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RESUMEN

Este estudio investiga en detalle una categoria especifica de
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1 Introduction

The Kirchhoff-Schréodinger problem is a class of partial differential equations that combines aspects

of Kirchhoff and Schrédinger equations. It takes the form:
M (/ |Vu|2dx> (—Au) + V(x)u = f(z,u),
Q

where M is a function representing the Kirchhoff-type nonlinearity, V(z) is a potential function,
and f(z,u) denotes the nonlinearity in the system. This type of system generalizes the classical
Schrédinger equation by incorporating a nonlinear term dependent on the integral of the gradient,

reflecting the influence of the entire domain on the local behavior of the solution.

The Kirchhoff-Schrédinger system arises in various physical contexts, such as the study of quantum
mechanical systems, nonlinear optics, and the dynamics of elastic strings and membranes. These
systems are particularly challenging due to their nonlocal nature and the potential presence of sin-
gularities in the nonlinearity f(z,u), which can complicate both theoretical analysis and numerical

simulations.

In this study, we consider the following fractional Kirchhoff-Schrodinger equations with singular

nonlinearity,

K ( /Q V() [P + /Q . [wix) = wy)? dy) (25 + V() 2]

|k — y|FeP

1 —
ﬁf(ﬁﬂw\“’lv\l‘ﬂ in Q,

I<(/2L«K”0Wdﬁ4‘/;XQ1KH)_UQDWdﬁdy>[bﬂﬁﬁv—kVKmﬂvp%ﬁ (1.1)

|k — y|dtop

= na(m)ful"u+

1—71 _ _
sy Sl T, o,

= (B(k)|v]T %0 + 5

w=7v =0, on R4\ Q,

where @ C RY (d > 3) is a bounded domain with smooth boundary, s € (0,1), 0 < 7 < 1,

0<o<l,d>ps,2—p—7T<p<po<q<pi= di—’;w a, B, € C(Q) are non-negative weight

S

functions, 7, ( are two parameters, (—A))

[10])

is the fractional p-Laplacian operator defined as (see

Ayl — 2t [ 120 0P () — ()

dy, keRY,
p N0 O\B. ‘K _ y‘d—&-sp Y

and K : (0, +00) — (0, 400) is the continuous Kirchhoff function defined by

Kt)=k+1t' withk>0,1, 0 >1. (1.2)

Recently, there has been a lot of interest in examining non local problems of this kind. For an
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interesting one, we refer to learn more about Kirchhoff problems, specifically those dealing with
the Laplace operator and a singular term, in references like [19-22]. Additionally, the study of the
fractional Kirchhoff problem, which involves a singular term like © =7, can be found in [14]. This
research combines a variational approach with a specific truncation argument. For more details on

the fractional system, you can check out [23,36].

These problems involve studying how things spread unevenly in complicated environments. This
happens because of random movements, like jumps, where entities can move to nearby places or
make longer trips using a specific kind of flight pattern called Lévy flights. These issues are also
used to model things like turbulence, chaotic movements, plasma physics, and financial dynamics.

Check [1,7] and references therein for more information.

The system expressed in (1.1) without a Kirchhoff function and potential function has been thor-
oughly explored in recent years. For the case involving the fractional p-Laplacian, the existence
results have been investigated using Morse theory, as discussed in [18]. Perera-Squassina-Yang [25]
introducing a novel abstract result based on a pseudo-index associated with the Zs-cohomological
index. These constraints are employed to establish the existence within a certain range of the
Palais-Smale condition. It is worth noting that, in this study, bifurcation and multiplicity results
are obtained with specific limitations on the parameter n. Additionally, the investigation into the
multiplicity of solutions is conducted through the Nehari manifold and fibering maps in works like

[6,15,29,31].

In a distinct context, the investigation of the problem was undertaken in [6].

20
_As — q—2 0—2 T :
(=) = nhwlt2u =L fule 2ol in Q.

2T
Ay = q—2 Olq|T—2 :
(=A)pv = ([ v+ ———fwlep[, - in @,

u=v=0, onRI\Q,

where () is a bounded domain in R™ with smooth boundary 9Q, d > sp, s € (0,1), p < o+ 7 < pf,
7, ¢ are two parameters. The scholars investigated the Nehari manifold associated with the problem,
employing fibering maps, and established the existence of solutions under certain conditions for

the parameter pair (7, ().

The problem expressed in (1.1) without a Kirchhoff coefficient has been thoroughly explored in

recent years. For the case involving the fractional p-Laplacian, the existence results have been
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investigated using Morse theory, as discussed in [24]

Hw ) )
(-t fulrtu = L) e
K
Hy (K, u,v)
S -2 _ w y Yy d
(—A)pv + |w|? = PR n R¢,

where d > 1,0 < s < 1, d = ps, v € (0,d) and H has exponential growth. By using a version
of the mountain pass theorem without (PS) condition, they established the existence of nontrivial
solution to the above system. In [35] the authors studied the existence of solutions to the following

quasi linear Schrodinger system

(—A)ju+ a(k)[w|92u = Hy(k,u,v) in RY,

(=A)sv+ B(k)|w|T?u = Hy(k,u,v) inRY,

where 1 < ¢ < p, sp < d, they used the critical approach, to obtain the existence of nontrivial and

non negative solutions for the above system.

Following this, the issue has been explored by various authors in the context of Laplacian, p-
Laplacian, and fractional N-Laplacian operators, employing either the technique employed in this
paper or employing critical point methods. Noteworthy references encompass [2,4,5,9,12,16,28,
30, 34].

Motivated by the results above, by using minimization arguments and implicit function theorem
together with variational approach, we prove the existence and multiplicity of nontrivial, non-
negative solutions for the singular fractional Kirchhoff-Schrédinger system described in (1.1) within

suitable fractional Sobolev spaces.

This paper is organized as follow: In the second section, we discuss familiar properties and results
related to fractional Sobolev spaces. In the third section, we show the existence theorem and
its proof, which uses the Nehari manifold and fibering map approach. In the fourth section, we

demonstrate the existence of multiple nontrivial positive solutions for our problem (1.1).
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2 Preliminaries

In this paper, Q C R? represents a bounded domain with a smooth boundary, and (-,-) denotes

the standard duality between X and its dual space X*.

Let u: @ x Q@ — R be a measurable function,

is the Gagliardo seminorm. We denote by W*?(Q) the fractional Sobolev space given by

WP(Q) :=={u e LP(Q) : [w]s,p < 00},

with the norm

1/p
ol i= (Il gy + wl2,)

1/p
|wllLe (@) = (/ |w|pdﬁ> )
Q

For our analysis, we assume the following assumption:

where

(V) Ve (@Q)\{0}, ess infreqV (k) > 0 and meas({z € ¢: V(z) < L}) < oo, for all L > 0,

where meas(-) denotes the Lebesgue measure in Q.

When V satisfies (V), the basic space
Wo(@) = {w e W(Q): ViwP € LY@ w=0 in R\Q}
denotes the completion of C§°(Q) with respect to the norm
o, <= (ol + 012,)

where
1/p
ol vy = ( /Q v<n>|w|pdm) .

In W, we have the following embedding

Lemma 2.1 ([33]). Let 0 < s < 1 < p < +oo with ps < d and suppose that the assumption (V)
holds. Then,

W, (Q) = LYQ) for all q € [p,py). (2.1)
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When r + 1’ € (p, p*), then, for any u € Wy, we obtain

[wllgrrr gy < Sllwllw, - (2.2)

Let us define the functional ¥, , : Wy — R by

lw(k) —w(y)P /
Wy p(w ——/ ——————dkrdy + V(k)|w|Pdk.
p( ) o |I€ y|d+PS ( )| |

At this point, we introduce our working space W = W, x W, which is a reflexive Banach space

endowed with the norm

(.0l = (W) + 0 (0) (23)

We say that (w,v) € W is a weak solution to system (1.1) if u,v > 0 in @, one has

K (|[wlw, ) (/Q V(m)|w|p_QU¢dn+/Q wix) = wy) P (wix) — wly))(#(k) = ¢(y)) d/idy)

|k — y|dtsp
po s [ 008 = o)) — o) W) ~ $l)
Kl ([ Vo [ b iy
= a(k)|w]T%u ®) w9 20p) dk _1-e r)u v " dr
= | (el 2w+ 3l eg)dn + 5 2 | e T
L r)ur """ dk
gy [ T

for all (¢,9) € W.
Now, with the essential tools in place, we are ready to state our main results, which take the

following form:

Theorem 2.2. There exists

g+o+T1—-2 ez 2—p—7T—q Pi=a\ P-4 2,7
Ay = () ( Q| ¥ SptetT—2,
1Clock(a = 7) peEpE—l

such that if
0 < (nllaloe) =" + (ClIBlloc) 7~ < Ao,

then system (1.1) has at least two nontrivial positive solutions.
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3 Nehari manifold & fibering map analysis

In this part, we gather basic information about a Nehari manifold and discuss fibering maps.

Obviously, the energy functional J, ¢ : Wy — R associated with problem (1.1) is given by

Bntm) = 1 (KAl + K(loll)) =3 [ (notluolt + ¢an)ol)

1
2—o0—1

[ etnwryewty T an,
Q

t
where K(t) = / K(p)do. This together with (1.2) gets to
0

l

Bncl0,0) = & (W) + V(o) 4 - (Vapl) 4 ¥2p0)

o | (ot cap)as — s [ ety ety as
= Dl o)l + 0l o [ (neluol + GBI )
gy L SR (3.1)
where r+ = max{r, 0} and r~ = max{—r, 0} for r € R.

Keep in mind that J, ¢ does not behave smoothly in W. So, standard variational methods will
not work here. If (w,v) is a weak solution for the problem (1.1), it means that both w and v are

positive in @) and satisfy the equation

K([[wllw,) sp(w) + K(|[v]w.) T p (V) = n/cga(ﬁ)lwqdﬂ

- C/ B(r)|v|* dk — / E(r)w[*~2fo]' " dr =0,
Q Q
which implies by using (1.2) that

bl ) + o)l = [ alluftds ¢ [ st~ [ gGolol~lol' " dr =0,
Q Q Q
(3.2)
It is simple to confirm that the energy functional J, ¢(w,v) is not bounded below in the space W.
However, we will demonstrate that on the Nehari manifold, defined below, J, ¢(w,v) is bounded
below. We will establish a solution by minimizing this functional over specific subsets. The Nehari

manifold is defined as follows:
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Ny = { ) € WA L0.0% Do)y + Ll o) = | aoluas

¢ [ stlatran— [ ool a0}

Now, understanding that the Nehari manifold is intricately connected to a fibering maps which
is introduced by Drabek and Pohozaev in [11]. The form of the fibrering maps is as follows,

Yyt = Jnc(tw, tv) for t > 0 defined by

Tyw(t) =

(R () + K ))_Z/Q(na(m)|wq+gﬁ(n>|u|q) s

T [ e
— R)|w v K.
2—9—7_ Q

The first and second derivative of T respectively, is given by

o (0) = 1= )y 170 = 07 [ (el + s 1?) a

(3.3)
—tlmemr g)|w|t=2v|' 7T dk
' /Q ()l o]
and
T () = (p— Dk (w, 0)|[fy + Lpo — 172 (w, v) |55
— (g —1)t72 a(k)|wl|? k)|v]?) dk
(@10 [ (ot + ¢3ol) 5.4)

(g /Q £()lew[* e o[V ds

Now, we prove some useful inequality. Using Holder’s and Sobolev inequalities, one has

/Q (natw)lel? + BRI )dr < 1QIF (llalloclieolis, +CIBlclvll:)
<101 57 (lallocllw] + ClBllclloll?)

<1QI7 573 ((llalloe) ™7 + Bl 77) 7 (] + o]l

< C1QIF" 57 ((lalloe) 77 + (€))7 )y
(3.5)
and
el 1ol " dn < Il (2 [ wpoemans 22T [ e ae)
/ / / (3.6)

277

< ClloeS™ s ®™"

[[(w, v
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Lemma 3.1. Let (w,v) € W\ {(0,0)}. Then (tw,tv) € Ny ¢ if and only if T3, () = 0.

Proof. The conclusion is derived from the observation that

Yo (t) = @ ¢ (w,0), (w,v))
=kt~ (w, )l + 17| (w, 0) [ — ¢4 (/Q W(H)leqdn/QCﬂ(H)vlqdﬁ>

et / £() [V 2Jo] =" dis = 0
Q

if and only if (tw, tv) € N, ¢. O

Due to Lemma 3.1, we have (w,v) € N, . are associated with stationary points of Y., ,(tw, tv)

and in particular, (w,v) € N, ¢ if and only if Y/, ,(1) = 0. Hence, we split N, ¢ into three parts:

ISR {(w, v) €Ny T4 (1) > o} = {(m,w) € W\ {0,0} : T, (£) = 0,7 () > o},
Ny = {(w,0) €Ny 70, (1) < 0} = {(tw, t) € WA {0,0}: 7, ,(8) = 0,77, (1) < 0},

NO, = {(w, v) € Nyt T (1) = o} - {(tw,tv) €W {0,0} : T, () = 0,14 (1) = o}.

For the proof of the following lemma we refer to [32].

Lemma 3.2. If (w,v) is a minimizer of J, ¢ on N, ¢ such that (w,v) ¢ N%,C‘ Then, (w,v) is a

critical point for J, c.

Our initial result is as follows:

Lemma 3.3. J, ¢ is bounded below on N, . and coercive.

Proof. As (w,v) € N,, ¢, then using (3.2) and the embedding of W, in L27¢77(Q), we obtain

Buctn) =k (5 = 1) N olert (=D~ (5—g = =7 ) [ ol lop " a

Then by (3.6), we obtain

1 1 1 1
In.c(w,v 2k<—> w, v p—l—l(—) w, v) |5
n¢(w,v) p ") 1ol + {22 = 2 (vl

1 1 2—o—71 2—o—T
— S 2
(Q_Q_T q) I¢lle (w,v) %

Since 2 — o — 7 < p < po, it follows that J, ¢ is coercive and bounded below on N, .. O
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Lemma 3.4. For every (w,v) € N, . (respectively N;;C) with u,v > 0, and all (¢,v) € N, ¢ with
(p,9) > 0, there exist € > 0 and a continuous function h = h(r) > 0 such that for all r € R with
r| < we have h(0) =1 and h(r)(w +ro,v +rip) € N, - (respectively N;;C).

Proof. First, let us introduce the function f : R x R — R defined by

flt,r) = kP2 (w + r, v+ ) [P+ WP [(w v, v+ ) [P

(o= [ (pa(s)(wtr)! (B0 + )

- [ etow ) o+ i) Ta.
Q

Therefore,

d
L 6r) = k(p+ o7 =)o w6 0+ PP

+ l(po +o+T1— 2)t”‘7+9+T—3||(w + rd, v+ r)||P?

— gatetT=2 /Q (na(f@')(w +7¢)! + (B(K)(v+ rw)q)dn.

Hence, % is continuous. Recall that (w,v) € N, . € N ¢, we have f(1,0) =0, and

1,0 = k(p+o+7=2)ll(w, )5 +1(po + o+ 7 = 2) [l (w, v)|[F7

dt
7(q+9+772)/

. (na(n)wq + Cﬂ(ﬁ)vq)dn <0.

Thus, by applying the implicit function theorem to the function f at the point (1,0), we deduce
the existence of ¢ > 0 and a positive continuous function h = h(r) > 0, defined for » € R with

|r| < 4§, satisfying:
h(0)=1 and h(r)(w+rd,v+719Y) €N, ¢, forallreR, |r|<d.
Hence, for a small possible € > 0 (¢ < d), we obtain

h(r)(w +ré,v+r¢) € N

me VrER, [r|<e.

Similarly, we prove the other case. O
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Lemma 3.5. There exists

p

Q+Q+T_2 p+giﬂ'72 Q_Q_T_q 2¥—q\  p—q 21
Ay = () < Q| % SrtetT—2,
CTock(a = 7) A p——

such that for 0 < (77||04H00)ﬁ + (CHBHOO)ﬁ < Ao we have:

(i) If/ (na(li)\wr] + Cﬂ(li)\v\‘I) dr > 0, then, there exist a unique Ty > 0 and to < T} < t;
Q
such that

Tw,v (tO) = T'w,v (t1)7
T,.0(to) <0< Ty, ,(t);

that is, (tow,tov) € N,J;C, (tiw,tiv) € N, and

Jﬂa((towﬂ tOU) = 02%1 37]7§(twa t’U),

J t t = J tw, tv).
JU»C( 1w, 1'0) g%fdn»C( w, U)

(i1) If/ <na(/<a)|w\q+§6(n)|v|q) dr < 0, then there exists a unique Ty > 0 such that (Tyw, Tiv) €
Q

N, ¢ and 3y (Tiw, Tiv) = rgg{ﬁmg(tw,tv).
Proof. (i) Suppose that / (na(/@)|w\q—|—Cﬂ(f£)|v\q) dr > 0. Define the function ¢, , : Rt — R
by ©
hww(t) = KtP | (w, v) 5 + W77 (w, 0) [ — tQQTq/Qf(H)leQWlT dr.
Note that (tw,tv) € N, . if and only if
o) = [ (ool + ¢RIl d
Now, the first derivative of the function v is

U (t) = K(p — )P~ (w, 0) [ + (po — )P~ |0, 0) |27
L@ p—r—gqieT / £(m)|w |12 o[\ di
Q
= 170 (ko — )17 (w. ) [y + (00 — 17| (. ) |57

—@-gm -t [ gl dx).
Q
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It is clear that 1), ,(t) — —oo as t — oco. Moreover, using (3.7), it is simple to see that
lim;_,o+ 9, ,(t) > 0 and lim; ¥y, ,(t) < 0. Thus, there exists T} > 0 such that ty, . (t)
is decreasing on (7j, o), increasing on (0,7;), and 4y, ,(T;) = 0. Thus,

w.o(T1) = KT ™| (w, )5y + 1Tl (w, v) 57 Tf"rq/Qﬁ(%)lwllglvllT dr,

where T; is the solution of

k(p — Q|| (w, v)llsy + (po — Ut || (w, v) Iy

(3.8)
—2-o-r= gt e [ gl ol dk =
Q
Then, using (3.8), we obtain
1
2—@—7‘— K wl_Qvl_T dli p+7T+eo—2
(¢ ) Jy )l 2l . o)
k(p — @)ll(w, v)|[5y

From inequality (3.9), we can find a constant C' = C(p, ¢, 9, 7) > 0 such that

ww,v(ﬂ) Z ww,v(TO)
> KT (w, v)|y — T()Z_“’_T_q/ E(R)[wl' ol " drk
Q

gatotr—2
2 T+o

o+T q+o+T -2\ [l (w,v) |y
> Ky =) ==
(Jp €09lwl o]~ dr)

* q
25

— 11 7% ((llalloe) 75 + (C181e) 7)) T i, 0) Iy > 0,

if and only if

(llellse) 77 + (Cl1Blloc) 75

2
k(g —2) )_9+T (q+g+7’2 2§q>_2—q etr=2_ g
< ITerT T 2 ig SEFT T = A,
(s Ko+ @ 0

Then, there exist exactly two points tg < T; and t; > 1; with
Vioalte) = [ (rale)fuwl? + CB(9el") di = 0, (1),
Q
Also, 9y, ,(to) > 0 and ¥, ,(t1) < 0. That is, (tou,tov) € N:;C and (tju,tv) € N .. Since

1) = ¢ (ult) - /Q (1)l + GB(x) ol d ).
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Thus, Y7, ,(t) <0 for all t € [0,t0) and T3, ,(t) > 0 for all t € (to,t1). Hence J, ¢(tow, tov) =

02i<nt JIn.c(tw,tv). In the same way, Y/, ,(t) > 0 for all ¢ € (to,t1), Y, ,(t) = 0 and
>ttt

Y, ,(t) <0 for all t € (t1,00) that is J, ¢ (Liw, t1v) = Itr;aiupxﬁmg(tw,tv).
by

(i) Suppose that / (na(m)|w|q + Cﬁ(/{)h}\q) dr < 0. So ¥y (t) — —o0 as t — oo. There-
Q
fore, for all (n,() there exists 7, > 0 such that (Tw,Tiv) € N, . and J; ¢(Tiw, Tiv) =

r?;gi"”’g(tw’ tv). O

The consequence of Lemma 3.5 is summarized in the following Lemma.

Lemma 3.6. There exists

__p __pP_

q+Q+T—2 pFofr—2 Q—Q—T—q P::q p—a 2—o—7

e
[¢llock(q — p) k(2—o—1—p)

such that for 0 < (nlelee) 77 + (C||B]lse) 77 < Ao, we have Nic #0 and N} . = 0.

Proof. From Lemma 3.4, we infer that Nic are non-empty for all (1, ¢) with 0 < (n]|al|se) 77 +
(CHBHOO)ﬁ < Ap. Next, we employ a proof by contradiction to show that N%C = () for all (n, (),
with 0 < (7]]alls) 77 + (¢[|Blloe) 77 < Ag. Let (w,v) € N} ¢+ Then, we have two cases:

Case 1: (w,v) € N;FC and / (na(m)\wrl + Cﬁ(/ﬁ)h}‘q) dr = 0. Using (3.3) and (3.4) with ¢t = 1,
’ Q
it follows that
(p = Dk (w, v) I3 + Upo = Dl (w, v) [y — (1 -0 - T)/Qi(/f)lwll_glvll_T dr

=+ o+ 71— 2)k||(w,v)|[f + l(po + 0+ 7 — 2)||(w,v) |y >0,

which is a contradiction.
Case 2: Let (w,v) € N, . and / (7704(/@)|w|‘1 + C,@(/i)|’1}|q) drk = 0. Using (3.3) and (3.4) with
Q
t = 1, it follows that
(» — @)kll(w, v) gy + l(po — @ll(w, V)7 =—(a+o+7) /Q (k) |w|* 20| T dr,  (3.10)
2-o—7=pkl(w,v)[§ + 12— o—7—po)ll(w,v)[l57

= (2—Q—T—q)/Q <na(/ﬁ)|w\q+Cﬁ(f£)|v\q> dk. (3.1)
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Now, define €,  : N,, - — R as follows

2—p—17-p 2—0—17—-po -
€ c(w,v) = — Flltw )l + 35— —— I, V)l

S E—— 3
- /Q (el + CB(w)o]?) di.

Therefore, from (3.11), &, ¢(w,v) =0 for all (w,v) € N%C. Furthermore,

2—po—T7—
€ v) > 52T =Lk, ) - /Q (nat)ll? + CB(R)Iv|?) di

2—0p
>wk“(w,v)”€v
T 2—p—-7T—gq

p* b—q
Pg p

= QI 574 ((llallee) 7 + (CIBw)77) 7w vl
2—o0—1

. )
> oy (32Tl o)y

P—4q
D

~c1Ql 57 (o) + @B E) 7).
Then, utilizing (3.6) and (3.10), we get

1 __2-0-7 _ k(p—q) et
I )| 2 ST (72_Q_T_q) . (3.12)

From (3.12) we get

2 — 0—T—Dp 2—o—7 k‘(p—q P+g‘;f*2
€yclw,v) = ||<w,v>||§w<wk (ke = @) ¢l 577 ) (qu)

—C1QI5F 57 ((nllalloe) 5 + <<5||oo>fq)p>.

This implies that for 0 < (y]|alle)77 + (¢[|Bllec) 77 < Ag, we have &, ¢(w,v) > 0, for all
(w,v) € N%C' The proof is complete. O

Due to Lemmas 3.3 and 3.4, for 0 < (n]|alle)™7 + (C[|B8]lec)77 < Ao, we can write N, =

N:;C U N;C and define

cpe= inf  Jpclww), ¢ = inf  Jyc(w ).

(w,v)EN:}',C (ww)EN,



Fractional Sobolev space: Study of Kirchhoff-Schrodinger systems... 421

3.1 Existence of a minimizer on N:C'

In this subsection, we establish that the minimum of J,, ¢ is found within N:;’C. Furthermore, we

demonstrate that this minimizer also serves as a solution to problem (1.1).

Lemma 3.7. If0 < (n]e]loe) 77 + (C[|Blloc) 77 < Ao, then for all (w,v) € N, we have c;;c < 0.

7,¢7
Proof. Let (wg,vy) € N;C, then T’(’ . +)(1) > 0 which from (3.2) gives
) wq ,vg
—o|y|1- k(p—a) l(po —q) o
ER)|w| 2o dk < ———F—]|(w, V) ||f + ———]|(w, V)% . 3.13
A;(N I*~¢]vl 5o 7 gl @Ollw+ o= Il vl (3.13)

Thus, according to (3.2) with (3.13), we obtain

1 1 1 1
~ < - _ = p = po
Snclw,0) < k(0 = ), v)lf +1 (pg q) G, o)

- (2_;_ - j]) /Q E(lw 2ol dr
e
R N R P

Hence, using (3.14), we get

(3.14)

k(g—p)lp+o+T1—2)
pq(2—0—7)

s )P+ “qp’(p“”2)||<w7v>ll””) <0,

%£@HO<( pa(2—o0—71)

Therefore, the definition of C;C owing to ch ¢ <0. O

Theorem 3.8. If 0 < (n]|allec)?7 + (C[|Bllec)77 < Ao, then there exists (wi,vl) in N;,C
satisfying 3y.c(wi,vy) = inf  F,c(w,v).

(w,v)eN;<
Proof. From the fact that J, ¢ is bounded below on N, ¢, then it bounded on N;’ I Thus, there

exists {(w;}, v;})} C N . a sequence such that

In.¢ (wn » Up, ) - inf Jm((w, U) asn —r 00.
(w,U)EN;C
Since J,, ¢ is coercive, {wy,v,} is bounded in W. Then, there exists a sub-sequence, still denoted

by (w;,v}) and (wg,vg) € W such that, as n — oo,

n»-n
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wh —wd, v — ol weakly in W, (Q),

wi — wg, v — v strongly in L™(Q) for 1 < r < p?,

wi — wd, v — v ae in Q.

Claim:

lim ak)|w, |~k :/ a(k)wg |~ 2dk. (3.15)
Q

n—aoo
Q

Indeed, due to Vitali’s theorem (see [26, pp. 133]), we only need to prove that
{ / a(k)|w '~ dk,n € N } is equi-absolutely-continuous.
Q

Since {wy,} is bounded, by the Sobolev embedding theorem, there exists a constant C' > 0 such
that |wy|, < C < co. Moreover, by the Holder inequality we have

P3
prto—1 ‘w

/Q a(w)w!edr < [lao /Q w2k < J|a|0|Q e (3.16)

From (3.16), for every € > 0, setting

P:

5 e prty—1
- <||a0001—g) ’

when A C @ with meas(A4) <, we have
- prteo—1 pito—1
/ a(k)|w | dk < llelloo [[w]] = Q(meas(A)) T < al|eoC T P <e
A s
Thus, our claim is true. Similarly, we claim that

lim B(K) v Tdk :/ B(k)vg |* " dk. (3.17)
On the other hand, by [3] there exists I € L"(RY) such that

lwy (5)] < 1(8),  |og (K)] < 1(k), ask— o0
for 1 <r < p%. Therefore by the dominated convergence theorem,

/Q (n\wilq + C|U;z‘—|q)d,‘€ — /Q (77|w8'|q + C|U(—)’_\q>dﬁ.

Furthermore, from Lemma 3.5, there exists tg such that (towo+ , tov(}L ) € NTT ¢ Now, we shall prove
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that w} — war strongly in W, v — U(J]’ strongly in W,. Suppose otherwise, then
l(wg ,vg) lw < liminf [[(w}, o) [|w-
n—aoo

n» n

On the other hand, since (w;7,v;") € NJF<7 one has

lim Y .,

n 50 wi ot (

to) = tim_ (5 )P+ 187 o) P
g /Q (et 7+ CA0) | )7) di — £ /Q e P elu [ )
S R G o) P+ 1020 (s o) P
‘tg_l/Q( a(Wed | + CBEI)I) dn—té‘Q‘T/Qf<H>|w3|l-@vml-wn

= Tiqu v (to) =0.
070

Therefore, Y' . . (to) > 0 for n large enough. Furthermore, (wt,vt) € Nn ¢» and we can see for

all n that Y/, () <0forte (0,t) and Y/ , (1) =0. Thus we must have ¢y > 1. Moreover

no ’I’L

Y+ o+ (1) is decreasing for ¢ € (0,79) and that is

dnc(towmtovo)<Jn<(wo+»var): lim Jnc( wl,vh) = lnf Jn,c(w»v)

vt — v strongly in Wy and

which gives a contradiction. Thus, w;} — wg strongly in Wy, v}

Jnclwd,vg) = inf  J,c(w,v). The proof of Theorem 3.8 is complete. O

(w,v)ENjch

3.2 Existence of a minimizer on N;C

In this subsection, we aim to establish the existence of a solution to problem (1.1) by demonstrating

the existence of a minimizer for J, ¢ within the set N; ¢

Lemma 3.9. If0 < (n]|alls) 77 + (¢[|B]loc) 77 < Ao, then for all (w,v) € N

n.cr one hasc, - > do
fOT some dO = dO(Q7 T7paq7a75777)C’ |Q|) > 0.

Proof. Let (wg ,vy ) € N, -, then we have Y _ (1) < 0 which from (3.2) gives

0 %Yo

k(p — l(po — -
/Qg(ﬁﬂw'l-gvp—r dr > 2_(;”_Tq)_q||(w,u)||§;V + %H(MW)H@. (3.18)

Hence, using (3.6), we get

1
__2-0-7 k(p — T pFetT-2
(w0, )l > 5~ D (M) e (3.19)

1
1¢1loo 2—0—-T—q
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Therefore, by (3.5) and (3.19), we obtain

Smclw, ) = k(L - L Vs - (L )
Iy v) = p 2—90—T W q 2—9—71 ‘

P—4q

x 578 ((llalloe) 755 + (CBI) 77 ) 7 w0l

=) | (- 2 V- (2 - Yo
ST p 2—0—17 P q 2-o0-T1 ‘

—9q

x 57 ((nllallec) 75 + <<||/a||oo>pf«)“]

1 1 (p—q) pP—q P+Zlff2
> (o)l k(== 5——= )5 7 (57—
p 2—-0-—T 2—0—T—q

(- g )l s (Gl + <</3||oo>ﬂq)”].

q 2—-o0-T

Hence, if 0 < (n]|allse) 77 + (¢||B]lsc) 77 < Ao, then Jn,c(w,v) > do for all (w,v) € N, for some
do = dy (Q,T,p, q, o, 3,m,¢, \Q|) > 0. Therefore ¢, . > dy follows from the definition c, . O

Theorem 3.10. If 0 < (n]|alls)?7 + (Cl|B]lee)?7 < Ao, then there exists (wg,vy) in N, .

satisfying Jn.c(wg , vy ) = inf  Jp.c(w,v).
(ww)eN .

Proof. As J;,¢ is bounded below on Ny, ¢ and then on N, .. Thus, there exists {(w,,,v,;)} C N, ¢

ni n

a sequence such that

37774(1% » Up ) — inf Jn,((w, 'U) as n —r oQ.
(w,v)EN;Y<

Since J,, ¢ is coercive, {(wy, v,)} is bounded in W. Then there exists a sub-sequence, still denoted

by (w;,,v,;) and (wgy ,vy ) € W such that, as n — oo,

w —wy, v, = vy weakly in W,(Q),
w, — wy, v, — v, strongly in L"(Q) for 1 <r < pZ,

w, — wy, v, — v, ae. inQ.

Furthermore, similar to the proof in Lemma 3.8, we have

H —|1=o . — —|l-0
lim_ /Q jwy [~ 2dn /Q g [1~2dr,

. —|1—7 _ —|1—-7
nh_r}n@/@v“ dli—/QUO| dk,

/Q (natwlwis1? + Bl )d — /Q (na(mlhud1? + Bl 1) drc
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Moreover, by Lemma 3.5, there exists ¢; such that (t1wq,t1v5) € N;C. Now, we prove that

w, — w, strongly in Wy, v, — v, strongly in W,. Suppose otherwise, then

w03 )l < liminf (v

Thus, since (w,, , v, ) € N - and Jy,¢(twy , tvg ) < Jn,c(wg ,vg ), for all t > 0 we have

Inc(tiwg g ) < lim Jyc(trug, troy) < Hm Jyc(wy,,0,) = € ¢,

which gives a contradiction. Hence, w,, — wq strongly in W(Q), v;; — v, strongly in W,(Q)

and J, ¢(wy,vy) = inf  J, ¢(w,v). Which complete the proof. O

(w,v)EN_

4 Multiple solutions

In this section, we shall prove Theorem (2.2), which gives the multiplicity of solutions for problem

(1.1).

Proof of Theorem 2.2. To begin, let us establish the existence of non-negative solutions. Initially,

according to Theorems 3.8 and 3.10, there exist(wg,vy) € Nt

e (wy ,vy ) € N, . satisfying

3n,<(w5ra“o+) = inf JW,C(w7’U)7
(ww)ENT

377’4*(1007,1107) = inf _ STI’C@U’U)'
URESS

Also, from the fact that J, ¢ (wg, vd) = Jn.c(|wi |, lod |) and (Jwg |, jvg|) € N:C' Similarly we have

In(wy ,v9) = Jnc(lwg |, |vg ) and (jwg |, vy |) € N -, thus we can assume (w,vE) > 0. Due

to Lemma 3.2, (wE,vE) are the nontrivial non-negative solutions of problem (1.1). Finally, we

need to establish that the solutions obtained in Theorems 3.8 and 3.10 are distinct. Given that

N, N N;}' = (), it follows that (woi, v(jf) are indeed distinct. This completes the proof. O
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