em-
bedding theorem [52], and A. V. Plotnikov introduced the T-derivative [39,48|. Additionally, S.
E. Amrahov, A. Khastan, N. Gasilov, A. G. Fatullayev [3,28] and A. V. Plotnikov, N. V. Skripnik
[28,44,45] introduced generalized derivatives for set-valued mappings. Each of these derivatives has
its own set of advantages and disadvantages [8,12,32,33,46,48]. In 2003, A. N. Vityuk introduced
an analogue of the fractional Riemann-Liouville derivative [23,31] for set-valued mappings and
established its properties [55,56]. Subsequently, in 2019, A. A. Martyniuk introduced an analogue
of the conformable fractional derivative [22] for set-valued mappings and proved its properties
[34,35]. The conformable fractional derivative for single-valued functions serves as a generalization
of the ordinary derivative and, unlike fractional derivatives, adheres to all classical properties of
the ordinary derivative [22]. Consequently, the Hukuhara conformable fractional derivative for
set-valued mappings, introduced by A. A. Martyniuk, serves as a generalization of the Hukuhara

derivative while preserving its properties [34, 35].

In 1969, F. S. de Blasi and F. Iervolino explored differential equations involving the Hukuhara
derivative [12]. Subsequently, many authors investigated the properties of solutions to such equa-
tions [26,29,30,36,43,46,48|, integral and integro-differential equations [41,42], higher-order equa-
tions [38], as well as differential inclusions [11, 24, 48]. Furthermore, differential equations with
the m-derivative [8,37,49], T-derivative [39,48], set-valued equations with a generalized derivative
[28,40,44,45,47], nonlinear equations with the fractional Riemann-Liouville derivative [55,56], and
conformable fractional derivative [34,35,57] have been explored. At first glance, such equations
resemble their corresponding ordinary analogues; however, when studying and solving them, it is
imperative to consider their set-valued nature. Consequently, traditional methods and approaches
employed in studying and solving of single-valued systems may not always be applicable to set-
valued systems, necessitating novel or alternative methods and approaches. It is also worth noting

that due to set-valued nature, new properties emerge that warrant investigation.
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This article delves into the Cauchy problem for a linear differential equation with the Hukuhara
conformable fractional derivative, yielding analytical solutions in certain cases. Subsequently, we
introduce a generalized conformable fractional derivative based on the generalized derivative for
set-valued mappings [28,44,45], that allows us to expand the class of differentiable mappings. We
then explore the Cauchy problem for a linear differential equation with the generalized conformable
fractional derivative. Such a Cauchy problem boasts infinitely many solutions - two of which are
termed basic [28, 44, 45], and we provide analytical forms for these solutions in selected cases.
In conclusion, we demonstrate the feasibility of introducing conformable fractional derivatives
akin to known conformable fractional derivatives for single-valued functions [1,2,4,15,17-19, 21,
22|, alongside presenting analytical solutions for the corresponding Cauchy problems with these

derivatives. The theoretical results are exemplified through model examples.

2 Preliminaries

In this section we recall some results from the publications that are of interest for our paper.

Let R be the set of real numbers and R™ be the n-dimensional Euclidean space (n > 2). Denote

by conv(R™) the set of nonempty compact and convex subsets of R™ with the Hausdorff metric
MX,)Y)=min{r >0: X CY + B,(0),Y C X + B,(0)},
where X, Y € conv(R"™), B,(c) = {z € R" : ||z — ¢|| < r} is the closed ball with radius » > 0

centered at the point ¢ € R™ (|| || denotes the Euclidean norm), 0 = (0, ...,0)7 is the zero vector.

In addition to the usual set-theoretic operations, the following operations in the space conv(R"™)
are introduced: the sum of the sets, the product of the scalar on the set and the operation of the

product of the matrix on the set:

X+v= |J {z+y} Ax={J{a},  AX =[] {4z},

rzeX,yeyY zeX reX

where X,Y € conv(R™), A € R, A € R"*",

Lemma 2.1 ([51]). The following properties hold:
1) (conv(R™),h) is a complete metric space,
2) MX +Z,Y + Z) = h(X,Y),

3) h(AX,\Y) = |[A\|h(X,Y) for all X,Y,Z € conv(R"™) and X\ € R.

However, conv(R™) is not a linear space because it does not contain inverse elements for the

addition, and therefore the difference is not well defined, i.e. if X € conv(R") and X # {x}, then
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X + (—1)X # {0}. As a consequence, alternative formulations for difference have been suggested

[3,5,20,39,45,51]. One of these alternatives is the Hukuhara difference [20].

Definition 2.2 (|20]). Let X,Y € conv(R"™). A set Z € conv(R™) such that X =Y + Z is called
a Hukuhara difference (H-difference) of the sets X and Y and is denoted by X LY.

In this case X £ X = {0} and (X + Y)Y = X for any X,Y € conv(R™), but obviously, X Y +#
X + (=1)Y. The properties of this difference are studied in detail in [37,46,48,51]:

Lemma 2.3 ([27]). If X +Y = B1(0), then X = B,,(z1) and Y = B\(z2), where p+ X =1 and

Z1+Z2:0.

Remark 2.4. If the set X is subtracted from the ball Br(a) in the sense of Hukuhara and the
difference Br(a)f X exists, then the set X is the ball B,.(b) and radius r does not exvceed R.

Theorem 2.5 ([14,16]). For any real (n X n)-matriz A there exist two orthogonal (n x n)-matrices
U and V such that UT AV = X, where ¥ is the diagonal matriz. We can also choose matrices U

and V' such that the diagonal elements of the matrixz ¥ satisfy the condition
0-120-2Z“'ZU’I‘>UT+1:'.':U’H,:07
where 1 is the rank of the matrix A. That is, if A is a nondegenerate matriz, thenoy > --- > o, > 0.

Therefore, this matrix A can be represented as A = UXVT. This decomposition is called singular
decomposition. Columns uy,...,u, of matrix U are called the left singular vectors, columns
Vi,...,Vy, of matrix V' are called the right singular vectors, and the numbers o4, ...,0, are

called the singular numbers of the matrix A.

By [14], the set Y = {Az : = € B1(0),A € R™*™} is r-dimensional ellipsoid, its axis lengths
are equal to the corresponding singular numbers of the matrix A, where r = rank(A). Also, if
rank(A) = n, then

B, (0) CY C B,,(0),

where B,, (0) is the inscribed ball in the set Y (i.e. the largest ball B,.(0) that can fit inside
the set Y'), B,,(0) is the circumscribed ball of the set Y (i.e. the smallest ball B,(0), such that
Y C B,(0)).

It is also easy to see that if A is an orthogonal matrix, then AB,.(0) = B,(0) for all r > 0.

Let X : [0,T] — conv(R™) be a set-valued mapping.
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Definition 2.6 ([34]). Lett € (0,T) and a € (0,1]. If the Hukuhara differences X (t + et'=*) L X (t)
and X(t) Hx (t — Etl_(’) exist for all sufficiently small € > 0 and there exists Z € conv(R™) such
that the following equality holds:

lime " (X (t4+et'™*) LX(t) =lme " (X)L X (t—et'™)) = Z, (2.1)

e—0 e—0

then we say that the set-valued mapping X (-) has a Hukuhara conformable fractional deriva-

tive of order o at the pointt € (0,T) and DX (t) = Z.

If DX (¢) exists for all t € (0,T) and %in}) DX (t) exists, then we will assume that D*X(0) =
—

lim DX (t).

50

Definition 2.7. If the Hukuhara conformable fractional derivative D*X (t) of order « exists for
all t > 0, then we say that the set-valued mapping X (-) is a-differentiable on R .

Next, we give some properties of the Hukuhara conformable fractional derivative of order «.

Lemma 2.8 ([34]). If the set-valued mapping X (-) is a-differentiable on Ry, then the set-valued

mapping X () is continuous on R .

Lemma 2.9 ([34]). If the set-valued mapping X (-) is a-differentiable on Ry, then the function
diam(X (+)) is a nondecreasing function on Ry, where diam(X) = max |c¢(X,¢) + (X, —)|,

$€S1(0)
51(0) = {y €R" : [[¢] =1}, (X, ¥) = max {2191 + - + 2nthn} .

Lemma 2.10 ([34]). If the set-valued mapping X (t) = X for allt > 0, then
D*X(t) = {0},

and vice versa, if D*X (t) = {0} for allt >0 and X (t') = X, then X(t) = X for all t > 0, where

t' > 0 is an arbitrary value.

Lemma 2.11 ([34]). If the set-valued mappings X (-) and Y (-) are a-differentiable at t > 0, then
D*(aX (t) + bY (t)) = aD*X (t) + bD*Y (t),

where a,b € R.

Lemma 2.12 ([34]). If the set-valued mapping X (-) is a-differentiable at t > 0, then
DX (t) =t Dy X(t),

where Dy X (t) is the Hukuhara derivative [20].
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Remark 2.13. From Lemma 2.12 we have that the necessary and sufficient condition for the
existence of a Hukuhara conformable fractional derivative D*X (t) of order a for the set-valued

mapping X () is the existence of the Hukuhara derivative Dy X ().

Remark 2.14. From Definition 2.6 and Lemma 2.12, we have that D'X(t) coincides with the
Hukuhara derivative DX (t).

Definition 2.15 ([34]). The fractional integral associated with the Hukuhara conformable fractional

derivative of order « is defined by

t
I°X(t) = /to"lX(s)ds, t>0,
0

where the integral on the right-hand side is understood in the sense of the Hukuhara integral [20].

Lemma 2.16 ([34]). If the set-valued mapping X (-) is continuous on Ry, then
DeI*X(t)=X(t), t>0.
Lemma 2.17 ([34]). If the set-valued mapping X (-) is a-differentiable on Ry, then

I°DX(t) = X()Z X (0), t>0.

3 A linear set-valued differential equation with a Hukuhara

conformable fractional derivative.

Consider the following Cauchy problem for linear set-valued differential equation with a Hukuhara

conformable fractional derivative of order «
DOX(1) = AX(),  X(0) = Bi(0), (3.1)

where X : R, — conv(R?) is a set-valued mapping, A € R?*? is a nondegenerate matrix.

Definition 3.1. A set-valued mapping X : Ry — conv(R?) is called a solution of Cauchy problem
(3.1) if it is continuous and satisfies differential equation (3.1) for allt > 0 and X (0) = B;1(0).

Let

A:

where a, b, c,d € R such that ad — bc # 0.
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It is easy to obtain that the singular numbers of the matrix A have the form

2 ) 02 = 2 )

; \/a2+b2+c2+d2+\/5 \/a2+b2+c2+d2—x/5
1:
where § = (a® + b? + ¢® + d*)? — 4(ad — be)*.

It is obvious that
6= (a®> + 0>+ 2 +d?)? — 4(ad — be)? = (a® — d*)% + (b* — ) + 2(ab + cd)® + 2(ac + bd)?,

i.e. 6 > 0.

Accordingly, if d = a and ¢ = —b or d = —a and b = ¢, i.e. if

then § = 0 and o1 = 02 = 0 = Va? + b2. In other cases § # 0.

Theorem 3.2. If matriz A satisfies the condition & = 0, then Cauchy problem (3.1) has the
following solution

X(t) = " By(0),

where t >0, § =

ALy

Proof. Let us prove that X (-) is a solution of Cauchy problem (3.1) by the direct substitution of
the set-valued mapping X () = %" B;(0) into differential equation (3.1) and by checking that the
identity is satisfied:

D~ (eﬁt"‘Bl(o)) = AP B, (0).

Since 8 > 0, then e’*” is an increasing function and as
P B1(0) = B,sw (0),

then accordingly diam(X (-)) is an increasing function. Then, according to Definition 2.6, it follows

that B1(0) is a centrally symmetric body and (—1)B;1(0) = B;(0), we have

lim e (X (t+et' ) LX(t)) = lim e (eﬁ(t+6t1’“)“31(0)£eﬁt“Bl(o))

E*}O+ 5%04,

= lim ¢! (eﬁ(t“tlw)a — eﬁta) B1(0) = aBe”™ B1(0)

e—04
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and

lim =1 (X () LX (¢ —et')) = lim =7 (" By(0) L (=) 3, 0) )

E*}O+ E*}O+

= lim ¢! (eﬁt0 — eﬁ(tfgtlia)a) B1(0) = —aBe”™ By (0) = aBe” By (0).

That is,
DX (t) = D* (eﬂt“Bl(O)) = aBePt” B, (0).

Since the singular numbers of the matrix A are equal (07 = 09 = o), then the singular decompo-
sition of the matrix A has the form A = UXV”, where U,V are orthogonal matrices and ¥ = o1,

I is the identity matrix. Since VT B,.(0) = B,.(0) and UB,.(0) = B,.(0) for all » > 0, then

AePY" B1(0) = USVTeP By (0) = UaIVT e By (0)
= oUIVTeP" B1(0) = 0P UTVT B, (0) = 0¢”" B, (0).

As aff = Qe+ o o, then we have

«

DX (t) = D° (eﬁt“Bl(o)) = aBe’’" B1(0) = 0e®*" B1(0) = €’ B1(0) = A" B, (0) = AX(t),

i.e. X(-) is a solution of differential equation (3.1). The theorem is proved. O

V3 o1

Example 3.3. Let A = 3 . Then the singular numbers o1 and oo of the matriz A are
1 -3

01 = 09 = 2. Accordingly, Cauchy problem (3.1) has a solution X (t) = €2 '*" By (0). That is,
1) if a = 0.25, then at every moment of time t > 0 the cross section X(t) is a circle of radius
8Vt (Figure 1);

2) if a = 0.5, then at every moment of time t > 0 the cross section X (t) is a circle of radius
eVt (Figure 2);
3) if a = 0.75, then at every moment of time t > 0 the cross section X(t) is a circle of radius

3V (Figure 3);

4) if a = 1, then at every moment of time t > 0 the cross section X (t) is a circle of radius e*

(Figure 4).
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Figure 1: o = 0.25, X (t) = 3V B, (0). Figure 2: o = 0.5, X (t) = e*V* B, (0)
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Figure 3: a = 0.75, X(t) = e3 ‘/ﬁBl( 0). Figure 4: o =1, X (t) = €** B (0).

Next, we consider the case when the matrix A satisfies the condition § # 0.

Theorem 3.4. If matriz A is symmetric and d # —a, then Cauchy problem (3.1) has the following

solution
X(t) =Ue® "2B(0), t>0,
0 b Ao—d
g a £/ (a—d)? 2 —a —
where ¥ = 01 ;01,2 = ‘A172| = —+di (2 d)?+ab s U= \/()\;1_212+b2 \/(A2 bd)2+b2
P

VOi=a)24b2  \/(Aa—d)2+b?

Proof. Since the matrix A is symmetric and d # —a, it has the following form

It is known that the eigenvalues A; 2 of the symmetric matrix A are real, so in our case (J # 0), they
will be different and not equal to zero. Let us consider all possible cases related to the eigenvalues

of the matrix A, that is, three different cases are possible:
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2

1) the eigenvalues A\ o = of matrix A are positive, where D = (a—d)?+4b?, i.e. matrix

A is a positive-definite matrix. In this case, the singular decomposition coincides with the

spectral decomposition, i.e. 01 = A1, 02 = Ay and UAUT = USU7T, where

b Ao—d
A=Y= M 0 U = \/()\1—@)2+b2 \/(/\2—d)2+b2

’ A1—a b
0 A VOi—a)24b2  /(Aa—d)2+b2

2) the eigenvalues A2 of matrix A are of different signs and |A\1] > |A2|, i.e. matrix A is an
indeterminate matrix. In this case, the singular decomposition is the following: o1 = |A1],
09 = |>\2| and

Usw? = U|A|DUT,

)\1 O

where WP = DUT, D= | ™
2
el

3) the eigenvalues A\; 2 of matrix A are negative and |A;| > |Az|, i.e. matrix A is a negative-

definite matrix. In this case, the singular decomposition is o1 = |A1|, o2 = |A2| and

Usw?® =U|A|DU?T,
where WT = DUT, D =

That is, in general, the singular decomposition of the matrix A has the form A = USW7”, where

Y =|Al, W=UD.

We will prove that X (-) is a solution of Cauchy problem (3.1) by the direct substitution of the
set-valued mapping X (t) = Ue® '*“2B;(0) into differential equation (3.1) and by checking that
the identity is satisfied:

71tu

D° (Uea”t“EBl(o)) = AU "2 B, (0). (3.2)

1[71t04 102to¢

Since o192 > 0, then e* and e are the increasing functions and as

eozflalta > eozflagta

)

then accordingly diam(X (t)) = 2e® °1'" is an increasing function. Then, according to Definition
2.6, it follows that B;(0) is a centrally symmetric body and, accordingly, (—1)B1(0) = B1(0), we

have
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lim e ' (X (t+et'™) £X(t)) = lim e (Uea‘l(t“tl‘”)‘”zBl(O)EUea’lf“ZBl(O))

e—04 e—04

=U lim ¢! (e”‘il(t"'etlia)az - eo‘iltuz) B (0)

e—04
—1 l—a\@ -1
e o1 <t+6t ) — e o1t® 0

=U lim ¢! B1(0)

-1 l—a)\« —1
5_>0+ O 60& O’Q(t-‘rst ) _ 6a oot

a togt®
: 0 i
= B1(0) = USe™ "B, (0)

—1 [e4
0 0.26a oot

and similarly

lim e ' (X () LX (t—et'™®)) =U lim & (ea’lt“Z - ea‘l(t*dl‘”)az) B,(0)

e—04 e—04

= Use® 3B (0).

That is,
DX (t) = D* (e“’lt“EBl(o)) = USe "B (0).

Since the singular matrix decomposition of the symmetric matrix A has the form A = ULDUT,

then
AUe ™ "*"PB(0) = USDUTUe ® "B, (0) = USe ® "¥B,(0).

It is obvious that identity (3.2) holds and, accordingly, X () is a solution of Cauchy problem (3.1).

The theorem is proved. [
0.8 0.5 ‘ » ‘
Example 3.5. Let A = . Then the singular decomposition of the matriz A has the fol-
0.5 0.3
) . 0.8507 —0.5257 1.1090 0 0.8507  0.5257 _
lowing form UXU* = . Accordingly,
0.5257  0.8507 0 0.0090 —0.5257 0.8507

Cauchy problem (3.1) has a solution X (t) = Ue® "B(0). That is,

1) if @ = 0.25, then at every moment of time t > 0 the cross section X(t) is an ellipse with

4.4361 V¢ 0.0361 ¥t

semi-axes e and €

matriz U (Figure 5);

, rotated at an angle 0 =~ 33°, which is determined by the

2) if a = 0.5, then at every moment of time t > 0 the cross section X (t) is an ellipse with

semi-azes 22308Vl gnd 60'0298‘/Z, rotated at an angle 6 ~ 33° (Figure 6);

3) if « = 0.75, then at every moment of time t > 0 the cross section X (t) is an ellipse with

semi-azes e 4T8TVE and 60'012()%, rotated at an angle 6 ~ 33° (Figure 7);
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4) if a = 1, then at every moment of time t > 0 the cross section X (t) is an ellipse with

semi-azes €109 and 9999 rotated at an angle 6 ~ 33° (Figure 8).

X2
o
I

Figure 5: a = 0.25, X (t) = ¢* V=B, (0).
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Figure 7: a =0.75, X(t) = e3 \ﬁEBl( 0).

4 A linear set-valued differential equation with a generalized

conformable fractional derivative.

Let X : [0,T] — conv(R™) be a set-valued mapping.

Definition 4.1. We say that a set-valued mapping X (-) has a generalized conformable frac-

tional derivative of order a DX (t) € conv(R") att € (0,T), if for all sufficiently small e > 0

x2
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Figure 8: a =1, X(t) = ¢! B;(0).

the Hukuhara differences and the limits exist in at least one of the following cases:

e—0

i) lim == (X (£ 4 et'=) 2X (1)) = lim e~ (X (1)

X (t—et'=*)) = DaX(t),

i) lime™! (X ()X (t+et'7*)) = lime ! (X (¢ —et' ™) L X (1)) = DIX(2),

e—0

e—0
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i) lim et (X (t+et'=%) ££X (1)) = lim e~ (X (¢ —et' ™) X (1)) = DgX (1),

e—0

) lime " (X(t)EX (t+et')) =lime™ ! (X(t) L X (t —et'=*)) = DI X (t).

e—0 e—0

Definition 4.2. If a generalized conformable fractional derivative of order a Dy X (t) exists for
all t > 0, then we will say that the set-valued mapping X (-) is generalized a-differentiable on
Ry.

Remark 4.3. Obviously, if the set-valued mapping X (-) is a-differentiable at a point t > 0, then
the set-valued mapping X (-) is generalized a-differentiable at a point t > 0.

Lemma 4.4. If the set-valued mapping X (-) is generalized a-differentiable at a point t > 0, then
DeX(t) =t'"""DyX(t),
where Dy X (t) is the generalized derivative [25, 28, 45].

Proof. If the set-valued mapping X (-) is generalized a-differentiable at a point ¢ > 0, then at least
one of the conditions of Definition 4.1 must be fulfilled. We will assume that the first condition is
fulfilled, i.e.

lime " (X (t+et'™*) £X (1) =lime " (X(¢) £ X (t —et' ™)) = Dy X(2).

e—0 e—0

Let 6 = et!=®. Then

DEX(t) = lime™" (X (t+et' ™) X () = lim 17907 (X (¢ + 0) £ X(t))

6—0

_ 4l—a —1 H _ yl—«
=t lim 6 (X (t+0)ELX(t) =t'""DgX(t).

Likewise,

DeX(t)=lime " (X(t) X (t—et'™)) = limt' 07" (X (t) L X (t - 0))

e—0 6—0

_ yl—a —1 H _ _ 4l—«
=t lim 6 (X)X (t—0)) =t'"“DyX(t).

It is similarly proved if the second, third or fourth conditions are fulfilled. The lemma is proved. [

Remark 4.5. It follows from Lemma 4.4 that a necessary and sufficient condition for the existence
of a generalized conformable fractional derivative Dy X (t) is the existence of a generalized derivative
D X(1).

Also, it is easy to see that if a =1, then D} X (t) = DX (t).
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Consider the following Cauchy problem for linear set-valued differential equation with a generalized

conformable fractional derivative of order «
DgX(t> :AX<t)7 X(O) = Bl(O), (4.1)

where X : Ry — conv(R?) is a set-valued mapping, A € R?*? is a nondegenerate matrix.

Definition 4.6. A set-valued mapping X : R, — conv(R?) is called a solution of Cauchy problem
(4.1) if it is continuous and satisfies differential equation (4.1) for all t > 0 and X (0) = B1(0).

Remark 4.7. It follows from Remark 4.3 that if the set-valued mapping X (t) is a solution of

equation (3.1), then it is a solution of equation (4.1).

Remark 4.8. In [25,27, 28] a Cauchy problem for linear set-valued differential equation with a

generalized derivative
D, X(t) = AX(t), X(0) = By(0) (1.2)

was considered and the following results were obtained:

1) Cauchy problem (4.2) has an infinite number of solutions, some (one or two) of which are
called basic (their diameter are monotone functions), and others are mized (their diameter
are non-monotone functions). We also note that the first basic solution X1(-) is the solution
of Cauchy problem (4.2), that satisfies the condition that diam(X1(t)) is a nondecreasing
function and is also the solution of the corresponding differential equation with the Hukuhara
derivative. The second basic solution X5(-) is called the solution of Cauchy problem (4.2),

that satisfies the condition that diam(Xs(t)) is a decreasing function;

2) if the singular numbers of the matriz A are such that o1 = o9 = o, then Cauchy problem
(4.2) has two basic solutions X1 (t) and Xo(t), whose cross-sections at each moment of time
t are circles Beot(0) and Be--:(0), and if the singular numbers of the matriz A are such
that o1 # o2, then Cauchy problem (4.2) has only the first basic solution X1(t), whose cross-

section at each moment of time t is an ellipse with semiazes equal to et and e2t.

Next, we obtain the results similar to Theorems 3.2 and 3.4.

Theorem 4.9. If the matriz A satisfies the condition § = 0, then Cauchy problem (4.1) has two
basic solutions X1(-) and Xz(-) such that

X1(t) =eP"B1(0) and X,(t) =e P Bi(0),

where t > 0, § =

va? +b?
—
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Proof. From Theorem 3.2, we have that the set-valued mapping X;(t) is a solution of Cauchy
problem (3.1) and the function diam(X (¢)) is non-decreasing. Then, taking into account Remark

4.3, X7 (t) is the first basic solution of equation (4.1).

We will prove that X»(-) is a solution of Cauchy problem (4.1) by the direct substitution of the
set-valued mapping X, (t) = e ~#*" B;(0) into differential equation (4.1) and by checking that the
identity is satisfied:

De (e *BtaBl(0)> = Ae ~%*" B, (0).

Since B > 0, then e ~#*" is a decreasing function, and as
e """ B1(0) = B, s (0),

then, accordingly, the function diam(Xs(-)) is a decreasing function. Then according to Definition

4.1 ii) and that the ball B;(0) is a centrally symmetric body and (—1)B;(0) = B1(0), we have

lim e ™' (Xo(t) L X5 (t+et'™)) = lim e " (e A Bi0) L e —B(t+ff1"*)“31(o))

6*}04, 6*}04,

= lim ¢! (6 A _e 7*8(”“17&)&) B1(0) = —aBe ~?" B1(0) = afe 77" B;(0)

e—04

and

lim e (Xo (t—et'™*) £ X5(t)) = lim e (e A=) " B (0) L e *ﬁt"Bl(o))

6*}04, €*>O+

= lim ¢! (e B Gt R 76”) B1(0) = aBe ~7* B (0).

e—04

That is,
D2 Xs(t) = D (e —Bt“Bl(o)) = afe ~P*" B, (0).

Since the matrix A satisfies the condition § = 0, the singular decomposition of the matrix A
has the foom A = UXVT, where U,V are orthogonal matrices, ¥ = oI, ¢ = Va2 +b2. As
VTB,.(0) = B,(0) and UB,.(0) = B,(0) for all » > 0, then

Ae P B1(0) = USVTe P B1(0) = Us EVTe =P B, (0) = cUEVTe " B, (0)
= ge P"UEVT B,(0) = ge =" B1(0).

Since aff = o, we have
D?Xg(t) = 0oe 7BtQB1(0) =o€ 752&&31(0) = AXQ(t),

i.e. X5(-) is the second basic solution of Cauchy problem (4.1). Thus the theorem is proved. [
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Example 4.10. Let A = \ig i/g . Then the singular numbers o1 and oo of the matriz A
are equal: 01 = 09 =0 = 2.
Accordingly, Cauchy problem, (4.1) has solutions X1 (t) = ¢ 2 1" By (0) and X,(t) = e 2> '*" B;(0).
Below are the solutions for cases a« =1 (Fig. 9, 10) and o = 0.5 (Fig. 11, 12).

j: W'"N".M” ;";;‘;" EE Mn'm"‘;"m ..,u

— .'.a"m",m’ ’ " 0:2; h 1’1 “ m "[ lll""“n';'v'vi'l‘ﬁ"V'ii""""'vwn """"""
| nm'm'i'immﬂm. 'n'umih L " | . ” “ “ ‘H il i ',;’i',""'
o I muu'l‘wwmmJmumlull";umlwu“u H i "')ll”‘l“ A
‘
’ 77 T T T 1 70 0‘2 0‘.4 0‘6 ‘ "/VO/E

Figure 10: If o = 1, then X5(t) =
672tB1(0)'

= 'll'""u'ufnfm"";' ""'\\\
AAAAAAAAA i "'dlIUHH’!’('.IH,!IW(IIN wulmmi.lwwm

x2
o
I

0 0.217:1r 02??;7 100
Figure 11: If o = 0.5, then X;(t) = Figure 12: If o = 0.5, then X)(t) =
e*ViB,(0). e~ ViB,(0).

Theorem 4.11. If matriz A is symmetric and d # —a, then Cauchy problem (4.1) has only the
first basic solution X1(-) such that

Xi(t) =Ue® "*"By(0), t>0,
b Ao—d
o atd+/(a— —a)21b: —
where ¥ = ! , 012 = [A12] = wr (2 P U= \/(/\; A bd)2+b2
g9 1-0a

VOi—a)2+62  /(A2—d)2+b2

Proof. According to Remark 4.7, the first basic solution of Cauchy problem (4.1) is also a solution of
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equation (3.1). Then, according to Theorem 3.4, the set-valued mapping X; (t) = Ue alt*E g, (0)
is the first basic solution of Cauchy problem (4.1).

Now we will prove that the second basic solution X5(-) of Cauchy problem (4.1) does not exist.
We will prove it by contradiction. Let Cauchy problem (4.1) have the second basic solution X5(-).
Then X,(-) satisfies the following integral equation

Xg(t) + A/SailXQ(S)dS = Bl(O)
0

T
Let us fix an arbitrary T' > 0. Then Xo(T') + A/so‘_ng(s)ds = B4(0). From here,
0

Bl(o)ﬂXQ(T) = A/Sa_lXQ(S)dS.
0

From Lemma 2.3, as B;(0) is a ball and Hukuhara difference By (0)£ X,(T) exists, then X5(T) is
a ball, i.e. Xo(T) = B,(1(0), where 0 < r(T') < 1. As T is arbitrary, then X5(t) = B, )(0) for all
t > 0. Hence,

T T T
/so‘_ng(s)ds = /sa_lBT(s)(O)ds = /sa_lr(s)dsBl(O) = R(T)B1(0) = Bg(1(0),
0 0 0

T

where R(T) = /so‘_lr(s)ds.
0

That is, we have

B,.(1y(0) + ABR(1(0) = B1(0). (4.3)

Since the matrix A has two different singular numbers, then ABg(r)(0) is an ellipse. So, the set
By (1)(0) + ABR(1)(0) is not a ball. That is, equality (4.3) is not fulfilled and we have obtained a

contradiction. The theorem is proved. O
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Conclusion

In conclusion, we present some remarks.

Remark 4.12. If in Definition 2.6 we replace equality (2.1) by the equality

lim e (X (e ") Lx (1)) = lim =" (X (1) 2LX (te ")) = 2, (4.4)

e—0 e—0
or

lim e (X (b4 07 ) X (1) = limet (X)X (t-e070)) =2, (45)
then we obtain a generalization of the conformable fractional derivative of order « of a single-valued
function [19] or [21] for set-valued mappings. Similarly, as it was done in [34], it is possible to prove
the validity of Lemmas 2.8-2.17, which makes it possible to introduce the corresponding generalized
conformable fractional derivative of order «, consider the corresponding differential equations, and

prove theorems similar to Theorems 3.2—4.11, and since in this case D*X (t) = t'=*Dy X (t), then

the analytical formulas of the solutions will also be the same.

Remark 4.13. If in Definition 2.6 we replace equality (2.1) by the equality

lim = (X (£ el D) ZLX (1)) = lim = (X () 2LX (¢ - e 01)) = 7, (4.6)
then we obtain a generalization of the conformable fractional derivative of order a of a single-
valued function [18] for set-valued mappings. Similarly, as it was done in [34], it is possible to
prove the wvalidity of Lemmas 2.8-2.17, which makes it possible to introduce the corresponding
generalized conformable fractional derivative of order «, consider the corresponding differential
equations, and prove theorems similar to Theorems 8.2—4.11. However, since in this case D*X (t) =

el Dy X (), then the analytical formulas of solutions will have the following form.:

o (1-a)t

Theorem 3.2: X(t) =eT-= B1(0);
Theorem 3.4: X (t) =Ue liae(lia)tzBl(O);
Theorem 4.9: X;(t)=¢ e gy (0), Xy(t) = eat e(lfa)tBl (0);

Theorem 4.11: X;(t) =UeT-—=
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Remark 4.14. If in Definition 2.6 we replace equality (2.1) by the equality

lim et <X<ﬁ + 6(t + I‘(1a)> 1_a> HX(t)): lim 51<X(t)HX<t —c (t + F(1a)> 1_a>>:Z, (4.7)

where T'(a) is gamma function, then we obtain a generalization of the conformable fractional deriva-
tive of order « of a single-valued function [4] for set-valued mappings. Similarly, as it was done in
[84], it is possible to prove the validity of Lemmas 2.8-2.17, which makes it possible to introduce
the corresponding generalized conformable fractional derivative of order o, consider the correspond-
ing differential equations, and prove theorems similar to Theorems 3.2—4.11. However, since in
this case D*X (t) = (t + ﬁ)lia Dy X (t), then the analytical formulas of solutions will have the
following form:

Theorem 3.2: X(t) = eﬂHﬁ)GBl(O);

Theorem 3.4: X (t) = Ueé(Hﬁ)azBl(O);

o

Theorem 4.9: X;(¢) = e & (i) B1(0), X5(t) = e~ (i) B1(0);

[e"

Theorem 4.11: X;(t) = Ue 3 (i)

Remark 4.15. If in Definition 2.6 we replace equality (2.1) by the equality

lim =™ (X (¢ +ek(t)'~%) £X (1)) = lim e™1 (X () ££X (t—ek(t) 7)) =2, (48)
where k(t) is a continuous positive function for all t > 0, then we obtain a generalization of
the conformable fractional derivative of order a of a single-valued function [2, 15] for set-valued
mappings. Similarly, as it was done in [34], it is possible to prove the validity of Lemmas 2.8-
2.17, which makes it possible to introduce the corresponding generalized conformable fractional
derivative of order a, consider the corresponding differential equations, and prove theorems similar
to Theorems 3.2—4.11. However, since in this case D*X (t) = k(t)'~*Dy X (t), then the analytical

formulas of solutions will have the following form:

o [ (k(s))*"ds
0

Theorem 3.2: X(t) =e B1(0);

F k() s
Theorem 3.4: X (t) = Ue? B;(0)

af(k’(s))aflds —Uft(k(s))o‘*lds
0 0

Theorem 4.9: X;(t) =e¢ B1(0), X5(t) =e B;(0);

(CORE
Theorem 4.11: X;(t) = Ue?d B1(0).
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Remark 4.16. If in Definition 2.6 we replace equality (2.1) by the equality

ime! 05\ H C H _ekm=e
lim e~ ( X(t+k(t) — k()" 7o —X(t) = lime X(t)—X t+k(t) —k(t)e = TWET )) = Z,
e—0 e—0

(4.9)
where k(t) is a differentiable function for all t > 0 such that k(t) > 0 and k'(t) # 0 for allt > 0,
then we obtain a generalization of the conformable fractional derivative of order o of a single-
valued function [1] for set-valued mappings. Similarly, as it was done in [34], it is possible to
prove the validity of Lemmas 2.8-2.17, which makes it possible to also introduce the corresponding
generalized conformable fractional derivative of order o, consider the corresponding differential
equations, and prove theorems similar to Theorems 8.2—4.11. However, since in this case D*X (t) =
k()

WDHX(t), then the analytical formulas of solutions will have the following form:

Theorem 3.2: X(t) =@ kO =k B, (0);

Theorem 3.4: X(t) = Ue® O k02, (0);

Theorem 4.9: X;(t) = e kO =kO)*) B, (0), X5(t) = e kO =k B, (0);
Theorem 4.11: X;(t) = Ue®® (O k02, (0).

Remark 4.17. We also note that if in Definition 2.6 we replace equality (2.1) by the equality

lm((t+e)* —t*) " (X (t+e) £X () = im(t* — (t—e)*) ' (X () L X (t—¢)) = Z, (4.10)

e—0 e—0

then we obtain a generalization of the Chen-Hausdorff fractal derivative of order a of
a single-valued function [9, 10] for set-valued mappings. Similarly, as it was done in [34], it
is possible to prove the wvalidity of Lemmas 2.8-2.17, which makes it possible to introduce the
corresponding generalized Chen-Hausdorff fractal derivative of order «, consider the corresponding
differential equations, and prove theorems similar to Theorems 3.2—4.11. However, since in this
case DX (t) = a~1t'=*Dy X (t), then the analytical formulas of solutions will have the following

form:

Theorem 3.2: X(t) = e’ B1(0);
Theorem 3.4: X (t) = Uet > B;(0);
Theorem 4.9: X, (t) = ¢ B1(0), X3(t) = e 7" B1(0);

Theorem 4.11: X;(t) = Ue! > B;(0).
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