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ABSTRACT

In this paper we introduce a new generalized fractional in-
tegral unifying most of previous existing fractional integrals.
Then, we prove some essential properties of this new opera-
tor under some classical assumptions. As application, we use
this novel fractional integral to establish a several inequali-
ties of Minkowski type. Our results recover a large number

of a well known inequalities in the literature.
RESUMEN

En este articulo introducimos una nueva integral frac-
cionaria generalizada, que unifica la mayoria de las inte-
grales fraccionarias existentes. Luego demostramos algunas
propiedades esenciales de este nuevo operador bajo algunas
suposiciones clasicas. Como aplicacién, usamos esta nueva
integral fraccionaria para establecer varias desigualdades de
tipo Minkowski. Nuestros resultados recuperan un amplio
nimero de desigualdades bien conocidas en la literatura.
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1 Introduction

Fractional calculus has been the subject of a lot of works during the last years. Fractional models
has been used to diverse problems in various domains of science, see [43]. In fact, it is mainly
used in modeling different phenomena, as mechanics [6], economy [45], human body modeling [14],
visco-elasticity [18,30], biology [28], circuits [31], material sciences [41], porous-medium equations
[36] and many other domains. In order to modeling such problems, different integral operators
or differential operators were defined. Nevertheless, some of fractional operators defined with a
special “kernel” are used only in some cases. In [27], the authors defined a fractional integral
according to another function v as a general integral. Choosing a particular function v, we obtain
a pre-existing non-integer integral. This allows us to select the most adapted integral for proving

the result under examination.

In [47], Sousa-Oliveira defined a new fractional-derivative according to another function; the “i-
Hilfer fractional derivative”. They proved many interesting properties and they presented also
a large number of integrals and derivatives as a special cases of the y-Hilfer derivative and the

integral according to another function.

In [25], Katugampola defined the following new fractional integral

(P18 ) =

1-B,k oz o p(l4n)—1
p x/ a f(w)du.

O(@) Ju (o —w)i=e
He proved that the above integral unifies six pre-existing fractional integrals.

With the numerous propositions of fractional derivatives and integrals, it was very important to
propose a new definition of fractional integral that unifies most of the pre-existing definitions. The
new generalized 1-fractional integral proposed in this paper, will be the first step in order to obtain
a single general model, which can be used to different problems and to prove different results only
for this general model, rather than proving similar results each time in each different model. In
the first part of this paper, our purpose is to define this new fractional integral. Then, we prove
some important properties to justify the originality of this new generalization. Among other, we

show that the new operator is well defined, bounded and satisfies the semigroup property.

As application of the numerous fractional integrals proposed in the last years, a large number of
works are interested to several important inequalities for different definitions of fractional integrals.
See for example [2,8,19,48,49] for the Ostrowski type inequalities, [7,10, 16, 20, 40] for the Griiss
type inequalities, [4,11,12,17,26,35] for the Hermite-Hadamard type inequalities, [21,23,34,42,46]
for the éebyéev type inequalities, [5,13,15,17,32,33,37-39,44] for the Minkowski type inequalities
and many others, (see [3,29]). Such types of inequalities are very important in different areas of

science, (see [32,38]).
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Motivated by the above large literature and as application of the new generalized 1-fractional
integral defined in the first part, our second aim in this work is to generalize the Minkowski type
inequalities using the new generalized - fractional integral. Our results recover the Minkowski type
inequalities proved in [5,13,15,17,33,37-39] and [44]. Then, we prove different other inequalities

related to the Minkowski’s inequalities.

The remainder of the paper is organized as follows. In the next section we present the definition
of the new generalized i-fractional integral and some examples. In section three we give some
principal properties of this new operators. In section four, we prove the main results related
to Minkowski inequality and in the last section, we prove other inequalities related to the new

fractional integral.

2 Definition and examples

Definition 2.1 ([24]). Let f € Li(a,b) and ¢ be a positive function such that its derivative is
continuous and satisfying ¢¥'(x) > 0,Vz € (a,b). For 1 < p < oo, we denote

X (a,b) :={f: (a,b) = R, Lebesque-measurable s.t. HfHXfZ < 00},

b
91 = [ e pesas

1Fllxe = esssup /() f(3)]
s€(a,b)

where

For p = o0,

When 1(s) = s, the space X} (a,b), (1 <p < 00), is identical to Ly(a,b).

Definition 2.2. For1 <p<oo, let f € Xf;}(a, b) and v as defined in the previous Definition 2.1.
Fora >0, 8,v,n,k,p, € R, we define the following new generalized v -fractional integral, (left side
and right side), by

fg*ﬁ;ﬁk,w,f(x):[w” = W / ()" (u) exp  — () (@) — @) F(wdu  (2.1)

e ”"I?(Xp)< 1iz) / ()] () exp (v (@) () — 6(@)* " fwdu  (22)

Remark 2.3. Most of the pre-ezisting fractional integrals are a particular cases of integrals (2.1)
and (2.2). For example, if () =2z, « >0,7y=0, k=0,n=0, p>0, 8 =0, then we obtain
the integral of Riemann Liouville (left sided). For a = —oo, we obtain the integral of Liouville
EI¢f(z). If a = 0 then (2.1) is the analogue of the integral of Riemann %I f(z). For a general

case of function 1, (2.1) is reduced to the integral of Riemann Liouville according to a function 1,
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L0 = i / " () (@) — ()™ f(s)ds,

IfY(x) =Inz, a >0,vy=0,k=0,n=0, p>0, 8 =0 then (2.1) is reduced to the integral of
Hadamard ng+f(x) and for v € R and a = 0, we get the integral of Hadamard type (called also

Butzer et al. integral),

@ = [ ()T ()T W

IfY(x) =2, a >0,7y=0,k=—-a—n, p>0, =0, then we get the fractional-integral of
“Erdélyi-Kober”,

- prp(a%»n) T . a—1
PRI o f (@) = Tl F(s)sPIFM=L (P — 5P s

” Ela

a-‘r;n,pf(‘r) and fOT P = 1; a = O, we get the

For a =0, we get the fractional-integral of “Erdélyi

ractional-integral of “Kober”, K12, . z).
atim,p

If(z) =2, a >0,peR, v=0, 8 =a,n=k=0, then (2.1) is reduced to “Katugampola”
integral, and for n € R, B € R, k = s/p, we get the “generalized Katugampola” fractional integral

xS

a,B _ C o(l4m)—1 a—1
pIa_,’_;n,sf(CC) = W/{; Up( +77) (.’L’p — Up) f(u)du
IfY(x) =z, v = %1, a>0,k=n=0,pe(0,1], 8 = «, we obtain the fractional (left sided)
generalized proportional integral Ig, . f(x) (Jarad-Abdeljawad-Alzabut integral) and for a general

case of 1, we obtain the fractional (left sided) proportional integral in the general form according

to a function 1,

2, 0) = s [ wwen |22 (06) - 0() | (000) = ()" ()

ZPtT

If ¢(x) = 1 =0,a>0,k=n=8=0,p¢ (0,1], and r € R, we obtain the generalized
f@). Ifp(z) =lnz, y=£=2L a>0 k=n=

conformable fractional (left sided) integrals, "K&

a+;p p
0, p € (0,1], B = «, we obtain the generalized proportional integral of “Hadamard” (left sided),
I, ).

In the following, we plot some examples of the new 1)-fractional integral of the function f(z) from
Theorem 3.2, in the case p = 0.5, 8 = 1, k = 1 for a different example of 1 and different values of ~.

The first two figures plot the expression of I{‘j_f ;;pk oo f(x) against the variables  and «. The third

and fourth figures plot the expression of Ifffk o

fractional integral of the above mentioned function f(z) = [¢(2)] ™" exp (yi)(z)) (¢(z) — w(a)))\_l

f(z) against the variables  and A. Since the

is the solution of many well known fractional differential equations (see [43]), each figure is the
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solution of a specific differential equation. This fact will be the subject of a forthcoming work.

P(z) == U(w) = 2? P(x) = Vo P(z) = log(z)

Figure 1: t-fractional integral Igfnl/’kwpf(x) where f(z) = [¢(z)] " exp (yi(z)) (¢ (z) —w(a)))\_l
withy=1,A=2,1<z<10and 0.1 <a<0.9.

Y(z) =V P(x) = log(z)

Figure 2: 1-fractional integral Igfnwk,ypf(m) where f(z) = [¢(z)] " exp (yi(z)) (¢ (z) —w(a)))\_l
withy=-1,A=2,01<a<09and 1 <z <10.

Figure 3: 1)-fractional integral Igf_;?wk ,f(x) where f(x)

)
.
withy=1,a=0.5,1 <z <2and 0.5 <X <10.
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P(x) =2 U(x) = 2 P(x) = Ve P(z) = log(x)

Figure 4: t)-fractional integral I;)‘fnw L pf (@) where f(z) = [1(z)] 7" exp (vo(2)) (¥ (x) —(a))
with vy = -1, a=0.5,1 <z <2and 0.5 < X < 10.

A—1

=

3 Main properties of the new generalized 1/-fractional inte-
gral

We present in this section some essential properties of the new generalized i-fractional integral.

First, we give some elementary properties having obvious proofs.

Theorem 3.1. Let o > 0, 8,7, k,n,p,€ R and ¥ as defined in Definition 2.1. For 1 < p < oo
and f € XZ(a, b), we have the following properties:

* Is-;-ﬁ;#kmpqu(m))\f(x) - Igf;?ﬁ/Mkmpf(x)’
o I XPOD(@)) f(2) = exp(Mb(@)) 1550 1 on o (),
o I @ (@) = I (@),

o I exp(Mp(@)) fx) = exp(b(x)) 0% L F(a).

Theorem 3.2. Let a« >0, B,7,k,n,p, € R and ¥ as defined in Definition 2.1. We have

—~1 k X a—1
o L O e (o) (vt~ via) = TOLOEED QRN (4 )7
o I O exp (—0(0) (v0) —v(0) = T W;)(]: fz)(p; 1(t) (v —v)

Next we prove that for a positive increasing function ¢ on (a,b), the new ¢-fractional operator

Ig_fnwkv , is well-defined and bounded on the space X} (a,b).

Theorem 3.3. Lety >0, a >0, B,k,n,p € R and ¢ as defined in Definition 2.1. For 1 < p < oo
and f € X} (a,b), we have

Ifﬁﬁm,,fHXi < K|\ fllx,

where

fM a+n+k v
K = SR i) /w I
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Proof. Let 1 < p < co. Using (2.1) and Definition 2.1, we have

A o ey RO e)

< (@) — ()" F(w)d| ¥ (e )dw)

= r(;)pﬁ( [ @ exp (2(0() — w0 () (60) — 000)  F a4 ”‘”)5
< e"{i((g;ffﬂb)) ([] [ worsepwre (4 1) s vw)”

exp (’yw(b)) b "Z’_l(i:;) ktntay, l—n—a a-1
o = e (L e s @) o)

<o (o (56)

o, B3
IaJr;n,k,%Pf

P

w’(;c)dm> "

Using the generalized Minkowski-inequality ([1]), we obtain

a,B;y
Itl+”7k’Yﬁf

eXp(’}/’l/J b))/ 1(1%((2;) "

I'(a)p? 1(1) 1
(o () ) e

()
. ol1 A o)) r L
B(5) T (0(s) — 1) ()BT ( / ‘f(t)'w(t)dt) ds

P
Xy

w1 Y(S)

« ( ’
—1( 3 (b)
L &P (vb(b)) /1" (w(a))(

I'(a)p? $=1(1)

< K[y

where

<

NCo)

e (LTI
I(a)p p-1(1)

Thus, the result is proved for 1 < p < co. For p = 0o, we have

Iaﬁiﬂ f

a+;n,k,7v,p

_ =esssup ()Igffkwpf(t)‘
X5 te(a,b)
[Y()]* exp(r¥ (b)) [* !
< POLEPORO) [Mwere
exp (W(b)) k4+n+a v
< A werr

¥=1(1)

Theorem 3.3 is thereby proved.

In the next result, we prove that the new generalized v-fractional integral satisfies the property of
semigroup.
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Theorem 3.4. Let o > 0, 8,k,n,p,v € R and ¥ as defined in Definition 2.1. For 1 <p < oo and
fe Xf;(a,b), we have:

ay,fP1; ag,B2; ay+az,B1+p2;7
T k1vplaj o pd (£) = Toia o f (),
a1,B1;9 az,f2;¢ _ jaitaz,fi1+B2;59
Ib M1, —1M2,7,P Ib in2,k2,7, pf(x) - Ib—;nl,k2mp f(x)

Proof. Using Definition 2.1, we have

-1

ks ex r o1
oy qentet g - @I op((n) / O] exp(—1(1) ((x) — (2))

L'(a1)p™
ko x .
< 0 )}F oz r;;zb / W (5)[()]™ exp(—y(s)) [ (t) — (s)] ™" f(s)ds dt
[w( kl X ,(/) 2 1 2
" T(a eaf:ﬂlwz / Y'(s )™ exp(— / W[t )tk

x(wm—wmflwww—wﬁfzwuw

t —
For k; = —m; and supposing that u := () — ¥(s) we derive that

(@) = (s)’
[ @y (et - vw) ! (w0 - ()™
= (w(l') _ w(s))aﬁ-az—l/ (1 _ u)al_lua2_1du

0

T () — () T

Thus,
a,fB1; az,B2;
Ia-ﬁl- ni k1,70 Iai nz —01,7, pf(x)

kl * a+oag—
- [116 (a1 +Z;p’§f+ﬁ2 / V(s )] exp(—y3(s)) (d(x) — 1(s)) " 1f(s)ds

+asz,B1+82;
= Igphas it Y r ().

The first identity in Theorem 3.4 is thereby proved. The second one follows using the same

arguments. O

Theorem 3.5. Let a > 0, B, k,n,p,v € R and ¢ as defined in Definition 2.1. For 1 < p < oo, we

have

/a b F(u) [Igf;;fkwg] () (u)du = / ' g(u )[15 %Wf} () ().

a
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Proof. We have

b u keX u
[ (15 ) i = [ gL )

b M exp(— b o
= [ oty OEERED) yt) [ ) exp (o) (wta) — 000)* )t

/ W (u Ig“ b f) (u)du. O

Theorem 3.6. Let a >0, 8,k,n,p,v € R and ¢ as defined in Definition 2.1. For f € X7°(a,b)
and x,y € (a,b), we have

2| ) exp(—yp@) fw)| .
SR ) exp(() [b) — v@)]

v, B3 v, B3
Ia+nkvpf Ia+nkvp H* a+1)pﬁ

Proof. We have

25 10 = 12 0 = | ZRED [ ot ) exp (= o). i) = wa0] ™
w [ wtore @ e (= 1) (60) - vw)" fuda
H 2 [ H @@ @ e (< 5ww)
()bl (v (sc)—ww)“*—exp(vww)))wy)]’“[w(y)—wwﬂ‘“)dt
S [ e (- 7o) (wl) - w(0) " fu)du
< e SIS [ 40 (oo el ) 60 — 0)
e )1kexp< G () - ¢<u>)“‘1)du
PG )]neXp ”XOC/ ¢ (u Eexp(ve () ($(y) — ¥(w)" " du
< it ”"e’;‘zi dulic )”Xff ([w@c)} *exp(a () (4(a) ~ v(a)

— (NI ([H0) - @] - [46) - vo)] )

()] exp(=725(w) S ()] .
+ REERA: [0 w))* exp(re(v) () — (@)

2| [ (uw)]" exp(—vyy(u w) || x oo a
< ) Ff(iff);ﬁ))f NSyt explrvto o) - w(@)] . ©
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Theorem 3.7. Letn—1 < a <n, 8,1n,k,p,v € R and ¢ as defined in Definition 2.1. For (fn)n>1

a sequence uniformly convergent in X;O(a, b), we have

a, Bt : BT a,Bi
Ia+;77,k,'y,p 7}1_{20 fn(‘T) - nh—>n<;o IaJr;n,k,'y,pfn(x)'

Proof. Let f(x) = li_>m fn(x). We have

a+in,k,y,p a+in,k,y,p

- ([B@)]" exp (1(4()))
B I(e)p?

< | ep(=r @I (0 — Fw)|

L&) = L 1 (@)

/I[w(U)]”w’(U) exp (= (¥(w)) (Y(@) = (w)* | fulw) = F(w)]du

([¢($)]kexp(v(¢(x)))(
X I'(a+1)pP

W(z) —(a)”.

Since the sequence (fy)n>1 is uniformly convergence, the result follows. O

Theorem 3.8. Let [ be a uniformly continuous function on [0,b]. For 8,n,k,p,v € R and ¢ as
defined in Definition 2.1, if there exists a € (0, 1] satisfying

Jim 120 5@ =0,

then
lim |f(z)| = 0.

T—>00

Proof. Arguing by contradiction, we assume that there exists an unbounded sequence (z;);en and
€ > 0 such that
|f(zi)| >, Vaz; €[0,0].

Using the fact that f is uniformly continuous, we deduce that for each x;, 3 > 0 such that

|f(@:) — f(2)] < =, Vo€ lz—px+ 4

| ™

Thus, for all € [z; — u, x; + p] we have:

@) = |If @) = 1f (@) = f@)l| = (3.1)

| ™

From another part, we have

2:)]F ex T w1 a
12835 w0 = LA OLREIN (s exp (= 60) om0 = )"~ (0

[ s @ exn (= () (61) = 6() " )

i—1
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[ pr e (< 1) (@) - vw)" 1fwld).

If we suppose that [1)(u)]"y (u) exp (— v(¥(w))) (¢(z;) — w(u))afl >1, Vt € [x; — 1,24, then

z;)]¥ ex X ziml
2850l )| > LB OLD (] e (<10@) 62

< (Wl — o) fldut [ |fu [

i—1 i—H

Zq

| f(u>ydu> .

Using (3.1) and (3.2) and denoting ¢ = ([(0)]" exp(¥(1(0)))), we obtain

a, B , ce
a+;n,kmp‘f(x’)| = 2T () pP’
which contradicts the hypothesis of the Theorem. O

4 On a Minkowski type inequality

First, we recall the celebrated Minkowski inequality as follows, (see [1,22]).

Theorem 4.1. Ifp > 1 and f,g two positives functions in LP([a,b]), then

(/ £(8) + gt |Pdt> (/ 10 Pdt)l/p+</ab|g(t>|'“dt)w.

As a reverse of Minkowski’s inequality, Bougoffa [9] proved the following result.

Theorem 4.2. Ifp > 1, f and g two positives functions satisfying 0 < m < ﬁg < M, Vt € [a,b],
then
b 1/p b 1/p b 1/p
( / f(t)l”dt> ¥ ( / |g<t>|Pdt> < ( [ 15 +g<t>|Pdt> ,
where ¢ = +

M+1 m+1

The above result was generalized by Dahmani [17] using Riemann-Liouville fractional integral, by
Chinchane-Pachpatte [13] and Taf-Brahim [44] using the Hadamard fractional integral, by Sousa-
Oliveira [15] using Katugampola generalized fractional integral, by Aljaaidi-Pachpatte [5] using
the ¢ Riemann Liouville integral, by Rahman et al. [37] using generalized proportional fractional
integral, by Rachid-Jarad-Chu [39] using generalized proportional integral according to another
function, by Rachid et al. [38] using generalized conformable integral, by Nale-Panchal-Chinchane

[33] using generalized proportional Hadamard fractional integral.
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In the following, we prove the reverse of the Minkowski inequality using the new generalized -

Hilfer integral, recovering the results of the above cited papers.

Theorem 4.3. Let B, k,n,p,vy € R,a >0, p>1 and ¢ as defined in Definition 2.1. Let also f, g
t
be two positive functions in XfZ(a,b). Ifo<m< fEt)) < M, Vt € [a,b] for m and M two strictly
g

positive constants, then:

=
o=

(1005657 + (1057 ®)" < (12050, + )

o M
w erec—m+M+1.
Proof. Since @ < M, Vs € [a,b], then
9(s)
f(s)+ Mf(s) < M(g(s) + f(s)), Vsel[a,b],
thus

(M + 1) fP(s) < MP(f(s) +g(s))", Vs € [a,b].

[¥(2)]" exp(y¥)(x))

I'(a)p?
grating with respect to s, we obtain

' (s)[1(s)]" exp(—y1p(s)) [w(a:) - w(s)]a ' and inte-

Multiplying both sides by

(o + 1 2L o W / () [(6)]" exp(—yab(s)) [le) — (s)] " £ (s)ds

gMpW” o / V()] exp(—() [p@) — 9()]" (] + 9 (s)ds.

Which implies that

I P M g »
(s o7 @) < 5y (I o + D7 (@) (4.1)
From another part, since 0 < m < chéj)), for all s € [a, ], then
f(s)
< v b
g(s) < o s € [a, b
Thus
1
g(s) (1 + ) < T L 96) e ),
m m m

and consequently
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[¥(2)]* exp(y¢(x))

Multiplying both sides by V' (s)[1h(s)]" exp(—y1(s)) [1h(z) — @b(s)]ail and inte-

(a)p”
grating with respect to s, we derive that
P X a—
(1+4) el enute / YN exp(—w(s) [p@) — v()] " g7 (5)ds
< (5) el oo ’W D[ e espt—utsn o) - v)]" o) + 1(6)] ds
Thus, ) )
(1200 @) < — (1 o+ 1P(@) (12)
Using (4.1) and (4.2), the result follows. O

Theorem 4.4. Let B,p,v,k,n€R, a >0, p>1 and Y as defined in Definition 2.1. Let also f, g

f(%) < M, Vt € [a,b] form >0,M >0, then:
g

be two positive functions in Xi(a, b). If 0 <m <

=
=

a B % a,; % ~ a Oc B
L PP @) 4 [T o @] 2 e [ )] [ o @)
(M+1)(m+1)

- 2.
M

where ¢ =

Proof. From (4.1) and (4.2), we have:

(M+1)(m+1) (o b 5 (s g
M ( a+ﬁ7l¢k77 pfp( )> ( a+ﬁnwk v.09 Pz )) ’ < (Iafn!f}kmp(g + f)p(x)> . (4.3)
Using Minkowski’s inequality, we obtain
1 1 1
(1 gl + D2 @) < (105 @)+ (185597 (@) (4.4)

Using (4.3) and (4.4), we deduce that

s
s =

W (I‘?‘f”wk T pfp( )) ( ‘?+Bnd)k .09 "= ))% ((I‘?‘fﬁw’c Vs pfp(z)) + <I:Ll+ﬁnwk 7.9 P (@ )> %) 2-

Thus,

o
SIS

M+1)(m+1 a.f: 7 (ra P (B a,Bi
($_2) ([aﬁnifkmpfp(x)) (Ia+ﬂnwk7ﬂq (x )) =< (Iaﬁni{k«,%pfp(x)) + (]afndkqu (z )) .
Remark 4.5. Using Remark 2.3, it is easy to see that Theorems 4.3 and 4.4 recover Theorems
2.1 and 2.3 of [17], Theorems 3.1 and 3.2 of [13], Theorems 2.9 and 2.10 of [44], Theorems 7 and
8 of [15], Theorems 3.1 and 3.2 of [5], Theorems 3.1 and 3.2 of [37], Theorems 5 and 6 of [39],

Theorems 3.1 and 3.2 of [38] and Theorems 3.1 and 8.2 of [35].
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5 Other inequalities related to the Minkowski type inequality
In this section, we state other inequalities related to the Minkowski type inequality, using general-
ized 1-fractional integral.

Theorem 5.1. Let B,n,p,7,k €R, a >0, p>1 and ¥ as defined in Definition 2.1. For f,g two
positive functions in Xﬁ(a,b), if0<m< f(s) <M and 0 <n < g(s) <N forall s €a,b], then

=
=

(I:Jrﬁnlbkvpfp( )) (Igfnwkvpg (z ))% s¢ (Igfnwk“/p(g—’—f) ( )) ’
M N

Here ¢ = :
TS M tn Nim

Proof. Since 0 < n < g(s) < N for all s € [a,b], then

%gﬁg%, Vs € [a, b]
Thus, ()
m _ f(s M
7S Fo) < (5.1)
From (5.1), we deduce that
9(s) (5 +1) < g() + 1) (5:2)
(37 +1) /() < gls) + £(5): (5.3)
Thus,
70 < () 06+ 1) (5.4
P < (35) @6+ 1P, 65:)
T kex T a—1
Multiplying both sides of (5.4) by [ )]r (af/fg¢( ))¢’(s)[¢(s)]"exp(f’yd)(s)) [(x) — (s)]
and integrating with respect to s, we obtain
L eXp P / W ()b(s)]" exp(—16(5)) [(2) — ()] g7 (s)ds
< ol owtils / VOO () [b) )" (3 ) (P
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which implies that

=

w i N ”
(2 0" @) " < 2 (I e + 177 (@) " (5.6)

From another part, using the same argument to equation (5.5), we derive that

D=

1
o, P M o,
(Fhin o @) " < == (1 (g + 1P @) (5.7)

Adding (5.6) and (5.7), the result follows. O

Theorem 5.2. Let B,p,k,n,v,€ R, a >0, p>1 and ¥ as defined in Definition 2.1. Let f, g two
positive functions in Xf;(a,b). Ifo<m< @ < M,Vs € [a,b] for m,M € R, then

q(s)

S
=
s =

(1207 @)) 4 (18507 @)) < 2 (1200 2 0() + £2)

where h(g(x) + f(x)) = max { (J‘nf 4 1) (@) = Mg(x), MFm9@) = flw) }

m

Proof. Since 0 < m < @ < M, Vs € [a,b], then
9(s)
O0<m< M- @ +m
g(s)
Thus
ols) < L mole) = (0)
which implies that
g9(s) < h(f(s),9(s)). (5.8)
From another part, since 0 < % < gizg < %, then
1 1 1 g(s)
MM T sy
Thus,
1 (it A) A - oo
M f(s ’

which implies that

1) <0 (7 + ) 106 - bgto) < (B 1) 1) Mo(o) <G g(s). (59
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From (5.8) and (5.9), we get

£7(5) < W (S(5)g(6)), (5.10)
7(5) < W(7(5).9(5)). .11
Muliplying both sides of (5.10) by (PO )11 (s o) — )™

and integrating with respect to s, we derive that

el it /¢ Y oxp(—19(5)) [92) — 0()]" " 77(5)ds

< [ B / 9 ) [ 5)]" exp(—16 () [ () — 03] P (F(5), (5))ds.
Which implies that
(105 7)) < (12055, W0 (al@). £@)) (5.12)
Using the same argument to equation (5.11), we obtain
(150" @)) " < (1850 P a(@), ()7 (5.13)

and the result follows. ]

Theorem 5.3. Under the hypothesis of Theorem 5.2, we have
o,Bit < 1 o, Bt 20 < L (o8
(Ia+ in.k,Ys pf(x)g(x)) = m (Ia-l-;'r/,k,%p(f +9) (I)) = m (Ia—&-;’rz,k,%pf(x)(g)(x))‘

Proof. Since 0 < m < ——= < M for all s € [a, b], then

g(s)(1+m) < f(s) +9g(s) < g(s)(1L + M). (5.14)

1
Additionally, using the fact that 0 < i < @ <

(s)

9 (g +1) <060 +a) <560 (14 1), (5.15)

From (5.14) and (5.15), we deduce that

1
—, Vs € [a,b], we obtain
m’

9(3)f(5) _ (9(9)+£()* _ f(s)g(s)
M —Q+mQA+M) - m

(5.16)
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[¥(2)]* exp(y(2))
()
w(s)]a_l and integrating with respect to s, we obtain

Multiplying both sides of equation (5.16) by V' (s)[1(s)]" exp(—y(s)) [ (z) —

[ exp(—3(s)) [(x) — 9(s)] """ f(5)g(s)ds

[ (x )] eXp w / (s

—(m[ﬁ(l))]@jxif’ s / V)] exp(—7(s)) [0(e) — 9()] " (] + 9)2(5)ds
< WL ePOUE) [ oo explsp [t — ()]~ Fs)a(s)ds.

Thus,

37 (T @)0(@)) < sy (T U+ 0°@) < (1, S @), O

6 Conclusion

Minkowski type inequalities play a crucial role in various fields of science. In recent years, these
inequalities have been proved by numerous researchers using different fractional integrals. The
aim of this work was to prove a generalized Minkowski type inequality which recovers most of
the previous results. For this purpose, we defined a new generalized 1 fractional integral, which
generalizes most of the pre-existing fractional integrals. Then, we gave some essential properties of
this new operator and we presented some examples. As an application, we used this generalized
fractional integral to prove a Minkowski type inequality and several related ones. These inequalities
recover a large number of a well known results. Many other interesting inequalities as Griiss-type,
Hermite-Hadamard type or éebyéev type inequalities can be proved using the newly defined integral

operator. These questions will be discussed in a forthcoming paper.
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