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ABSTRACT

The aim of this paper is to study the symmetrized form
associated with a Hq-Laguerre-Hahn form, where Hq is the
q-derivative operator. Given a Hq-Laguerre-Hahn form u of
class s, it is shown that its symmetrized form w is H√

q-
Laguerre-Hahn of class s̃ ≤ 2s + 3. We give the √

q-Riccati
equation satisfied by the Stieltjes formal series S(w) as well
as a complete discussion of the class s̃.
As an application of this work, we generate two examples
of symmetric H√

q-Laguerre-Hahn orthogonal polynomials of
class two and three.

RESUMEN

El objetivo de este artículo es estudiar la forma simetrizada
asociada a una forma Hq-Laguerre-Hahn, donde Hq es el
operador q-derivada. Dada una forma Hq-Laguerre-Hahn u

de clase s, se muestra que su forma simetrizada w es H√
q-

Laguerre-Hahn de clase s̃ ≤ 2s + 3. Damos la ecuación
√
q-Riccati satisfecha por la serie formal de Stieltjes S(w)

y también una discusión completa de la clase s̃.
Como aplicación de este trabajo, generamos dos ejemplos
de polinomios ortogonales simétricos H√

q-Laguerre-Hahn de
clases dos y tres.
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1 Introduction and preliminaries

In [9] a basic theory of Hq-Laguerre-Hahn orthogonal polynomials was introduced, and several

characterizations were presented, namely the q-difference equation, the structure relation and the

q-Riccati equation. Moreover, a criterion for simplifying the class of a Hq-Laguerre-Hahn form has

been established. The paper also provides illustrative examples of these polynomials using standard

perturbations (association, co-recursion, inversion) of Hq-classical polynomials [16]. Recently, in

[13] we studied the Christoffel and Geronimus transformations in the Hq-Laguerre-Hahn case, and

in [12] we proceeded by the addition of a Dirac mass to a Hq-Laguerre-Hahn form. In the two works

cited above, a complete discussion of the class of the resulting form was given, and some examples

of Hq-Laguerre-Hahn polynomial sequences (in relation with Hq-classical polynomial sequences)

of class one and two were highlighted. In addition, in [15], the symmetric Hq-Laguerre-Hahn

orthogonal polynomials of class zero were exhaustively described (see also [22]), and in [14], the

class one case were also completely described.

Note that our works were a continuation of studies done in the field of D-Laguerre-Hahn poly-

nomials. In fact, in the literature there are several contributions devoted to the study of these

polynomials by different processes. In this area you can see [1, 3, 4, 6, 7, 20].

Let u be a regular form, we can define a new form w whose moments are given in terms of that

of u such that (w)2n = (u)n, (w)2n+1 = 0, n ≥ 0. The form w is said to be the symmetrized

form associated with the form u [2, 20]. A necessary and sufficient condition for the regularity

of w was given in [5, 19]. In this contribution, we study the symmetrized form associated with a

Hq-Laguerre-Hahn form; for the D-semi-classical case (see [2]) and for the D-Laguerre-Hahn case

(see [23]). In fact, let u be a regular form whose Stieltjes formal series S(u) satisfies a q-Riccati

equation. We show that the formal series S(w) associated with the symmetrized form w satisfies

a √q-Riccati equation. If we denote by s the class of u and by s̃ that of w, it turns out that:

s̃ ≤ 2s + 3 and we specify the exact conditions for which s̃ = 2s, 2s + 1, 2s + 2, 2s + 3. Finally,

starting from two familes of Hq-Laguerre-Hahn polynomials of class 0, we derived two families of

symmetric Hq-Laguerre-Hahn polynomials of classes 2 and 3.

We will now recall some useful results.

We denote by P the vector space of polynomials with coefficients in C and by P ′ its dual space.

The action of u ∈ P ′ on f ∈ P is denoted as ⟨u, f⟩. In particular, we denote by (u)n := ⟨u, xn⟩,
n ≥ 0, the moments of u. For any form u, any polynomial g and any (a, c) ∈ (C \ {0}) × C, let

Hqu, gu, hau, Du, (x− c)−1u, δc and σu, be the forms defined as in [16,20]

⟨Hqu, f⟩ := −⟨u,Hqf⟩, ⟨gu, f⟩ := ⟨u, gf⟩, ⟨hau, f⟩ := ⟨u, haf⟩,

⟨Du, f⟩ := −⟨u, f ′⟩, ⟨(x− c)−1u, f⟩ := ⟨u, θcf⟩, ⟨δc, f⟩ := f(c), ⟨σu, f⟩ = ⟨u, σf⟩,
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where for all f ∈ P and q ∈ C̃ := {z ∈ C, z ̸= 0, zn ̸= 1, n ≥ 1} [16]

(Hqf)(x) =


f(qx)− f(x)

(q − 1)x
, x ̸= 0,

f
′
(0), x = 0,

(1.1)

(θcf)(x) =


f(x)− f(c)

x− c
, x ̸= c,

f
′
(c), x = c,

(1.2)

(haf)(x) = f(ax). (1.3)

(σf)(x) = f
(
x2
)

(1.4)

In particular, we have

(Hqu)n = −[n]q(u)n−1 , (σu)n = (u)2n , n ≥ 0, (1.5)

where (u)−1 = 0 and [n]q :=
qn − 1

q − 1
, n ≥ 0 [10].

When q → 1, Hq converges to the derivative operator D.

Lemma 1.1 ([16,20]). For f, g ∈ P, u ∈ P ′, a ∈ C \ {0} and b ∈ C, we have

ha(gu) = (ha−1g)(hau), (1.6)

hq−1 ◦Hq = Hq−1 , Hq ◦ hq−1 = q−1Hq−1 , in P, (1.7)

Hq(fg)(x) = (hqf)(x)(Hqg)(x) + g(x)(Hqf)(x), (1.8)

Hq(gu) = (hq−1g)Hqu+ q−1(Hq−1g)u, (1.9)

(θbfg)(x) = g(x)(θbf)(x) + f(b)(θbg)(x). (1.10)

f(x)σu = σ
(
f
(
x2
)
u
)
. (1.11)

For f ∈ P and u ∈ P ′, the product uf is the polynomial [20]

(uf)(x) :=

〈
u,

xf(x)− ζf(ζ)

x− ζ

〉
=

n∑
i=0

 n∑
j=i

(u)j−i fj

xi,

where f(x) =

n∑
i=0

fix
i. This allows us to define the Cauchy’s product of two forms:

⟨uv, f⟩ := ⟨u, vf⟩, f ∈ P.
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The Stieltjes formal series of u ∈ P ′ is defined by [20]

S(u)(z) := −
∑
n≥0

(u)n
zn+1

. (1.12)

The quantum factorial symbol is defined by [8]

(x; q)0 = 1, (x; q)n =

n−1∏
k=0

(
1− xqk

)
, x, q ∈ C, n ≥ 1. (1.13)

The q-binomial coefficient is defined by [8][
n

k

]
q

=
(q; q)n

(q; q)k(q; q)n−k
, (1.14)

A form u is said regular if there exists a sequence of monic polynomials {Pn}n≥0, degPn = n,n ≥ 0

MPS, such that ⟨u, PnPm⟩ = rnδn,m with rn ̸= 0 for any n,m ≥ 0 where δn,m denotes the

Kronecker symbol. In this case, {Pn}n≥0 is called a monic orthogonal polynomial sequence MOPS

with respect to the form u and it is unique. Given a MOPS {Pn}n≥0 with respect to the form u,

there exists a unique sequence {un}n≥0, un ∈ P ′, called the dual sequence of {Pn}n≥0, such that

⟨un, Pm⟩ = δn,m, n,m ≥ 0. It holds u = λu0, λ = (u)0 ̸= 0. Furthermore, if (u)0 = 1, then u = u0.

Hence, there exists a unique form u with (u)0 = 1, where {Pn}n≥0 is its corresponding MOPS.

The MOPS {Pn}n≥0 is characterized by the following three-term recurrence relation (Favard’s

theorem) (TTRR in short) [5, 20]

P0(x) = 1, P1(x) = x− β0,

Pn+2(x) = (x− βn+1)Pn+1(x)− γn+1Pn(x), n ≥ 0,
(1.15)

where

βn =

〈
u, xP 2

n

〉
⟨u, P 2

n⟩
∈ C, γn+1 =

〈
u, P 2

n+1

〉
⟨u, P 2

n⟩
∈ C \ {0}, n ≥ 0. (1.16)

The shifted MOPS
{
P̂n := a−n

(
haPn

)}
n≥0

is then orthogonal with respect to û = ha−1u and

satisfies (1.15) with [20]

β̂n =
βn

a
, γ̂n+1 =

γn+1

a2
, n ≥ 0.

The form u is said to be normalized if (u)0 = 1. In this paper, we suppose that any regular form

will be normalized. The form u is said to be positive definite if and only if βn ∈ R and γn+1 > 0,

for all n ≥ 0. When u is regular, {Pn}n≥0 is a symmetric MOPS if and only if βn = 0, n ≥ 0, or

equivalently (u)2n+1 = 0, n ≥ 0 [5].
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Given a regular form u and the corresponding MOPS {Pn}n≥0, we define the associated sequence

of the first kind {P (1)
n }n≥0 of {Pn}n≥0 by [20]

Pn
(1)(x) =

〈
u,

Pn+1(x)− Pn+1(ξ)

x− ξ

〉
= (uθ0Pn+1)(x), n ≥ 0.

Proposition 1.2 ([20]). Let {Pn}n≥0 be a MOPS satisfying the TTRR (1.15), then its associated

sequence
{
P

(1)
n

}
n≥0

satisfies the TTRR

P
(1)
0 (x) = 1, P

(1)
1 (x) = x− β1,

P
(1)
n+2(x) = (x− βn+2)P

(1)
n+1(x)− γn+2P

(1)
n (x), n ≥ 0.

(1.17)

In addition, we have the following fundamental result

P
(1)
n+1(x)Pn+1(x)− Pn+2(x)P

(1)
n (x) =

n∏
ν=0

γν+1, n ≥ 0. (1.18)

We recall the definition of the so-called kernel polynomials with K-parameter introduced by Chi-

hara [5].

Let {Pn}n>0 be a MOPS and c a complex number such that Pn(c) ̸= 0, for all n ≥ 0. The

sequence of monic kernel polynomials of K-parameter c, {P ∗
n (c; ·)}n≥0, associated with {Pn}n≥0

is defined by

P ∗
n(c;x) :=

1

x− c

[
Pn+1(x)−

Pn+1(c)

Pn(c)
Pn(x)

]
, n ≥ 0.

In these conditions, if {Pn}n≥0 is a MOPS associated with the form u, then {P ∗
n (c; ·)}n≥0 is a

MOPS associated with u∗ = (x− c)u [5].

Lemma 1.3 ([21]). Let (bn)n≥0 with bn ̸= 0, n ≥ 0, (cn)n≥0 be two sequences of complex numbers

and (xn)n≥0 the sequence satisfying the recurrence relation:

xn+1 = bnxn + cn, n ≥ 0, x0 = a ∈ C− {0}.

We have

xn+1 =

(
n∏

k=0

bk

)a+

n∑
k=0

(
k∏

l=0

bl

)−1

ck

 , n ≥ 0.

We will give now some basic facts about the Hq-Laguerre-Hahn character.

Definition 1.4 ([9]). A form u is called Hq-Laguerre-Hahn when it is regular and satisfies the

q-difference equation

Hq(Φu) + Ψu+B
(
x−1u (hqu)

)
= 0, (1.19)

where Φ,Ψ, B are polynomials, with Φ monic. The corresponding monic orthogonal sequence

{Pn}n≥0 is called Hq-Laguerre-Hahn.
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Remark 1.5. (1) When B = 0 and the form u is regular, then u is Hq-semiclassical [17].

(2) When u satisfies (1.19), then û = ha−1u fulfills the q-difference equation [9]

Hq

(
a− deg ΦΦ(ax)û

)
+ a1−deg ΦΨ(ax)û+ a− deg ΦB(ax)

(
x−1û(hqû)

)
= 0. (1.20)

(3) If t = degΦ, p = degΨ, r = degB and d = max(t, r), then we define the class of u the

nonnegative integer s [9]

s = minmax(p− 1, d− 2), (1.21)

where the minimum is taken over all triples (Φ,Ψ, B) satisfying (1.19). Moreover, the Hq-

Laguerre-Hahn form u satisfying (1.19) is of class s = max(p− 1, d− 2) if and only if

∏
c∈ZΦ

{∣∣q(hqΨ)(c) + (HqΦ)(c)
∣∣+ ∣∣q(hqB)(c)

∣∣
+

∣∣∣∣〈u, q(θcqΨ) + (θcq ◦ θcΦ) + q
(
hqu(θ0 ◦ θcqB)

)〉∣∣∣∣} > 0, (1.22)

where ZΦ is the set of roots of Φ [9]. When c ∈ ZΦ and (1.19) may be simplified by x − c,

then (1.19) becomes

Hq((θcΦ)u) + (qθcqΨ+ θcq ◦ θcΦ)u+ q(θcqB)
(
x−1u(hqu)

)
= 0. (1.23)

Proposition 1.6 ([9]). Let u be a regular form, the following statements are equivalent:

(1) u belongs to the Hq-Laguerre-Hahn class, i.e. satisfying (1.19).

(2) The Stieltjes formal series S(u) satisfies the q-Riccati equation

(
hq−1Φ

)
(z)
(
Hq−1S(u)

)
(z) = B(z)S(u)(z)

(
hq−1S(u)

)
(z) + C(z)S(u)(z) +D(z), (1.24)

where Φ and B are polynomials defined in (1.19) andC(z) = −
(
Hq−1Φ

)
(z)− qΨ(z),

D(z) = −
{
Hq−1 (uθ0Φ) (z) + q (uθ0Ψ) (z) + q (uhqu)

(
θ20B

)
(z)
}
.

(1.25)

Moreover, u is of class s if and only if

∏
c∈ZΦ

{|B(cq)|+ |C(cq)|+ |D(cq)|} > 0, (1.26)

and one may write

s = max (degB − 2, degC − 1, degD) . (1.27)
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Let u be a regular form and {Pn}n≥0 its corresponding MOPS. By linear extension, we can define

a new form w whose moments are given in terms of that of u such that

(w)2n = (u)n, (w)2n+1 = 0, n ≥ 0, (1.28)

equivalent to saying that

σw = u, σ(xw) = 0. (1.29)

In the following theorem the author gave a necessary and sufficient condition for a MPS {Qn}n≥0

to be a MOPS with respect to a form w satisfying (1.28), this form will be unique since (w)0 =

(u)0 = 1.

Theorem 1.7 ([19]). Let {Pn}n≥0 be MOPS and {Qn}n≥0 a MPS such that

Q1(x) = x, Q2n(x) = Pn

(
x2
)
, n ≥ 0. (1.30)

Then {Qn}n≥0 is a MOPS if and only if Pn(0) ̸= 0, Q2n+1(x) = xP ∗
n

(
0;x2

)
, n ≥ 0.

In such conditions, if {Pn}n≥0 satisfies the three-term recurrence relation

P0(x) = 1, P1(x) = x− βP
0 ,

Pn+2(x) =
(
x− βP

n+1

)
Pn+1(x)− γP

n+1Pn(x), n ≥ 0,

then the coefficients β̃n and γ̃n for the corresponding three-term recurrence relation satisfied by

{Qn}n≥0 are given by

β̃n = 0, n ≥ 0,

γ̃2n+1 = −Pn+1(0)

Pn(0)
, γ̃2n+2 = − Pn(0)

Pn+1(0)
γP
n+1, n ≥ 0.

(1.31)

Moreover, if {Pn}n≥0 is orthogonal with respect to the form u, then {Qn}n≥0 is orthogonal with

respect to a form w defined on the basis {xn}n≥0 of P by means of (1.28).

Proposition 1.8 ([5]). Let w be a symmetric and regular form. Let {Qn}n≥0 be the corresponding

MOPS. It satisfies a three-term recurrence relation

Q0(x) = 1, Q1(x) = x

Qn+2(x) = x, Qn+1(x)− γ̃n+1Qn(x), n ≥ 0,

It is very well known that [5]

Q2n(x) = Pn

(
x2
)
, Q2n+1(x) = xRn

(
x2
)
,

where {Pn}n≥0 and {Rn}n≥0 are MOPSs related to regular forms u = σw and γ−1
1 xσw, respec-

tively. The form w is said to be the symmetrized form associated with the form u. Furthermore,



416 S. Jbeli CUBO
28, 2 (2026)

if
P0(x) = 1, P1(x) = x− βP

0 ,

Pn+2(x) =
(
x− βP

n+1

)
Pn+1(x)− γP

n+1Pn(x), n ≥ 0,

and
R0(x) = 1, R1(x) = x− βR

0 ,

Rn+2(x) =
(
x− βR

n+1

)
Rn+1(x)− γR

n+1Rn(x), n ≥ 0,

we get 
βP
0 = γ̃1,

βP
n+1 = γ̃2n+2 + γ̃2n+3, n ≥ 0,

γP
n+1 = γ̃2n+1γ̃2n+2, n ≥ 0,

and βR
n+1 = γ̃2n+1 + γ̃2n+2, n ≥ 0,

γR
n+1 = γ̃2n+2γ̃2n+3, n ≥ 0.

Throughout the rest of this paper, let 0 < q < 1 or q > 1 and we write

S(u)(z) = Su(z), S(w)(z) = Sw(z).

2 The H√q-Laguerre–Hahn character of the form w

Lemma 2.1. The following equality holds

z
(
H√

q−1Sw

)
(z)− Sw(z) =

√
q
−1

(
√
q
−1

+ 1)z3
(
Hq−1Su

)
(z2). (2.1)

Proof. From (1.12) and (1.28), we have

zSu

(
z2
)
= Sw(z) (2.2)

Therefore,

(
H√

q−1Sw

)
(z) =

by (1.1)

Sw(
√
q−1z)− Sw(z)

(
√
q−1 − 1)z

=
by (2.2)

√
q−1zSu(q

−1z2)− zSu(z
2)

(
√
q−1 − 1)z

=
√
q
−1

(
√
q
−1

+ 1)
Su(q

−1z2)−√qSu(z
2)

(q−1 − 1)
(2.3)

=
√
q
−1

(
√
q
−1

+ 1)z2
{
Su(q

−1z2)− Su(z
2) + (1−√q)Su(z

2)

(q−1 − 1)z2

}
=

by (1.1)-(2.2)

√
q
−1

(
√
q
−1

+ 1)z2
(
Hq−1Su

)
(z2) + Su(z

2).

Multiplying (2.3) by z yields (2.1).
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Proposition 2.2. Under the conditions of Theorem 1.7, if u is a Hq-Laguerre-Hahn form of class

s such that its Stieltjes formal series Su satisfies the q-Riccati equation (1.24), then the form w

defined by (1.28) is H√
q-Laguerre-Hahn and its Stieltjes formal series Sw satisfies the √q-Riccati

equation

(
h√

q−1Φ̃
)
(z)
(
H√

q−1Sw

)
(z) = B̃(z)Sw(z)

(
h√

q−1Sw

)
(z) + C̃(z)Sw(z) + D̃(z), (2.4)

where 

Φ̃(z) = zΦ
(
z2
)
,

B̃(z) = q−1
(√

q + 1
)
zB
(
z2
)
,

C̃(z) = q
−3
2

(√
q + 1

)
z2C

(
z2
)
+
√
q−1Φ

(
q−1z2

)
,

D̃(z) = q
−3
2

(√
q + 1

)
z3D

(
z2
)
.

(2.5)

Moreover, w is of class s̃ ≤ 2s+ 3.

Proof. From (1.3), the q-Riccati equation satisfied by the formal Stieltjes series Su can be written

in this form

Φ
(
q−1z

) (
Hq−1Su

)
(z) = B(z)Su(z)Su

(
q−1z

)
+ C(z)Su(z) +D(z) (2.6)

We make the change of variable z ←− z2 in (2.6),

Φ
(
q−1z2

) (
Hq−1Su

) (
z2
)
= B

(
z2
)
Su

(
z2
)
Su

(
q−1z2

)
+ C(z2)Su

(
z2
)
+D

(
z2
)
. (2.7)

Then we multiply (2.7) by q−1(
√
q + 1)z3, we get

q−1 (
√
q + 1) z3Φ

(
q−1z2

) (
Hq−1Su

) (
z2
)
= q−1 (

√
q + 1) z3B

(
z2
)
Su

(
z2
)
Su

(
q−1z2

)
+

q−1 (
√
q + 1) z3C

(
z2
)
Su

(
z2
)
+ q−1 (

√
q + 1) z3D

(
z2
)
, (2.8)

with (
Hq−1Su

)
(z) =

Su

(
q−1z

)
− Su(z)

(q−1 − 1) z
,
(
Hq−1Su

)
(z2) =

Su

(
q−1z2

)
− Su

(
z2
)

(q−1 − 1) z2
. (2.9)

In an equivalent way

Φ
(
q−1z2

) (
q−1 (

√
q + 1) z3

(
Hq−1Su

)
(z2)

)
=
√
q
−1

(
√
q + 1) zB(z2)

(
zSu(z

2)
)(√

q
−1

zSu

((√
q
−1

z
)2))

+ q−1 (
√
q + 1) z2C(z2)

(
zSu(z

2)
)
+ q−1 (

√
q + 1) z3D

(
z2
)
. (2.10)
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Substituting (2.1) into (2.10) gives

Φ
(
q−1z2

) (
z
(
H√

q−1Sw

)
(z)− Sw(z)

)
=
√
q
−1

(
√
q + 1) zB

(
z2
)
Sw(z)Sw

(√
q
−1

z
)

+ q−1 (
√
q + 1) z2C

(
z2
)
Sw(z) + q−1 (

√
q + 1) z3D

(
z2
)
, (2.11)

equivalent to

zΦ
(
q−1z2

) (
H√

q−1Sw

)
(z) =

√
q
−1

(
√
q + 1) zB

(
z2
)
Sw(z)Sw

(√
q
−1

z
)

+
(
q−1 (

√
q + 1) z2C

(
z2
)
+Φ

(
q−1z2

))
Sw(z) + q−1 (

√
q + 1) z3D

(
z2
)
. (2.12)

This amounts to

√
q
(
h√

q−1Φ̃
)
(z)
(
H√

q−1Sw

)
(z) =

√
q
−1

(
√
q + 1) zB

(
z2
)
Sw(z)

(
h√

q−1Sw

)
(z)

+
(
q−1 (

√
q + 1) z2C

(
z2
)
+Φ

(
q−1z2

))
Sw(z) + q−1 (

√
q + 1) z3D

(
z2
)
, (2.13)

where Φ̃(z) = zΦ(z2). Thus, we obtain (2.4)-(2.5), by dividing the previous equation by √q.
It follows from (1.8), (1.25) and (2.5) that

Ψ̃(z) = −√q−1
(
H√

q−1Φ̃
)
(z)−√q−1

C̃(z) = q−1 (
√
q + 1)

(
z2Ψ

(
z2
)
− Φ

(
z2
))

. (2.14)

Since √q ∈ C̃ when q ∈ C̃, then according to the equivalence in Proposition 1.6 with q ← √q, the

form w satisfies the √q-difference equation

H√
q(Φ̃w) + Ψ̃w + B̃

(
x−1w

(
h√

qw
))

= 0, (2.15)

with 
Φ̃(x) = xΦ

(
x2
)
,

B̃(x) = q−1
(√

q + 1
)
xB
(
x2
)
,

Ψ̃(x) = q−1
(√

q + 1
) (

x2Ψ
(
x2
)
− Φ

(
x2
))

.

As u is of class s, we deduce from the third point of Remark 1.5 that

s = max (deg(Ψ)− 1,max (deg(Φ),deg(B))− 2) ,

which gives

deg(Φ) ≤ s+ 2, deg(Ψ) ≤ s+ 1, deg(B) ≤ s+ 2.
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According to (2.5) and (2.14), we have

deg
(
Φ̃
)
≤ 2s+ 5, deg

(
Ψ̃
)
≤ 2s+ 4, deg

(
B̃
)
≤ 2s+ 5.

Finally, by the definition of the class given in (1.21), we have

s̃ ≤ max
(
deg

(
Ψ̃
)
− 1,max

(
deg

(
Φ̃
)
, deg

(
B̃
))
− 2
)
≤ 2s+ 3.

Lemma 2.3. The class of w depends only on the zero z = 0 of Φ̃.

Proof. u is a Hq-Laguerre-Hahn form of class s and its Stieltjes formal series Su(z) satisfies (2.4),

therefore the polynomials hq−1Φ, B, C and D are coprime. Let Φ̃, B̃, C̃ and D̃ be as in Proposition

2.2 and let c be a non-zero root of Φ̃, which gives Φ
(
c2
)
= 0. From (1.26) since u is of class s, we

have
∣∣B (c2q)∣∣+ ∣∣C (c2q)∣∣+ ∣∣D (c2q)∣∣ ̸= 0.

• If B
(
c2q
)
̸= 0, then B̃

(
c
√
q
)
̸= 0.

• If B
(
c2q
)
= 0 and C

(
c2q
)
̸= 0, then C̃

(
c
√
q
)
̸= 0.

• If B
(
c2q
)
= C

(
c2q
)
= 0, then D

(
c2q
)
̸= 0 and this implies that D̃

(
c
√
q
)
̸= 0.

Consequently, for any non-zero root of Φ̃, we have |B̃
(
c
√
q
)
|+ |C̃

(
c
√
q
)
|+ |D̃

(
c
√
q
)
| ̸= 0.

Proposition 2.4. Taking into account the conditions of Proposition 2.2, we have the following

different cases for the class of w.

(1) If Φ(0) ̸= 0, then s̃ = 2s+3. In addition the Stieltjes formal series Sw satisfies the √q-Riccati

equation (2.4) with (2.5).

(2) If Φ(0) = 0 and B(0) ̸= 0, then s̃ = 2s+ 2. In addition the Stieltjes formal series Sw satisfies

the √q-Riccati equation (2.4) with



Φ̃(z) = Φ
(
z2
)
,

B̃(z) = q−1
(√

q + 1
)
B
(
z2
)
,

C̃(z) = q
−3
2 z
{(√

q + 1
)
C
(
z2
)
+ (θ0Φ)

(
q−1z2

)}
,

D̃(z) = q
−3
2

(√
q + 1

)
z2D

(
z2
)
.

(2.16)
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(3) If Φ(0) = B(0) = 0 and
(√

q + 1
)
C(0) + Φ′(0) ̸= 0, then s̃ = 2s+ 1. In addition the Stieltjes

formal series Sw satisfies the √q-Riccati equation (2.4) with



Φ̃(z) = z (θ0Φ)
(
z2
)
,

B̃(z) = q−1
(√

q + 1
)
z (θ0B)

(
z2
)
,

C̃(z) = q
−3
2

{(√
q + 1

)
C
(
z2
)
+ (θ0Φ)

(
q−1z2

)}
,

D̃(z) = q
−3
2

(√
q + 1

)
zD
(
z2
)
.

(2.17)

(4) If Φ(0) = B(0) =
(√

q + 1
)
C(0) + Φ′(0) = 0, then s̃ = 2s. In addition the Stieltjes formal

series Sw satisfies the √q-Riccati equation (2.4) with



Φ̃(z) = (θ0Φ)
(
z2
)
,

B̃(z) = q−1
(√

q + 1
)
(θ0B)

(
z2
)
,

C̃(z) = q
−3
2 z
{(√

q + 1
)
(θ0C) (z2) + q−1

(
θ20Φ

) (
q−1z2

)}
,

D̃(z) = q
−3
2

(√
q + 1

)
D
(
z2
)
.

(2.18)

Proof. (1) If Φ(0) ̸= 0, then from (2.5) we have C̃(0) ̸= 0. Thus, equation (2.4) cannot be

simplified by z. Let t = deg(Φ), r = deg(B) and p = deg(Ψ). From (2.5) and (2.14) we

obtain deg
(
Φ̃
)
= 2t + 1, deg

(
B̃
)
= 2r + 1 and p̃ = deg

(
Ψ̃
)
≤ max(2p + 2, 2t). Therefore,

s̃ = max(2t− 1, 2r − 1, 2p+ 1) = 2s+ 3, since max(t− 2, r − 2, p− 1) = s.

(2) If Φ(0) = 0, then the equation (2.4) with (2.5) are divisible by z and thus the order of the

class of w decreases by one. Then, Sw fulfills (2.4) with (2.16).

Here, we have B̃(0) =
by (2.16)

q−1
(√

q + 1
)
B(0) and C̃(0) = D̃(0) =

by (2.16)
0. Consequently, if

B(0) ̸= 0, we cannot simplify (2.4)-(2.16), which implies that the class of w is s̃ = 2s+ 2.

(3) If Φ(0) = B(0) = 0, equation (2.4) with (2.16) can be simplified by z. Hence, Sw fulfills (2.4)

with (2.17).

In this case B̃(0) = D̃(0) =
by (2.17)

0 and C̃(0) =
by (1.2)-(2.17)

q
−3
2

{(√
q + 1

)
C(0) + Φ′(0)

}
.

Therefore, if
(√

q + 1
)
C(0) + Φ′(0) ̸= 0, (2.4) with (2.17) cannot be simplified by z, which

means that the class of w is s̃ = 2s+ 1.

(4) If Φ(0) = B(0) =
(√

q + 1
)
C(0) + Φ′(0) = 0, then (2.4) with (2.17) can be simplified by z.

Thus, Sw satisfies (2.4) with (2.18).

If Φ̃(0) =
by (1.2)-(2.18)

Φ′(0) = 0, then we have C(0) = 0 since
(√

q + 1
)
C(0) + Φ′(0) = 0. In

view of u is Hq-Laguerre-Hahn of class s, we obtain from (1.26) that D(0) ̸= 0. Therefore,

D̃(0) =
by (2.18)

q
−3
2

(√
q + 1

)
D(0) ̸= 0 . Then, it is not possible to simplify (2.4)-(2.18), which

means the class of w is s̃ = 2s.
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3 Two illustrative examples

3.1 Example 1: u =W(1)

Let u = W(1) be the first associated of Stieltjes-Wigert form (see Table 1). Let
{
S
(1)
n

}
n≥0

be its

(MOPS). It is Hq-Laguerre-Hahn of class s = 0 fulfilling [13]

β
(1)
n = q−n− 5

2

{
(1 + q)q−n−1 − q

}
, γ

(1)
n+1 = q−4n−8

(
1− qn+2

)
, n ≥ 0,

Hq

(
x
(
x+ q−

5
2 (q − 1)

)
W(1)

)
− (q − 1)−1

{
x− q−

7
2 − q−

5
2 + q−

3
2

}
u

−q−5
(
x−1W(1)

(
hqW(1)

))
= 0,

q−1z
(
q−1z + q−

5
2 (q − 1)

)
Hq−1 (SW(1)) (z) = −q−5SW(1)(z)(

hq−1SW(1)(z) + q−1(q − 1)−1
(
z + q−

1
2 − 2q−

3
2

))
SW(1)(z) + (q − 1)−1.

(3.1)

Lemma 3.1 ([13]). Let 0 < q < 1. The following equalities hold

Sn(0) = (−1)n q−
n(2n+1)

2 , n ≥ 0, (3.2)

S(1)
n (0) = (−1)n q−

(n+2)(2n+1)
2 (1− (q; q)n+1) ̸= 0, n ≥ 0. (3.3)

By virtue of Lemma 3.1 and Proposition 2.2, for 0 < q < 1, w is a H√
q-Laguerre-Hahn form. By

the second point of Proposition 2.4 and (3.1), we have Φ(0) = 0 and B(0) = −q−5 ̸= 0. Therefore,

w is of class s̃ = 2. Its Stieltjes formal series Sw satisfies (2.4) with



Φ̃(z) = z2
(
z2 + q−

5
2 (q − 1)

)
,

B̃(z) = −q−6
(√

q + 1
)
,

C̃(z) = q−2
(√

q − 1
)−1

z
{
z2 + q−2

(
−1 +√q(q − 1)

)}
,

D̃(z) = q
−3
2

(√
q − 1

)−1
z2.

(3.4)

From Theorem 1.7 and (3.3), we obtain
γ̃2n+1 = q−2n− 7

2
1− (q; q)n+2

1− (q; q)n+1
, n ≥ 0,

γ̃2n+2 = q−2n− 9
2

(
1− qn+2

) 1− (q; q)n+1

1− (q; q)n+2
, n ≥ 0.

(3.5)

Furthermore, for 0 < q < 1, the form w is positive definite.
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3.2 Example 2: u = U (1)

Let U (1) be the first associated of the Al-Salam-Carlitz form of the first kind U(a, q) for a > 0, q > 1

(see Table 2). Let
{
U

(1)
n

}
n≥0

be its (MOPS).
{
U (1)

}
is Hq-Laguerre-Hahn of class s = 0 fulfilling

[13]

β
(1)
n = (1 + a)qn+1, γ

(1)
n+1 = −aqn+1

(
1− qn+2

)
, n ≥ 0,

Hq

(
U (1)

)
+ a−1q−1(q − 1)−1 {x− q(1 + a)}U (1) − q

(
x−1U (1)

(
hqU (1)

))
= 0,

Hq−1(SU(1))(z) = −qSU(1)(z)(hq−1SU(1))(z)− a−1(q − 1)−1 (z − q(1 + a))SU(1)(z)

−a−1(q − 1)−1.

(3.6)

Lemma 3.2. Let a > 0 and q > 1. The following results hold

Un(0) = (−1)nq
n(n−1)

2

n∑
j=0

[
n

j

]
q

ajq−j(n−j) ̸= 0, n ≥ 0, (3.7)

U (1)
n (0) = (−1)nq

n(n+1)
2 ϖn+1(a, q)

n∑
k=0

(−a)kq
−k(k+1)

2 (q; q)k
ϖk(a, q)ϖk+1(a, q)

̸= 0, n ≥ 0,

ϖn(a, q) =

n∑
j=0

[
n

j

]
q

ajq−j(n−j).

(3.8)

Proof. The Al-Salam-Carlitz polynomials of the first kind are given by [11]

Un(x) =

n∑
k=0

(q; q)n(−a)n−k

(q; q)k(q; q)n−k
q(n−k)(n−k−1)/2xk(1/x; q)k, (3.9)

with
xk(1/x; q)k =

k−1∏
j=0

(
x− qj

)
= (−1)kqk(k−1)/2

(
q1−kx; q

)
k
. (3.10)

By substituting (3.10) into (3.9) and letting x→ 0, we obtain

Un(0) =

n∑
k=0

(q; q)n(−a)n−k

(q; q)k(q; q)n−k
q(n−k)(n−k−1)/2 (−1)kqk(k−1)/2

= (−1)n(q; q)n
n∑

k=0

an−k

(q; q)k(q; q)n−k
q

(n−k)(n−k−1)+k(k−1)
2 . (3.11)

Let us perform the index change j = n− k

Un(0) = (−1)n(q; q)n
n∑

j=0

aj

(q; q)n−j(q; q)j
q

j(j−1)+(n−j)(n−j−1)
2

=
by (1.14)

(−1)nq
n(n−1)

2

n∑
j=0

[
n

j

]
q

ajq−j(n−j). (3.12)
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Since
n∑

j=0

[
n

j

]
q

ajq−j(n−j) > 0, for a > 0 and q > 1, it follows that ∀n ∈ N, Un(0) ̸= 0. Now, since

Un(0) ̸= 0, n ≥ 0, a > 0, q > 1, and according to (1.18), we can write

U
(1)
n+1(0) =

Un+2(0)

Un+1(0)
U (1)
n (0) +

n∏
ν=0

γν+1

Un+1(0)
, n ≥ 0. (3.13)

Next, by applying Lemma 1.3, we get for (3.13)

U
(1)
n+1(0) = Un+2(0)

(
U

(1)
0 (0)

U1(0)
+

n∑
k=0

(−a)k+1q
k(k+1)

2 (q; q)k+1

Uk+1(0)Uk+2(0)

)
, n ≥ 0. (3.14)

Since U
(1)
0 (0) = 1 and U1(0) = −(1 + a), we have

U
(1)
n+1(0) =

−Un+2(0)

1 + a

(
1− (a+ 1)

n∑
k=0

(−a)k+1q
1
2k(k+1)(q; q)k+1

Uk+1(0)Uk+2(0)

)
, n ≥ 0. (3.15)

Replacing n by n− 1 in (3.15) gives

U (1)
n (0) =

−Un+1(0)

1 + a

(
1− (a+ 1)

n−1∑
k=0

(−a)k+1q
1
2k(k+1)(q; q)k+1

Uk+1(0)Uk+2(0)

)
, n ≥ 1, (3.16)

equivalent to

U (1)
n (0) =

−Un+1(0)

1 + a

(
1− (a+ 1)

n∑
k=1

(−a)kq 1
2k(k−1)(q; q)k

Uk(0)Uk+1(0)

)
, n ≥ 1. (3.17)

The equality (3.17) remains true for n = 0, hence we have

U (1)
n (0) = Un+1(0)

n∑
k=0

(−a)kq 1
2k(k−1)(q; q)k

Uk(0)Uk+1(0)
, n ≥ 0. (3.18)

By setting ϖn(a, q) =

n∑
j=0

[
n

j

]
q

ajq−j(n−j), a > 0, q > 1, n ≥ 0, we obtain

U (1)
n (0) = (−1)nq

n(n+1)
2 ϖn+1(a, q)

n∑
k=0

(−a)kq
−k(k+1)

2 (q; q)k
ϖk(a, q)ϖk+1(a, q)

, n ≥ 0. (3.19)

When q > 1 and n ≥ 0, (q, q)n has the same sign as (−1)n.
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Now, since a > 0 and ∀n ≥ 0, ϖn(a, q) > 0, we obtain

ϖn+1(a, q)

n∑
k=0

(−a)kq
−k(k+1)

2 (q; q)k
ϖk(a, q)ϖk+1(a, q)

> 0, n ≥ 0. (3.20)

Therefore, U (1)
n (0) ̸= 0, n ≥ 0.

By virtue of Lemma 3.2 and Proposition 2.2, for a > 0, q > 1, w is a H√
q-Laguerre–Hahn form.

By the first point of Proposition 2.4 and (3.6), we have Φ(0) ̸= 0. Therefore, w is of class s̃ = 3.

Its Stieltjes formal series Sw satisfies (2.4) with



Φ̃(z) = z,

B̃(z) = −
(√

q + 1
)
z,

C̃(z) = q
−3
2 a−1

(
1−√q

)−1
z2
(
z2 − q(1 + a)

)
+
√
q−1,

D̃(z) = q
−3
2 a−1

(
1−√q

)−1
z3.

(3.21)

From Theorem 1.7 and (3.8), we obtain for a > 0, q > 1

γ̃2n+1 = qn+1ϖn+2(a, q)

ϖn+1(a, q)

Λn+1(a, q)

Λn(a, q)
, n ≥ 0,

γ̃2n+2 = −a(1− qn+2)
ϖn+1(a, q)

ϖn+2(a, q)

Λn(a, q)

Λn+1(a, q)
, n ≥ 0,

Λn(a, q) =

n∑
k=0

(−a)kq
−k(k+1)

2 (q; q)k
ϖk(a, q)ϖk+1(a, q)

, n ≥ 0,

ϖn(a, q) =

n∑
j=0

[
n

j

]
q

ajq−j(n−j), n ≥ 0.

(3.22)

For a > 0, q > 1, ϖn > 0, n ≥ 0, according to (3.20). Moreover (−a)n(q, q)n = an|(q, q)n| > 0,

n ≥ 0, therefore Λn > 0, n ≥ 0. Hence, the form w is positive definite.
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Appendix

Table 1: Stieltjes-Wigert polynomials [24]

The Stieltjes-Wigert form W with respect to the MOPS {Sn}n≥0

Sn(x) = (−1)nq−(n
2+n

2 )1ϕ1

(
q−n

0

∣∣∣∣∣ q;−qn+ 3
2x

)
, n ≥ 0.

βn = {(1 + q)q−n − q} q−n− 3
2 , n ≥ 0,

γn+1 =
(
1− qn+1

)
q−4n−4, n ≥ 0.

Hq

(
x2W

)
− (q − 1)−1

(
x− q−

3
2

)
W = 0,

(W)n = q−
n(n+2)

2 , n ≥ 0.

⟨W, f⟩ =
√

q

2π ln q−1

∫ +∞

0

exp

(
− ln2 x

2 ln q−1

)
f(x) dx,

f ∈ P, 0 < q < 1.

Table 2: Al-Salam-Carlitz polynomials [18]

Al-Salam-Carlitz form U(a, q) with respect to the MOPS {Un}n≥0

Un(x) = (−a)nq
n(n−1)

2 2ϕ1

(
q−n, x−1

0

∣∣∣∣∣ q; qx
a

)
, n ≥ 0.

βn = (1 + a)qn, n ≥ 0,

γn+1 = −aqn
(
1− qn+1

)
, n ≥ 0.

Hq (U(a, q))− a−1(q − 1)−1 (x− (a− 1))U(a, q) = 0,

(U(a, q))n =

n∑
k=0

[
n

k

]
q

ak, n ≥ 0.

⟨U(a, q), f⟩ = 1

(1− q) (q, a−1q, a; q)∞

∫ 1

a

(
a−1tq, tq; q

)
∞ f(t) dqt,

f ∈ P, a < 0, 0 < q < 1.
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