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ABSTRACT

The aim of this paper is to study the symmetrized form
associated with a Hg-Laguerre-Hahn form, where H, is the
g-derivative operator. Given a Hg-Laguerre-Hahn form w of
class s, it is shown that its symmetrized form w is H -
Laguerre-Hahn of class § < 25 + 3. We give the /g-Riccati
equation satisfied by the Stieltjes formal series S(w) as well
as a complete discussion of the class §.

As an application of this work, we generate two examples
of symmetric H_ g-Laguerre-Hahn orthogonal polynomials of

class two and three.
RESUMEN

El objetivo de este articulo es estudiar la forma simetrizada
asociada a una forma Hg,-Laguerre-Hahn, donde H, es el
operador g-derivada. Dada una forma H,-Laguerre-Hahn u
de clase s, se muestra que su forma simetrizada w es H /-
Laguerre-Hahn de clase § < 2s + 3. Damos la ecuaciéon
\/g-Riccati satisfecha por la serie formal de Stieltjes S(w)
y también una discusiéon completa de la clase §.

Como aplicaciéon de este trabajo, generamos dos ejemplos
de polinomios ortogonales simétricos H_ 5-Laguerre-Hahn de

clases dos y tres.

Keywords and Phrases: Orthogonal g-polynomials, g-derivative operator, g-difference equation, ¢g-Riccati equa-

tion, Hq-Laguerre-Hahn character, quadratic decomposition.

2020 AMS Mathematics Subject Classification: 33C45, 42C05.

Published: 31 May, 2026
Accepted: 15 May, 2026
Received: 28 August, 2025

(@) ov-ne |

(©2026 S. Jbeli. This open access article is licensed under a Creative Commons

Attribution-NonCommercial 4.0 International License.


http://cubo.ufro.cl/
https://doi.org/10.56754/0719-0646.2802.409
https://orcid.org/0000-0001-8540-8053
mailto:jbelisobhi@gmail.com

410 S. Jbeli CUBO

28, 2 (2026)

1 Introduction and preliminaries

In [9] a basic theory of H,-Laguerre-Hahn orthogonal polynomials was introduced, and several
characterizations were presented, namely the g-difference equation, the structure relation and the
g-Riccati equation. Moreover, a criterion for simplifying the class of a H,-Laguerre-Hahn form has
been established. The paper also provides illustrative examples of these polynomials using standard
perturbations (association, co-recursion, inversion) of H,-classical polynomials [16]. Recently, in
[13] we studied the Christoffel and Geronimus transformations in the H,-Laguerre-Hahn case, and
in [12] we proceeded by the addition of a Dirac mass to a H,-Laguerre-Hahn form. In the two works
cited above, a complete discussion of the class of the resulting form was given, and some examples
of H,-Laguerre-Hahn polynomial sequences (in relation with H,-classical polynomial sequences)
of class one and two were highlighted. In addition, in [15], the symmetric H,-Laguerre-Hahn
orthogonal polynomials of class zero were exhaustively described (see also [22]), and in [14], the

class one case were also completely described.

Note that our works were a continuation of studies done in the field of D-Laguerre-Hahn poly-
nomials. In fact, in the literature there are several contributions devoted to the study of these

polynomials by different processes. In this area you can see [1,3,4,6,7,20].

Let u be a regular form, we can define a new form w whose moments are given in terms of that
of w such that (w)2n, = (U)n, (W)2n+1 = 0, n > 0. The form w is said to be the symmetrized
form associated with the form wu [2,20]. A necessary and sufficient condition for the regularity
of w was given in [5,19]. In this contribution, we study the symmetrized form associated with a
H,-Laguerre-Hahn form; for the D-semi-classical case (see [2]) and for the D-Laguerre-Hahn case
(see [23]). In fact, let u be a regular form whose Stieltjes formal series S(u) satisfies a ¢-Riccati
equation. We show that the formal series S(w) associated with the symmetrized form w satisfies
a ,/g-Riccati equation. If we denote by s the class of v and by 5 that of w, it turns out that:
5§ < 2s + 3 and we specify the exact conditions for which § = 2s, 25 + 1, 2s + 2, 25 + 3. Finally,
starting from two familes of H, -Laguerre-Hahn polynomials of class 0, we derived two families of

symmetric H,-Laguerre-Hahn polynomials of classes 2 and 3.
We will now recall some useful results.

We denote by P the vector space of polynomials with coefficients in C and by P’ its dual space.
The action of u € P’ on f € P is denoted as (u, f). In particular, we denote by (u), := (u,z"™),
n > 0, the moments of u. For any form u, any polynomial g and any (a,c) € (C\ {0}) x C, let
Hyu, gu, hou, Du, (x — ¢)~tu, §, and ou, be the forms defined as in [16,20]

(Hyu, f) = —(u, Hy ), {gu, f) := (u,gf),  (hat, ) := (u, ha f),

<Du’f> = _<uvf/>’ <(l‘ - c)_lu’ f> = <u706f>’ <6C’f> = f(c)7 <quf> = (u,af>,
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where forall fe Pandge C:={2€C, 240, 2" #1,n > 1} [16]
(Hyf)(@) =4 (@=1e (L1)
£(0), =0,
f@ =10
(Ocf)(@) =4 @=c ’ (1.2)
f (C)’ Tr=c,
(haf)(z) = f(ax) (1.3)
(0f)(@) = f (%) (1.4)
In particular, we have
(Hgu)n = —=[n]g(w)n-1, (0u)n = (w)2n, n>0, (1.5)
where (u)_1 =0 and [n], := qq":117 n >0 [10].
When ¢ — 1, H, converges to the derivative operator D.
Lemma 1.1 ([16,20]). For f,g € P,u€ P, a € C\ {0} and b € C, we have
ha(gu) = (ha-19)(hou), (1.6)
hg1oHy=Hy, 1, Hyohy1=q 'Hy1, inP, (1.7)
Hy(f9)(x) = (hef)(x)(Hqg)(x) + 9(z)(Hq f) (), (1.8)
Hy(gu) = (hg-19)Hyu + ¢~ (Hy-19)u, (1.9)
(Onf9)(z) = g(z)(Onf)(x) + f(b)(Org)(2). 1.10)
f@)ou=0(f (%) u). 1.11)

For f € P and u € P/, the product uf is the polynomial [20]

@ = O\ N
R e >Z(Z< >J_7,fj) |

i=0 \ j=i

where f(z Z fiz". This allows us to define the Cauchy’s product of two forms:

=0

(wo, f) := (u,vf), feP.
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The Stieltjes formal series of v € P’ is defined by [20]

S(u)(z) ==~y iﬁf)ﬁ (1.12)

n>0
The quantum factorial symbol is defined by [8]

n—1

(39)g =1, (z39), = H (1 - qu) , x,qeC, n>1. (1.13)
k=0

The ¢-binomial coefficient is defined by [8]

N
Mq (G DG Dk (1.14)

A form u is said regular if there exists a sequence of monic polynomials {P, },>0, deg P, = n,n > 0
MPS, such that (u, P,Py) = 7305, with 7, # 0 for any n,m > 0 where J,, ,,, denotes the
Kronecker symbol. In this case, {P, }n>0 is called a monic orthogonal polynomial sequence MOPS
with respect to the form v and it is unique. Given a MOPS {P, },>¢ with respect to the form w,
there exists a unique sequence {uy, },>0, U, € P’, called the dual sequence of {P,},,>0, such that
(Un, Pm) = 0p,m, n,m > 0. It holds u = Aug, A = (u)¢ # 0. Furthermore, if (u)o = 1, then u = uy.

Hence, there exists a unique form u with (u)g = 1, where {P, } >0 is its corresponding MOPS.

The MOPS {P,},>0 is characterized by the following three-term recurrence relation (Favard’s

theorem) (TTRR in short) [5,20]

PO(.’E):L Pl(l'):l‘—ﬁo’

(1.15)
PrH—Q(x) = (.13 - /BTL+1)P7L+1($) - 77L+1P’VL($)7 n Z 07
where < 2> < ) >
u, P u, Py g
_ _ A\ n+1/ > 0. .
Bn . F2) €C, Ynt1 (. P2) eC\{0}, n>0 (1.16)

The shifted MOPS {ﬁn =a " (haPn)} is then orthogonal with respect to u = h,-1u and

n>0
satisfies (1.15) with [20]

N Tn+1
Yrt1 = Z—Q n > 0.

B,
The form w is said to be normalized if (u)g = 1. In this paper, we suppose that any regular form
will be normalized. The form wu is said to be positive definite if and only if 3, € R and 7,11 > 0,
for all n > 0. When u is regular, {P, },>0 is a symmetric MOPS if and only if 5, =0, n > 0, or

equivalently (u)2,4+1 =0, n >0 [5].
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Given a regular form u and the corresponding MOPS {P,},>0, we define the associated sequence

of the first kind {Pﬁl)}nzo of {P,}n>0 by [20]

P () = <u7 Ppia(x) = Pata(§)

x—£ > = (uboPry1)(x), n>0.

Proposition 1.2 ([20]). Let {P,}n>0 be a MOPS satisfying the TTRR (1.15), then its associated
sequence {P,El)} - satisfies the TTRR
nz

PM@) =1, PY(z)=z-p,

(1.17)
Pio(@) = (& = Bur2) P (2) = a2 PV (@), n > 0.
In addition, we have the following fundamental result
P, (@) Posr (x) — Puga(a) PV (x) = [T+, n>o0. (1.18)
v=0

We recall the definition of the so-called kernel polynomials with K-parameter introduced by Chi-
hara [5].

Let {P,} be a MOPS and ¢ a complex number such that P,(c) # 0, for all n > 0. The

n>0
sequence of monic kernel polynomials of K-parameter ¢, {F; (c;-)}, >, associated with {P,},
is defined by

P PnJrl (C>

" 1
(e ) == — Poi1(z) — TC)Pﬂ(w) , n>0.

In these conditions, if {P,},-, is a MOPS associated with the form wu, then {P; (c;-)},5, is a
MOPS associated with v* = (x — ¢)u [5].

Lemma 1.3 ([21]). Let (by,)n>0 with by, # 0, n >0, (¢y)n>0 be two sequences of complex numbers
and (xn)n>0 the sequence satisfying the recurrence relation:

In—o—l:bnzn‘i’cn; n >0, IOZGE(c*{O}'

We have

n n k -1
Tpy1 = (H bk) a+ Z (H bl> ck p, n=>0.
k=0 k=0 \I=0

We will give now some basic facts about the H,-Laguerre-Hahn character.

Definition 1.4 ([9]). A form w is called H,-Laguerre-Hahn when it is regular and satisfies the
q-difference equation

Hy(®u) + Vu+ B (2 'u (hqu)) =0, (1.19)

where ®, U, B are polynomials, with ® monic. The corresponding monic orthogonal sequence

{P.}n>0 is called H,-Laguerre-Hahn.



414

CUBO

S. Jbeli

28, 2 (2026)

Remark 1.5. (1) When B =0 and the form u is regular, then u is Hy-semiclassical [17].

(2)

(3)

When u satisfies (1.19), then @ = h,—1u fulfills the g-difference equation [9]

Hgy (a™ 18P (az)d) + a' "B PV (ax)u + a” ¥ * B(az) (v~ u(hqu)) = 0. (1.20)

Ift = deg®, p = degV, r = deg B and d = max(t,r), then we define the class of u the
nonnegative integer s [9]

s = minmax(p — 1,d — 2), (1.21)

where the minimum is taken over all triples (®, ¥, B) satisfying (1.19). Moreover, the H,-
Laguerre-Hahn form w satisfying (1.19) is of class s = max(p — 1,d — 2) if and only if

11 {\qmqm)(c) T (H®)()| + |alhyB)(©)

cEZp

+ <u q(0cq®) + (Bcq 0 0.®) + q(hqu(fo o 9ch))>‘} >0, (1.22)

where Z¢ is the set of roots of ® [9]. When ¢ € Z¢ and (1.19) may be simplified by x — c,
then (1.19) becomes

Hy((0.®)u) + (q06q¥ + Ocq 0 0cP)u + q(04B) (2 u(hqu)) = 0. (1.23)

Proposition 1.6 ([9]). Let u be a regular form, the following statements are equivalent:

(1)
(2)

u belongs to the H,-Laguerre-Hahn class, i.e. satisfying (1.19).

The Stieltjes formal series S(u) satisfies the q-Riccati equation
(hg—1®) (2) (Hg-15(w)) (2) = B(2)S(u)(2) (hg-1S(u)) (2) + C(2)S(u)(2) + D(z),  (1.24)
where ® and B are polynomials defined in (1.19) and

C(z) = = (Hy-1®) (2) — q¥(2),

(1.25)
D(z) = — {Hy-1 (ubp®) (2) + ¢ (ubo ) (2) + g (uhqu) (03 B) (2) } -
Moreover, u is of class s if and only if
[T {IB(ca)l +1C(cq)| + [D(cq)|} > 0, (1.26)

cEZp

and one may write
s =max (deg B — 2,deg C' — 1,deg D). (1.27)
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Let u be a regular form and {P, } >0 its corresponding MOPS. By linear extension, we can define

a new form w whose moments are given in terms of that of v such that
(W)2n = (W)n, (W)2p+1 =0, n>0, (1.28)

equivalent to saying that

ow=u, o(zw)=0. (1.29)

In the following theorem the author gave a necessary and sufficient condition for a MPS {Qy,},
to be a MOPS with respect to a form w satisfying (1.28), this form will be unique since (w)o =
(u)o =1.

Theorem 1.7 ([19]). Let {P,},-, be MOPS and {Qn},,~, a MPS such that
Ql(x) =z, Q2n(33) =P, <x2) , n=>0. (130)

Then {Qn}, ¢ is @ MOPS if and only if P,(0) # 0, Qan1(z) = 2Py (0;2%), n > 0.
In such conditions, if {Pn}, satisfies the three-term recurrence relation

Py(z)=1, Pi(z)=x2-pF,
Poyo(x) = (z = BY11) Pova(2) — 41 Po(x), n>0,

then the coefficients B, and An for the corresponding three-term recurrence relation satisfied by

{Q”}n20 are given by

ﬂn:07 n >0

];n(o . (1.31)

Pn+1(0) 2 0.

- - )
Y2n+1 = Pn (0) ) Y2n+2 = Pn+1(0) Tn+1> n

Moreover, if {Py},>, is orthogonal with respect to the form u, then {Qn}, > is orthogonal with

respect to a form w defined on the basis {In}nzo of P by means of (1.28).

Proposition 1.8 ([5]). Let w be a symmetric and regular form. Let {Q,},~, be the corresponding

MOPS. It satisfies a three-term recurrence relation

Qo(r) =1, Qi(z) ==
Qn+2(x) =, Qn+1(x) - :Yn+1Qn($)a n >0,

It is very well known that [5]

QQn(x) = Pn (xQ) P Q2n+l(x) = ZERn ({E2) )

where {Pn}, 5o and {Rn}, 5, are MOPSSs related to regular forms u = ow and vy trow, respec-

tively. The form w is said to be the symmetrized form associated with the form w. Furthermore,
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if
Po(x) =1, Pi(z) =z —f§,
Puio(z) = (x = BF) 1) Popa(z) —4f  Pa(z), n>0,
and
Ro(z) =1, Ri(zx) =z — G,
Ryio(z) = (= Bl1) Ry (@) — 4 Ru(z), n>0,
we get
BE =,
BE = Font2 + Fonts, n >0,
VP = Yont1¥on42, n >0,
and

Br]?Jrl = Yon+1 + Yon+2, n >0,

754.1 = :7271,+2:72n+37 n > 0.

Throughout the rest of this paper, let 0 < ¢ < 1 or ¢ > 1 and we write

2 The H g-Laguerre-Hahn character of the form w

Lemma 2.1. The following equality holds

2 (Hyg150) (2) = Sul2) = VA (V&' +1)2° (Hy180) (). (2.1)

Proof. From (1.12) and (1.28), we have

28y (2%) = Su(2) (2.2)

Therefore,

Su(Va '2) = Suwlz) @ 2Su(q7'2%) — 28u(2%)
D (V7 =Dz by (22) (Vi ' —1)z
Su(q_le) - \/@S'u(zz)

(H\/Tlsw) (2) b

<
-~

— \/&-1(\/(—1—1 + 1) @10 (2.3)
— Y] o [ Sulg™12?) — Su(2?) + (1 — /7)Su(2?)

= Va (Vi )z { adias }

by (1-1:)—(2.2) \/ail(\/ail +1)2* (Hy-1Su) (%) + Su(2).

Multiplying (2.3) by z yields (2.1). O
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Proposition 2.2. Under the conditions of Theorem 1.7, if u is a Hq-Laguerre-Hahn form of class
s such that its Stieltjes formal series S, satisfies the q-Riccati equation (1.24), then the form w
defined by (1.28) is H /q-Laguerre-Hahn and its Stieltjes formal series S, satisfies the \/q-Riccati

equation
(h ﬁ,lé) (2) (H ﬂ,lsw) (2) = B(2)Su(2) (h ﬁ,lsw) (2) + C(2)Sw(2) + D(2), (2.4)
where
B(2) = 2@ (°) ,
B(z) =q! (Va+1)zB(2?), (25)
C(2) = qTS (Va+1) 22C (22) + g '@ (¢712?)
D(2) =q7 (+1)2°D ().

w

Moreover, w is of class § < 2s +

Proof. From (1.3), the ¢g-Riccati equation satisfied by the formal Stieltjes series S, can be written

in this form
® (g '2) (Hy1Su) (2) = B(2)Su(2)Su (a7 '2) + C(2)Su(z) + D(2) (2.6)
We make the change of variable z «— 22 in (2.6),
® (q7'2%) (Hg-154) (%) = B (2%) Su (2%) Su (¢7'2%) + C(2*)Su (2%) + D (2%) - (2.7)

Then we multiply (2.7) by ¢~ ' (/g + 1)z%, we get

(VA1) (¢712) (Hy18a) () =0t (Va+ 1) 2B (%) Su (5) Su (a7 14%) +
(Vg +1)2C (22 Sy (22) + 0 (Va+1) 22D (%), (2.8)
with

_ Su(a7'2) = Sul2) 2y _ Sule7'2?) = Su(2?)
(qul‘gu) (Z) - (qil . 1) - ) (qulsu) (Z ) - (qil _ ]_) 22 '

(2.9)

In an equivalent way
®(¢'2?) (¢ (Va+1) 2° (Hp15) (2%))

= \/Z]_l (Vg + 1) zB(2?) (zSu(zZ)) <\/E]_1z5'u ((ﬁ_lz)Q))
+q¢ ' (Va+1)22C(2?) (ZSu(ZQ)) +q¢ ' (Va+1)2°D (zQ) . (2.10)
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Substituting (2.1) into (2.10) gives

) (qilzz) (z (HﬁflSu,) () — Sw(z)> = \/a_l (vVg+1)zB (22) Sw(2)Sw (\/6_1,2)
+q7t WVe+1) 22C (22) Sw(z) +q7t Vq+1) 22D (22) , (2.11)

equivalent to

20 (¢7'2%) (Hg180) () = Vi ' (Va+1)2B (%) Sul2)Su (VA '2)
+ (N (Va+ 1) 220 (2Y) + @ (¢712%)) Sw(z) + a7 (Va+ 1) 2°D (2%) . (2.12)

This amounts to

\/a(hﬁ,lé) (2) (Hﬁflsw) (2) = va L (Va+1) 2B (:2) Su(2) (hﬁflsw) (2)
+ (¢ (Va+1)2C (%) + @ (¢712%)) Sw(z) +a7 ' (Va+1)2°D (%), (2.13)

where ®(z) = 2®(22). Thus, we obtain (2.4)-(2.5), by dividing the previous equation by V4
It follows from (1.8), (1.25) and (2.5) that

F(z) = —/q " (Hﬁ,lci) (2) = Va3 'C2) = ¢ (VG +1) (20 (22) — ® (22)). (2.14)

Since /q € C when q € ((~:, then according to the equivalence in Proposition 1.6 with ¢ «- /g, the

form w satisfies the ,/g-difference equation
H\/(;(fi)w) +Pw+ B (27w (h qw)) =0, (2.15)

with

o

(¢) =2 (2?),

B(z)=q' (ya+1)aB(a?),

U(z) =q7' (G +1) (220 (2?) — @ (2?)).
As u is of class s, we deduce from the third point of Remark 1.5 that

s = max (deg(¥) — 1, max (deg(®),deg(B)) — 2),

which gives
deg(®) <s+2, deg(¥)<s+1, deg(B)<s+2.
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According to (2.5) and (2.14), we have
deg (@) <2545, deg (\f/) <2s+4, deg (B) <2s+5.
Finally, by the definition of the class given in (1.21), we have
§ < max (deg <‘il) — 1, max (deg ((i)) ,deg (B)) — 2) <2s+3. O
Lemma 2.3. The class of w depends only on the zero z =0 of .

Proof. u is a Hy-Laguerre-Hahn form of class s and its Stieltjes formal series S, (z) satisfies (2.4),
therefore the polynomials h,-1®, B, C'and D are coprime. Let ®, B, C and D be as in Proposition
2.2 and let ¢ be a non-zero root of ®, which gives ® (02) = 0. From (1.26) since u is of class s, we
have |B (¢*q)| +[C (c*q)| + |D (c*q)| # 0.

o If B (c2q) # 0, then B (c\/ﬁ) # 0.

o If B (ch) =0and C (CQQ) # 0, then C (c\/ﬁ) # 0.

o If B (c2q) =C (62(]) =0, then D (CQq) # 0 and this implies that D (c\/ﬁ) #0.

Consequently, for any non-zero root of ®, we have |B (ev/a) |+ |C (ev/a) |+ |D (cy/@) | # 0. O

Proposition 2.4. Tuoking into account the conditions of Proposition 2.2, we have the following

different cases for the class of w.

(1) If ®(0) # 0, then 3 = 25+ 3. In addition the Sticltjes formal series S, satisfies the \/q-Riccati
equation (2.4) with (2.5).

(2) If (0) = 0 and B(0) # 0, then § = 2s + 2. In addition the Stieltjes formal series Sy, satisfies
the \/q-Riccati equation (2.4) with

(2.16)
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(3)

If (0) = B(0) = 0 and (\/g+ 1) C(0) + ®'(0) # 0, then § = 2s + 1. In addition the Stieltjes
formal series S, satisfies the \/q-Riccati equation (2.4) with

D(z) =z (0o ®) (22),

(2) =a7' (Va+1)z(6B) (%),

Cz) =q= {(Va+1)C (%) + (60%) (4722},
() =q% (va+1)zD ().

~—
I

(2.17)

(4) If ®(0) = B(0) = (,/g+ 1) C(0) + 9'(0) = 0, then § = 2s. In addition the Stieltjes formal

series Sy, satisfies the \/q-Riccati equation (2.4) with

O(2) = (6®) (22),
= q_l (\/(j—i— 1) (903) (22) s

~( ) B (2.18)
Clz) =q7= 2 {(Va+1) (0:C) (z*) + ¢~ (65®) (¢7"2%) }
(2)

:ng (\/§+1)D(z2).

Proof. (1) If ®(0) # 0, then from (2.5) we have C(0) # 0. Thus, equation (2.4) cannot be

simplified by z. Let t = deg(®), » = deg(B) and p = deg(¥). From (2.5) and (2.14) we
obtain deg (&)) =2t+1, deg (B) =2r+1and p = deg (\i/) < max(2p + 2,2t). Therefore,
§=max(2t — 1,2r — 1,2p+ 1) = 2s + 3, since max(t — 2,7 — 2,p— 1) = s.

If ®(0) = 0, then the equation (2.4) with (2.5) are divisible by z and thus the order of the
class of w decreases by one. Then, S, fulfills (2.4) with (2.16).

Here, we have B(0) by (2.16) g~ ' (\/g+1) B(0) and C(0) = D(0) by 2.16) 0. Consequently, if

B(0) # 0, we cannot simplify (2.4)-(2.16), which implies that the class of w is § = 2s + 2.

If ®(0) = B(0) = 0, equation (2.4) with (2.16) can be simplified by z. Hence, S,, fulfills (2.4)
with (2.17).

L _ ~ _ =3 /
In this case B(0) = D(0) by 1) 0 and C(0) oy aean 4 {(ya+1)C(0)+2'(0)} .

Therefore, if (/g + 1) C(0) + ®'(0) # 0, (2.4) with (2.17) cannot be simplified by z, which

means that the class of w is § = 2s + 1.

If ®(0) = B(0) = (y/g+1) C(0) + ®'(0) = 0, then (2.4) with (2.17) can be simplified by z.
Thus, S,, satisfies (2.4) with (2.18).

If ®(0) = ®'(0) = 0, then we have C(0) = 0 since (,/g+ 1) C(0) + ®'(0) = 0. In
by (1.2)-(2.18)

view of u is Hy-Laguerre-Hahn of class s, we obtain from (1.26) that D(0) # 0. Therefore,

D(0) by 3.15) e (v/a+ 1) D(0) # 0 . Then, it is not possible to simplify (2.4)-(2.18), which
Y .

means the class of w is § = 2s. O
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3 Two illustrative examples

3.1 Example 1: u=WW

Let u = W) be the first associated of Stieltjes-Wigert form (see Table 1). Let {S&l)} - be its
(MOPS). It is H,-Laguerre-Hahn of class s = 0 fulfilling [13] -

W= {0+ =g}, =T (=012, n>0,

H, (93 (m +q 3 (g - 1)) W(”) —(g—-17! {af —q

2 (072407 H g = D) Hyr (Swo) (2) = =4Sy (2)

(hquWu)(z) +q g—-1)7" (Z +qE - 2q_%>) Sy (2) + (g = 1)~

Lemma 3.1 ([13]). Let 0 < ¢ < 1. The following equalities hold

n(2n41)
2

Sn(0) = (=1)"q" , n>0, (3.2)
_ (n42)(2n+1)
2 (1= (¢ @ns1) #0, n>0. (3.3)

By virtue of Lemma 3.1 and Proposition 2.2, for 0 < ¢ < 1, w is a H s-Laguerre-Hahn form. By
the second point of Proposition 2.4 and (3.1), we have ®(0) = 0 and B(0) = —¢g~° # 0. Therefore,

w is of class § = 2. Its Stieltjes formal series S, satisfies (2.4) with

BE) = (vaty, (3.4
~ 1 N
C)=q?(va-1) 2{*+¢?(-1+ale—-1)},
N s 3
(z) =q > (\/q — 1) 22.
From Theorem 1.7 and (3.3), we obtain
1= (g q)n
Hons1 = q—Qn—% (QTQ) -‘4-27 n>0,
1= (4 @)nt1 (3.5)
£ 1- 3d)n '
Jongz = q 275 (1—qF2) 1= @@ n > 0.

1= (¢ @)nt2’

Furthermore, for 0 < ¢ < 1, the form w is positive definite.
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3.2 Example 2: u ="

Let ™M) be the first associated of the Al-Salam-Carlitz form of the first kind U(a, q) for a > 0, ¢ > 1

(see Table 2). Let { 721)} _, beits (MOPS). {4V} is H,-Laguerre-Hahn of class s = 0 fulfilling
n>

[13]

5(1) (1+a)q ntl, %(ll+) _ _aqn+1 (1 . qn+2) . >0,

Hy(UD) +a g7 (g— 1) o — g1+ a)}UD — g (27 UD (hud D)) =0,

(3.6)
Hy1(Sum)(2) = =aSym (2) (hg-1Sym)(2) —a™ g — 1) 7 (2 — (1 + @) Sy (2)
—a H(g—1)7"
Lemma 3.2. Let a >0 and ¢ > 1. The following results hold
U.(0) = (-1)"¢" 5 Y m alqg D) £0, n>0, (3.7)
— LJ
Jj=0 4
U0(0) = (—1)"¢" w1 (a Q)i (—a)* ¢~ (¢; )n L0, n>0
" s = wi(a, ¢)wri1(a,q) ’ 7
i (3.8)
wn(a7q) = Z |:n:| ajq—j(n—j).
j=0 g
Proof. The Al-Salam-Carlitz polynomials of the first kind are given by [11]
(4 9)n(—a)"
U, (z) = s 4)n q(n k)(n—k—1)/2_k 1/z:q 3.9
) kz:%(q,q k(¢ Dn—k (1/ziq) (39)
with k-1
F 1z =[] (¢ — ) = (=1)F¢"F V2 (¢ Fa;q), . (3.10)
3=0
By substituting (3.10) into (3.9) and letting « — 0, we obtain
(G D ()" k12 k k(k—1)/2
U, (0) = =g\ —1)"q
© kzzo (@3 D (¢ Dn—r =1
" " ank (n—k)(n—k—1)+k(k—1)
= (D@D Y 2 . (3.11)

j JG=D (=) (n—j—1)
Un(0) = (— ”qqnz n]CLQ)q 2

NC m alg I (3.12)
j q



CUBO

Class of symmetric H -Laguerre-Hahn linear forms

28, 2 (2026)

423

Since Z {n] a’q 779 >0, for a > 0 and ¢ > 1, it follows that ¥n € N, U,(0) # 0. Now, since

U,(0) #0, n >0, a >0, ¢ > 1, and according to (1.18), we can write

H ’YV—&-I

U(1 7, > 0.
O+ Gy "7

Un+2 (0)
Unpt1(0) "

UT(ik)l(O) =

Next, by applying Lemma 1.3, we get for (3.13)

n k(k+1)
Ut (0) (—a) g2 (g Q)k+1>

(1) _
Unt1(0) = Uny2(0) ( U1 (0) + = Uk1(0)Uk42(0)

Since Uél)(O) =1 and U;(0) = —(1 + a), we have

-U, (0) n (_a)k+1q%k(k+1)(q.q)k+1
U (0)= —2 7 (1 (a+1 ’ . n>0.
n1(0) 1+a ( ) kZ:o Uk+1(0)Uk42(0) -

Replacing n by n — 1 in (3.15) gives

a)k+1 g (1) (
Uk+1 0)Uk+2

v (o) = el ( (a+1) nf

=0

@ Q)kt1
0) ) n=b

equivalent to

~Un41(0) " (—a)*q2H N (g ),
vy = =22 (1 - (a+1 ’ . on>1
0) 1+a ( )kzl Ur(0)Ug+1(0) -
The equality (3.17) remains true for n = 0, hence we have
n a)kg3Ek=1 (g: g)
n ( ) +1( )kZ:O Uk( )UkJrl(O) n =
n n _ . ‘
By setting wy,(a,q) = [ } a?q 7" 4>0, ¢g>1, n>0, we obtain
j=o g
n n Nk —k(k+1)
UD(0) = (-1 s (a0, 3 ED L @k

=0 @i (a, ¢)wk+1(a, q)

When ¢ > 1 and n > 0, (g, q), has the same sign as (—1)".

n > 0.

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Now, since a > 0 and Vn > 0, w,(a, ¢) > 0, we obtain

—k(k+1)
k 2

— (—a)kq @)k
n 9 ) 2 . 2
w0 e T 20 (3:20)

Therefore, U}LU(O) #0, n>0.

By virtue of Lemma 3.2 and Proposition 2.2, for a > 0, ¢ > 1, w is a H g-Laguerre-Hahn form.
By the first point of Proposition 2.4 and (3.6), we have ®(0) # 0. Therefore, w is of class § = 3.
Its Stieltjes formal series S,, satisfies (2.4) with

= - (vaty= (3.21)

From Theorem 1.7 and (3.8), we obtain for a > 0, ¢ > 1

n+1 wn+2(a7 q) An-i—l (CL, Q) >0
wn+1(a, Q) An(av Q) , -
n+2 wn+1(a7 Q) An(a7 Q) n>0
Wn+2 (a7 (Z) An+1 (aa q) ' o
n — k(1) (3.22)
(—a)fa— = (g9
An(a,q) = , n>0,
( ) ’;) Wk (av q)wk)-‘rl (aa Q)
wnla,q) = Z {n} gD >0,

§j=0 a

Yont+1 = ¢q

Font2 = —a(l —

Fora >0, ¢ > 1, w, > 0, n > 0, according to (3.20). Moreover (—a)"(q,q)n = a™|(q,q)n| > 0,
n > 0, therefore A,, > 0, n > 0. Hence, the form w is positive definite.
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Appendix

Table 1: Stieltjes-Wigert polynomials [24]

The Stieltjes-Wigert form W with respect to the MOPS {S,.}, <,

—n

Sp(r) = (_1)nq—(712+%)1¢1 ( qo q; —qn+gx> , n>0.

Bn={(1+q)g " —q}qg ™2, n>0,

Vg1 = (L—=¢g" ) g% n>0.
H, (x2W) —(¢g—1)7t (;v — q_%) W =0,

n(n+2)

(W)n =q 2, n=0.
q
mln

“+o00 12
<W’f>:”ﬁ/o eXP(QIIrllqg:)f(fL')dxa

feP, 0<g<l.

Table 2: Al-Salam-Carlitz polynomials [18]

Al-Salam-Carlitz form U(a, ¢) with respect to the MOPS {U,},,~,

—1
, L

Un(2) = (—a)"q" T 261 ( e 0

Bn=@1+a)", n=0,

q;qf>, n > 0.

Y1 = —aq" (1 —¢" 1), n>0.

H,U(a,q)) —a ' (g—1)"" (z = (a—1))U(a,q) = 0,

{n] ak, n > 0.
k q

n

U(a,q)n =
k

0
1

1
(1—4q)(g,a7q,a;9) / (e g, tq; q)  f(t) dyt,

feEP, a<0,0<qg<l1.

U(a,q), f) =
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