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ABSTRACT

The concept of metric dimension in graphs has the aim of
finding a set of vertices in a graph with the smallest size
that can be used as a reference to identify all vertices in the
graph uniquely. Formally, let G be a connected graph, and
let S = {s1,...,5x} € V(G) be an ordered set. For every
v € V(G), we define r(v|S) = (d(v, s1),...,d(v, sr)) where
d is the distance function of G. We call S a resolving set if
r(u|S) # r(v|S) for every u,v € V(G), u # v. The metric
dimension of G, denoted by dim(G), is the smallest inte-
ger k such that G has a resolving set of size k. Recently,
the authors have initiated research on the relation between
the metric dimension of a graph and its nullity (that is, the
multiplicity of 0 in its adjacency spectrum), and we have ob-
tained several results. In this paper, we present some new
relationships between the metric dimension and the spec-
trum of graphs. In detail, we present an inequality involving
the metric dimension and nullity of any bipartite or singu-
lar graph. Then, we give an infinite class of graphs having
equal metric dimension and nullity using the rooted product
of graphs. Finally, for any connected graph G other than
a path, we show that a submatrix of the distance matrix
of G, associated with a minimal resolving set of GG, has the
full-rank property.
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RESUMEN

El concepto de dimensiéon métrica en grafos tiene como
propésito encontrar un conjunto de vértices en un grafo con
el menor tamafio que puede usarse como referencia para iden-
tificar anicamente todos los vértices del grafo. Formalmente,
sea G un grafo conexo, y sea S = {si1,...,s.} C V(G)
un conjunto ordenado. Para todo v € V(G), definimos
r(v|S) = (d(v,s1),...,d(v,sr)) donde d es la funciéon de
distancia de G. Llamamos a S un conjunto resolvente si
r(ulS) # r(v|S) para todo u,v € V(G), u # v. La dimen-
sion métrica de G, denotada por dim(G), es el entero mas
pequeno k tal que G tiene un conjunto resolvente de tamano
k. Recientemente, los autores han comenzado a investigar
sobre la relacion entre la dimensién métrica de un grafo y
su nulidad (es decir, la multiplicidad de 0 en su espectro de
adyacencia), y hemos obtenido diversos resultados. En este
articulo, presentamos algunas relaciones nuevas entre la di-
mensién métrica y el espectro de grafos. En detalle, presen-
tamos una desigualdad que involucra la dimensién métrica
y la nulidad de cualquier grafo bipartito o singular. Luego,
entregamos una clase infinita de grafos con igual dimensién
métrica y nulidad usando el producto enraizado de grafos.
Finalmente, para todo grafo conexo G distinto de un camino,
mostramos que una submatriz de la matriz de distancia de
G, asociada a un conjunto resolvente minimo de G, tiene la

propiedad de rango completo.
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1 Introduction

In the 1960s, Slater [14] and Harary and Melter [10] independently introduced the concept of metric
dimension of graphs. They introduced the term locating set or resolving set which refers to a set
of vertices used to identify each vertex in a graph uniquely. A resolving set with the smallest size
is called a basis, and its cardinality is referred to as the metric dimension of the graph. Since the
metric dimension of graphs and its variations have direct applicability to several real-world issues
like robot navigation [12] and chemistry [3], research on them has grown rapidly in the recent few
decades. See, for example, [15] and [13] for surveys on this topic. On the other hand, in 1972,
Cvetkovi¢, Gutman, and Trinajsti¢ [5], and then Cvetkovi¢ and Gutman [4], introduced the nullity
of a graph as a new invariant; it is the multiplicity of 0 as an eigenvalue of the graph’s adjacency
matrix. They further investigated the connection between graph nullity and chemical structures.

Excellent overviews of graph nullity can be found in [1] and [9].

Despite the growth of interest in the metric dimension of graphs, its connection to the graph’s
spectrum has not been studied further. Recently, the authors 7] have initiated research on the
relation between the metric dimension of a graph and its spectrum, and we have obtained several
results. This research was motivated by the observation that the equality dim(G) = n(G), where
dim(G) and 7n(G) respectively denote the metric dimension and nullity of the graph G, holds
for complete bipartite graphs K, ; where r # s, paths P, where n is odd, and cycles C,, where
n = 0 (mod 4). This paper aims to provide further connections between the two concepts. In
detail, we first give an inequality involving dim(G) and 7(G) for any bipartite or singular graphs
G, generalizing our previous result for trees. Then, we give an infinite class of graphs G where
dim(G) = n(G) using the rooted product of graphs. Finally, we give another relation between the
metric dimension of a graph and its distance matrix. We show that for any connected graph G, a
submatrix of its distance matrix, associated with a minimal resolving set of Gz, has the full-rank
property.

All the graphs considered in this study are finite, simple, and undirected. We refer to Diestel [6]
for the basic definitions related to graphs. An empty graph () is the graph without any vertices
and edges. Let G = (V(G), E(G)) be a graph. We simply write V = V(G) and E = E(G) if the
graph is clear from context. Two vertices u,v € V are said to be adjacent if uwv € E. The open
neighborhood of a vertex u € V is the set Ng(u) := {v € V : wv € E}, and the closed neighborhood
of uis Ngfu] := {u}UNg(u). The degree of a vertex v € V', denoted by deg(u), is the size of Ng(u).
A vertex is called pendant if it has degree one, and let p(G) denote the number of pendant vertices
of G. For two distinct vertices u, v in a graph G, the distance d(u,v) of u and v is the length of a
shortest path connecting v and v. We denote by P,, Cy,, Ky, », and K, for paths, cycles, complete
bipartite, and complete graphs. For two integers a < b, we define [a,b] :={z € Z:a < x < b}.

Let u,v € V, u # v. We say that a vertex s € V resolves v and v if d(u,s) # d(v,s). Let



30 M. Farhan & E. T. Baskoro CUBO

28, 1 (2026)

S = {s1,82,...,5k} CV be an ordered subset of V. The representation of v € V with respect to
S, denoted by 7(v]S), is the vector r(v|S) = (d(v,s1),d(v, s2),d(v, 83),...,d(v,s)). We call S a
resolving set of G if r(u|S) # r(v|S) for every distinct pair u,v € V, that is, if each vertex of G
has a unique representation with respect to S. In other words, S is a resolving set if and only if
every pair of distinct vertices u,v € V is resolved by an element of S. A resolving set of G with
minimum size is called a basis of G. The cardinality of a basis of G is called the metric dimension
of G which is denoted by dim(G). A resolving set of G is called minimal if for every Sy C S, Sy is

not a resolving set of G, that is, S does not contain a smaller resolving set of G.

Let G = (V, E) be a graph of order n with V' = {v1,vs,...,v,}. The adjacency matriz of G
is the n x n matrix A = A(G) = (a;;) whose entry a;; is equal to 1 if v; and v; are adjacent,
and 0 otherwise. The distance matriz of G is the matrix D = D(G) = (d;;), where d;; =
d(vi,vj). For M € {A,D}, the M-spectrum of G, denoted by specy;(G), is the set of eigenvalues
of M(G) together with their multiplicities. If the distinct eigenvalues of M(G) are Ay > Ay >

- > Mg, and their multiplicities are mq,ma,...,ms, respectively, then we write specy;(G) =
{AT, 252, ..., A=}, For an eigenvalue A, we may write mpi(A) to denote the multiplicity of A
in specy;(G). The nullity of G, denoted by n(G), is the multiplicity of eigenvalue 0 in specy (G),
that is, 7(G) = ma(0). We call a graph G singular if n(G) > 0. For the trivial case, we define

n(®) = o.

2 Preliminary Results

In this section, we provide some known results that are useful in our discussions.
Theorem 2.1 ([3,12]). A graph G has dim(G) =1 if and only if G is a path.

Theorem 2.2 ([15]). For every integer n > 3, dim(C,) = 2.

Let G and H be two graphs. The union G U H is the graph where V(GUH) = V(G)UV(H) and
E(GUH) =E(G)UE(H). The join GV H is the graph obtained by taking the two graphs and

connecting, by an edge, each vertex in G to each vertex in H. Furthermore, the complement G of

G has V(G) = V(G) and E(G) = {uv : ww ¢ E(G),u,v € V(G)}.

Theorem 2.3 ([3]). Let G be a graph of order n > 4. Then, dim(G) = n — 2 if and only if
G=K,s (rns>1),G=K,VEK; (s>1,t>2), orG=K,V (K UKy) (s,t >1).

For the case of trees, we need the following definitions. A vertex of degree at least 3 in a graph G is
called a major vertex of G. A pendant vertex u of G is called a terminal vertex of a major vertex v
of G if d(u,v) < d(u,w) for every other major vertex w of G. In other words, a pendant vertex w is

a terminal vertex of v if v is the closest major vertex from u. The terminal degree ter(v) of a major
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vertex v is the number of terminal vertices of v. A major vertex v of G is called an exterior major
vertex of G if ter(v) > 0. Let o(G) denote the sum of the terminal degrees of all major vertices
of G, and let ex(G) denote the number of exterior major vertices of G. With these definitions, we

may calculate the metric dimension of trees other than a path by the following formula.

Theorem 2.4 ([3,12,14]). If T is a tree other than a path, then

dim(T) = o(T) —ex(T) = > (ter(v) — 1).
te;)(ig/;l

The proof of Theorem 2.4 utilizes the following general bound for any connected graphs.

Lemma 2.5 ([3]). If G is a connected graph, then dim(G) > o(G) — ex(G).

For an exterior major vertex v in G, a tail of v is a path connecting v to one of its terminal vertex,
excluding v. Thus, an exterior major vertex v has ter(v) tails. We call a tail odd or even if it has
an odd or even number of vertices, respectively. A branch B is a subgraph of G induced by an
exterior major vertex v in G and all its tails. In this case, we call v the stem vertexr of B. Thus,
a branch with n tails is a subdivision of the star graph K ,. We say a branch B is of Type I if it
has at least one odd tail and Type II otherwise. In Figure 1b, the branches of T in Figure la are
the blocked subgraphs By, Bs, B3, and By. The vertex c is the stem of By. The branches Bs, Bs,
and By are of Type I, while the branch B, is of Type II. With these additional definitions, observe
that the second equality in Theorem 2.4 indicates that the metric dimension of a tree depends only

on the structure of its branches.

We now discuss the rooted and corona product of graphs. Let G be a graph where V(G) =
{v1,v9,...,v,}. Let H be a set of n graphs Hy, Ho, ..., H, where a vertex in H; is chosen as the
root of H;, i € [1,n]. The rooted product of G by H, denoted by G(H), is the graph obtained by
identifying the root of H; and v; for every i € [1,n] [8]. A special case of rooted product of graphs
is the caterpillar graph. A caterpillar is a tree such that the removal of its pendants produces
a path. For positive integers k and nqy,ng,...,nk, a caterpillar CP(nq,no,...,n) is the graph

Py({Kin,,---,K1n,}) by taking the center vertex of each Kj ,, as its root.

Let G and H be two graphs with |G| = n. The corona product G ® H is defined as the graph
obtained by taking one copy of G and n copies of H, and we connect (by an edge) every vertex
in the ith copy of H with the ith vertex of G [16]. For the case where H = K, for some positive
integer m, we have G ® K,,, = G(H) where H = {H1, Ha, ..., H,}, H; = K1 ,, for every i € [1,n].

Theorem 2.6 ([11]). If G is a connected graph of order n, andt € N, t > 2, then dim(G © K;) =
n(t —1)

Theorem 2.7 ([11]). If G is a connected graph of order n, and H = {K1m,, Ki.mss---»K1,m,
where m; > 2 for every i € [1,n], then dim(G(H)) = > i, (m; — 1).
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(a) The tree T’ (b) The branches of T'

Figure 1: A tree and its branches

We now discuss the results related to the spectrum and nullity of graphs.

Theorem 2.8 ([2]).

(1) For every positive integers 1, s, specp (K, s) = {£+/rs,07 572}
(2) For every integer n > 2, specy (Cy) = {2cos(2nk/n) : k € [1,n]}.

(3) For every integer n > 1, specy (Py) = {2cos(wk/(n+ 1)) : k € [1,n]}.

We can see from Theorem 2.8 that n(K,s) = r+s—2; n(Cy) =2 if n =0 (mod 4), and 0 if
otherwise; and 7n(P,) = 1 if n is odd, and 0 if n is even. The following observation is immediate

from Theorems 2.8, 2.1, 2.2, and 2.3.

Observation 2.9. The condition dim(G) = n(G) holds if G is one of the following graphs:
(1) K, s wherer # s, or
(2) Cp, wheren =0 (mod 4), or
(3) P, where n is odd.

Lemma 2.10 ([9]). Let G be a graph order n. Then, n(G) = n if and only if G = K,,.

The following lemmas are very useful in many parts of our discussion.
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Lemma 2.11 ([4]). Let G be a bipartite graph containing a pendant vertex, say v, and H be the
graph obtained from G by deleting v and its neighbor. Then, n(G) = n(H).

Lemma 2.12 (|9]). Let G = U!_, Gi, where Gy, ..., Gy are connected components of G. Then,
n(G) = iy 1(Ga).

We now mention our previous result.

Theorem 2.13 ([7]). Let T be a tree other than a path. Let By and By be the sets of Type I and
Type II branches in T, respectively. Let es be the number of even tails in T. If T has an odd tail,
then

dim(T) = n(T) — n(T - By) — [Bul + €2,

where T — By is the graph obtained from T by deleting all Type I branches in T .

3 Main results

3.1 The metric dimension and nullity of bipartite or singular graphs

We first present an inequality involving dim(G) and n(G) for any connected bipartite/singular
graph having an odd tail. The proof of this theorem is similar to the proof of Theorem 2.13.

However, for completeness, we present the proof.

Theorem 3.1. Let G be a connected bipartite or singular graph other than a path. Let By and B
be the sets of Type I and Type II branches in G, respectively. Let es be the number of even tails in
G. If G has an odd tail, then

dim(G) = n(G) —n(G — Br) — |Bu| + €2
where G — By is the graph obtained from G by deleting all Type I branches in G.

Proof. Let By, ..., By be the branches in G. Since G has at least one odd tail, there exists a Type I
branch in G. Suppose that |Bi| = p > 1. Without loss of generality, let B; = {B1, Ba, ..., B,} and
Bit = {Bp+1, Bpt2, ..., Br}. Observe that we may construct a sequence of graphs Go,G1,...,G,
where Gy :=G, G, =G —Bi,and Gj =Gj_1 — Bj =G — U{zl B; for j € [1,p]. So, the graph G;
is obtained from G' by deleting the branches By, By, ..., B; of G.

For an arbitrary j € [1,p|, consider the graph G,;_; and Type I branch B; with stem vertex c;.
Suppose that B; has e() tails, egj) odd tails, and eéj) even tails, hence e() = egj) + egj) and
ey = Zle egi). Let Poaq be the set of all odd tails of Bj, and let Peyven be the set of all even tails
of B;. Pick an arbitrary odd tail, say P;, and then delete P, and c¢; from G;_;. Since P; is an odd
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(a) Gj— (b) Gj—1 = Pr—¢

Figure 2: The grouping of the vertices in G;_1 and Gj_1 — P —¢;

tail, we have n(G;_1) = n(G;-1 — P1 —¢;) by Lemma 2.11. Observe that the graph G;_1 — P, —¢;
has several connected components (see Figure 2): G, odd tails of B; except P;, and even tails of
B;. By Lemma 2.11, we have
1, if P € Poaa,
n(P) =
0, if P € Peven,
since successively deleting a pendant vertex and its neighbor of a path yields a single vertex if it

has an odd order, and an empty graph if it has an even order.

Consequently, by Lemma 2.12; we have

N(Gi) =n(Gimr = PL—c)) =n(Gy) + Y n(P)+ Y n(P)=n(Gy)+ (e —1).

P&EPoaa PEPeoven

Therefore, we have the relation n(G;) = n(G;-1) — (egj) — 1) for j € [1,p]. By applying this

relation successively, we obtain

(G = Bi) =n(Gp) =n(Go) = Y (eg’“ _ 1) —n(@) -3 (egw B 1) _

i=1 i=1

Finally, since dim(G) > Y7 (e — 1) by Lemma 2.5, we have

0G—B) = @) -3 (£ -1) + 3 (- 1)
i=1 i=p+1
=1(G) - zk: (M —1-ef?)+ Xk: (0-1)
i=1 i=p+1
= n(G) — i (e“) - 1) + ieg“ —(k—p)
i=1 =1
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Example 3.2. Let G be the graph shown in Figure 3a. The graph G — By is the bold subgraph
shown in Figure 3c. With some calculations, we obtain n(G) = 4 (so G is singular), n(G—DBr) =1,
|Bir| = 2, and e3 = 5. Thus, by Theorem 3.1, we obtain dim(G) > n(G) —n(G — By) — |Bu| +e2 =
4-1-2+5=6.

(a) G (b) T

Figure 3: The graph G, spanning tree T of G, and G — B

3.2 The metric dimension and nullity of the rooted product of some

graphs

Next, we discuss some relationships between the metric dimension and nullity of the rooted product
of some graphs. For certain conditions, this product will establish an infinite class of graphs whose
metric dimension and nullity are equal. For that, we need a useful class of graph called branch
graph which is simply a subdivision of K ,, for some positive integer n. The number of subdivision
processes in each “leg” of K , is arbitrary. The following proposition gives the metric dimension
of G(H) for any set of branch graphs H (see Figure 4). Observe that this proposition generalizes
Theorems 2.6 and 2.7.

Proposition 3.3. Let H = {B1,Ba,...,B,} be a set of n > 1 branch graphs. For every i € [1,n],
the graph B; has e; > 2 tails, and the center of B; is chosen as the root of B;. For every connected

graph G of order n, dim(G(H)) = > ,(e; — 1) = p(G(H)) — n.

Proof. Let G be a connected graph of order n. First, we show that dim(G(H)) > >, (e; — 1).
Let V(G) = {v1,...,vn}. The graph G(H) is obtained by identifying v; with the center of B;.
Consequently, the pendant vertices of all B;’s become the pendant vertices in G(H), so p(G(H)) =
> i, e;. Moreover, all vertices in G become the exterior major vertices in G(H), so ex(G(H)) = n.

Thus, by Lemma 2.5, we have

dim(G(H)) > p(G(H)) — ex(G(H)) =3 e; —n =

i=1 %

(61‘ - 1)

n n
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Next, we show that dim(G(H)) < Y7 ,(e; — 1). For every v; € V(G) C V(G(H)), let T; :=
{vh,v2, ..., v} be the set of all terminal vertices of v;, where vg is the terminal vertex of v; in the

Jth tail, j € [1,¢;]. Let S =, (T3 \ {v{"}). We will show that S is a resolving set of G(H). Let

x,y € V(G(H)) be two distinct vertices. There are some cases for z and y.

(1) Let z,y € V(B;), i € [1,n], that is,  and y are in the same branch.

(a) If z and y are in the same tail, say the jth tail, j € [1,¢;], then d(z,v}) # d(y,v}).

(b) Suppose that z and y are in different tails, say jith and joth tails, respectively. Observe

J1
7

Consequently, d(y, vfl) =d(y,v;) + d(vi, z) + d(xmfl) > d(x,vfl) since d(y,v;) > 0.

that at least one of vfl and vfé must be in S; say v]' € S without loss of generality.

(¢) Suppose that = = v; and y is in the jth tail. If j € [1,e; — 1], then d(y,v!) < d(z,v?).
If j = e;, then d(y,v}) = d(y,z) + d(z,v}) > d(z,v}) since d(y,x) > 0.

(2) Let z € V(Bs) and y € V(By), s # t € [1,n], that is, z and y are in different branches.
Consequently, d(vs,vs) > 0.

(a) If z is in the jth tail, j € [1,es — 1], then wherever y may be in B;, we have d(y,v) =
d(y,ve) + d(ve,vs) + d(vs, z) + d(z,v2) > d(x,v]). Similar argument also applies if y is
in the jth tail, j € [1, e, — 1], that is, d(x,v!) > d(y,v]) wherever 2 may be in B,

(b) If x = vy and y = vy, then d(y,v}) = d(y, vi) +d(ve, vs) +d(vs,v)) > d(vs,v}l) = d(z,v}).

(¢) For the last case, suppose that x and y are in the esth and e;th tails, respectively. If
d(z,v}) # d(y,vl), then we are done. Now, let us assume that d(z,vl) = d(y,v}l).

Observe that since d(v,vs) > 0, we have

d(z,vi) = d(w,vs) + d(vs,v¢) + d(vg, v})
= (d(z,vs) + d(vs,v})) + d(vs, v;) + d(ve,v}) — d(vs, v])
= d(z,v}) + d(vs,vi) + d(ve,vp) — d(vs, v})
=d(y,v}) + d(vs,v;) + d(ve,v}) — d(vs, v})
= (d(y,vt) + d(ve, vs) + d(vs,v})) + d(vs,v1) + d(ve, vf) — d(vs, vE)
= (d(y,v¢) + d(vg,v})) + 2d(vs, vs)
= d(y,v}) + 2d(ve, vs)

> d(y,v}).

Thus, for every case of x and y, there is an element of S resolving them. Consequently, S is a
resolving set of G(H), and since S| = Y"1, (e;—1), we have dim(G(H)) < Y7, (e;—1). Therefore,
dim(G(H)) = X7, (e; — 1). O
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Figure 4: The graph G(H)

Theorem 3.4. Let H = {B1,Ba,...,B,} be a set of n > 1 branch graphs whose tails are all odd
tails. For every i € [1,n], the graph B; has e; > 2 tails, and the center of B; is chosen as the root
of B;. For every connected bipartite graph G of order n,

dim(G(H)) = n(G(H)) = Z(ei —1).

Proof. From Proposition 3.3, dim(G(H)) = >, (e; — 1). We only need to show that n(G(H)) =
i (e; —1). Observe that G is bipartite implies G(H) is also bipartite. Consider an arbitrary
branch B; in G(H). By applying Lemma 2.11 consecutively, we may delete one tail from B;
together with the vertex v; without changing the nullity, that is, the nullity of the resulting graph
is the same as of G(#). Moreover, this deletion leaves only e; — 1 tails of B;. From Lemma 2.11
again, these e; — 1 tails leave e; — 1 isolated vertices (since every tail in B; is an odd tail) without
changing the nullity. Thus, the deletion process on the branch B; leaves the graph G(H) — B;
and e; — 1 isolated vertices with the same nullity as G(#H). By applying the same process to the

other branches, we get a graph consisting of Y ;" | (e; — 1) isolated vertices whose nullity equals the

nullity of G(#). Thus, n(G(H)) = >_1_,(e; — 1). Therefore, dim(G(H)) = n(G(H)). O

The following corollary is a consequence of Theorem 3.4 by observing that corona product of graphs

and caterpillar graphs are special cases of rooted product of graphs.
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Corollary 3.5. The condition dim(G) = n(G) holds if G is one of the following graphs:

(1) H @E for every connected bipartite graph H and positive integer p > 2, or

(2) CP(n1,na,...,ng) for every positive integers k and n; > 2, i € [1,k].

In contrast to Theorem 3.4, if all branch graphs in ‘H have only even tails, then the metric dimension

of G(H) is strictly greater than its nullity as we show in the following theorem.

Theorem 3.6. Let H be a set of n > 2 branch graphs with at least 2 tails whose tails are all
even tails, and for every B € H, the center of B is chosen as the root of B. For every connected

bipartite graph G of order n, dim(G(H)) > n(G(H)).

Proof. Let H = {By,..., By}, where every B; € H has e; > 2 tails. Assume to the contrary that
there exists a connected bipartite graph G of order n satisfying dim(G(H)) < n(G(H)). Since
G is connected and has an order n > 2, we have G # K,,, so 7(G) < n —1 from Lemma 2.10.
From Proposition 3.3, we have dim(G(H)) = Y_;_, e; — n, and by applying Lemma 2.11 on G(H)
consecutively, we obtain n(G(H)) = n(G). Therefore,

n=2n-n< iei —n=dim(G(H)) <n(GH)) =n(G) <n-—-1,

i=1

a contradiction. O

3.3 The metric dimension and distance matrix of graphs

Finally, we discuss a relationship between the metric dimension of a graph and its distance matrix.
For that, we need the following notations. For a connected graph G and § # S C V(G), the

distance matrix D of G can be partitioned into
D= [D[s| D[V\s]]

where D[S] € RIGIXISI and D[V\S] € RICIXIVASI are the submatrices obtained from D by taking
all the columns corresponding to the elements of S and V'\S, respectively. Observe that the vth
row of D[S] is r(v|S)T. Observation 3.7 is a direct consequence of this definition. Recall that a
resolving set S of G is called minimal if S does not contain a smaller resolving set of G. A basis

is a minimal resolving set, but the converse is not necessarily true.

Observation 3.7. Let G be a connected graph with distance matriz D and § # S C V(G).

(1) S is a resolving set of G if and only if D[S] has no two identical rows.
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(2) S is a minimal resolving set of G if and only if (1) D[S] has no two identical rows, and (2)
for every s € S, D[S\{s}] has two identical rows.

Theorem 3.8. Let G be a connected graph other than a path with distance matriz D. If S is a
minimal resolving set of G, then rank(D[S]) = |S|. Consequently, dim(G) < rank(D).

Proof. Let S be a minimal resolving set of G with |S| = k. Since G is not a path, we have k > 2
from Theorem 2.1. Let ¢ € [1,k] be arbitrary. According to Observation 3.7, there are two rows
dy = (du1,---,du)" and dy = (dy1,...,dur) " (u # v) of D[S] such that dys = d,, for every
s € [1,k]\{¢}, but dy; > dy;, without loss of generality. Define ¢; := d,; — dy; > 0. Observe
that C%(du —d,) = e; where e; := (0,...,0,1,0,...,0)" with entry 1 is in the ith column. This
means that e; is in the row space of D[S]. Since i € [1, k] is arbitrary, the linearly independent set
{e1,e9,..., e} is contained in the row space of D[S], hence rank(D[S]) > |S|. By the property
of rank, we obtain rank(D[S]) < min{|G|,|S|} = |S|. Therefore, rank(D[S]) = |S|. Consequently,
dim (@) < |S| = rank(D[S]) < rank(D). O

The contrapositive of Theorem 3.8 and the fact that rank(D[S]) < |S| produce the following

corollary.

Corollary 3.9. Let G be a connected graph other than a path with distance matrix D. If S is a
resolving set of G and rank(D[S]) < |S|, then S contains a smaller resolving set of G.

4 Conclusion and open problems

In this paper, we gave a lower bound of the metric dimension dim(G) of any connected bipar-
tite/singular graph G in terms of its nullity 7(G). Then, we gave infinite examples of graphs
having equal metric dimension and nullity using the rooted product of graphs. We found that
dim(G(H)) = n(G(H)) if H is the set of branch graphs having only odd tails and having at least
two tails. It is still an open problem to characterize or list other graphs having equal metric

dimension and nullity.

Problem 4.1. Give other examples of graphs G with dim(G) = n(G).

Another interesting problem is to investigate dim(G(#)) when # is the set of complete graphs of
order at least 3. As a preliminary observation, it is known that for every integer n > 2, dim(K,,) =
n — 1. On the other hand, we also have max,)(—1) = n — 1, thus dim(K,,) = ma(x,)(—1).
We conjectured that there is a relationship between the metric dimension of a graph with the

multiplicity of eigenvalue —1 through the existence of a clique.

Problem 4.2. Investigate the relationships between the metric dimension of a graph having cliques

and the multiplicity of —1 in their spectrum. In particular, if F = G(H) where G is any connected
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bipartite graph and H is the set of complete graphs of order at least 3, then compare dim(F') and

mA(F)(_l)'

Lastly, we gave a relationship between the metric dimension of a graph and its distance matrix. We
showed that if S is a minimal resolving set of G having distance matrix D, then D[S] is full-rank.
Since the metric dimension of a graph is closely related to the graph distance, there may be more

relationships between the metric dimension and the distance matrix of a graph.

Problem 4.3. Find other relationships between the metric dimension of a graph and its distance

matriz.

Acknowledgement

The authors are grateful to the anonymous referees for their valuable comments and suggestions
that helped improve the quality and clarity of this manuscript. The first author also wishes to

thank Rizma Yudatama for insightful feedback and constructive remarks.

This research was supported by the PPMI Postdoctoral Research Grant, Faculty of Mathematics

and Natural Sciences, Institut Teknologi Bandung, Indonesia.



CUBO

Further results on the metric dimension and spectrum of graphs 41

28, 1 (2026)

References

[1] S. Arumugam, K. Arathi Bhat, I. Gutman, M. P. Karantha, and R. Poojary, “Nullity of
graphs—a survey and some new results,” in Applied linear algebra, probability and statistics—
a volume in honour of C. R. Rao and Arbind K. Lal, ser. Indian Stat. Inst. Ser. Springer,
Singapore, 2023, pp. 155-175, doi: 10.1007/978-981-99-2310-6 8.

[2] R. B. Bapat, Graphs and matrices, ser. Universitext. Springer, London; Hindustan Book
Agency, New Delhi, 2010, doi: 10.1007/978-1-84882-981-7.

[3] G. Chartrand, L. Eroh, M. A. Johnson, and O. R. Oellermann, “Resolvability in graphs and
the metric dimension of a graph,” Discrete Appl. Math., vol. 105, no. 1-3, pp. 99-113, 2000.

[4] D. M. Cvetkovi¢ and I. M. Gutman, “The algebraic multiplicity of the number zero in the
spectrum of a bipartite graph,” Mat. Vesnik, vol. 9/24, pp. 141-150, 1972.

[5] D. Cvetkovi¢, I. Gutman, and N. Trinajstié¢, “Graph theory and molecular orbitals. II,” Croat-
ica Chemica Acta, vol. 44, no. 3, pp. 365374, 1972.

[6] R. Diestel, Graph theory, 5th ed., ser. Graduate Texts in Mathematics. Springer, Berlin,
2018, vol. 173.

[7] M. Farhan and E. T. Baskoro, “On the metric dimension and spectrum of graphs,” Com-
munications in Combinatorics and Optimization, vol. 11, no. 2, pp. 581-598, 2024, doi:

10.22049/cc0.2024.29109.1850.

[8] C.D. Godsil and B. D. McKay, “A new graph product and its spectrum,” Bull. Austral. Math.
Soc., vol. 18, no. 1, pp. 21-28, 1978, doi: 10.1017/S0004972700007760.

[9] I. Gutman and B. Borovic¢anin, “Nullity of graphs: an updated survey,” Zb. Rad. (Beogr.),
vol. 14(22), pp. 137154, 2011.

[10] F. Harary and R. A. Melter, “On the metric dimension of a graph,” Ars Combin., vol. 2, pp.
191-195, 1976.

[11] H. Iswadi, E. T. Baskoro, R. Simanjuntak, and A. N. M. Salman, “The metric dimension of
graph with pendant edges,” J. Combin. Math. Combin. Comput., vol. 65, pp. 139-145, 2008.

[12] S. Khuller, B. Raghavachari, and A. Rosenfeld, “Landmarks in graphs,” Discrete Appl. Math.,
vol. 70, no. 3, pp. 217-229, 1996.

[13] D. Kuziak and I. G. Yero, “Metric dimension related parameters in graphs: a survey on

combinatorial, computational and applied results,” 2021, arXiv:2107.04877.


https://doi.org/10.1007/978-981-99-2310-6_8
https://doi.org/10.1007/978-1-84882-981-7
https://doi.org/10.22049/cco.2024.29109.1850
https://doi.org/10.1017/S0004972700007760
https://arxiv.org/abs/2107.04877

CUBO

42 M. Farhan & E. T. Baskoro

28, 1 (2026)

[14] P. J. Slater, “Leaves of trees,” in Proceedings of the Sixth Southeastern Conference on Com-
binatorics, Graph Theory and Computing (Florida Atlantic Univ., Boca Raton, Fla., 1975),
ser. Congress. Numer., vol. XIV. Utilitas Math., Winnipeg, MB, 1975, pp. 549-559.

[15] R. C. Tillquist, R. M. Frongillo, and M. E. Lladser, “Getting the lay of the land in discrete
space: a survey of metric dimension and its applications,” SIAM Rev., vol. 65, no. 4, pp.

919-962, 2023, doi: 10.1137/21M1409512.

[16] I. G. Yero, D. Kuziak, and J. A. Rodriguez-Veldzquez, “On the metric dimension of
corona product graphs,” Comput. Math. Appl., vol. 61, no. 9, pp. 2793-2798, 2011, doi:
10.1016/j.camwa.2011.03.046.


https://doi.org/10.1137/21M1409512
https://doi.org/10.1016/j.camwa.2011.03.046

	Introduction
	Preliminary Results
	Main results
	The metric dimension and nullity of bipartite or singular graphs
	The metric dimension and nullity of the rooted product of some graphs
	The metric dimension and distance matrix of graphs

	Conclusion and open problems

