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1 Introduction

When studying mathematical inequalities, it is often useful to find generalizations of known results.
These generalizations can provide deep insights into the structure of inequalities and their applica-
tions in various areas of mathematics. They can be established using integer series expansions of
well-known elementary functions. For a more rigorous treatment of this topic, see [2,5,7,9,11-15].

A brief discussion of recent progress in the inequalities of some trigonometric and hyperbolic
functions is given below. In 2021, Bagul et al. [2] studied the following inequalities: For r > 0 and
x 2 (0;r), we have

wherea=1In 2(sinhr)=r( 2+r?) =r2andb=1=6 1= 2 are the best possible constants in the
exponential term. To prove these inequalities, the author used the concept of series expansion.
For the details, see [2]. Later, in 2023, Li et al. [8] presented the proof of the following inequalities

involving sine and hyperbolic sine functions using power series expansion: For jxj < =2, we have

4 cosx+E 2 3 sin(2x)+275inx 4 cosx+E : S, L x4
15 4 4 2X X 15 4 4 1260

and, for x 2 R and an integer n 2, we have

x sinh (2x) sinhx 4 11 % 3
1+2coshx+ b x3k +2 :
coshx wX 2x x 15 4 4

k=2

where b, = (22F  4k)=(2k + 1)! for k = 2;3;:::;n.
In 2018, MaleSevic, et al. [10] gave the following generalized inequalities: For x 2 (0; =2) and an

integer n 1, we have

2+ Ccos X
3

P4 ; 2l
+ T DB < S < 20X,

k=2 k=2

( DHIBX

where B(k) = 2(k  1)=[2(2k + 1)1].

The following result gives us sharper bounds on the above inequalities established by Bagul et al.
[4]: For anintegern 1, m=2n 1,and x2 (0; ), we have

F(x) < ? < G(X%);
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where

2m+cosx | 2 >k m
2m+1 2m+1 et 2k +1)!

F(X) — ( 1)k+lx2k

and

(2m+1)+cosx+ 2 >k m 1

= —m+3 2m+3 _ (2k+1)

( l)k+1x2k:

In parallel to these remarkable modern results, there are some open problems on similar functions.
For example, in 2019, Bagul et al. [3] posed the following open problems on some trigonometric
and hyperbolic functions:

(1) Forx2 (0; =2) andp 2; we have

sin (px) +p sin X

p
p + (cosx)? > ox ”

(2) For x2 (0; =2) and p 2 (0;2], we have

sin (px) +p sin X
px

>1+pcosx:

(3) For x 2 R f0g and p 2 (0; 2], we have

» - Sinh (px) sinh x
p + (coshx)? > T +p ~

(4) Forx2R f0gandp 2, we have

sinh (px) +p sinh x
pXx

> 1+ pcoshx:

This article is an attempt to prove two open problems, namely those presented in Items 2 and 4,
which are further listed in the main results. Our focus is to show that these inequalities hold for a
wide range of p. It is important to note that while the inequalities we prove are useful for a wide
range of p and x, we do not claim that these inequalities are optimal in the sense of sharpness.
There is scope in the future to find sharper bounds on these inequalities for particular values of
p. In particular, the first inequality we prove holds for p 2, and the second for p 2 (0; 2), which
may also be useful to researchers for further development.

The plan is as follows: First, Section 2 gives some preliminary remarks that will be useful for the
gradual development of this article. Section 3 deals with our main results, supported by graphics,
and Section 4 is the concluding part.
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2 Preliminaries

Well-known power series expansions derived from sinh x and cosh x are the following formulas:

X ye2nt1
sinhx = —_ 2.1)
o @n+ 1)
) X p2ntix2ntl
sinh (px) = W (2.2)
n=0
hx = X X2n
coshx = an!
n=0
and, an immediate consequence of the previous formula,
X y2n+1
xcoshx = — (2.3)
o (2n)!

We may refer to [1] and [6].

3 Main results

In this section, using power series expansion and some trigonometric identities, we present the
proof of two inequalities.

Theorem 3.1. For x>0and p 2, we have

sinh (px) +p sinh x

> 1+ pcoshx:
px

Proof. To prove this result, let us consider the following function:
f(x) = sinh (px) + p®sinhx px p?*xcoshx:
A di[erkntiation work gives

f'(x) = pcosh (px) + p?coshx p p*fcoshx + xsinh xg
= pcosh (px) +p2coshx p p?coshx p?xsinhx

=pcosh(px) p p?xsinhx

and
f%x) = p?sinh (px) p?fsinhx + x cosh xg:
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From Equations (2.1), (2.2) and (2.3), we can decompose f¥(x) as

#
X p2n+1x2n+1 X X2n+1 X X2n+1
K pntiyntt K yont X (@2n + 1)x2nt1

09 = p*
#
2

P Ten+ni o+l HZ%W
g Kbt X gagnpenttt K prtl @2n) x
F o @GR+ (@n+ 1) _pnzo (2n + 1)!

For p 2, the Bernoulli inequality gives
pntl @2+2n) @+1D*! @2+2n) 1+@n+1) (2+2n)=0:

Therefore, for any x > 0, we have f(x) > 0: Hence, we conclude that, for x > 0, f(x) is strictly
increasing. As a result, we have f'(x) > f(0) with f%(0) = p p = 0. This implies that f(x) is
strictly increasing, so f(x) > f(0) with f(0) = 0. By taking into account the definition of f(x),

we find ) )
sinh (px) +p sinh x

px
The proof ends. O

> 1+ pcoshx:

Thus, through Theorem 3.1, we provide the solution to one of the open problems in Bagul et al.
[3]. Figures 1 and 2 illustrate the validity of Theorem 3.1 by considering the following bivariate
function with respect to x and p:

__sinh (px) +p sinh x

1 pcoshx;
pXx X

f.(X;p)

withx>0andp 2.
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Figure 1: Three-dimensional shape plots of the function f,(x; p) for x 2 (0;2) and p 2 [2;4).
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Figure 2: Three-dimensional intensity plots of the function f,(x;p) for x 2 (0;2) and p 2 [2;4).

It is clear that the zone corresponding to the negative values is never reached, implying that
f.(X;p) > 0 for the considered configuration, which is consistent with Theorem 3.1 as expected.

The next result concerns another open problem in Bagul et al. [3].

Theorem 3.2. For x 2 (0; =2) and p 2 (0; 2], we have

sin (px) +p sinx
px

> 1+ pcosx:
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Proof. To prove this theorem, let us consider the following function:

g(x) =sin(px) + p%sinx px p>*xcosx:
A di[erkntiation work gives
g’(x) = pcos (px) + p?cosx p p3(cosx xsinx) =pcos(px) p+ p>xsinx
and
g%(x) = p?sin(px) + p?(sinx + x cosx) = p2[sinx + xcosx  sin (px)]:

Owing to basic trigonometric identities, we obtain
sin(px) =sin[(p L)x+x]=cos[(p 1)x]sinx+sin[(p 1)x]cosx:
Hence, we can rewrite g*(x) as

g%(x) = p*fsinx + xcosx cos[(p 1)x]sinx sin[(p 1)x]cosxg

=p?[fl cos[(p 1)x]gsinx+Fx sin[(p 1)x]gcosx]:

We know that, for x 2 (0; =2), we have sinx > 0 and cosx > 0. Also, for any p 2 (0; 2] we have
cos[(p 1)x] 1, implyingthatl cos[(p 1)x] O.

Now, let us discuss the sign of the term x sin[(p  1)X] by distinguishing the cases p 2 (0; 1] and
p2(;2].

For p 2 (0;1] and x 2 (0; =2), it is immediate that
sin[(p x]=sin[(1 p)x] O:

Hence, we can conclude that x sin[(p 1)x] > 0.

Now for p 2 (1;2] and x 2 (0; =2), thanks to the classical sine inequality: siny <y for y > 0, we
have
sinf(p DXI<(p 1x x

Thus, we have x sin[(p 1)x] > 0.

As a result, we can conclude that g¥(x) > 0. Thus, for x 2 (0; =2), g°(X) is strictly increasing. As
a result, we have g°(x) > g°(0) with g°(0) =p p = 0. This implies that g(x) is strictly increasing,
so g(x) > g(0) with g(0) = 0. Thanks to the definition of g(x), we establish that

sin (px) +p sinx

> 1+ pcosx:
px
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