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Canonical metrics and ambiKahler structures on
4-manifolds with U(2) symmetry
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For U(2)-invariant 4-metrics, we show that the B-flat met-

rics are very different from the other canonical metrics
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metrics, leading to ambiKé&hler structures. Using this ob-
servation we find new complete extremal Kéhler metrics on
the total spaces of O(—1) and O(+1) that are conformal to

the Taub-bolt metric. In addition to its usual hyperKah-
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ler structure, the Taub-NUT’s conformal class contains two
additional complete Kéhler metrics that make up an ambi-
Kéhler pair, making five independent compatible complex
structures for the Taub-NUT, each of which is conformally
Kahler.

RESUMEN

Para 4-métricas U (2)-invariantes, mostramos que las métri-
cas B'-planas son muy diferentes de las otras métricas
canodnicas (Bach-planas, Einstein, Kéhler extremas, etc.)
Mostramos que toda métrica U(2)-invariante es conforme a
dos métricas Kahler separadas, lo que nos lleva a estructuras
ambiKé&hler. Usando esta observacion encontramos nuevas
métricas Kdhler extremas completas en los espacios totales
de O(—1) y O(+1) que son conformes a la métrica Taub-bolt.
Adicionalmente a su estructura usual hiperKéahler, la clase
conforme de Taub-NUT contiene dos métricas Kahler com-
pletas adicionales que hacen un par ambi-Ké&hler, lo que ge-
nera cinco estructuras complejas compatibles independientes
para el Taub-NUT, cada una de las cuales es conformemente
Kahler.
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1 Introduction

Cohomogeneity-1 metrics with U(2) symmetry have the form

9= A@)dr® + B() (' +C0) (07 + ()?) (1)

where 7', n?, n® are the usual left-invariant covector fields on S?. Naively the topology is R x S3,
but there could be a quotient on the S? factor, and topological changes occur at locations where B
or C reach zero. We classify canonical metrics of this form including the Bf-flat metrics, and create
new explicit examples of canonical metrics using the ambiKéhler techniques of [2]. This project
began as a way to develop supporting examples for other work, and treads such familiar ground
that we expected few surprises. But we did find surprises, two of which we feel worth reporting to

the wider community.

The first is how the B'-flat metrics fit among the other canonical metrics. The space of U(2)-
invariant extremal Kéahlers is rather small—up to homothety the moduli space is 3-dimensional—
and except for the B! flat metrics there are basically no other canonical metrics. Up to a choice
of conformal factor, the Bach-flat metrics are a 2-parameter subspace of the extremal' metrics.
The Einstein and harmonic-curvature metrics [14] are identical, and up to conformal factors are
exactly the Bach-flat metrics. Half-conformally flat metrics are conformally extremal, and up to
conformal factors the metrics with W+ = 0 (or W~ = 0) form a l-parameter subspace of the
Bach-flat metrics. The KE metrics and the Ricci-flat metrics are each a 1-parameter subclass of
the Bach-flats. Up to homothety there are exactly three complete Ricci-flat KE metrics: flat R?,
the Eguchi-Hanson, and the Taub-NUT. The Taub-NUT is extraordinary; see Proposition 2.5 and

Section 4.

The B*-flat metrics of [25] are exceptions to this framework. A B'-flat metric is a metric satisfying

the Euler-Lagrange equations of the functional

Bt:/|W|2+t/52 (1.2)

where ¢t € (—o00, 00|, and we set B>* = fsQ. The B° extremals are the Bach-flat metrics, and the
B> extremals are either scalar-flat or Einstein (see [5| for stable points of the [ s* functional).

8" order system. After an

For t # 0,00 the B! Euler-Lagrange equations are an overdetermined
appropriate reduction we find a 5-dimensional moduli space of B!-flat metrics up to homothety.
If the constant scalar curvature (CSC) condition is imposed, the CSC B*-flat metrics constitute a
4-parameter family up to homothety. Intuitively, as ¢ varies in [0, cc], the Bt-flat metrics would
seem to interpolate between the Bach-flat metrics at ¢ = 0 and the Einstein metrics at ¢ = oc.

As we pointed out, up to conformal factors these are exactly the same class, so it would stand

IWe will use extremal to mean extremal Kihler, and KE to mean Kdhler-Einstein.
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to reason that the B!-flat metrics would stay within this class. We find this is not the case; see

Theorem 1.4.

The second surprise has to do with the global nature of certain complete ambiK&hler pairs. Any
metric (1.1) is automatically compatible with two complex structures which give opposite orien-
tations that are both conformally Kéhler—in short, each Kéhler metric of the form (1.1) is a
partner in an ambiKéhler pair [2]. In Section 4 we consider four examples: an ambiK&hler pair
conformal to the classic Taub-NUT, and an ambiKéahler pair conformal to the classic Taub-bolt.
The two metrics conformal to the Taub-NUT are complete extremal Kéhler metrics, one of which
has zero scalar curvature (ZSC) and is 2-ended, and the other of which is one-ended and strictly
extremal. The two metrics conformal to the Taub-bolt are complete extremal metrics, and exist on
two different underlying complex surfaces, O(—1) and O(+1) ~ CP?\ {pt}. The metric on O(+1)
is the only complete extremal Kéhler metric, known to the authors, with a curve of positive self
intersection. For instance the Eguchi-Hanson [17] and LeBrun metrics [29] lie on the total spaces

of various O(k) with k < 0.

Placing the metric (1.1) in a more useful form, we solve dz = LCABdr for z to obtain
1
5= (s + PP+ 02 + () (1)
where we have abbreviated F = g, now a function of z. If f = f(z) is any function and {e1, e, e3}

is the S? frame dual to {n',n?,73}, then

0 1 .
Jf:*2f&®'fll+ﬁ61®d2’*62®7]3+63®’f}2 (1.4)

is a complex structure; see Lemma 2.1. Setting f = £F, the two complex structures J* = Jip

are compatible with g, and produce opposite orientations. The (1,1) forms are
1
wt =g(J*, ) =:I:§Cdz/\7]1+0n2/\7]3. (1.5)

From dn' = —¢';;n? AnF we have dw® = (£C + C,)dz An? An?, so a U(2)-invariant metric g is

always conformally Kéahler, and is K&hler when the conformal factor is C' = CyeT?, respectively.

The following linear operators appear frequently:

1d d 1d d
+ (= _ - 2 -
C _( 2dz+1)< dZ+1>, c <2dz+1>(dz+1> (1.6)

as does the 4" order linear operator £t o L~ = i 5. — % 5,z T 1. The third-order nonlinear
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operator B also appears:

B(F,F) = (—;F + gF iy - 1) (LH(F) = 1)+ F. (LT (F)).. (1.7)

This is a bit messy, but B can be understood as a first integral of the inhomogeneous operator
F  LT(L™(F))—1; see equation (3.15). We will often use {0, 0!, 02,03}, where 0 = ﬁdz and

ot = ﬁni, to mean the orthonormal frame found by normalizing orthogonal frame {dz,n',n% n}.

Proposition 1.1. The metric (1.3) has scalar curvature

2F 1 3
s=—4C"" (ng +5F - 2) - 240—%% <F aacz ) (1.8)

and trace-free Ricci tensor

2
R?C4F<8 1 1

1
veloave i) (-
1 0 o 1 1 [10°F 3 02 1\2 99 309
The Weyl curvatures and their divergences are

1 2
W = —6(£i(F) -1) (wi @uwt — 31d,\i>

SWE =W+ (v1og ‘ei%Z(,ci(F) e

a','a')' (110)
The Bach tensor is

Bach = % P (L7(LH(F) 1) - (— 2(c")? + (0)* + (03)2)

¢ (1.11)
+ 50 BIEE) - (= (@) = (") + (0% + (0")?).
If the metric is Kdhler with respect to JT, then the scalar curvature and Ricci form are
5= f% (LH(F)—1), and
p= _% (LH(F) - 1wt - % <<_;88z + 1) (aaz + 1) F— 1) w. (1.12)

We remark that the U(2)-ansatz linearizes the Bach-flat equations Bach = 0, reducing them to
LT oL™(F)—1=0. The equation B(F, F) = 0 is then an algebraic restriction on initial conditions.

When studying metrics—rather than just solutions of ODEs—it is useful to reduce the metrics by
homothetic equivalence. In our setting this reduces the dimension of the solution space by two:

one dimension for translation in z and one for multiplication of g by a positive constant.
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Proposition 1.2 (Extremal and Bach-flat metrics). The metric (1.3) is extremal with complex

structure J if and only if C = Coe™* and LT (L™ (F)) — 1 =0, meaning
1 —2z —z z 1 2z
F(z) =1+ §C’1€ + Coe™ " + C3e” + 5046 : (1.13)

Such a metric is Bach-flat if and only if, in addition to (1.13), also C1Cy — C2C5 = 0.

Consequently, up to homothety, the extremal metrics form a 3-parameter family, and up to homoth-
ety and conformal factors the Bach-flat metrics constitute a 2-parameter subfamily of the extremal

metrics.

A metric is said to have harmonic curvature if § Rm = 0, which is equivalent to 6W = 0 and

s = const; see [7,14]. In the U(2)-invariant case 6W = 0 actually implies s = const.

Proposition 1.3 (Einstein and harmonic-curvature metrics). For the metric (1.3) the following

are equivalent: 1) SW =0, 2) 6 Rm = 0, 8) the metric is Einstein: Ric =0, 4) F and C satisfy

—Zz

e

1 1
F=1+ 5016722 + Coe™ % + C3€” + 504622, C=
with the two relations C1C5 — C2Cs = 0 and C5Cs5 — C4Cs = 0. Given (1.14), scalar curvature is
the constant s = —24(CoC2 — 2C5Cs + C5CE).

A U(2)-invariant metric is Bach-flat if and only if it is conformally Einstein. The metric (1.14)
is KE with respect to J* if and only if Cs = 0 (so also C; = C3 = 0), and KE with respect
to J~ if and only if C5 = 0 (so also Cy, = Cy = 0). Up to homothety, there is a l-parameter
family of Ricci-flat metrics, and exactly three complete Ricci-flat KE metrics: the flat metric, the

Taub-NUT metric, and the Eguchi-Hanson metric. See Propositions 3.2 and 3.5.

Theorem 1.4. In the U(2)-invariant case, the space of solutions to the Bt-flat equations is 7-
dimensional. Up to homothety, these constitute a 5-parameter family of metrics and the CSC
Bt-flat metrics constitute a 4-parameter family. When t # 0,00, there exist CSC Bt-flat metrics

that are not conformal to any extremal metric.

The overdetermined 8" order Bf-flat system is complicated, but appears explicitly in Lemma
3.8. In Section 4 we discuss the ambiK&ahler transform, and examine complete extremal metrics

conformal to the classic Taub-NUT and -bolt metrics.
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2 Complex structures, metrics, and topology
The metric (1.3), complex structures J*, and (1, 1) forms w* = g(J*-, -) are

g = O(gpd= + F') + (P + (7))

0 1
Jt = :F2F8 ®n' :l:ﬁq@dzfeg@n +e3@n? (2.1)

+ :l:iCdz/\n + Cn? AP

&
Il

In Section 2.1 we study the complex structures. In Section 2.2 we compute curvature quantities
up through the Bach tensor. In Section 2.3 we examine the topology and asymptotics which the
U(2) ansatz may produce.

2.1 The complex structures

Here we check the integrability of the left-invariant almost complex structures Jy. We also study

the right-invariant compatible complex structures that we call I*.

Lemma 2.1. Given any f = f(z) # 0, the complex structure Jy is integrable.

Proof. The splitting AL = A% & A %! into +1/—1 eigenspaces of J; gives

/\0’1 = spcmc{dz—\ﬁn , \/_—1773}. (2.2)
On bases we compute
S
d (i1 —V=1i®) = 20* AP + 2V =10t An? = 2/ =1n' A (2 — V=11 .

Therefore d A%' € AT AN = A @ A”? s0 we conclude that J; is integrable. 0O

Lemma 2.2. The complex structures J* are metric compatible. Their (1,1) forms w* = g(J*-,-)

are closed if and only if C = CyeT?, respectively.

Proof. Checking compatibility with the metric is an elementary computation which we omit. From

(1.5), dw® = 0 if and only if C' = Cpe™>. O

To create right-invariant complex structures and relate them to the metric (which is left-invariant)

we require background coordinates. Polar coordinates on R* ~ C? are

(r,2,0,0) — (rcos(0/2)e 50+ sin(9/2)eE (V- @) (2.4)
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The three “Euler coordinates” (1,8, ¢) have ranges | £+ ¢| < 27 and 0 € [0,7]. The transitions

between the coordinate framing and the left-invariant framing are

0 _ _ VF _ 0 _ NNE 2

n—dZ—mdr €0 =3 = Svcor

n' = 3 (dy + cos 0 dy) el :2% 25)
n? = %(SinwdQ —cosysinfdyp) ey =2 (coswcot 9% + siniﬁ% - Cosdzcscg%) .
N = % (costdf +sinysinfdp) ez =2 (— Sinwcotﬁ% —l—cosz/;% —l—sinwcsce%) .

To create the right-invariant frames we apply quaterionic conjugation T'(z,w) = (z, —w) to C2,

which changes the parameterization of C? to
(r,,0,0) — (r COS(H/Q)e%(“"J“/’), —r sin(@/Z)eéW—wU . (2.6)

In coordinates, T is T'(r,1,0, ) = (r, —p, —0, —1). The left-invariant forms 7* pull back to right-
invariant forms 77° = T*(n*). In the bases {n‘}, {#'}, the linear map T* : A* — Al is

1 0 0 0
0 —cosf cossinf —sin sin

— v v (@27
0 —sinfcosy —costypcosfcosp+sinysing siny cosd cosp + cospsin

0 —sinfsing —cosicosfsing —sinyYcosyp sin coslsinp — cos cos p

In the bases {e;}, {&;} we have that T, : TM — TM is the transpose T, = (T*)T. One can check
directly that T*, T, € O(4).

Let 0% = ﬁnz be the unit length forms

| C
o’ = Edz, o' =VCFn', o>=VCn?, o =VCn? (2.8)
and let {f;} = ﬁei be the corresponding frame. Then the complex structures J* are

JE = Ffooc' £i0d - @0+ f300% (2.9)

Under T, J* are conjugate to right-invariant complex structures I ¥, given by T, o I* o T, = JT.
Because IT are isomorphic to J* under a diffeomorphism on M* (the S* antipodal map), I and

I~ are integrable. We summarize this in the following lemma.

Lemma 2.3. The structures I are integrable, right-invariant, and g-compatible. The structures
JT,IT produce a common orientation, with corresponding (1,1)-forms w*,w?‘ € /\+. Similarly

J~, I~ produce a common orientation, and w™,w; € \".
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The Hermitian structures (g, J*) produce a very flexible array of Kéhler metrics, as F' may be
chosen freely. By contrast, the Kihler conditions for (g, I*) are far more restrictive. This is because
the left-action of SU(2) fixes g but permutes I+ among an S? worth of complex structures; therefore

if w?[ is Kahler, it is part of a hyperK&hler structure. In particular dei = 0 forces Ric, = 0.
Proposition 2.4. Letting w; = g(I~-,-), then dw; = 0 if and only if

Coez

F=0+Ce*)? and ¢ = —9&
( ! ) (1+0162)2

(2.10)

Any such metric is Ricci-flat. The same holds for w}r after replacing z by —z in (2.10).

Proof. We may compute dw; explicitly using the matrices for 7% in (2.7) and its transpose T.

The computation is tedious but completely elementary, and works out to be

2 1 1
*dwy = \/a<0056 ((—2+F2) —&—Fi%log C’) n'

_1 . 1 0 0 9
— F 2sinfcosy <2F - 2F$ log C — 82F> 7 (2.11)
1. . 1 0 0 3
— F 2ginfsiny (2F2 —2F —log C — —F | n° |.
0z 0z

Setting this to zero gives the partially decoupled system

9 ps (—1+F%), 9 o 0 = (—1+2F*%) (2.12)
0z 0z
which has genera] solution F' = (1 + 4 ez)Q7 C = %. Ricci-flatness follows from the general
fact that any hyperKéhler metric is Ricci flat [5], or from Proposition 3.2 below. O

Proposition 2.4 gives a two parameter family of solutions. Up to homothety we have two metrics.

Proposition 2.5. Up to homothety, there are exactly two metrics g of the form (1.3) for which
I~ is a Kdhler structure. The first is

F=(1-¢) and C= (1_676)2 (2.13)

This hyperKdhler metric has an ALF end at z =0 a nut at z = +o00. The second is

z

2 &
This metric is incomplete, with a nut at z = —oo and a curvature singularity at z = 400.

For an analysis of the nut-like topology see Section 2.3.1 and for ALF ends see Section 2.3.2. To
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verify the claim that (2.14) has a curvature singularity as z — +o00, we may use (2.27) below to

find [W*|? = 384(—1 + €*)%. The metric (2.13) is the Euclidean Taub-NUT; see Section 4.

2.2 Curvature quantities

It is useful to place the metric (2.1) into LeBrun ansatz form [30]. Referring to the polar coordinates

of (2.4), from (r, ¢, 0,1) we change to (Z, 7, xz,y) where x = log tan %, y =, T =1, and Z solves

dz = %Cd& Then (n*)* + (n°)? = i(dez +sin? 0 dp?) = 4CO;h2$(dcc2 + dy?) and the metric is
C 9 9 FC 9 4 5
= — —_— — h —dz". 2.1
g 4cosh2x(dx +dy*) + 1 (dT — tanh(x)dy)” + ch (2.15)

Written this way, the metric (2.15) is precisely in the form of Proposition 1 of [30]—the LeBrun

ansatz—where w = FL‘C and e = 165)%. The complex structures in these coordinates are
JE(dZ) = F2FCnt,  JE(dx) = —dy. (2.16)
We record the useful fact that n? An? = mdx A dy.

Proposition 2.6 (Ricci Curvature in the Kihler case). If g is Kdihler with respect to J*, its Ricci

form p = Ric(J-,-) and scalar curvature are

p= —% (LH(F) 1wt - % K—égz + 1) (882 + 1) F— 1] wo, (2.17)
5= —% (LY(F)-1). (2.18)

Proof. Setting C = Cye~* we follow the computation in [30]. From that paper, the Ricci form is
p = —i0du = $d(Jdu) where in our case u = log(FC?) — log(16cosh?(x)), as we found in (2.15).
Using coordinates (z, 7, r,y) (specifically using z, not Z from (2.15)), we have J(dz) = —2Fn' and
J(dz) = —dy from (1.4) and (2.16). Using also dz A dy = 4 cosh®(z)n? A5 and dn' = —2n A 7P,

u=log F — 2z + 2log Cy — 2log(4 cosh x)

du = (F,F~' —2)dz — 2tanh(z)dz (2.19)
Jdu = (=2F, + 4F)n* + 2tanh(x)dy

dJdu = (=2F,, + 4F,)dz An' + (—4F, — 8F + 8)n* A i

From (2.1), dz An' = C~Hwt —w™) and n* An® = $C~(w + w™). Therefore

2 (1 3 2 (1 1
= -:F.4+F -F+1l)wt+ 5 (:F P —F4+1)w™ 2.2
p C<2 +3 +)w +C<2 5 +>w (2.20)
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as claimed. Scalar curvature for any Kéahler metric is s = 2 % (w™ A p), so (2.17) along with the

facts wt Aw™ =0 and *x(w™ Aw™) = 2 gives (2.18). O

Proposition 2.7 (Ricci curvature, general case). Scalar curvature is

2 1 .
s = —407! (‘Z; +5F - 2) - 240—%% (FiCz) . (2.21)

Using the unit frames o* of (2.8) the trace-free Ricci curvature is

o 1 (0% 1 1 1
Ric =4FC™ 2 (8320 2 ZC 3| . ((0.0)2 _ (0,1)2)
_1 a 3 1 1 1 aZF 3 (222>
42 (C = <F8ZC ) —c (2522 ~iF+ 1))

. ((0_0)2 + (0_1)2 o (0_2)2 o (0_3)2) .

Proof. We use the conformal change formulas from [5]. The scalar curvature (2.21) follows from
(2.18) along with the formula § = U~2(s —6U ' A,U) when g = U?g. In the Kihler metric where
C = e™*, the Laplacian A, acting on any U = U(2) is AgU = 4e** 2 (e *F2Z). To obtain (2.21),

1 1
use U = ez*(Cz.

To compute Ric, again we start with the Kéhler case; (2.17) gives
1 1
Ric, = 2¢7 <2FZZ —gF - F 4 1) (=69 = (6")? + (6%)* + (¢°)?) (2.23)
The trace-free Ricci conformally changes by Ric; = Ric, +2U(V3U*1 — %(AgU*I)g). Then using

20 (V30 i(AgUfl)g) = AUFEU).). (~(0%)? + (01)?)

(2.24)
—20(*F (U™)2): (= (6%) = (¢1)* + (0*)* + (%))
and U = e27C'2, we add (2.24) to (2.23) to give (2.22). O
Proposition 2.8. The metric (2.1) has Weyl curvatures
_ 2
W* = —C7 (L(F) - 1) (wi ®w* — 31d/\i> : (2.25)

Proof. We use Derdzinski’s Theorem (see [15, Section 3, Proposition 2|) to find W™ in the
Kihler case, then conformally change to the arbitrary case. By Derdzinski’s Theorem W+ =
15 (%w Qw — Id/\+) where w is a Kihler form. When C = ™%, w™ is Kihler and Proposition 2.6
gives

Wt = —% e* (LT(F) —1) <2w+ Qw't — Id/\+> : (2.26)
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Conformally changing from C = e™* to any C = C(z) gives (2.25). Computing W~ is the same,

after setting C' = e* to make w™ rather than w™ into a Kihler form. O

From Proposition 2.8, [W*|? and [W*|2dV ol are

2
W2 = 32 (£*(F) - 1)2 and
3C? 2.27
+2 16 .. 2 1 2 A3 (2.27)
|[W*|*dV ol = E(ﬁ (F)=1)"dzAn' An* Anp.
We compute the divergences §W* and the Bach tensor.
Proposition 2.9. For the metric (2.1),
SWE = w* (Vlog‘ei%z(ﬁi(F) — e, -, -, ) (2.28)

Proof. Again we first conformally change the metric so it is Kéhler. By Lemma (2.4) the metric
g = e *C~'g is Kihler and the form @ = §(J*-,-) is closed. Then 6w = —*dw = 0 so also
S(@®X) =0, and 5(Id/\+) = 0 because Id,+ is covariant-constant. Therefore (2.25) gives

5W+(.,.,.) -4 (_62(£+(F) -1) (UJ QW — gld/\+>) ()
—_ (w@)a— ;fd/w) (Ve @ -1, .- )

(2.29)
=W (Viogles(£*(F) = 1), -, -, -)
=W (Vlog|ez(£+(F) — 1)|, e ) .
Derdzinski’s conformal change formula, equation (19) of [15], is
L 1
SWH =Wt — §W+ (Vliog (e*C), -, -, +) (2.30)
so changing the metric back with conformal factor e*C, (2.29) and (2.30) give
SWH =W+ (v1og e%Z(£+(F)—1)\@’7 o ) (2.31)

The argument for §W ~ is entirely the same, after conformally changing so @~ not @ is closed. [

Proposition 2.10 (The Bach Tensor). The Bach tensor of (2.1) is
Bach = -0 F(L™(LH(F)) 1 2(c")? %)? %)?
ach = 5o F(E7(EH(F) = 1)+ (=26 + ()2 + ()

+ %B(F, F)- (= (092 = (012 + (0% + (09)?).

(2.32)
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Proof. In the Kéhler case we decompose the Bach tensor into its J-invariant and J-anti-invariant
parts Bach™, Bach™ respectively. It is known that Bach™ = %(V%)g + %s Ric and Bach™ =
—+(V?2s)7; see Eq. (39) of [15], Eq. (20) of [1] or Lemma 6 of [10]. We have

4F
V2s=—s..0'®@0° +5,Vdz

C
2F? 2F

(2.33)
_ (455 S (F‘lC)Z> (00 4 L5 (FCO), (01 + s.C (027 +(5%)2).

In the Kéhler case where C = e~ * and s = —8¢*(L1(F) — 1), we compute

(V25)™ = —32e%F (L~ (LV)(F) — 1) ((00)2 - (01)2)

(V2s)T = —16¢%* (2F(L™(LT(F) — 1) — F.LT(F. + F) — 1) ((00)2 + (01)2)
(2.34)

+16eF (LT(F. + F) — 1) ((00)2 + (oY) + (o) + (03)2)

As = 4e%* (FC) (FCs.)..

Then (Vs)d = (V2s)T — 1(As)g and using the expression for Ric of (2.23),

16e?* (1
Bach™ = “B(F,F)+F- (L (LY(F)=1))-( = (%)= (6")? + (¢%)* + (¢*)?
(5 < ) ) o

16 2z
Bach™ = ¢

(L (F) = 1) - (02 = (1))
Conformally changing from C' = e™* to arbitrary C, we obtain (2.32). O

Compare also with Proposition 14 of [1].

Compare equation (2.32) with (3.3) of [34]; after substituting C = 1, F = f? and dz = 2fdt the

expression here and the expression there are identical.

2.3 Topology: “nuts”, “bolts”, and asymptotics

Here we discuss global aspects of U (2)-invariant metrics. Ostensibly the metric (2.1) is well defined
on R x S? but topology changes occur if F or C attain 0 somewhere. If F reaches zero, the metric
most naturally lives on a quotient I x (S*/I")/ ~ where I is some discrete subgroup of SU(2), and
~ identifies some 3-sphere to a 2-sphere, via the Hopf map. Where F or C is infinite, there is a

(possibly incomplete) manifold end.
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2.3.1 Bolts, Nuts

Bolt, Pos. Bolt, Neg.
Self-Int. Self-Int.

Figure 1: A compact manifold with a bolt of positive and of negative self-intersection. A nut at
Z = +00.

The first kind of topology change occurs when the Hopf fiber collapses but the conformal factor
remains non-zero, meaning F but not C reaches zero. When F(zy) = 0, the locus z = zp is not a

3-sphere but a 2-sphere, colloquially known as a “bolt” [21] (see also [17,29,32]).

As this is well known, we describe it only briefly. Recalling the coordinates of Section 2.1, transver-
sals to the bolt are 2-dimensional submanifolds locally given by 6 = const, ¢ = const, and the
metric is smooth at the bolt provided it is smooth on such transversals. The inherited metric on
the transversal is go = 7=dz? + £dy? with ¢ € [—2m, 27), which we write go = dr? + (VFd(3¢))?
by solving dr = \/%dz with r = 0 at z = 2. If VF = kr + O(r?), where k # 0, then
(\/Fd(%w))Q ~ r%(d(£1))? so the metric go will be conical at r = 0 with cone angle 27|k| (so
smooth if and only if & = £1). If k € Z\ {0} however, we can obtain a smooth metric on the quo-
tient I x S?/T" where I is a cyclic subgroup of order |k| of the Hopf action. From v F = kr+ O(r?)
we have k = %, and because % = 2\/17%, k = %. We summarize this in the following
Proposition.

Proposition 2.11 (The “bolting condition”). Assume z = zq is a zero of F(z) but not C(z). If

dF

p - 2.
ol = * (2.36)

20
where k # 0 then we may identify the locus {z = zo} with a 2-sphere (a “bolt”). Assuming
k € Z\ {0}, then taking the |k|-to-1 quotient of the S® factor, the metric is smooth near {z = z}

and the “bolt” is a 2-sphere of self intersection number k.

It is possible that two bolts occur, one at zp and one at z; where zy < 21, as in Figure 1. We
certainly must have % >0 at zp and % < 0 at z1, so the bolts, assuming they are both smooth
after resolution, must have self-intersection numbers k and —k where k € Z \ {0}. With either

complex structure J* or J~, this is the “odd” Hirzebruch surface Yop_1; see [33].

A nut, by contrast, occurs when the S? factor contracts to a point; the nearby topology is that

of a ball in R*. This occurs when C becomes zero but F remains finite. When w is Kahler and
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C = Cye™*, a nut may occur at z = +o0; this is depicted in Figure 1. When w™ is Kéhler and

C = Cye™ % a nut may occur at z = —oo.

Proposition 2.12 (The Nut condition at z = o). Assume C = O(e”*) and F =1+ O(e™?) as
z — 00. Adding a point at z = oo, this point is a finite distance away and has a neighborhood with

bounded curvature and the topology of a ball.

2.3.2 ALE, ALF, and cusp-like ends

ALE End — C=0(z"%) =2

F=0(Z) F=0(Z)

ALF end Cusp-like End

Figure 2: ALE, ALF, and cusp-like ends in the U(2) ansatz.

If ¢ is Kédhler with respect to J~ so C = Cye?, an ALE end can occur as z — oo, as depicted in
Figure 2. If instead ¢ is Kéhler with respect to J* then replacing z by —z, Figure 2 is flipped and

an ALE end occurs as z — —oo0.

Proposition 2.13. Assume g is Kdhler with respect to J*, so C = e 2. If F =1+ 0(272) as

z = —00, the metric is ALE with better-than-quadratically decaying curvature.

Proof. Letting r be the distance function that solves dr = 1\/C/Fdz = %e_%z(l + O(272))dz,
by assumption we have r = e~ 2% + O(z7!). Then C = e % = 2 + O(r~%), so the metric is
g~ dr? + (r> + O(r=*))dogs as r — 00, so it is ALE. To check curvature decay, Proposition 2.6

gives

1 3 1 1
p=—20"1 (2FZZ — §FZ +F— 1) w4201 (QFZZ - §Fz —F+ 1) w” (2.37)
so asymptotically p ~ e*O(z72)w + ¢*O(2~2)w™ = o(r~2). The expressions for [W*|, |[W~| in
(2.27) give the same decay rates. Thus the Riemann tensor decays like | Rm | = o(r=2). O

The ALF end has cubic volume growth, cubic curvature decay, and R? tangent cone at infinity.
See for example [13,16,18,26]. By a “cusp-like” end, we mean an end that locally resembles a
Riemannian product of a tractrix of revolution (sometimes called a pseudosphere) with a sphere.
Toward infinity the scalar and Weyl curvatures decrease rapidly, whereas the Ricci curvature ap-

proaches a constant bilinear form of signature (—, —, +,+). These two kinds of ends are conformal

e?

to each other: we have C' = e in the ALF case and C' = e~ or C = €* in the cusp-like case.

In both cases F' has a second-order zero at z = 0. See Figure 2.



Canonical metrics and ambiK&hler structures 149

Proposition 2.14. Assume F = 22 4+ O(z3) near z = 0.

If C' remains finite then the manifold forms a complete, cusp-like end near z = 0. Asymptotically
the Hopf fiber shrinks to zero and the metric has the local geometry of the product of a psuedosphere

times a sphere.

If C = O(272) then the the metric forms an ALF end near z = 0.

Proof. The distance function r satisfies dr = %\/gdz so in the cusp-like case, where C' remains
finite, then vF = O(z) gives r ~ }log|z| near 0 and indeed the distance to 0 is infinite so the
metric is complete. From w Aw = —C?dz An' An? An3, we see the volume is finite. Checking the
tensors W, from F = 22+ O(z%) we find that L¥(F) —1 = O(z) and so |[W*|\ 0 as z — 0. In
the Kéhler case p is a multiple of w added to a multiple of w™. The multiple on w is also O(z), but
the multiple on w™~, by (2.17), approaches 4C~!. This justifies the assertion that, in the Kéhler
case, the local geometry approaches a +1 times a —1 curvature surface. In the non-Kéhler case,

the usual conformal change formulas for Ricci curvature shows this remains true.
Next we verify that when C = 272 + O(1) near z = 0, the metric has an ALF end. Then

dr = %\/gdz = (32724 0(1))dz so r = 27* + O(z) near z = 0. To compute volume, we use
C% =0(r3) and F2 = O(z) = O(r~1), so we have

dVol = —C3 Fidr A doss ~ r2dr A dogs. (2.38)

Integrating (2.38) and noting that r is a distance function, indeed we observe cubic volume growth.
Next we check curvature decay. From (2.27) we have £L*(F) — 1 = O(1) so that |[W*| ~ 3202 =
O(2?%) = O(r~2) and similarly for |W~|. Inserting F, C into the Ricci form p from (2.19), we see

Ricci curvature decays quadratically. O
We close by noting that ALE ends are conformal to nuts and vice-versa—by changing between
C = e % and C = e*—and similarly ALF ends and cusp-like ends are conformal to each other.

3 Special Metrics

We use the computations of Section 2.2 to determine what conditions are needed to make a U(2)-

invariant metric special or canonical.
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3.1 Scalar Curvature

From (2.21) of Proposition 2.7, specifying scalar curvature is equivalent to

: L (O°F 1 0 0 1
C% 4402 (Zo + - F—2)+24— (FZCz2) =0, 3.1

et (822+2 >+ 82(8,2 ) (3-1)
for given s = s(z). This underdetermined equation is linear in F. Imposing the Kéhler condition

C = Cye™? creates a critically determined linear equation.

3.2 Extremal Kahler metrics

A Kéhler metric is extremal if the functional g — [ s2dVol is stable under those perturbations of
g that preserve the Kéahler class. From [9] the Euler-Lagrange equations are that the gradient Vs
is a holomorphic vector field, but there are several ways to assess whether (1.3) is extremal. In
our context we are less concerned with global functionals such as f 52. We use the local condition

that a K&hler metric is extremal if and only if JVs is Killing.

Proposition 3.1 (The extremal condition). The metric (2.1) with complex structure J* is ex-
tremal Kdihler if and only if C = Coe™* and L~ (LT (F)) = 1, which is
1 —2z —z z 1 2z
F=1+ 5016 + Che™ % + C3e® + 5046 . (32)
. _ 24 —z

Its scalar curvature is s = — & (Cre™* 4+ Ca).
Likewise, the metric with complex structure J— is extremal Kdhler if and only if C = Cye* and
again L~ (LT(F)) = 1. Its scalar curvature is s = —%(03 + Cye?).
Proof. From (2.1) and (2.5), we have Vz = 4%% = %J%. Because the coordinate field %
is itself a Killing field and because s = s(z) is a function of z alone, the extremal condition is
Vs = —4aJ% = —ae*Vz = V (ae™?) where « is a constant. Therefore s = ae™* + 3 where f is
another constant. Using s = —8C; 'e*(L*(F) — 1), from (2.18) we obtain

19°F 30F

— -1z S — — = -z
8C; e (2 5.2 39, + F 1) ae * 4 5. (3.3)

After setting Cy = —57aCy and Cy = —5;3Cy we obtain (3.2).

For J~ in place of J¥, reverse the sign on z in all computations. O
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3.3 Einstein metrics

By (2.22), Ric = 0 if and only if

0? 11 e, 0 1 10°F 3
~ =20z s (o2 =222 _2F . 4
82’20 40 and - C 0z < 82’0 ) (2 022 4 + 1) (34)

This is critically determined and partly decoupled. It is 4*" order in total so we will have a

4-parameter solution space. The general solution is

e*Z

1 1
F=1+4-Cie %+ Coe " + Cse” + =Cye**, C= ——
2 2 (Cs 4+ Cge™?) (3.5)

where 0105 — CQCG = 0, and 0305 — 0406 =0.

With six constants and two algebraic relations we have the expected four-parameter family of
solutions. Compare with Proposition 2.4. The algebraic relations on the C; are equivalent to the
pairs (C1,Cs), (C3,C4), and (Cs,Cg) being proportional to each other. These imply also that
C1C4 — CoC5 = 0, so we recover the fact that Einstein metrics are Bach-flat; see (3.14) below. By
Lemma 2.2 the metric is Kéihler when Cg = 0 (for J*) or C5 = 0 (for J 7).

To be Ricci-flat, C' and F require, in addition to (3.4), that s = 0. This third relation appears to
make the overall system overdetermined, but it does not, for the reason that s is a first integral

for the system (3.4) so only contributes an algebraic relation. From (3.1),
s = —24(02052 —2C5Cs + 03062) (36)

Proposition 3.2 (The Einstein conditions). The metric (1.3) is Einstein if and only if

6*2

1 1
F=14-Cre % 1+ Che* + Cye* + -Cye®, C=— "
2 2 (Cs + Cge?) (3.7)

0105 — CQCG = O, and CgC5 — 0406 =0.

Its scalar curvature is the constant s = —24(CoC2 — 2C5Cs + C3C3).

Up to homothety, there is a 2-dimensional family of Einstein metrics. Up to homothety, there is
a 1-dimensional family of Ricci-flat metrics, a 1-dimensional family of KE metrics with respect
to J*, and a 1-dimensional family of KE metrics with respect to J—. Up to homothety and

biholomorphism, there are exactly five Ricci-flat Kdhler metrics, three of which are complete.

Proof. We have proven everything except the final assertion, that exactly five metrics of the form
(1.3) are Ricci-flat Kéahler, up to homothety. We prove this regardless of the complex structure,
whether one of the structures considered here or not. A U(2)-invariant metric is Einstein if and

only if it has the form (3.7). By Derdzinski’s theorem [15], if a scalar-flat metric is Kéhler—
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regardless of the complex structure—then it is half-conformally flat. In particular C; = Cy =0 or

Cs=C4=0.

So assume C3 = Cy = 0; the case C; = Cy = 0 is identical under the isomorphism z +— —z. We
have four remaining variables C1, Cs, C5, Cs and two relations: C1C5 — C2Cg = 0 from (3.5) and
CoC2 — 205Cs = 0 from (3.6). If in addition to C3 = C4 = 0 we have both C; = Cy = 0 then

either Cs = 0 or else Cs = 0 and in either case we have the flat metric: F = 1 and C = Cpet=.

Suppose C7 = 0 but Cs # 0; then the two relations force C5 = Cg = 0, an impossibility. Suppose
C1 # 0 but Cy = 0; then the relations force Cg = 0 so

1

1 —2z —
F:1+§C]_€ 5 C:?ge

: (3.8)

which is Kihler with respect to J*. Up to homothety, there are exactly two such metrics: the first

z

is given by F' = 1—e~2?, C = e~ ?, which is the Eguchi-Hanson metric, and the second is given by

F=14e¢2% (C=¢* (3.9)
which is incomplete and has a curvature singularity at z = —oo.
Lastly it is possible that neither C; nor Cy are zero. The two relations now give g—g = % and
% = %, so Cq = %C’% Therefore the metric is
2
1 1 Cie =
F=14-C3e % +Che " = (1 + 028_z> , C= LT (3.10)
4 2 (1 + %Cge_z)

Under the isomorphism z — —z this is the Kéhler metric of Proposition 2.4 which is Kéhler with
respect to the complex structure I—; therefore the metric (3.10) is Kdhler with respect to the
complex structure I'". As in Proposition 2.5 there are two such metrics: one where Cy < 0 (which

is the Taub-NUT metric) and one where Cy > 0 (which has a curvature singularity). O
3.4 Half-conformally flat, half-harmonic, and Bach-flat metrics
Proposition 3.3. The metric (1.3) has W* = 0 if and only if LT (F) — 1 =0, meaning

1 1
F=1+Cse” + 504622 or F=1+ 5016_2Z + Coe™?, (3.11)

respectively. Up to homothety, each case constitutes a 1-parameter family of such metrics, each a
subspace of the 2-parameter family of Bach-flat metrics.

In the case g is Kdhler with respect to JT so C' = Coe™?, then W+ = 0 implies s =0, and W~ =0
implies s = —%(C’le_z + Cs).
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The half-harmonic condition W' = 0 (or W~ = 0) is underdetermined, and requires an addi-

tional condition to be critically determined. Three possibilities are s = const, the Kahler condition,
and both 6W* = 0.

Proposition 3.4. The metric (1.3) has oWt =0 if and only if a constant ki
exists so €37 (LT(F) —1)C = ky, and §W~ = 0 if and only if e~ 2% (L~ (F) — 1) C = ko for some
ko € R.

Assume (2.1) is Kdhler with respect to JT, meaning C = Coe™*. Then
a) W+ =0 if and only if F =1+ Che™* +Cse® + %04622. In particular s = %002 is constant.
b) W= =0 if and only if F = 1 + %C’le*% + Coe™* + %C’4622. In particular the metric is

extremal and s = 724%0(0167’2 + Cs).

Proof. For §W* = 0 this follows from Proposition 2.9 with C' = Coe™%, e2*(LH(F) — 1)v/C = k;
and finding the general solution. In the Kéhler case, a) and b) follow from Proposition 3.1. O
In the U(2)-invariant case, 6W = 0 is equivalent to the Einstein condition.

Proposition 3.5 (Harmonic curvature). The metric (2.1) has SW = 0 if and only if g is Einstein.
Proof. Because W+ € T*M @ A1 and 6W~ € T*M @ A, we have W = 0 if and only if W+
and §W ™ are both zero. Then by Lemma 2.9 constants ki, ko exist so

3

e2*(LY(F) = 1VC =k and e 2*(L7(F)—1)VC = k. (3.12)
Eliminating C, we obtain kye2(LT(F) — 1) = kye~2%(L(F) — 1) which has solution
1 -2z —z 2 1 2z
F=1+k 5016 + Cye + ko | Cre% + 5026 . (313)

Coeiz

GatCra=)2 By Proposition 3.2, the metric is Einstein. [

Using either equation in (3.12), C' =

Next we consider the case of Bach-flat metrics. By Proposition 2.10, F solves the fourth order
linear equation £~ (L1 (F)) — 1 = 0 and the third order non-linear equation B(F,F) = 0. This

seems to be overdetermined, but due to (3.15) the two equations are not independent.

Lemma 3.6. If F solves LY (L™ (F)) — 1 then B(F,F) = const. If F solves B(F,F) = 0, then
LY(L™(F))—1=0. Lastly B(F,F) = LT (L (F)) — 1 =0 if and only if

1 1
F=1+ 5016_22 + Coe™ % + Cze® + §C4€2Z and C1C4y — CyC3=0. (314)
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Proof. A tedious but completely elementary computation shows

%B(F, F)=2(LY (L (F)) —1)

oF

= (3.15)

Therefore B(F, F) is indeed constant on solutions of LT (£~ (F)) —1 = 0. Next, B(F,F) = 0
implies either F = const or LT(L™(F)) = 1. By direct computation the only constant that
satisfies B(F,F) = 0 is F = 1, which indeed solves LT (L™ (F)) —1 = 0. We conclude that
B(F,F) =0 implies LT (L~ (F)) —1=0.

The general solution of LT(L7(F)) =1is F =1+ 3C1e™% + Coe™* + C3e* 4 5C4e?*, and in this
case direct computation shows that B(F, F') = 3(C2C3 — C1Cy). Therefore the general solution of
LY (L™ (F)) =1, B(F,F) =0 is the three parameter family of (3.14). O

Proposition 3.7. The metric (2.1) is Bach-flat if and only if
1 —2z —z z 1 2z
F=1+ 5016 + Coe™? + C3e” + §C4e and C1C4 — CyC5 = 0. (3.16)

In particular g is Bach-flat if and only if it is conformally Einstein. Up to conformal factors and

translation in z, the Bach-flat metrics constitute a 2-parameter family of metrics.

Proof. The metric g is Bach-flat if and only if LT (£~ (F)) —1 =0 and B(F, F) = 0. From Lemma
3.6, this holds if and only if FF =1+ %Clefzz + Coe™* + Cze® + %C462Z and C1Cy — CsC3 = 0,
giving a 3-parameter family of solutions. Factoring out by translation in z, this is a 2-parameter
family, as claimed. To see that any Bach-flat metric is conformal to an Einstein metric, simply let

C be a conformal factor from Proposition 3.2. O

3.5 Bi-flat metrics

The B!-flat metrics |25] extremize the functional B*(g) = [ |W|*+t [ s, where we take B® = [ s2.

The Euler-Lagrange equations of this functional [25] are
—4Bach+tC =0 (3.17)

where C = 2 (V%s — (As)g — sRic). The Bach tensor is always trace-free and Tr(C) = —6As, so
tracing the Bt-flat condition (3.17) gives As = 0. Then we can rewrite the B'-flat condition as the
two equations 2Bach + t(s Ric —V?s) = 0 and As = 0. We can express these as an ODE system.

Lemma 3.8 (The unreduced B'-flat equations). In the metric (2.1) the B'-flat equations As = 0,
2Bach + t(s Ric —V?2s) = 0 are equivalent to

% (CFZD =0, F(F,C)=0, FpF,C)=0, T(F,C)=0 (3.18)
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where F1, Fo and T are the operators

Fi(F,C) = 24% (F%C%) 1402 (ZZTF + %F 2) +sC%
e LG R e O U R T = et =
T(F,C) = 16 B(F, F)718th—C? 6t C%z% :

- gtsc_l (C (—16 +4F + Cs) + 12F (%S) +gc‘2§ gf)

and B is the operator from (1.7).

Proof. In coordinates, A = \/d}nga(zi (\/det ggij%). Using (Z, 7, x, y)-coordinates of (2.15) we

have det g = mCQ and g!'!' = 4FC. Because s = s(Z) is a function of Z alone, then 0 = As
is
4 cosh?(x) 0 C 0s 4 0 0s
0= — AFC— | =52 (FC*— ). 3.20
c 0z <4cosh2(x) az) 08Z< az) (3:20)
9

The coordinate change from z to Z of (2.15) gives C % = so we obtain the first equation of

oz
(3.18). The second equation Fi(F,C) = 0 is precisely the scalar curvature equation (3.1). With
As = 0 the Hessian V?s is trace-free; then a straightforward computation gives

s (FC?) 3 95 )(FC) e

Now for the third and fourth equations we use (2.22), (2.32), and (3.21). We expect precisely two
additional relations, due to the fact that each of the tensors Bach, Ric, and V2s have four non-zero
components, but also the two algebraic relations of being trace-free, and having identical (3, 3) and
(4,4) entries. We take one relation from 2(Bachgg+ Bachas)+t(s Ric oo + s Ric 2o — S,00—8,22) =0.
Using (1.9), (1.11), and (3.21), this is

Po= 11 tCOF 0 aC 9
—(pr+ _ 2 c _*t * rtvoros S _
(L7 (LT (F)) — 1) + tsC ( .7 ) t 57 5:9: 8, 5s =0 (3.22)

w| oo

which is F»(C, F) = 0. We take another relation from 2Bacho + (s Ric gy — $,09) = 0, which is

oC Os OF 0s
0=16B(F,F) — 18tF8—8— — 6tC— 57 55
3. i e ocC aC oF
— 4tsC’ <C (=16 + 4F + sC) + 12F <8z> +8C— 5, 9 (3.23)

3 1 L (OPF 1 o ( _oc3 P

Using (3.1) to eliminate the last term, this is F;(F,C) = 0. O
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The equations (3.18) give four equations for the three unknowns s, F', C, so the system appears

to be overdetermined. But the equations of (3.18) are not independent.

Lemma 3.9. We have the following relation:

(3.24)

oT =3t 9(sC) OF _6t810g(C3F) 0 0s
0z 0z 0z 0z )"

5 " avs 0. DR crZ

In particular T (F,C) is constant along solutions of the system JF1(F,C) = F2(F,C) = As = 0.

Proof. This follows from a tedious but completely elementary computation. O

Lemma 3.10. At all points where C # 0 and F # 0, the 8" order system

0 Os
5 (CFaz) =0, F(F,C)=0, F(F,C)=0 (3.25)

is critically determined, T is a constant of the motion, and (3.25) combined with the restraint

T(F,C) =0 admits a T-parameter family of solutions.

Up to homothety, in the U(2)-invariant setting the Bt-flat metrics form a 5-parameter family, and
the CSC Bt-flat metrics form a 4-parameter family.

Proof. To ascertain whether the system (3.25) is critically determined, we examine the coefficients
on the derivatives of s, I, and C. These coefficients of the form FC, CF~1, C’%, C”%, FC—3% and
so on. Provided F' and C remain bounded away from 0 and 400, we have a non-singular principal
symbol. We conclude that the system (3.25), which has three unknowns and three equations,

remains critically determined when F' and C' remain positive.

We count the degrees of freedom in the solution space. The equations a% (CF %) =0,F =0,
and F» = 0 are fourth order in F', second order in C, and second order in s, which makes eight
derivatives in total, requiring eight initial conditions. Then we restrict to 7 = 0. From Lemma 3.9,
T is constant along solutions so is completely determined by the system’s initial conditions. T (F,C)
is third order in F', second order in C, and first order in s, so 7 = 0 is a single algebraic relationship
among the initial conditions, and reduces the solution space from eight dimensions to seven. Up to
homothety the solution space is therefore 5-dimensional. Finally, requiring s = const is the same
as imposing an initial condition of s, = 0, so the CSC B?-flat solution space is 4-dimensional up

to homothety. O

Theorem 3.11. The ZSC Bt-flat metrics, t # oo, are the ZSC Bach-flat metrics.

Assume g is Bt-flat, conformally extremal, and t # 0,00. Then it is CSC if and only if it is ZSC

or Einstein.

Ift #0, %, oo there exist CSC Bt-flat solutions that are not conformally extremal.
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Proof. The CSC B'-flat equations are (3.18) with initial condition s, = 0. As discussed above,
this is a system with 6 degrees of freedom (4 up to homothety). First we examine the ZSC case,
where s = 0. In this case 7 = 1685, so B(F,F) = 0 and so the metric is Bach-flat. Thus F lies
in the 3-parameter family given by Lemma 3.6. Fixing F', F; = 0 gives a 2-parameter family of
solutions for C' and we obtain the expected 5-parameter solution space of ZSC Bach-flat metrics

(which has 3 parameters up to homothety).

Next assume the metric is CSC Bt-flat, s # 0, and ¢ conformally extremal. By Proposition 3.1,
F = %Clefzz + Coe™* + Cse® + %04622:. Plugging in this, along with % = 0 into F, = 0, we
obtain

2
(aazzc—% - ic—%> =0. (3.26)

Therefore C = m Plugging this into F; = 0 provides

0= C5(C1C5 — Coly)e™ + (—i 02 — 20505 — 03062) 4 C(04C6 — C3C5)e*. (3.27)

We have the seven unknown constants C1,Cs, Cs, Cy, Cs5, Cg, and s, and (3.27) contributes three

relations so we have a 4-parameter solution space. We consider the possibilities. First, the expres-

sion for C makes it impossible that C5 and Cg are both zero. If C5 # 0,Cs = 0 then C = C’5_2e_z

so the metric is Kihler with respect to JT, and (3.27) forces C; = 0, Co = 5167+ Then 0 =T is
5

1
0= —5¢%s (35t —4e* (1 = 31)C5C3) (3.28)

and because ¢t # 0, this forces s = 0, contradicting the assumption s # 0. (Similarly assuming

C5 = 0,Cg # 0 also gives s = 0, again contradicting s # 0.)

Therefore both Cs,Cs # 0. Then (3.27) forces C1C5 — CoCs = 0, C4Cs — C5C5 = 0, and by
Proposition 3.2 the metric is Einstein. We conclude that if a CSC B*-flat metric is conformally

extremal, it is ZSC or Einstein.

Finally we prove that some CSC B?-flat metrics are not conformally extremal. The family of
Einstein solutions is 4-dimensional, and therefore, by what we just proved, the family of CSC
Bt-flat that are conformally extremal is also 4-dimensional. But the space of CSC Bt-flat metrics

is 6-dimensional. We conclude that some CSC Bt-flat metrics fail to be conformally extremal. [J
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4 AmbiKahler Pairs

AmbiKahler pairs are from [2]. An ambiKdhler structure on a manifold is a pair of Kéhler manifolds
(M™, Jy,¢g1) and (M™, Ja, g2) where the complex stuctures J; and Jo produce opposite orientations
and the Kahler metrics g; and g2 are conformal. Either member of the pair can be called the

ambiKahler transform of the other. From Lemma 2.2, every U (2)-invariant metric on a 4-manifold

+z z

has an ambiKihler structure using J*, conformally related by letting C' be et or e™=.

Consequently the classic U(2)-invariant Kéhler metrics all have ambiKéhler transforms. Most of
these ambiKé&hler transforms produce nothing interesting. The ambiKé&hler transform of the Burns
metric is the Fubini-study metric, for example, and the transforms of the other LeBrun instanton
metrics are extremal Kéhler metrics on weighted projective spaces—these are Bochner-flat metrics
found by Bryant in [8, Section 2.2], although their conformal relationship with the LeBrun instan-
tons was not discussed there. The transform of an odd Hirzebruch surface is precisely itself. The

transforms of the Taub-NUT-A and Eguchi-Hanson-A metrics have curvature singularities.

The Taub-NUT and Taub-bolt cases, however, are more interesting. The Taub-NUT is hyperKahler

with its family of complex structures being I~ and its left-translates. By Propositions 2.4 and 2.5

Coe™*

F:(l—e_z), C:m

(4.1)
with coordinate range z € (0,00]. The nut is located at z = oo, and the ALF end is at z = 0;
see Section 2.3 and Figure 3. Separate from the hyperKé&hler structure an ambiKahler structure
exists, given by complex structures J~ and J' and conformal factors C = Cye?, C = Cpe™>.
Thus the conformal orbit of the Taub-NUT meets three complete canonical metrics: itself which
is hyperKéahler, a 2-ended ZSC Kahler metric, and a 1-ended extremal K&hler metric. We call the
latter two the modified Taub-NUT metrics of the first and second kinds.

The modified Taub-NUT of the first kind has complex structure J~ and conformal factor C = Cye?,
which gives it the same orientation as the original Taub-NUT. This metric is two-ended: the nut
at z = —oo becomes an ALE end, and the ALF end at z = 0 becomes a cusp-like end. This
complete, 2-ended metric is scalar flat by Proposition 1.1. Letting J be the complex structure
with conformal factor C' = Cye™* produces the modified Taub-NUT of the second kind. This
metric is one-ended: it still has a nut at z = oo, but the conformal change turns the ALF end into
a cusp-like end. By Theorem 3.1 it is extremal Kéhler. It has scalar curvature s = 48(1 — e™%),

which is positive and approaches 0 asymptotically along the cusp.
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! /
\ezae
F=(1-e~)? F=(1-e%)

ALF end [Cusp] [Cusp|

Figure 3: The Taub-NUT and modified Taub-NUTs of the first and second kinds.

The modified Taub-NUT of the first kind on C? \ {(0,0)} is the ZSC Kihler metric of [19] for
n = 2, and the modified Taub-NUT of the second kind is a complete Bochner-flat metric from
[8, Section 2.2] (see also [39]) and is explored in [20].

Bolt, - [ALFend]  [Bolt, - Bolt, +

Figure 4: The Taub-bolt, and the modified Taub-bolts of the first and second kinds.

The classic Taub-bolt is Ricci-flat but not Kéhler (and certainly not hyperKéhler) with respect to

any complex stucture?. The Taub-bolt metric is

Coe™* 1 1 9 9
C= 0¢ F=1—_e 24 _¢7—"¢" 4 _¢* (4.2)

(1—e2)% 8 4 4 8

on z € [—1og(3),0). This metric is complete, Ricci-flat, Bach-flat, but not half-conformally flat:
both W+ and W™ are non-zero by Proposition 3.3; see [35,36]. It has an ALF end at z = 0
and a bolt of self-intersection —1 at z = —log(3). The underlying manifold is the total space of
O(-1). Tt is conformally Kihler with respect to either J~ or JT, creating an ambiKéhler pair—the
modified Taub-bolt metrics of the first and second kinds, respectively. Changing between J~ and

JT reverses the orientation, so changes the self-intersection number of the bolt from —1 to +1.

With the complex structure J— and conformal factor C' = Cye* we obtain an extremal Kéahler
metric we call the modified Taub-bolt of the first kind. This metric continues to have a bolt of
self-intersection —1 at z = —log(3), but the ALF end at z = 0 has been transformed into a cusp-
like end. The scalar curvature is s = 54C; 1(1 — €*), which is positive and approaches 0 along
the cusp. Its underlying complex manifold is the total space of O(—1). Its ambiKéahler transform

has complex structure J* and conformal factor C' = Cpe™*

; we call this extremal Kéahler metric
the modified Taub-bolt of the second kind. The orientation has been reversed and the bolt has
self-intersection +1 at z = —log(3). The ALF end at z = 0 has again been transformed into a

cusp-like end. The scalar curvature is s = 6C, 1(71 + e~ %), which again is positive and approaches

2If it were Kahler with respect to any complex structure, whether a complex structure considered here or not,
Derdzinski’s theorem would imply it is half-conformally flat which it is not.
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zero asymptotically along the cusp. Its underlying complex manifold is the total space of O(+1),
which is CP? \ {pt}.

Like the Taub-NUT, the Taub-bolt’s conformal orbit meets three canonical metrics: itself, which
is Ricci flat, and two extremal Kéhler metrics. See also [6] which explores the Taub-bolt among
other topics (electronically released almost simultaneously with this paper). Neither of the modified

Taub-bolts is Bochner-flat or half-conformally flat.

Notable is the presence of a rational curve of positive self intersection in the modified Taub-bolt
of the second kind. This is the only example of a complete extremal Kahler metric with a curve of
positive self-intersection, that is known to the authors. By contrast there are many examples with
curves of zero or negative self intersection. These include the Burns, Eguchi-Hanson, and LeBrun
metrics which are all Kdhler metrics on O(k) with & < 0 [29]; the Chen-Teo metrics [11,12] and
conformally related Kéhler metrics [6] which are on surfaces with rational curves of non-positive
self-intersection; and the extremal Kihler “asymptotically equivariantly R? x S?” [40, 41] metrics

which all have rational curves of non-positive self-intersection.
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