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ABSTRACT

In this paper we introduce a new generalized fractional in-
tegral unifying most of previous existing fractional integrals.
Then, we prove some essential properties of this new opera-
tor under some classical assumptions. As application, we use
this novel fractional integral to establish a several inequali-
ties of Minkowski type. Our results recover a large number
of a well known inequalities in the literature.

RESUMEN

En este artículo introducimos una nueva integral frac-
cionaria generalizada, que unifica la mayoría de las inte-
grales fraccionarias existentes. Luego demostramos algunas
propiedades esenciales de este nuevo operador bajo algunas
suposiciones clásicas. Como aplicación, usamos esta nueva
integral fraccionaria para establecer varias desigualdades de
tipo Minkowski. Nuestros resultados recuperan un amplio
número de desigualdades bien conocidas en la literatura.
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1 Introduction

Fractional calculus has been the subject of a lot of works during the last years. Fractional models

has been used to diverse problems in various domains of science, see [43]. In fact, it is mainly

used in modeling different phenomena, as mechanics [6], economy [45], human body modeling [14],

visco-elasticity [18,30], biology [28], circuits [31], material sciences [41], porous-medium equations

[36] and many other domains. In order to modeling such problems, different integral operators

or differential operators were defined. Nevertheless, some of fractional operators defined with a

special “kernel” are used only in some cases. In [27], the authors defined a fractional integral

according to another function ψ as a general integral. Choosing a particular function ψ, we obtain

a pre-existing non-integer integral. This allows us to select the most adapted integral for proving

the result under examination.

In [47], Sousa-Oliveira defined a new fractional-derivative according to another function; the “ψ-

Hilfer fractional derivative”. They proved many interesting properties and they presented also

a large number of integrals and derivatives as a special cases of the ψ-Hilfer derivative and the

integral according to another function.

In [25], Katugampola defined the following new fractional integral

(ρIα,βa+;η,kf)(x) =
ρ1−βxk

Γ(α)

∫ x

a

uρ(1+η)−1

(xρ − uρ)1−α
f(u)du.

He proved that the above integral unifies six pre-existing fractional integrals.

With the numerous propositions of fractional derivatives and integrals, it was very important to

propose a new definition of fractional integral that unifies most of the pre-existing definitions. The

new generalized ψ-fractional integral proposed in this paper, will be the first step in order to obtain

a single general model, which can be used to different problems and to prove different results only

for this general model, rather than proving similar results each time in each different model. In

the first part of this paper, our purpose is to define this new fractional integral. Then, we prove

some important properties to justify the originality of this new generalization. Among other, we

show that the new operator is well defined, bounded and satisfies the semigroup property.

As application of the numerous fractional integrals proposed in the last years, a large number of

works are interested to several important inequalities for different definitions of fractional integrals.

See for example [2, 8, 19, 48, 49] for the Ostrowski type inequalities, [7, 10, 16, 20, 40] for the Grüss

type inequalities, [4,11,12,17,26,35] for the Hermite-Hadamard type inequalities, [21,23,34,42,46]

for the Čebyšev type inequalities, [5,13,15,17,32,33,37–39,44] for the Minkowski type inequalities

and many others, (see [3, 29]). Such types of inequalities are very important in different areas of

science, (see [32,38]).
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Motivated by the above large literature and as application of the new generalized ψ-fractional

integral defined in the first part, our second aim in this work is to generalize the Minkowski type

inequalities using the new generalized ψ- fractional integral. Our results recover the Minkowski type

inequalities proved in [5, 13, 15, 17, 33, 37–39] and [44]. Then, we prove different other inequalities

related to the Minkowski’s inequalities.

The remainder of the paper is organized as follows. In the next section we present the definition

of the new generalized ψ-fractional integral and some examples. In section three we give some

principal properties of this new operators. In section four, we prove the main results related

to Minkowski inequality and in the last section, we prove other inequalities related to the new

fractional integral.

2 Definition and examples

Definition 2.1 ([24]). Let f ∈ L1(a, b) and ψ be a positive function such that its derivative is

continuous and satisfying ψ′(x) > 0,∀x ∈ (a, b). For 1 ≤ p <∞, we denote

Xp
ψ(a, b) := {f : (a, b) → R, Lebesgue-measurable s.t. ∥f∥Xpψ <∞},

where ∥∥f∥∥p
Xpψ

=

∫ b

a

|f(s)|pψ′(s)ds.

For p = ∞,

∥f∥X∞
ψ

= ess sup
s∈(a,b)

|ψ′(s)f(s)|.

When ψ(s) = s, the space Xp
ψ(a, b), (1 ≤ p <∞), is identical to Lp(a, b).

Definition 2.2. For 1 ≤ p ≤ ∞, let f ∈ Xp
ψ(a, b) and ψ as defined in the previous Definition 2.1.

For α > 0, β, γ, η, k, ρ,∈ R, we define the following new generalized ψ-fractional integral, (left side

and right side), by

Iα,β;ψa+;η,k,γ,ρf(x) =
[ψ(x)]k exp(γψ(x))

Γ(α)ρβ

∫ x

a

[ψ(u)]ηψ′(u) exp
(
− γψ(u)

)(
ψ(x)− ψ(u)

)α−1
f(u)du (2.1)

Iα,β;ψb−;η,k,γ,ρf(x) =
[ψ(x)]η exp(−γψ(x))

Γ(α)ρβ

∫ b

x

[ψ(u)]kψ′(u) exp
(
γψ(u)

)(
ψ(u)− ψ(x)

)α−1
f(u)du (2.2)

Remark 2.3. Most of the pre-existing fractional integrals are a particular cases of integrals (2.1)

and (2.2). For example, if ψ(x) = x, α > 0, γ = 0, k = 0, η = 0, ρ > 0, β = 0, then we obtain

the integral of Riemann Liouville (left sided). For a = −∞, we obtain the integral of Liouville
LIα+f(x). If a = 0 then (2.1) is the analogue of the integral of Riemann RIα+f(x). For a general

case of function ψ, (2.1) is reduced to the integral of Riemann Liouville according to a function ψ,
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RLIα;ψa+ f(x) =
1

Γ(α)

∫ x

a

ψ′(s)(ψ(x)− ψ(s))α−1f(s)ds.

If ψ(x) = lnx, α > 0, γ = 0, k = 0, η = 0, ρ > 0, β = 0 then (2.1) is reduced to the integral of

Hadamard HIαa+f(x) and for γ ∈ R and a = 0, we get the integral of Hadamard type (called also

Butzer et al. integral),

HIαa+;γf(x) =
1

Γ(α)

∫ x

0

(u
x

)−γ (
ln
(x
u

))α−1

f(u)
du

u
.

If ψ(x) = xρ, α > 0, γ = 0, k = −α − η, ρ > 0, β = 0, then we get the fractional-integral of

“Erdélyi-Kober”,

EKIαa+;η,ρf(x) =
ρx−ρ(α+η)

Γ(α)

∫ x

a

f(s)sρ(1+η)−1
(
xρ − sρ

)α−1
ds.

For a = 0, we get the fractional-integral of “Erdélyi” EIαa+;η,ρf(x) and for ρ = 1, a = 0, we get the

fractional-integral of “Kober”, KIαa+;η,ρf(x).

If ψ(x) = xρ, α > 0, ρ ∈ R, γ = 0, β = α, η = k = 0, then (2.1) is reduced to “Katugampola”

integral, and for η ∈ R, β ∈ R, k = s/ρ, we get the “generalized Katugampola” fractional integral

ρIα,βa+;η,sf(x) =
xs

Γ(α)ρβ−1

∫ x

a

uρ(1+η)−1
(
xρ − uρ

)α−1
f(u)du.

If ψ(x) = x, γ = ρ−1
ρ , α > 0, k = η = 0, ρ ∈ (0, 1], β = α, we obtain the fractional (left sided)

generalized proportional integral Iαa+;ρf(x) (Jarad-Abdeljawad-Alzabut integral) and for a general

case of ψ, we obtain the fractional (left sided) proportional integral in the general form according

to a function ψ,

Iα;ψa+;ρf(x) =
1

ραΓ(α)

∫ x

a

ψ′(u) exp

[
ρ− 1

ρ

(
ψ(x)− ψ(s)

)] (
ψ(x)− ψ(s)

)α−1
f(s)ds.

If ψ(x) = xρ+r

ρ+r , γ = 0, α > 0, k = η = β = 0, ρ ∈ (0, 1], and r ∈ R, we obtain the generalized

conformable fractional (left sided) integrals, rKα
a+;ρf(x). If ψ(x) = lnx, γ = ρ−1

ρ , α > 0, k = η =

0, ρ ∈ (0, 1], β = α, we obtain the generalized proportional integral of “Hadamard” (left sided),

Iα;ψa+;ρf(x).

In the following, we plot some examples of the new ψ-fractional integral of the function f(x) from

Theorem 3.2, in the case ρ = 0.5, β = 1, k = 1 for a different example of ψ and different values of γ.

The first two figures plot the expression of Iα,β;ψa+;η,k,γ,ρf(x) against the variables x and α. The third

and fourth figures plot the expression of Iα,β;ψa+;η,k,γ,ρf(x) against the variables x and λ. Since the

fractional integral of the above mentioned function f(x) = [ψ(x)]−η exp
(
γψ(x)

)(
ψ(x)− ψ(a)

)λ−1

is the solution of many well known fractional differential equations (see [43]), each figure is the
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solution of a specific differential equation. This fact will be the subject of a forthcoming work.

ψ(x) = x ψ(x) = x2 ψ(x) =
√
x ψ(x) = log(x)

Figure 1: ψ-fractional integral Iα,β;ψa+;η,k,γ,ρf(x) where f(x) = [ψ(x)]−η exp
(
γψ(x)

)(
ψ(x)−ψ(a)

)λ−1

with γ = 1, λ = 2, 1 ≤ x ≤ 10 and 0.1 ≤ α ≤ 0.9.

ψ(x) = x ψ(x) = x2 ψ(x) =
√
x ψ(x) = log(x)

Figure 2: ψ-fractional integral Iα,β;ψa+;η,k,γ,ρf(x) where f(x) = [ψ(x)]−η exp
(
γψ(x)

)(
ψ(x)−ψ(a)

)λ−1

with γ = −1, λ = 2, 0.1 ≤ α ≤ 0.9 and 1 ≤ x ≤ 10.

ψ(x) = x ψ(x) = x2 ψ(x) =
√
x ψ(x) = log(x)

Figure 3: ψ-fractional integral Iα,β;ψa+;η,k,γ,ρf(x) where f(x) = [ψ(x)]−η exp
(
γψ(x)

)(
ψ(x)−ψ(a)

)λ−1

with γ = 1, α = 0.5, 1 ≤ x ≤ 2 and 0.5 ≤ λ ≤ 10.
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ψ(x) = x ψ(x) = x2 ψ(x) =
√
x ψ(x) = log(x)

Figure 4: ψ-fractional integral Iα,β;ψa+;η,k,γ,ρf(x) where f(x) = [ψ(x)]−η exp
(
γψ(x)

)(
ψ(x)−ψ(a)

)λ−1

with γ = −1, α = 0.5, 1 ≤ x ≤ 2 and 0.5 ≤ λ ≤ 10.

3 Main properties of the new generalized ψ-fractional inte-

gral

We present in this section some essential properties of the new generalized ψ-fractional integral.

First, we give some elementary properties having obvious proofs.

Theorem 3.1. Let α > 0, β, γ, k, η, ρ,∈ R and ψ as defined in Definition 2.1. For 1 ≤ p ≤ ∞
and f ∈ Xp

ψ(a, b), we have the following properties:

• Iα,β;ψa+;η,k,γ,ρψ(x)
λf(x) = Iα,β;ψa+;η+λ,k,γ,ρf(x),

• Iα,β;ψa+;η,k,γ,ρ exp(λψ(x)) f(x) = exp(λψ(x)) Iα,β;ψa+;η+λ,k,γ−λ,ρf(x),

• Iα,β;ψb−;η,k,γ,ρψ(x)
λf(x) = Iα,β;ψb−;η,k+λ,γ,ρf(x),

• Iα,β;ψb−;η,k,γ,ρ exp(λψ(x)) f(x) = exp(λψ(x)) Iα,β;ψb−;η+λ,k,γ+λ,ρf(x).

Theorem 3.2. Let α > 0, β, γ, k, η, ρ,∈ R and ψ as defined in Definition 2.1. We have

• Iα,β;ψa+;η,k,γ,ρ[ψ(t)]
−η exp

(
γψ(t)

)(
ψ(t)− ψ(a)

)λ−1

=
Γ(λ)[ψ(t)]k exp

(
γψ(t)

)
Γ(λ+ α)ρβ

(
ψ(t)− ψ(a)

)λ+α−1

,

• Iα,β;ψb−;η,k,γ,ρ[ψ(t)]
−k exp

(
− γψ(t)

)(
ψ(b)− ψ(t)

)λ−1

=
Γ(λ)[ψ(t)]η exp

(
− γψ(t)

)
Γ(λ+ α)ρβ

(
ψ(b)− ψ(t)

)λ+α−1

.

Next we prove that for a positive increasing function ψ on (a, b), the new ψ-fractional operator

Iα,β;ψa+;η,k,γ,ρ is well-defined and bounded on the space Xp
ψ(a, b).

Theorem 3.3. Let γ > 0, α > 0, β, k, η, ρ ∈ R and ψ as defined in Definition 2.1. For 1 ≤ p ≤ ∞
and f ∈ Xp

ψ(a, b), we have ∥∥∥Iα,β;ψa+;η,k,γ,ρf
∥∥∥
Xpψ

≤ K∥f∥Xpψ ,

where

K =
exp

(
γψ(b)

)
Γ(α)ρβ

[ψ(b)]α+η+k
∫ ψ−1( ψ(b)

ψ(a) )

ψ−1(1)

[ψ(u)]−α−η
[
ψ(u)− 1

]α−1
ψ′(u)du.
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Proof. Let 1 ≤ p <∞. Using (2.1) and Definition 2.1, we have

∥∥∥Iα,β;ψa+;η,k,γ,ρf
∥∥∥
X
p
ψ

=

(∫ b

a

∣∣∣∣ [ψ(x)]k exp(γψ(x))Γ(α)ρβ

∫ x

a

ψ′(u)[ψ(u)]η exp(−γψ(u))

×
(
ψ(x)− ψ(u)

)α−1
f(u)du

∣∣∣∣pψ′(x)dx

) 1
p

=
1

Γ(α)ρβ

(∫ b

a

∣∣∣∣ ∫ x

a

[ψ(x)]k exp
(
γ(ψ(x)− ψ(u))

)
[ψ(u)]ηψ′(u)

(
ψ(x)− ψ(u)

)α−1
f(u)du

∣∣∣∣pψ′(x)dx

) 1
p

≤
exp

(
γψ(b)

)
Γ(α)ρβ

(∫ b

a

∣∣∣∣ ∫ x

a

[ψ(x)]kψ′(u)[ψ(u)]η+α−1

(
ψ(x)

ψ(u)
− 1

)α−1

f(u)du

∣∣∣∣pψ′(x)dx

) 1
p

.

If we suppose ψ(x)
ψ(u) = ψ(s), we get

∥∥∥Iα,β;ψa+;η,k,γ,ρf
∥∥∥
X
p
ψ

≤
exp

(
γψ(b)

)
Γ(α)ρβ

(∫ b

a

∣∣∣∣ ∫ ψ−1
(
ψ(x)
ψ(a)

)
ψ−1(1)

[ψ(x)]k+η+αψ′(s)[ψ(s)]−1−η−α[ψ(s)− 1
]α−1

× f

(
ψ−1

(
ψ(x)

ψ(s)

))
ds

∣∣∣∣pψ′(x)dx

) 1
p

.

Using the generalized Minkowski-inequality ([1]), we obtain

∥∥∥Iα,β;ψa+;η,k,γ,ρf
∥∥∥
X
p
ψ

≤
exp

(
γψ(b)

)
Γ(α)ρβ

∫ ψ−1
(
ψ(b)
ψ(a)

)
ψ−1(1)

(ψ(s))−η−α
(
ψ(s)− 1

)α−1
ψ′(s)[ψ(b)]η+k+α

×
(∫ b

ψ−1(ψ(a)ψ(t))

ψ′(x)

ψ(s)

∣∣∣∣f (ψ−1

(
ψ(x)

ψ(s)

))∣∣∣∣p dx) 1
p

ds

≤
exp

(
γψ(b)

)
Γ(α)ρβ

∫ ψ−1
(
ψ(b)
ψ(a)

)
ψ−1(1)

(ψ(s))−η−α
(
ψ(s)− 1

)α−1
ψ′(s)[ψ(b)]k+η+α

(∫ ψ−1
(
ψ(b)
ψ(s)

)
a

∣∣∣f(t)∣∣∣pψ′(t)dt

) 1
p

ds

≤ K
∥∥f∥∥

X
p
ψ
,

where

K =
exp

(
γψ(b)

)
Γ(α)ρβ

[ψ(b)]k+η+α
∫ ψ−1( ψ(b)

ψ(a) )

ψ−1(1)

(ψ(u))−η−α
(
ψ(u)− 1

)α−1
ψ′(u)du.

Thus, the result is proved for 1 ≤ p <∞. For p = ∞, we have

∥∥∥Iα,β;ψa+;η,k,γ,ρf
∥∥∥
X∞
ψ

= ess sup
t∈(a,b)

∣∣∣ψ′(t) Iα,β;ψa+;η,k,γ,ρf(t)
∣∣∣

≤ [ψ(b)]k exp(γψ(b))

Γ(α)ρβ

∫ x

a

[ψ(u)]ηψ′(x)
(
ψ(x)− ψ(u)

)α−1
∣∣∣ψ′(u)f(u)

∣∣∣du
≤

exp
(
γψ(b)

)
Γ(α)ρβ

[ψ(b)]k+η+α
∫ ψ−1

(
ψ(b)
ψ(a)

)
ψ−1(1)

[ψ(s)]−η−α
(
ψ(s)− 1

)α−1
ψ′(s)ds

∥∥f∥∥
X∞
ψ
.

Theorem 3.3 is thereby proved.

In the next result, we prove that the new generalized ψ-fractional integral satisfies the property of

semigroup.
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Theorem 3.4. Let α > 0, β, k, η, ρ, γ ∈ R and ψ as defined in Definition 2.1. For 1 ≤ p ≤ ∞ and

f ∈ Xp
ψ(a, b), we have:

Iα1,β1;ψ
a+;η1,k1,γ,ρ

Iα2,β2;ψ
a+;η2,−η1,γ,ρf(x) = Iα1+α2,β1+β2;ψ

a+;η2,k1,γ,ρ
f(x),

Iα1,β1;ψ
b−;η1,−η2,γ,ρ I

α2,β2;ψ
b−;η2,k2,γ,ρ

f(x) = Iα1+α2,β1+β2;ψ
b−;η1,k2,γ,ρ

f(x).

Proof. Using Definition 2.1, we have

Iα1,β1;ψ
a+;η1,k1,γ,ρ

Iα2,β2;ψ
a+;η2,k2,γ,ρ

f(x) =
[ψ(x)]k1 exp(γψ(x))

Γ(α1)ρβ1

∫ x

a

[ψ(t)]η1 exp(−γψ(t))
(
ψ(x)− ψ(t)

)α1−1

× [ψ(t)]k2 exp(γψ(t))

Γ(α2)ρβ2
ψ′(t)

∫ t

a

ψ′(s)[ψ(s)]η2 exp(−γψ(s))
[
ψ(t)− ψ(s)

]α2−1
f(s)ds dt

=
[ψ(x)]k1 exp(γψ(x))

Γ(α1)Γ(α2)ρβ1+β2

∫ x

a

ψ′(s)[ψ(s)]η2 exp(−γψ(s))f(s)
∫ x

s

ψ′(t)[ψ(t)]η1+k2

×
(
ψ(x)− ψ(t)

)α1−1(
ψ(t)− ψ(s)

)α2−1
dt ds.

For k2 = −η1 and supposing that u :=
ψ(t)− ψ(s)

ψ(x)− ψ(s)
, we derive that

∫ x

s

(ψ(t))η1+k2ψ′(t)
(
ψ(x)− ψ(t)

)α1−1(
ψ(t)− ψ(s)

)α2−1
dt

=
(
ψ(x)− ψ(s)

)α1+α2−1
∫ 1

0

(1− u)α1−1uα2−1du

=
Γ(α1)Γ(α2)

Γ(α1 + α2)

(
ψ(x)− ψ(s)

)α1+α2−1
.

Thus,

Iα1,β1;ψ
a+;η1,k1,γ,ρ

Iα2,β2;ψ
a+;η2,−η1,γ,ρf(x)

=
[ψ(x)]k1 exp(γψ(x))

Γ(α1 + α2)ρβ1+β2

∫ x

a

ψ′(s)[ψ(s)]η2 exp(−γψ(s))
(
ψ(x)− ψ(s)

)α1+α2−1
f(s)ds

= Iα1+α2,β1+β2;ψ
a+;η2,k1,γ,ρ

f(x).

The first identity in Theorem 3.4 is thereby proved. The second one follows using the same

arguments.

Theorem 3.5. Let α > 0, β, k, η, ρ, γ ∈ R and ψ as defined in Definition 2.1. For 1 ≤ p ≤ ∞, we

have ∫ b

a

f(u)
[
Iα,β;ψa+;η,k,γ,ρg

]
(u)ψ′(u)du =

∫ b

a

g(u)
[
Iα,β;ψb−;η,k,γ,ρf

]
(u)ψ′(u)du.
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Proof. We have

∫ b

a

f(u)
(
Iα,β;ψa+;η,k,γ,ρg

)
(u)ψ′(u)du =

∫ b

a

f(u)ψ′(u)
[ψ(u)]k exp(γψ(u))

Γ(α)ρβ

×
∫ u

a

[ψ(t)]η exp
(
− γψ(t)

)(
ψ(u)− ψ(t)

)α−1
g(t)ψ′(t)dt du

=

∫ b

a

g(t)
[ψ(t)]η exp(−γψ(t))

Γ(α)ρβ
ψ′(t)

∫ b

t

[ψ(u)]kψ′(u) exp
(
γψ(u)

)(
ψ(u)− ψ(t)

)α−1
f(u)du dt

=

∫ b

a

ψ′(u)g(u)
(
Iα,β;ψb−;η,k,γ,ρf

)
(u)du.

Theorem 3.6. Let α > 0, β, k, η, ρ, γ ∈ R and ψ as defined in Definition 2.1. For f ∈ X∞
ψ (a, b)

and x, y ∈ (a, b), we have

∥∥∥Iα,β;ψa+;η,k,γ,ρf(x)− Iα,β;ψa+;η,k,γ,ρf(y)
∥∥∥ ≤

2
∥∥∥[ψ(u)]η exp(−γψ(u))f(u)∥∥∥

X∞
ψ

Γ(α+ 1)ρβ
[ψ(y)]k exp(γψ(y))

[
ψ(y)− ψ(x)

]α
.

Proof. We have

∥∥∥Iα,β;ψa+;η,k,γ,ρf(x)− Iα,β;ψa+;η,k,γ,ρf(y)
∥∥∥ =

∥∥∥∥exp(γψ(x))Γ(α)ρβ

∫ x

a

[ψ(u)]ηψ′(u) exp
(
− γψ(u)

)
.
[
ψ(x)− ψ(u)

]α−1
f(u)du

−exp(γψ(y))

Γ(α)ρβ

∫ y

a

[ψ(u)]ηψ′(u) exp
(
− γψ(u)

)(
ψ(y)− ψ(u)

)α−1
f(u)du

∥∥∥∥
=

∥∥∥∥ 1

Γ(α)ρβ

∫ x

a

f(u)(ψ(u))ηψ′(u) exp
(
− γ(ψ(u))

)
×
(
exp(γ(ψ(x)))[ψ(x)]k

(
ψ(x)− ψ(u)

)α−1 − exp(γ(ψ(y)))[ψ(y)]k
[
ψ(y)− ψ(u)

]α−1
)
dt

−exp(γψ(y))

Γ(α)ρβ

∫ y

x

[ψ(u)]ηψ′(u) exp
(
− γψ(u)

)(
ψ(y)− ψ(u)

)α−1
f(u)du

∥∥∥∥
≤

∥[ψ(u)]η exp(−γψ(u))f(u)∥X∞
ψ

Γ(α)ρβ

∫ x

a

ψ′(u)

(
[ψ(x)]k exp(γ(ψ(x)))

(
ψ(x)− ψ(u)

)α−1

−[ψ(y)]k exp(γ(ψ(y)))
(
ψ(y)− ψ(u)

)α−1
)
du

+
∥[ψ(u)]η exp

(
− γψ(u)

)
f(u)∥X∞

ψ

Γ(α)ρβ

∫ y

x

ψ′(u)[ψ(y)]k exp(γψ(y))
(
ψ(y)− ψ(u)

)α−1
du

≤
∥[ψ(u)]η exp(−γψ(u))f(u)∥X∞

ψ

Γ(α+ 1)ρβ

(
[ψ(x)]k exp(γ(ψ(x)))

(
ψ(x)− ψ(a)

)α
− exp(γ(ψ(y)))[ψ(y)]k

([
ψ(y)− ψ(a)

]α −
[
ψ(y)− ψ(x)

]α))
+
∥[ψ(u)]η exp(−γψ(u))f(u)∥X∞

ψ

Γ(α+ 1)ρβ
[ψ(y)]k exp(γψ(y))

(
ψ(y)− ψ(x)

)α
≤

2∥[ψ(u)]η exp(−γψ(u))f(u)∥X∞
ψ

Γ(α+ 1)ρβ
[ψ(y)]k exp(γψ(y))

[
ψ(y)− ψ(x)

]α
.
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Theorem 3.7. Let n−1 < α < n, β, η, k, ρ, γ ∈ R and ψ as defined in Definition 2.1. For (fn)n≥1

a sequence uniformly convergent in X∞
ψ (a, b), we have

Iα,β;ψa+;η,k,γ,ρ lim
n→∞

fn(x) = lim
n→∞

Iα,β;ψa+;η,k,γ,ρfn(x).

Proof. Let f(x) = lim
n→∞

fn(x). We have

∣∣∣Iα,β;ψa+;η,k,γ,ρfn(x)− Iα,β;ψa+;η,k,γ,ρf(x)
∣∣∣

≤
([ψ(x)]k exp

(
γ(ψ(x))

)
Γ(α)ρβ

∫ x

a

[ψ(u)]ηψ′(u) exp
(
− γ(ψ(u))

)(
ψ(x)− ψ(u)

)α−1∣∣fn(u)− f(u)
∣∣du

≤
∥∥∥ exp(−γ(ψ(u)))[ψ(u)]η(fn(u)− f(u)

)∥∥∥
X∞
ψ

([ψ(x)]k exp(γ(ψ(x)))

Γ(α+ 1)ρβ
(
ψ(x)− ψ(a)

)α
.

Since the sequence (fn)n≥1 is uniformly convergence, the result follows.

Theorem 3.8. Let f be a uniformly continuous function on [0, b]. For β, η, k, ρ, γ ∈ R and ψ as

defined in Definition 2.1, if there exists α ∈ (0, 1] satisfying

lim
x→∞

Iα,β;ψa+;η,k,γ,ρ|f(x)| = 0,

then

lim
x→∞

|f(x)| = 0.

Proof. Arguing by contradiction, we assume that there exists an unbounded sequence (xi)i∈N and

ε > 0 such that

|f(xi)| ≥ ε, ∀xi ∈ [0, b].

Using the fact that f is uniformly continuous, we deduce that for each xi, ∃µ > 0 such that

∣∣f(xi)− f(x)
∣∣ < ε

2
, ∀x ∈ [xi − µ, xi + µ]

Thus, for all x ∈ [xi − µ, xi + µ] we have:

|f(x)| ≥
∣∣∣|f(xi)| − |f(xi)− f(x)|

∣∣∣ ≥ ε

2
. (3.1)

From another part, we have

Iα,β;ψa+;η,k,γ,ρ|f(xi)| =
([ψ(xi)]

k exp(γ(ψ(xi)))

Γ(α)ρβ

(∫ xi−1

x0

[ψ(u)]ηψ′(u) exp
(
− γ(ψ(u))

)(
ψ(xi)− ψ(u)

)α−1|f(u)|du

+

∫ xi−µ

xi−1

[ψ(u)]ηψ′(u) exp
(
− γ(ψ(u))

)(
ψ(xi)− ψ(u)

)α−1|f(u)|du
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+

∫ xi

xi−µ
[ψ(u)]ηψ′(u) exp

(
− γ(ψ(u))

)(
ψ(xi)− ψ(u)

)α−1|f(u)|du
)
.

If we suppose that [ψ(u)]ηψ′(u) exp
(
− γ(ψ(u))

)(
ψ(xi)− ψ(u)

)α−1 ≥ 1, ∀t ∈ [xi − 1, xi], then

Iα,β;ψa+;η,k,γ,ρ|f(xi)| ≥
([ψ(xi)]

k exp(γ(ψ(xi)))

Γ(α)ρβ

(∫ xi−1

x0

[ψ(u)]ηψ′(u) exp
(
− γ(ψ(t))

)
(3.2)

×
(
ψ(xi)− ψ(u)

)α−1∣∣f(u)∣∣du+

∫ xi−µ

xi−1

∣∣f(u)∣∣du+

∫ xi

xi−µ

∣∣f(u)∣∣du) .
Using (3.1) and (3.2) and denoting c =

(
[ψ(0)]k exp(γ(ψ(0)))

)
, we obtain

Iα,β;ψa+;η,k,γ,ρ|f(xi)| ≥
cε

2Γ(α)ρβ
,

which contradicts the hypothesis of the Theorem.

4 On a Minkowski type inequality

First, we recall the celebrated Minkowski inequality as follows, (see [1, 22]).

Theorem 4.1. If p ≥ 1 and f, g two positives functions in Lp([a, b]), then

(∫ b

a

|f(t) + g(t)|pdt

)1/p

≤

(∫ b

a

|f(t)|pdt

)1/p

+

(∫ b

a

|g(t)|pdt

)1/p

.

As a reverse of Minkowski’s inequality, Bougoffa [9] proved the following result.

Theorem 4.2. If p ≥ 1, f and g two positives functions satisfying 0 < m ≤ f(t)

g(t)
≤M , ∀t ∈ [a, b],

then (∫ b

a

|f(t)|pdt

)1/p

+

(∫ b

a

|g(t)|pdt

)1/p

≤ c

(∫ b

a

|f(t) + g(t)|pdt

)1/p

,

where c =
M

M + 1
+

1

m+ 1
.

The above result was generalized by Dahmani [17] using Riemann-Liouville fractional integral, by

Chinchane-Pachpatte [13] and Taf-Brahim [44] using the Hadamard fractional integral, by Sousa-

Oliveira [15] using Katugampola generalized fractional integral, by Aljaaidi-Pachpatte [5] using

the ψ Riemann Liouville integral, by Rahman et al. [37] using generalized proportional fractional

integral, by Rachid-Jarad-Chu [39] using generalized proportional integral according to another

function, by Rachid et al. [38] using generalized conformable integral, by Nale-Panchal-Chinchane

[33] using generalized proportional Hadamard fractional integral.
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In the following, we prove the reverse of the Minkowski inequality using the new generalized ψ-

Hilfer integral, recovering the results of the above cited papers.

Theorem 4.3. Let β, k, η, ρ, γ ∈ R, α > 0, p ≥ 1 and ψ as defined in Definition 2.1. Let also f, g

be two positive functions in Xp
ψ(a, b). If 0 < m ≤ f(t)

g(t)
≤ M, ∀t ∈ [a, b] for m and M two strictly

positive constants, then:

(
Iα,β;ψa+;η,k,γ,ρf

p(t)
) 1
p

+
(
Iα,β;ψa+;η,k,γ,ρg

p(t)
) 1
p ≤ c

(
Iα,β;ψa+;η,k,γ,ρ(f + g)p(t)

) 1
p

,

where c =
1

m+ 1
+

M

M + 1
.

Proof. Since
f(s)

g(s)
≤M, ∀s ∈ [a, b], then

f(s) +Mf(s) ≤M
(
g(s) + f(s)

)
, ∀s ∈ [a, b],

thus

(M + 1)pfp(s) ≤Mp
(
f(s) + g(s)

)p
, ∀s ∈ [a, b].

Multiplying both sides by
[ψ(x)]k exp(γψ(x))

Γ(α)ρβ
ψ′(s)[ψ(s)]η exp(−γψ(s))

[
ψ(x)−ψ(s)

]α−1 and inte-

grating with respect to s, we obtain

(M + 1)p
[ψ(x)]k exp(γψ(x))

Γ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
fp(s)ds

≤Mp [ψ(x)]
k exp(γψ(x))

Γ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
(f + g)p(s)ds.

Which implies that

(
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 1
p ≤ M

M + 1

(
Iα,β;ψa+;η,k,γ,ρ(g + f)p(x)

) 1
p

. (4.1)

From another part, since 0 < m ≤ f(s)

g(s)
, for all s ∈ [a, b], then

g(s) ≤ f(s)

m
, ∀s ∈ [a, b].

Thus

g(s)

(
1 +

1

m

)
≤ f(s)

m
+
g(s)

m
, ∀s ∈ [a, b],

and consequently

gp(s)

(
1 +

1

m

)p
≤
(

1

m

)p [
g(s) + f(s)

]p
.
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Multiplying both sides by
[ψ(x)]k exp(γψ(x))

Γ(α)ρβ
ψ′(s)[ψ(s)]η exp(−γψ(s))

[
ψ(x)−ψ(s)

]α−1 and inte-

grating with respect to s, we derive that(
1 +

1

m

)p
[ψ(x)]k exp(γψ(x))

Γ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
gp(s)ds

≤
(

1

m

)p
[ψ(x)]k exp(γψ(x))

Γ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
[
g(s) + f(s)

]p
ds.

Thus, (
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 1
p ≤ 1

m+ 1

(
Iα,β;ψa+;η,k,γ,ρ(g + f)p(x)

) 1
p

. (4.2)

Using (4.1) and (4.2), the result follows.

Theorem 4.4. Let β, ρ, γ, k, η ∈ R, α > 0, p ≥ 1 and ψ as defined in Definition 2.1. Let also f, g

be two positive functions in Xp
ψ(a, b). If 0 < m ≤ f(t)

g(t)
≤M, ∀t ∈ [a, b] for m > 0,M > 0, then:

[
Iα,β;ψa+;η,k,γ,ρf

p(x)
] 2
p

+
[
Iα,β;ψa+;η,k,γ,ρg

p(x)
] 2
p ≥ ĉ

[
Iα,β;ψa+;η,k,γ,ρf

p(x)
] 1
p
[
Iα,β;ψa+;η,k,γ,ρg

p(x)
] 1
p

,

where ĉ =
(M + 1)(m+ 1)

M
− 2.

Proof. From (4.1) and (4.2), we have:

(M + 1)(m+ 1)

M

(
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 1
p
(
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 1
p ≤

(
Iα,β;ψa+;η,k,γ,ρ(g + f)p(x)

) 2
p

. (4.3)

Using Minkowski’s inequality, we obtain

(
Iα,β;ψa+;η,k,γ,ρ(g + f)p(x)

) 1
p ≤

(
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 1
p

+
(
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 1
p

(4.4)

Using (4.3) and (4.4), we deduce that

(M + 1)(m+ 1)

M

(
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 1
p
(
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 1
p ≤

((
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 1
p

+
(
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 1
p

)2

.

Thus,

(
(M + 1)(m+ 1)

M
− 2

) (
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 1
p
(
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 1
p ≤

(
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 2
p

+
(
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 2
p

.

Remark 4.5. Using Remark 2.3, it is easy to see that Theorems 4.3 and 4.4 recover Theorems

2.1 and 2.3 of [17], Theorems 3.1 and 3.2 of [13], Theorems 2.9 and 2.10 of [44], Theorems 7 and

8 of [15], Theorems 3.1 and 3.2 of [5], Theorems 3.1 and 3.2 of [37], Theorems 5 and 6 of [39],

Theorems 3.1 and 3.2 of [38] and Theorems 3.1 and 3.2 of [33].
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5 Other inequalities related to the Minkowski type inequality

In this section, we state other inequalities related to the Minkowski type inequality, using general-

ized ψ-fractional integral.

Theorem 5.1. Let β, η, ρ, γ, k ∈ R, α > 0, p ≥ 1 and ψ as defined in Definition 2.1. For f, g two

positive functions in Xp
ψ(a, b), if 0 < m ≤ f(s) ≤M and 0 < n ≤ g(s) ≤ N for all s ∈ [a, b], then

(
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 1
p

+
(
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 1
p ≤ c̃

(
Iα,β;ψa+;η,k,γ,ρ(g + f)p(x)

) 1
p

.

Here c̃ =
M

M + n
+

N

N +m
.

Proof. Since 0 < n ≤ g(s) ≤ N for all s ∈ [a, b], then

1

N
≤ 1

g(s)
≤ 1

n
, ∀s ∈ [a, b].

Thus,
m

N
≤ f(s)

g(s)
≤ M

n
. (5.1)

From (5.1), we deduce that

g(s)
(m
N

+ 1
)
≤ g(s) + f(s), (5.2)( n

M
+ 1
)
f(s) ≤ g(s) + f(s). (5.3)

Thus,

gp(s) ≤
(

N

m+N

)p
(g(s) + f(s))p, (5.4)

fp(s) ≤
(

M

n+M

)p
(g(s) + f(s))p. (5.5)

Multiplying both sides of (5.4) by
[ψ(x)]k exp(γψ(x))

Γ(α)ρβ
ψ′(s)[ψ(s)]η exp(−γψ(s))

[
ψ(x) − ψ(s)

]α−1

and integrating with respect to s, we obtain

[ψ(x)]k exp(γψ(x))

Γ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
gp(s)ds

≤ [ψ(x)]k exp(γψ(x))

Γ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
(

N

m+N

)p
(f + g)p(s)ds,
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which implies that

(
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 1
p ≤ N

m+N

(
Iα,β;ψa+;η,k,γ,ρ(g + f)p(x)

) 1
p

. (5.6)

From another part, using the same argument to equation (5.5), we derive that

(
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 1
p ≤ M

n+M

(
Iα,β;ψa+;η,k,γ,ρ(g + f)p(x)

) 1
p

. (5.7)

Adding (5.6) and (5.7), the result follows.

Theorem 5.2. Let β, ρ, k, η, γ,∈ R, α > 0, p ≥ 1 and ψ as defined in Definition 2.1. Let f, g two

positive functions in Xp
ψ(a, b). If 0 < m ≤ f(s)

g(s)
≤M,∀s ∈ [a, b] for m,M ∈ R∗

+, then

(
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 1
p

+
(
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 1
p ≤ 2

(
Iα,β;ψa+;η,k,γ,ρh

p(g(x) + f(x))
) 1
p

,

where h(g(x) + f(x)) = max

{(
M

m
+ 1

)
f(x)−Mg(x),

(M +m)g(x)− f(x)

m

}
.

Proof. Since 0 < m ≤ f(s)

g(s)
≤M, ∀s ∈ [a, b], then

0 < m ≤M − f(s)

g(s)
+m.

Thus

g(s) ≤ (M +m)g(s)− f(s)

m
,

which implies that

g(s) ≤ h(f(s), g(s)). (5.8)

From another part, since 0 <
1

M
≤ g(s)

f(s)
≤ 1

m
, then

1

M
≤ 1

M
+

1

m
− g(s)

f(s)
.

Thus,
1

M
≤
(

1
M + 1

m

)
f(s)− g(s)

f(s)
,

which implies that

f(s) ≤M

(
1

M
+

1

m

)
f(s)−Mg(s) ≤

(
M

m
+ 1

)
f(s)−Mg(s) ≤ h(f(s), g(s)). (5.9)
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From (5.8) and (5.9), we get

fp(s) ≤ hp(f(s), g(s)), (5.10)

gp(s) ≤ hp(f(s), g(s)). (5.11)

Multiplying both sides of (5.10) by
[ψ(x)]k exp(γψ(x))

Γ(α)ρβ
ψ′(s)[ψ(s)]η exp(−γψ(s))

[
ψ(x)− ψ(s)

]α−1

and integrating with respect to s, we derive that

[ψ(x)]k exp(γψ(x))

Γ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
fp(s)ds

≤ [ψ(x)]k exp(γψ(x))

Γ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
hp(f(s), g(s))ds.

Which implies that

(
Iα,β;ψa+;η,k,γ,ρf

p(x)
) 1
p ≤

(
Iα,β;ψa+;η,k,γ,ρh

p(g(x), f(x))
) 1
p

. (5.12)

Using the same argument to equation (5.11), we obtain

(
Iα,β;ψa+;η,k,γ,ρg

p(x)
) 1
p ≤

(
Iα,β;ψa+;η,k,γ,ρh

p(g(x), f(x))
) 1
p

(5.13)

and the result follows.

Theorem 5.3. Under the hypothesis of Theorem 5.2, we have

1

M

(
Iα,β;ψa+;η,k,γ,ρf(x)g(x)

)
≤ 1

(M + 1)(m+ 1)

(
Iα,β;ψa+;η,k,γ,ρ(f + g)2(x)

)
≤ 1

m

(
Iα,β;ψa+;η,k,γ,ρf(x)(g)(x)

)
.

Proof. Since 0 < m ≤ f(s)

g(s)
≤M for all s ∈ [a, b], then

g(s)(1 +m) ≤ f(s) + g(s) ≤ g(s)(1 +M). (5.14)

Additionally, using the fact that 0 <
1

M
≤ g(s)

f(s)
≤ 1

m
,∀s ∈ [a, b], we obtain

f(s)

(
1

M
+ 1

)
≤ f(s) + g(s) ≤ f(s)

(
1 +

1

m

)
. (5.15)

From (5.14) and (5.15), we deduce that

g(s)f(s)

M
≤
(
g(s) + f(s)

)2
(1 +m)(1 +M)

≤ f(s)g(s)

m
. (5.16)
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Multiplying both sides of equation (5.16) by
[ψ(x)]k exp(γψ(x))

Γ(α)ρβ
ψ′(s)[ψ(s)]η exp(−γψ(s))

[
ψ(x) −

ψ(s)
]α−1 and integrating with respect to s, we obtain

[ψ(x)]k exp(γψ(x))

MΓ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
f(s)g(s)ds

≤ [ψ(x)]k exp(γψ(x))

(m+ 1)(M + 1)Γ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
(f + g)2(s)ds

≤ [ψ(x)]k exp(γψ(x))

mΓ(α)ρβ

∫ x

a

ψ′(s)[ψ(s)]η exp(−γψ(s))
[
ψ(x)− ψ(s)

]α−1
f(s)g(s)ds.

Thus,

1

M

(
Iα,β;ψa+;η,k,γ,ρf(x)g(x)

)
≤ 1

(1 +m)(1 +M)

(
Iα,β;ψa+;η,k,γ,ρ(f + g)2(x)

)
≤ 1

m

(
Iα,β;ψa+;η,k,γ,ρf(x)g(x)

)
.

6 Conclusion

Minkowski type inequalities play a crucial role in various fields of science. In recent years, these

inequalities have been proved by numerous researchers using different fractional integrals. The

aim of this work was to prove a generalized Minkowski type inequality which recovers most of

the previous results. For this purpose, we defined a new generalized ψ fractional integral, which

generalizes most of the pre-existing fractional integrals. Then, we gave some essential properties of

this new operator and we presented some examples. As an application, we used this generalized ψ

fractional integral to prove a Minkowski type inequality and several related ones. These inequalities

recover a large number of a well known results. Many other interesting inequalities as Grüss-type,

Hermite-Hadamard type or Čebyšev type inequalities can be proved using the newly defined integral

operator. These questions will be discussed in a forthcoming paper.
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