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ABSTRACT

In this article, we want to discuss variational methods such
as the Mountain pass theorem and the Symmetric Mountain
pass theorem, without the Ambrosetti-Rabinowitz condition.
We prove the existence and multiplicity of nontrivial weak

solutions for the problem of the following form

(oofs
ool

where a > > 0, A, (y)v is the ¢(x)-Laplacian operator, €

|VU|"’(I)d:v> A gyv + [0]? @2y
= An(z,v),
x € ),
PO dw) wur@-22Y _ g
v

z € 09,

is a smooth bounded domain in RY with smooth boundary
99 and v is the outer unit normal to 99, ¢(z),¥(z) € C(Q)
. No(x)
with 1 < ¢(z) < N, ¢(z) < ¥(z) < ¢*(z) = ——F—,
@) @) < 9o < @) = e
A > 0 is a real parameter and 7(z,t) € C(2 x R, R).
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RESUMEN

En este articulo discutimos métodos variacionales, como el
teorema del paso de la montana y el teorema simétrico
del paso de la montafia, sin la condicion de Ambrosetti-
Rabinowitz. Demostramos la existencia y multiplicidad de

soluciones débiles no triviales para el problema de la siguiente

forma

1

— |« —ﬁ/ ——|Vu MI)dm) AoV + [u[¢ @2y

(a5 [ ivo sv+ ol
= An(z,v),
T € Q,
(a — B/ L |Vv|“p(z> da7> |VU\“’(I)728—U =0

aq P(z)

x € 09,

donde o > B > 0, Ay, es el ¢(x) operador Laplaciano, Q
es un dominio acotado y suave en RY con borde suave 0 y

v es la normal unitaria exterior a 99, ¢(z), ¥ (x) € C(Q) con

1< ¢(x) <N, p(z) < 9(z) < ¢*(z) == %

un parametro real y n(x,t) € C(Q x R, R).

,A>0es

Keywords and Phrases: Generalized Lebesgue-Sobolev spaces, weak solutions, mountain pass theorem, symmet-

ric mountain pass theorem.
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1 Introduction
In this article, we consider the following problem

( -6 Jo— |Vv|‘/’("” dx) Ay + |v|P@ =20 = X n(z,v), z€Q,
al (L.1)
1 ov :
o(z) o(z)—2 — [9)
=B o0 —— @) WU\ da:) |Vl £ 0, x € 99,

where a > 8> 0, A, (v is the (z)-Laplacian operator, defined as A, (,yv := div(|Vu|#®)=2Vy) =
ov
\vJ3) o(z)—2
£ (o202
v is the outer unit normal to 9Q and ¢(x),%(x) € C(Q) with 1 < p(z) < N, ¢(z) < ¥(z) <
] Ne(x)
p*(x) = ,
9= N et : )
¢, = infq p(z) and s = supq p(z), for all p(z) € C(). The function n(x,t) € C(Q x R,R)

, 2 is a smooth bounded domain in RY with smooth boundary 9§ and

A > 0 is a real parameter. We define ¢, and ¢, for convenience as follows:

satisfies:

(m) |n(z,t)| < (1 +|t@®-1), V(z,t) € Q x R, where ¢ > 0 and ¢(z) < r(z) < ¢*(z),

n(z,t)

(n2) }1_>0 TECE = 0, uniformly a.e. x € ,
t
(n3) lim n(z,t) = +o00, uniformly a.e. x € {,
[t]—o0 s

(n4) there exists a constant ¢y > 0 such that H(z,t) < H(x,s)+ ¢o for each z € Q, 0 < |t| < s,
where H(z,t) := tn(x,t) — s H(z,t) and H(z,t) fo x, s)ds,

(n5) n(z,—t) = —n(z,t) for all (z,t) € Q x R.

In addition to the conditions given for 7, the functions ¢(z), ¥ (x), r(x) must satisfy the following

condition, which we call the (¢1r)-condition:
L<p, <o) <ps <t <tplx) <ths <20, <7, <7(2) <75 < P (2).

Sobolev spaces are essential in contemporary analysis, especially in the study of partial differential
equations (PDEs) and functional analysis. These spaces generalize the classical concepts of dif-
ferentiability and integrability, offering a more adaptable structure for analyzing functions whose
derivatives might not be classically well-defined. By incorporating weak derivatives, Sobolev spaces
allow for the examination of broader issues in areas such as mathematical physics, fluid dynamics,

and engineering applications, see [1,4,5,7-9,12, 20,21, 26,27, 32, 34, 38].

The necessity of Sobolev spaces arises from their ability to handle irregularities and discontinuities
in functions that appear naturally in real-world problems. For instance, solutions to PDEs often

lack classical differentiability but possess weak derivatives that allow their analysis within Sobolev
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spaces. This makes them indispensable in addressing variational problems and boundary value

problems.

Kirchhoff’s problems, named after the German physicist Gustav Kirchhoff [28], are fundamental in
the study of mechanics and mathematical physics, particularly in understanding wave propagation
and elasticity theory. Kirchhoff’s equations describe the motion of elastic surfaces and play a key
role in modeling vibrating systems, such as strings, membranes, and plates. Recent research in this
field has focused on nonlinear versions of Kirchhoff’s equations, particularly in higher dimensions,

where the complexity of the problem increases, see [2,6,10,11,14,17-19,24, 25,31, 34, 37].

Variational methods have a relatively long history. Many scientists have studied in this field and
have achieved many successes. Due to the applicability of this method in experimental sciences, it
has always been of interest [?,3,8,13,15,16, 22,23, 26,29, 33,35,36]. In these methods, especially
those used to solve boundary value problems, the Palais-Smale condition ((P.S)-condition in short)
plays a crucial role in ensuring the existence of critical points, which correspond to solutions of the
problem. This condition provides a framework for the analysis of functionals in infinite-dimensional
spaces, such as Sobolev spaces. On the other hand, the Cerami condition ((C')-condition in short)
is a variation of the (PS)-condition that is particularly useful in dealing with problems where the
(PS)-condition might not hold. This modified condition is often more applicable in certain classes

of problems, particularly those involving non-compact domains or complex geometries.

Now we state our main results.

Theorem 1.1. Suppose (n1) — (n4) and the (@yr)-condition hold. Then problem (1.1) has at least

a nontrivial weak solution for all X < Ao (Ao which has been given in Section 3).

Theorem 1.2. Suppose (1), (n2), (n1), (n5) and the (@yr)-condition hold. Then problem (1.1) has

infinitely many weak solutions for all A < Ay (Ao which has been given in Section 3).
To prove our results, we will use inequalities and applied theorems such as Holder and Poincaré

inequalities and the embedding, Mountain pass and Symmetric Mountain pass theorems.

2 Preliminary results

In this section, we recall some important definitions and essential characteristics of the generalized
Lebesgue-Sobolev spaces L#®)(Q) and W1#@)(Q) where @ € RY is an open set. In this regard,
we refer readers to the book of Musielak [32] and the papers [20,21]. Set

Ci(Q):={h:heCQ),h(z)>1 forall zcQ},

and for each ¢(z) € C(Q)
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LFD(Q) = {’U : a measurable real-valued function such that / lo(z)|?®) da < oo} ,
Q

is the definition of variable exponent Lebesgue space, that by mentioned the following norm (so-

called Luxemburg norm) is reflexive and separable Banach space

()
[0llp(e) = inf { 1o > 0; / de <1\,
Q

These spaces are similar to classical Lebesgue spaces in many aspects [35]:

v(z)
I

a) If 0 < |Q] < oo and ¢1(x), p2(z) are variable exponents so that ¢1(x) < pa(x) ae. z € Q,

then there is a continuous embedding

L72@(Q) — L7®)(Q).

’ 1
b) The Holder inequality holds, i.e., if L¥ (‘”)(Q) is a conjugate of LV’(I)(Q), where @ +
o(x
1
- =1, we have
¢’ ()

/uvdx
Q

The modular plays an essential role in manipulating the L#(®*) spaces and is defined by the

1 1 T "(z
: (so i ¢> lullp@ Vllprwy, V€ LE(Q), Vo e L E)(Q).
l

l

following relation, py(s) : L#®) 5 R;

potor®) = [ o],
Q

Proposition 2.1 ([20]). If v,v, € L¥®)(Q) and ¢, < 400, then the following relations hold

D) Ml > 1 = vl < Pew) () < 1015,

®s

@) Wl <1 = [V, < P ®) < 0I5,

(3) [[vllp@) <1 (respectively, = 1; > 1) <= pyz)(v) <1 (respectively, = 1; > 1);
(4) [vnllp) = 0 (respectively, — 4+00) <= py(q)(v) =0 (respectively, — +00);
(5) nh—>Holo [vn = V|lpz) =0 <= nh—>120 Po(z)(Un —v) = 0;

v
(6) Forv#0, [v]pm) =1 < p(5)=1.
Definition 2.2 ([21]). If Q C RY, the Sobolev space with variable exponent W) (Q) is defined
as

W@ (Q) :={v:Q = R:ve L¥D(Q), [Vo| € L¥@(Q)},
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endowed with the following norm

[ollwree = llloll] = [vlle@) + 1Vlloe),

or equivalently
o(z) + HUH%D(I)

Vo(x)||2 N
vl = inf { p > o,/ ” oo 20) g < 1
Q u@(f)

Proposition 2.3 ([20]). The Poincaré inequality in W% (Q) holds, that is, there exists a positive
constant ¢ so that

||’U||<p(x) < CHV’UH@(I), Yu € Wl’W(w)(Q). (2.1)

Proposition 2.4 (Sobolev embedding [21]). If p(x),v(z) € CL(Q) and 1 < ¥(z) < p*(x) for

each x € €, then there exists a continuous embedding
whe@)(Q) — L¥Y@(Q). (2.2)
If 1 < 9(x) < p*(x), the continuous embedding is compact.

In the sequel, the constant ce,,; represents the Sobolev embedding quantity, and we denote by

X = Wh#@)(Q); X* = (WH#(®)(Q))*, the dual space and (-, -), the dual pair.

Lemma 2.5 ([21]). Suppose

J(v):/ L uf @ dz, o e X,
o w(z)

then J(v) € C*(X,R) and the derivative operator J' of J is
(J' (v),9) = / VolP@ =20V de, Yu,9 € X
Q
and the following relations hold:

(1) J is a convex functional,
(2) J': X — X* is a strictly monotone operator and bounded homeomorphism,

(3) J' is a mapping of type (Sy), it means, v, — v (weakly) and grf sup(J'(v), v, —v) <0,
imply v, — v (strongly) in Wol’sa(x)(ﬂ).
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Definition 2.6. v € X is a weak solution of problem (1.1), if

1
<a—ﬂ/ ——|Vo|#@) da:) / |VU|W(I)7QVUVZ/CZJC—|—/ WY@ 20vde = X | n(z,v)vde,
o ¢(z) Q Q Q

Vv e X.

The energy functional related to our problem, Jy : X — R such that

N N T X Y B e
JA(U)—a/QLP(x)|VU|“" dz 5 (/Q <)O(x)|Vv|“0 dx)

+/ ! ‘U|¢(z)dﬂ;7)\/H($,U)d$, Yoe X, (2.3)
o ¥(2) Q

which is also well defined and of class C1 in (X,R).

Now we define J} as the derivative operator of Jy in the weak sense, by the following formula,

(Jy(v),vy=(a-7 L|Vu|“’(ﬁ) dx / Vo|?@=2TuVy da
a »(z) Q

—|—/ |U|¢(r)72vudx—/\/n(x,v)yda:, Yo,v e X. (2.4)
Q Q

A critical point of Jy is clearly a weak solution of problem (1.1).

Definition 2.7. If (X, - ||) is a real Banach space and J € CY(X,R), then we can say that
J ensures Cerami-condition in level ¢ ((C).-condition in short), if for all sequence {v,} C X
satisfying

J(vn) = ¢ and ||J'(vn)l[x+(1+ [[onllx) = 0, (2.5)

then, {v,} contains a convergent subsequence.

If this condition holds for each ¢ € R, it can be called (C)-condition.

3 Proof of Theorem 1.1

To prove Theorem 1.1, we will use the following Mountain pass theorem.

Theorem 3.1 (Mountain pass theorem [8]). Let X be a real Banach space, let Jy : X — R as
Jy € CH(X,R) that ensures the (C).-condition and Jx(0) = 0, such that

(a) there exists R > 0 and a > 0, so that Jx(v) > « for each v € X with |||v]|| = R,

(b) there is a function e € X such that |||e||| > R and Jx(e) < 0.

So, Jx has a critical value ¢ > «, that is v € X, such that Jy(v) = ¢ and Ji(v) =0 in X*.
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First, we prove that Jy has the geometry of the above Mountain pass theorem.
Lemma 3.2. (a) Under the condition (n3) the functional Jy is unbounded from below.

(b) Under the conditions (1) and (n2), v =0 is a strict local minimum for J.

Proof.  (a) By (n3), we have

VM >0, Jear > 0;  n(z,t) > M|t

s —cpy, VzeQ, telR. (3.1)

If v € X for v > 0, and (3.1), we have

) 8 (@) 2 (@)
Ja(tv :a/ Vv‘p(r)dx—</ Vv ”(m)dx) +/7vw(r)dx
m=a ) o™ 2 Un ol V! o o))"

®
—)\/ H(z,tv)dx
Q

1 B 1 2 1
< at®s / —|Vo|?@®) dr — Z42e </ —|Vo|?@®) dx> + t¥s / — Y@ gy
@ 2" oo VY o @

—M)\t“’s/ [0|?@®) dz + Aear|Q) = —o0, as  t — 400,
Q

since ¢, < s < 2¢,, thus, Jy is unbounded from below.

(b) According to the conditions (n1) and (12), we have
Ve >0, 3e. > 0;  H(z,t) < e|t|?@ + et @, V(z,t) € QxR.

Therefore, if v € X with [||v]|| < 1, by Poincaré inequality and Sobolev embedding (2.2), we

have

1 . i b\ .
J U:a/VU‘P("‘)dx—</ VUW(l)dx> +/ v‘/’(‘)dac—)\/Hx,U dx,
A Q<p(:1:)| | 2 Q| | Q¢($>| | Q (@)
2
= IVvl*"“)dar:—ﬂ2 (/ Vol #) dm) —EA/ |v]#@) dx_ch/ o|"® da
Ps Jo 250, Q Q Q

2
[0 ﬁ T
— — e /VU“”(””)dx—</ Vv‘p($)dx> —c A vl s+ vl
(£ -cxe) [ 170l ([ vl (w1t + 017,

Y

Y

@ . B 2 r . )
> (% 025A> I[[v]]]#s — 2<p?|||v||| P e\ (Celmb\HUHI” 4 ol )
oo B

8]
z(—@a)w|
Ps

where embedding constant ce.,,;, > 0. By selecting € <

r .
2 1IPF = e (el + s ) NI
l

er g\ we have

B

s 2 T -
7= gl = e (el + o el

«
Jy(v) > —|||v
A( )_Q%IH I
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By dividing the previous inequality sides on the positive value |||v|||¥* and since, we know

that ¢ < 2¢, < r,, we have

8 » S »
Taw) 2 Ml |52 = g el = eeh (el + s ) el = |
S l
now, we can choose |||v||| = R > 0, such that
o p R2P s A ™ s R —¥s 0 3.2
2¢ - ﬁ ~ CeAComp Tt Cemp ' > 0. (3.2)
S 1

We can infer that

@ iRmozﬂos - ap] — BpsR*#1— %

s — Qg
e (Cops €l ) R0 < 20, 277 20507
S S

since ¢. and e > 0, we can infer that

OZQD% — /8905R259l7§95

A< ] Ts 2 pr;—
205 (Cemb + Cemb) PsPq Rri=es

= Ao, (3.3)

therefore, by (3.2) and (3.3) we have

(6% ﬁ — T T T, — Qs
po 2—%232% 2 = e (Clhg + i) B9 >0, WA € (0,00).

So, there exists § > 0 so that Jy(v) > ¢ > 0 for all v € X with |||v||| = R. Thus, the proof

is complete. O

Now, we prove that Jy ensures the (C).-condition.

Lemma 3.3. If (1) — (n4) hold, then for all A > 0, Jy ensures the (C).-condition at any level
2
ce (—oo7 gﬁ)

Proof. At the beginning, we consider the boundary condition for {v,}, let {v,} C X be a (C).

sequence related to the Jy, such that
Ia(vn) = ¢ and T3 (v5)]|x+ (1 + [[[vnl]]) = 0. (3.4)

Using (n3) and (3.4), we can write

pac+ 0n(1) = @da(vn) = (JA(v0),vn)

_ ps o) Ys w()
«f (so(m) 1)'“"‘ d“/g(wx) 1)'“"' e

o[ tenrie— ([ oo ([ [ 12 1] waro ).
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Since a > 8 and 2¢p, > ¢, we have

11 o(x) )2 (T/’s _> ()
%HO”(l)Zﬁ(% 2%)(/52'%”' da +/Q U(x) L) loal " do

+ A /Q(H(x, 0) — co) dx

oL 2oy Vs _ V() 2 -~
25<% 2%) [Hlvall]7 +/Q <¢(m) 1) |vn] d:ra—i—)\/Q(H(x,O) co) dz,

therefore

11 20, Vs () : _
wsc+ On(1) 26(@5 2%> |vnl]* —|—/Q (dJ(CU) 1) |Un] dr + \ Q(H(.%‘,O) o) di.

Since A\ > 0, we have

1 1
@ (1) P

> [llonl[[*#t = Aol

thus

1 1
4 ( - ) Hon]lIP#0 < @sc+ On(1) + Acol€-
Ps 2901

Since s < 2¢,, f >0 and A > 0, it is clear that {v,} is bounded in X. Then
v, — v weakly in  X. (3.5)
By Sobolev embedding (2.2), we have the following compact embedding
X < L*@(Q) for 1<s(x)<@*(x). (3.6)
From (3.5) and (3.6), we can infer that
vp—v in X, vy,—v in L*9Q), wv,(z)—ov(x), ae in Q. (3.7

Using Holder inequality and (3.7), we have

/ \Un|"/’(’”)_2vn(vn —v)dx
Q

g/ U | Y@L |0, — 0| dx
Q

< Mol @ st Jon — vlloey >0 as s,

thus

/ \vn|w(m)72vn(vn —v)der =0, as n — oco. (3.8)
Q



CUBO

Investigating the existence and multiplicity... 551

26, 3 (2024)

By (1) and (72), we have that for each € € (0, 1), there is ¢. > 0 so that
In(z,vn)| < 6|Un‘so(gg)_1 + Cs|Un|T($)_1~ (3.9)

By Sobolev embedding (2.2), Holder inequality and (3.9), we have

‘/Qn(x,vn)(vn —v)dx

< /(5|vn\“"(m)’1|vn — vl + c€|vn|r("’”)’1|vn —v|) dx
Q

< effon] 71 o) [lvn = Vlloe) + ceel[ [ || r@ f[on = vllr@) =0,
p(z)— T(z)—

as n — 0o. Therefore

/ n(x,v,) (v, —v)dr — 0, as n— . (3.10)
Q
From (3.4), we have (J{(v,),v, —v) — 0, as n — 00, so, we can infer that

1
(a - ; @|an\‘p(‘r) dm) /Q |an|“’(””)_2VUn(an — V) dzx

+/ [0 | Y@ 20, (0, — ©) da — )\/ n(x,vy)(vy, —v)dr — 0. (3.11)
Q Q
From (3.8), (3.10), (3.11), we can write
1
(a - ﬁ/ —— |V, [#@® d:v) / VU, |?@ 72V, (Vu, — Vo) de — 0, as n—oo. (3.12)
o ¢(z) Q

Since {v,, } is bounded in X, therefore, it is necessary for the following positive sequence to converge

to a non-negative value such as v,, which means,

1
/ﬁ|VUn|w(z)dx—>vp20, as m — 00.
Q P\r

1
Similar to the proof of Lemma 3.1 in [23], we have the sequence {a — ﬁ/ ﬂ|an|“0(””) dx} is
Q P\T
bounded, when n is large enough. So, it follows from (3.12) that

/ |an|“”(m)_2an(an —Vv)dx — 0,
Q

as n — 00. So, by the (Sy) property (see Lemma 2.5), we get |||u,||| — |||v]|| (strongly) in X,

that means J) ensures the (C).-condition. Moreover, considering the proof of Lemma 3.1, Lemma
2

3.2 and Remark 3.1 in [23], we deduce that the (C).-condition is satisfied for ¢ < %' O
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3.1 Proof of Theorem 1.1

Proof. Tt is clear that Jx(0) = 0, by Lemma 3.3, J ensures the (C).-condition where ¢ €
2

28
theorem, thus, all the assumptions of Mountain pass theorem are satisfied, therefore, for each

—00, . Considering Lemma 3.2, we prove that J, has the geometry of the Mountain pass

A < Mg, our problem has at least a nontrivial weak solution in X. O

4 Proof of Theorem 1.2

In this section, we will prove that problem (1.1) has many pairs of solutions by using the following

Symmetric Mountain pass theorem.

Theorem 4.1 ([8]). Let X be a real Banach space, and Jx € C1(X,R) that ensures the (C).-

condition and J5(0) =0 and Jy be an even functional, such as

(A) there exist two constants a, R > 0, so that Jx(v) > a for each u € X with |||v]|| = R,

(B) for each finite dimensional subspace E C X, there exists Rg > 0 so that Jx(v) <0 on E\Bpg.
Then Jy has a sequence of critical points {v,} such that Jx(v,) — +00.

It is clear that for the even functional Jy, we have J)(0) = 0 and by Lemma 3.3, J ensures the
2

0o, &
Y 2/8
and (B) of the Theorem 4.1 are true for the functional Jy. On the other hand by the proof of

(C)c-condition where ¢ € | — . Therefore, it suffices to prove that the two conditions (A)

Lemma 3.2 (a), where
ot - B, 2=

T Ts 2 Pr;— s
205 (Cemb + Cemb) PsPq Rri=e

ag =

and a = agR?* for each A € (0, ap), there is a > 0 so that for each v € X with |||v]|| = R, we have

Jx(v) > a > 0. Thus, it suffices to consider only the condition (B).

We use the indirect proof method, thus assume that {v,} C E such that if |||v,||| =& +o0 as

n — 400, then there is M € R so that it is a fixed constant, then

Ix(vp) > M, Vn e N. (4.1)

Un

[H[vnll]

Now, for any v, € E C X, put V,, := . It is clear that |||V,]|| = 1. On the other hand, since
dim E < 400, we have

W e E\{0}; [[[Va = VI[[ =0

We can infer that

Valz) > V(z) ae x2€Q, as n— oo,
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since V(z) # 0 — |vp(2)] = 400, as n — +oo, (by (4.1)).

By (n3), we can infer that

Jim B onle) im Ii()x (U;Eo Dy, @) = +oo,
for all x € Qg := {x € Q: V(x) # 0} and by (n4), there is sp, such that
H|£x¥;s) >1, VreQ and |[s|> so. (4.2)
Now by (11), we can write
ACs > 0; |H(z,s)| < Cq, V(z,5) € QX [—Ss0,50]- (4.3)
Using (4.2) and (4.3), we conclude that
AC, e R, H(z,s) > Cy, V(z,8) € QxR (4.4)
Thus
Hon) =Ci o g vicq vneN.
Then, we have
mvn(xﬂ% — |||Uf|4|% >0, VzeQ, VneNl. (4.5)

Thus, by Poincaré inequality, (4.1) and (4.5), we can infer that

0< lim 7JA(Un)
n=too || |vy||[#2

o g [ es@!Veal @ de + o gigloa " de / H(z,v,)
= Toall? o Toalll#

n—-+4oo

Since 15 > s, and A > 0, we have

1 () 1 |, [%(2)
« Vu,|?*) dx ~| v, dx
0< lim Jo (p(a:)| nl n Jo w(1)| L|¢ B )\/ H(z,vy,)
n—+o0 Il[onl#* Hlvnlll : a lllvnll[#:
Cs H( n
< e + — A lim (@, L dx
(pl 1/)8 n—-4o0o
Cs H( n
gg—f———)\liminf (@, 4 dx
(pl 1/)8 n—-+o0o
5 H
<o, G )\liminf/ 7(:” Un) 2|V (2)|* daz — o0,
o, s ot Jou [un(@)|?e

which is a contradiction. Then, the proof of (B) in the Theorem 4.1 is complete.
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4.1 Proof of Theorem 1.2

Proof. Now, by Theorem 4.1, we can deduce that Jy has a sequence of critical points {v,} such
that Jy(v,) — o0, thus, we prove that our problem has infinitely many weak solutions and the

Theorem 1.2 is proven. O
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