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application, we deal with cyclic covers; namely, we determine
when a given cyclic ring extension of Ax comes from a cor-
responding cover of curves Y — X, which is reminiscent of

Spain. a Grunwald-Wang problem, and also determine when two
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fplazadusal.es the literature as an equivalence problem. This completely
algebraic method permits us to recover ramification, certain
analytic data such as rotation numbers, and enumeration

formulas for covers.
RESUMEN

Proponemos un método algebraico para la clasificacion de
cubrientes de Galois ramificados de una curva X centrandonos
en el estudio de las extensiones de Galois de anillos de su
anillo de adeles geométricos Ax. Como aplicacion, en el caso
de cubrientes ciclicos determinamos cuando una extensiéon
ciclica de anillos de Ax proviene de un cubriente de curvas
Y — X, situaciéon que evoca un problema de Grunwald-
Wang, y también determinamos cuéndo dos cubrientes dan
lugar a extensiones de anillos isomorfas, lo cual se conoce en
la literatura como problema de equivalencia. Este método
algebraico nos permite recuperar la ramificacion, ciertos datos
analiticos como son los numeros de rotacién y férmulas de
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1 Introduction

The classification of finite extensions of the function field ¥ of an algebraic curve X is a long-standing
problem with roots in the foundational work of Riemann, Klein, Hurwitz, and many others. The
standard techniques for dealing with this question ultimately rest upon analytic methods in the

theory of Riemann surfaces, appearing often in the guise of complex algebraic geometry.

Here we present a purely algebraic alternative approach based on the use of algebraic extensions
of the geometric adele ring A x of an algebraic curve X over an algebraically closed base field k.
The motivation is the following fact: a finite Galois cover Y — X with group G naturally endows
Ay with an Ax-algebra structure together with an action of GG, which makes Ay a Galois ring

extension of Ax with group G in the sense of Chase-Harrison-Rosenberg (CHR) [4].

The main object in our toolkit is the Harrison set H(R, G), defined for any commutative ring R
and finite group G (see §1.2). It consists of isomorphism classes of Galois ring extensions with fixed

Galois group G. For abelian groups, H(R, G) can be itself endowed with a group structure.

Although there is a geometric interpretation of the Harrison set in the language of torsors and the
algebraic fundamental group, we choose to work with the Harrison group H(Ax, G) rather than
G-torsors over Spec(Ax), since describing the full spectrum requires ultrafilters, which unnecessarily
complicates matters. In our method we can avoid having to deal with the complete spectrum
([16, Lemma 3.13, Theorem 3.14]). For the interested reader, the survey [18] discusses the connections
between the algebraic foundation of CHR and subsequent generalizations or alternative points of

view, including the Galois-Grothendieck theory.

Using these algebraic methods, we classify the cyclic covers of X of prime order different from
char(k). As must be the case, we recover the bijection between algebraic curves which are finite

G-Galois covers branched over n points and conjugacy classes of n-tuples (g1, ..., ¢g,) generating G

and satisfying Hgi =1.

(2

The essential tool for this is the Kummer sequence for ring extensions, described, for example,
in [8, Theorem 5.4] and, from the point of view of étale cohomology in [14, Chapter III, Proposition
4.11]. For readers accustomed to the latter, we can show that H(R,C,) ~ HZ (Spec R,C,,) when n
is coprime with char(R), thus establishing an equivalence with our approach (but see the remark

above regarding Spec(Ax)).

The paper is structured around three main themes: the first is determining when, for a prime p,
given a C,-Galois ring extension of A x, there exists a C,-Galois cover of curves Y — X (§2.1) which

gives rise to it in the sense explained below. We shall refer to this as the existence problem.

The second deals with what is known as an equivalence problem, in this case, for function fields of
algebraic curves over algebraically closed fields (see [19] for a current survey of many instances of

this question), namely, when two such covers induce isomorphic extensions of Ax (§2.2).
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The third, and final question we will deal with, is how geometric data (such as ramification,
analytic rotation numbers, enumeration of covers, etc.) can be recovered from the constructions by

completely algebraic means (§3 and §4).

The first two problems are solved in §2, by relating the Kummer theory of the function field ¥ with
that of its adele ring A x. To be precise, the map induced by tensoring with A x induces a group
homomorphism H(X,C,) — H(Ax,C,). The determination of its kernel and image by the exact
sequence (2.8) in Theorem 2.3 solves the existence problem and also provides the key to answering

the equivalence problem, which admits various forms (Corollaries 2.7, 2.9, and 2.10).

Motivated by the fact that the notion of ramification locus appears naturally in the correspondence
between finite extensions of the function field ¥ and covers of the curve X, we are led to consider a
refinement of (2.8) in §3. For a finite nonempty subset R of closed points of X representing the
ramification locus, we study the Harrison group of the ring corresponding to the affine curve X \ .
The main results are encapsulated in the commutative cube (3.10) of Theorem 3.2 and applied in

§3.2 to obtain various filtrations of Harrison groups by ramification.

The third question is taken up in the last section of the paper (§4), which presents various situations
illustrating how our algebraic approach indeed recovers interesting geometric information. In §4.1
we show how our study of the Harrison group corresponds with the classification of p-cyclic Galois
covers in [1] and [5]. In §4.2 we recover the enumeration formulas for p-cyclic covers with specified
ramification given in [10,12,13]. In §4.3 we show how our methods allow one to define so-called
rotation data purely algebraically in terms of the local Kummer symbols at ramified points. We

prove that for k = C, our definition coincides with the usual analytic notion (see, for example, [7]).

We believe that the approach presented here based on studying Galois extensions of the adeles,
and in general, of finite A x-algebras, provides an interesting alternative algebraic perspective on
several geometric problems, and, although limited here to cyclic extensions as an illustration, can

be adapted to more general situations.

1.1 Geometric adeles

Let X be a projective, irreducible, non-singular curve over an algebraically closed field k. Let ¥ be
the function field of X. The notation x € X will be used to denote a closed point. A, K, my, v,
will denote respectively the completion of the valuation ring at = € X, its quotient field, maximal

ideal, and the completed valuation. Since k is algebraically closed, the residue field is A, /m, = k.
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Recall that the adele ring A x is the restricted direct product

Ax = H/(KMAQE) = {(az)zex : oz € A, for almost all z € X}
zeX
equipped with the restricted product topology. Ay is the direct limit over finite subsets F' of

(closed) points of X containing an arbitrary fixed Fyp,

AX ~ h&l AXJ:*7 AX,F = H Kx X H Ax (11)
FDFy, zeF zeX\F

The limit topology is generated by the neighborhood basis at 0 consisting of the sets H m7®, where

xr
(nz)zex runs over collections of non-negative integers n, such that n, = 0 for almost all z. It
coincides with the restricted product topology. A third characterization is in terms of the k-vector

subspaces commensurable with A} = H A, as considered by Tate.
zeX

The idele group Ix of invertible elements of Ax is the restricted product of K with respect to the

unit groups A’ and also the direct limit ligﬂIXJ: where Iy p = Ak p.

1.2 Galois theory of rings

Let us give a brief overview of the Galois theory of commutative ring extensions. Standard sources
for this include [1,4,8]. A far-reaching survey of this topic and how it has evolved may be found
in [18]. We have extracted the following definitions and results from our previous paper [16] and

copied them here for the reader’s convenience.

We begin by recalling the definition of a Galois extension of commutative rings (taken from [4,

Theorem 1.3], which generalizes the classical case of fields.

Definition 1.1 (Galois extension of rings). A Galois extension of a commutative ring R consists
of a pair (S,G), where S is a commutative ring extension of R and G is a finite group which acts
faithfully on S by R-algebra automorphisms, with invariants S¢ = R, and satisfying one of the

following equivalent conditions (we only list the ones which we will use later on):

1) S is a separable R-algebra and the elements of G are pairwise strongly distinct.
2) The map h: S® S — Maps(G, S) given by h(s @ t)(g) = sg(t) is an S-algebra isomorphism.

3) If g € G with g # 1, for any mazimal ideal m of S there is some s € S such that g(s) Z£

s mod m.

In this case we say that S is a Galois ring extension of R with Galois group G, or simply a G-Galois

extension of R.
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Recall that the notion of strongly distinct for a pair of morphisms of commutative rings f,g: S — T

means that for every nonzero idempotent e € T there exists s € S such that f(s)e # g(s)e.

We will denote Galois extensions S of the commutative ring R with group G acting via R-algebra

automorphisms as pairs (5, G).

Definition 1.2 (Kummerian ring). Let n be a natural number. A commutative ring R is n-
Kummerian if n is prime to char(R) and its unit group R* contains a distinguished n-cyclic

subgroup fi, .

A field K with char(K) prime to n containing the n-th roots of unity p, = p,(K*), is n-Kummerian

and this is the only possible choice of subgroup.

In our context, having fixed an algebraically closed field k, choosing ., = g, (k*), the group of
nth roots of unity in k, induces the structure of an n-Kummerian ring on any k-algebra R of

characteristic prime to n. This is compatible with k-algebra morphisms.

Note that for the adele ring, k C ¥ is diagonally embedded in A x and we also have copies of k in
each completion K,. This is an example of how there may be infinitely many choices of subgroups

tn € R*, highlighting the need to specify one.

A particular type of cyclic Galois ring extensions of a Kummerian ring may be constructed as

follows.

Definition 1.3 ((G, x)-Kummer extensions). For a fized n-Kummerian base ring R, a (G, x)-

Kummer extension of R is a triple (R{u'/"},G, ), where
R{u"/"} = R[T]/(T" — ),
with uw € R*, and G is an n-cyclic group which acts on S via the character x : G — u, € R* by
9(T) = x(9)T. (1.2)

That this in fact is a Galois extension is shown in [8, p. 20].

Definition 1.4 (Equivariant Isomorphism). Let R be a commutative ring and G a fized finite group.
Fori=1,2, let S; be a ring extension of R with a faithful action of G by R-automorphisms of S;.
We say that the pairs (S1,G) and (S2, G) are equivariantly isomorphic, or simply G-isomorphic,
via @, if ¢ is an R-algebra isomorphism ¢ : S1 = Sy such that pog=gop, forall g € G.

It is clear that a G-isomorphism preserves the G-Galois property of a ring extension. Harrison
showed how to classify the set of Galois extensions of a given ring R and group G with a fixed

action, via the following object.
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Definition 1.5 (The Harrison group [4, p. 67]). Given a group G, the set of all G-isomorphism
classes of G-Galois ring extensions S over a fized base ring R with a fized faithful action of G
is called the Harrison set of (R, G) and denoted by H(R,G). When G is a finite abelian group,

H(R, @) can be endowed with a group structure. In this case it is called the Harrison group.

We review some of the basic facts regarding group actions on modules over a ring R. Let R
be an n-Kummerian ring with distinguished subgroup u,, and S an R-module. Suppose G is a
finite abelian group of order n acting on S via R-module automorphisms. Its dual group G will
be identified with Hom(G, u,,) and its elements referred to simply as characters of G. We may
consider the decomposition of S with respect to the action of @, namely, for y € @, we define the

X-eigenspace (or isotypical component)
SX:={a€ S:gla) =x(9)a, Vg € G}.

Projection onto the x-eigenspace is given by a,, = e, a, where e, is the corresponding idempotent

in the group algebra,
1 _
S alTeT > x(g7")g € RIG.

geG

We then have the decomposition

S=p s (1.3)

xE@
If G is cyclic of prime order and the action is nontrivial, then each R-module SX is nontrivial.

With regard to the decomposition (1.3), the product of two G-Galois extensions S;/R for i = 1,2 is
given by
S1- 8 = EP(SY @ %), (1.4)

X

where G acts on the summand S¥ ® S¥ via g(s1 ® s2) == x(g)(s1 ® s2). One checks that this
product factors through equivariant equivalence and thus defines the group law on the Harrison
group H(R, G).

The neutral element with respect to this product is the so-called trivial G-Galois extension, defined
by R(©) = @X R, considered as the set of maps from G to R under the standard sum and
product, and with the action of G given by g((ry)y) = (Tg+x)x Where g* denotes composition with

multiplication by g.

For simplicity, as in the following result, we will restrict the rank n to be a prime number p, different

from the characteristic of k.
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Definition 1.6 (G-primitive element). Let R be a p-Kummerian ring and S an R-algebra on which
a p-cyclic group G acts via R-automorphisms. Given a nontrivial character x : G = u, C R*, an

element o € S is called (G, x)-primitive if:

o 1.« aP~ !

S Qe is an R-module basis of S.

o gla) =x(9)a for g € G, i.e. a € SX.
In this case we also say that o is G-primitive with character x.

The subject of primitive elements in ring extensions is in itself a topic which has been studied by
various authors (see [15,17]). In this regard, we cite the following result, which is [16, Proposition
3.21].

Proposition 1.7. Let S be a separable algebra over a p-Kummerian ring R on which the p-cyclic
group G acts via R-automorphisms with S¢ = R. Fix a nontrivial character x : G — wp € R*. For

an element a € SX, the following are equivalent:

~1 is an R-module basis of S.

1) «is (G, x)-primitive, i.e. 1,a,02,...,aP

2) aP € R*.

3) a is invertible in S.
If this is the case, then:

4) « generates SX as an R-module, and S is a free R-module of rank p.

5) The characteristic polynomial of a is Co(T) = TP — o € R[T|. It is separable and generates
Ann(a).

6) S is equivariantly isomorphic to the (G, x)-Kummer extension (Definition 1.3) (R{u*/?}, G, x)

foru=aP.
The basic result in the Kummer theory of ring extensions is the following, which is [8, Theorem 5.4].

Proposition 1.8 (The general Kummer sequence). For an n-Kummerian ring, R, fizing a nontrivial

character x : Cp, = un C R* yields an exact sequence of groups:

L(R.x)

1= X9 H(R, C,) — Pic(R)[n] — 1. (1.5)

Here i = i(g ) sends u € R* to the (Cn, x)-Kummer extension R{u'/"}, and the second map is

projection onto the x-eigenspace. This sequence is called the Kummer sequence.
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It follows from the Kummer sequence that if R is n-Kummerian and Pic(R) has trivial n-torsion,
then
H(R,C,) = 1 /pen (1.6)

and thus every isomorphism class of C,-Galois extensions of R contains a representative which is
(Cn,y x)-Kummer. In particular this holds for the function field R = 3 and, more interestingly, also

for the geometric adele ring R = Ax ([16, Theorem 3.11]).

Remark 1.9. As in [16, Lemma 3.41], one sees that iR,y is equivariant with respect to the action

of Aut(C,) ~ (Z/(n))* by
be (Z/(n)" — (u— u’) € Aut(R*/R*™) (L.7)

and the group isomorphism x* : Aut(u,) ~ (Z/(n))* = Aut(C,) induced by x : C,, =5 pn, C R*.

Example 1.10. Let p be a prime different from chark. For a choice of nontrivial character
X : Cp — pp(k*), the Kummer sequence yields an isomorphism ¥*/3*P =5 H(X,C,) given by

sending f € ¥* to the Galois ring extension
Qp = B[T]/(T" = f) (1.8)

with action via g(T) = x(9)T, which is a (Cp, x)-Kummer extension. Thus, without loss of generality,
we may work with pairs of the form (¢, C,) when considering general representatives of elements

in H(X,Cp).

By Capelli’s Theorem, f ¢ ¥*P if and only if Qf is a p-Kummer field extension of ¥. In this case
Cp is identified with the classical Galois group Gal(Qs/X). Recall that by the Kummer theory of
fields, every p-cyclic field extension of ¥ is of this form (see, for example, Birch’s paper in [3, Ch.
III, §2/).

P
If f € X*P, then Qy is the trivial extension Qf ~ H Y, and Cp, is identified with a subgroup of the

symmetric group S, generated by a p-cycle, permuting the copies of X.

We shall also need the following construction of cyclic Kummer extensions due to Borevich.

Theorem 1.11 ([1, §8, Theorem 2|). For an n-Kummerian ring R and fized nontrivial character
X : Cn = tn C R*, there is a one-to-one correspondence between n-cyclic Kummer extensions S of
R and pairs (£, ), where £ € Pic(R)[n] and ¢ is an isomorphism ¢ : £2" =~ R.

The construction sends an n-cyclic extension S/R to the pair consisting of the eigenspace SX
together with the map ¢ : (SX)®" — SX" = §% = R, which is easily seen to be an isomorphism.
The inverse sends a pair (£, ¢) to the quotient of @5, £* by the ideal generated by (&™) —£2™,

where ¢ runs over the elements of £.
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In fact, this correspondence induces a group isomorphism of H(R,C,) to the set of pairs (£, ¢) with

group law given by (£1,¢1) - (£2,92) = (£1 ® £2,01 ® 2) ([1, §11, Theorem 1]).

Definition 1.12 (Conjugacy of G-ring extensions). Let R be a commutative ring. For i = 1,2, let
S; be a ring extension of R with a faithful action of a group G; by R-automorphisms of S;. We
say that (S1,G1) and (S2,G2) are conjugate via (o, T) if ¢ : S1 = Sy is an R-algebra isomorphism
and 7 : G1 =% Gy is a group isomorphism, such that pog = 7(g) o for all g € G1. We will denote
this relation by (S1,G1) ~ (S2,G2).

Note that the group isomorphism 7 is in fact determined by the R-algebra isomorphism ¢, namely

1

7(g) = g% = pogopt, although it is convenient to denote it as part of a pair (¢, 7) as we are

doing here.

Remark 1.13. If one looks at the definition, it is immediately clear that being a Galois extension

S/R is preserved by conjugation.

Definition 1.14. Suppose (S,G) is a ring extension of R with G a group acting faithfully by
R-automorphisms of S. Given an automorphism T € Aut(G) of G, we define the twist of (S, G) by
7, denoted by (S,G)7, to be the same ring extension S/R but with the action of G now given by

9(s) =7(g)s.

We will make use of the bifunctoriality of the Harrison group, as expressed in the following result

taken from [8, Proposition 3.10, Corollary 3.11].

Proposition 1.15. Given a homomorphism of commutative rings Ry — Ro and a homomorphism

7 : Gy — Ga of finite abelian groups, we have a commutative diagram

H(Rl, Gl) 7—**> I[’H(Rl7 Gg)
Ro®R, *l lR2®R1 - (19)
]HI(.RQ7 Gl) ? ]HI(.RQ7 Gg)
of group homomorphisms of Harrison groups.

In particular, conjugacy classes of n-cyclic Galois ring extensions correspond bijectively to the

quotient set of C,,-isomorphism classes of C,,-Galois extensions modulo Aut(C,), i.e.

{Conjugacy classes of n-cyclic Galois extensions (S, G) of R} AL H(R, C”)/Aut(Cn)' (1.10)
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1.3 Covers as Galois ring extensions

Since our main goal is to characterize Galois covers of algebraic curves in terms of Galois ring
extensions of the geometric adele ring A x, we need to begin by giving a precise notion of Galois

cover of a curve. Note that we include covers which are not necessarily irreducible.

Definition 1.16 (Galois cover). A cover of projective, non-singular algebraic curves, 7 :Y — X,
where X is irreducible and 7 is separable, is said to be a Galois cover if the quotient of Y by the
action of Gal(Y/X) is X.

Define two covers Y — X, Y — X to be equivalent when there is a birational map between them
as schemes over X (i.e., there are dense open subschemes U', U of Y', Y respectively and an
isomorphism of U' and U over X ).

Given X as in §1.1, let Cov(X,C,) denote the set of isomorphism classes of p-cyclic Galois covers
Y — X, where we restrict to' Y having connected components which coincide with its irreducible

components.

Note that with this definition, ramification is allowed (in accordance, for example, with the definition
of finite Galois branched cover in [20, p. 125]). Then each equivalence class has a distinguished
representative that satisfies the additional property that its irreducible and connected components

coincide.

An irreducible cover Y — X, determines a finite separable extension /% of function fields.
Conversely, given such an €2, the Zariski-Riemann variety Y of €, whose set of closed points is the
set of discrete valuations on €2, determines a cover of X. This is the classical equivalence between
the category of finitely generated field extensions of k of transcendence degree 1 and the category

of nonsingular projective irreducible curves and nonconstant morphisms (e.g. [22, Theorem 0BY1]).

A general cover, which may not be irreducible, determines a finite separable ring extension §2 of X,
which is isomorphic to a finite product of field extensions. In this case Y is the disjoint union of
the corresponding Zariski-Riemann varieties of these fields and €2 is the total quotient ring of any

affine dense open subscheme of Y.

Example 1.17. Consider X = P* with homogeneous coordinates [xq,x1] and the following two

covers. First, Y = ﬁX with the action of C, by cyclic permutation. Second, the cover Z C P?
given by the zeros of the homogeneous ideal generated by x§ — b where [xo, z1, 2] are homogeneous
coordinates on P2, with action [xq,r1, 2] — [T0, 21, (T2] where ¢ is a pth root of unity. Observe
that Z is connected and birational to Y. The conditions imposed above are satisfied by Y but not by

Z.

The following is an algebraic version of [3, (14.2)], taking into account the non-irreducible case.
The reader may check that the proof (discarding the topological aspects) is analogous to the case

of a global field considered there.
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Theorem 1.18. Let 2 be a finite separable ring extension of ¥ and let Ay denote the ring of
adeles of Q). Then
AX ®EQEAY (111)

as Ax-algebras. Furthermore, A; is the integral closure of A} mn Ax Qs Q.

A Galois cover Y — X gives a finite Galois extension of rings /¥ of group Gal(Y/X). In this

case, the isomorphism (1.11) is equivariant with respect to the action of Gal(Y/X), and
ASHYTX) — p (1.12)

The following result expresses the basic correspondence between the Kummer theory of the function
field 3, the Harrison group of isomorphism classes of C,-Galois ring extensions of ¥, and covers of

the algebraic curve X as we have defined above.

Theorem 1.19. Let X/k be a projective, irreducible, non-singular curve over an algebraically
closed field k with char(k) # p and 3 its function field. There are canonical identifications

H(X,C,)

(z/27), PV aut(c,) ~ Cov(X.Gy), (1.13)

(Z/(p)" =

where (Z/(p))* acts on ¥*/X*P as in (1.7).

Proof. Recall that throughout we fix a character x : C, — p,(k*) that serves to determine the

action used in defining the Harrison group.

The first correspondence in (1.13) is a direct consequence of (1.6) and equivariance with respect
to the action of Aut(C,) (see Remark 1.9). Thus we focus on the second correspondence between

extensions and covers.

Given an element of H(X, C,), i.e. a class of C,-ring extensions of ¥, we may choose a representative
which is a (Cp, x)-Kummer extension, namely, of the form Q; = X[T]/(T? — f) as in (1.8), with
action via g(T') = x(g)T. As we discussed above, € is a finite separable ring, isomorphic to a
finite product of field extensions of . Let Y be the disjoint union of the Zariski-Riemann varieties
of these extensions, endowed with the Cp-action induced by a given isomorphism. This determines
a cover m: Y — X as in Definition 1.16.

Note that f°, where b € (Z/(p))*, gives an equivalent representative in H(X,C,)/ Aut(C,) and does
not change Y, i.e. it yields the same cover.

Conversely, given a p-cyclic Galois cover 7 : Y — X, the localization of the morphism of Ox-
algebras Ox — m,.Oy at the generic point of X yields a p-cyclic Galois ring extension > — € and
thus a class in H(3,C,)/ Aut(Cp). O
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Remark 1.20. A fundamental reason for specifying the conditions on Galois covers as in Defini-
tion 1.16 is that, under the correspondence (1.13), the neutral element of H(X,C,) indeed maps to

the trivial cover in that sense (see also Example 1.17).

Given a cover 7 : Y — X, the ramification locus Ram() is the image of the support of the sheaf of
relative differentials wy-, x. Equivalently, it consists of the points z € X such that #7 ' (z) < deg(n).

For a finite subset of closed points $& C X, it is natural to consider

Covr(X,Cp) = {m € Cov(X,Cp) : Ram(m) C R}, (1.14)
so that
Cov(X,Cp) = U Covr(X,Cp). (1.15)
R

We will study the relation between (1.15) and (1.13) in §3.2.

Remark 1.21. As in the classical topological theory of Riemann surfaces, in the geometric case
an element of Covr(X,Cp) corresponds to a member m € Cov(X \ R,C,) which is unramified, i.e.

Ram(7w) = @ (see [20, Theorem 4.6.4]).

2 Relating the Kummer theories of Ay and X

In [16] we extensively studied the structure of the Harrison group H(Ax,C,), classifying the p-cyclic
Galois extensions of the ring of adeles of the curve X. Now, by means of the Harrison group of its
function field X, namely H(X,C,), we can now relate this to the classification of p-cyclic covers of
X.

By Proposition 1.15, tensoring A x ®x — yields a canonical map
H(X%,C,) — H(Ax,Cp) (2.1)

which is equivariant under the action of the automorphism group Aut(Cp,). Our main goal in this
section is to study (2.1), since it encapsulates the relation between the classical Galois theory of

field extensions of ¥ with that of its adele ring Ax.

2.1 The fundamental exact sequence

The valuation vector of an idele u € Ix is defined as

v(u) = (vz(uz) mod p), € @ Z/(p). (2.2)

zeX
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Clearly the map v is a group homomorphism and, since k is assumed to be algebraically closed, we

have
I% =kerv: Iy — @Z/(p) (2.3)
(see [16, (3.29)]). We summarize several important facts in the following.

Proposition 2.1. There is commutative diagram of groups

/w2 e 2 @,

rzeX
i<2~x>J1 IJZ-(AX«) (2.4)

H(X,C,) X225 H(Ax,C,)

where the bottom arrow is the map (2.1) which centers our attention, and the vertical arrows are
the first terms in the Kummer sequences (1.5) of ¥ and Ax, respectively. In addition, (2.4) is
equivariant with respect to the action of Aut(Cp) ~ (Z/(p))* as in (1.7) for R=3 or R = Ax, and

the action on valuation vectors given by multiplication, i.e.

be (2/(p))" — ((vz)z) = ((bvz)z) (2.5)

Definition 2.2. Given an extension (B,C,) of Ax, the valuation vector v(B, G, x) of the triple
(B, G, x) is the image of the Cp-isomorphism class of (B,C,) under v o i(_Al}(’X) as in (2.4).

The valuation vector of an extension is an invariant which is explicitly given by

v(B, G, x) = v(aP) = (v (a”) mod p),, € @ Z/(p), (2.6)
zeX
where « is a (Cp, x)-primitive element (Definition 1.6 and Proposition 1.7). The existence of the
latter is guaranteed by [16, Theorem 3.22|, where it is also shown that the definition does not
depend on the choice of a.
Note that for a (C,, x)-extension Ax{t'/?} = Ax[T]/(TP? — t) where t € Ix, the class of T is a

(Cp, x)-primitive element, and thus
v(Ax{t'/7},Cpy x) = v(t). (2.7)

In order to proceed with our characterization of Hyat1(Ax,Cp), we need an auxiliary result, which

is interesting in itself, and points out the role played by the geometry of the curve.
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Theorem 2.3 (The fundamental exact sequence for H(X,C,) and H(Ax,C,)). Let X/k be a curve
satisfying our initial hypotheses, namely, a projective, irreducible, non-singular curve over an
algebraically closed field k with char(k) # p. Fiz a nontrivial character x : C, — u, C k* and
consider the Harrison groups H(X,C,) and H(Ax,Cp,) of Cp-isomorphism classes of p-cyclic Galois
ring extensions of the function field ¥ and the adele ring Ax , respectively, where in both cases the

Cp-action is via x. Then there is a canonical exact sequence of groups
P *
0 — Ix OZ/E*;) — H(%,Cp) — H(Ax,Cp) — Z/(p) — 0. (2.8)

Proof. Our assumptions imply that the Picard scheme PicO(X ) exists and is a projective k-scheme

isomorphic to the Jacobian variety Jac(X).

Consider the commutative diagram (of groups)

0 — ¥*/k* — Div(X) — Pic(X) — 0

e b b

0 — ¥*/k* —— Div(X) —— Pic(X) —— 0

where Div(X) = @

to its divisor, i.e. sz( f)z, and the vertical maps are raising to the pth power in the first arrow

zex Z denotes the group of divisors on X, the map d sends a function f € ¥*

and multiplication gy p in the other two. The Snake Lemma yields the exact sequence
: »* d, Div(X Pic(X
0 — Pie(X)[p] — Zge 4 PV gy = P piexy — 00 29)

where Pic(X)[p] denotes the p-torsion subgroup of the Picard variety of X, which is easily seen
to coincide with Jac(X)[p]. The map d sends a function f € ¥* to its divisor modulo p, i.e.,

Z vz (f)z mod p. By (2.3), we have
T

DiV(X)/p(DiV(X)) o HX/]IZ;( ~ D ) (2.10)

zeX

and therefore

Jac(X)[p] = ker(d) = { f e E*/E*p :v(f) =0mod p, Vzxe€ X} _IEN E*/E*p. (2.11)
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Finally, consider the commutative diagram corresponding to the degree map and multiplication

by p,
0 —— Jac(X) — Pic(X) 5,72 —— 0

R
0 —— Jac(X) — Pic(X) 2%, 72 — 0
Now, the group Jac(X)(k) of points of Jac(X) with values in k is divisible [22, Proposition 03RP],

hence the first arrow is surjective and hence we obtain an isomorphism Pic(X)/p(Pic(X)) ~ Z/(p).

Thus using (2.4) we obtain (2.8). O

Corollary 2.4. Given a positive integer n and a divisor D € Div(X) with degree equal to a multiple

of n, there always exists a function f € ¥* such that D = (f) mod n.

Proof. As we have seen in the proof of the theorem, Jac(X)(k) is a divisible group. Thus, given a

divisor D € Div(X) of degree d € nZ and any point xg, the composition

[n]

Jac(X) (k) —— Jac(X)(k) —2=x

Jac(X) (k)
is surjective. Hence there is some D’ € Div(X)Y such that D — dzg + nD’ ~ 0, where ~ denotes

linear equivalence; that is, D — dxg + nD’ = (f) for some function f as desired. O

2.2 The geometric adelic equivalence problem

In this section we deal with the problem of characterizing when two p-cyclic Galois extensions of 3

have the same image under the map (2.1).

This problem is analogous to the so-called equivalence problem for global fields. The latter has a
long history, dating back to the 19th century with Kronecker and Hurwitz. It deals in general with
the question of when an invariant associated to a global field might classify it up to isomorphism.
For example, one may consider its Dedekind or Weil zeta function, the Galois group, or its adele
ring, leading to various related notions of equivalence and counterexamples where non-isomorphic
fields turn out to have the same invariant. The first example, concerning the Dedekind zeta function,
dates back to Gassmann. Komatsu and Perlis considered the Galois group and the adele ring. The
problem constitutes an active area of research to this day, see, for example, [19] for a survey of

these classical results and the current state of the art.

Definition 2.5. Denote by H,an1(Ax,Cp) the subgroup of H(Ax,C,) which is the image of H(X,Cp)
under (2.1).

We may describe Hya11(Ax,Cp) as follows. Given a rational function f € ¥*, consider

Ax{£/7} = Ax[T)/(T7 - ), (2.12)
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where f = (f;), is the idele such that f, € K, is the germ of f at « and C, acts on the class of T
via y. Note that the class of T is a (Cp, x)-primitive element. By Theorem 1.18, Ax {f'/P} ~ Ay.

This motivates the following definition.

Definition 2.6 (rational (Cp, x)-Kummer extension of Ax). A p-cyclic extension of Ax which is

Cp-isomorphic to one of the form (2.12) will be called a rational (C,, x)-Kummer extension of Ax.

Thus H,a0(Ax, Cp) consists of the Cp-isomorphism classes of rational (Cp, x)-extensions of Ax. This

subgroup can be characterized as a kernel and a cokernel as follows.

Corollary 2.7. The exact sequence (2.8) splits into the following two short exact sequences:

0 — Hraa(Ax,Cp) = H(Ax,C) ~ @ 2/, = 2/,) > 0 (2.13)
zeX
4 * *
0— Iy N E/E*p — H(Z,Cp) ~ Z/E*p — Hratl(AX7Cp) - 0. (2.14)

Remark 2.8. As we mentioned above, the maps between Harrison groups are equivariant under the
action of Aut(Cp) and hence induce actions on the cokernel in (2.13) and on the kernel in (2.14),

which is isomorphic to Jac(X)[p] by (2.11).

The sequence (2.13) determines when a given adelic extension comes from a corresponding extension
of the function field. This may be regarded as an adelic analog of the Grunwald-Wang problem, in

the form given in [11].

Corollary 2.9. In terms of the valuation vector associated to a Cp-extension (B,C,) of Ax

(Definition 2.2), the previous result translates to the following set of equivalences:
1) The class of (B,Cp) belongs to the subgroup Hyan(Ax,Cp).

2) The valuation vector v(B,Cp, x) = (v2) € P, cx Z/(p) satisfies

sz = 0 mod p. (2.15)
x

3) v(B,Cp,x) = v(f) for some function f € ¥*. In this case, (B,Cp,) is Cp-isomorphic to
Ax{fY/P} ~ Ax @5 Qy as in (1.8) and (2.12).

From (2.14) we see that it is possible to have non-isomorphic field extensions of ¥ whose adele rings
are (topologically)! isomorphic as A y-algebras. An example is given below. This can be considered
the analog for an algebraically closed base field of the known equivalence results for global function

fields, which were originally studied by Tate [21] and Turner [23].

'We do not discuss topologies on A x-algebras here; see [16] for details.
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Corollary 2.10 (Geometric equivalence problem). There is an exact sequence

0~ Jac(X)[p] = H(S,C,) » @ L/, = 0. (2.16)
rzeX

where the notation indicates zero-sum modulo p tuples.

In particular, when g > 0, this shows that the geometric adele ring is not enough in general to

classify %-extensions.
Proof. This follows from the exact sequence (2.14), recalling (2.11), and Corollary 2.9. O

We illustrate the negative answer to the geometric equivalence problem with the following explicit

example.

Example 2.11. Let k be an algebraically closed field of characteristic different from 2,3 and set

p=2. Let X be the normalization of the completion of the affine plane curve of equation
v = (u—1)(u+1)u (2.17)

as a closed subscheme of the affine plane Speck[u,v]. A routine computation shows that X is an
irreducible, non singular, elliptic curve of equation mox% = (x1 — xo)(x1 + o)1 n homogeneous
coordinates of the projective plane Projk[zg,z1,x2]. Let © € X denote the point X N (xg)o with
coordinates (0,1,0). Using the Abel map with base point o, the law group of Jac(X) given by
addition of divisors (or tensor product of invertible sheaves) can be transported to X and, in this
way, © turns out to be the neutral element of the composition law on X. The reader may recognize
in this construction the addition law in plane cubic defined geometrically by union of points and
intersection of lines. Since X has genus 1, Jac(X)[2] consists of p?9 = 4 points which corresponds

via A to © and the three affine points of X whose tangent is parallel to the line 1 = 0. That is,
Jac(X)[2] = {Ox,0x((1,-1,0) — (0,1,0)), Ox ((1,0,0) — (0,1,0)), Ox ((1,1,0) — (0,1,0))}.

Now, observe that X3, the function field of X, is the given by the localization (k[u,v]/(v? — (u —

1)(u + 1)u)) ) so that any function in ¥ can be obtained as a rational function on u,v. Let us
-1

consider the rational function f = =2 € X*. The divisor of f is given by

u

() = (“ 1) — (Il IO) — (21— 70)0 — (21)0 = 2(1,1,0) — 2(1,0,0)

u I

so that v, (f) = 0mod 2 for all z € X. Note that f ¢ X*2, since if f = h? for some h € X* then h

would be a rational function with exactly one simple pole and one simple zero, which would imply
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1
that the curve X has genus 0. Proceeding similarly with the function g == L_'—l’ one concludes that
u—

2 *
I[XQE/E*Q :{1)f7g?fg}

Hence, Theorem 2.3 implies that we have the following four non-isomorphic 2-cyclic Galois extensions
of X:

(1),

a1y gy

3T
(T =gy AT~ fay
The latter three are nontrivial and, when tensored by Ax, all yield trivial 2-cyclic Galois ring

extensions of Ax. Thus we have an example of four distinct elements of H(X, Ca) which map to the

identity element in H(Ax,Cs), in particular, they become isomorphic after tensoring with Ax.

3 The role of ramification

3.1 The fundamental cube

As we outlined in the introduction, we will now consider a finite nonempty subset R of closed
points of X, which will represent the ramification locus. By studying the Harrison group of the
ring of the affine curve X \ R, we obtain a commutative cube (3.10) which refines (2.8).

In [16, §2] we introduced a notion of ramification for an adelic algebra Ax {t'/"} = Ax[T]/(T™ — t)
for an idele t € Ix and n coprime to char(k), which we now briefly describe. First, the ramification

locus of t is
Ram(t) = {z € X : (n,v.(tz)) #n} ={x € X : vy(t;) Z0mod n}, (3.1)

and the corresponding ramification index at x is

(n, vz (tz)) '

The vector ¢ = (e,) of integers is the ramification profile of t. Observe that Ram(t) = {z €

ey =

X : e, > 1} is a finite set. By [16, Theorem 2.19], isomorphism classes of Ax-algebras of the
form Ay {t'/"} are classified by their ramification profile, namely, Ay {t;*/"} and Ay {t2/"} are
isomorphic if and only if e; = es.

Recalling the notation in §1.1, when n = p is prime, it is straightforward to check (see [16, Lemma
2.13]) that = ¢ Ram(t) if and only if the K,-algebra K,{t,'/?} is isomorphic to p copies of K.
Since the latter is the neutral element of H(K,,C,), this is also equivalent to Ax{t'/?} lying in
the kernel of the canonical map H(Ax,Cp) — H(K,,C,).
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Since every Cp-extension of Ay is isomorphic to a (Cp, x)-Kummer extension, we have the following

stratification by ramification detailed in [16, §3.E, Corollary 3.75]:

H(Ax,C,) 11 Conjugacy classes of p-cyclic Galois extensions (B, G)

VAut(C,) (3-2)

RCX of Ax ramified at R

where R ranges over finite subsets of closed points of X.

In the following we recall the notation from §1.1. For a finite subset 8 C X (possibly empty)

AX79§ = H K$ X H Aw, ngq = A},%
zER z€X\R

In addition, we will also denote
Agy = H°(X \ R, Ox). (3.3)

Theorem 3.1. Let X/k be a projective, irreducible, non-singular curve over an algebraically closed
field k with char(k) # p, and @ C R C X be a finite nonempty subset (of closed points). The

Harrison group H(Aw,Cp) is characterized as
H(Ax,Cp) ~{f € Z7/(E%) : vz (f) = 0 mod p, Va ¢ R} (3.4)

Proof. Consider the exact sequence of sheaves
02 0% =X =>X"/0% — 0, (3.5)

and restrict it to the open subscheme X \ . From its long exact sequence of cohomology one
obtains

0 — X*/A5% — Div(X \ R) — Pic(X \ R) — 0.

Observe that, since we assume R to be nonempty, X \ R is affine, equal to Spec(Ag;). This yields
the following analog to (2.9):

: x* 21 _ Div(A
0— PlC(Am)[p] — /A;{(E*)p — X/HX,E)%]IT))( = IV( m)/p(DlV(Am)) — 0 (36)
On the other hand the Kummer sequences (1.5) yield

0 —— Asy/ Az yp — H(An,C,) —— Pic(An)[p] —— 0

[ % J (3.7)

0 —— ¥ (gryp —— H(E,C)) 0 0,

where VU is induced by ¥ ® 4,, — and injectivity of the left vertical arrow is clear. The Snake Lemma
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yields
0 — ker U — Pic(Am)[p] LN Z*/A;%(Zﬁﬁ)p — coker ¥ — 0,

where § denotes the connecting morphism. Observe that § coincides with the map on the Lh.s. of

(3.6). From the injectivity of the latter, we conclude that ker ¥ = 0 and
_ _ _I
coker d = coker U =Im® = X/]Ix,mﬂ& (3.8)
Hence, one has the commutative diagram

0 —— A/ gz p — H(An,C,) —— Pic(dn)[p] —— 0

1
A¥ * *
0 ——= (a5 — s — > T Az~ 0

which after another application of the Snake Lemma, using (3.8) yields

LN I
0 — H(Ax,Cp) — /(2*)1) — X/]IX,ERHI))( — 0, (3.9)

from which (3.4) follows immediately. O

Theorem 3.2. Let X/k be a curve satisfying our initial hypotheses, namely, a projective, irreducible,
non-singular curve over an algebraically closed field k with char(k) # p. For each finite nonempty

subset R C X, we have the following commutative cube:

5 I
Az Ik )
H(Aiﬁvcp) H(Ax,macp)
(3.10)
> I
/(5 Y \
H(Z,Cp) H(AX7CP)
where the notation is as above. Moreover, the front face of this cube is a cartesian square:
H(Am, Cp) ~ H(Z,Cp) X H(AXﬂ‘th)a (311)

H(Ax aCP)

Furthermore, (3.10) is equivariant with respect to the action of Aut(C,) on the various objects, as

described in Proposition 1.15 and (1.7).
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Proof. The diagonal maps come from the Kummer sequence (1.5), while the horizontal and vertical

maps arise from the functoriality of H(—,C,) in (1.9) and the following (cartesian) diagram:

Am e Axg{

J l (3.12)

¥ — Ax.

The three diagonal isomorphisms follow from the triviality of the respective Picard groups of Ax s
and Ax, shown in [16, Theorem 3.11] (and the field case for ). It is easy to check the injectivity
of the vertical maps in back. That of the front right vertical map now follows from the one in back.
Finally, the injectivity of H(Ax,C,) — H(X,C,) is part of (3.9), which was the injectivity of the
map denoted by ¥ in the proof of Theorem 3.1. Combining (3.9) with the front and right faces
of (3.10) we obtain

v I
0 —— H(An,Cp) —— H(E,Cp) —— X/JIX,mH‘;( — 0

J J |

I
0 — H(Ax x,C,) — H(Ax,C,) — X/]Ix,mﬂgg — 0,

from which (3.11) follows. O

Corollary 3.3. There is an isomorphism from the direct limit over finite nonempty subsets R C X

of the top floor of (3.10) to the bottom floor.

Proof. The statement is straightforward for the right face of the cube, and for the left face, it means

that
H(S,Cy) ~ lim H(Aw, C,), 2/(2*),) ~ @Am/(%)p_
R R

The first follows from (3.9), and the second is then a consequence of this and (3.7). O

3.2 Algebraic vs. geometric ramification

The results of the previous section now let us take ramification into account in the Harrison groups
of Cp-extensions of both ¥ and A x, allowing us to filter by ramification. We end by establishing the
concordance between the algebraic and geometric notions of ramification (Proposition 3.13), which
underlies the various geometric applications explored in §4. Keeping in mind (2.4), Definition 2.2
and (2.7), and that any class of Cp-extensions of Ax is represented by a (Cp, x)-Kummer extension

(see (1.6)), where the character x has been fixed beforehand, the following notions are well-defined.
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Definition 3.4 (Ramification for Cp-extensions of Ax). Given a class of C,-Galois ring extensions

B € H(Ax,C,), we define the ramification locus of B and the corresponding valuations and indices
b

Y Ram(B) := Ram(t), v,(B):=wv,(t), e(B):=e,, (3.13)
where t € Ix is such that B is represented by the (Cp, x)-Kummer extension Ax{fﬁl/p}.

Corollary 3.5 (Ramification filtration by subgroups). Ramification provides us with a natural

filtration by subgroups:

H(Ax,Cp) ~ h_;)nH(Axm,Cp) ~ %{B € H(Ax,Cp) : Ram(B) C R}. (3.14)

For a given finite subset R C X,
#{B c H(Ax,C,) : Ram(B) C R} = p*™. (3.15)

Proof. For a finite subset R C X, we conclude from the isomorphisms on the right face of (3.10),

that the following diagram is commutative.

H(Axn,Cp) —— HX’“/(]IX’ER)P — Baem Z/(]o)

J [ [ (3.16)

H(Ax,Cp) —— Ip 0 —— @.ex )

where, by Corollary 3.3, the bottom row is the limit of the top row. Thus, by observing that the

following three conditions are equivalent,
1) BeH(Axn,Cp),
2) Ram(B) C R,
3) vy (B) =0 mod p for = ¢ R,
we obtain (3.14) and (3.15). O

Corollary 3.6 (Stratification by ramification). There is a natural stratification of sets, indexed by

ramification:

H(Ax,Cp) ~| |{B € H(Ax,C,) : Ram(B) = R} ~| | (Z/(p))*. (3.17)
9% 95‘ Py

For a given finite subset R C X,

#{B c H(Ax,C,) : Ram(B) = R} = (p — 1)#™. (3.18)
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Proof. This follows analogously to the above by observing that the following three conditions are

also equivalent:
1) B e H(AX;R, Cp) \ Ug{/gm H(AX,DQU Cp)7
2) Ram(B) = R,

3) v (B) =0 mod p if and only if x ¢ R. O
In view of (3.16), for a finite (possibly empty) subset 8 C X, we may express the conditions
Ram(B) C R and Ram(B) = R respectively by

(V2(B))zex € @ Z/(p), (va(B))zex € @(Z/(P))*a
TER TER
if no confusion arises. We will also need to define a corresponding notion of ramification for

Cp-Galois ring extensions of the function field X.

Definition 3.7 (Ramification for C,-extensions of ¥). Given a class of C,-Galois ring extensions

QN e H(X,Cp), we define the ramification locus Ram(S2) of Q via the map (2.1) as Ram(Ax ®x Q).

Remark 3.8. For f € £*, consider, as in (1.8), the C,-extension of ¥ given by Qy = L[T]/(T? — f)
with Cp-action by g(T') = x(g9)T, where x : C, = pp(k*) is a fived character. Then, from the
definition and (2.7), we have

Ram(Q) = Ram(Ax ®xQ;) = Ram(Ax {f/7}) = Ram(f) = {z € X : v,(f,) # 0 mod p}, (3.19)

where t = (fy). € Ix is the idele of germs as in (2.12).

Definition 3.9. The subset of classes of Cp-Galois extensions of ¥ with ramification contained in
R will be denoted by
Hx(X,C,) = {Q € H(E,C,) : Ram(2) C R}.

With a slight abuse of notation (recalling that the front face of (3.10) is a cartesian square), note

that Ram(€2) is the intersection of the finite subsets /% C X such that Q € H(Ax,C,).

Proposition 3.10.
H(Ax,Cp), if R is nonempty,
Hy (X, Cp) = g (3.20)
Jac(X)[p], ifR=2.
Proof. If R is nonempty, this follows from Corollary 3.3 and (3.11), while if R = & then it follows
from Corollary 2.10. O
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Remark 3.11. A posteriori, it follows that Hx (X, Cp) is in fact o subgroup of the Harrison group
H(X,C,), and there is a filtration by ramification

H(S,Cp) =~ lim Hyx(£,C,) = limg {Q € H(X,C,) : Ram(Q2) C %} (3.21)
R R

analogous to (3.14).

Proposition 3.12. For a given finite subset R C X, we have the following refinement of (2.16)
filtered by ramification:

 Z
0 — Jac(X)[p] = Hr(%,Cp) — @ /(p) — 0. (3.22)
TER
Proof. This follows by combining (2.16), (3.20) and (3.21). O

We can now relate the geometric notion of ramification of a cover of an algebraic curve with the

corresponding algebraic definition that we have given for extensions of its function field.

Proposition 3.13. If a p-cyclic X-ring extension (§2,Cp) corresponds to the cover m:Y — X as
in (1.13), then
Ram() = Ram(m). (3.23)

In particular, for a finite subset R C X,

Hm(z’cp)/Aut(Cp) = Covr(X,Cp) (3.24)

with notation as in (1.14).

Proof. With notation as in Example 1.10 and the proof of Theorem 1.19, it suffices to check that for
f € X*, we have Ram(€Q;) = Ram(w). Recall that, by (3.19), Ram(Q) = {z : v, (fs) # 0 mod p}.

e—1

Noting that in general (wy,x )y =~ (wy/i)/(m5

wx/k) where e is the ramification index at x = 7 (y),

there are two cases to consider:

o If vy (fy) # 0mod p, then T? — f, is irreducible in A,[T], hence the class of T is a local
parameter, provided that v, (f;) > 0. In this case, by uniqueness of extensions of valuations,
we have v, (f;) = pvy(T) where y is the unique point in #=!(z). Thus x € Ram(nm). If

vz (fz) < 0 then the argument is similar with 7! as local parameter.

p—1
o If v.(fz) = 0mod p, and v, (f;) > 0, then TP — f, splits completely as H (T — Cif;/”)
i=0

where ( is a primitive pth root of unity and f;//p is any choice of pth root in A,. Now
71 (x) = {y1,...,yp} and for each i we have v, (f;/p) = vy, (T). Hence z ¢ Ram(n). The

case where v, (f;) < 0 is similar.

Finally, (3.24) follows from the previous results and (3.11). O
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Corollary 3.14. Let p be a prime number. Let X be a smooth, irreducible, non-singular curve
over an algebraically closed field k of characteristic different from p. Let R C X be a finite subset

of closed points containing at least two elements. Then there exist:
1) An irreducible p-cyclic Galois cover of X whose ramification locus is exactly R.

2) An irreducible polynomial TP — f € B[T] which is ramified exactly at the points of R and

whose Galois group is Cp.

Proof. This follows from the previous result and Corollary 3.6. We need R to have at least two

elements so that we can have non-zero valuations which sum to 0. O

4 Geometric applications

The previous sections, concerned with C,-Galois ring extensions of the function field ¥ and the
corresponding adele ring A x, allow us to recover some classical geometric results regarding p-cyclic
Galois covers of an algebraic curve. Since we employ purely algebraic techniques, this is done
without any underlying appeal to the analytical and topological theory of Riemann surfaces, as is

the case in the standard approach.

4.1 Classification

We can give a second proof of Proposition 3.13, relating algebraic and geometric ramification, by
a direct argument of independent interest, since it shows the concordance of two points of view,
namely Borevich’s correspondence given in Theorem 1.11 (and sketched following its statement)
and that of Cornalba in [5, Lemma 1|. We refine these constructions to take into account a specified

ramification locus R, via (3.24), with notation as in §3.2.

Proposition 4.1 (Proposition 3.13 via Borevich and Cornalba). For a finite subset R C X,
%(Z’Cp)/Aut(Cp) = COVm(X, Cp) (41)
Proof. Cornalba [5] showed that there is a bijection of sets

1:1 (L, D) where D € Div(X) is an effective divisor and £ € Pic(X)
Cov(X,Cp) e ~ (4.2)
is a line bundle with £P ~ Ox (D)

where two pairs are defined to be equivalent, denoted by (L1, D1) ~ (L2, D3) with D; = Z alx,

zeX
if there exists 1 < b < p such that:
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e bal = a2 mod p for all z € X,
o L8~ [, (Z cmx> with bal = c,p + a2 for each z € X.

In this correspondence, Y is not required to be irreducible. Indeed, the trivial cover Y = [[’ X
corresponds to the equivalence class of the pair (Ox,0). In addition, a given cover m € Cov(X,Cp)
corresponding to a pair (£, D) has ramification locus Ram(7) equal to supp(D).

Fix a character x : Cp, — p,(k*), that determines the actions used in defining the different Harrison
groups involved, as well as a finite subset R C X.

Let © be a Cp-ring extension of ¥ with % D Ram((2), i.e. whose class lies in Hn(X,C,). By (3.20)
and (3.21), /R may be assumed nonempty and €2 € H(Ax,C,). The unramified case, where R = &,
is easily seen to follow from the general result.

Under Borevich’s correspondence, there is a pair (£, ¢) associated to €2, where £ € Pic(An)[p] and

©: LB 5 Ag. The exact sequence

P Za; - Pic(X) = Pic(X \ R) — 0,

x;, ER
shows that there exists £ € Pic(X) such that £[x\,m ~ L. Then, applying Lemma 30.10.6
[22, Lemma OFDO| to ¢! : Ox\ot =% L®(P) shows that there exists an effective divisor D with

support contained in R and a morphism of O x-modules
¢ 1:Ox(—D) — £2P
whose restriction to X \ R coincides with ¢ ~!. Choosing a suitable D, it can be assumed that @—*

is an isomorphism. Write D = pE + D for divisors E, D with support contained in % and such

that D = Z a;z; with 0 < a; < p—1. Then, ¢ yields
T, ENR

(E(-E))%" ~ Ox(D).

It is straightforward to check that the pair (£(—FE), D) is the data associated by Cornalba to the cover
corresponding to the extension  and that its branch locus is {x; € R : a; # 0} = supp(D) C fR.
Thus we obtain an element of Cova(X,C,). If one chooses another character, the resulting pair is
equivalent in the sense of (4.2).

Conversely, let (£, D) be associated to an element of Covey(X,Cp) as in (4.2); thus R D supp(D).
Fix an isomorphism ¢ : L% ~% Ox (D), which is unique up to k*. Restricting to the open subset
X\R, let £:= HY(X\R, L) € Pic(An) and ¢x = @[ x\ : £ =5 Ax. Since X \ R is affine with
ring Agy, we obtain a Borevich pair (£, ¢mn), which then corresponds (via the choice of character x)

to an element of H(Ax,C,) = Hx(X,Cp).


https://stacks.math.columbia.edu/tag/0FD0

CUBO

Cyclic covers of an algebraic curve from an adelic viewpoint 287

28, 2 (2026)

Note that a different choice of character yields a conjugate extension, not necessarily an isomorphic

one. Thus we obtain an element of Hu (3, C,)/ Aut(Cp). O

Theorem 1.19 gave a geometric description of the Harrison group H(X, C,) and now, with the previous
discussion in mind, we obtain the following geometrical interpretation of its image Hyat1(Ax,Cp)

inside H(Ax,Cp).
Theorem 4.2. There is a canonical bijection of sets

Cov(X, Cp)/Jac(X) [p] ot Hrant (A, Cp)/Aut(Cp)' (4.3)

Proof. First observe that Jac(X)[p] acts freely on the right hand side of (4.2) since L € Jac(X)[p]
acts by sending a pair (£, D) to (D, £ ® L) and, thus, we conclude that

Cov(X, Cp)/Jac(X)[p] &5 { D € Div(X) such that deg(D) = 0 mod p }/N )

where Dy = Za;x and Dy = Zaix are equivalent if there exists b € (Z/(p))* such that

xr x
bal = a2 mod p for all .

On the other hand, recalling (2.10) and (2.13), it is clear that
Hyat1(Ax, Cp) =~ { D € Div(X) with coefficients in Z/(p) such that deg(D) = 0 mod p } .

Finally, from (2.11) one has an isomorphism Jac(X)[p] ~ I N ¥*/2*P, and now the statement is

deduced from the exact sequence (2.14), recalling Remark 2.8. O

4.2 Enumeration

Theorem 4.3. Let X/k be a projective, irreducible, non-singular curve of genus g over an alge-

braically closed field k with char(k) # p. For a finite subset R C X with r points,
1) The number of nontrivial unramified p-cyclic covers m € Cov(X,Cp) is

p? -1
p—1"~

(4.4)

2) The number of nontrivial p-cyclic covers m € Cov(X,C,) with ramification contained in ‘R,

assuming R nonempty, is
p29+r71 -1

4.5
— (45)
3) The number of nontrivial p-cyclic covers m € Cov(X, Cp) with ramification equal to R, assuming

R nonempty, is

PP (=1 (=1)7). (4.6)
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Proof.

1) By (3.20), we have Hy (3, Cp) = Jac(X)[p], which has p?9 elements. Note that the isotropy
subgroup of a class in Hg (%, C,) under the action of Aut(C,) == (Z/(p))* is either trivial or
all of (Z/(p))*. Observing that the former only holds for the trivial cover and recalling (1.13)
yields (4.4).

2) Combining (2.16), Corollary 3.5, and (3.23), Hx (3, Cp) has p?977~1 elements. Reasoning as
before, we obtain (4.5).

3) Considering again (2.16) and the stratification by ramification (3.17), the number of elements
in H(X,C,) with ramification exactly equal to 2R is p29 times the number of solutions to the
congruence

vit+--+v.=0modp, wvi,...,v. €(Z/(p))",
which is given by
1
;((p )"+ (=1)"(p—1)). (4.7)
To see this, for a subset A C R, let h(A) be the number of tuples v : R — Z/(p) with
support equal to A, i.e. v(z) Z 0mod p if and only if x € A, and satisfying Z v(x) =

TENR
0 mod p. We want to compute h(R). Set H(A) = Z h(A), which is the number of zero-
BCA
sum tuples with support contained in A. This is easily seen to equal p#4~1 when A is

nonempty and 1 when A = &. Note that this only depends on the cardinality of A. By
Mobius inversion, h(A) = Z (-1)#*A=#BH(B). Rearranging by cardinality we obtain
BCA

T
r
h(R) = (-1)" + Z <k‘) (—=1)""*p*~1, which simplifies to the given formula.
k=1
In this enumeration we are not counting the class of the trivial extension, since it is unramified

and we assume R is nonempty. Noting that Aut(C,) acts freely on every class with prescribed

nonempty ramification R yields (4.6) after dividing by p — 1. O

Alternatively, (4.6) may be deduced from (4.4) and (4.5) by an analogous process of Mobius

inversion, which leads to

20+k—1 _

PN et SR W 0 WY
) = (P 3 ()

p

and simplifying. In either case (2.16) is the starting point.

Note that (4.4) is [13, Theorem 3| and is also found on [9, p. 490] and the first formula of [10, Theorem
7], while (4.6) is on [9, p. 500] and is the second formula in [10, Theorem 7|. These papers use
different methods, although they ultimately rely on the properties of the fundamental group of a

Riemann surface, as is common in this kind of problem. Thus we think it is interesting to point out
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that our approach, avoiding the dependence on the classical topological or analytic structure, allows
us to generalize several aspects of p-cyclic Galois covers, such as classification and enumeration, to
any algebraically closed base field of any characteristic (different from p) via the Galois theory of
the adele ring. We may also deal with the general abelian case using these tools.

The reader may compare our methods to the references above, for example, (4.7) is [12, Lemma 3]

although we have arrived at this congruence via quite a different path.

Corollary 4.4. There exists a p-cyclic Galois cover of X with exactly r > 0 ramification points,

except in the following two cases: g =0 andr =0, or g >0 andr = 1.
Proof. This is immediate from the formulas in Theorem 4.3. O

Recall that the Hurwitz existence problem is the question of whether a certain set of numerical data
associated to a curve X, foremost among these the Riemann-Hurwitz relation, is in fact realizable
by a cover Y — X. This problem has been extensively studied, beginning with Hurwitz himself. It
is known that for genus g > 0 the answer is affirmative (major advances were made in [6] and many
remaining cases dealt with later on), while the case g = 0 reduces to 3-point branched covers of the
Riemann sphere and remains a difficult question. In particular, when g > 0 and r = 1, although as
we see above, there are no p-cyclic Galois covers, other covers do exist as predicted by these general
results. For g = 0 and r = 2, (4.6) says there is a unique p-cyclic cover. For r = 3 there are p — 2

such covers.

4.3 Rotation data

In this section we give an algebraic definition of rotation numbers (Definition 4.5), and using the
Kummer pairing at ramification points, we prove that for k = C it coincides with the classical one
for the case of a compact connected Riemann surface. To achieve this, we begin by considering the
following classical construction of a p-cyclic cover of the projective line, which is standard in the
literature (see e.g. [2, §5] and especially [7, §1]).

Set k = C, X = P!, p a prime number, and R := {z1,...,7,} a finite set of distinct points of X.

Let Y be the normalization of
Y= flz) = (z —z1)" - (z — )", (4.8)

where 7 : Y — X maps (z,y) to z, and the exponents v; satisfy 0 < v; < p and Z v; =0 mod p

i
(the latter is equivalent to being unramified at oo). Observe that the Riemann-Hurwitz formula
implies that r > 1 in the above expression for f(x).

Fix a nontrivial character x : C, = pp, € C* and let ¢ = x(1) € pp, which is a primitive pth root of

unity. This defines an action of C,, on Y where 1 acts via the automorphism

7 (x,y) — (z,Cy). (4.9)
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Thus 7 is a generator of Gal(Y/X), and allows us to identify C, with Gal(Y/X).
If we assume that ged(vy,...,v,) =1, then Y is irreducible and Ox — 7.0y at the generic point
is

Y= C(x) = Qp = Zy]/ (3 — f(=)),

as considered in Example 1.10. This is what we termed a (Cp, x)-Kummer extension (Definition 1.3).

Thus 7 : Y — X is a p-cyclic cover with ramification locus
Ram(7m) =R = {z1,..., 2z},

having ramification index at x; equal to p/(p,v;) = p. Thus 7 defines a class in Cove(X,C,) and
the class of {2y is an element of Hx (X, C,), related via the correspondence in Proposition 3.13.
Let us now change our point of view to the geometric adele ring. Under the canonical map (2.1),
the corresponding adelic algebra Ay = Ay {f!/P} is a rational (C,, x)-Kummer adelic extension of
Ax (Definition 2.6), hence lying by definition in H,au(Ax,C,). The characteristic polynomial of y is
equal to Cy(T') = T? — £, and thus the associated valuation vector of this extension (Definition 2.2)
is
v; mod p, = =ux; €R,

(Vz)z = v(Ay,Cp, X) = (v (f))z =
Omodp, x¢NR,

where we take as y-primitive element the class of T' modulo 7?7 — f. This invariant satisfies

szEOmodp

in accordance with Corollary 2.9. Recall that these invariants classify (Cp,x) adelic extensions and
hence p-cyclic covers.

In the classical theory of Riemann surfaces, one considers the so-called rotation numbers. These
are defined in terms of the automorphism 7 given by the action (4.9), namely, choosing ¢ = e27%/P,
in a neighborhood of a branch point = (z;,0) one sees that 7 rotates a small disk around this
point by an angle 2mp, /p; the integer p, mod p is the corresponding rotation number. A simple

calculation shows they are the inverses modulo p of the valuations v,:
PzVz = 1 mod p. (4.10)

The usual approach based on complex analytic and topological methods (for example, [7]), classifies
the p-cyclic branched covers of the punctured Riemann sphere in terms of the rotation data (pz)zesn.
On the other hand, in §2.2, we have already classified p-covers in arbitrary characteristic prime to
p in a purely algebraic manner, reflected explicitly in the valuation vector (v,),. To complete the

algebraic picture, we will show how both the valuations and the rotation data arise naturally from
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the local Kummer symbols at each ramified point = € fR. For this we need to recall some notions
introduced in [16].

For z € R, by Kummer theory, there is a unique (up to isomorphism) abelian extension FE, of
K, of exponent p, generated by adjoining the pth root of any non pth power in K,. This is the
algebraic analog of the classical Puiseux series expansion in the theory of Riemann surfaces, since,

for example, K, ~ k((z,)) where z, is a uniformizer at x, and the local valuation v,,
ker (K;; N A Z/(p)) = {\:v,(\) = 0mod p} = K77, (4.11)
induces an isomorphism K}/K* ~ Z/(p). Now, we have the Kummer perfect pairing for E,,

(0.30 = 280 - G,/ ) K g — (112)
where A/? is any pth root of A in E,.

Now, as we saw in §1.3, the isomorphism Ay ~ Ax ®x Q (1.11) is equivariant under the action of
Gal(Y/X). Thus an automorphism 7 of Y/X can be restricted to each fiber of the cover 7 : Y — X.
In particular, for a ramification point x € R, 7 induces an element 7, € Gal(E,/K,) in each local
Galois group.

The explicit computations with local Kummer symbols carried out in [16, §3.E] lead to the following
algebraic definition of rotation data, valid over any algebraically closed base field k of characteristic

prime to p.

Definition 4.5 (Algebraic rotation data). The algebraic rotation data for an automorphism T of a
p-cyclic Galois cover w: Y — X with ramification locus R is defined by
(loge (s 22)2) o0 € [ 2/(0), (4.13)
TENR

where log, is the discrete logarithm associated to a fized primitive pth root of unity .

Proposition 4.6. The algebraic rotation data for a nontrivial automorphism T of the superelliptic
curve (4.8) coincide with the classical analytic rotation data, under the assumption that x(7) = (,

where we identify C, with Gal(Y/X) as above.

Proof. This follows from [16, Proposition 3.79], which together with our choices of x, 7 and ¢ show
that the numbers log, (Tw, 22) 2 are indeed the inverses modulo p of the valuations v, = v, (f) and

thus by (4.10) are equal to the rotation numbers. O

Remark 4.7. Note that (4.13) depends not only on the automorphism 7 but also on the choice
of primitive pth root of unity ¢, and that the relation x(7) = ¢ is needed for the equivalence in
Proposition 4.6. In general it would hold only modulo a constant multiple in (Z/(p))*.

Thus, the equivalence class of R-tuples as in (4.13) modulo the action of (Z/(p))* by multiplication
(see, for example, [16, Theorem 3.71]) is independent of these choices.
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