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ABSTRACT

Let W be a non-trivial variety of lattices and let L be
a finite lattice in W. The congruence density of L with
respect to W is the number of congruences of L divided
by the maximum number of congruences of |L|-element
lattices belonging to W. We prove that, with respect to
the order and multiplication of the real numbers, the set
SCD(W) of congruence densities of finite members of W
as well as its topological closure are countably infinite
dually well-ordered monoids. We also prove that the set
of accumulation points of SCD(W) is either a singleton
or it is countably infinite; furthermore, it is a singleton
if and only if W is a subvariety of the variety of modu-
lar lattices. This gives a complicated characterization of
modularity: a non-singleton lattice K is modular if and
only if SCD(V(K)), where V(K) denotes the variety gen-
erated by K, has only one accumulation point. The class
S of semimodular lattices is not a variety, but SCD(S) is
still meaningful. We prove that SCD(S) has exactly one
accumulation point.
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RESUMEN

Sea W una variedad no trivial de reticulados y sea L un
reticulado finito en W. La densidad de congruencia de L con
respecto de W es el número de congruencias de L dividido
por el número máximo de congruencias de reticulados de |L|
elementos que pertenecen a W. Demostramos que tanto el
conjunto SCD(W) de densidades de congruencia de miem-
bros finitos de W como su clausura topológica son monoides
infinitos numerables bien ordenados duales, con respecto del
orden y la multiplicación de los números reales. También
demostramos que el conjunto de puntos de acumulación de
SCD(W) es o un singleton o infinito numerable; más aún, es
un singleton si, y sólo si, W es una subvariedad de la variedad
de reticulados modulares. Esto entrega una caracterización
complicada de la modularidad: un reticulado no singleton K

es modular si, y sólo si, SCD(V(K)) tiene un único punto de
acumulación, donde V(K) denota la variedad generada por
K. La clase S de reticulados semimodulares no es una var-
iedad, pero SCD(S) sigue teniendo sentido. Demostramos
que SCD(S) tiene exactamente un punto de acumulación.

Keywords and Phrases: Congruence density, accumulation point, lattice congruence, dually well-ordered set,

semimodular lattice, modular lattice.
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1 Introduction and our results

The prerequisites for reading the paper are modest: only minimal familiarity with a few basic

concepts from lattice theory or universal algebra is needed.

As usual, we denote a lattice by its base set; so L will stand for (L;∨,∧). Unless explicitly stated

otherwise or we take a class of lattices, every lattice in the paper is assumed to be finite, even when

this assumption is not repeated. The number of congruences of a lattice L is denoted by |Con(L)|,
where Con(L) stands for the congruence lattice of L. Similarly, the size (that is, the number of

elements) of L is denoted by |L|. A lattice is non-trivial if it has more than one element. A class

W of (not necessarily finite) lattices is non-trivial, if it has a non-trivial lattice; we consider only

non-trivial classes. Most of the classes we consider are varieties, that is, they are defined by sets

of equations or, equivalently by G. Birkhoff’s classical HSP-theorem, they are closed under taking

homomorphic images, sublattices, and direct products.

For positive integers n and k and a non-trivial class W of lattices, if the set {|Con(L)| : L ∈ W and

|L| = n} has at least k elements, then the kth largest number in this set is denoted by lnc(W, n, k).

(The acronym is derived from the initial letters of “largest number of congruences”.) If the set in

question has fewer than k elements, then lnc(W, n, k) is undefined. For a finite lattice L in W, the

congruence density cd(W, L) of L with respect to W is defined as follows:

cd(W, L) :=
|Con(L)|

lnc(W, |L|, 1)
. (1.1)

For example, if W = M, the variety of modular lattices, and L = B4 is the 4-element Boolean

lattice, then cd(M, B4) = 1/2, because there are exactly two1 |B4|-element modular lattices, B4

and the 4-element chain C4, |Con(B4)| = 4, lnc(M, 4, 1) = |Con(C4)| = 8, and so cd(M, B4) =

4/8 = 1/2. Denoting by Lall the variety of all lattices, the same argument shows that cd(Lall, B4) =

1/2. We define

SCD(W) := {cd(W, L) : L ∈ W and L is a finite}, (1.2)

the set of congruence densities of finite members of W.

The concepts defined in (1.1) and (1.2) are meaningful for general algebras other than lattices.

For lattices, (1.1) simplifies by a result of Freese [13], see also [10, Theorem 1(A)]2, which asserts

that for any class W of lattices that contains all finite chains and for any positive integer n,

lnc(K, n, 1) = 2n−1. Combining this equality with (1.1), we obtain that if W is a class of lattices

containing all finite chains, and in particular if W is a non-trivial variety of lattices, then for every

1We do not distinguish isomorphic lattices in this paper.
2Alternatively, see Lemma 2.1 in the recent arXiv paper “Lattices with congruence densities larger than 3/32”,

doi:10.48550/arXiv.2602.04321.

https://doi.org/10.48550/arXiv.2602.04321
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finite lattice L in W,

cd(W, L) := |Con(L)|/2|L|−1. (1.3)

To ease the notation and to harmonize with [10–12], the variety Lall of all lattices is often dropped

from our notations. Hence, for a finite lattice L,

cd(L) := cd(Lall, L) = |Con(L)|/2|L|−1 and (1.4)

SCD := SCD(Lall) = {cd(L) : L is a finite lattice}. (1.5)

Congruence density is well related to some lattice constructions; see (3.9) and (3.11). Furthermore,

(1.4) shows that the study of |Con(L)| is equivalent to the study of cd(L). This explains that the

recent papers [10,11] and the one mentioned in Footnote 2 focus on cd(L) rather than on |Con(L)|.

As usual, N+, N0, Z, Q, and R stand for the sets of positive integers, non-negative integers, all

integers, rational numbers, and real numbers, respectively. For real numbers a < b, the interval

{x ∈ R : a < x ≤ b} is denoted by (a, b]R; the meanings of (a, b)R, [a, b)R, and [a, b]R are similar.

For a non-trivial variety W of lattices, a number r ∈ R is an accumulation point of SCD(W) if for

all positive ε ∈ R, the intersection (SCD(W) \ {r}) ∩ (r − ε, r + ε)R is non-empty.

Let Acc(SCD(W)) denote the set of accumulation points of SCD(W). (1.6)

The topological closure of SCD(W) is denoted by Cls(SCD(W)). That is,

Cls(SCD(W)) = SCD(W) ∪ Acc(SCD(W)). (1.7)

Again, we may drop Lall from the notation, so

Acc(SCD) = {r : r is an accumulation point of SCD} and (1.8)

Cls(SCD) = SCD ∪ Acc(SCD). (1.9)

Next, we mention an example. It is well known that the congruence lattice of a finite modular

lattice is Boolean; see, for example, Corollary 3.11 of Grätzer [17]. Therefore, by an earlier result,

which we recall in (3.9), it follows easily that for the variety M of modular lattices,

SCD(M) = {2−k : k ∈ N0} and Acc(SCD(M)) = {0}. (1.10)

Theorem 1.1, to be stated soon, shows that although (1.10) fails for non-modular lattice varieties,

semimodularity is sufficient in place of modularity for (1.10) to hold.
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For every non-trivial variety W of lattices, it is not hard to verify—see Corollary 1.2(b1)—that

SCD(W) is a countably infinite set. This follows from three known facts: (1) there are only

countably many finite lattices, (2) cd(B4) = 1/2, and (3) [10, Lemma 2], which is cited here

as (3.9). A countable set of real numbers can have continuously many accumulation points; for

example, Acc([0, 1]R ∩ Q) = [0, 1]R. However, we prove that |Acc(SCD(W))| ̸= 2ℵ0 ; in fact, we

prove more.

A lattice L is semimodular if for any x, y, z ∈ L such that y covers x (in notation, x ≺ y), y ∨ z

covers or equals x∨z (in notation, x∨z ⪯ y∨z). The order and multiplication of the real numbers

will be denoted by ≤R and ·R, respectively. We also use these notations within subsets of R, and

we may drop the subscripts when no ambiguity threatens. For X ⊆ R, we say that X is a dually

well-ordered subset of R if every non-empty subset of X has a greatest element, or equivalently,

if there is no infinite strictly increasing sequence a1 <R a2 <R a3 <R · · · in X. Similarly, we say

that a subset X of R is a dually well-ordered monoid with respect to R if X is a dually well-ordered

subset of R+ := [0,∞)R = {r ∈ R : 0 ≤ r}, 1 ∈ X, and a ·R b ∈ X for all a, b ∈ X. Sometimes,

when the context is clear, we drop “with respect to R”. Note that such a monoid is an ordered

monoid in the usual sense, since ·R is order-preserving on R+. As usual, the least infinite cardinal

number is denoted by ℵ0. With the notations (1.2), (1.5), and (1.6), we can now state the main

result of the paper.

Theorem 1.1. The following three assertions hold.

(a1) The set SCD of congruence densities of all finite lattices is a dually well-ordered monoid with

respect to R.

(a2) If a variety W of lattices contains at least one (not necessarily finite) non-modular lattice,

then |Acc(SCD(W))| = ℵ0. In particular, SCD has countably infinitely many accumulation

points.

(a3) Letting S denote the class of semimodular lattices, SCD(S) is a submonoid of SCD, and it

has exactly one accumulation point: the real number 0.

Theorem 1.1 has several corollaries; these corollaries as well as the theorem are proved, after several

lemmas, in Section 7. In addition to the notations used in the theorem, the corollaries also rely on

those introduced in (1.7), (1.8), and (1.9).

Corollary 1.2. For every non-trivial variety W of lattices, the following four assertions hold for

SCD(W) and, in particular, for SCD.

(b1) |Cls(SCD(W))| = |SCD(W)| = ℵ0.
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(b2) Cls(SCD(W)) is a dually well-ordered monoid with respect to R; SCD(W) is a submonoid

of it, and Acc(SCD(W)) is a subsemigroup of it. Moreover, the real number 0 belongs to

Acc(SCD(W)).

(b3) SCD(W) has either countably infinitely many accumulation points, or it has exactly one

accumulation point. That is, |Acc(SCD(W))| ∈ {1,ℵ0}.

(b4) SCD(W) has exactly one accumulation point if and only if W is a subvariety of the variety

M of modular lattices.

For a not necessarily finite lattice L, let V(L) denote the variety generated by L; it consists of

all lattices satisfying the identities that hold in L. By G. Birkhoff’s Theorem, V(L) is the class

of homomorphic images of sublattices of direct powers of L. The following two lemmas give

complicated characterizations of modularity.

Corollary 1.3. Let L be a not necessarily finite non-trivial lattice. Then L is modular if and only

if SCD(V(L)) has exactly one (equivalently, at most one) accumulation point.

As usual, ω∗ denotes the order type of the ordered set of negative integers.

Corollary 1.4. Let L be a not necessarily finite non-trivial lattice. Then L is modular if and only

if SCD(V(L)) is of order type ω∗.

For X ⊆ R, a real number r ∈ R is a left accumulation point of X if for every positive ε ∈ R,

X ∩ (r − ε, r) ̸= ∅. Similarly, it is a right accumulation point of X if X ∩ (r, r + ε) ̸= ∅ for all

positive ε ∈ R.

Corollary 1.5. Let W be a non-trivial variety of lattices. Then every member of Acc(SCD(W))

is a right accumulation point but not a left accumulation point of SCD(W). In particular, SCD

has no left accumulation point.

2 Some related work and possible prospects

This paper is a straightforward continuation of the earlier papers that determine lnc(Lall, n, k) for

some n and k; see Freese [13] for k = 1, [4] for k = 2, Mureşan and Kulin [19] for n ≥ 6 and

k ∈ {3, 4, 5} (and for (n, k) = (5, 3)), and [10,12] for 9 ≤ n and k ≤ n+ 4 (and for some smaller n

if k is small). There are also related papers in which congruences are replaced by other compatible

relations like the unary subalgebra relation, lattices are replaced by other algebras like semilattices,

or some consequences of having many congruences or other compatible relations are studied. In

addition to the papers mentioned previously, see, for example, [5–8], Ahmed and Horváth [2],
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Kwuida and Mureşan [18], Zaja, Haje, and Ahmed [21], and the arXiv paper by Ahmed, Salih,

and Haje [3].

These papers, together with the present one, indicate that for lattices and lattice-like algebras,

as well as for certain other algebras, the study of various densities and their accumulation points

might lead to further results.

Related to Theorem 1.1(a3), note that there are many results on the congruence lattices of finite

semimodular lattices. See, for example, Grätzer [16] and [17, Chapters 10–11, 15, and 29], the

dual of Theorem 12 of Adaricheva, Freese and Nation [1], and more than a dozen additional papers

from the Additional Bibliography3 of the arXiv paper [9]4.

3 Tools used in the paper

This section recalls the necessary tools from the literature. Two intervals, [a0, b0] and [a1, b1], of

a lattice L are transposed if there is an i ∈ {0, 1} such that bi ∧ a1−i = ai and bi ∨ a1−i = b1−i.

For elements x, y ∈ L, to fix the terminology, (1) x ≺ y; (2) y covers x; (3) x is a lower cover of

y; (4) (x, y) is an edge, and (5) [x, y] is a prime interval are equivalent conditions. For a, b ∈ L,

the least congruence containing the pair (a, b) (in other words, collapsing a and b) is denoted by

con(a, b) or conL(a, b). The congruence con(a, b) is described in Grätzer [15, Theorem 230]—the

description is credited to R. P. Dilworth. For a prime interval [a, b], a more effective description of

con(a, b) is presented in Grätzer [14]. However, we need only the following well-known fact, which

is straightforward per se and follows either from Grätzer [15, Theorem 230] or from Grätzer [14]:

for any two edges (a, b) and (c, d) in a lattice,

if [a, b] and [c, d] are transposed, then con(a, b) = con(c, d). (3.1)

An element u ∈ L is join-irreducible if it has exactly one lower cover. Denote by Ji(L) the set

of join-irreducible elements of L. For u ∈ Ji(L), the unique lower cover of u is denoted by u∗.

The set of elements with exactly one (upper) cover is denoted by Mi(L), its members are the

meet-irreducible elements. For a, b ∈ Ji(L),

let a ≤∗ b or a ≤∗L b denote that con(a∗, a) ≤ con(b∗, b), and (3.2)

let a =∗ b or a =∗L b stand for con(a∗, a) = con(b∗, b). (3.3)

Armed with the reflexive and transitive relation defined in (3.2), (Ji(L);≤∗L) is a quasiordered set.

A subset X of Ji(L) is an ideal of (Ji(L);≤∗L) if for any x ∈ X and y ∈ Ji(L), y ≤∗L x implies
3See https://www.math.u-szeged.hu/~czedli/m/listak/publ-psml.pdf for an update.
4The journal version at https://doi.org/10.7151/dmgaa.1416 does not contain the Additional Bibliography.

https://www.math.u-szeged.hu/~czedli/m/listak/publ-psml.pdf
https://doi.org/10.7151/dmgaa.1416
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y ∈ X. Let Idl(Ji(L);≤∗L) denote the set of ideals of (Ji(L);≤∗L). Then (Idl(Ji(L);≤∗L);∪,∩) is

a distributive lattice. By (2.1), (2.2), and (2.7) of [10]5, we have that Con(L) ∼= (Idl(Ji(L);≤∗L

);∪,∩). Hence

|Con(L)| = |Idl(Ji(L);≤∗L)|. (3.4)

Quite often, (3.4) can be improved as follows. Assume that B is a subset of Ji(L) such that, using

the notation introduced in (3.3),

for each x ∈ Ji(L), there is a b ∈ B such that x =∗L b. (3.5)

It follows straightforwardly from (3.2), (3.3), and the sentence preceding (3.4)6 that (3.5) implies

Con(L) ∼= Idl(B;≤∗L). Therefore,

if a subset B of Ji(L) satisfies (3.5), then |Con(L)| ≤ 2|B|. (3.6)

The elements of L with more then one lower cover are join-reducible; their set is denoted by Jr(L).

Similarly, Mr(L) stands for the set of meet-reducible elements, which are defined dually. Since

0 /∈ Ji(L) ∪ Jr(L), we have |L| = 1 + |Ji(L)| + |Jr(L)|. Therefore, using (3.6), the fact that Ji(L)

in place of B satisfies (3.5), and duality,

cd(L) =
|Con(L)|
2|L|−1

≤ 2|Ji(L)|

2|Ji(L)|+|Jr(L)| = 2−|Jr(L)| and cd(L) ≤ 2−|Mr(L)|. (3.7)

For finite lattices K and M , we obtain the (diagram of) the glued sum K ∔ M by putting the

diagram of M atop the diagram of K and identifying the top 1K of K with the bottom 0M of

M . Observe that K ∔ M is isomorphic to the sublattice (K × {0M}) ∪ ({1K} ×M) of the direct

product K ×M . Therefore, for every variety W of lattices and any two finite lattices K and M ,

if K,M ∈ W, then K ∔ M ∈ W. (3.8)

Lemma 2 of [10] asserts that for finite lattices L1, . . . , Lt,

cd(L1 ∔ · · · ∔ Lt) = cd(L1) · · · cd(Lt). (3.9)

5Alternatively, by (3.8) and (3.13) in the paper mentioned in Footnote 2, or by known facts: Con(L) is distribu-
tive; D ∼= (Idl(Ji(D);≤) for each finite distributive lattice D; and Ji(Con(L)) = {con(u∗, u) : u ∈ Ji(L)} for every
finite lattice L.

6Alternatively, it also follows from (3.8) and (3.13) of the paper mentioned in Footnote 2.
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In particular, since cd(D) = 1 for any finite chain D by Freese [13] or, more directly, by [10,

Theorem 1(A)], we have for a finite chain C and a finite lattice L that

cd(L ∔ C) = cd(C ∔ L) = cd(L). (3.10)

If S is a sublattice of a finite lattice L and there are sublattices S0, . . . , St of L such that S0 = S,

St = L, and for all i ∈ {1, . . . , t}, Si−1 ⊆ Si and |Si\Si−1| = 1, then we say that L is a dismantlable

extension of S. It is proved in [11] that for finite lattices L and S,

if L is a dismantlable extension of S, then cd(L) ≤ cd(S). (3.11)

For a finite lattice L, an element of L is called a narrows if it is comparable with every element of

L. The set of narrows of L is denoted by Nar(L). If (a, b) is an edge of L (that is, if a ≺ b) and

a, b ∈ Nar(L), then (a, b) is called a gluing edge of L. The remaining edges are called non-gluing

edges. For an element w in L, let {x ∈ L : x ≤ w} and {x ∈ L : x ≥ w} be denoted by idl(w)

and fil(w), or, to indicate the lattice, by idlL(w) and filL(w), respectively. Now if (a, b) is a gluing

edge of L, then L decomposes as L = idl(a) ∔ [a, b] ∔ fil(b). Denote idl(a) ∔ fil(b) by Col(L; a, b);

we say that Col(L; a, b) is obtained from L by collapsing the gluing edge (a, b). The point is that

the middle glued-sum summand [a, b] is the two-element chain. Therefore, using either (3.10)

repeatedly or (3.9), we obtain that

cd(L) = cd(idl(a) ∔ [a, b] ∔ fil(b)) = cd(idl(a)) · cd([a, b]) · cd(fil(b))

= cd(idl(a)) · cd(fil(b)) = cd(idl(a) ∔ fil(b)) = cd(Col(L; a, b)).
(3.12)

After collapsing all gluing edges, one by one in an arbitrary order, we obtain the core of L, which

is denoted by Cor(L). The following lemma follows from (3.12), and it is implicit in [10, Lemma

3]7.

Lemma 3.1. For each finite lattice L, the edges of Cor(L) are exactly the non-gluing edges of L.

Furthermore, cd(L) = cd(Cor(L)).

The one-point extension Ext1(L; (u, v)) of a finite lattice L at an edge (u, v) of L is defined to be

L ∪ {x} such that x /∈ L, u ≺ x ≺ v in Ext1(L; (u, v)), and x is both meet- and join-irreducible in

Ext1(L; (u, v)). In other words, we obtain the diagram of Ext1(L; (u, v)) by inserting a new vertex

on the edge from u to v in the diagram of L. That is, the old edge (u, v) is replaced by two new

edges, (u, x) and (x, v) in Ext1(L; (u, v)). As the diagram determines the lattice, the following

folklore lemma, taken from Grätzer [15, Lemma 290], is essentially immediate.

7It is similarly implicit in (3.1) of the paper mentioned in Footnote 2.
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Lemma 3.2 (Grätzer [15]). For each edge (u, v) of a finite lattice L, Ext1(L; (u, v)) is a lattice

and L is a sublattice of it. Furthermore, Ext1(L; (u, v)) is a dismantlable extension of L.

4 Five preparatory lemmas

Let e1 = (u1, v1), . . . , et = (ut, vt) be an enumeration of the edges of a finite lattice L. Denote

this enumeration by π. Let s = (s1, . . . , st) ∈ N0
t be a t-tuple of non-negative integers. Repeat

the one-point extension s1 + · · ·+ st times so that first we insert s1 new elements (in other words,

vertices) on the edge e1 in the diagram of L, then s2 new elements on the edge e2, . . . , and finally st

new elements on the edge et. Let MExt(L, π; s) denote the poset that we obtain in this way; we call

it the multi-point extension of L with parameters π and s. For r = (r1, . . . , rt) and s = (s1, . . . , st)

in N0
t, r ≤ s means that ri ≤ si for all i ∈ {1, . . . , t}.

Lemma 4.1. MExt(L, π; s) defined above is a finite lattice, and it is a dismantlable extension

of L. Furthermore, if r, s ∈ N0
t with r ≤ s, then MExt(L, π; s) is a dismantlable extension of

MExt(L, π; r).

Proof. To add s1 new vertices on the edge e1, we apply the one-point extension s1 times. So let

L0 := L and w1,0 := u1. For i ∈ {1, . . . , s1}, let Li := Ext1(Li−1; (w1,i−1, v1)), and let w1,i be the

new vertex. That is w1,i is the only element of Li \ Li−1.

In Ls1 , all the s1 new vertices appear on the (original) edge of L. We proceed similarly for the sec-

ond edge of L. Namely, let w2,0 := u2. For i ∈ {1, . . . , s2}, let Ls1+i := Ext1(Ls1+i−1; (w2,i−1, v2)),

and let w2,i be the new vertex.

Then we continue with the edge e3, and so on. Finally, we arrive at Ls1+···+st = MExt(L, π; s).

It follows from a repeated use of Lemma 3.2 that, for all j ∈ {1, 2, . . . , s1 + · · · + st}, Lj and

MExt(L, π; s) are lattices and Lj is a “one-step” dismantlable extension of Lj−1.

The sublattices Lj witness that MExt(L, π; s) is a dismantlable extension of L. Clearly, if r ≤ s,

then we can reach MExt(L, π; s) from MExt(L, π; r) by one-point extensions (in zero steps when

r = s). Therefore MExt(L, π; s) is a dismantlable extension of MExt(L, π; r), completing the proof

of Lemma 4.1.

Remark 4.2. The lattices L and MExt(L, π; s) do not determine π and s. For example, if L =

B4, the four-element Boolean lattice, then any choice of π and every s ∈ {(1, 0, 0, 0), (0, 1, 0, 0),

(0, 0, 1, 0), (0, 0, 0, 1)} yield N5, the five-element non-modular lattice.

For k ∈ N+ with k ≥ 3, let Mk denote the (k + 2)-element lattice that consists of k pairwise

incomparable elements a1, . . . , ak, a bottom element u, and a top element v. In other words, Mk

is the (k + 2)-element modular lattice of length 2.
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Lemma 4.3. For 3 ≤ k ∈ N+, let the Mk described above be a sublattice of a finite lattice L such

that u ≺L ai for i ∈ {1, . . . , k}. That is, the lower k edges of Mk are also edges of L, but the upper

k edges need not be. Then cd(L) ≤ 2−k.

Proof. For i ∈ {1, . . . , k}, pick a minimal element bi ∈ idl(ai) \ idl(u). If bi had two distinct lower

covers x and y, then x and y would belong to idl(u) by the minimality of bi, and therefore x ∨ y

would also belong to idl(u), contradicting x ∨ y = bi /∈ idl(u). Hence bi ∈ Ji(L). Using u ≺ ai

and bi∗ ≺ bi together with bi ≰ u and bi∗ ≤ u, it follows that [bi∗, bi] and [u, ai] are transposed

intervals. Hence (3.1) and the equality ai = bi ∨ u yield, respectively, that

conL(bi∗, bi) = conL(u, ai) for i ∈ {1, . . . , k} and |{b1, . . . , bk}| = k. (4.1)

Next, for i ∈ {1, . . . , k}, pick an element ci ∈ L such that ai ≤ ci ≺ v. For distinct i, j ∈ {1, . . . , k},
we have aj ≰ ci, since otherwise v = ai ∨ aj ≤ ci ∨ ci = ci would be a contradiction. Hence

ci < aj ∨ ci ≤ v and ci ≺ v yield aj ∨ ci = v. Similarly, u ≤ aj ∧ ci < aj and u ≺ aj imply

aj ∧ ci = u. Thus [u, aj ] and [ci, v] are transposed intervals. Therefore (3.1) gives that

for any two distinct i, j ∈ {1, . . . , k}, conL(u, aj) = conL(ci, v). (4.2)

For any two distinct i, j ∈ {1, . . . , k}, we can pick a t ∈ {1, . . . , k} \ {i, j}. Applying (4.2) first

for i and t and then for t and j, we obtain that con(u, ai) = con(ct, v) = con(u, aj). Hence

conL(u, a1) = · · · = conL(u, ak). Combining this chain of equalities with (3.3) and the first half

of (4.1), it follows that b1 =∗L b2 =∗L . . . =∗L bk. Hence B := Ji(L) \ {b2, . . . , bk} satisfies (3.5).

Furthermore, by the second half of (4.1), v ∈ Jr(L), and the equality |Ji(L)| = |L| − 1 − |Jr(L)|,
we have that |Ji(L)| ≤ |L| − 1− 1 = |L| − 2 and that

|B| = |Ji(L)| − (k − 1) ≤ |L| − 2− (k − 1) = |L| − 1− k.

This inequality and (3.6) imply that |Con(L)| ≤ 2|B| = 2|L|−1−k. Finally, dividing this inequality

by 2|L|−1, it follows that cd(L) ≤ 2−k, which completes the proof of Lemma 4.3.

For positive integers c, k1, . . . , kc, let R(k1, . . . , kc) be the smallest number n such that, no matter

how we color the edges of the n-element complete (simple, undirected) graph Kn with c colors

γ1, . . . , γc
8, there is an i ∈ {1, . . . , c} and a ki-element complete subgraph of Kn all of whose edges

have color γi. By Ramsey’s theorem [20],

R(k1, . . . , kc) is a positive integer; in particular, it exists. (4.3)

8Each edge of Kn has exactly one color, and some colors γi may remain unused.
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For an integer k ≥ 3, we introduce the following notation, with k − 1 copies of k on the right:

Rk−1(k) := R(k, k, . . . , k︸ ︷︷ ︸
k−1

). (4.4)

Lemma 4.4. For any integer k ≥ 3 and every finite lattice L, if an element of L has at least

Rk−1(k) covers, then cd(L) ≤ 2−k.

We suspect that the lemma holds under far weaker assumptions—perhaps even with only k covers.

It is, however, sufficient for our purposes and easy to prove.

Proof. Let L be as in the lemma, and denote Rk−1(k) by t. Then t ∈ N+ by (4.3). Obviously,

k ≤ t. Pick an element u ∈ L with at least t covers, and let a1, . . . , at be pairwise distinct covers

of u. Let H := {ai ∨ aj : 1 ≤ i < j ≤ t}; it is a subset of Jr(L). If |H| ≥ k, then |Jr(L)| ≥ k and

(3.7) yield the required equality cd(L) ≤ 2−k. Hence, we can assume that |H| < k. Thus there are

pairwise distinct elements h1, . . . , hk−1 ∈ L such that H ⊆ {h1, . . . , hk−1}. Let Kt be the t-element

complete graph with vertex set {a1, . . . , at}. We color the edges of Kt with h1, . . . , hk−1 as follows:

for 1 ≤ i < j ≤ t, the edge (ai, aj) has color ai ∨ aj . Note that unless |H| = k− 1, some colors are

unused. By the definition of the Ramsey number t = Rk−1(k), there is an s ∈ {1, . . . , k− 1} and a

k-element “monochromatic” complete subgraph {ap1
, . . . , apk

} such that for all 1 ≤ i < j ≤ k, the

edge (api
, apj

) has color hs. That is, api
∨ apj

= hs. Therefore, with (u, hs, ap1
, . . . , apk

) in place

of (u, v, a1, . . . , ak), Lemma 4.3 applies, and we conclude that cd(L) ≤ 2−k. The proof of Lemma

4.4 is complete.

For k ∈ N+ and k-tuples a = (a1, . . . , ak) and b = (b1, . . . , bk), let a ≤ b denote that ai ≤ bi for all

i ∈ {1, . . . , k}.

Lemma 4.5. Given an integer k ∈ N+, let s(1), s(2), s(3), . . . be an infinite sequence of k-tuples of

non-negative integers. Then there are i, j ∈ N+ such that i < j and s(i) ≤ s(j).

Proof. We prove the lemma by induction on k. The statement is trivial for k = 1. So assume that

k ≥ 2 and that the lemma holds for all smaller values. For the sake of contradiction, we assume

that there is an infinite sequence

s(1) = (s
(1)
1 , . . . , s

(1)
k ), s(2) = (s

(2)
1 , . . . , s

(2)
k ), s(3) = (s

(3)
1 , . . . , s

(3)
k ), . . . (4.5)

of non-negative integers such that

s(i) ≰ s(j) for all i, j with i < j. (4.6)
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For j ∈ {1, . . . , k}, define Tj := {s(i)j : i ∈ N+}. We claim that at least one out of T1, . . . , Tk

is infinite. Suppose the contrary. Then, for all i ∈ N+, the k-tuple s(i) belongs to the finite set

T1 × T2 × · · · × Tk. Hence there are i, j ∈ N+ such that i < j and s(i) = s(j), contradicting (4.6).

Therefore, Tj is infinite for some j ∈ {1, . . . , k}. By symmetry, we may assume that this j is k, that

is, Tk is infinite. To define a subsequence of the sequence in (4.5), let m1 := 1. Since Tk is infinite,

there is a smallest m2 ∈ N+ such that m1 < m2 and s
(m1)
k < s

(m2)
k . Again, since Tk is infinite,

there is a smallest m3 ∈ N+ such that m2 < m3 and s
(m2)
k < s

(m3)
k . And so on; if mj is already

defined, then mj+1 ∈ N+ is the smallest integer such that mj < mj+1 and s
(mj)
k < s

(mj+1)
k . To

ease the notation, we may replace the original sequence by the subsequence s(m1), s(m2), s(m3), . . . ;

(4.6) remains valid. Thus, due to this replacement, we may assume that in addition to (4.6), the

sequence s(1), s(2), s(3), . . . has the additional property

s
(1)
k < s

(2)
k < s

(3)
k < s

(4)
k < . . . (4.7)

By letting ŝ(i) := (s
(i)
1 , . . . , s

(i)
k−1), we obtain a sequence ŝ(1), ŝ(2), ŝ(3), . . . of (k − 1)-tuples. Com-

bining (4.6) with (4.7), it follows that this sequence of (k − 1)-tuples also satisfies (4.6). This

contradicts the induction hypothesis and completes the proof of Lemma 4.5.

Note that the proof above was motivated by the well-known fact that the direct power (N0
k;≤)

has neither an infinite strictly decreasing sequence nor an infinite antichain; an antichain is a poset

consisting of pairwise incomparable elements.

A chain H = (H;≤) is a well-ordered set if each of its non-empty subsets has a (uniquely defined)

smallest element. For a subset H of R, we say that H is a well-ordered subset of R if (H;≤), where

“≤” is the restriction of the usual ordering ≤R of the real numbers, is a well-ordered set. The

following easy lemma belongs to the folklore; its parts9 are at exercise level; we include a short

proof for completeness.

Lemma 4.6. Assume that H ̸= ∅ is a well-ordered subset of R. Then |H| ≤ |Cls(H)| ≤ ℵ0, and

Cls(H) is also a well-ordered set. Furthermore, every element of Acc(H) is a left accumulation

point but not a right accumulation point of H.

Proof. For r ∈ R, let next(r) ∈ H be the smallest element h ∈ H such that r < h; if there is no

such element, then next(r) := ∞. For any r ∈ R, (r,next(r))R ∩H = ∅, whence r is not a right

accumulation point. Therefore H has no right accumulation point.

Denoting the smallest element of H by h0, observe that h0 ≤ x for every x ∈ Acc(H). To show

that Cls(H) = H ∪ Acc(H) is also well-ordered, assume that ∅ ̸= X ⊆ Cls(H). For the sake of

contradiction, suppose that X has no smallest element. Let u ∈ R denote the infimum of X; since
9We found two examples; see https://people.math.harvard.edu/~elkies/Misc/sol6.html and

https://math.stackexchange.com/questions/1983425/there-is-no-well-ordered-uncountable-set-of-real-numbers.

https://people.math.harvard.edu/~elkies/Misc/sol6.html
https://math.stackexchange.com/questions/1983425/there-is-no-well-ordered-uncountable-set-of-real-numbers
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h0 ≤ x holds for all x ∈ X, this infimum exists. As X has no smallest element, u /∈ X. For

each n ∈ N+, pick an element pn ∈ (u, u + 1/n)R ∩X, and define hn ∈ H as follows. If pn ∈ H,

then hn := pn. Otherwise pn ∈ Acc(H), and we pick hn ∈ H from (u, u + 1/n)R, which is a

neighborhood of pn. Since hn ∈ (u, u+ 1/n)R in both cases, u is a right accumulation point of H,

but this has been excluded. Therefore, Cls(H) is a well-ordered subset of R.

For each r ∈ R, we define next′(r) ∈ Cls(H) as the smallest element c ∈ Cls(H) with r < c; we let

next′(r) = ∞ if no such c exists. For each x ∈ Cls(H), pick a rational number qx ∈ (x,next′(x)). If

x, y ∈ Cls(H) with x < y, then qx < next′(x) ≤ y < qy, whence the function x 7→ qx from Cls(H)

to Q is injective. Thus |H| ≤ |Cls(H)| ≤ |Q| = ℵ0, completing the proof of Lemma 4.6.

5 Skeleton sublattice

For an element w of a finite lattice L, let the following

LoCov(w) = LoCovL(w) := {x ∈ L : x ≺ w} and

UpCov(w) = UpCovL(w) := {x ∈ L : w ≺ x}

denote the set of lower covers and the set of (upper) covers of w, respectively. The number

|LoCov(w)| of lower covers and the number |UpCov(w)| of (upper) covers of w are denoted by

nlc(w) and nuc(w), respectively. We may also write nlcL(w) and nucL(w) to indicate the lattice

L.

The skeleton sublattice Skel(L) of a finite lattice L is defined by

Skel(L) := Jr(L) ∪ Mr(L) ∪
⋃

x∈Jr(L)

LoCov(x) ∪
⋃

x∈Mr(L)

UpCov(x). (5.1)

This terminology is explained by the fact that

Skel(L) is a sublattice of L. (5.2)

Indeed, if x, y ∈ Skel(L) are comparable, then x ∨ y and x ∧ y both belong to {x, y} ⊆ Skel(L).

If x, y ∈ Skel(L) are incomparable, then x ∧ y ∈ Mr(L) ⊆ Skel(L) and x ∨ y ∈ Jr(L) ⊆ Skel(L).

Hence (5.2) holds.

We define the reducibility number of a finite lattice L by

rno(L) :=
∑

x∈Jr(L)

(nlc(x) + 1) +
∑

x∈Mr(L)

(nuc(x) + 1). (5.3)
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The following lemma is a straightforward consequence of (5.1) and (5.3).

Lemma 5.1. For every finite lattice L, we have |Skel(L)| ≤ rno(L).

For a finite lattice L with 1 ∈ Jr(L) and 0 ∈ Mr(L), we have 0, 1 ∈ Skel(L). Therefore, for each

x ∈ L, the meet and the join in the following definition are non-empty;
∧

X is the same as
∧

u∈X u,

and dually. We define

xup :=
∧(

Skel(L) ∩ filL(x)
)

and xdn :=
∨(

Skel(L) ∩ idlL(x)
)
.

Clearly, xup is the smallest element in Skel(L) ∩ filL(x), and dually. Furthermore,

xup, xdn ∈ Skel(L), xdn ≤ x ≤ xup, and x ∈ Skel(L) ⇐⇒ xdn = xup. (5.4)

For a lattice L, let Edge(L) := {(u, v) ∈ L : u ≺L v} denote the edge set of L.

Lemma 5.2. If L is a finite lattice with 0 ∈ Mr(L) and 1 ∈ Jr(L), then

L =
⋃

(u,v)∈Edge(Skel(L))

[u, v]L (5.5)

and for any edge (u, v) ∈ Edge(Skel(L)), the interval [u, v]L is a chain.

Proof. Denote the right-hand side of (5.5) by T . For brevity, let S stand for Skel(L). Clearly,

L ⊇ T and S ⊆ T . So to verify (5.5), it suffices to show that for every x ∈ L \ S, we have x ∈ T .

For an element x ∈ L\S, let u := xdn and v := xup. Then, by (5.4) and x /∈ S, we have u < x < v.

So, to show that x ∈ T , it suffices to show that u ≺S v. Suppose the contrary, and pick an element

w ∈ S such that u < w < v. If we had x ≤ w, then v = xup ≤ w would contradict w < v.

Similarly, w ≤ x would yield w ≤ xdn = u < w, a contradiction again. Thus w ∥ x (notation for

incomparability), and x < w ∨ x ∈ Jr(L) ⊆ S. Hence v = xup ≤ w ∨ x. But w ∨ x ≤ v, whence

v = w ∨ x ∈ Jr(L), and thereby LoCovL(v) ⊆ S. Since x < v, there exists a y ∈ LoCovL(v) such

that x ≤ y. Using y ∈ S, we obtain that v = xup ≤ y ≺L v. This is a contradiction, proving

u ≺S v and (5.5).

Next, aiming at a contradiction, suppose that u ≺S v but [u, v]L is not a chain. Pick x, y ∈ [u, v]L

such that x ∥ y. Then u < x∨y ≤ v, x∨y ∈ Jr(L) ⊆ S, and u ≺S v imply v = x∨y ∈ Jr(L). Hence

LoCovL(v) ⊆ S. Thus x < v yields an element z such that x ≤ z ∈ LoCovL(v) ⊆ S. Therefore

u < x ≤ z < v and z ∈ S contradict u ≺S v. Thus [u, v]L is a chain, completing the proof of

Lemma 5.2.



470 G. Czédli CUBO
28, 3 (2026)

Lemma 5.3. For a finite lattice L, let u and v be the smallest and the largest element of Skel(L),

respectively. Let K denote the interval [u, v]L. Then the lattice K has the following properties:

0K ∈ Mr(K), 1K ∈ Jr(K), and cd(K) = cd(L).

Proof. If we had elements x ∈ idlL(u) and y ∈ L such that x ∥ y, then u > x∧y ∈ Mr(L) ⊆ Skel(L)

would contradict the fact that u is the smallest element of Skel(L). Thus idlL(u) ⊆ Nar(L) and

idlL(u) is a chain. By duality, filL(v) ⊆ Nar(L) and filL(v) is also a chain. Collapsing the edges of

these two chains, one by one, we obtain K = [u, v]L. It follows from (3.12) that cd(K) = cd(L).

Since u ∈ idlL(u) ⊆ Nar(L), u /∈ LoCovL(x) for x ∈ Jr(L) and u /∈ UpCovL(y) for y ∈ Mr(L).

Furthermore, u /∈ Jr(L), since otherwise LoCovL(u) ⊆ Skel(L) would contradict the definition of

u. Therefore (5.1) yields that u ∈ Mr(L). For any p ∈ UpCovL(u), the inclusion UpCovL(u) ⊆
Skel(L) implies p ≤ v, whence p ∈ [u, v]L = K. Thus UpCovL(u) ⊆ UpCovK(u), implying that

0K = u ∈ Mr(K). Dually, 1K ∈ Jr(K), completing the proof of Lemma 5.3.

The following lemma follows directly from Lemma 5.2, so we omit its proof.

Lemma 5.4. For a finite lattice L with 0 ∈ Mr(L) and 1 ∈ Jr(L), let S := Skel(L). Then there

exists an enumeration π of Edge(S) and an |Edge(S)|-tuple s of non-negative integers such that

L = MExt(S, π; s).

The integer part max{k ∈ Z : k ≤ x} of an x ∈ R is denoted by ⌊x⌋. For p ∈ (0, 1]R, we also use

the notation introduced in (4.4) to define

k(p) := ⌊log2(1/p)⌋+ 3 and f(p) := 2k(p) ·
(
Rk(p)−1(k(p)) + 1

)
.

Armed with several of the facts established so far, we can now prove the following lemma.

Lemma 5.5. For each positive real number p ≤ 1 and every finite lattice L, the inequality cd(L) ≥
p implies |Skel(L)| ≤ f(p).

Proof. For the sake of contradiction, suppose the contrary, and pick a positive p ≤ 1 and a finite

lattice L such that cd(L) ≥ p but |Skel(L)| > f(p). Then rno(L) > f(p) by Lemma 5.1. To ease the

notation, let k := k(p), and observe that 2−k < p. Furthermore, let Σ1 and Σ2 denote the first sum,

subscripted by x ∈ Jr(L), and the second sum, subscripted by x ∈ Mr(L), in (5.3). The inequality

rno(L) > f(p) = 2k · (Rk−1(k) + 1) yields that Σ1 > k · (Rk−1(k) + 1) or Σ2 > k · (Rk−1(k) + 1).

By duality, we may assume that Σ1 > k · (Rk−1(k) + 1). Thus the number of summands of Σ1 is

larger than k or one of the summands is larger than Rk−1(k) + 1. In the first case, |Jr(L)| > k,

whence (3.7) and 2−k < p imply cd(L) ≤ 2−|Jr(L)| ≤ 2−k < p, a contradiction. In the second case,

nlc(x) + 1 > Rk−1(k) + 1 for some x ∈ Jr(L), that is, nlc(x) > Rk−1(k). This inequality, k ≥ 3,
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and the dual of Lemma 4.4 imply cd(L) ≤ 2−k < p, a contradiction again. The proof of Lemma

5.5 is complete.

6 The semimodular case

Lemma 6.1. If L is a finite semimodular lattice such that 0 ∈ Mr(L) and 1 ∈ Jr(L), then

Cor(L) = Cor(Skel(L)).

Proof. Let S := Skel(L). We show first that for every edge (u, v) of S,

if {u, v} ⊈ Nar(L), then [u, v]L = [u, v]S = {u, v}. (6.1)

For the sake of contradiction, suppose that (6.1) fails, and pick an edge (u, v) of S that witnesses

this failure. So {u, v} ⊈ Nar(L) but [u, v]L ̸= {u, v}. Pick a minimal element x from [u, v]L\{u, v},
that is, x ∈ L with u ≺ x < v. The non-subscripted relational symbol ≺ in the proof is understood

in L, and the covering in S is denoted by ≺S .

Case 1: We assume that v /∈ Nar(L). Pick an element b ∈ L with b ∥ v. Clearly, b ≰ u.

Subcase 1a: We assume that u ≤ b, in addition to b ∥ v. In fact, u < b, since u = b

would violate b ∥ v. Since u ≤ b ∧ v < v, b ∧ v ∈ Mr(L) ⊆ S, and u ≺S v, we obtain

b ∧ v = u. Pick an element c ∈ L such that u ≺ c ≤ b. If x were equal to c, then

u = b ∧ v ≥ c ∧ x = x would be a contradiction. Thus c and x are distinct covers of u

in L, and so y := c ∨ x ∈ Jr(L) ∈ S. Since L is semimodular, x = x ∨ u ⪯ x ∨ c = y.

In fact, x ≺ y, as x ̸= y. This covering relation and x < v rule out that v < y. Since

y ≤ v would lead to c ≤ b ∧ y ≤ b ∧ v = u, a contradiction, we have y ≰ v. Therefore

v ∥ y, whence v > v ∧ y ∈ Mr(L) ⊆ S. The membership v ∧ y ∈ S together with

u < x ≤ v ∧ y < v contradicts u ≺S v. Consequently, Subcase 1a cannot occur.

Subcase 1b: We assume that u ∥ b, in addition to b ∥ v. Let d := b ∧ v. Since d ≥ u would

yield b ≥ u, a contradiction, either d ∥ u or d < u.

For the sake of contradiction, suppose that d ∥ u. Then d ∧ u < u, and we may pick an

element y ∈ L such that d ∧ u ≺ y ≤ d. Since u ≤ y would lead to u ≤ d and y ≤ u to

y ≤ d ∧ u, we have u ∥ y. Hence u < u ∨ y ≤ u ∨ d ≤ v. Since u ∨ y ∈ Jr(L) ⊆ S, we

obtain from u < u ∨ y ≤ v and u ≺S v that u ∨ y = v. Thus, by semimodularity and

d ∧ u ≺ y, we have u = u ∨ (d ∧ u) ⪯ u ∨ y = v, which contradicts u < x < v.

Therefore d ∦ u, and we have d < u. We also have d < b (as b ∥ v), whence we can

pick an element z with d ≺ z ≤ b. We have z ≰ v, since otherwise z ≤ b ∧ v = d would

contradict d ≺ z. Hence x ∨ z ≰ v. Since x = x ∨ d ⪯ x ∨ z by semimodularity and



472 G. Czédli CUBO
28, 3 (2026)

x < v, we cannot have v < x∨ z. Thus v ∥ x∨ z, whence v∧ (x∨ z) ∈ Mr(L) ⊆ S. Thus

u < x ≤ v ∧ (x ∨ z) < v contradicts u ≺S v and rules out Subcase 1b. Moreover, Case

1 is also ruled out.

Case 2: We assume that u /∈ Nar(L). Pick an element e ∈ L such that u ∥ e. Since Case 1 is

already excluded and so v ∈ Nar(L), we obtain that e ≤ v. As u ∥ e, we may pick an element

w ∈ L such that e ∧ u ≺ w ≤ e. Since u ≤ w would lead to u ≤ e while w ≤ u to w ≤ e ∧ u,

we have u ∥ w. Hence u < u ∨ w ∈ Jr(L) ⊆ S. Furthermore, u ∨ w ≤ v ∨ e ≤ v. Combining

u < u ∨ w ≤ v with u ≺S v and u ∨ w ∈ S, we obtain that u ∨ w = v. By semimodularity,

u = u ∨ (e ∧ u) ⪯ u ∨ w = v. This contradicts u < x < v and excludes Case 2.

All cases of the indirect assumption have been excluded. Therefore, we have proved (6.1).

Next, we show that

Nar(S) = Nar(L) ∩ S. (6.2)

Since S is a sublattice of L, the inclusion Nar(S) ⊇ Nar(L) ∩ S is obvious. To show the converse

inclusion, let x ∈ Nar(S). Then x ∈ S. To show that x ∈ Nar(L), assume that y ∈ L. By Lemma

5.2, there is an edge (u, v) of S such that y ∈ [u, v]L. If u = x or v = x, then x ∦ y is clear.

Hence we may assume that x /∈ {u, v} = [u, v]S . Since x ∈ Nar(S), x ∦ u and x ∦ v. Hence either

x < u < v and x ≤ y, or u < v < x and y ≤ x, whence x ∦ y again. This proves the converse

inclusion and (6.2).

For a gluing edge (u, v) of S, let {x1, . . . , xk−1} := [u, v]L\{u, v}. Since this set is a chain by Lemma

5.2, we may choose the subscripts so that x0 := u ≺L x1 ≺L x2 ≺L · · · ≺L xk−1 ≺L xk := v. We

claim that

[xi−1, xi] is a gluing edge of L, for all i ∈ {1, . . . , k}. (6.3)

To see this, it suffices to show that xi ∈ Nar(L) for all i ∈ {0, 1, . . . , k}. We may assume that

i ∈ {1, . . . , k − 1}, since x0 = u ∈ Nar(S) ⊆ Nar(L) and xk = v ∈ Nar(L) by (6.2). Let y ∈ L.

If y ∈ [u, v]L, then xi ∦ y follows from the fact that [u, v]L is a chain by Lemma 5.2. Assume

y /∈ [u, v]L. Since y ∦ u and y ∦ v by u, v ∈ Nar(S) ⊆ Nar(L)—see (6.2)—, either y ≤ u or y ≥ v,

whence either y ≤ xi or y ≥ xi, and so xi ∦ y again. We have shown the validity of (6.3).

If (u, v) is a non-gluing edge of S, then u /∈ Nar(S) or v /∈ Nar(S), whence (6.2) implies that

{u, v} ⊈ Nar(L) . Thus (6.1) yields that for every non-gluing edge (u, v) of S, [u, v]L = [u, v]S and

(u, v) is a non-gluing edge of L. This fact, (5.5), and (6.3) yield that we obtain L from S in the

following way: we keep the non-gluing edges of S, which are also kept when constructing Cor(S)

and Cor(L), and we turn every gluing edge into one or more gluing edges, which are collapsed

when forming the cores. Therefore, Cor(L) = Cor(S), completing the proof of Lemma 6.1.
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Lemma 6.2. For each positive real number p, the set

Hp := {cd(L) : L is a finite semimodular lattice and cd(L) ≥ p}

is finite.

Proof. Assume that 0 < p ∈ R. For each r ∈ Hp, pick a finite semimodular lattice Lr of minimum

size such that cd(Lr) = r. Observe that 0 ∈ Mr(Lr) and 1 ∈ Jr(Lr), since otherwise Lemma 5.3,

applied to Lr, would yield a smaller semimodular lattice with the same congruence density. By

r ∈ Hp, we have that cd(Lr) = r ≥ p. Thus Lemma 5.5 gives that |Skel(Lr)| ≤ f(p).

Let Kr := Cor(Skel(Lr)). Since |Cor(T )| ≤ |T | for every finite lattice T , we have that |Kr| ≤
|Skel(Lr)|, whence |Kr| ≤ f(p). By Lemma 6.1, Cor(Lr) = Kr. Thus, applying Lemma 3.1,

r = cd(Lr) = cd(Cor(Lr)) = cd(Kr). Since r was an arbitrary member of Hp, it follows from

r = cd(Kr) and |Kr| ≤ f(p) that each element of Hp is the congruence density of an at most

f(p)-element lattice. Since there are only finitely many such lattices, we conclude the validity of

Lemma 6.2.

7 The rest of the proofs

We are now in the position to prove the main result.

Proof of Theorem 1.1. To prove part (a1) by way of contradiction, suppose that it fails. Since

1 ∈ SCD, witnessed by any finite chain, and SCD is closed under multiplication by (3.9), SCD is

a monoid. Hence, by Lemma 5.3 and the failure of (a1), there exists an infinite sequence L1, L2,

L3, . . . of finite lattices such that

0 < p := cd(L1) < cd(L2) < cd(L3) < cd(L4) < . . . (7.1)

and, for all n ∈ N+, 0Ln
∈ Mr(Ln) and 1Ln

∈ Jr(Ln). (7.2)

We know from Lemma 5.5 that |Skel(Ln)| ≤ f(p) for all n ∈ N+. Up to isomorphism, there are

only finitely many at most f(p)-element lattices. Hence there exists a finite lattice S such that

S ∼= Skel(Ln) holds for infinitely many n ∈ N+. Ruling out every Ln with S ≇ Skel(Ln) from

the sequence (7.1), the sequence remains infinite. Therefore we may assume (after re-indexing the

remaining elements) that Skel(Ln) = S for all n ∈ N+.

Fix a permutation π of Edge(S). For each n ∈ N+, Lemma 5.4 together with (7.2) yields an

|Edge(S)|-tuple s(n) ∈ N0
|Edge(S)| such that Ln = MExt(S, π; s(n)). By Lemma 4.5, there exist

i, j ∈ N+ such that i < j and s(i) ≤ s(j). The second part of Lemma 4.1 yields that Lj =
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MExt(S, π; s(j)) is a dismantlable extension of Li = MExt(S, π; s(i)). Thus (3.11) implies cd(Li) ≥
cd(Lj), contradicting (7.1) and thereby proving part (a1).

To prove part (a2), let k ∈ N+ with k ≥ 5. Take the four-element Boolean lattice B4, pick a

permutation π of Edge(B4), let s := (k − 4, 0, 0, 0), and define Nk := MExt(B4, π; s). Note that

Nk does not depend on π, that |Nk| = k, and that N5 has its usual meaning, the five-element non-

modular lattice. Let t := k − 3. Then Nk consists of a maximal chain 0 ≺ a1 ≺ a2 ≺ · · · ≺ at ≺ 1

and a common complement b of each of a1, . . . , at.

For i ∈ {1, . . . , t − 1}, let Θi ∈ Con(Nk) be the congruence whose blocks are {a1, . . . , ai},
{ai+1, . . . , at}, {0}, {b}, and {1}. Since Θ1∧· · ·∧Θt−1 is the least congruence 0Con(Nk) of Nk and,

for each i ∈ {1, . . . , t− 1}, Nk/Θi
∼= N5,

Nk is a subdirect power of N5. (7.3)

Now let W be a variety containing a non-modular lattice. Since N5 is a sublattice of this lattice

by Dedekind’s modularity criterion, N5 ∈ W. Thus (7.3) yields that for all k ∈ N+ with k ≥ 5,

Nk ∈ W; we only need this fact for k ≥ 8. We know from [10, Theorem 2(iii)] that cd(Nk) =

(8 + 3/2k−7)/64 for all k ∈ N+ satisfying k ≥ 8.

It is trivial, and we know from [4] or [10, Theorem 1(B)], that cd(B4) = 1/2. Define

Lk,n = Nk ∔ B4 ∔ B4 ∔ B4 ∔ · · · ∔ B4︸ ︷︷ ︸
n glued-sum summands

. (7.4)

Since Nk ∈ W and B4
∼= C2 × C2 ∈ W, we obtain from (3.8) and (7.4) that Lk,n ∈ W for all

n ∈ N+ and 8 ≤ k ∈ N+. Applying (3.9) to (7.4), we obtain that

cd(Lk,n) =
(
(8 + 3/2k−7)/64

)
· (1/2)n = 2−(n+3) + 3/2n+k−1.

Hence, for each fixed n ∈ N+, limk→∞ cd(Lk,n) = 2−(n+3). Thus, for each n ∈ N+, 2−(n+3) ∈
Acc(SCD(W)). Therefore, |Acc(SCD(W))| ≥ ℵ0.

To obtain the converse inequality, observe that SCD(W) ⊆ SCD. Therefore, since SCD is a dually

well-ordered subset of R by part (a1), so is SCD(W). Consequently, by the dual of Lemma 4.6,

|Acc(SCD(W))| ≤ |Cls(SCD(W))| ≤ ℵ0. We have proved part (a2) of the theorem.

To prove part (a3), observe that all finite chains are semimodular. Hence 1 = cd(C2) ∈ SCD(S)
and, furthermore, (1.3) and (1.4) imply cd(S, L) = cd(L) for every finite L ∈ S. It is straight-

forward to see that whenever K and L are finite semimodular lattices, then so is K ∔ L.

Thus (3.9) implies that SCD(S) is a submonoid of SCD. As before, B4 := C2 × C2. Since
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1/2 = cd(B4) ∈ SCD(S), and SCD(S) is closed under products, (1/2)n ∈ SCD(S) for all

n ∈ N+. Thus 0 = limn→∞(1/2)n ∈ Acc(SCD(S)). Seeking a contradiction, suppose that

0 < p ∈ Acc(SCD(S)). Lemma 6.2 implies that Hp/2 = {cd(L) : L ∈ S, cd(L) ≥ p/2, and

L is finite} is a finite set. This contradicts p ∈ Acc(SCD(S)), proving part (a3). The proof of

Theorem 1.1 is complete.

Remark 7.1. The proof of (a3) above is based on Lemma 6.2, whose proof is based on Lemma 6.1.

Thus, comparing parts (a2) and (a3) of Theorem 1.1, we see that the assumption of semimodularity

cannot be removed from the lemmas in Section 6.

Proof of Corollary 1.2. Let W be a non-trivial variety of lattices. It follows from 1 = cd(C2) ∈
SCD(W), (3.8), and (3.9) that SCD(W) is a submonoid of SCD, so SCD(W) is closed under

products. Hence 2−n = cd(B4)
n ∈ SCD(W) for all n ∈ N+, whence |SCD(W)| ≥ ℵ0. Since SCD

is dually well-ordered with respect to R by Theorem 1.1(a1) and SCD(W) ⊆ SCD, we obtain that

SCD(W) is also dually well-ordered with respect to R. (7.5)

Hence the dual of Lemma 4.6 yields |SCD(W)| ≤ |Cls(SCD(W))| ≤ ℵ0. Combining this with

|SCD(W)| ≥ ℵ0, established earlier, we have proved part (b1).

The dual of Lemma 4.6, together with (7.5), also yields that Cls(SCD(W)) is dually well-ordered

with respect to R. Since SCD(W) is a monoid by the previous paragraph and multiplication in

R is continuous, it follows that Acc(SCD(W)) and Cls(SCD(W)) are closed under multiplication.

These facts, together with 1 ∈ SCD(W) ⊆ Cls(SCD(W)), imply that Cls(SCD(W)) is a dually

well-ordered monoid with respect to R, that Acc(SCD(W)) is a subsemigroup of it, and that

SCD(W) is a submonoid of it. Finally, since 1/2 = cd(B4) and therefore all its powers belong to

SCD(W), we have 0 = limn→∞(1/2)n ∈ Acc(SCD(W)). We have proved part (b2).

Since 0 ∈ Acc(SCD(W)), we know that |Acc(SCD(W))| ≥ 1. Assume that |Acc(SCD(W))| >
1, and pick a number p ∈ Acc(SCD(W)) \ {0}. If 1, which is the largest possible congru-

ence density, belonged to Acc(SCD(W)), then SCD(W)—and hence Cls(SCD(W))—would con-

tain an infinite strictly increasing sequence tending to 1, which would contradict (b2). Thus

p /∈ {0, 1}, and the powers pn (n ∈ N+) are distinct elements of the semigroup Acc(SCD(W)).

Hence |Acc(SCD(W))| ≥ ℵ0. The converse inequality follows from (b1) and Acc(SCD(W)) ⊆
Cls(SCD(W)). Therefore |Acc(SCD(W))| = ℵ0, and we have proved part (b3).

It is well known that every finite modular lattice is semimodular; see, for example, Grätzer [17,

Lemma 2.21]. Therefore (b4) follows from (a2) and (a3) of Theorem 1.1, and the proof of Corollary

1.2 is complete.
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Proof of Corollary 1.3. By Lemma 1.2(b2), 0 ∈ Acc(V(L)). Hence “exactly one” and “at most one”

are equivalent, and Corollary 1.2(b4) implies Corollary 1.3.

Proof of Corollary 1.5. As in (7.5), SCD(W) is dually well-ordered with respect to R. Thus the

dual of the second half of Lemma 4.6 implies Corollary 1.5.

Proof of Corollary 1.4. Let W := V(L). Then L is modular if and only if W ⊆ M. By Corollary

1.2(b1)–(b2), SCD(W) is infinite and it is dually well-ordered with respect to R. The order type

of an infinite well-ordered set (T ;≤) is ω if and only if {x ∈ T : x < u} is finite for every u ∈ T .

Thus, by duality and because of SCD(W) ⊆ (0, 1]R, the order type of SCD(W) is ω∗ if and only if

for every u ∈ SCD(W), (u, 1]R ∩ SCD(W) is finite. (7.6)

Therefore, by Corollary 1.2(b4), we need to show that SCD(W) has exactly one accumulation point

if and only if (7.6) holds. Equivalently, since 0 ∈ Acc(SCD(W)) by Lemma 1.2(b2), it suffices to

show that

SCD(W) has a positive accumulation point ⇐⇒ (7.6) fails. (7.7)

To verify the “⇐” part of (7.7), assume that (7.6) fails. Pick an element u ∈ SCD(W) such that

(u, 1]R∩SCD(W) is infinite. Then [u, 1]R contains infinitely many elements from SCD(W), whence

it contains an accumulation point d of SCD(W). Since u ∈ SCD(W), we have that 0 < u ≤ d.

Thus SCD(W) has a positive accumulation point. This proves the “⇐” part of (7.7).

To verify the “⇒” part, let p be a positive accumulation point of SCD(W). By Corollary 1.5, p is a

right accumulation point. Hence (p, 1]R∩SCD(W) is infinite. Since 0 is also an accumulation point

of SCD(W), there exists an element u ∈ SCD(W) such that 0 < u < p. As (p, 1]R ∩ SCD(W) ⊆
(u, 1]R ∩ SCD(W), the set (u, 1]R ∩ SCD(W) is also infinite. Hence (7.6) fails, and we have shown

the “⇒” part of (7.7). Thus (7.7) holds, and the proof of Corollary 1.4 is complete.
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