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1 Introduction

In 1967, M. Hukuhara introduced the integral and the derivative for set-valued mappings and
considered how they are related to each other [8]. These derivative and integral generalize the
ordinary derivative and Riemann integral for a single-valued function to the set-valued case. In
1969, F. S. de Blasi and F. Iervolino considered differential equations with the Hukuhara derivative
[3]. Subsequently, many authors introduced other derivatives and integrals for set-valued mappings
and studied the properties of solutions to various set-valued equations (see [10,12-18,21-26] and
references therein). Such equations are similar in appearance to the corresponding classical equa-
tions, but their study and solutions must account for their set-valued nature. Hence, traditional
methods and approaches used for single-valued systems are not always applicable to set-valued
systems, necessitating new or alternative methods. Furthermore, the set-valued nature introduces

new properties that require exploration.

The article considers the Cauchy problem for a linear set-valued differential equation with the

Hukuhara derivative
DpX(t) = AX(t) + F(t),

X(0) = X0, (L.1)

where X : [0,7] — conv(R™) is the unknown set-valued mapping, Dy X(t) is the Hukuhara
derivative, A € R™*" is a non-singular matrix, F' : [0,T] — conv(R") is a continuous set-valued
mapping, and Xy € conv(R™) is the initial set. An analytical solution formula for problem (1.1) is

obtained, and its difference from the single-valued case is demonstrated.

Previously in [19,22], it was proven that Cauchy problem (1.1) has a unique solution if A is a
non-singular matrix. However, unlike in the single-valued case, an explicit solution to such an

equation was not provided.
Subsequently, an explicit form of the solution was obtained for some special cases.

If A =al,, where I,, is the identity matrix of size n and a > 0, then Cauchy problem (1.1) takes
the form
DpX(t)=aX(t)+ F(t), X(0) = X, (1.2)

and, according to [3,22], has the following solution:

t
X(t) = e Xy + / et F(s) ds (1.3)
0

and if F(t) = F for all ¢ € [0,T], then, according to [9], has the following solution:

e —1

a

X(t) = e X, + F.
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If Ae GL(n,R) and F(t) = F, then Cauchy problem (1.1) takes the form
DpX(t)=AX({t)+ F, X(0)= Xo,

and, according to [11], has the following solution:
X(t) = X0+;{Z_!A G},
where F' € conv(R"), G = X+ A'F.

We also note that the results of this work can be used to extend the research begun for linear
homogeneous set-valued differential equations with generalized derivative [9,14], for linear homo-
geneous set-valued differential equations with conformal fractional derivative [10,12] and for linear
homogeneous set-valued differential equations with conformal fractional-fractal derivative [13] to

a more general class of problems - linear inhomogeneous set-valued differential equations.

2 Preliminaries

Let R™ denote the n-dimensional Euclidean space, and let conv(R™) be the space of nonempty

convex compact subsets of R™, equipped with the Pompeiu-Hausdorff metric:
h(X,Y) =max< sup inf ||z —y||,sup inf ||z — ,
() = mac{sup.inf o~ ol sup i o o1}

where XY € conv(R"™).

In the space conv(R™), in addition to standard set operations, we consider the following:

e sumofsets X andY: X+4Y = U {z+y}.
reX,yey

e scalar multiplication of A € R with the set X: X = U {A\z}.
zeX

The following properties hold [15,22,24].

Properties A. For all XY, Z W € conv(R") and o, B, A € R :

(1) (conv(R™),h) is a complete metric (4) if X C Z, Y C W, then X+Y C Z4+W;
space; (5) AX € conv(R™);

(2) X4+Y =Y + X € conv(R"); (6) a(BX) = (aB)X;

(3) if X+Z=Y+ Z, then X =Y; (7) if @B >0, then (a+ )X = aX + X
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(8) MX +Y)=AX+\Y; (10) h(AX,\Y) = |A|h(X,Y).
9) WX +Z,Y + Z) = h(X,Y);

It is known that the space conv(R"™) is not a linear space with respect to the given operations,
because in the general case, there is no opposite element for X € conv(R™), that is, no set —X such
that X + (—X) = {0}, the opposite element exists only in the case when X € R™. The absence
of an opposite element in the space conv(R"™) leads to the ambiguity in defining the concept of set

difference and the conditions for its existence.

In this paper, we will use the difference of Hukuhara [8].

Definition 2.1 ([8]). Let X,Y € conv(R™). A set Z € conv(R™) such that X =Y + Z is called
the Hukuhara difference of the sets X and Y, denoted X Y .

The Hukuhara difference has the following properties (8,15, 22,24, 25].

Properties B.
(1) If the Hukuhara difference X £Y exists, then it is unique and (X2Y) +YV = X.
(2) XX = {0} for all X € conv(R™).
(3) (X +Y)2Y = X for all X,Y € conv(R").

Also, let us add one more operation: the product of a matrix with a set AX = U {Az}, where
zeX
A € R™ " is a real matrix of size n X n and X € conv(R"™).

We will list some properties of this operation [4,7].

Properties C.

1) If A€ R™™™ and X € conv(R"), then AX € conv(RF), where k = rank(A);

(

(2) If Ae R™™™ and X,Y € conv(R"), then A(X +Y) = AX + AY;
(3) If A,B € R™™ and X € conv(R"™), then (A+ B)X C AX + BX;
(

)
)
)
4) f AeR"™™™ XY € conv(R"™) and X CY, then AX C AY.

Remark 2.2. For practical computation of the setY = AX, either the singular value decomposition

(SVD) of the matriz A [4, 6, 12] or the mathematical apparatus of support functions of sets [1,7,
15,19, 25] is typically used.
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Let X : [0,T] — conv(R™) be a set-valued mapping.

Definition 2.3 ([8]). Let ¢t € (0,T). If for all sufficiently small ¢ > 0 such, that (t —e,t +¢) C
(0,T), the Hukuhara differences X (t+¢) 2L X (t) and X (t)2L X (t —¢) eist, and there exists
Z € conv(R™) such that the following equality holds:

161%5*1 (X(t+e)2X(t) = 1613016*1 (X)) EX (t-¢)) =2, (2.1)

we will say that the set-valued mapping X () has the Hukuhara derivative at the point t € (0,T)
and Dy X (t) = Z.

If Dy X (t) exists for all ¢ € (0,7"), and the limits 1&8 Dy X(t) and %g} Dy X (t) exist, we will assume
that Djz X (0) = lim Dy X (1) and D X () = lim D X ().

Definition 2.4. If the Hukuhara derivative Dy X (t) exists for all t € [0,T], we will say that the
set-valued mapping X (+) is differentiable in the Hukuhara sense on [0, T].

The Hukuhara derivative has the following properties [12,15,19,22,24].

Properties D.

(1) If the set-valued mapping X (t) = X for all ¢ > 0, then DX (¢t) = {0};

(2) if the set-valued mappings X(-) and Y () are differentiable at ¢ > 0, then
Dir(aX (1) + BY (1)) = aD X (1) + BDiY (1)

(3) if the set-valued mapping X(+) is continuous on R, then
¢
Dy /X(s)ds =X(), t>0,
0

where «, 8 > 0, the integral is understood in the sense of the Riemann-Hukuhara integral

[20,25].

The Riemann-Hukuhara integral is defined analogously to the Riemann integral for single-valued
functions, taking into account the set-valued nature of the integrand mapping [20,25] and possesses
the following properties [8, 19,20, 22,24, 25].
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Properties E. If A : [0,7] — R is a continuous function such that A(¢)A(s) > 0 for all ¢, s € [0, T,
A [0,T] — R™™"™ is a continuous matrix function and A(t) € GL(n,R) for all ¢t € [0,T],
X € conv(R™) and F,G : [0,T] — conv(R™) are continuous set-valued mappings, then
¢
(1) /F(s) ds € conv(R"™) for all t € (0,T7;

0
t

T T
(2) / ds+/F :/F )ds for all ¢t € [0,T];
t 0
¢

t t

(3) /(F(S)+G(8))ds:/F s ds+/G(s)ds for all ¢ € [0,T;

(4) if the set-valued mapping F'(-) is continuously differentiable in the sense of Hukuhara
¢

on [0,T], then /DHF(S) ds = F(t)2LF(0) for all t € [0, T7;

A(s )de—/)\ )ds X for all t € [0,T7;

t

/
(6) /A )ds X C /A(S)de for all t € [0,T];
0

t t
(7) it F(t) C G(t) for all t € [0,T7], then /F(s) ds C /G(s) ds for all t € [0,T7;
0 0

(8) h ( F(s)ds, | G(s) ds) < [ h(F(s),G(s))ds for all ¢t € [0,T].
[romfoos) <]

3 Linear set-valued differential equation with the Hukuhara
derivative.

Now we will consider the Cauchy problem (1.1).

Definition 3.1. A set-valued mapping X : [0,T7] — conv(R"™) is called a solution of Cauchy
problem (1.1) if it is Hukuhara differentiable and satisfies system (1.1) for all t € [0,T].

Suppose that equation (1.1) has the following solution:
- o [t (t — )V
tz i t — s 3 K3
X(t)=Xo+ Y {Z_!U Z} +)° {/ [Z_!Y(s)} ds} , (3.1)
i=1 =0 |}

where ¢t € [0,T], U,V € R"*" are non-singular matrices, ¥ : [0,T] — conv(R") is a continuous

set-valued mapping, and Z € conv(R").
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It is easy to verify that X (0) = X.

First, let us prove some properties of (3.1). For this purpose, we introduce the following notations:

nu = ||U|| =

n o n

i=1 j=1

1 1 1 1
vx = jdiam(Xo) =5 max |z —y|, qz = gdiam(Z), yy(t) = 5diam(Y (1)),

t ) t )
% —s)r
Xl’o(t) = Xo, XQ’O(t) = /Y(S) ds, Xl,i(t) = t—'UZZ, Xg’i(t) = / (t "S) VLY(S) ds, 1>1,
7!

A
0 0

J J
€7 (t) — the Lebesgue measure of the set X7(t) = Z X1,:(t) + Z Xa,(t), j >0,
i=0 i=0

Y(t) — the Lebesgue measure of the set X (¢).

Since X (0) = X°(0) = X1(0) =--- = XJ(0) = ---, we have 9(0) = £°(0) = £1(0) = -+ =
gj(()) = ...

Let the vectors x € R", z € R", and y(t) € R™ be such that Xy C B, (x), Z C B,,(z), and
Y (t) € B,y 1) (¥(t)), where B,(xo) = {x € R" : ||x — xq|| < r} is n-ball of radius r and center xo.

Then, for all ¢ € [0, 7] and ¢ > 1:

. . to thot
Xl}i(t) = EU A g EU B'YZ(Z) = JU Z + EU B'YZ(O) - U'z + ;nUB'YZ(O)

=l

2+ 2B (0),

(- s)i -8y
Xo,i(t) = — V'Y (s)ds C —V"'B,, (5(¥(s))ds

0/ 7! 0/ i

- [y S v, o)
0

Q/(t ;!S)lVl.Y(S) ds+/(t ; )ZU%/BW(s)(O)dS
0 0

:/(t ;!S)iviy(s)ds_’_/(t—:!)lnv vy (s) ds By (0).
0 0
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J i
h( f

Consequently,
Z Z.*!:n}}vz
+h<§j/’[t‘5 m,y<ﬂdsBm>{oQ

zj: (t

=0

h (X7(8),{0}) < [lx]| + R (vx B1(0), {0}) ’

[wa Bmmm)

[ [52e]

j t'L . tl X
Zﬁ%nﬂ+25%w+4
i=1

i=1

s
S s s
=0

< lxlf +vx +

Si i
nv] [y (s)ll ds

Because
SR o .
t (t — S)Z 7 —s
) Yz = (¢ =1) vz, > vy (s) =€ My (s),
i=1 i=0 ’
ot i_ tU = (t—s) i (t—s)V
YoGU=eV L, Y S Vi=e ,
i=1 i=0
then

/e(tfs)""'yy(s) ds] B1(0) (3.2)

0

and
Jim b (X7(8),{0}) < x| +x + [ = 1] |l2] + (" = 1) 77+

t t
+ / Iy (s)|| ds + / Iy (s) ds. (3.3)
0 0

Since for p > ¢q, p,g € N

Oj { (t ;s)”viy(s)} ds)
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g tii . tiz’ : / (t_s)ii
< Z o =]l + Z o vz T+ Z T ly(s)ll ds
i=q+1 i=q+1 i=g+17 ’
p i
=3 [y as
0

o
T,
<{ > S ¢ el +92)

+ ‘zp: O/T(T;S)in%/ds (max ly(®)| + max ’YY(t))

€[0,77 t€[0,7]

P .
T
=94 > =0 ¢ (12l +72)

i=q+1
p .
T+
t) ).
i i=zq;r1 (i + 1)'% (t Elo.T] x [ly(®)] + s Yy ( ))

Therefore, for any ¢ > 0, there exists N(¢) > 0 such that for all p > ¢ > N the inequality
h(XP(t), X4(t)) < € holds, meaning that the sequence {X*(¢)}2, converges uniformly to X (t) on
the interval [0, T7.

Also, we have for all t € [0, 7T

fo(t) §§1(t) S"'Sﬁj(t) <.

and
t n
tim €(6) < [ + (€ = )7z + [y (s)ds | o, (34)
—00
’ 0
where p = 1_‘(:7:_1) is the Lebesgue measure of the set B1(0) [5], and I'(n) is the Gamma function.
2

Thus, lim &9(t) exists and equals 9(t), for all ¢ € [0,T], and the sequence {£7(t)}32, converges
umformly to 9(t) on the interval [0, T7.

Substitute X (-) into the equation (1.1) and check the identity:
DpyX(t)=AX(t) + F(t),

or find the conditions for its validity.
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t
tl ti71 )
Since Dp(Xo) = {0}, Dy (/Y(s) ds) =Y(t), DuX1,(t) = DH< 'U Z) = mUlZ:
0
UX177;_1(t),
/ ‘V' ly
_ 7 3 t* Z 7
DpXs,(t) = Dy (/ {(tj') } ) /{ ZS_ 0 Y(s)} ds =VXs,_1(t)
0 . 0
forall i =1,2,..., and the series

ZXW Z{ a } , ZDHXl,i(t) = UZXl,i—l(t) = szl,i(t)a
— ; , ,

1=0 1=0 =1 1=0
= < (t—s)i Ve
Xo,i(t) = _ Y(s) ¢ ds,
R L
ZODHle(t) = Z;DH (/ { (t— Zs_!)z Vi Y(s)} ds) =Y(t)+ VZOXQZ(t)
1= 1= 0 1=

Also,

i=1 =0

AX(t) + F(t) = AXo + Ai {L;'UZ} n Ai {j {Wy(s)} ds} +R().
0

Then we obtain the following equality:

UZ+U§:{ZUiZ} )+V /t[ts (s)} ds =
=1 00

<
—
s

which will hold if U =V = A, Z = Xy and Y (t) = F(t).

Thus, the following theorem can be formulated.
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Theorem 3.2. If the matriz A € R™*" is a non-degenerate matriz and the set-valued map F(-)

[0,T] — conv(R™) is continuous on [0,T], then the system (1.1) has the following solution

X0+Z{ A1X0}+ /tts F(s) ds. (3.5)
0

Remark 3.3. Accordingly, considering (3.2), (3.3), (3.4) and (3.5), we obtain

t

(=485 ds + /e(t—s)HAH,yF(S)dS B1(0),

t
X(t) C ex+ ey By (0) + /
0 0

t t
B (X (1), {0}) < e + Al + / et=Al|£(s)]| ds + / =4l (s) ds
0 0

and

n

t
00 < [ Myt [ IMlp(s)as) o,
0

where vp(t) = max ||f1 —

1
5 f1,f2€F(t) f2||’ the vector f(t) € R™ such that F(t) < B’YF(t)(f(t))'

Here are some corollaries of the theorem and remarks.

Corollary 3.4. If Xy € R" and F : [0,T] — R", then

§ 7 _ 2 : % _ tA
{’L'AXO}_{ Z'A}Xo—e Xo,
i=0 i=0

> O/tt_s Foyds :O/tg{u—;w}m)ds:O/teﬁ_s)AF(S)d&

and accordingly, (3.5) can be rewritten in the following form, yielding the well-known formula for
ordinary linear differential equations:

¢
X(t) =Xy + / e=9IAP(s) ds.
0

Corollary 3.5. If X, € conv(R™) and F : [0,T] — R™, then in this case, (3.5) will take the form

= E pi tet_s s)ds.
X(t)_Z{ZAXO}+O/( AF(s)d
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Remark 3.6. Note that from Property C (3), we have
i i _ At
Z{Z'AX()} 2 {ZZ'A }Xo =€ Xo,
i=0 i=0

that is, in the general case we have
t
eM X, + /e(t_s)AF(s) ds C X (t).
0

However, if, for example,

(1) the matriz A is such that its singular values o1,...,0, satisfy the condition o1 = --- =
o, = o and the set Xg is such that AXy = 0Xg, then A2Xy = AAXy) = Ac Xy = 0 AX,
0%Xo, ..., A*Xy = o*Xo,... and, accordingly,

= (¢ = (¢ = tiot
4 _ i _ _ ot _ At
E {Z,!AXO}_E {i!aXo}—{E - }Xo—e Xo = e X,.

=0 =0 =0

Then the system (1.1) has the following solution [12, 14, 21]:
t t
X(t) =e"" Xy + /e(t_S)AF(s) ds = e Xy + / e(t_s)AF(s) ds.
0 0

For example, the condition AXy = oXy holds for

b b
. or A= " and Xo=B1(0)={z e R? : || <1},
b a b —a

where o = va? 4+ b? [10, 12, 21].
. 0 a ,
(2) The matriz A = ) and Xo={z € R?: |z;| <1,i=1,2}.
0

Since the singular value decomposition UXVT of the matriz A is

T
b
R N O ) L i lal >,
A Sy — 01 0 b w0
- - T
0 1 b 0 L0
1o ,if lal < [bl,
10 0 la 0 =

Bl

then AXg = USVTXy = USXg = Ully, oy, = Upo, = {2 € R?2 : |1y| < 04,0 =
1,2}, A2X0 = Athgz = 1II ...,AiXo = AH"’TI -1 = Il i ey where g1 =

2 2
01,05 oy 01,059
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max{|al, |b|}, o2 = min{|a|, |b|}. Accordingly,

X0+Z{ AZXO} —X0+Zl{jnai)g§} X0+ZH“ i t*u = e”lf,eazt-

Since ooyt gore = €21 Xo = e Xy, the system (1.1) has the following solution:

t t
X(t) =e* Xy + /e(t*S)AF(s) ds = e X + /e(t*S)AF(s) ds.
0 0
Remark 3.7. If Xy € conv(R™) and F : [0,T] — conv(R™) then the system (1.1) has the solution
(3.5). Similarly, as in Remark 3.8, from Property C (3) we have

i{ A’Xo} {Z Az} Xo = e X,

=0

t

/ )dsD](i W) F(s) dS:/eA(t’S)F(s) ds,
0

1=0 0 1=0 0

that is, in the general case we have
t
eAtX0+/ t=9)Ap(s)ds C X(t).
0

However, if, for example:

(1) The matriz A, the set Xy and the set-valued mapping F(-) are such that AXy = 0Xy and
AF(t) = oF(t) for allt € [0,T], then the system (1.1) has the following solution

t t
X(t) = e X+ /e(t_s)AF(S) ds = e Xo + /ea(t_s)F(S) ds.
0 0

For example, the condition AXy = 0Xo and AF(t) = oF(t) for all t € [0,T] holds for
a —b
A= ) , Xo=B1(0) ={z e R : [z <1}, F(t) = {f(t) e R*: |[f(t)]| < g(t)},
a
for allt € 10,T], and g(t) > 0, for allt € [0,T], and 0 = vVa? + b>.
0
(2) The matriz A = ) ¢ , Xo={2 €eR?: |zy| < 1,i=1,2} and F(t) = { f(t) € R?:
0
[fi(®)| < g(¢), i =1,2} for allt € [0,T) and g(t) > 0 for all t € [0,T7].
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Then the system (1.1) has the following solution
t t
X(t) =eMXo + /e(t_S)AF(s) ds = ™ Xy + /e(t_s)EF(s) ds,
0 0

where X is the singular value matriz described in Remark 3.6.

Remark 3.8. If A = al, (a < 0), X € conv(R") and F : [0,T] — conv(R™), then the Cauchy
problem (1.1) takes the form

DpX(t) =aX(t)+ F(t), X(0)= Xo. (3.6)

However, since a < 0, using the formula (1.3) is not possible. We rewrite the system (3.6) in
matriz form (1.1), where A = —|a|l,,, and according to Theorem 3.2, the solution of the system

(3.6) can be written in the form (3.5).

Since A = —|al|l,, A®> = —|a*I,,..., A%t = —|a|?*711,,... and A? = |a|?[,, A* = |a|*I,, ..

A% = |a|*L,,..., we have

)

and
io/t{(t_i!S)iAiF(s)}dszio/t{ 22—2; ARG }d3+§o/t{ ) A% F (s )}ds

g (£
0

=1 0 =0

Since the sets Xo = (—1,)Xo and F(t) = (=1,)F(t) are centrally symmetric to the sets Xy and
F(t) relative to the point O [2], we can write

|a‘21 1tZz 1 > |a|2it2i
X0+Z{ Xo +Z 2! Xo

=1

/Z{M% ;z—l s)*~ 1F(8)} d8+0/ti{WF(s)} ds.
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Since
> (ot)2i—1 B > £)2i—1 B ~
; { (20 — 1)'X° - ; (2 —1)! Xo = sinh(o) Xo,
e 21 o0
Xo+2{(€2t>)' XO}Z{ } Xo = cosh(ot) Xy,
i
=1 =0
0 3 oo
|21 1(t 3)22—1 _ ‘21 1(t 21 1 . ~
F = — sinh CF
;{ (20 — 1)! (s) ; 2i - 1 F(s) = sinh(|a|(t — s))F(s),
it — s\ S flaP -9
;{ o )y = ; Gor | F&) = cosh(lal(t = s)F(s)
then the solution of the system (3.6) can be written in the following form:
¢ t
X (t) = sinh(|a|t)Xo + cosh(|alt) Xo + /Sinh(|a‘(t —5))F(s)ds + / cosh(|a|(t — s))F(s)ds. (3.7)

0 0
Remark 3.9. If X = X, and F(t) = F(t) for allt > 0, then

t t

sinh(|a|t) Xo + cosh(|a|t) X + /sinh(|a|(t —8))F(s)ds + /cosh(\a|(t —s))F(s)ds

0 0
t t

= sinh(|a|t) Xo + cosh(|a|t) Xo + / sinh(|a|(t — s))F(s)ds + /cosh(|a|(t —8))F(s)ds

0 0
t

=eloltx, + /e‘“‘(t*S)F(s) ds.
0

That is, if the sets Xo and F(t) are centrally symmetric with respect to the point O for all t > 0,
then for all a # 0, the solution of the system (1.2) has the form (1.3), with the replacement of a

by |al.
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