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ABSTRACT

For the nth remainder Rn(p) :=
∑∞

k=n+1(−1)k+1k−p of an
alternating p-series, several asymptotic estimates are pre-
sented. For example, for any integer n ≥ 3, and p ∈ R+, we
have

Rn(p) =
(−1)n

2
(
2⌊n+1

2
⌋
)p − p

4
(
2⌊n+1

2
⌋
)p+1 + ε∗n(p)

and
|ε∗n(p)| <

p(p+ 1)

5 (n− 2)p+2
,

where ⌊x⌋ denotes the integer part (the floor) of x.

RESUMEN

Para el residuo n-ésimo Rn(p) :=
∑∞

k=n+1(−1)k+1k−p de
una p-serie alternante, se presentan diversas estimaciones
asintóticas. Por ejemplo, para cualquier entero n ≥ 3 y
p ∈ R+, tenemos

Rn(p) =
(−1)n

2
(
2⌊n+1

2
⌋
)p − p

4
(
2⌊n+1

2
⌋
)p+1 + ε∗n(p)

y

|ε∗n(p)| <
p(p+ 1)

5 (n− 2)p+2
,

donde ⌊x⌋ denota la parte entera (el piso) de x.
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1 Introduction

In [5] it was shown that the best constants a and b such that inequalities

1

2n+ a
≤

∣∣∣∣∣
∞∑

k=n+1

(−1)k−1 1

k

∣∣∣∣∣ < 1

2n+ b
(1.1)

hold for every n ≥ 1 are a = 1
1−ln 2 − 2 ≈ 1.25 8891 and b = 1.

In the paper [1] it was proved for the nth remainder Rn(p),

Rn(p) :=

∞∑
k=n+1

(−1)k+1

kp
, (1.2)

for alternating p-series (for Dirichlet eta function η(p), i.e. for the Riemann alternating zeta

function),

η(p) :=

∞∑
k=1

(−1)k+1

kp
, (1.3)

the relations

a(n, p) :=
1

2(n+ 1)p − ρ(p)
≤ |Rn(p)| ≤

1

2np + σ(p)
=: b(n, p), (1.4)

true for integers n ≥ 1 and p ≥ 2 and with (the best) constants

ρ(p) := 2p+1 − 1

1− (1− 21−p)ζ(p)
and σ(p) :=

1

1− (1− 21−p)ζ(p)
− 2. (1.5)

Accuracy or sharpness of the double inequality A(x) ≤ F (x) ≤ B(x) at the point x we define

as the difference B(x) − A(x), i.e. as the width of the interval [A(x), B(x)]. For example the

double inequality (1.1) has the sharpness equal to a−b
(2n+a)(2n+b) , i.e. O( 1

n2 ), using the Landau big

O notation. Similarly, the double inequality (1.4) has the sharpness O( 1
np+1 ).

Motivated by [3, 4] and [5], and especially by [1], where the validity of (1.4) is based on the

supposition that p is a positive integer different from 1, we shall provide some estimates of the

remainder Rn(p), which are close to the relation (1.4) and are valid for any p ∈ R+.

2 Background

We shall use the results from the paper [2], where appear special sums1

σ∗
q (x, p) :=

⌊q/2⌋∑
i=1

(
4i − 1

) B2i · p(2i−1)

xp+2i−1 · (2i)!
(q ∈ N, p, x ∈ R), (2.1)

1By definition,
∑n

i=m xi = 0 if m > n.
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where Bk denotes the kth Bernoulli coefficient (or Bernoulli number)2, defined by the identity
t

et−1 ≡
∑∞

k=0 Bk
tk

k! (|t| < 2π), where the symbol x(k) designates the upper (rising) Pochhammer

product defined as

x(0) := 1, x(k) :=

k−1∏
i=0

(x+ i) = x(x+ 1) · · · (x+ k − 1) (x ∈ R, k ∈ N), (2.2)

and where the symbol ⌊x⌋ denotes the integer part (the floor) of any x ∈ R+.

We will use the following lemma.

Lemma 2.1 ([2, Theorem 1]). For p ∈ R+ and every k, n, q ∈ N, with n ≥ 2k + 1 ≥ 3, the nth

remainder Rn(p) := η(p)−
∑n

j=1(−1)j+1 1
jp is given in the form

Rn(p) = ∆q(n, p) + δq(k, p),

with

∆q(n, p) =
(−1)n

2
(
2⌊n+1

2 ⌋
)p − σ∗

q

(
2⌊n+1

2 ⌋, p
)
,

and

|δq(k, p)| <
5p(q−1)

3πq−1
· 1

(2k)p+q−1
.

3 Asymptotic estimates of the remainder Rn(p)

Now, for any integer n ≥ 3, the floor (the integer part) ν :=
⌊
n−1
2

⌋
is a positive integer estimated

as n−1
2 − 1 < ν ≤ n−1

2 . Consequently n− 3 < 2ν ≤ n− 1, that is

n− 2 ≤ 2ν ≤ n− 1. (3.1)

Therefore, using k = ν in Lemma 2.1, together with the new naming εn(p, q) := δq(ν, p), we obtain

the next result.

Proposition 3.1. For integers n ≥ 3 and q ≥ 1, and for p ∈ R+, we have

Rn(p) =
(−1)n

2
(
2⌊n+1

2 ⌋
)p −

⌊q/2⌋∑
i=1

(
4i − 1

) B2i · p(2i−1)(
2
⌊
n+1
2

⌋)p+2i−1 · (2i)!
+ εn(p, q),

2B1 = − 1
2
, B2 = 1

6
, B3 = B5 = B7 = · · · = 0, B4 = B8 = − 1

30
, B6 = 1

42
, . . .
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where

|εn(p, q)| <
5p(q−1)

3πq−1
· 1(

2⌊n−1
2 ⌋

)p+q−1 ≤ 5p(q−1)

3πq−1
· 1

(n− 2)p+q−1
.

Here q is a parameter controlling the magnitude of the error term εn(p, q).

Using q = 1 in Proposition 3.1, we obtain the first corollary.

Corollary 3.2. For an integer n ≥ 3 and p ∈ R+ there hold the following estimates:

(−1)n

2
(
2⌊n+1

2 ⌋
)p − 5

3
(
n− 2

)p < Rn(p) <
(−1)n

2
(
2⌊n+1

2 ⌋
)p +

5

3
(
n− 2

)p
and

|Rn(p)| <
1

2
(
n− 1

)p +
5

3
(
n− 2

)p .

Putting q = 3 in Proposition 3.1, we get the following corollary.

Corollary 3.3. For p ∈ R+ and every integer n ≥ 3, the formulas

Rn(p) =
(−1)n

2
(
2⌊n+1

2 ⌋
)p − p

4
(
2⌊n+1

2 ⌋
)p+1 + εn(p, 3),

hold true, where

|εn(p, 3)| <
5

3π2
· p(p+ 1)(

2⌊n−1
2 ⌋

)p+2 <
p(p+ 1)

5 (n− 2)p+2

and ∣∣∣∣∣∣∣∣Rn(p)
∣∣∣− ∣∣∣∣ (−1)n

2
(
2⌊n+1

2 ⌋
)p − p

4
(
2⌊n+1

2 ⌋
)p+1

∣∣∣∣
∣∣∣∣∣ < p(p+ 1)

5 (n− 2)p+2
.

Setting q = 5 in Proposition 3.1, we provide the following result.

Corollary 3.4. For every integer n ≥ 3 and p ∈ R+, there holds the equality

Rn(p) =
(−1)n

2
(
2⌊n+1

2 ⌋
)p − p

4
(
2⌊n+1

2 ⌋
)p+1 +

p(p+ 1)(p+ 2)

48
(
2⌊n+1

2 ⌋
)p+3 + εn(p, 5)

with the estimate

|εn(p, 5)| <
5

3π4
· p(p+ 1)(p+ 2)(p+ 3)(

2⌊n−1
2 ⌋

)p+4 <
p(p+ 1)(p+ 2)(p+ 3)

58 (n− 2)p+4
.
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4 Approximations of
∣∣Rn(p)

∣∣
Using the Landau big O notation, the relation (1.4) means that

∣∣Rn(p)
∣∣ = O

(
1

np

)
as n → ∞, for

integers p ≥ 2. However, the next Proposition 4.1 improves this result.

Proposition 4.1. For integers n ≥ 3 and q ≥ 1, for any p ∈ R+, and for Sn(p, q) :=
(−1)n

2
(
2⌊n+1

2 ⌋
)p−

⌊q/2⌋∑
i=1

(
4i − 1

) B2i · p(2i−1)(
2
⌊
n+1
2

⌋)p+2i−1 · (2i)!
, we have

∣∣Rn(p)
∣∣ = O

(
1

np+q−1

)
as n → ∞; more precisely3

∣∣Sn(p, q)
∣∣− 5p(q−1)

3πq−1(n− 2)p+q−1
≤

∣∣Rn(p)
∣∣ ≤ ∣∣Sn(p, q)

∣∣+ 5p(q−1)

3πq−1(n− 2)p+q−1
.

Proof. Thanks to Proposition 3.1, using the triangle inequalities, we have

∣∣Rn(p)
∣∣ = ∣∣∣∣∣Sn(p, q)

∣∣− (∣∣Sn(p, q)
∣∣− ∣∣Rn(p)

∣∣)∣∣∣ ≥ ∣∣Sn(p, q)
∣∣− ∣∣∣∣∣Sn(p, q)

∣∣− ∣∣Rn(p)
∣∣∣∣∣

≥
∣∣Sn(p, q)

∣∣− ∣∣Sn(p, q)−Rn(p)
∣∣ = ∣∣Sn(p, q)

∣∣− ∣∣εn(p, q)∣∣
and

∣∣Rn(p)
∣∣ = ∣∣∣∣∣Sn(p, q)

∣∣− (∣∣Sn(p, q)
∣∣− ∣∣Rn(p)

∣∣)∣∣∣ ≤ ∣∣Sn(p, q)
∣∣+ ∣∣∣∣∣Sn(p, q)

∣∣− ∣∣Rn(p)
∣∣∣∣∣

≤
∣∣Sn(p, q)

∣∣+ ∣∣Sn(p, q)−Rn(p)
∣∣ = ∣∣Sn(p, q)

∣∣+ ∣∣εn(p, q)∣∣.
Numerical experiment. Using the Mathematica computer system [6] and considering (1.4),

together with Proposition 3.1, we obtain for functions

A(n, p, q) :=

∣∣∣∣ (−1)n

2
(
2⌊n+1

2 ⌋
)p −

⌊q/2⌋∑
i=1

(4i − 1)B2i · p(2i−1)(
2
⌊
n+1
2

⌋)p+2i−1 · (2i)!

∣∣∣∣− 5p(q−1)

3πq−1np+q−1

and

B(n, p, q) :=

∣∣∣∣ (−1)n

2
(
2⌊n+1

2 ⌋
)p −

⌊q/2⌋∑
i=1

(4i − 1)B2i · p(2i−1)(
2
⌊
n+1
2

⌋)p+2i−1 · (2i)!

∣∣∣∣+ 5p(q−1)

3πq−1np+q−1

the following estimates:

A(n, 3, 3) > a(n, 3), for 6 ≤ n ≤ 100,

B(n, 3, 3) < b(n, 3), for 4 ≤ n ≤ 100,

B(n, 3, 3)−A(n, 3, 3) < b(n, 3)− a(n, 3), for 5 ≤ n ≤ 100.

3At q = 1, the given lower bound for
∣∣Rn(p)

∣∣ is negative.
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Similarly, we get

A(n, 3, 5) > a(n, 3), for 4 ≤ n ≤ 100,

B(n, 3, 5) < b(n, 3), for 3 ≤ n ≤ 100,

B(n, 3, 5)−A(n, 3, 5) < b(n, 3)− a(n, 3), for 3 ≤ n ≤ 100.

These inequalities are illustrated in Figures 1–3, where the graphs of the functions

n 7→ A(n, 3, q)/a(n, 3), n 7→ B(n, 3, q)/b(n, 3) and n 7→
(
B(n, 3, q)−A(n, 3, q)

)/(
b(n, 3)− a(n, 3)

)
,

having q ∈ {3, 5}, are plotted using the Mathematica software [6]. Thus, numerical examples

confirm that our estimates of |Rn(p)|, given in Proposition 4.1, are more accurate, for n ≥ 5 and

q ≥ 3, than that given in (1.4). This is consistent with the fact that the sharpness of the estimates

for |Rn(p)| given in Proposition 4.1, is equal to O
(

1
np+q−1

)
.
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Figure 1: The graphs of the sequences n 7→ A(n, 3, 3)/a(n, 3) (left) and n 7→ B(n, 3, 3)/b(n, 3),
(right).
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Figure 2: The graphs of the sequences n 7→ A(n, 3, 5)/a(n, 3) (left) and n 7→ B(n, 3, 5)/b(n, 3),
(right).
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Figure 3: The graphs of the sequences n 7→ B(n,3,3)−A(n,3,3)
b(n,3)−a(n,3) (left) and n 7→ B(n,3,5)−A(n,3,5)

b(n,3)−a(n,3) (right).

4.1 Conclusion

The paper easily provides several asymptotic estimates of a remainder of an alternating p-series

for all p ∈ R+. The presented relations supplement the double inequality for a remainder, given

in the paper [1], which works only for integers p ≥ 2. In addition, the derived estimates are very

useful even in the case of p ≈ 0.
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