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Series with harmonic numbers and the tail of ((2)
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In this paper we solve an open problem related to the calcu-
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1 Introduction

In this paper we solve the open problem 7.117 part (b) (see [11, p. 228]), which is about calculating

1
the quadratic series involving the nth harmonic number H,, = 1+ 3 + -4+ — and the tail of {(2)
n

In addition, we also calculate the series
S (g1 L
n 22 n2)’
n=1
which is new in the mathematical literature.
Further on we present some formulae and definitions which we shall need in our analysis.

Abel’s summation formula ([1, p. 55|, [5, Lemma A.1, p. 258|, [11, p. 38|) states that if (a,)n>1
n

and (b,,)n>1 are two sequences of real numbers and A,, = Z ak, then

Z agby = Apbny1 + ZAk(bk- —brg1).

k=1 k=1

We will be using the infinite version of this formula

Z akbk = nlLH;o(Anbn_H) + Z Ak(bk - bk+1). (11)
k=1 k=1

The Dilogarithm function Lig(z) is defined, for |z| < 1, by ([13, p. 176])

2, 2" In(1 —1¢)
iy = S5 [ B0y,

The special case Liz(1) = ((2) is worth mentioning.

Also, the Trilogarithm function Lis(z) is defined by

L
Lis (2 :Z% / 12()dt, 2| < 1.

1 1
The nth generalized harmonic number of order k is defined by Hy *) =1 + 27 + — 3" +o 4+,
n
n>1,k>1.
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A classical symmetric summation formula involving generalized harmonic numbers is given by

e HT(LP) > 7(;1)
DY T =+ @)+ D)), P> L (1.2)

np
n=1 n=1

A short proof of this formula is based on applying Abel’s summation formula (1.1) to the series

Y 1 ®) - o) 1
2 , with af, = T and by = H,”'. We have, since A, = Hy," and b, — bpy1 = NCEET
that
1
H(Q) _
e H(P) e H((I) e n+1 (n_|_1)q
L (@) 7P _ n — _
n=1 n=1 n=1
= HY
= ((a)¢(p) ~ Zl -+ +a),
and the identity (1.2) is proved.
2 The main result
The main result of this paper is the following theorem.
Theorem 2.1. The following identities hold:
(a) A linear series with the tail of ((2)
oo
H? 1 1
Infe@) -1 = - — ) =2¢(2)¢(3).
ST (1 ) =2
(b) A quadratic series with the tail of {(2)

z 1 1\? 19 5

S8 (6 1- g = ) = 00) — ) + 560) +202C03),

n=1

The convergence of series in Theorem 2.1 is based on the behavior of the sequence (ry,),>1, defined
by
1 1

ri= @) 1oy oy L

Using Cesaro-Stolz lemma, the 0/0 case ([5, Theorem B.2, p. 265]), [11, p. 11|, one can prove that

lim n (((2) L 1) =1. (2.1)
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1 1 1
This implies that, for large values of n, we have ((2) — 1 — 2T peadie Thus,
H? 1 1 H?
n 2) -1 — — — ... — )~ n
n <<( ) 22 n2> n?
and ) ,
1 1 H
2 n
(0@ -1 g~ ) ~ a2,

— H2 17
and since E — = ZC(ZL) (see [11, pp. 245-249]), we have that both series in Theorem 2.1
n
=1

n
converge.

3 Intermediate results

In this section we prove some lemmas which we shall need in obtaining our main result, i.e.

Theorem 2.1.

Lemma 3.1. An Euler sum and a logarithmic integral

The following identities hold:

(@) 3 = 50(5) ~ C(2¢(3);

n=1

Un? 2102(1 — o
o [ PR e = s00s) - 420603,

172,72
In“ zIn“(1 —
Proof. We prove Lemma 3.1 by calculating the logarithmic integral / L(m) dz by two
0 X
different ways.
= In(1 —x)
First, we use the generating function for the nth harmonic number Z H,z" = L for
n=1
1
€ (—1,1) ([11, Problem, 3.63, part (a), p. 93]), combined with the formula / 2FInzde =
0
6 2In(1 —
R k > 0. We integrate by parts, with f(z) = In*(1 — ), f'(z) = —%, g (x) =
In?

1. -
, g(x) = 3 In® 2, and we have that
T

1

1 2 2 !
In? 2 In%(1 — 1 2 [ -
/ o™ =2) 40~ Ly gyinda +7/ W =2) 134 de
0 z 3 o 3Jo 1-w

1 _ 1/
zg/ Mlngxdgc:—g/ H,z" | In®zdx
3 0 1—z 3 0 1

200 1 ) o) H
S H, "nd rde =4 _n
3; /Ox n® 2 do ;<n+1>4
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1
> H7L+1 >
=4 —_— 3.1
S @)

Second, we calculate the same integral by using the Taylor series expansion of the logarithmic
> n

function —In(1 — z) = Z %, —1 <z < 1. It follows that

n=1

In”zln*(1 — x) :/ %z [ —
presste [ ERS
:222 m(n +m)3

)dx— i i ;/1 2" n? o de

n=1m=1

Vk e N={1,2,...}. A calculation shows that

1
since P e de = 3
O k

1 1 1 1 1 1 1
nm(n+m)® n3 mn+m) nP (n+m)2 n2 (n+m)d’

It follows that

n=1

— 1 < 1 1l 1 1l 1

D I S e D DIFEL T D
3 3 2 2 3
n=1 m=1 m(n + m) n=1 n m=1 (n + m) n=1 n m=1 (Tl + m)

—~ Hy o~ 1 1 1 =1 1 1
:2;7%—27;%(«2)—1_22 ..... 112>_27;HQ<4(3)_1_23 ..... n?>>
=2 P —4C(2)¢B3) +2) < St | =2) S - 2(2C6) +2(5). (3.2)

n=1 n=1 n=1
. . . 1 Hy oo .
We used in the previous calculations the formula Z ——— = — and identity (1.2) with
m(n + m) n

m=1

p =2 and ¢ = 3. Combining (3.1) and (3.2), we have that the desired results hold and parts (a)
and (b) of Lemma 3.1 are proved. O

— H
Remark 3.2. We mention that the linear Euler sum Z n—: = 3¢(5) — ¢(2)¢(3) is a special case

n=1

of a classical series formula due to Euler, which states that 2 i % =(n+2)((n+1) Z C(n

kE)C(k+ 1), n € N\ {1}. For reference materials related to ];}Tzls formula the reader is referred to
[5, p. 208]. Lemma 3.1 gives another proof of the identity i % = 3¢(5) — ¢(2)¢(3), which we
believe 1s new in the mathematical literature, based on calcuTlLa:t;ng a quadratic logarithmic integral

in two different ways.
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Lemma 3.3. Logarithm and polylogarithm integrals

The following formulae are valid:

1 1 toagn
p) [ —=- 1 >1;
(a) ((2) 22 ) /Olixnxdx,Vn_ ;
e ¢ H,
(b)/ iy Q—?,V >1;

© [ Lijfx) = 2(2)¢(3) ~ 3C(5);

@ [ B 4, — s - e

@ [ M g~ o)

@ [ M g o) + o)

1
) 1
Proof.  (a) Using the formula / " Inzdr = ——5, ¥n > 1, we have that
0 n

1 1 1 1
21— — — i — =
<2 22 n?  (n+1)2 + (n+ 2)2
1 1
:—/ x"lnmdx—/ " Mnedr — -
0 0
1 1 "
:f/ (:c”+:c"+1+~~~)lnxdx:f/ Inzdz.
0 0o 1—x
(b) We have
! 1 ! o= 2 = 1 [ 1
"~ Lig( )d:z::/ " — | dz = —/ 2"l dy
J e ) e,
_i 1 15":(1 1 ) ¢(2) H,
= 5 == — = = — 5
=m (n+m) n = \m (n+m) n n
H’n
s1ncez it
(¢) We have, based on part (b), that
/ Lij(x —/ ix”_l dx—il/lx”_lLl (z)dx
0 n=1 n? n:1n2 0
oo (oo}
1 (2 Hy, H,
-3 m (P TE) mee -2

and the result follows based on part (a) of Lemma 3.1.
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i i ; 2 , ln(l — :)j) 9
(d) We calculate the integral by parts, with f(z) = Liy(z)In“2, f/(2) = ———In“2z +
x
2Li 1 1
W’ g'(xz) = 11—z g(z) = —In(1 — ), and we have that

1; 2
/0 W dz = —In(1 — 2)Liy(z) In? x|(1)
1 : _
+/ In(1 — ) (2L12(x) Inz In(1 —x) 12 x) de
0 T T

17: _ 190201 2
:2/ Lig(z)InzIn(l — x) dx—/ In“(1 —z)ln L
0

T T

1 -2 1 2 2
L In“(1 —2)1
Iz Li2(z +/ de}_/ (1 —z)ln"e
0 € 0 €

-
/ %m /01 In?(1 fxm) In? z e
(3

= 6¢(2)¢(3) — 11¢(5),

where the last equality follows based on part (c¢) of Lemma 3.3 and part (b) of Lemma 3.1.

(e) We have

1L'()12 112 — 2
[ (g S

n=1 n=1

(f) We need the following Landen formula for the Dilogarithm function Lis ([13, entry 10, p.
177))
Lig(z) + Lis(1 —2) = ((2) —InzIn(1 —z), =€ (0,1). (3.3)

We have, based on (3.3), that

[0 g Y ) s )~ Lip(@)
0 0

B ! Lig(2) B ! Lig(2) e L2 () )
— 4(2)/0 - dx /0 - InzIn(1 )d /0 . d
= ((2)Liz(x )3 /0 LIQT(x)lnxln(l—x d %d

x
Lig (x) da

T

Inx

= C2)¢(3) - [—2L @ |

1 12 T
— e -2 / L) 4,

T

5/

) x—/ Lij
0
1 171:2 1
1 'L
HE) dm] _/
T 0

= ~20(2)¢(3) + 5C(5).

where the last equality follows from part (¢) of Lemma 3.3. O
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1 1
Lemma 3.4. The generating function of the sequence (C(2) —-1- 2T 2) .
n n>1
The following equality holds
- 1 1\ ,  <(2)x— Liy(2)
;<C(2)—1—22 ————— n2>x =1, z e [-1,1).
. 1 1
Proof. We apply formula (1.1), with a,, = 2™ and b,, = {(2) — 1 — T —, and we have,
n
. 1 9 n_ T— gt
since by, — bp41 = m and A, =z+z°+--- 2" = EETr that
> 1 r , . x—at 1 1
;(“2)‘1‘22 """ n>f = Jim = <<<2>—1‘22 """ (n+1)2>
00 T J}n+1 1 1 T — xn-‘rl
+n§1 -z  (n+1)2 17357;1 (n+1)2
1 x—az" ((2)x — Lig(x)
S l-x ; n? 11—z ’
and Lemma 3.4 is proved. O
Lemma 3.5. The following formulae hold:
Linear and nonlinear Euler sums
>, H, 7t 5
- = —_—= - 4 N
oo
H: 7
(b) Y3 =5¢(6) = C(2)¢(3).
n=1
A mosaic of series with the tail of ((2)
1 1 1
© 3 (@t ) =
— H, 1 1 7
d — 2)—-1— = —---— — | ==C(4);
@ 3 ()1 gy ) = e
— H, 1 1
03 5 (€@ -1 g == 3 ) = <@X) - <)

n=1

Proof.  (a) The proof of this series, due to the famous German mathematician Christian Gold-

bach, can be found in [11, pp. 239-240].

(b) This nonlinear harmonic series is recorded in [4, p. 24|, [10, p. 209], and it also appears as

problem 4.23 in [14], with a detailed solution on pages 394-395.

(c¢) This is problem 3.20 in [5, p. 142], with a solution in [5, p. 178].
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(d) This is problem 3.62 in [5, p. 149], whose proof can be found in the same book on pages
211-213. An alternative solution is given in [§8]. Another method for proving this equality,
which is based on an application of Abel’s summation formula, can be found in [6]. We

give below a new solution which uses the special generating function given in Lemma 3.4,
1

H
combined with the formula / 2" tin(l—z)dr = — Tn’ n € N. For a history of this formula

0
and reference materials related to it the reader is referred to [5, p. 206]. We have:

ifi( _1_2% ..... n12>:—i/olx”_lln(l—x)dm(((2)—1—212 ————— nﬂ)

n=1 n=1

in(1 —2) & 1 1
:_/ (x )1;(«2)_1—22— n2>x”d:c
Lemma34 ! JJC(Q) L12 1‘) 1 (1 - J)) dLIJ

0 1-— T

:/0 Lig(x)ln(lxx)dx—/o (4(2)—L12(m))%dx
C Lij@) | - n(l—z)
=27 - €@ i)

1 31—
+,/ In"(1-z)
0 20 X

:_7T4_1/11n3(1—x)dx:_7r4_1/1 ln3xdaj
0 0

72 2 x 72 2 1—=x
_ 0 1ty =, 5 IS Y s
__ZCM)_?/O In :c(;m )dx_—4g(4)—2§6/0 " In® z dz
5 > 1 5 7

Another proof of part (d) is based on part (a) of Lemma 3.3, i.e. the identity ¢(2) — 1 —

1 1 bogn
BT = —/ T Inzdx, n > 1, combined with the generating function of the
n 0 — Qf

H, Hy, o 1
sequence () , d.e. E = Lis(z) + 3 In?(1 —z), z € [-1,1) (see |10, entry (25),
nJ n>1

p. 216]). We leave the detallb to the interested reader.

(e) This part of the lemma follows from Euler’s series Z (see [11, p. 238]) and the

identity E 5— = ((2)¢(3) + ¢(5) (see [10, Theorem 6, p. 210], [14, Problem 4.25, p.
n
n=1

293]). O
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4 Proof of the main result

In this section we prove Theorem 2.1.

H2
Proof. (a) We need the generating function of the sequence (">

n n>1

o~ M . 1.y
Z et = Liz(z) — In(1 — x)Lis(z) — 3 In®(1—z), zel-1,1).
n=1

The previous formula is recorded in [15, entry (4.42), p. 401] and it can also be found in an

equivalent form in [10, entry (38), p. 222]. Then, we have, based on part (a) of Lemma 3.3,

that
2. H? 1 1 L H? [t ogn
n ) W e R n Inzd
”;n <<() 22 n2> n;n/() 1_mnzx

1 o0 2 1
_ _/ llnxm (Z finy) dz :/ 11“”; (;m?)a — )+ In(1 — 2)Lis(2) —Lig(x)) dz.
o L=z \/z o 1—

1
Let I be the previous integral. We calculate I by parts, with f(x) = 3 In*(1 —z) +In(1 —

. ) In?(1—x) Lig(z) In*(1—=x) Liy(z) Inx
Lis(z) — L () = — _ _ _ sy _ T
o)Lis(x) — Lis(a), /(@) = — 2 2@ W ) ) = 1
g(x) = Liy(1 — z), and we have that
1 1
I=Lixy(1—x) [3 In®*(1 — ) 4+ In(1 — )Lis(z) — Lig(l‘):|
0
! In*(1 — Li In*(1 — Li
[ s [P0 L), 1) it
0 1-2z 1-—2z x x
_ /1 Lig(1 — ) In*(1 — z) o+ /1 Lis(1 — o)Lia(x)
0 1—=x 0 1—2x
N /1 Lig(1 — z)In*(1 — z) dz + /1 Lis(1 — 2)Lis(2)
0 z 0 x
! Lig(x)In® z ! Lig(2)Lig(1 — z) ! Lig(z)In® 2
:/ 7dx+2/ —dx—i—/ ————dz = 2¢(2)¢(3),
0 T 0 x 0 1-2z
where the last equality follows based on parts (d), (e) and (f) of Lemma 3.3.
1 1 -
(b) Let r,, = ¢(2) — 1 — 3T ol We calculate the quadratic series Z H?r2 by Abel’s

n=1
summation formula (1.1), with ay = H? and by, = 2. A calculation shows that Vn > 1:

Ap =Y H}=(n+1)H; - (2n+1)Hy+2n = (n+1)Hy,, — [2(n+ 1)+ 1]Hppr +2(n+1),
k=1
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and we observe that

bn _bn+1 :7’2 —T,?lJrl = m(Tn—‘rT‘nJrl).

‘We have

o o e
2.2 1 2 2 2 _ 2 2
E Hnrn — nh—>Holo AnrnJrl + § :A’ﬂ(rn - Tn+1) - E An(rn - rn+1)
n=1 n=1 n=1

Tn + Tnyl
(n+1)2

M

[(n+ D Hpyyq — [2(n+1) + 1 Hppy +2(n + 1)]

3
I
=

(H2,, 2 1 2
- Hn 4 n n
[n+1 n+1+(n—|—1)2 Jrlen—i—l (rn +Tn1)

[HZ,, 2 1 2 1

ntl H, — | (2r, S —
n+1 (n+1+(n+1)2> +1+n+1}<r+1+(n+1)2)
[ HZ2 2 1 2 1
”—(+2>Hn+} <2rn+2>
_TL n n n n

oo 00 0o 0o
H? H? H, H,
=2) ) TE A e =2 g
n=1 n=1 n=1 n=1

M

3
Il
N

M

3
Il
—

M

3
Il
-

~ H, <=H, o= T, = 1
_22n3_2ﬁ+42%+22$

= 6(3) — C(4) + 2¢(5) + 2(2)C(3),

where the last equality follows based on part (a) of Theorem 2.1, part (a) of Lemma 3.1 and

Lemma 3.5. We used in the previous calculations that lim Anri 41 = 0. This can be proved,
n—oo

based on (2.1), as follows

A
. 2 T n T 2 _
A Anryy = limg (n41)2 nh_r>noo((n + D) L (n+1)2

, H? 2n+1 H, 2n
= lim - .
nsoo\n+1 n+1 n+l1 (n+1)2

5 Concluding remarks

We illustrate the identities given in Theorem 2.1 by some numerical examples given in the next

tables.

H? 1 1
Let u,, = 7" <C(2) —-1- 3T n2>’ n € N. In Theorem 2.1, part (a), we have proved that

n
ILm Z ur = 2¢(2)¢(3). For the right-hand side we have
k=1

2¢(2)¢(3) = 3.954608700.. ..
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and for the left-hand side we have the numerical results given in Table 11,

Table 1: Theorem 2.1, part (a)

n Z U,
k=1
100000 3.952885141...
200000  3.953653756 . . .
300000 3.953934247 ...
400000 3.954082231 ...
500000 3.954174493. ..
600000 3.954237863. ..
700000 3.954284244 ...
800000 3.954319753...
900000 3.954347867 ...
1000000 3.954370713 ...

1 1)°
Let v, = H? (C(?) —-1- 5T 2) , n € N. In Theorem 2.1, part (b), we have proved that
n

lim > v =6¢(3) — %94(4) + 24(5) +2¢(2)¢(3). For the right-hand side we have
k=1
19 5
6¢(3) — - ¢(4) + 5¢(5) + 2((2)¢(3) = 3.ATTII87T6...

and for the left-hand side we have the numerical results given in Table 2

Table 2: Theorem 2.1, part (b)

n Z Vg
k=1
100000  3.475475488 ...
200000  3.476244100. ..
300000 3.476524591 ...
400000 3.476672575. ..
500000 3.476764837 ...
600000 3.476828207...
700000  3.476874588. ..
800000  3.476910097 ...
900000 3.476938211...
1000000 3.476961057 ...

1For the numerical calculations given in this section we have used Maple 13.
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n
The numerical data from the two tables above illustrate that the sequences (Z uk> and
k=1 neN

n
<Z vk> are slowly convergent to their limits.
k=1 neN

The calculation of series, linear and nonlinear, involving combination of harmonic numbers and
tails of Riemann zeta function values is a relatively new topic in the theory of series. This direction
of research has been extensively studied in recent years by Furdui [5, Chapter 3], Furdui and Vilean
[7], Hoffman [9], Sintdmarian and Furdui [11, Chapters 2, 3, 4, 7], Somu, Haw, Nguyen and Khanh
Tran [12] and Vilean [14, Chapter 4], [15, Chapter 4].

In general, the computation of such series is connected to the evaluation of linear or nonlinear
© 11k

Euler series, i.e., series of the form Z —=, where k > 1, m > 2 are positive integers; see [2-4,13]
n

n=1
and the references therein for more information about the evaluation of such series.

For the numerical calculations given in this section we have used Maple 13.
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