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donde |z| denota la parte entera (el piso) de .
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1 Introduction

In [5] it was shown that the best constants a and b such that inequalities

o0

> <

k=n-+1

1
2n +b

1
<
2n+a

hold for every n > 1 are a = 177&2 —2~1.258891 and b = 1.

In the paper [1] it was proved for the nth remainder R, (p),
- 0 (_1)k+1
Rn(p) = Z BT (1.2)

k=n-+1

for alternating p-series (for Dirichlet eta function 7n(p), i.e. for the Riemann alternating zeta

function),
B et (71)k+1
n(p) == Z Tk (1.3)
k=1
the relations
1 1
=— < |R, < ——— =:b(n,p), 14
a(n, p) ST = o) = | Rn(p)| < 57 + o (p) (n,p) (1.4)
true for integers n > 1 and p > 2 and with (the best) constants
+1 1 1
p(p) :=2PT" — and o(p) : —2. (1.5)

1— (1—2-7)((p) T 1-(1-27)((p)

Accuracy or sharpness of the double inequality A(z) < F(x) < B(z) at the point x we define
as the difference B(z) — A(x), i.e. as the width of the interval [A(x), B(z)]. For example the

double inequality (1.1) has the sharpness equal to 3 i.e. O(-), using the Landau big

a—b
(2n+a)(2n+b n?
O notation. Similarly, the double inequality (1.4) has the sharpness O().
Motivated by [3,4] and [5], and especially by [1], where the validity of (1.4) is based on the
supposition that p is a positive integer different from 1, we shall provide some estimates of the

remainder R, (p), which are close to the relation (1.4) and are valid for any p € RT.

2 Background

We shall use the results from the paper [2|, where appear special sums!

la/2] By, - p2i—1)
o, (z,p) = Z (41_1)m (geN, p,x eR), (2.1)

=1

!By definition, 3°7"  x; = 0 if m > n.

i=m
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where B}, denotes the kth Bernoulli coefficient (or Bernoulli number)?, defined by the identity
= =30 Bk% (|t| < 2m), where the symbol z(*) designates the upper (rising) Pochhammer
product defined as
k—1
2@ =1, 2® =JJ@+i)=a@+1)--(z+k-1) (€R, keN), (2.2)
i=0

and where the symbol |z| denotes the integer part (the floor) of any z € R*.

We will use the following lemma.

Lemma 2.1 (|2, Theorem 1]). For p € R* and every k,n,q € N, with n > 2k +1 > 3, the nth

remainder R, (p) :=n(p) — Z?Zl(—l)jJrl%p is given in the form

Rn(p) = Aq(n,p) + 5q(kap)7

with

AQ(nap)_ 2(2LnT+1J)p q(2|_ 2 J?p)7

and

5pla—1) 1

|5q(k7p)| < a1 ’ (2]€)p+q_1 .

3 Asymptotic estimates of the remainder R,(p)

n—1
2

as ”7*1—1 <rv< "T’l Consequently n — 3 < 2v < n — 1, that is

Now, for any integer n > 3, the floor (the integer part) v := L J is a positive integer estimated

n—2<2v<n-1L1 (3.1)

Therefore, using k = v in Lemma 2.1, together with the new naming e, (p, ¢) := d4(v, p), we obtain

the next result.
Proposition 3.1. For integers n > 3 and ¢ > 1, and for p € R, we have
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where
5pla—1) 1 5pla—1) 1

Bma=l (g gL [)PFeT S Bl (n_gpra

len(p,q)| <

Here ¢ is a parameter controlling the magnitude of the error term e, (p, q).

Using ¢ = 1 in Proposition 3.1, we obtain the first corollary.

Corollary 3.2. For an integer n > 3 and p € R™ there hold the following estimates:

(1" 5 (-1)" 5
- <R, < +
P LT L TR (ATl
and
1 5
R, < =+ = .
|Ry(p)] Q(n—l)p 3(n_2)p
Putting ¢ = 3 in Proposition 3.1, we get the following corollary.
Corollary 3.3. For p € RT and every integer n > 3, the formulas
(=1~ p
R’n(p) = n - +5n(p73)7
20205 ))" a2zt
hold true, where
5  plp+1) pip+1)
|5n(p73)| <55
L) e
and
(=1)" P p(p+1)
Ra(p)| - - .
‘ (p) ‘Q(QLH—QHDP 4(2LnT+1J)p+l 5(n_2)p+2

Setting ¢ = 5 in Proposition 3.1, we provide the following result.

Corollary 3.4. For every integer n > 3 and p € R, there holds the equality

P plp+1)(p+2)
220251))" ALz as(2left))n

+ en(p,5)

with the estimate

5 plp+1)p+2)(p+3) p+1)(p+2)(p+3)
len(p,5)] < 34 (2LL_1J)p+4 < 58 (n — 2)p+4
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4 Approximations of ’Rn(p)|

1
Using the Landau big O notation, the relation (1.4) means that |Rn (p)’ =0 (p) as n — oo, for
n
integers p > 2. However, the next Proposition 4.1 improves this result.
1)
Proposition 4.1. For integersn > 3 and q > 1, for anyp € R™, and for S, (p,q) := 2(2(“_2”)1)
2
la/2] i
) By, - p2i—1) 1
Z (4Z — 1) 2 p]jr%il , we have |Rn(p)| =0 (-l——l) as n — 00; more precisely’
= BT e i

5pla—1)
3ma—1(n — 2)pte-1’

5pla—1)
3na—1(n —2)pta

S0 (p, q)| — < |Ra(p)] < |Su(p, @)| +

Proof. Thanks to Proposition 3.1, using the triangle inequalities, we have

[Ba(®)] = [|80(2: )| = ([a(p,0)] = [Ra(®)])| = [Su(p.0)] = [[Su(p.0)] = [Ra)]|

> ’Sn(pa q)| - ’Sn(pa q) - Rn(p)‘ = ‘Sn(pv Q)| - |5n(p7 Q)|

and

B ()] = |92 0.0)] = (|20, 0)] = [BalP)])| < S0P )] + [|Sup.0)] = | Ralp)|

< |5n(p, )| + |Sn(p, @) = Ru(p)| = |Sn(p, )| + |en(p, 9)]- O

Numerical experiment. Using the Mathematica computer system [6] and considering (1.4),

together with Proposition 3.1, we obtain for functions

/2l . )
. (*1)71 (4% _ 1)B2i .p(2z 1) 5p(q 1)
A(n,p,q) == ‘M o ; (2 LHT_HJ)er%fl - (20)! T 3pa—lppta—1

and

la/2]

(1"
B(n,p,q) == | == — 2i-1
) = oy~ ()" e

(4% — 1)By; - p%—1 5pla—D)
3ra—lprte-1

the following estimates:

A(n,3,3) > a(n,3), for6<n <100,
B(n,3,3) <b(n,3), ford<mn <100,
B(n,3,3) — A(n,3,3) <b(n,3) —a(n,3), for5<n<100.

3At g = 1, the given lower bound for | Ry (p)| is negative.
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Similarly, we get

A(n,3,5) > a(n,3), ford<n <100,
B(n,3,5) < b(n,3), for3<mn <100,
B(n,3,5) — A(n,3,5) < b(n,3) —a(n,3d), for3<mn <100.

These inequalities are illustrated in Figures 1-3, where the graphs of the functions
n— An,3,q)/a(n,3), n— B(n,3,q)/b(n,3) and n — (B(n, 3,q) — A(n, 3, q))/(b(n, 3) —a(n, 3)),
having q € {3,5}, are plotted using the Mathematica software [6]. Thus, numerical examples
confirm that our estimates of |R,(p)|, given in Proposition 4.1, are more accurate, for n > 5 and
q > 3, than that given in (1.4). This is consistent with the fact that the sharpness of the estimates
for |R,(p)| given in Proposition 4.1, is equal to O (#)

1.10 ¢ Lool
105 '\ 0.95 ¢ /
B(n, 3,9
1.00 = 090 % ‘0 -
A(n,3,9) s b, 3)
095}° ————  4<n<I100, q=3 0.85F 4 <n <100, q=3
a(n,3)
0 20 40 60 80 100 0 20 40 60 80 100

Figure 1: The graphs of the sequences n — A(n,3,3)/a(n,3) (left) and n — B(n,3,3)/b(n,3),
(right).
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Figure 2: The graphs of the sequences n — A(n,3,5)/a(n,3) (left) and n — B(n,3,5)/b(n,3),
(right).
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Figure 3: The graphs of the sequences n — W (left) and n — %{W (right).

4.1 Conclusion

The paper easily provides several asymptotic estimates of a remainder of an alternating p-series
for all p € RT. The presented relations supplement the double inequality for a remainder, given
in the paper [1|, which works only for integers p > 2. In addition, the derived estimates are very

useful even in the case of p ~ 0.
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