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ABSTRACT

Given a perfect Polish space X, a compact subset K C X
and a countable ordinal o < w1, we show that there exists a
compact subset K C X such that

R® =k,

where K(® denotes the a-th Cantor-Bendixson derivative
of K. In other words, every compact subset of a perfect Pol-
ish space admits an a-primitive with respect to the Cantor—
Bendixson derivative. This extends to perfect Polish spaces
a result previously known for countable compact subsets of
the real line. The proof proceeds in three steps: first, we
construct primitives for singletons; then, for countable com-
pact subsets; and finally, for arbitrary compact subsets, using

separability of Polish spaces.
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RESUMEN

Dado un espacio polaco perfecto X, un subconjunto com-
pacto K C X y un ordinal numerable a@ < wi, mostramos

que existe un subconjunto compacto K C X tal que
K@ =K

donde K™ denota la oa-ésima derivada de Cantor—
Bendixson de K. En otras palabras, todo subconjunto com-
pacto de un espacio polaco perfecto admite una a-primitiva
con respecto a la derivada de Cantor—Bendixson. Esto ex-
tiende a espacios polacos perfectos un resultado conocido
previamente para subconjuntos numerables compactos de la
linea real. La demostraciéon procede en tres pasos: primero
construimos primitivas para singletons; luego, para subcon-
juntos numerables compactos; y finalmente, para subconjun-
tos compactos arbitrarios, usando la separabilidad de espa-

cios polacos.
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1 Introduction

The Cantor—Bendixson derivative is a classical tool in topology and set theory. It was introduced by
Cantor in [4] and later refined by Bendixson. It plays a significant role in several areas, including the
study of Boolean frames [3], the structure of compact and o-compact spaces [9], and applications

to the semantics of finite logic programs [5].

In [3], Avilez Garcia shows that the Cantor-Bendixson derivative can be used to measure how
“Boolean” a frame is by producing for each element the largest Boolean interval containing it.
This viewpoint leads to a tower of derivatives and to relationships between derivatives at different
levels, which in turn characterize when a frame admits a Boolean reflection. In model theory, the
Cantor-Bendixson rank is closely related to Morley rank in w-stable theories. Furthermore, the
Cantor—Bendixson derivative appears in the characterization of compact and o-compact spaces
and in the construction of co-inductive operators; see, for instance, [9]. In [2], the authors give a
necessary and sufficient condition for an ordinal to be a Polish space and describe some properties

of the Cantor-Bendixson derivative on compact and countable subsets of a Polish space.

These results illustrate the relevance and versatility of the Cantor-Bendixson derivative in different

contexts and motivate further study of its structure and possible inverses.

In [1], Alvarez-Samaniego and Merino proved the existence of a “primitive” on the real line: for
every countable compact set K C R and every countable ordinal o < w1y, there exists a compact
set K C R such that

K©® =K.

The compact set K is then called an a-primitive of K. The goal of the present paper is to generalize

this result from R to perfect Polish spaces.

More precisely, we work in a perfect Polish space (X, d) and we prove that, given any compact
subset K C X and any countable ordinal @ < wy, there exists a compact set K C X such
that K(® = K. Our argument follows the same general strategy as in [1], but several technical

modifications are needed to accommodate the more general setting.

The paper is organized as follows. In Section 2, we study the behavior of Cantor—Bendixson
derivatives for certain countable unions of compact sets whose derivatives at a fixed level are
singletons contained in a family of pairwise disjoint balls. In Section 3, we collect some basic
properties of perfect Polish spaces and prove the existence of pairwise disjoint families of open
balls around countable discrete subsets. In Section 4, we first construct an a-primitive for any
singleton, and then use this to build primitives for countable compact sets and, finally, for arbitrary

compact subsets of a perfect Polish space.
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Throughout the paper, w denotes the set of natural numbers, and we identify each n € w with the
set {0,1,...,n—1}. We write w; for the first uncountable ordinal, and we only consider countable
ordinals « (i.e., &« < wy). Let (X, 7) be a topological space, and let A C X. A point z € X is a
limit point of A if every neighborhood V' of x satisfies

(VA\{z})nA#0.

The set of all limit points of A is denoted by A’ and is called the derivative of A.

Using transfinite recursion, we define the Cantor—Bendixson derivative of a subset of a topological

space.

Definition 1.1 (Cantor—Bendixson derivative). Let A be a subset of a topological space X, and
let o < wy be an ordinal. The a-th Cantor-Bendizson derivative of A, denoted by A, is defined

by
o A0 = A;
o Aletl) — (A(a))/ for every ordinal o;

o Al®) = ﬂ AW for every nonzero limit ordinal c.
y<a

Definition 1.2. A topological space (X, 7) is metrizable if there exists a metric d on X such that

the topology induced by d coincides with 7. This metric d is called a compatible metric for (X, 7).

Definition 1.3. A topological space X is called a Polish space if it is separable and completely

metrizable, that is, if there exists a compatible metric d on X for which (X,d) is complete.
A subset P of a topological space is called perfect if P’ = P, that is, if every point of P is a limit

point of P.

2 The derivative of a countable union

In this section, we study the behavior of Cantor—Bendixson derivatives for certain countable unions
of compact sets. We will work in a fixed topological space (X,7) and consider the collection of

countable compact subsets of X.

Definition 2.1. Let (X, 7) be a topological space. We set

Kx ={K C X : K is countable and compact}.

We begin with the following elementary fact; see, for example, [8].
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Proposition 2.2. Let (X, 1) be a topological space, let « < wy and let A be an arbitrary family of
subsets of X. Then
()
J 4@ ¢ (U A) :
AeA AcA

In a Hausdorff space, the Cantor-Bendixson derivatives of a closed set form a decreasing family of

closed subsets of X (see, for instance, [8]). For countable compact sets, we obtain the following.

Proposition 2.3. Let (X, 1) be a Hausdorff topological space and let K € Kx. Then, for every
ordinal a < wy, the set K@) belongs to Kx, and the family (K(a))a<w1 is decreasing: if « > 3
then K@ C K8,

Indeed, K is closed and compact, so each K(® is closed, and the standard transfinite recursion
defining the derivatives yields the monotonicity (see [7] for details). Moreover, K(®) C K for all

a, so each K(®) is countable and compact, hence K(® e K.

Our next goal is to compute the derivative of a special type of countable union. We will work in a

metrizable space and consider a convergent sequence (x,) together with a family of countable

new
compact sets whose derivatives at a fixed level « are the points x,, and that are contained in
pairwise disjoint balls. Under these hypotheses, we can describe all derivatives up to level « of the

union of the K, together with the limit point of the sequence.

The following proposition generalizes a construction that appears in the proof of [1, Theorem 2.1].

Proposition 2.4. Let (X, d) be a metrizable space, let o < wy, and let (v,),, o, € X be a sequence

satisfying:

(1) (Tn),e,, converges to a point x € X;

(i1) there exists a family (K,) in Kx such that K\ = {z,} and

new

K, C B(Jﬁn, Tn)

for all n € w, where (B(xn,7n)), ¢, 95 a family of pairwise disjoint open balls.

Set
K= |]J K,U{z}.

new

Then, for every 8 < «, we have
K® — U K® U {z}.

new
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Proof. Let 5 < a. Using Proposition 2.2 and the monotonicity of the derivative with respect to

the inclusion (see [§]), we obtain

(8) )
U &P < (U Kn> - (U Knu{az}> =K®,

new new new

On the other hand, by Proposition 2.3 and the monotonicity of the derivative with respect to the
inclusion, we have

{zp:necw}l= U K C U KP® c K®,

new new

Since (z,) converges to x and z,, € K® for all n, it follows that z is a limit point of K%), so

new

re KBPtY ¢ g6,

Thus, for every 8 < «,
U K® U{z} c KW,

new

It remains to prove the reverse inclusion. We again proceed by transfinite induction on 5.

e For 8 =0, the result is immediate. Assume 8 < « and

KW ¢ | JEP Uz} (2.1)

new
Let z € KA+ = (K(ﬁ))/. Then z € K®, and by (2.1) either z = x or there exists M € w

such that
z € KJ(\ZB) C B(za,mMm)-

If z =z, then z € U Kffﬂ) U {z} and we are done. Suppose z # x. We necessarily have

new

z € K](Vfﬂ); otherwise, z would be an isolated point of KJ(J;), so there exists e > 0 such that

B(z,e1) N KW = {z}. (2.2)

Let

e =min{e1, ry —d(z,2m), d(z,2)}.

Then B(z,e) C B(xa,7a), and since the balls B(x,,r,) are pairwise disjoint and K, C

B(xp,ry,) for all n, we have

B(ze)n | | KW | =0. (2.3)
m#M
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Combining (2.2) and (2.3), we obtain

{z} = B(z,e) N KR[;)U U KP u{z} :B(z,a)ﬁ<U K,(f)u{x}> = B(z,e)NK®,
m#M new

which contradicts z € (K(ﬂ))/ = K+ Hence z € K](V‘;H), and therefore

KB+ ¢ U KT(lﬂH) U {z}.

new

e Let v < a be a nonzero limit ordinal, and suppose that

KO ¢ | J KD u{a},

new

for all § < . Let z € K(); using the induction hypothesis, we have that

EO =K< (U K U{z}>.

o<y §<y \n€w

Then, for every § < =y, either z = x or there exists m € w such that z € Kﬁ,f).

If z =z, we are done. Otherwise, z # x and for § = 0 there exists M € w with
z € Kz(v?) = Ky C Bz, mai)-

We claim that z € KJ(\fI) for every § < 7. Suppose not, and let §; < v be minimal such that
z ¢ Kl(\jo). Thus, since z € KM, 2z # z and z ¢ KI(S,O), for dp, there exists mg € w with
mg # M such that

z € K}jg) C Ky € B(@mg, T'mg )-

Thus B(zar,7a) N B(Tmg,Tmg) # 0, contradicting the fact that the balls B(z,,r,) are
pairwise disjoint. Hence
ze () Ky = Ky7.
5<y
We conclude that
K" c U KT(L"/) U {z}.

new
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Combining the three steps, we obtain
K® — U Kff) U {z},
new
for every 8 < a, as required. O

The previous result suggests replacing the singleton {z} by a more general countable compact set.

This leads to the following variant.
Proposition 2.5. Let (X,d) be a metrizable space, let o < wy and let K C X be a closed set
satisfying:

(i) K\ K'={z, :n € w} is infinite and the points x,, are pairwise distinct;

(i1) there exists a family (K,) in Kx such that K\ = {zn} and

new

K, C B(xy,mn)

for all n € w, where (B(xp,1y)) is a family of pairwise disjoint open balls.

new

Set N
K=|JK,UK.

Then, for every 8 < «a, we have

Proof. We first prove that K C K® for every 3 < «, using transfinite induction.

e For 5 =0, the result is immediate.

e Assume that K C K® for some 8 < a. Then K’ C KD and, using (ii),

ENK' = |J{za} = |J K € | KD € RO,

new necw new

Thus
K=K U(K\K')C K,

e Let v < a be a nonzero limit ordinal, and suppose
K C ]?(5)’

for all 6 < . Then
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Hence K C K® for every 8 < a. On the other hand, for each 5 < «, Proposition 2.2 yields
8) (8)
U &P < (U Kn> c (U KnuK> =K®.
new new

Combining these inclusions, we obtain

UEPUKCED, forallg<a.

new

To prove the opposite inclusion, we again use transfinite induction on §.

e For 8 =0, again, the result is immediate.

e Assume that f < « and
E®c|JEYP UK. (2.4)

new

~ PN ~
Let x € KA+ = (K(ﬁ)) . Then = € K® so by (2.4) either z € K or there exists M € w
with
ze K C Bz
M = MsTM)-

/
If x € K, there is nothing to prove. Suppose z ¢ K. If x ¢ K](\gﬂ) = (K](\f;)) , then x is an

isolated point of Kj(\g), and there exists €1 > 0 such that

B(z,e)) N K\ = {z}. (2.5)
Since K is closed and x ¢ K, we have
d(z,K) :=inf{d(z,z) : z € K} > 0.

Let

e =min{ey, ry —d(x, ), d(z, K)}.

Then B(z,e) C B(zp, ) and

B(m)m( U K,<,§>) =0 (2.6)
m#M
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Moreover, by the definition of ¢, B(x,¢) N K = (). Combining these facts with (2.5) gives

{g} =Bz,e)n | KU | KPP UK | = B(z,e)n (U K®) UK) = Blz,e) N K®),

m#M new

~ A
which contradicts x € (K(B)) = KB+D Hence z € Kj(gﬂ), and therefore

[/(\'(54-1) C U Kr(bﬁ-i'l) UK.

new

e Let v < a be a nonzero limit ordinal, and suppose

E®c |JEY UK, (2.7)

new

for all § < ~y. Let z € KO = ﬂ K©®, By (2.7), for each 0 < 7, either z € K or there exists
6<y
m € w such that z € Kr(,f).

If 2 € K, we are done. Otherwise, z ¢ K and there exists M € w such that z € Kz(v?r) =
Ky C B(zag,rar). We claim that z € K](\g) for all 6 < . If not, let dg < ¥ be minimal with
z ¢ K(SO) Then, for &y, there exists mg € w with mg # M such that

2 € K0 C King € B(@mg, Tmo),

so B(zar, 7o) N B(Tmg,Tm, ) # 0, contradicting that the balls are pairwise disjoint. Hence

z € ﬂ K, (6)
o<y
Thus
K - U K7(L7) UK.
new
This completes the induction and the proof. O

3 Some properties of perfect Polish spaces

In this section, we collect several standard facts about perfect Polish spaces that will be needed
later. We also construct, for each countable discrete subset, a family of pairwise disjoint open

balls, as required in Propositions 2.4 and 2.5.
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The next lemma expresses the fact that in a perfect metric space, every point is the limit of a

sequence of distinct points.

Proposition 3.1. Let (X,d) be a Polish space and let A C X be perfect. Then, for every x € A,

there exists a sequence () € (A\{z})¥ such that (z,) converges to x.

new new

The next statements are well-known, and their proofs are straightforward, so we omit them. Propo-
sition 3.2 follows from the fact that every non-empty open subset of a perfect Polish space is
uncountable. Proposition 3.3 is a standard consequence of basic properties of compact countable
sets. Finally, Lemma 3.4 is the classical construction of pairwise disjoint balls around a countable

discrete set in a metric space.
Proposition 3.2. Let (X,d) be a Polish space and let K € Kx. Then K is not perfect.

Proposition 3.3. Let (X, d) be a Polish space and let K € Kx be infinite. Then K has infinitely

many isolated points.

We now construct disjoint balls around a countable discrete subset. This is a standard fact; we

provide a version convenient for our purposes.

Lemma 3.4. Let (X,d) be a metric space and let A C X be a countable, infinite, discrete set.
Write A = {z,, : n € w} with x,, # T, for n # m. Then there exists a sequence of positive real

numbers (ry) such that

new

{B(xnv rn)}nEw

1
is a family of pairwise disjoint open balls. Moreover, we may additionally require r, < o for
n

alln € w.

4 Existence of primitives

In this section, we prove the main results of the paper. We begin by constructing, for each point
z lying in an appropriate Cantor—-Bendixson derivative of a Polish space and each ordinal o < wy,
an a-primitive contained in an arbitrarily small ball around z. We then use this construction to
obtain primitives for countable compact sets, and finally for all compact subsets of a perfect Polish

space.

Although the main theorem could be stated and proved in a single step, we intentionally develop
the argument in three stages: first for singletons, then for countable compact sets, and finally
for arbitrary compact sets. This stepwise organization reflects the way the construction naturally

extends from isolated points to countable compact sets and then to general compact subsets.
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4.1 Primitives for singletons

We begin with the key step: primitives for singletons.

Proposition 4.1. Let (X,d) be a Polish space, let a < wy, let z € X®) and let 7 > 0. Then there
exists K € Kx such that
K C B(z,r) and K ={z}.

Proof. We proceed by transfinite induction on a < ws.

e If o = 0, it suffices to take K = {z}. Then K C B(z,r) and K(© = K = {z}.

e Assume that for some o < w; the following statement holds: for every 7 € X(® and every

r > 0, there exists K e K x such that
K C B(Z,7) and K©® = {7}

We prove the statement for o + 1.

Let € XD and » > 0. Since z € X (@D by Proposition 3.1 there exists a sequence
(Tn)pew € (X(O‘) \ {x})w converging to z. Using Lemma 3.4, we may choose a family of

pairwise disjoint balls {B(zp,7s)}new Wwith r, <1/(n+ 1) for all n.

Since x, — x, there exists N € w such that, for all n > N,

d(zy,x) < and

N3
S

+

—

If n > N and z € B(xy,r,), then
r
d(z,x) < d(zaxn) + d(I,L,JC) <Trp+ 5 < ntl 5
so B(xy, ) C B(x,r) for alln > N.
For each m € w, apply the induction hypothesis to z,, € X and r,, > 0 to obtain

K, € Kx such that
Ky C B(&p,rm) and K = {2,,}.

Define
K= |J Knu{z}.

m>N-+1
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We now verify the required properties.

— K C B(z,r). Form > N+ 1, K,;, C B(xm,"m) C B(x,r), and clearly {z} C B(z,r),
so K C B(z,r).

— K is countable and compact. The set K is a countable union of countable sets, so it is

countable. To see that K is compact, it suffices (in a metric space) to show that K is

sequentially compact.

Let (zr)rew € K¥ be a sequence in K and set S = {z; : k € w}. We distinguish three

cases.

(a)

(b)

()

If SN K is infinite, then there is a subsequence of (z)re. contained in K, and since
K is compact, this subsequence has a further convergent subsequence.
If there exists m € w such that S N K, is infinite, then a subsequence of (zx)kew
lies in K,,, and since K, is compact, it has a convergent subsequence.

Suppose that S N K is finite and S N K, is finite for every n € w. Then the set
I={new:SNK, #0}
is infinite. For N, M € w, set

Sy ={z:k>M} and I(NM)={new:SynNkK,#0, n>N}.

A simple counting argument shows that I(/N, M) is infinite for every N, M € w
(otherwise I would be finite). Using this, we recursively define strictly increasing

functions 0,1 : w — w as follows:
(0) =min I, ¥(0) = min{k € w: zx € Ky(0)},

and, for m € w,

o(m + 1) = min I{o(m), (m)),
Y(m+1) =min{k € w: k> y(m) and 2z € Ko(mq1)}-

Then 1) is strictly increasing and zy(m) € Ko(m) € B(Zo(m), Tom)) for all m € w.

Hence

d(zw(7rL)7:Eo(7n)) < To(m) < #
~o(m)+1

Since (mg(m)) is a sequence in the compact set K (recall that each z,, € X ¢

new

X and later we will use them in a compact set), it has a convergent subsequence

(:Ea(g,(m)))new. The corresponding subsequence (z¢(¢(m))) is then Cauchy and

new
convergent in X. Its limit belongs to K by closedness. Thus (zx)rew has a conver-
gent subsequence.

In all cases, K is sequentially compact; it is compact.
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— K+ = {2} Since K5 = {zm} for each m and the balls B(x,, ) are pairwise

disjoint, Proposition 2.4 applied to the sequence (z,) and the family {K,, }m>ni1

new

yields

(@)
K(a):< U Kmu{x}> = U K U{z} ={x,:m>N+1}U{z}.

m>N-+1 m>N-+1

Since &, — x, the only limit point of K(® is z, so

Ko+ = (K@)I = {z}.

e Let A < w; be a nonzero limit ordinal, and assume the claim holds for all p < X. Let z € X

and r > 0. Choose a strictly increasing sequence of ordinals (p,,)me, With p,, < A for all m

and sup pm,m = A.

mew

Since z € XM, for each m € w we may choose a point
Ty € X(Pm) \ {z}

such that x,, — = and z,, € B(x,r). Applying Lemma 3.4 and shrinking the radii if
necessary, we obtain a family of pairwise disjoint open balls {B(z,, 7m) }mew such that, for

some N € w, we have B(zp,rm) C B(x,r) whenever m > N.

For each m we apply the induction hypothesis (at level p,,) to z,, and r,, > 0, obtaining
K,, € Kx such that
K € B(Tp,rm) and K% = {z,,}.

Set

K= |J KnuU{z}.

m>N-+1

As in the successor step, K is countable, contained in B(z,r), and compact.

For each m, the set K,(r’b\ ) is empty, since p,, + 1 < X and the derivatives form a decreasing

family. Applying Proposition 2.4 with the sequence (z.,) and the family {K,,}m>n~n+1,

new

we obtain

Y
KW( U Kmu{x}> = U KD Uuia}={z}.

m>N+1 m>N-+1

This completes the induction and the proof. O
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4.2 Primitives for countable compact sets

We now use the previous proposition to construct primitives for countable compact subsets of a

perfect Polish space.

Theorem 4.2. Let (X,d) be a perfect Polish space, let K € Kx, and let « < wy. Then there
exists K € Kx such that
K@ =K,

Proof. If a = 0, we may simply take K= K, so we assume o > 0.

By Proposition 3.2, K is not perfect, so K’ # K. We consider two cases.

Case 1: K is infinite. By Proposition 3.3, the set K has infinitely many isolated points, so
K\ K’ is infinite. Enumerate
K\K' ={z,:necw}
with pairwise distinct .

Each point z € K \ K’ is isolated in K, so there exists a neighborhood V' of x such that
VN K = {z}. In particular,

{z}=VNKCVN(K\K')CVNK = {x},

so x is also isolated in K \ K’, and the set K \ K’ is discrete.

Applying Lemma 3.4 to the discrete set {z,, : n € w}, we obtain a family of pairwise disjoint

open balls {B(xy, ) tnew with 7, < 1/(n+ 1) for all n.

Since X is perfect, then z,, € X(® for every n € w. For each n, applying Proposition 4.1 to
zn € X and r, > 0, we obtain K,, € Kx such that

K, C B(xy,r,) and Kff’) = {x,}.

Since the balls B(x,,,r,) are pairwise disjoint, so are the sets K.

Define
K=|JK.,UK.

The set K is countable as a countable union of countable sets. A compactness argument
analogous to the one used in the proof of Proposition 4.1 (successor step) shows that K is

compact. Hence K€ Kx.
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Finally, applying Proposition 2.5 with the family { K} and the set K, and using that K,(La) =

{zn} for all n, we obtain

(@)
K@ = (U KnuK> =JKWUK = |J{z}UK =K.

new new new

Case 2: K is finite. In this case, K \ K’ is also finite. We may write
K\K' ={z,:n€e M},

for some finite subset M C w. Since X is perfect, we have x,, € X(® for all n € M.

Fix 7 > 0. For each n € M, apply Proposition 4.1 to z,, € X(® and r > 0 to obtain K,, € Kx
such that
K, C B(x,,r) and K,(LO‘) = {z,}.

Define

K= |J K.UK.
neM

Since M is finite and each K,, and K is compact, K is compact. It is also countable; hence

I?G’C)(.

We now show that K(®) = K. First, observe that K C K® for every 8 < a, by a transfinite

induction entirely analogous to the one used in Proposition 2.5. In particular, K C K@),

On the other hand, since (J, ¢, K = {zn : n € M}, we have

(@)
K©® = (U KnUK> = J KWUK@C | J{z} UK =K.

neM neM neM
Combining these inclusions gives K@ =K.
In both cases, we have constructed Ke K x such that K@ = K, as required. O

4.3 Primitives for arbitrary compact sets

We finally remove the countability assumption on K.

Lemma 4.3. Let (X,d) be a Polish space, and let A C X be such that every point of A is isolated
i A. Then A is countable.

Proof. See, for instance, [6, p. 126]. O
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We can now state and prove the main theorem.

Theorem 4.4. Let (X,d) be a perfect Polish space, let K C X be compact, and let o < wy1. Then

there exists a compact subset K C X such that
K@ =K.

Proof. If K is perfect, then K(®) = K for all & < wy. Thus, taking K=K gives the result. Hence,

we may assume that K is not perfect.

If & = 0, we can again take K= K, so we assume « > 0. Since K is compact and not perfect, the
set K\ K’ consists precisely of the isolated points of K and is therefore countable by Lemma 4.3.
We write

K\K' ={z,:ne€ M},
for some (finite or infinite) M C w.

We distinguish two cases.

Case 1: M is infinite. As in the proof of Theorem 4.2, we may choose the points z,, to be
pairwise distinct and apply Lemma 3.4 to obtain a family of pairwise disjoint open balls

{B(Zn,7n) tnew with 7, <1/(n+ 1) for all n.

Since X is perfect, then z,, € X(® for all n € w. For each n, applying Proposition 4.1 to z,
and r, yields K, € Kx such that

K, C B(zp,m,) and K ={x,}.

The sets K, are pairwise disjoint.

Define
K= U K. UK.

An argument analogous to the one in the proof of Theorem 4.2 shows that K is compact.

Moreover, by the same reasoning as in Case 1 of Theorem 4.2, we obtain
K@ = K.
Case 2: M is finite. In this case, K \ K’ is finite, and we may write
K\K' ={z,:ne€ M},

for some finite M C w. Since X is perfect, then x,, € X for all n € M.
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Fix r > 0. For each n € M, applying Proposition 4.1 with z,, and r, we obtain K,, € Kx

such that
K, C B(zn,r) and K ={z,}.

Define
K= |J K.UK.
neM
Since M is finite and each K, and K is compact, the set K is compact. Repeating the

argument from Case 2 of Theorem 4.2, we conclude that K@ =K.

In both cases, we obtain a compact subset K C X such that K@ = K, as desired. O

Although Theorem 4.4 is stated for compact sets, the argument actually extends to arbitrary closed

subsets of a perfect Polish space.

Theorem 4.5 (Extension to closed sets). Let (X,d) be a perfect Polish space, let F C X be a

closed set, and let o < wy. Then there exists a closed set F C X such that

F(a) =F.

Indeed, the key ingredient, Proposition 2.5, only requires K to be closed rather than compact.
We restrict ourselves to the compact case in order to simplify the management of details in the
construction; nevertheless, the same method yields the corresponding result for closed sets without

any essential changes.
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