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ABSTRACT

We prove that a spherical tumor with free boundary fur-
nished with an almost periodic nutrient supply has a
twofold long term time evolution: either it vanishes or it
tends towards a persistent tumor which oscillates almost
periodically. This is determined by a relation of the mean
of the nutrient supply and a threshold value meaning the
minimal nutrient supply enabling the tumor to live. In
each case, global stability is proved for the almost periodic
solution (o4 (t,x), P«(t,x)) of the corresponding reaction-

diffusion equation.
RESUMEN

Demostramos que un tumor esférico con frontera libre
dotado con un suministro casi periédico de nutrientes tiene
una evolucion a largo tiempo doble: o bien desaparece o
tiende a un tumor persistente que oscila casi periédica-
mente. Esto estd determinado por una relacién del prome-
dio del suministro de nutrientes y un valor umbral, es
decir, el suministro minimo de nutrientes que le permite
vivir al tumor. En cada caso, se demuestra la estabilidad
global para la solucion casi periddica (o4 (t, x), Pi(t,x)) de

la ecuacién de reaccion-difusiéon correspondiente.
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1 Introduction: A simple spheroid model for tumor-growth

Works [3, 14] are seminal works of an abundant production of mathematical models describing
tumor growth, see for instance [6,9,10,13,15]. The fundamental tool is the reaction-diffusion
equation which models the volume growth under the presence of nutrients and inhibitors. The time
evolution of the volume of the multicellular tumor spheroid living in a fluid containing nutrients
is then given by the solutions to a free boundary problem. Complex models consider a necrotic
core in the description of the tumor. In our considerations we avoid such element of the model. A
common feature of all models is the prediction a twofold scenario depending on a nutrient supply

threshold: either the tumor shrinks and vanishes or the tumor persists.

Typically, under in vitro conditions, nutrient as well as inhibitor supplies remain constant. Never-
theless, in more realistic conditions tumors grow up upon varying tissue conditions. With this
motivation, experimental data having periodic supply have been obtained for instance in [§].
More recently, experimental designs with oscillatory nutrient and inhibitor supplies have been
reported in [11]. Accordingly, mathematical modeling with time-dependent external environment
have arisen. For periodic continuous nutrient and inhibitor supplies, there are results in [12,15,16].
This works describe again conditions under which either the tumor vanishes or the tumor remains

periodically changes size.

Our main contribution in this work, is considering a more general time-dependent oscillatory nu-
trient supply. Instead of discussing a constant or periodic external nutrient concentration, we
introduce in our model an almost periodic continuous function. We can mention two reasons to
use this space of functions: (1) Almost periodic functions incorporate variations in experimental
conditions that not necessarily are periodic but only approximately periodic. (2) Almost periodic
functions permit different factors which may not necessarily be synchronized. This may be inter-
esting when we deal with two growth factors such as nutrient supply and inhibitors, where there
is no requirement of rationally dependent frequencies. The case where almost periodic nutrient
supply and almost periodic inhibitory factor are non-synchronized will be treated elsewhere. In

this work we treat the inhibitor-free case.

We review some of the main concepts and results about almost periodic functions in the Appendix

of Section 4. The interested reader may also consult well known references such as [1,2,4,7].

Now, we describe our setting, see for instance [3,6,10,15] for further explanations. Let Q(t) C R3
be a bounded region with smooth boundary, 9€2(t), evolving in time. This region is supposed to
model the tumor inside a continuum media. We designate by o (¢, z) the nutrient concentration in
a time-space domain (¢,7) € R x R3. When there are no inhibitors in the continuum media, then

the nutrient supply concentration ¢ is proportional to the intensity of the mitosis,

S =ulc—a).
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The proportionality constant, p measures the intensity of the cell division. The parameter & is a
threshold level which divides two regimes: either the tumor grows‘ due to mitosis or the tumor

shrinks, due to apoptosis.

In a vascularization free environment, we suppose that o satisfies a reaction-diffusion equation,

d
CcT(Z = Ao — Mo,

where, A > 0 is the nutrient consumption rate. The small time-scale ratio between the nutrient
diffusion T, compared to the tumor volume evolution Ty, leads to a quasi-stationary evolution

where
T, 1 min
C= — = =~
Tr 1lday

0.

Thus, steady solutions of the reaction-diffusion equation become relevant. Assuming a velocity,
U(t, z), for the cell-flow inside the tumor, Darcy’s law describes this flow as generated by the
pressure gradient, ¥ = —V P, where P(t,z) is the pressure inside the tumor. Since the flow has

the mitosis process as source, then V - ¥ = S. Therefore,
—AP=V - -(-VP)=V-9=S5.

Thus, the stationary reaction-diffusion equation describing the concentration of the nutrient and

the pressure are the following,

Ao(t,z) = do(t,z), z e Qt), t>0, (1.1)
—AP(t,x) = p(o(t,z) — &), x € Qt), t>0. (1.2)

For an external nutrient supply, ®(¢) > 0, homogeneous along the membrane, we have the following

free-boundary value conditions

o(t,x) = B(t), x € dN(t), t>0, (1.3)
P(t,z) =~vH(t,x), x e o), t>0, (1.4)

where v > 0 is a constant representing the cell adhesiveness and H(t,z) designates the mean

curvature of the boundary surface, 9Q(¢, x).
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Upon radial symmetry assumption, let R(t) be the outer radius of the sphere 9€(t), then the PDE
problem (1.1) with boundary conditions (1.3) becomes a couple of ODE boundary problems

%2% (rzga(t,r)) = Ao, 0<r<R(),
o(t,R(t)) = (), %U(t, 0) =0,
—7,12% (TQSTP(W) = p(o —05), 0<r<R(t),
P(t, R(t)) = %, %P(t,o) -0,

t>0, R(O) = Ry. (15)

For P we have a second order ODE with boundary conditions both, on P and on its derivative.

OP(t, R(t
Moreover, the Neumann boundary condition % = —R/(t), arises from the restriction of
r
Darcy’s law, VP = —, along the normal component of the spherical surface 9€Q(t), i.e.
oP i
o Ve

This makes the problem a free-boundary one with velocity displacement of the boundary given

by .
Length rescaling allows us to take A = 1. Then, equations (1.5) are solved as follows,

R(t) sinhr
sinhR(t) r

Pu(t,r) = 55 (2 = (R()) + u(@(0) = 0 (t,7) + fs.

ox(t,r) = O(t)

t

Notably, the flow, / / v+ dS, of ¥ along the boundary 9€(t) equals the rate of volume change.
aQ(t)

Mass and volume conservation inside cells imply

ivol(Q(t)) = // V - ddvol.
dt Q(t)

Hence,
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The PDE problem (1.5) can be solved in this way by solving the ODE

® = ur (sm)o(0) - )

R(tg) = Ro >0, ®(t)

v
=
—
—
(=)
=

where
1 1

rtanhz 22

p(x) =

1
is strictly decreasing in « > 0, and 0 < p(z) < 3 see [6, Lemma 3.2].

We propose the following global stability assertion which depends on a condition on the mean
value,

3 = M[®]

of the nutrient supply. See Appendix in Section 4 for the definition of the mean value, M[¢] of an

almost periodic function ¢(t).

Theorem 1.1. Let R(t) be any solution of (1.6) with positive initial condition R(tg) > 0 and an

almost periodic nutrient supply ¢(t) > 0, then we have two possible limits:

(1) If ® < &, then tlim R(t) = 0.
—00

(2) If ® > &, then there exists a unique almost periodic solution R*(t) of (1.6) such that

tlim |R(t)—R*(t)| = 0. Furthermore, there is an inclusion of the modules of frequencies, o C 3.
—00

For the reader’s convenience the definition of module of frequencies can also be consulted in Sec-
tion 4. This generalizes the result for the periodic case obtained in [12]. Referring to the prob-

lem (1.1) with boundary conditions (1.3), we deduce the following consequence.

Corollary 1.2. Upon radial symmetry, when the mean value of the supply ® surpasses the thresh-
old value, G, the free boundary problem (1.1) has a globally asymptotically stable almost periodic
solution (o, Py). Otherwise, the free tumor equilibrium is attained in the long term by any initial

condition.

2 Proof of the main result

This Section is devoted to demonstrate our main result stated in Theorem 1.1. The main idea
is to prove boundedness, above and below, in the open interval (0,00) of every solution ¢(t)
whose initial condition ¢(ty) is positive. The main idea then reduces to show that the relative
compacity or normal property of the family of translated solutions. A limit in this family provides

an asymptotically almost periodic solution. We first review some technical Lemmas.
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Lemma 2.1. Let ¢(t), p(t) be any couple of solutions corresponding to initial conditions ¢(tg) >
©(tg) > 0 of the ODE

' =g(t, x).
Suppose that g(t,x) is continuous and C* with respect to x. Suppose that solutions are well-defined

for allt > tg. Then ¢(t) > @(t). In particular, for ¢p(to) > 0 we have ¢(t) > 0 for all t > to,

whenever p(t) =0 is a solution.

Lemma 2.1 is well known and follows immediately from the property of uniqueness of solutions of

an ODE. From boundedness of solutions claimed in Lemma 2.3 below, it can be applied to (1.6).

Lemma 2.2. If ® < G, then for any solution of (1.6) with positive initial condition ¢(tg) > 0, we
have tll)rgo o(t) =0.

/
Proof. We observe that (ln¢(t)) = (Z((;)) . We proceed by contradiction and suppose that,
d(tr) \( © = limsup ¢(t) > 0

>0

for an increasing sequence t; " co. We recall that

/(¢ ~ ~
S = [potnen - 5| < biaw - o)
Therefore,
. In¢(ty) —Ing(to) _ .. P " N L St
hlrcnjip ra— §11]£risip?m_t())/to (@(t)fa)dtfg(q)fa).
or,
" ZE?; o — @)
o 0 _ -
h}rﬁrsgp R < 3 < 0.
Thus, 0 < limsup In ¢(t;) = —oo or limsup ¢(t;) = 0. O
k—o0 k—o0

Lemma 2.3. Any solution, ¢(t), of (1.6) with initial ¢(tg) > 0 is bounded above, i.e.

o(t) < sup{o(t) : t > tg} < o0.

Proof. For the upper bound suppose that there exists an increasing sequence t > ty_1 > to such

that ¢, — oo when k — cc.

By contradiction, let us suppose that klim @(tr) = co. Without loss of generality, by taking subse-
— 00

quence if necessary, we can suppose that ¢(tx) * 0o is monotone increasing and that ¢'(t;) > 0.
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Then lim p(¢(tx)) = 0, and
k—o0 /(t )
¢’ (tk
In¢(tr)) = > 0.
(no(te)) =S4 >
Hence, 3
o .
pg = Jim pp(d(t)) @ (tx) — (I g(iy)) < 0.
k—o0
However, ¢ > 0. This finishes the proof of Lemma 2.3. O

Lemma 2.4. If ® > & > 0, then any solution, ¢(t), of (1.6) with positive initial condition,

@(to) > 0 is bounded below, i.e.

¢(t) = inf{p(t) : t > to} = ¢s > 0.

Proof. Suppose that ¢, = 0. Recalling Lemma 2.1 we have that ¢(¢) > 0 for every ¢t > to, and by

continuity there is no interval [tg, t3] where

1nf{¢(t) : to S t S tQ} =0.

Therefore, there exists an increasing sequence t; — oo such that

o(t) = o(t) \ 0, p(o(t)) < p(o(tr)) 7 1/3, V€ [to, k],

because p(x) is a decreasing function. Then In ¢(tx) would tend towards —oo. Therefore,

o i 00H) ~(0(h0)
k—o0 tr — to

Moreover, if ® > & we consider 1/3 > & > 0 such that
(1-3¢)® > 5.

Due to the convergence p(¢p(tr)) ' 1/3, there exists N, € N such that

1 1
e2 53— p(0(t) 2 5 (o)), VEeEltnts], j=k=Ne
Therefore,
o () /o) K 1
0> hgr_l}g;f Tty 21;%7122 t—to /to p(o(t)®(t) — gadt
 up i K 1 poo ™ 1
g%g{%_ml;mam¢@3am+w_mlgmwm¢m3aﬁ}
) tj 1
> i‘;‘g;gi {tj - /tk p(g(t))2(t) - 30 dt} +0
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> sup inf
k>N izk t; — 1o

| teme - g

tr

> inf — /tj L Now - Lsar
- su m - — £ — =0
=h kEII\ZjZk t; —to 3 3
1

tr
1 t: —tg t 1
>(=—¢)p- sup inf 2 —F / D(t) — odt
3 k>N, 32k t; —to t; — tg 1—3e

123
1 1 ti 1
Y : inf B(t) — 5 dt
(5-2)m s ity [ o0 g
1 _ 1 1 _
—(:_ . 5) = = ((1—38)8 —5) > 0.
(3 5) “( 1 —3EU> g (1 =3e)®—0) >

We reach a contradiction. So ¢, > 0. O

Lemma 2.5. If ® = 5 > 0, then for any solution, ¢(t), of (1.6) with positive initial condition,
¢(to) > 0, we have tlim o(t) =0.
—00

Proof. Define
O :=limsup¢(T), 6:= lijgninf o(T) > 0.
—00

T—o0

Notice that 0 < 6 < © < +00. We shall prove by contradiction that © = 6 = 0.

Suppose that § > 0: We have, ¢, > 0, then p(¢.) < 1/3. Therefore, for every increasing se-
quence ty < ty < t;, such that ¢(tx) < ¢(t;) we have p(¢(tx)) < p(¢(t;)) < p(¢). Whence,

mé(t;) 1 t 5
Jim sup w(t;) t“‘“’“” = timsup 1 / p(o() (1) — 2 dt
Jj—oo J Tk j—oo Ui — Uk Jy
, b G 11=
<timsup L [ (0000 - § dt=p[pton) - | B <0
jooo i =tk Jy;

In particular, for a sequence ¢(t;) /6 > 0 we reach a contradiction. Namely,

In ¢(t;) —In é(tx)

n
0 < lim sup
j—o0 t; —tg

< 0.

Therefore 0 = 0.

Suppose that © > 6 = 0: Since 6 = 0, there exists an increasing sequence tj, oo, such that

(}) \, 0. Thus,
p(o(ty)) < p(o(t))) 7 1/3, Vj>k.

For every € > 0, due to the convergence p(¢(t;,)) ,* 1/3, there exists N. € N such that

—p(o(ty)), Vtelt,t)], j>k>N..

wl| =

£ 2 3 - po(t) 2
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Therefore,
/ /
— lim inf ln(¢(fk)/¢(t0)) = limsup—lnw(f}c)/(b(to))
k=00 tk — o k— o0 tk —to
f "o swyats [0 (1) d
=1 — —p(o(t)®(t) dt — —p(o(t)®(t) dt
it sup o | [ = stotpae e [ = iotyetn
&
= inf — —p(o()®(t) dt
,i%ojf‘;lgt;_to/% 3 —P(o()e(t)dt +0
< inf "o £))D(t) dt
g st [ - pewen
<t spl L [07 £))®(t) dt
_M'klanezggt;—tot;—t% /t/‘ g_p(¢( )) (t)
t; 5 1
<p- inf osup o—07r [ 3 — =) ®(t)at
=HEN SN /t; 3 +(5 3> (t)
o 1\ = _
< — — )| = pued
M[3+<5 3> } e
1 t) t —
Hence, lim inf M > —pue® for each € > 0, i.e.
k— o0 tk —to
/
In(o(t4)/6(t0)) o)

lim inf ;
k—o0 tk — 1o

Now, suppose that © > 0, then p(0) < 1/3. Therefore, if we take a sequence t; * co such

that ¢(te) \ © > 0, we have p(6(t;) < p(6(tx)) < p(O) < 1/3, for every j > k and
1%

lim sup I ¢(t;) — n $(tx) = lim sup
j—00 tj — 1 j—oo t] —t
_ 5] = 1
S p(p(@)® — = | =dpu |p(O) — 5| <0
Then,
lim sup 6(t;) — In $(t) < 0.
j—00 tj —tk
Supposing, without loss of generality, that ¢(tg) > ¢ (tx)
1 ti)—1 t 1 t;)—1 tp)t; — 1 ti)—1 t
lim sup no(t;) — In $(to) =i p né(t;) — Ing(te) ¢ k < lims B(t;) — Ing( k)
j—oo t; —to PSS t; — tg t; —to j—roo t; —tg
Therefore,
t;)—1 t
lim sup 9t;) = Iné(to) < 0. (2.2)
j—ro0 tj —to

By summarizing (2.1) and (2.2), we finally reach a contradiction as follows. Since © > 0
we can, without loss of generality, suppose that ¢(t;) > © > ¢(t;). We can also suppose,
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without loss of generality, that ¢; < t}. Hence,

Inp(t’) — In (¢ 1 N
0 < lim inf 9(t;) — In (o) < limsup 20) ~Inélt) o O
j—oo t; —to j—o0 t; —to

Finding asymptotically almost periodic solutions, see Definition 4.4 in Section 4, allows us to find
almost periodic solutions too, according to Theorem 4.5 in Section 4. Among the characterizations
of asymptotically almost periodic functions we have the Bochner’s property described in Theorem

4.6 in Section 4 which will be useful to prove our main result given in Theorem 1.1.

Now we complete the proof of Theorem 1.1.

Proof of existence. We suppose that ® > & and take a solution ¢(t) of (1.6). Due to Lemmas
2.2 and 2.3, ¢(t) is contained in a compact K = [¢., $*] C (0,00) for t > ty. For an increasing
divergent sequence h = {hy > o }ren, klim hi, = 0o, we define ¢ (t) = ¢(t + hi). Then

—00

(10 64(t) — In ()] = W“ W”] < P10t + hi) — Bt + B

Pe(t)  dm(t)| ~ 3

Where the second inequality follows from substitution

GL(t) (D)
(bk (t) ¢m (t)

= w[p(d(t + hi))R(t + i) — p(A(E + hm ))2(E + han)] ,

which in turn yields due to the bound p(t) < 1/3.

Invoking Bochner’s property in Theorem 4.3, Section 4, modulo a subsequence we can suppose

that klim ®(t + hy) uniformly along R. Hence
— o0

Uslt) = lim di(t), n(t) = (e, (1)’

converges uniformly along [tg,00). This proves that both (In¢(t))" and i4(t) are asymptotically

almost periodic, according to Theorem 4.6 in the Appendix. This means that we can decompose

(1) == (In (1)) = @p(t) +q(t),  lim g(t) =0,

where ¢, (t) is almost periodic.

Notably, it can be deduced that y = In ¢(t) is a solution of

W <p(ey) o - g) . (2:3)
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y=¢@w=/¢www+mwm»

to
is a solution of (2.3). From boundedness of solutions proven in Lemmas 2.3, we can see that a
solution exp @(t) of (2.3) is bounded in (0,00) as t — oo. Therefore ¢(t) remains bounded above
and below as t grows.
On the other hand, if
t t
(0= [ @ ds oo e, a0 = [ ao)ds—a

to tO
then ¢ = ¢, + ¢ and .

o 5 s o

s0§+q’=<p.§+q=u(p(e%eq)<1>— 3) ;

Remark that ¢, is defined up to an arbitrary constant ¢; € R. Notice that we do not claim that
@y is the almost periodic component of an almost periodic function ¢. Nonetheless, we claim that

@y is a solution of the differential equation (2.4) below

% L <p (71 @ 5) . (2.4)

Now let us consider an increasing sequence {h, > 0}°2,, h, oo, then modulo extracting a
subsequence, we get the following uniform limits which are asymptotically almost periodic and

almost periodic respectively:
¢4(t) = Im @(t+ hy,), 0= lm q(t+ hy,), Qi) = lm O(t+ hy,).
k—o0 k—o0 k—oc0
We claim that there exists also the (asymptotically almost periodic) limit
Gpp(t) = lim @y (t + hn, ),
k— o0

and that y = @, 4(t) as well as y = @4(t) solve

% =p (p (e¥) @y — g) - (25)

To see this we just notice the uniform convergence of the Lh.s. of the differential equation

Gt + hn,) = p (p (@(t 4 hp,)) Bt + ) — ‘;) ,

and then apply the uniform convergence of the derivative criterion given in Theorem 4.8 in Ap-
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pendix 4. Therefore, the difference

G (1) = @4(t) = @y (1)

remains monotone and being asymptotic almost periodic necessarily goes to 0 as t  oco. We
conclude that @, 4(t) is an almost periodic solution of (2.5) and that it is almost periodic component

of

@4(t) = Pog(t) + @ (1)
Finally, the limit of the reversed translations yields almost periodic limits

O(t) = Im Oyt — hy,),

k—o0

and

Go(t) = Hm @y 4(t — hny.)-

Indeed, if we denote ®y(t) := ®(t + hy, ), uniform convergence ®;, — @4, implies that for every
£ > 0, there exists N, € N, such that for every k > N. and t >0,

€ > [| Qg — Pyl > [P4(t — hny) — Pic(t — Doy )]
= |q)ﬁ(t - hnk) - (I)((t+hnk) - hnk)| = |q>ﬂ(t_ hnk) - @(t)‘_

Hence, y = @, 4(t) defines a solution of (2.3). At last,

By (t) := exp @y 4(t)

is a solution of (1.6). Such solution ¢, () is almost periodic because exp, is uniformly continuous

in the closed interval [(@b)*, L,Bg] and we apply Theorem 4.9 in Section 4. O]

The stability property
Jim |6 () — &, (6)] =0,

follows from 75lim |2 (t) — @, (¢)| = 0 and from being asymptotic almost periodic.
—00

Proof of uniqueness. Suppose that @1 (t) and ¢o(t) are two different almost periodic solutions, with

0< (pl(to) < (pg(to), then
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t
Since (In(x))’ > 0, then 901(2 is a non-increasing function. Moreover, the quotient of almost

periodic functions is almost periodic by Theorem 4.7. The only almost periodic functions that are
¢1(t)

. . pa(t)
this constant is 1. Hence, ¢1 = vs. O

non-decreasing are constant. Therefore,

is constant, and by having the same initial condition

3 Numerical examples

We consider 1 = 1, ® = cos(2nt/7)+cos(2v/27t/7)+2.5 with three different values of the threshold,
6 = 3,1and 0.5. See Figures 1, 2 and 3, respectively. All images were programmed in Mathematica.

[

0 5 10 15 20 25 30

Figure 1: Case & = 3 > ® = 2.5 with initial conditions Ry = 0.5, 5, 8, respectively. We observe an
exponential decay towards 0 of the solutions.

L L L L ]
0 10 20 30 40 50

Figure 2: Case 6 = 1 < ® = 2.5 with initial conditions Ry = 0.5, 5, 8, respectively. We observe
asymptotic convergence towards an almost periodic solution.

10

0

y
]
0 20 40 60 80 100

Figure 3: Case 6 = ® = 2.5 with initial conditions Ry = 0.5, 5, 8, respectively. We observe slow
convergence towards 0.
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4 Appendix: Almost periodic functions

Along this section, we state the main results of the theory of almost periodic functions. Proofs
and further information can be found in [1,2,4,7]. For a more recent account of the theory, see

also [5].

Definition 4.1. The space of almost periodic functions is the closure T = AP(R,C) of the algebra

T of all trigonometric polynomials
o+ creMt 4o 4 g et

whose frequency set, {\1 ..., \n} C R is arbitrary and ¢, € C for k =1,...,n. We consider T as

a subspace of the space of bounded continuous functions CB(R,C) with the sup-norm.
We just write down the main properties of the space AP(R, C):

I. Every ¢ € AP(R,C) is uniformly continuous.
II. AP(R,C) is a Banach algebra.

III. For every ¢ € AP(R,C), there exists a numerable collection of frequencies {\;}732; C R whose

corresponding Fourier coefficients:

= i
elé, M) = lim

M)—st

which do not vanish and do not depend on 3. There exists an associated Fourier series

e
~ § c ¢, Ak 1)\kt
k=1

IV. For every ¢ € AP(R,C), there exists the mean value,

é=M][¢] = lim

which is a well-defined positive linear continuous functional, M : AP(R,C) — R, regardless of
tg € R.

V. For every ¢ € AP(R, C), the Parseval’s equality holds:

M [[6]7] = lele, Ml
k=1
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Definition 4.2. A continuous function f : R x D — R is said to be uniformly almost periodic

with respect to x € D C R"™ if for every compact K C D,
lft+71,2)— f(t,z)|]<e, VER, VxeD,

for each translation number, T € T(e, f,K), and any length £(e, f, K) > 0, not depending on a

particular choice x remaining the same on compact set K C D.

More specifically, if f has real Fourier expansion,
flt,x) ~ f(z)+ Z alf, An] cos (Ant) + b[f, An] sin (A,t),
n=0

then f is uniformly almost periodic, whenever the coefficients a[-, A,], b[-, A] do not depend on z,

see [4, Chapter VI] .

An important characterization of the space AP(R,C) is given by the following assertion, whose

proof is given for instance in [5, Propositions 3.6 and 3.7] and [17, Lemmas 1.2.1, Theorem 1.2.3 |
Theorem 4.3. The following properties are equivalent:
(1) ¢ € AP(R,C).

(2) (Bohr’s property) Given ¢ € CB(R,C), for every e > 0 there exists a set of real numbers
T(¢,e) C R and an e-length, £ = £(p,e) > 0, such that each interval (a,a + £) of length ¢

contains at least one e-almost period 7 € T(¢, ), such that

lo(t+7)—o(t) <e, VteR

(3) (Bochner’s property) For every sequence {h,}52 1 C R, the family of translations
F ={dn(t) := p(t + h,) : ne N} C CB(R,C),

is relatively compact, i.e. there exists a subsequence {hn, }32,; C {hn}p, such that ¢y, (t)
converges uniformly to

By(t) = lim 6(t +ho,) € CB(R,C).

In Theorem 4.3, the limit function ¢ € CB(R, C) described in Bochner’s property necessarily belong
to AP(R,C) and also ¢4 € AP(R,C).
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Definition 4.4. A continuous function ¢ : [0,00) — R is said to be asymptotically almost periodic

if it can be decomposed (uniquely) as
V() =, (t) +7(t), ¥, € AP(R,C), 1€ CBR,C)

where tli}m r(t) = 0. The space of asymptotically almost periodic functions will be denoted as
AAP(R,C), so that
APR,C) c AAP(R,C) C CB(R,C).

Such decomposition happens to be unique.

Theorem 4.5 ([7, Theorem 9.2|). If f(t,x) is almost periodic in t, uniformly with respect to x in
compact subsets of R™ (see Section /), and if ¢(t) is an asymptotically almost periodic solution of
the ODE, ©' = f(t,x), x € D C R™. Then the almost periodic part ¢,(t) of ¢(t) is also a solution
of this ODE.

As in the case of almost periodic functions, there are characterizations of asymptotic almost peri-
odic functions in terms of Bohr’s and Bochner’s type properties. Specifically the following assertion
holds.

Theorem 4.6. The following properties are equivalent:

(1) ¢ € AAP(R,C).

(2) (Bohr’s property in [0,00)) Given 1 € CB(R,C), for every ¢ > 0, there exists a set of real
numbers T'(1,€) C R and an e-length, { = £(1,€) > 0, such that each interval (a,a+{) C [0,0)
of length € contains at least one e-almost period 7 € T'(,¢), such that

[p(t+7)—9(B)] <e, Vit

for certain t. > 0.

(8) (Bochner’s property in [0,00)) Given ¢ € CB(R,C), for every sequence {h,}5-, C R, such
that h, > 0 and lim h, = oo, the family of translations

n—oQ

F ={tn(t) :=(t + hy) : n € N} C CB(R,C),

is relatively compact, i.e. there exists a subsequence {hy, }32, C {hn}5%, such that iy, (t)

converges uniformly along [0,00) to

Gy(t) = lim Wt + hy, ) € CB(R, C).

k—o0
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In Theorem 4.6, the limit function ¥ € CB(R,C) described in Bochner’s property necessarily
belongs to AAP(R,C) and also ¢ € AAP(R,C). See in [7, Theorem 9.3] and [17, Theorems 1.3.2,
1.3.4, 1.3.5, 1.3.9, 1.3.10] for a complete discussion of the proof of Theorem 4.6.

Other properties of the space of almost periodic functions that will be useful for our purposes can

be summarized in the following assertions.

Theorem 4.7 ([4, Theorems 1.5, 2.1]). Let ¢(t), p(t) be almost periodic functions, and a,c € R

constants, then the following functions are also almost periodic

¢(t) + cp(t), ¢t + a), p(at), ¢(t) - ¢(t), 1/(t) when ¢(t) > ¢ > 0.

Theorem 4.8 (|4, Theorem 4.1], [17, Theorem 3.3]). The primitive of an (asymptotically) almost
periodic function is (asymptotically) almost periodic if and only if it is bounded on the real line. If
the derivative ¥’ (t) of a derivable asymptotically almost periodic function 1 (t) is also asymptotically

almost periodic, then the associated decomposition

P(t) = (t) +r(t), ¥ € AP(R,C), lim r(t) =0,

li
t—o0
induces the corresponding decomposition associated to ¢’ € AAP(R,C) as follows

d d
Y =0 0, Y= e APRC), =T lim (1) =0.

Theorem 4.9 ([4, Theorem 1.7]). Let G(z) be a uniformly continuous function of s € R C C. If
for f(x) an almost periodic function f(x) € R for every x € R, then the function

is almost periodic.

5 Aknowlegements
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in our manuscript.
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