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ABSTRACT

In this paper, we present semilocal convergence of Steffensen-
like method for approximating zeros of a vector field in
Riemannian manifolds. We establish the convergence of
Steffensen-like method under Lipschitz continuity condition
on first order covariant derivative of a vector field. Finally,
two examples are given to show the application of our theo-

rem.
RESUMEN

En este articulo, presentamos la convergencia semilocal del
método de tipo Steffensen para aproximar los ceros de un
campo de vectores en una variedad Riemanniana. Estable-
cemos la convergencia del método de tipo Steffensen bajo
la condicién de continuidad Lipschitz de la derivada cova-
riante de primer orden de un campo de vectores. Finalmente,
damos dos ejemplos para mostrar la aplicabilidad de nuestro

teorema.
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1 Introduction

There are many problems in applied sciences and other including engineering, optimization, dy-
namic economic system, physics, biological problems which is formulated in an equation by using
mathematical modeling to find the zeros of equations (see for example [7,9,10,17,19] and the
references therein). To solve the nonlinear equations many types of iterative methods have been
studied in Banach spaces. The most famous second order iterative method to solve a non-linear
equation in Banach space is Newton’s method. Recently, attention has been paid in studying
iterative methods in Riemannian manifolds. There are many types of numerical methods that
have been studied in manifolds which arise in many contexts. Some problems including eigen-
value problem, minimization problems with orthogonality constraints, optimization problems with
equality constraints, invariant subspace computations (see for example [1-3,6-8,12-15,21] and the
references therein). To solve this problem, we have to find the zeros of a vector field in Riemannian
manifolds. Generally convergence of iterative methods are usually centered on two types: semilo-
cal and local convergence analysis. The convergence analysis which provides information around
a solution and calculates the radius of convergence, it is local and when the convergence analysis
provides information around an initial point, it is semilocal. The Steffensen-like method [5] which

is second order method in Banach space is defined as:

X0 € Q,
Yn—1 = Tp—1 — am(xn—l)a ac RJra ne Na
Zn1 = Tp_1 + M(zn_1), bERT,

Ty = Tpo1 — Yn-1, Zn—1; D M (2-1),

where 991 is a nonlinear operator defined in an open convex subset €2 of a Banach space B into itself
and 91 is first Fréchet differentiable in 2. The computational efficiency of Steffensen-like method is
the same as Newton’s method, when it is applied to find the solution of finite dimensional system
of nonlinear equations. The convergence of this second order method in Banach space has been

studied in [5]. As motivation, the numerical solution of the vector field
G(ur,uz,uz) = (—ug, uy — uguj3, uyusus)

using Newton’s and Euler-Chebyshev’s method on R? is difficult to find as the Jacobian is a non-
invertible matrix at the point (0,0, —1)7, but using the algorithm given in [11] such singularity is
found on the two-dimensional sphere S2. In this paper, we extend the method (1.1) to the case of

equations in Riemannian manifolds to find the singular point of a vector field.

The paper is organized as follows: Section 2, contains all the necessary background on fundamental

properties and notation of Riemannian manifolds. In Section 3, we present the semilocal conver-
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gence of Steffensen-like method under Lipschitz continuity condition on the first order covariant
derivative of vector field. In Section 4, two examples are given to show the application of our

theorem. Finally, in Section 5, some brief conclusions are given.

2 Preliminaries

In this section, we introduce some basic definitions and properties of Riemannian manifolds (for

more details see [16,18,20]).

Let @ be a real n-dimensional Riemannian manifold, X(Q) be a set of all vector fields of class C*°

on @, T,,Q be a tangent space of @ at u, and TQ be a tangent bundle defined as TQ = |J T.Q.
ueEQR
Suppose @ is equipped with a Riemannian metric (.,.) with corresponding norm || - ||. The arc

length of piecewise smooth curve v : [0,1] — @ joining u to v is defined by I(v)) = fol [/ (2)||d=
and the Riemannian distance joining u to v is defined by d(u,v) = inf, I(¢). Let D(Q) be the ring

of real-valued functions of class C* defined on ). An affine connection V on @ is a map

Vo Q) xX(Q) — x(Q)
(X,G) — VxG

which satisfies the properties
(1) Vix+9¢T = fVxT + gV
(ii) Vx(G+ ) =VxG+ VxD.
(il) Vx(fG) = fVxG+X(f)G,

where X, G,U € X(Q) and f,g € D(Q). The covariant derivative of G determined by the connec-

tion V defines at each point u € @) a linear application as

v — DG(u)(v) = VxG(u),

where G € X(Q) of class C! on @ and X is a vector field that satisfies X (u) = v. We define the

open and closed geodesic ball with centre v and radius v respectively, as
V(u,v) ={t € Q:d(u,t) <v} and Viu,v]={te€Q:d(u,t) <v}.

A parametrized curve ¢ : I — @Q is said to be a geodesic at to € I if V()3 (t) = 0 in the point
to. If ¢ is a geodesic at ¢, for all ¢ € I, we say that ¢ is a geodesic. If [p, ¢] C I, the restriction of
¥ to [a, b] is called a geodesic segment joining ¥ (p) to ¥ (q). By the Hopf-Rinow theorem, if Q is
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complete metric space then for any u,t € @) there exists a geodesic 1, called minimizing geodesic
joining u to t with

1Y) = d(u,t).

Also, if v € T,Q, then there exists a unique minimizing geodesic ¥ such that (0) = w and
1’'(0) = v. The point (1) is called the image of v by the exponential map at u, i.e.

€XPy, * TuQ — Q

such that exp, (v) = ¢(1) and for all p € [0,1], ¥(p) = exp,(pv). Let ¢ be a piecewise smooth
curve, then for any z,y € R, the parallel transport along 1 is a mapping from Ty )@ to Ty, Q-
It is denoted by My, . and given by

Myay + Tpa)Q — Typy@
v o— V((y),

where V' is the unique vector field along 1 which satisfies V)V = 0 and V(¢ (z)) = v. It is
easy to show that My ; , is linear and one-to-one. Therefore My ., @ Ty@)@ — Ty, @ is an
isomorphism and inverse of parallel transport is denoted by My y .. Thus My, , , is an isometry

between Ty(,)Q and Ty, Q. For i € N, we define M, as

where

pr,m’y(ul, U,y ... ,ui) = (I\/Hw’gg’y(’ul)7 Mw@,y(ug), e ,Mw,z,y(ui)).

It has the important properties:

Mo =Myey, MyayoMyy.=My,..

YT

Definition 2.1. Let G € X(Q) of class C* on Q and j € N. The covariant derivative of order j
of G is denoted by D'G and defined as:

DIG: CH(TQ) x CH(TQ) x --- x CH(TQ) — C*(TQ),

J-times

where
DjG(Al, Ay, A1, A) = VADj_lG(A17A2, oA )

o (2.1)
_ ZD]_lG(A1)A2’ . ,VAAi) .- "Aj_l)

i=1

fO’/‘ all Ay, A, . .. ,Aj,1 S Ck(TQ)
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Definition 2.2. Let U C @ be an open convex set and G € X(Q). The covariant derivative
DG = V()G is Lipschitz with constant € > 0, if for any geodesic ¢ and x,y € R such that
Yz, y] C U, and it holds the inequality

184 DG M i~ DG < € [ " o).

and we write DG € Lipe(U). If Q is finite dimensional Euclidean space, then it coincides with
Lipschitz condition for DG : Q — Q.

Definition 2.3. Let U C Q, be an open convex set. Suppose v is a curve in @, [t,t+de] C Dom(v)
and G € X(Q) of class C° on Q. The divided difference of first order for G on the points ¥ (t) and
P(t + de) in the direction ' (t), is defined by

1

[(t +62), Y(2); G/ (6) = 5 (M, o100 G0t + 5¢)) — G(0(1)) (2.2)

When Q is a Banach space, if 1 is the geodesic joining uy and us, such that
() =uy +t(ug —uy), teR,
then from (2.2), we obtain
[ug, u1; Gl(ug —uy) = G(uz) — G(uy).
Also if DG(u) exists, then DG(u) = [u, u; G].

Proposition 2.4. The covariant derivative of G in the direction of ¥'(t) is defined as:

DG ()Y (t) = Vi 1yG(e)

= I & (M 500G+ 6)) — GUAE),

where 1 is a curve on Q and G € X(Q) of class C' on Q. If Q is finite dimensional Euclidean

space, then it coincides with the directional derivative in finite dimensional Fuclidean space.

Next, we will show Taylor-type expansions in Riemannian manifolds which will be used in the

proof of the convergence of our iterative method.

Theorem 2.5. Let 1) be a geodesic in Q and G € X(Q) of class C' on Q. Then

My,t,0G((1)) =G(¢(0))+/0 My,e,0 DG((e))(e)de. (2.3)

Proof. See [4]. O
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3 Steffensen-like method in Riemannian manifolds

In this section, we will prove convergence and uniqueness of Steffensen-like method in Riemannian

manifolds. The method (1.1) in Riemannian manifolds has the form

ug € U,
Ly1=—-aG(u,_1), a €R", neN,
Un—1 = €XPy,, _, (Ln-1),
VYn_1(t) = exp,, _ (tLn-1),
My_1 = bG(un_1), beR*,
Wp—1 = exp, _ (M,_1),
N, =My, 1.0vn-1,wn—1;G] "My, 01G(Un-1),

up = exp,, _ (Np).

Assume that G(u) satisfies the following conditions:

(1) 1G(uo)|l <€,
(2) [IDG(uo) | < Co,

(3) |IMg, ;i DG(o(5))My,i; — DG(¢(3))]] < Kfij ¢’ (x)||dx, where ¢ is a geodesic such that
¢li, j] € U.

Firstly, we shall show that a operator [vg,wo;G]~! is bounded. Let I, : Tp,,Q — Tu,Q be a
identity operator, ¥, and a, be a family of minimizing geodesics such that 1,,(0) = uy, ¥ (1) = vy,

an(0) = wyp, ap(l) = v, for each n =10,1,2,..., we have

IDG (uo) ™ Myg,1,0[v0, wo; GIMyg0,1 — Luo | < DG (10) ™ Myq 1,0([v0, wo; G] = DG(vg)) My 0.1l
+ [|DG (110) ™" (Miyy,1,0DG (v0) My, 0,1 — DG(ug))||

1
< HDG(UO)_lH/ [Mag,1,0 DG (t))May 0,1 — DG (vo)||dt
0

+ [IDG (o) ™ [[Miysg,1,0 DG (v9)Miyy 01 — DG (uo) ||
K 3a+b
< (o (Kd(v07u0) + gd(Umwo)) < %K@f,

if (3a + b)K&(y < 2, then the operator My, 1,0[vo, wo; G]My, 0,1 is invertible and

% .
(Ba+b) K&

l[vo, wo; G171 < 5—
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Now, we define the polynomial

f 3a+b

(n=2r-Lie L:K(1+

) L feln g (3.2)

1—+/1—2L&c2 14 4/1—2L&c2
Let f* = Tﬁc and f** = +L—C£C
0< f*< f™ < fif L&? < 1. Also for all n > 0, define the sequences

be two positive roots of z(f) such that

(fn)

2 (fn)’

e = G _
1-— C()Kd(un+1, UO)

fn+1 = fn -

fO = 07
(3.3)

Before proving the convergence of iterative method firstly we will prove some lemmas which will

be used to prove the theorem.

Lemma 3.1. Let G € X(Q) of class C* on Q, then for any n € N, we have

Mg, 1,0G(un) = (/0 (My1,0DG((t))Mg 0.1 — DG (un—1))dt

+ (DG (un—1) — My, _1,1,0[Un—1, Wn—1; G]Mwn_l,o,l))Nn,
where ¢ is a family of minimizing geodesics such that ¢(0) = up—1, ¢(1) = uy,.

Proof. We know that

’

[0+ 1), 6(5): G160 (5) = 7 (Miss1.sGl((s + ) = G(9(s)) )

S| =

put s =0 and h =1 in above equality, we get
[t tn—1; G]¢ (0) = Mg, 1 0G (un) — G(un—1).

Since  ¢(t) = exp,,, _, (tNn), we have ¢'(0) = N,.
‘We obtain that
[Un, Up—1; G]Nﬂ = M¢7110G(u”) - G(u”_l)' (34)

By (3.1), we have
Ny = =My, 1 1,0[vn-1, Wn—15G) "My, _, 0,1G(un—1)

or

G(un—1) = =My, ,1,0Un-1,Wn—1;GMy, , 0.1 Nn. (3.5)
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By (3.4) and (3.5), we obtain
M(f),l,OG(un) = ([un7 Up—1; G] — Mwn71,170[0n717 Wn—13 G]Mwn,h(),l) Nn
1
= </ (Mg,1,0DG(p(t))Mg,01 — DG(upn—1))dt
0

+ (DG (upn—-1) — My, 1 ,1,0[Un—1,Wn_1; G]Mwnl,o,1)> N,. O

Lemma 3.2. Suppose the sequence {f,} is generated by (3.3). If L&c? < 5 and f € [0, f*], then

the sequence {f,} is increasing and bounded above. Hence converges to f*.

Proof. We define the function h by

Wf) =1 - j,((’;)).
Then differentiating both sides, we get
Wi = 2026

as z(f) >0, 2”(f) >0, 2/(f) <0in [0, f*]. We have

wip = DU S o vreqo, .

2(f)

~

It shows that the function h is increasing on [0, f*]. So, if fi € [0, f*] for some k € N, then

2(fu) _
e < fre — I frg1
and ) ()
B 2(fr . 2 .
karl_fk_Z,(fk) S _Z/(f*) _f :
Thus, it completes the proof of Lemma 3.2. O

Now we can demonstrate the convergence of our method.

Theorem 3.3. Let QQ be a complete Riemannian manifold, U C @Q be an open convex set and

G € X(Q) satisfies the conditions (1) — (3) with:

(Ba+h)EKG <2, LEA <o, CKf <1, KQBf +&+f7) <2 V(u, f*)CU.

M| =

Then, the method given by (3.1) converges to a singular point u* of the vector field G in Vug, f*]

and the solution u* is unique in Vug, f** +£].
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Proof. To prove the theorem, at first we shall prove some conditions for all i = 0,1,2,...

(C1) u; € Viug, f*], (C3) w; € Vlug, f*],

(C2) vi € Vuo, f7], (C4) |DG(ui) ™| < G-
For ¢ =0, (C1) and (C4) are trivial and since
d(’l)o,'l_l,o):aggf*, d(w()vu()):bggf*a
therefore (C'1) — (C4) are true for ¢ = 0. Now we will prove for i € N. We have
d(ur,u0) < |[[vo, wo; G HI|G(uo)|| < c€ = f1 = fo < [,
therefore u; € V{ug, f*]. By Lemma 3.1, we have
1
M¢,170G(’U,n) = </ (M¢71,0DG(¢(t))M¢,071 — DG(Un_l))dt
0
+ (DG(un-1) — My, _, 1,0[Vn—1, Wn—1; G}Mwnl,o,1)> Ny,.
For n = 1, we obtain that
1
[G(un)]| = [Mg,1,0G(w)| = (/ (My,1,0DG((t))My,01 — DG (uo))dt
0

+ (DG (ug) — My, 1,0[v0, wo; G]Mwo7071)) M

1
< [ 1M610DG(6(0)Ma 01 ~ DG(ua) 1N it
0

+ [[DG(uo) — My,,1,0[v0, wo; G]My,,0,1
+ My,,1,0DG (v0) My 0,1 — My, 1,0 DG (v0) My 0,1 || V1]

< 2 (s, 0)? + Mgy 10 DG (0) M 0.1 — DGLato) M|

+ lloo, w05 6] — DG (o) 1M

= s, 00)? + My 10 DG ()M 0,1 —~ DG (i) I M|

+ 01 [ (Mag,1,0DG(ao(t))Mag,0,1 — DG(vo)) ||| N1 |dt

< Bt u0)? + EEED i) o)

< X107 + BB ) — o) < 20— o) = (),
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As the sequence (3.3) is increasing and the polynomial (3.2) is decreasing in [0, f*], we have

d(v1,u0) < d(ui,ug) + d(vi,ur) = d(ur, up) + [ L1 ]| = d(u1, uo) + a||G(w)| < f7,
d(wi,uo) < d(ui,uo) + d(wr,ur) = d(u1, uo) + || M1]] = d(ur, uo) + b||G(u1)]| < f*,

so that vy, wy € Vug, f*]. We suppose that u;, v;_1,w;—1 € V[ug, f*], for i = 2,3,4,...,n. Then

we will prove for i = n + 1. Since

)= | (s 2 Fuet)) = 2 (Faen) (o — o)

1
= L/O x(fn - fn—1)2d37 = g(fn - fn—1)27

we have |G(un)|| < z(fn), for all n € N, as
1
1G ()| = [Mg,1,0G (un)|| = H (/ (My,1,0DG(¢(t))My,01 — DG(up—1))dt
0

+(DG(’U’R71) - Mwn—lxl,o[vnfla Wn—13 G]Mwnhoxl)) Nn

1
S/ Mg,1,0DG(6(8))Mp,0,1 — DG (un—1)[[[[Nnl|dt
0

+ [|DG(un—1) — My, ,.1.0Vn-1,Wn—1; G My, ;.01
+ My, 1,1,0DG(Wn—1)My, ;01 =My, ; 1,0DG(vn—1)My, 01| Nnl

K
A(tn, tn-1)* + [|My, _, 1.0DG(vn-1)My, ;01 = DG(un—1)||[[Nu]

< =
-2
o151 G] = DG(wn )]V
K
- Ed(u"’u”_l)Q + My, _1,1,0DG(vn—1)My,_, 0,1 = DG (un—1) ||| N
1
+ [ 1(Ma,_, .1,0DG(@n-1(t))Ma,_, 01 — DG(vn—1))|l[[Nn | dt
0
K K(3a+b
< Rt + B G, ) )
K K(3a+b L
A L A ()]

We have

d(vn, uo) < d(un, uo) + d(vn, un) = d(tn, uo) + al| Ln|| = d(un, uo) + al|G(un)|| < 7,
d(wn,uo) < d(un,uo) + d(wn, un) = d(tn, uo) + bl My || = d(un, uo) + bl|G (un)|| < f7,

so that v, w, € V{[ug, f*]. Now we will show that the operator [v,,w,;G]™! is bounded. Let 7
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be a minimizing geodesic such that 7(0) = ug, 7(1) = v,,. We have
||DG(UO)_1MW,1,()[vnawn;G}Mw,O,l — L, < ||DG(U0)_1MW,1,0([Umwn§G] — DG(vy))My 01|
+ DG (u0) ™! (Mr,1,0 DG (v)Mir,0,1 — DG(uo)) |
1
< HDG(UO)_lll/ M, 1,0DG (an(t))Ma, 01 — DG (vp)||dt
0
+[|DG (o) ™[ Mr,1,0 DG (v3)Mr 0,1 — DG (uo) |

(2(fn — fo) + (Ba+b)z(fn)) < 1,

therefore M 1,0[vn, wn; G]Mx .1 is invertible and

||[Un7wn;G]71|| ||M7T,1,O[vnawn;G]ile,O,ln
DG (uo) ™| —1

< < .
~ 1= DG (o) H[[Mp 1,0[vn, wn; G] "Mz 01 — DG (uo)|| — 2/'(fn)

We have
_Z(fn)
2'(fn)

d(tn1,un) < [[[on, wn; )G (un) || <

= fn+1 —In (36)

and

d(un+17u0) < d(un+laun) +d(unau0) < fn+1 - fn + fn - .fO = fn+1 - fO < f*

So that up+1 € Vug, f*]. Suppose (C4) holds for ¢ = 1,2,...,n and then we will prove for
i =n+1. Let § be a minimizing geodesic ¢ from [0, 1] to @ such that 6(0) = ug, 6(1) = wpy1, and
[[6"(0) || = d(un+1, uo)-

We obtain that
1
IMs10DG (ttns1)Ms 01 — DG(ug)|| < K / 16(0))|ds = Kd(unsr, uo) < K f*
0

and

DG (o) ™||[Ms,1,0 DG (un+1)Ms o1 — DG(uo)|| < (oK f* < 1,

as (oK f* < 1. Therefore Ms1,0DG(un+1)Ms 0,1 is invertible by Banach’s lemma and

- - DG (uo) ™|
DG(unt1) || = |Ms,1,0DG (tn41) "M < !
H (U +1) H H 4,1,0 (u +1) 51071H =1 HDG(UO)_lH||M§71,0DG(U7L+1)M5,071 — DG('LL())H
o — o
= 1—CoKd(uni1,uo) "

therefore it holds for ¢ = n + 1. Thus (C1) — (C4) hold for all i € N.

Now we will prove the Theorem. Since {f,} is a convergent sequence and hence it is a Cauchy

sequence therefore from (3.6) the sequence {u,} is also a convergent sequence and let the sequence
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{un,} converges to u* € Viug, f*]. Now we will show that u* is a singularity of G. As for all n € N,

G (un)ll < 2(fn),

taking n — oo both sides, we get
1G] < =(f7) =0.

Then, we have G(u*) = 0. Finally, we will show that the singularity is unique in V[ug, f** + £].
Let v* be another singularity of G in V{ug, f** + £]. Let p be a minimizing geodesic from [0, 1] to
@ such that p(0) = u*, p(1) = v*, and ||p/'(0)]] = d(u*, v*).

We obtain
t
HMmdm@@mmw—DmmmSK/NwmmmszwwﬂSKﬂawmﬂ+awww
0

and

1

1 —1
DG [ 1My DG o000 — DG e < (Ci - Kf*) Kt (d(uo,u”) + d(uo, v)) di
0

1 A7t
f(a‘Kf)
1

T= M, +,0 DG (p(t))M, 0, dt
0

X S~

(ff+fr+¢9<1.

It shows that the operator

is invertible by Banach’s lemma and we have

1
0=M,,1,0G(v") = G(u") = /O M,1.0 DG(p(t))Mip,0.¢(p'(0))dt.

So that p'(0) = 0. We have 0 = ||p/(0)|| = d(u*,v*), implies that «* = v*. Thus it completes the
proof. O

Theorem 3.4. Suppose that u* is a singular point of G in Vug, f*], if V(ug, f**) C U, then the
only singular point of G in V]ug,r] is u*, where f* <r < f**.

Proof. Let v* be a singular point of G in V{ug,r]. Let A be a minimizing geodesic such that

A(0) =up, A(1l) =v*. Then by (2.3), we have

MA’LOG(’U*) = MAJ’()G(’U*) — G(UO) + G(UO) + DG(UU)AI(()) - DG(’U,())A/(O)

= | Mas,0DG(A(t))Ma 0,:A'(0)dt — DG(ug)A'(0) + G(uo) + DG (ug)A'(0)

= /1 (Ma 1,0 DG(A(t))Ma 0,0 — DG(ug))A'(0)dt + G(ug) + DG(ug)A'(0).
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Thus, we have

Ld(ug,v*)? _ Kd(ug,v*)? , 1 3 ,
. > ; > ||G(uo) + DG (ug) N (0)]| > DG [DG(uo) ™" G(uo) + A(0)]|
1 _ d(ug, v*) d(ug, v*)

>—([|A —||D 1 > (220" 1 o) > (22021 g

> (IN O = IDG () Gluo)]) 2 ( Z 5) > ( 270 ¢
Therefore )

L * *
2(d(uo, v")) = d(“g’” L dwt) ez
c

Since d(ug,v*) < r < f**, we have d(ug,v*) < f*, hence by Theorem 3.3, u* = v*. O

4 Numerical examples

In this section, two examples are given to show the application of our theorem.

Example 4.1. Let us consider the vector field G from U = (-1,1)3 C Q =R3 to U = (-1,1)3
given by

Uy e“r —1
Gluy | = |ud+us
u3 u3
with the maz norm || - ||oo. For the point u = (u1,us,us3)’, the first and second Fréchet derivatives
of G are:
en 0 0 e 0 0]0 0 0|0 0O
DG(w)= |0 2us+1 0|, D’Gw)y=|0 0 0|0 2 0|0 0 0
0 0 1 0 00|00 O|0 OO

Initially for uy = (—0.005, —0.005, —0.005)"', we obtain

|G(up)|| = max(| — 0.005|,| — 0.005], | — 0.005|) = 0.005 = &,
|DG(up) Y| = 1.0101 = ¢y, || D*G(u)| = max(0.995,2,0) =2 = K.

Now, for a = 1, b = 1, all the assumptions of the convergence theorem are satisfied and the

Steffensen-like method can be applied to get the desired singular point.

Example 4.2. Let us consider the vector field G from R? to R? given by

cos u1+4uq

U U
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with the max norm || - ||oo. For the point u = (u1,u2)”, the first and second Fréchet derivatives of
G are:
—sinui+4 0 — COS U1 0 0 0
DG(u) = 4 , D*G(u) = 4
0 1 0 010 0

Initially for ug = (0,0)T, we obtain

=K.

B~ =

1
IGuo)ll = 5 =& IDG(uo) M| =1=Co, [[D*G(u)]| <

Now, for a =1, b =1, all the assumptions for convergence are satisfied and the Steffensen-like

method can be applied to get the desired singular point.

5 Conclusion

In this paper, we have studied the semilocal convergence of Steffensen-like method for approximat-
ing the zeros of a vector field in Riemannian manifolds and established convergence theorem under
Lipschitz continuity condition on the first order covariant derivative of a vector field. Finally, two

examples are given to show the application of our theorem.
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