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1 Preliminaries

Suppose that P is a property which a Banach space A might possess. A reasonable question to
ask about P is of the sort “What constructions on Banach spaces preserve P?” To clarify this, we
take a specific example: Let A be a complex Banach algebra and suppose that we are interested
in amenability. It is then well known that P, the property of being amenable, is preserved by
quotients: If A is an amenable Banach algebra, and I C A is a closed ideal, then A/I is also
amenable. It is also well-known that amenability is preserved by projective tensor products: if A
and B are both amenable, then so is ARB. (See e.g. the survey paper [15, Prop. 2.3.2].) Loosely
speaking, we can ask whether P is preserved “downwards” (through quotients), or “sideways”
(through tensor products); amenability is preserved in both of these directions. We could also ask
whether P is preserved by actions in two directions: e.g. if for a closed ideal I of a Banach algebra

A, both I and A/I satisfy P, does A also satisfy P? (This is the 3-space problem.)

This short discussion leads us to ask the following: Can a property P be preserved “upwards”?
We make this airy question more explicit: Let X be a set (usually, a topological space), and let
{A; : x € X} be a collection of Banach spaces indexed by X, over a common scalar field K, either
R or C. Suppose that A, possesses property P for each z € X. Let A C [[{Az : z € X} be a
Banach space of functions under the pointwise operations, and let o € A, so that o(z) € A, for
all x € X. What conditions on X, A, and the A, (aside from possessing P) might be sufficient to
insure that A also has P? Again using amenability as an example, we see that if X is an infinite
compact Hausdorff space, then A = ¢1(X), the space of absolutely summable complex-valued
functions on X under the pointwise operations, is not amenable: The amenability of each A, = C
is not passed on to A, since A does not have a bounded approximate identity. On the other hand,
A = ¢o(X), the closure in the sup-norm of the space of C-valued functions with finite support, is
amenable. This suggests that, at the very least, A should have some conditions on it, and perhaps
also that the collection {A, : € X} should satisfy some additional unifying property, aside from

just having all A, possess P. We might also want X to satisfy some reasonable conditions.

Obviously, there are many ways in which it might be possible to go “up” in this sense. In this
paper, we focus on one type of vector-valued function space A. We will assume unless otherwise
specified that X is a compact Hausdorff space and that {A, : € X} is a collection of complex
Banach spaces; we take A C [[{As : * € X} to be a Banach space of functions under the pointwise

operations which satisfies the conditions:

Cl) For each x € X, A, = p.(A) = {o(z) : 0 € A}, that is, A is said to be full; p, is the

evaluation map at z, so that p, (o) = o(z).
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C2) For each ¢ € A, the norm map x — |o(z)| is upper semicontinuous on X; hence o is

bounded and norm-attaining, with

loll = sup{llo(z)]| : © € X} = [lo (o)l

for some xy € X.
C3) Ais a C(X)-module under the pointwise operations.

C4) A is complete in the sup-norm.

We will call a space .4 which satisfies C1) - C4) an upper semicontinuous function space with fibers

A,, and abbreviate it to “function space”.

If in addition to C1) - C4) it is also the case that

C5) Each A, is a Banach algebra, and A is closed under pointwise multiplication (so that A is a
Banach algebra). We call such an A a function algebra. Evidently, a function algebra A is

commutative if and only if each fiber A, is commutative.

Examples of such function spaces (algebras) can be found in [11, Section 2], and also (using the
language of section spaces of bundles of Banach spaces and Banach algebras) in [5] and [14].
In particular, if A is a Banach algebra and {4, : © € X} is a collection of Banach algebras,
such function algebras include C(X, A), the space of continuous A-valued functions on X, and
co(X,{As}), the closure in the sup norm of the functions ¢ € [[{A; : © € X} with finite support.
A brief, and quite incomplete, bibliographical note on such function spaces can be found at the

end of [11, Section 2].

For a more general setting, the reader may also wish to consult [1]|. Using slightly different language,
that paper studies algebras A of vector-valued functions over a completely regular Hausdorff space
X. These functions take their values in associative topological algebras {4, : © € X}, and the
algebra A is assumed to satisfy C1) and C3) above, without the completeness or norm conditions

of C2), C4), or C5).

Heritability has been explored previously (using either the language of function spaces or section
spaces of bundles of Banach spaces), for example in [4] (where A is simply a function space), [7],
and [8]. Of particular interest here are papers concerned with how some variants of amenability can
be inherited by function algebras A, e.g. amenability itself ([9]), module amenability ([11]), and
character amenability ([12]); in all these papers, appropriate uniform boundedness conditions were
shown sufficient to guarantee that the property under consideration was preserved by A. By using
the existence of certain conditions intrinsic to Banach algebras sufficient to establish the various

properties P of interest, it was possible to avoid the homological definitions of the properties. In
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this paper we will investigate the preservation to A of weak amenability in the A, by employing
a similar work-around. We will also investigate the preservation to A of pseudo-amenability; the

results in this case are not so satisfying.

We note several important properties of function spaces (algebras) A.

I) The evaluation map o +— o(z) from A to A, is a quotient map. Indeed, we have A, ~ A/I, A,
where I, C C(X) is the maximal ideal of functions f such that f(z) = 0, and I,.A is the
closed span in A of elements of the form fo (¢ € A, f € I,)). The correspondence is given

by o(z) <> o + L[, A.

IT) Let B be a function subspace of A, i.e. a closed subspace of A which is also a C(X )-module,
and set B, = p,(B) = {o(z) : ¢ € B} C A,. Then B, C A, is a closed subspace, and
B, = {0 € A:o(x) € By} is a function subspace (necessarily full) of A; B, has fibers B,
and A, (if y # x). Moreover, (*) B=({B, :x € X} ={oc € A:0(z) € B, for all z € X}
and p,(B) = B,. In particular, if B and C are function subspaces of A such that B, = C,
for all z, then B = C. [Two caveats: 1) We need B and C to be subspaces of a common
function space A; it is not enough to have function spaces B and C over X which have fibers
B, = C, for all x € X, as the example B = C(X) and C = ¢o(X) shows. 2) In order for (*)
to hold, we also need to specify B, and hence both its fibers B, and the function subspaces
B, C A. Merely specifying some subspaces B, C A, is insufficient if we wish the fibers of
B =(\{B;:z € X} to be the B,. For example, consider the case X = [0,1], B = C(X),
and B, = 0 if z is rational, and B, = C otherwise. Then B, = {f € B: f(z) =0} if z is
rational, and B, = B otherwise. But (\{B, : x € X} = {0} C B]

IIT) Let A be a function algebra with fibers A,. Then A is a C(X)-(bi)module, and we let
J = Ja4 C A®A be the closed span of elements of the form (fo ® 1) — (0 @ f1) = [(f ®
1) - (1® f)](c ® 7), where 1 € C(X) is the identity, i.e. the function with constant
value 1. We call J the C(X)-balanced kernel in ARA. It is easy to check that J is both
an ideal and a C(X)®C(X) submodule in A®.A. Then there is a function algebra A ®x A
with fibers A4,®A4, and a C(X)-isometric isomorphism ¢ : (A®A)/J — A ®@x A, where
[qle@T+ I)](z) =(c ©7)(z) = o(z) ® 7(x). The isometry is given by

= sup
zeX

deQTk
k

Z or(z) ® 11 ()
k

Zak®7'k—|—,]
k

A®x A A A, (ABA)/J

Of these properties, I) and II) can be found in various locations in [5, Chap. 9]; and III) is
[16, Thm. 1.2 and Prop. 1.5].

We now proceed to our studies of weak amenability and pseudo-amenability.
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2 Weak amenability and heritability

Recall that if A is a Banach algebra and M is a Banach A-bimodule, then M* can be made into

Banach A-bimodule in a standard fashion via the actions
(m*a,m) = (m*,am) and (am*,m)= (m*, ma),

where a € A;m € M, and m* € M*. A derivation D : A — M is a continuous linear map such
that D(ab) = aD(b) + D(a)b. The derivation D : A — M is said to be inner if

for some m € M.

Definition 2.1. Let A be a complex Banach algebra. Say that A is weakly amenable if each

derivation D : A — A* is inner.

Recalling that A is said to be amenable if, for any Banach A-bimodule M, each derivation D : A —
M* is inner [13], it is clear that an amenable algebra is also weakly amenable. If A is commutative,
then Fla = aF for each a € A and F € A*, so for a commutative algebra A to be weakly amenable

is to say that A has no non-zero derivations to A*.

Note that amenability and weak amenability can also be expressed in homological terms, the
details of which are not necessary here. In the event that A is commutative there are, however,
conditions intrinsic to A which are equivalent to its weak amenability. For the remainder of this
section we will assume (at the possible loss of some unnecessary generality) that all algebras are
commutative, and employ these conditions to investigate the heritability of weak amenability for

function algebras A.

We first note a necessary condition for A to be weakly amenable.

Proposition 2.2. Suppose that the function algebra A, defined over X, is weakly amenable. Then

each fiber A, is weakly amenable.

Proof. Recall that A, ~ A/I, A, and use the fact that quotients of weakly amenable algebras by
closed ideals are themselves weakly amenable. (See [6, Prop. 2.1 or [15, Prop. 2.5.3].) O

To exhibit conditions on the fibers A, sufficient to make the function algebra A weakly amenable,
we start with some notation modified from [6]: If A is a complex commutative Banach algebra,
then we take A% to be A with its standard adjunction of identity. (So, A% = A @ C1, with the
¢1-norm, and multiplication (a ® A1)(b® ul) = (ab+ b+ pa) ® Aul. We will abuse notation only
slightly and write a + A = a + A1 € A%#.) Let Kjé C A#®A# be the closed ideal which is the
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kernel of the multiplication map 7# : A#QA# — A# (a+ \) @ (b4 p) — ab + \b + pa + A, and
let 7: A®A — A be the restriction of 7# to ARA C A#RA#. We set K = Kf N (A®A); note
that this makes sense since A is complemented in A# by a projection of norm 1, and hence A®A
is an actual subset of A#@A# ([17, Prop. 2.4]). Since A®A is an ideal in A#®A#, we have K9
C A®A is also a closed ideal. In particular, for u = 3, (ax + M) @ (bg + px) € ARA, we have
U € Kﬁ if and only if

Z(akbk + Aebi + prar + Agpr) =0 € A7,
k

Especially, we have >, A\guyp = 0 € C. Likewise, an element u € K9 is of the form Y, axr @ by,
with Zk arbr, =0 € A.

For later use, we note the following:

Lemma 2.3. Let A be a Banach algebra. Then (K%)2 C K% (ARA).

Proof. By definition, K is a subset of both Kﬁ and A®A, so that if 2,2’ € K9, we consider that
ze€ K% and 2 € ARA, so that 22/ € (K%)Q C K% (A®A); now use linearity and density. O

The following result characterizes the weak amenability of a commutative Banach algebra A. Recall

that a Banach algebra is said to be essential provided that A% = span{ab: a,b € A} is dense in A.

Theorem 2.4 ([6, Thm. 3.2]). Let A be a commutative compler Banach algebra. Then the

following are equivalent:

1) A is weakly amenable;

2) A is essential and (K9)2 = K% (ARA).

Note that there are other equivalences established in the cited theorem; the one here is sufficient

for our purpose.

Suppose now that A is a function algebra such that each A, is weakly amenable. We will show

that A is also weakly amenable. The first task is to show that A is essential.

Proposition 2.5. Let A be a function algebra over X, and suppose that each A, is essential.

Then A is essential, and conversely.

Proof. This result (a Stone-Weierstrass theorem for function algebras) is a variant of [5, Cor. 4.3],

and can also be found in [11]. However, it is worth looking at a proof, using our current language.

Let 0 € A, and let ¢ > 0. For each z € X, we can find t, = Z?;l az kb x € A2 such that

|o(x) = t:]| < e. From condition C1), above, we can choose 7, k, 7, ) € A such that 7, () = ag,

Mg

701 (€) = by g Set vy = Y0 T pTL . € A% Since [lo(x) — v ()| < €, it follows from C2) that
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there is a neighborhood V, of x such that whenever y € V,, we have |lo(y) — v, (y)|| < €. Take a
finite subcover {V;} = {V,, : j = 1,...,n} of the V,, and let {f; : j = 1,...,n} C C(X) be a
partition of unity subordinate to the Vj, so that for each j =1,...,n, we have: 0 < f; <1, f; is
supported on Vj, and 3, f; = 1.

For any y € X, we then have

U(y)*ij(y)Vj(y) = ij(y)[g(y)*'/j(y)] < Y fiwllew) - vl <e,

js.t. yeV;

so that HO’ —>_; [ivj|| <&, and therefore o is in the closure of A2

The converse is an immediate consequence of C1). O

This shows, in particular, that the property of being essential is preserved by function algebras.
Especially, if each A, has an approximate identity, so also does A; if the approximate identities in
the fibers A, of A are uniformly bounded, then the approximate identity in A is bounded. (See
[9] and [12].)

It is straightforward to check that both (K9)? and Kﬁ (A®A) are closed C(X)®C(X)-submodules
of, and ideals in, ARA.

Lemma 2.6. Let A be a function algebra such that each A, is weakly amenable, and let J € ARA
be the C(X)-balanced kernel. Then J C (K9)2.

Proof. Note that since each A, is weakly amenable, we have each A2 is dense in A, so that A2
is dense in A. By definition, J is the closed span in A®.A of elements of the form [(1® f) —
(f ®1)](0 @ 7). But since A? is dense in A, 0 ® 7 can be written as a limit of elements of form
> oponol)® (Z] TJ{TJI/) =Dk Ok OTT =3k (o), ® TJ,) (o ® TJ/»/) . Restricting ourselves for
the moment to elements of the form ¢ ® 7 = o102 @ 7172 = (01 @ 71 ) (02 ® T2) € A®A, and noting
that (1® f) — (f ®1) is in the kernel of the multiplication map f ® g + fg from C(X)®C(X) to

C(X), we can write

(TefH)-(fel)](caT)= liin (T®f)— (f®T1)] (01 @T1)hu(02 @ T2),

where {h,} is a bounded approximate identity for ker mo(x). (Such an {h,} exists because C(X)
is amenable, so that the above-mentioned kernel J has a bounded approximate identity; see [10, p.
254].)

It is evident that both [(I® f)— (f®1)] (o1 ® 1) € K9, and h,(02 ® 72) € KY, so that

[(T@f) = (f®1)] (01 ® 71)hyu(o2 @ T2) € (KY)?. The rest follows by linearity, density, and the
boundedness of {h,,}. O
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It follows from Lemma 2.3 that we also have J C Kﬁ (ABA).

We obtain from the above that G = (K%)2/J and H = Kj(A@.A)/J are function subalgebras of
A®x A, with fibers G, H, C A,®A,, respectively.

Now, consider H = Kﬁ (A®A)/J. Recalling the discussion preceding Lemma 2.3 about the mul-
tiplication maps 7# and 7, we see that a typical element u € Kﬁ(A@A) is a limit of sums of

elements of the form

Y o8| € ABA,

J

[Z(Uk + ) @ (75 + )

k

(where the first sum is in Kﬁ and the second is in A®A), with 7% (u) = w(u) = 0 € A. If u is
such a limit, the image of u in K ﬁ(A@A) /J under the quotient map is therefore a (uniform) limit

of sums of functions of the type

Zaj © 85| = (ona; + Aay) © () + uiy) € ABx A,

k,j

lZ(mc + X)) O (% + k)

k

where
™ ( [Z(Ukaj + Aka) © (785 + Mkﬂj)] (33)) = (Z[Ok(l’)aj (@) + A (2)] @ [k (2) B () + 1B (%‘)])

k.j k.j
D (on(x) + Ae) @ (i (@) + pur) {Zag ) ® B(x D

for each = € X. Thus, (u+ J)(z) € KI (A,®A,), for each 2 € X, where K# = Ki7 and so the
fibers H, = po(K¥ (4,84,)/J) C ps(A@x A) of H are subspaces of the K7 (A,®A,) for each
z e X.

On the other hand, an element v € K (AI@)AI) is the limit in A,®A, of sums of elements of the

form

> (ak + k) @ (b + ) ch ®d;| = (anc; + ecs) @ (brd; + ppd;) € KF (A, 8A,).
k k.j

For each such element v, we can choose oy j,Bk; € ARA such that ag,i(z) = arey + ey,

llok 5l = llare; + Aecsll, and By j(x) = brd; + prdy, |8kl = llord; + prd;l| (see [14, Prop. 1.1]).
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Note that by the definition of the norm in projective tensor products, we have

> (ax + M) @ (b + pux)
k

< llak + Mell 1k + pll < oo,
k

and similarly for

2256 ®de . Then

D ;@ Bl < Y Nl 1Bl = lare; + Aecs | 1bwdy + pdy]|
kg kg kg

< Nk + Axll lles 10k + gl N1
k,j

=<Z(ak+>\;@ (br. + px) ||> ZH%@MH < oo
k

and so we have 3, s agj ® By, € A®A. Moreover,

Zak’j QB +J| (x)=m Zak’j O Br,j| (z)
k,j j
=7 Z(akcj + )\ij) ® (bkdj + ,Ltkdj) =0€ A,
|

so that Zk’j ok © Pr,; € My Thus, p,(H,) = Hy is dense in Kf(Az(@AI); coupled with the
preceding, we have H, = K (Az@)Am).

By similar arguments, we have p,(G) = G, = (K9)2, so that G = (K9)2/J = N, {z € (ABA) +J
2(z) € (K92 =G} =N{G.: 2z € X}.

KY%)?/J c A®x A and H, of
)2/J C Awx A.

But now, since A, is weakly amenable for each z, the fibers G,

K% (ABA)/J C A®x A are identical, so that K% (ARA)/J = (

We have shown:

Lemma 2.7. Let A be a commutative function algebra such that each fiber A, is weakly amenable.

Then the quotient algebras Kﬁ (ARA)/J C A®x A and (K9)2/J C A®x A are identical.

Corollary 2.8. Let A be a commutative function algebra with weakly amenable fibers A,. Then
K (ABA) = (K9)2.

Proof. Elementary algebra: Let z € K #(A®A) Then from the preceding Lemma, there exists
w € (K9)? such that z +.J = w + J. Hence z —w € J C (K9)2, so that z € (K9)? +w = (K9)2.
Similarly, (K9)2 € K% (A®A). O
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Theorem 2.9. Suppose that A is a commutative function algebra such that each fiber A, is weakly

amenable. Then A is weakly amenable.

Proof. Apply Theorem 2.4 to the preceding results. O

Corollary 2.10. Suppose that X is a compact Hausdorff space, and that A and {A, : x € X} are
commutative and weakly amenable. Then so are C(X, A) and co(X,{Az}). If X is locally compact
and Hausdorff, and A is commutative and weakly amenable, then so is Co(X,A), the space of

continuous A-valued functions disappearing at infinity.

Proof. We need only address the last assertion. Let Xo, = X U{oco} be the one-point compactifica-
tion of X. Then Cy(X, A) is C(X)-isometrically isomorphic to the function algebra I,,C(X, A),
where I, is the ideal in C(X ) of functions which disappear at co; and it is easily checked that

IC (X, A) is a function algebra with fibers A, = A, if z # oo, A, = {0}. O

Corollary 2.11. Let A be a function algebra all of whose fibers are commutative C*-algebras.

Then A is weakly amenable.
Proof. A C*-algebra is weakly amenable [2, Thm. 5.6.77]. O

To the authors’ knowledge, it is an open question as to whether a function algebra A with fibers that
are all C*-algebras is itself a C*-algebra. That is easily seen to be the case if A is adjoint-closed,

but the conclusion is not apparent if A is not assumed to be adjoint-closed.

We note that, in say [9], and similarly in [11] and [12], in order to induce amenability of its fibers A,
upward to a function algebra A, we had to find someway of spreading the necessary boundedness
conditions on each A, across X to all of A. In [9], for instance, we accomplished this by assuming
that the bounded approximate identities on each A, were uniformly bounded across the A,. In the
present situation, a necessary (and sufficient) condition for weak amenability of the fibers A, of A
is that each fiber be essential and that K (A,®A,) = (K9)2. And, as it turns out, Proposition
2.5 and the passing from A®A to the quotient A ®x A are the tools which spread that property
across X to all of A.

3 Pseudo-amenability and heritability

In the preceding section we mentioned the presence of conditions involving boundedness or essen-
tialness of fibers which were sufficient to induce the heritability of the relevant conditions from
fibers upward to function algebras. What happens if we eliminate boundedness conditions from
the fibers? The answer, as we see in the following, is not nearly so satisfactory, at least as far as

we are able to demonstrate. In this section, we make no assumptions about commutativity.
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Recall the definition:

Definition 3.1 ([3]). A (complex) Banach algebra A is said to be pseudo-amenable if there is a net
{ux} C ARA (called an approzimate diagonal) such that for each a € A we have ||uxa — auy|| — 0
(in ARA) and ||7(uy)a —al| — 0 (in A), where 7 : ARA — A is the multiplication map.

As an immediate consequence of this definition, we note:

Proposition 3.2. Let A be a pseudo-amenable function algebra. Then each fiber A, is pseudo-

amenable.

Proof. Note that A, ~ A/I,A and that pseudo-amenability is preserved by quotients (see [3, Prop.
2.2]). O

If {A, :x € X} is a collection of pseudo-amenable algebras over the compact Hausdorff space X,
it is shown in [3, Prop. 2.1] that each of the algebras co(X, {A;}) and ¢P(X,{A,}), 1 < p < o0,
is pseudo-amenable, where ¢P(X,{A,}) C [[{As : * € X} is the space of choice functions o over
X such that ||of| = (3, Ho(gc)Hp)l/p < 0o. While all of these are algebras and C'(X)-modules, of
course, only ¢o(X, {Az}) is a function algebra in our sense. Can we extend the pseudo-amenability

result for ¢o(X, {A,}) to arbitrary function algebras with values in the A,?

We obtain a partial answer. Recall that an elementary member of A ® x A is of the form z —
(0 ©71)(x) = o(z) ® 7(x), where 0,7 € A. Recall also that J C ker 7, where 7 : ARA — A is the
multiplication map; thus (again abusing notation only slightly) 7 : A ®x A — A is well-defined.

Definition 3.3. Let A be a function algebra over the compact Hausdorff space X with fibers A,.
Say that A is quotient pseudo-amenable if there exists a net {vy} C ARA such that for any o € A

we have both
[(x + J)o —o(vr+ I aga = sup [[a(z)o(z) — o(z)va(z)]| — 0

and
[w(va+J)o =0l 4= sup [[[m(v2)](z)o(z) — o(z)| — 0.

There is a slightly stronger version of Proposition 3.2:

Proposition 3.4. Suppose that the function algebra A is quotient pseudo-amenable. Then each

fiber A, is pseudo-amenable.

Proof. Let {v\} € A®.A be a net which makes A pseudo-amenable. For any 2o € X and o € A,

we have

[(vx + J)o —o(wa + J)|| = sup [va(@)lo(z) — o(@)[pa(@)]]l = [[[va(zo)]o(x0) — o(zo)[va(o)]| = 0

and similarly for the other necessary convergence. O



630 T. Hill & D. A. Robbins

Before we proceed to the next result, we gather some notation. Suppose that A is a function algebra
with pseudo-amenable fibers {A, : © € X} and respective approximate diagonals {ux, : Ay € A, }.
Set A = [[{Az : z € X}, and write A(z) = A, (to avoid having subscripts be nested too deeply).
Order A pointwise, i.e. A’ > X if and only if M (z) > A(z) for each z € X. Given A € A, for
each x € X we can choose and fix vy(,) € A ®x A such that vy,)(r) = uy) and such that
Hl/)\(x) (w)H = ||u>\(_,,3)H ; again, the existence of such vy, is guaranteed by Prop. 1.1 of [14]. Then
by the definition of pseudo-amenability, for each z € X and o € A, we have

|vr@) (@)o(2) — o (2)va@) (2)|| = ||ur@)o (@) — o(@)ur@) || — 0
and
|7 (va@)(@)o(z) — o(z)|| = |7 (ur@))o(z) — o(z)|| =0,

both as A(z) increases in A,.

Theorem 3.5. Let A be a function algebra over the compact Hausdorff space X with fibers A,

and suppose that each A, is pseudo-amenable. Then A is quotient pseudo-amenable.

Proof. We use the methods of Lemma 4 and Cor. 3 of [11]. Let F = {0y :k=1,...,n} € A and
m € N be given. Fix 0 = 03 € F' and € X. Choose vy, as above, and choose A, r(z) € Ay
such that if A(z) > Ay, (2), then both

||Vx(x)($)0(=’ﬂ) - U(x)VA(x)(fU)H = ||Ux(x)0($) - U(»"U)UA(x)H <1/m
and
I re)l@)o (@) = o(@)]| = |m(urw)o(@) = o(@)]| < 1/m.

Then if A, € A is such that A\, > max{\,,; : k= 1,...,n} (i.e. Ap(x) > max{\, x(z): k=
1,...,n} for each z € X)), the above inequalities hold (for A,,) for each 0 € F' and z € X.

We now employ the upper semicontinuity of the norm functions in both A and A®x A. For z € X,
choose a neighborhood V. (F,m) such that if y € V,(F, m) then both

HV)\(x) (x)a(x) - CT(:C)I//\(@,)(.%)H < 1/m
and
[[r(r@)](@)o(z) = o(z)]| < 1/m
for all o € F.

Now, X is compact, so we can choose {x; : j = 1,...,s} such that {V;} = {V,,(F,m):j=1,...,s}

also covers X. As in Proposition 2.5, let {f; : j =1,...,s} a partition of unity subordinate to the



CUBO

Vector-valued algebras and variants of amenability 631

27, 3 (2025)

V;, and define £ = £(F,m) by £ = ijl fiVa(z;) € A®x A. Then for y € X and o € F, and
setting p = [(y)o(y) — o (y)§(y)| . we have

p=| D W) @) = o@)va, @) ®)]

j s.t. yeV;
< Y O ey @) —o@van@) W < DY fily) - 1/m < 1/m,
j s.t. yeV; j s.t. yeV;

so that ||{o — €| = sup,, ||V, (z;) W) (¥) — oY), @) W)|| < 1/m (in A®x A).
Similarly, we have ||7(§)o — o] = sup, ||[7(§)](y)o(y) —o(y)|| < 1/m (in A).

Finally, set ¥ = {(F,m) : F C A is finite and m € N}, and order ¥ by (F’,m’) > (F,m)if ' D F
and m’ > m. By the preceding, for each (F,m) € ¥ there exists £ = £(F,m) € A®x A such that
for each o € F' we have both ||€éo — o€|| < 1/m and ||7(§)o — o] < 1/m. In particular, for a given
oo € A and mgy € N, there exists (Fy,mg) € U, with o9 € Fp, such that if (F',m’) > (Fy,mo)
then both ||&'cg — oo’|| < 1/m’ < 1/my and ||7(§)og — ool < 1/m/, where &' = &'(F/,m’) is
constructed as above. Therefore {¢ = £(F,m) : F C A is finite and m € N} is an approximate
diagonal for A. O

Thus, A is quotient pseudo-amenable if and only if each A, is itself pseudo-amenable.

Proposition 3.6. Suppose that A is a function algebra over X, and that each fiber A, is abelian

and pseudo-amenable. Then A is weakly amenable.

Proof. An abelian pseudo-amenable algebra is weakly amenable [3, Cor. 3.7]. Therefore A is

weakly amenable; see Theorem 2.9. O

Naturally, Theorem 3.5 is a weaker result than we would like, especially given other amenability
results on function algebras. We suspect that the main obstacle in general is that for pseudo-
amenability we can not employ any boundedness conditions. (Indeed, in [15], pseudo-amenability
is introduced as “amenability without boundedness.”) The reader will note that in the proof of
pseudo-amenability of ¢o(X,{A,}) (and the other spaces ¢#(X, {A;})) in [3], crucial use is made of
the facts that elements o € ¢o(X, {A,}) with finite support are dense in the space and that there
are projections from co(X,{A,}) into its subspaces consisting of functions with finite support.

This of course need not be the case for general function algebras.
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