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ABSTRACT

Here we study the multivariate quantitative symmetrized ap-
proximation of complex valued continuous functions on a box
by complex valued symmetrized and perturbed multivariate
neural network operators. These approximations are derived
by establishing Jackson type inequalities involving the mod-
ulus of continuity of the used function’s high order partial
derivatives. The kind of our approximations are trigonomet-
ric and hyperbolic. Our multivariate symmetrized operators
are defined by using a multivariate density function gener-
ated by a g-deformed and A-parametrized hyperbolic tan-
gent function. These enhanced approximations are point-
wise and of the uniform norm. The related complex valued

feed-forward neural networks are with one hidden layer.
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RESUMEN

Estudiamos la aproximaciéon cuantitativa multivariada
simetrizada de funciones continuas con valores complejos
en una caja, a través de operadores de redes neuronales
simetrizados y multivariados perturbados con valores com-
plejos. Estas aproximaciones se derivan al establecer de-
sigualdades de tipo Jackson, que involucran el médulo de
continuidad de las derivadas parciales de alto orden de la
funcién utilizada. Los tipos de nuestras aproximaciones son
trigonométricas e hiperboélicas. Nuestros operadores mul-
tivariados simetrizados se definen usando una funcién de
densidad multivariada generada por una funcién tangente
hiperbdlica g-deformada y A-parametrizada. Estas aproxi-
maciones mejoradas son puntuales y en la norma uniforme.
Las redes neuronales prealimentadas con valores complejos

relacionadas tienen una capa oculta.

Keywords and Phrases: g-deformed and A-parametrized hyperbolic tangent, complex valued symmetrized mul-
tivariate neural network approximation, complex valued multivariate quasi-interpolation operator, modulus of con-

tinuity, trigonometric and hyperbolic enhanced approximation.
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1 Introduction

The author in [2] and [1], see Chapters 2-5, was the first to establish neural network approxima-
tion to continuous functions with rates by very specifically defined neural network operators of
Cardaliaguet-Euvrard and “squashing” types, by employing the modulus of continuity of the en-
gaged function or its high order derivative, and producing very tight Jackson type inequalities. He
treats there both the univariate and multivariate cases. The defining “bell-shaped” and “squashing”

functions for these operators are assumed to be of compact support.

Again the author inspired by [10]|, continued his studies on neural network approximation by
introducing and using the proper quasi-interpolation operators of sigmoidal and hyperbolic tangent

type which resulted into [3], by treating both the univariate and multivariate cases.

The brain asymmetry has been observed in animals and humans in terms of structure, function
and behaviour. This lateralization is thought to reflect evolutionary, hereditary, develop mental,
experiential and pathological factors. Therefore it is natural to consider for our study deformed
neural network activation functions and operators. So this article is a specific study under this

philosophy of approaching reality as close as possible.

Consequently, the author here performs multivariate symmetrized g-deformed and A-parametrized
hyperbolic tangent function activated high order multivariate neural network approximations to
continuous functions over boxes with complex values. All convergences are with rates expressed
via the moduli of continuity of the involved functions high order partial derivatives, deriving by

very tight multivariate Jackson type inequalities.

The basics of our higher order approximations here are some newly discovered by the author

trigonometric and hyperbolic type multivariate Taylor’s formulae.

Our boxes are not necessarily symmetric to the origin. The applied symmetrization technique and
the newly introduced related multivariate operators cut in half the feed to neural networks, thus

enhancing immensely their convergence speed to the unit operator.

A multilayer feed-forward neural network can be defined as follows (with m € N hidden layers):
Let z € R®; s € N, where z = (z1,...,%5); oj,¢; €ER%;b; e R, with0<j<n,neN

Here (a; - x) is the i mner product, thus o (o - ) + b;) € R; and N,, () € R®, by ¢; € R, as it is

coming from N,, Z cjo ) +b;). We define:

N7(12)(gg):cho(<aj~Nn(ac)>+bj):Zc < ch (aj - x) + bj) >+bj
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Furthermore, we can define
NO (@) = Y ejo ({as- N2 (@) +b;) -

=0

And, in general we define:
n
N (z) = cha <<ozj . N{mD (x)> + bj> , form e N.
j=0

For more studies in neural networks read [11-17]

2 Basics

Initially we follow [8, pp. 455-460).
Our perturbed hyperbolic tangent activation function here to be used is

6)\1’ _ qef)\:n

=& T4 ) 4>0, z€R 1
e)\w + qe—/\m q z ( )

9q,\ (z)

Above A is the parameter and ¢ is the deformation coefficient, typically it is 0 < A\, q < 1.

For more read of [8, Chapter 18]: “g-Deformed and A -Parametrized Hyperbolic Tangent based

Banach space Valued Ordinary and Fractional Neural Network Approximation”.
The chapters 17 and 18 of [8] motivate our current work.

The proposed “symmetrization method” aims to use half data feed to our multivariate neural

networks.

We will employ the following density function

1
My (x) = 1 (ggr (z+1) —ggr(x—1)) >0, VreR;q, A>0. (2)
We have that
My (=) =M1, (x), VreR;q A>0, (3)
and
M%,/\(—aj)quJ\(x), Ve e R; g, A > 0. (4)

Adding (3) and (4) we obtain

M\ (=) + M1\ (=) = Mg» (z) + Mz 5 (z), ()

q°
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the key to this work. So that
Mg (2) + M1y (2)

2

is an even function, symmetric with respect to the y-axis.
By [8, (18.18)], we have

Ing tanh (\) Ing tanh (A)
(2A> Y and M;’,\< ) =2 o (7)

sharing the same maximum at symmetric points.

By [8, Theorem 18.1, p. 458], we have that

ZMQ,,\(x—i):l, VreR, A\, ¢g>0; and ZMl x—i)=1, Ve eR, A\, ¢>0. (8)

1=—00 1=—00

Consequently, we derive that
o0

Z@(x—i):l, Vo € R. 9)

1=—00

By [8, Theorem 18.2, p. 459|, we have that

/ My (z) de=1 and / Mi () dz =1, (10)
so that
/_o; B (z) do = 1, (1)

therefore @ is a density function.
By [8, Theorem 18.3, p. 459], we have:
Let 0 < o < 1 and n € N, with n'=® > 2; ¢, A > 0. Then

(oo}

1 1—« 1—a
Z Mg (nz — k) < 2max {q, } etre=22n 7Y _ pe—2an >, (12)
: q

k=—o00
|nz—k|>nt~

1
where T := 2 max {q, } e,
q
Similarly, we get that
Z M1 (nx —k) < Te=2An" ™" (13)

k=—oc0



328 G. A. Anastassiou

Consequently we obtain that

k=—o00
|na—k|>n'""

1
where T' := 2 max {q, } e
q
Here [-] denotes the ceiling of the number, and |-| its integral part.

We mention

Theorem ([8, Theorem 18.4, p. 459]). Let x € [a,b] C R and n € N so that [na] < |nb]. For
g, A > 0, we consider A\ > zo > 0, such that My x (z0) = My x (0), and Ay > 1. Then

1 1 1

< max s = A q . ].5
[nb] Mg (Ng) My ()\;) (@ 1
Z M, (nx — k) S

k=[na]

Similarly, we consider A1 > z; > 0, such that M1 , (21) = M1 , (0), and A1 > 1. Thus

1 1 1

< max y =A (Q) . (16)
Lnb] M, ()\;) Mg,x (Aq)
Z M1, (nx —k) @ e
k=[na]
Hence
S Mgtk > (1)
A nr — A 7\
A
k=[na] (q)
and
[nb] M B) > 1 (18)
13 \NT — A 7N
q’ A
k=[na] (q)
Uzﬂ’:J (M,L,\ (nx — k) + My (nx—k)) 2 1 (19)
> =
2 2A Alq)’
L (¢) q)
so that
1
<Al(g), (20)
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1
A(q). 21
— <A (21)
Z O (nx — k)
k=[na]

We have proved

Theorem 2.1. Let z € [a,b] C R and n € N so that [na] < |[nb]. For ¢,\ > 0, we consider

Ag > 2o > 0, such that My x (20) = Mg (0), and Ny > 1. Also consider A\» > z; > 0, such that
q

My ) (z1) = M1, (0), and A1 > 1. Then

1

] <A(q)- (22)

Z O (nx — k)

k=[na]

We make

Remark 2.2.  I) By [8, Remark 18.5, p. 460], we have

[nb]
nhHH;O z Mg x (nz1 — k) # 1, for some z1 € [a,b], (23)
k=[na]
and
[nb]
nh_{glo Z Mév\ (nxo — k) #1, for some x2 € [a,b]. (24)
k=[na]
Therefore it holds
Lnb) (Mq a(nzy — k) + M1, (nag — k))
Jm 2 #1 (25)
k=[na]
Hence
Lnb) (Mq,A (nxy — k) + M1 y (nxy — k))
Jm 2 71 (26)
k=[na]
even if
[nb]
lim_ > My (nx1 —k) =1, (27)
k=[na]
because then b
nb
. Mq,)\ (nxl - k) 1
I el 2
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equivalently
[nb)
. Myx(nzy—k) , 1
Jm D T Ay (29)
k=[na]
true by
[nb)
lim > My (nay — k) #1. (30)
k=[na]
k
II) Let[a,b] C R. For large n we always have [na] < |nb|. Alsoa < — <b, iff [na] < k < |nb].
n
So in general it holds
Lnd)
Z O (nr—k) <1. (31)
k=[na]

Next, we move on to the multivariate case, see [8, Chapter 17, pp. 419-452], as a model of action.
We make

Remark 2.3. We introduce

N N
1
Z(@r,vaon) = 2 (@) = [0 (@) = 55 [T (Mo + Mz ) @), (32)
i=1 i=1
r=(z1,...,on5) ERM; X\ ¢>0, NeN.
Properties:
()
Z(x) >0, YzecRY, (33)
(ii)
oo o0 (oo} o0
N Z@—k)y= > > o > Z(@mi—ki,..av—ky) =1, (34)
k=—oc0 k1=—0c0 ko=—0c0 kn=—0c0
k:=(ki,...,kn) €ZN,V 2 € RN, hence
(iii)
[ee]
> Znz—k)=1, (35)
k=—oc0
VzeRN neN,
(iv)
/ Z (z) dz =1, (36)
RN

that is Z is a multivariate density function.

Here denote:
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== max {|z1],...,|zn|}, z € RY, 00 := (00,...,00), —00 1= (—00,...,—00), [na] =
([nail,...,[nan]), [nb] :== (|nb1],...,|nbx]), a:=(a1,...,an), b:= (b1,...,bN).

We obviously see that

[nb| |nb] N N [nb; |
Y Zmz-k)= > (Hfb(nwi—ki)> =11l Y. omai—k)|. (37)

k=[na] k=[na] \i=1 i=1 \k;=[na;]

(v) We derive that

Lnb]
S Zmae—k) <Te 7 where 0 < B < 1, (38)
k=[na]
15 =2ll >
N
withn e N:n'=8 >2 z ¢ H[aq;,b,;].
i=1
(vi) It holds
1
0< < (A", (39)
Z Z (nx — k)
k=[na]
N
Vaoe <H[ai,bi]>, n € N.
i=1
It is clear that
(vit)
Z Z(nx—k) < Te_Q’\”(lfﬁ)7 (40)
k=—o00
[%-=ll.>75
where 0 < B <1, neN:n'#>2 zecRN.
Furthermore, it holds
[nb]
lim. N Znx—k)#1, (41)
k=[na]
N
for at least some x € (H [a;, bL]) .
i=1
Here (X, ””'v) is a Banach space.
N N
Let f € C(H[ai7bi],X>, z = (x1,...,TN) € H[ai,bi], n € N : [na;] < |nb;], i =
i=1 1=1

1

geeey
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We introduce and define the following multivariate linear normalized symmetrized neural

network operator, let © := (z1,...,xn) € [T, [ai, bi]:

5 () z0e -

k=[na]

ei(f,l’l,...,.TN) :Hi(f,l') = |nb| -

Z Z (nx —k

k=[na]

[nb1 | [nb2 ] [nby | N

ki=[na1] ka=[nas] kn=[nan] i=1

[nbi]

U Z (Mq)\ nw; 7ki)+M%7)\ (nx7fk7))

=1 z "naJ

(42)
ks
For large enough n € N, we always obtain [na;] < |nb;|, i =1,...,N. Also a; < o <,
Zﬁ [nai] < ki < LnbLJ7 i = la"'vN'
N
When g € C (H a;,b ) we define the companion operator
i=1
[nb]
k
-1 Z —k
) DF (£) 2t -1
0 (g,0) = = . (43)
Z Z (nx —k
k=[na]
Clearly, 52 is a positive linear operator. We have that
B N
0y (L,w)=1, Vae]]labl.
i=1
N B N
Notice that 0% (f) € C (H [a;, b;] ,X) and 08 (g) € C <H [ai,bi]> .
i=1 i=1
Furthermore, it holds
B N
105 (£s2)ll, <8 (171, ), ¥ € [T fass b (44)
i=1

and

05 (cg,z) = e, (9,7) , wel‘[al, : (45)
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and

0; (c)=c, anyce X.

We call
[nb) k
o= Y 7 (E)zw-n), (46)

k=[na]

Definition 2.4 ([6, p. 274|). Let M be a convex and compact subset of (RN7 ||~Hp>, p € [1,00],
and (X, ”Hw) be a Banach space. Let f € C' (M, X). We define the first modulus of continuity of

f as
wi (f,6) = sup [ f(z)=f(Wl,, 0<d<diam(M). (47)

If § > diam (M), then
w1 (f,0) = w1 (f,diam (M)). (48)

Notice wy (f,0) is increasing in 6 > 0. For f € Cp (M, X) (continuous and bounded functions)
w1 (f,0) is defined similarly.

Lemma 2.5 ([6, p. 274]). We have wi (f,0) -0 asd 10, iff f € C (M, X), where M is a convex
compact subset of (RN, ||||p>, p € [1,00].

In this study we work only for the case of p = oc.

Clearly we have also: f € Cy (RN, X) (uniformly continuous functions), iff wy (f,0) — 0 as § | 0,
where w; is defined similarly to (47). The space Cpg (RN , X ) denotes the continuous and bounded

functions on RV.

N
Let now f € C™ (H [ai,bi]>, m,N € N. Here f, denotes a partial derivative of f, a :=
i=1
' N
(a1,...,an), a; €Zy,i=1,...,N, and |a| := Zai =1, where l = 0,1,...,m. We write also
i=1
aTL
fa = —f and we say it is of order (.
oxm™
We denote
wiim (fash) = max @ (fash). (49)
Call also
[ falloem = max {|[falloc} (50)
where || - || is the supremum norm.

From now on we use X = (C,|-|) the complex numbers, which is a Banach space.
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(IT) Multivariate New Taylor formulae

We will use

Theorem 2.6 (|7]). Let f € C?([c,d],C), where a,x € [c,d]. Then

J (@) = f (@) = ' (a)sin (@ — a) + 2" (a) sin? ($;> N
/: [(f//(t) + f(t)) —(f"(a)+ f(a)) | sin(z —t) dt. (51)

We make
Remark 2.7. Let now Q be an open convex subset of R¥, k > 2; 2 = (z1,...,21), 19 =
(wo1,---,20k) € Q. We consider f € C?(Q,C) each second order partial derivative is denoted
k
8(1
by fo = , where o= (aq,...,q), ; €ZT,i=1,...,k and |a| := Zai = 2. We consider
Oz i=1
g. () == f(xo+t(z—m)), 0<t<1. Clearly xo +t(z —x9) € Q. Then
9-(0) = f(zo), 9-(1) =f(2),
k of
g (t) = ; (zi — wo;) o, (zo1 +t (21 —To1), .-+ Tok +t (2 — Tok)) , (52)
k
of
/
0) = T i) o PR ’
g (0) ;(2 o) o, (zo1 Tok)
and
- ) 5 -
T(t) = i — X0i) =— t(z1 — t(z — , 53
gz (1) <; (zi — z0i) 6$i> [l (@o1 +t(21 — z01) Tok +t (21 — Tok)) (53)
9 Z
y - 9
gz (0) = (zi —@0i) 5= | f| (o, Zox).
i=1 i

Notice above the second order partials commute.

Clearly g, € C?([0,1],C), and by Theorem 2.6 we obtain

fz,ooszk) = for, .- o) = g2 (1) — g2 (0) =

ot (1) + 202 @2 () + [ [(6200:0) = (s © 0 )] sm (1 -0yt 51

We also mention
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Theorem 2.8 ([7]). Let f € C?([e,d],C), where a,z € [¢,d]. Then

f(ﬂj) - f(a) = f’ (a) sinh (aj — CL) +2f” (a) Sinh2 <l’;a> n

[l -s0) - 0" @ - @) s -0 ar. (55)

We make

Remark 2.9. Consequently, we get that

fG, e zk) — f (o1, -, zok) = g2 (1) — g, (0) =
ot O)sinh (1) + 207 st (1) + [ [(62/0 =92 6) — (62 0) — 2 0)) ] snb (1~ 1) .

We make

N
Remark 2.10. Let f € C? (H [a;, b;] ,(C), N e N.
Clearly, the mixed partials commute.

ko (k k k al
P 1 N R . . .
Here = (n ..... . ), and © := (21,...,2N), with T E <£[1 [al,bl]>, then (by (54), where
k
gr (1) :=f(x+t<n—x)>,0§t§1) we have

! <7’i) (@) = (zﬁ ("3 _ 1‘) i{(@) sin(1) 4 2 { [(i (’; - x> aiff] (x)} sin? (;)
, 2 K k

N 2
B { {(Z (IZ _$i> ai) f] (17)+f($)}}sin(1—t)dt. (57)

oy
|
[=)
—
——
1
7N
i]=
A/~
3|
|
8
~_
gl
~
[NV}
Kﬁ
| I
/
8
+
~
/T\
|
3
~_
~_
4
Kﬁ
N
3
Jr
~
/‘\
|
8
~_
~
——
=
*
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Therefore it holds

! 2 Nk
m< [ > <]‘[ b,
0 a:=(a1,...,aN), ;€L Ha2| -

N i=1
i=1,...,N,|a|:=> a;=2 -
i=1

(59)
k .
+’f (m—f—t(—x))—f(x) [sin(1 — t)| dt
n
1 N -
2 k; ’ k
< | 5 § (Hn—xi )wl(fa,t\n—x )
ar=(a,...,aN), ;€L H Oéz' i=1 00
N
i=1,..., N,|lal:=> a;=2 =1
i=1
+ wy (f,t ‘ -z ) [sin(1 — t)| dt < (%)
Notice here that (0 <8< 1)
k 1 k; 1
E—JE <m<:)> g—ngﬁ, 1217 .,N. (60)
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We further see that:

N

() < quwig™ (fa, nlﬂ> Z 2 (H nﬂlai> +wy <f, nlﬁ> (61)

a:=(ai,...,an), x; €L ;! =1

=

N
i=1,...,N, |a|:=> a;=2
i=1

v ) i | mas 1 2 1 1
. [sin (1 —¢)] dt |wi’5 favn7 Z N WJFWl fvn7
a:=(a1,...,an), ;€L H ai!
) N i=1
i=1,...,N, |a|:=3" a;=2
=1

(e = (1 eon() ] [-o5) w170

n2p

We have proved that

max

A< cos(t) | — (fm"16>N2+w1 () (62)

n2p

1
< —.

, k
given that ||— — x
n nf

oo

We notice also that

1 N
2 .
m< [ 3 _ (H >2||fa| F2fl b lsin (1) dt
0 a:=(aq,.. ,(XN) ;€74 H OZL i=1
i=1,...,N,|a|:= Z a;=2 \;_4

(63)

2 max 1 .
3 _ 211b — al%, 1 Fal™5 4+ 2117 (/ |sm<1—t>dt)
a:=(ay,.. ,aN)a€Z+ -
i=1,...,N,|a|:= 201—2 11_[1

IN

(2115 = allZ I fall25 N + 21 £l ) (1 = cos (1)),

where a := (a1,...,an), b= (b1,...,bn).
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We have proved that

[RI < (206 = allZ, a5 N 4+ 2 £l ) (1 = cos (1)) = p. (64)

3 Main results

We start with symmetrized and perturbed trigonometric approximation by using the smoothness

of f.

N N
Theorem 3.1. Let f € C? (H a;, b, ) ,0<B<1l;n, NeN,n'" P >2 2 1€ (H [ai,bi]> ,

a = (a17"'7aN)7 b:= (bl,-- 7b ) Then:

()
o~ 01 () s
()= 1@ = (2 Do (2 ) s (1) (65)
i=1 i
N
4 a:_(ah“%)’meh fa (z) (ll:[l — )™, ) sin 2 <2>
i=1,..., N,|a\::‘§: ;=2 Hal
max <f0” ) 2
<A@ |- eos1) v (f2) o+
[211b = el 17l N2 + 21 f1l.] (1 = cos (1) e
g of (xo) _ o . _ _ ol =
(ii) assume that e 0,i=1,...,N, and fq (z9) =0, a : |a| =2, we have that

05, (7,2) — £ @) < (A @) { | (1= cos (1) wall G, v (fias) |+

n2p



Multivariate symmetrized, g-deformed and A-parametrized. .. 339

max —2An1=#)
2o = allZ, Iall2s N + 21l | (1 cos (1)) Te X" 5 (66)

and

(iii)

N
05 (F,2) — £ ()] < (A (@)™ {Z‘ag Q2
1 3

2 max —_oan(1=8)
+ 216 = alZ I1fall 25 N2 + 21| (1 = cos (1)) Te ,

and

(i)

1

of {nﬂ + (b — a) TeQ)\n(l—H)}} sin (1) +

axi

=1

N
165 (f) = fllo. < (A @)Y {Z

B N
1 1 @ _ - . 1
483" Nfalloo | W+(H(biai) ) Te—2n m] gin? <2> (68)
a:lal=2 Hai! L =
=1

=

n2p

1
A3 (for 35 ) V7 1
+4 0= cos 1) +on (f2)
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(210 = alZ Il 25 N2+ 211 ] (1= cos (1) Ter 27 5 8~ ().

o0

We observe that 05 — I (unit operator), as n — oo, pointwise and uniformly.

Proof. Here R is as in (58). We see that

[nb] [nb] [nb]
Up:= Y Zmaz—k)R = Y  Zma—k)R+ >  Zmz-kR (69
k=[na] k=[na] k=[na]

k_ ” A
T o<>>n3

k_ 1
n m”oognﬁ

Therefore
Lnd)
Ul < Y. Z(na—k) (70)
k=[na]
15 ==l <35
- 1 -
WTS‘X <fom nﬁ) N2 1 o8
(1 —cos (1)) 35 +wy (f’nﬁ> + pTe
- N 1 :
W?’IS‘ <f0“ W) N2 1 —_oan(1=58)
< [(1—=rcos(1)) 35 +wy <f, nﬁ> + pTe .

‘We have established that

n2p

1
wis™ (fmnﬁ> N? 1
|U,| < [(1—cos(1)) + wy <f’nﬁ>

oo

max —oan(1=8)
- [210 = allZ a5 N2 42017l | (1= cos (1) Te 27 (71)
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By (57) we observe that
[nb] [nb]|
Z f()Z(nm—k)—f(:v) Z Z (nx — k) (72)
k=[na] k=[na]
N [nb]
k; 0
= Z Z Z (nx — k) ( - xl) / (x) sin (1)
n ox;
i=1 k=[na]

i=1,...,N,|a|:=> a;=2
i=1

The last says

Lnb] N
0 ()~ 1 @) ( ) Z(nw—k)) - (Z o) *ez«-—xz—»x)) sin (1) -

N
9 1
AIRE] El  CE  ORE
a:=(a1,..., QN ), & + 051,' =
i=1,...,N, |a] —éalﬂ i=1

[nb]
*s * ns kl
0, () )| <0~ ) = YD || Z (e — k) (74)
k=[na]
b b
= Z g—xiZ(nx—k)—&— Z E—:@Z(mc—k)
k=[na] k=[na]
%2l <77 %-=ll.>%
1 Lnb] 1 —oxn(1—8)
§ﬁ+(bl—al) Z Z(nx—k)gm—i—(bl—al)T
k=[na]

We have proved that
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Next we see that

N [nb] a
. k; ’
*ps ) * gs TR I Fi _
> (H( x;) ,J:) <*6; (H x; ,33) Z (H i ) Z (nx —k) (76)
=1 =1 k:"na-‘ =1
[nb) N e Lnb) N
= ( P >Z(n:c—k)+ Z (H e >Z(nx—k)
k=[na] i=1 k=[na] i=1
%=l o<25 I%-=ll >
1 al a-g
St <1_[1 (bi — az)m) Te 2An

We have proved that

N
*9:’; <H ( — ;z:,;)ai ,:E)

At last we observe that

N
1 o . 1
4 | Z fa (@) ~ 0: (1_[1 (- —x)™ ,x> sin? <2)
a.:(al,...,aN)}\(:iEZJr Hai! i=
i:l,...,N,\a|::Z:l a; =2 =1

|nb|
< (A (@)Y U] = (A @)™ |65 (f.2) = f (2) ( Y Z(na - /f)) -

k=[na]

ar=(a1,...,aN),; EZy H ;!

N F__
i=1,...N,Ja[:=3 a;=2 =1
i=1
Putting all of the above together we prove the theorem. O

We continue with the hyperbolic symmetrized and perturbed approximation.
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N N
Theorem 3.2. Let f € C? (H [a;,b;],C),0<B<1;n,NeN,n=F>2 2 2¢€ (H a;, b; )
i=1 i=1

a:=(a,...,an), b:=(b1,...,bn). Then

(1)

4 | Z fo () (ﬁ?‘aclﬁaﬂ) <ﬂ — z;)" ) sinh® (;)

i=1

1
wingx (fa, ) N?
< (A ()" cosh (1) ; n” + w1 (fnlﬁ) + (79)

n2p

max _oxn(1—8)
16— all% I Fall2s N2+ [1£ll0) e 5

(i1) assume that % =0,i=1,...,N, and fo (x0) =0, a : || = 2, we have that
N 1 iz (fo“ nﬁ> ’ 1
05, (F,2) — § (@) < (A @) (cosh (1) ¢ | 3 v (1) ]+
(1= all%, 1l 25 N2 + 1l | Ter 77 5 (80)
(iii)
s N Y of ()| [ 1 —oan(1—8)
o2 (o) = 1@l < @@ 43| FO - an b inn 1)
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N
1 ) o (18 . 1
19 2 al@) > (Hb—al ) 2 ] smh2<2>
a:lal=2 Hai! i=1
i=1
1
wllngx (fa7nﬁ> N2 1
+ cosh (1) 5 3 +wp <f, nﬁ> + (81)

max —_oan(1=58)
(1= all2, 1 full2s N2+ | £l | T ,

and

(i)

of

E {1 + (b — a;) Te 2" }} sinh (1) +
Li || 0o

nb

N
165 (f) = flloo < (A ()Y {
=1

_ N ;
1 1 o —oan(1—8) . 1
4 Z [falloo | = T + (H (b; — a;) ) Te 2\ sinh? <2>
a:la|=2 Hai! L i=1 J
i=1

+ cosh (1) 3 35

16— all% Iall225 N2 4 17| T b =2 g (1) (82)

We observe that 05 — I (unit operator), as n — 0o, pointwise and uniformly.

Proof. As it is similar to the proof of [9, Theorem 5.8, pp. 175-179], it is omitted.

We give

=

[ai7 bz} 7C> )
1

Remark 3.3. By (42) we get that ||6;, (f)ll, < IIfllo < o0, and 65 (f) € C(

giwen that f € C <H a;, b;l, )

2
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Clearly then
1632 (e = 165 @ (Do < 167 (Dlloo < 1l (83)
etc.
Therefore we get
||| <l vEew (84)

the contraction property.

Also we see that
e o = e o < <18 (e < 1 (85)

Also 65 (1) =1, (85)" (1) =1,V k € N.

Following [5, 18.14, pp. 401-402], similarly we obtain that

102)" f = fllse <7105 (f) = fllos» TEN. (86)

We give
Theorem 3.4. All as in Theorems 3.1, 8.2. Then
(i)
107)" f = fllow <76 (f), (87)
where &, (f) as in (68).
(ii)
167)" f = fllow < mn (f), (88)

where Py, (f) as in (82).

So that the speed of convergence to the unit operator of (03)" is not worse than of 05, see

also [4].
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