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ABSTRACT

The quotient of two gamma functions has the following

known asymptotic expansion:

I'(z + a) abs= [a—b (a—b+1) —k
T(@+b) 7 kzzo( K )Bk (a)x (z — ),

where B,(:)(ac) denotes the generalized Bernoulli polyno-
mials. In this article, without using these generalized
Bernoulli polynomials B,(c")(oc), we present two asymp-
totic expansions and a recurrence relation for determin-

ing the coefficients of each asymptotic expansion related
I'(z+a)
T'(xz+b)

to the quotient of two gamma functions. Let
n/2
Qn = 7;7, n e N
L(3+1)

be the volume of the unit ball in R™. We establish a
Qn—l W
O ©
also present a complete monotonicity property for the

sharp two-sided inequality for the quotient

Nielsen’s S-function, which extends a known result due
to Matejicka.
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RESUMEN

El cociente de dos funciones gamma tiene la siguiente expan-

sion asintotica conocida

Ll@ta) o i (“ - b) B (a)z™* (- o0),

k
k=0

donde B,(cu)(x) denota los polinomios generalizados de
Bernoulli. En este articulo, sin usar estos polinomios gene-
ralizados de Bernoulli B,iy) (), presentamos dos expansiones
asintoéticas y una relacion de recurrencia para determinar los

coeficientes de cada expansion asintotica relacionada con el

cociente 11:((21‘;)) de dos funciones gamma. Sea,
n/2
O o= 77; , meN
L(z+1)

el volumen de la bola unitaria en R™. Establecemos una
desigualdad 6ptima a ambos lados para el cociente Qg—"_l
También presentamos una propiedad de monotonia compléta
para la funcién S de Nielsen, que extiende un resultado cono-

cido de Matejicka.

Keywords and Phrases: Gamma function, Digamma (or psi) function, Asymptotic expansions, Inequalities,

Completely monotonic functions.
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1 Introduction and preliminaries

The gamma function I'(z) is defined for x > 0 by

I(z) = /000 t"te7tdt (z>0).

The logarithmic derivative of I'(x), given by

P(x) = digc{lnf(x)} = 1;‘/((5)) or InT(z)= /j (1) dr,

is called the psi (or digamma) function. The functions /) (z) (k € N:={1,2,3,...}) are called
polygamma functions (see, for details, [15,22,39]).

The quotient of two gamma functions has the following known asymptotic expansion (see, for

example, [38, p. 141]):

Peta) o (a0 R R
T(z+b) ka_O( i )Bk (@)z™" (z = o0), (1.1)

where B,(:)(x) denotes the generalized Bernoulli polynomial defined by

o0

t\ ., by, 1R
(et_1) e-fzzB,g)(x)H (It] < 2m).

k=0

Firstly, in the present paper, we give a recurrence relation for determining the coefficients of =% in

the expansion (1.1) without the help of the generalized Bernoulli polynomials B,(CV) (x) (see Theorem

3.2). By, := B,(0) are the Bernoulli numbers.

For n € N, we let

7.(.71/2

r(2+1)

n T

be the volume of the unit ball in R™. Several interesting properties of the volume €2,, of the unit ball
in R™ have been reported by a number of researchers. For example, the monotonicity properties
of Q,, can be found in [4,5,8,20,21]. For various sharp inequalities involving §2,,, the reader may
consult [1,2,6,9,11,13,23,26-28,43,44]. In particular, Alzer [1| proved that, for n € N,

n+a2<Qn_1 n+b2
2T Q. or

[IA

(1.2)
with the best possible constants as and by given by

1 T
a2:§ and b2:§—1:0.5707‘...
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The two-sided inequality (1.2) refines a result due to Borgwardt [9, p. 253], who proved (1.2) for
as =0 and by = 1. Mortici [27, Theorem 3] obtained the following inequality:

n+% n+%
27 27

Qn1 1
< . < +167m (n e N), (1.3)

which improves the right-hand side of (1.2). Ban and Chen [6, Theorem 3.1] improved (1.3) and

obtained the following two-sided inequality:

+1 1 Qe +1 1
\/” 2 4 < 1<\/n 2 4 (neN), (1.4)

27 16m(n + 1) n 27 167 (n + 93)

with the best possible constants given by

13— d4x 1

H 12 0.7656283... and vy = ok

Secondly, in the present paper, we establish a sharp two-sided inequality for 95*1 (see Theorem

4.1), which improves the inequalities (1.4).

Gautschi [19] proved that the harmonic mean of I'(z) and I'(1/x) is greater than or equal to 1,
that is,

2 ()l (1/x)

—F(x) T(/a) 21 for x>0, (1.5)

with equality if x = 1. Similarly, Alzer and Jameson [3]| proved that

2(x)yp(1/x)

m 2 —y for x>0, (1.6)

with equality if = 1. Here y is the Euler-Mascheroni constant given by

v = 0.5772156649 . ...

The Nielsen’s S-function 5(z) is defined in [37, p. 16] by

- () @) [ o o

Many properties of the Nielsen’s S-function S(x) have been reported by several works (see, for

example, [7,29-35,37,45,46]. Inspired by the inequalities in (1.5) and (1.6), Nantomah [34] con-

jectured that
26(x)B(1/x)

St A Sh2 @>0) (1.7)
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with equality if « = 1. Subsequently, Matejicka [25] and Nantomah [36] proved this conjecture
(1.7) to be true. Matejicka’s proof used the following inequality (see [25, Lemma 1]):

2(8'(2)) - B'(@)B(z) >0 (x> 0). (18)

By using (1.8), Nantomah [36] provided a simple proof of the inequality (1.7). In fact, in his
above-cited work, Matejicka [25, Eq. (12)] had pointed out that, in order to establish (1.8), it is

sufficient to show that
2 Ba) - %@’(:c) _B'@)>0 (x> 0) (1.9)

-
Thirdly, in the present paper, we prove that the function M (x) given by

M(@) = = —p() - =6/ () — 5'(2) (1.10)

x2

is completely monotonic on (0,00) (see Theorem 5.1). As a consequence of Theorem 5.1, the

inequality (1.9) is obtained.

A function f is said to be completely monotonic on an interval I if it has derivatives of all orders

on I and satisfies the following inequality:
(=1)"f™ () >0 for zel and neNy:=NU{0}. (1.11)

Dubourdieu [18, p. 98] pointed out that, if a non-constant function f is completely monotonic
on I = (a,00), then strict inequality holds true in (1.11) (see also [42] for a simpler proof of this

result).

The numerical values, which we have given in this article, were computed by using the computer

program MAPLE 11.

2 A set of lemmas

In this section, we present the following lemmas which will be needed in the derivations of our

main results.

Lemma 2.1 (see [12, p. 520, Corollary 1]). Let m,n € N. Then for x > 0,
2m .

1 232j (2.7 +n— 2)' n (n—1) (n—1) 1 (n - 1)'
Z <1 - 22]) (2j)!  x%tn—1 <(=D" (¥ (x+1) =1 T+ 3 + pye

j=1
! L 1) 2By (2 +n—2)! o1
= Z} "9 ) @) et 21)
p
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In particular, we deduce from (2.1) that, for > 0,

1 1 1 1 17 31

9r 822 | G4zt 12828 T 204825 2048710

1 1 1 1 1 17
1) — - — - — — - . (2.2
<Y+l -y <$+ 2) <2: 82t oaet 12800 T 20as (2P
We obtain from the right-hand side of inequality (2.2) that for = 1,
1 2 1 1 1 1 17 2
- 1 - S (. - 2.3
Y+t (I+ 2) LT <2x 822 T Gdat 12845 2048x8> Ty @9
25620 — 1282° — 322* + 6423 + 1622 — 68z — 17
= > 0.(2.4)
204828 (4z + 1)
Lemma 2.2. Forz > 0, let
Qoz_1
o T 1
V)= = TEXD (2.5)
T T(erd)yerd
where
7.‘,1:/2
I(%2+1)
Then, for x = 2,
1 1 1 1 5 11 31
_ 14 1 — . 2.6
64x2 1283 <Vie) <1+ 64x2 1283 * 81924 + 819225 + 52428816 (2:6)

Proof. Here we only prove the right-hand side of inequality (2.6), the proof of the left-hand side
of inequality (2.6) is analogous. The right-hand side of inequality (2.6) is obtained by considering
the function U(z) defined, for x = 2, by

U(z) zlnl"(:(;+1)—ln1"(g[;+1> 1 (Hl)

2) 2 4
VYR S SR S | SR
6422  1282° ' 8192z ' 819225 ' 52428826 ) °
Differentiating U(x) and applying the left-hand side of (2.2), we obtain
1 2 2(8192x* — 61442° + 64022 + 1760z + 93)

U'(z) = 1) — ~) -

@) =vl+1)-¢ <x * 2> Jr + 1 ' 2(52428825 1 819207 — 409627 + 32022 1 704z 1 31)

11 1 1 17 31 2

7 9z 822 | G4zt 12820 | 204825 2048710 Az +1
2(8192z* — 61442° + 64022 + 1760z + 93)
(52428826 + 8192z — 409623 + 32022 + 704z + 31)
_ Py(z —2)
T 2048210 (4z + 1)(524288%5 + 81922* — 409623 + 32022 + 704z + 31)’
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where

Py(x) = 11058246099 + 584678427602 + 131458931639z + 1670856060122°
+1332877003042* +695261280642° +237853309122° +51560549122 " +6434183682°+35237888z”.

We then obtain U’(z) > 0 for x = 2. Hence, U(x) is strictly increasing for x = 2, and we have

Ul)< lmU({#)=0 (z=2).

t—o00 -

This means that the inequality (2.6) holds true for « = 2. The proof of Lemma 2.2 is thus
completed. O

Remark 2.3. Computer experiments suggest that the two-sided inequality (2.6) is valid for x > 0.

3 Asymptotic expansions for the quotient of two

gamma functions

Our first main result is stated as Theorem 3.1 below.

Theorem 3.1. As x — oo, the following asymptotic expansion holds true:

Clz+a) o S A -
mwx bexp(%)\kx k) (z — 00), (3.1)

where the coefficients M\ are given by the following recurrence relation:

(a—b)(a+b—1)

A1 = 5 and
k—1
(_1)k+1 gkl _ pk+1 _ (a _ b) . k
A = 1) X, k=2. .2
¥ k k+1 T WAy Jor k= (32)

Proof. Upon setting
B Iz +a) =
P(z) =n (x—br(xm) and - Q(r) = kzzlﬁ’

noting that

2 32
AP:P(z+1)—p(x):_$+..., AQ=Q(z+1)—Q(z) = -2 +...,

we can let AP ~ AQ as x — oo, where A\, are real numbers to be determined.
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By direct computation, we get

AP:ln(1+;>—ln<1+z>—(a—b)ln<1+;>

Again, by direct computation, we get

k=1 k=1 k=1 j=0
oo oo oo k
_ AL j k+7-1\y 1 _ k—j k—1 —k
=SS (M) S e () e
k=1 j=0 k=1 | j=1
We thus find that
0o k . k 1
AQ =) <D (—1)F7 N (k ) —Ap g oz k (3.4)
k=2 | j=1

Now, upon equating the coefficients of 2% on the right-hand sides of (3.3) and (3.4), we have

(=1)Fta* —b* — (a —b)] B k » E—1 _k71 y k—1
k —Z::(—l)k )\j(k_j)_)\k—Z(—l)k )\j(k_j) (k= 2)

j=1 j=1

and

where (and elsewhere in this paper) an empty sum is understood to be zero.

For k = 2, we obtain
(a—b)(a+b—1)

A = 5

Also, for k = 3, we have

1k | aF — bk — (0 — k=2 , _
- et ey

Jj=1

which can be written precisely as (3.2). This evidently completes the proof of Theorem 3.1. O
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By making use of (3.2), we list the first few coefficients \; as follows:

M =g la—b)a+b-1),
1

Ao =15 [(a —b)(2a® — 3a + 2ab — 3b+2b° + 1)],

Az = 1% [(a=b)(a+b—1)(a®> —a—b+b%)],

Ay = —% [(a — b)(6a* — 15a® + 6a°b + 10a® — 15ab + 6a°b* 4 10ab — 15ab® + 6ab® + 100>
—15b° + 6b* — 1)],

s = 6710 [((a=b)(a+b—1)(2a* — 4a® + a® — 2a®b + 2a°b* + 2ab — 2ab> + a + b+ b* — 4b® + 2b)],

and so on. In particular, by setting (a,b) = (3,1) in (3.1), we get

1
5 1 1 1 1
72)~—exp ——t——————+... (x — 00). (3.5)
MNz+1) x 8z 19223 64025

Theorem 3.2 below gives a recurrence relation for determining the coefficients of =% in the ex-
pansion (1.1) without the help of the generalized Bernoulli polynomials B,(:)(x). The proof of
Theorem 3.2 is based instead upon the Bell polynomials. The Bell polynomials, named in honor
of Eric Temple Bell (1883-1960), are a triangular array of polynomials given by (see, for example,
Comtet [16, pp. 133-134], Cvijovié¢ [17] and Masjed-Jamei et al. [24])

B n! TU\I1 [ X9 T2 Tn o1 Jn—k+1
Bustonsas o) = X g () (5) - ()

where the sum is taken over all non-negative integers ji1, j2, Js, - - - , Jn—k+1 such that

N+jo+Fin-r1=Fk and ji+2ja+--+n—k+1)jn_rr1 =n.

The following sum:

n

Bn(l‘l,l‘g, T3, ... ,xn) = Bn,k(xla T2, T3, ... ,xn_k_H)
k=1

is sometimes called the nth complete Bell polynomial. These complete Bell polynomials satisfy

the following identity:
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vy ("Nr2 ("pDes (3w e

-1 I ("THae (w3 - o e

0 -1 R (e P T2
By(w1, 2,23, ...20) = | g 0 1 :c1 s (3.6)

0 0 0 -1 Tp—4

0 0 0 0 e =1 T

In order to contrast them with the complete Bell polynomials, the polynomials B, ; defined above
are sometimes called partial Bell polynomials. The complete Bell polynomials appear in the expo-

nential of a formal power series:

) oo
exp (Z % u”) = Z —Bn(xl’n'" 2 %n) u”. (3.7)

n=1 n=0
The Bell polynomials are quite general in nature and they have been found in many applications
in combinatorics. In his monograph, Comtet [16] devoted much to a thorough presentation of the
Bell polynomials in the chapter on identities and expansions. For more results, see the work by
Charalambides [10], which is cited in [17, Section 1], and the work of Riordan [40], which is used
in [24].

Theorem 3.2. As x — oo, the following asymptotic expansion holds true:

I‘(x—i—a) a—b = e d
Tz 1b) x jgo & (3.8)

with the coefficients p; given by the recursion formula:

j—1 .
j—Y .
po=1, pj=> e Aj—epe  (J EN), (3.9)
=0

where the coefficients Ay, are given in (3.2).

Proof. Tt follows from (3.1) and (3.7) that

(z — 00),

RS

I(z+a) N IPVEN =
z®~b T'(z + b) P ; gl i JZ:%
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where
Bi(1 20,20 Ay, 3

J!

= (3.10)

Bulo et al. [41, Theorem 1] proved that the complete Bell polynomials can be expressed by using

the following recurrence relation:

n—1
n—1
Z( ’ )xnng(xl,xg,...,xg) (n>0)

Bn(xlaan"'7xn) - /=0 (311)
1 (otherwise).
Therefore, by employing (3.11), the formula (3.10) can be rewritten as follows:
po=1 and

14

j,Z( > j— o) )\j_ng(ll)\l,%/\g,...,E!)\g)

1 i1 j—1

= Z ( > J=OWj—ellpe = Z — Nj—epe, JEN.
= =0

This completes the proof of Theorem 3.2. O

Remark 3.3. We can calculate the coefficients p; in (3.8) by using the formulas (3.10) and (3.6).
We thus find that

WA ("7H20 A ("3t (MFhA A e n! Ay
-1 A ("2 ()3 A5 o e (n— 1) A
0 -1 Ua ("2 e (n=2) A
MF% 0 0 . WAL o s (=3 Ay |- 312)
0 0 0 -1 R (R | I W
0 0 0 0 | 11\

The representation using a recursive algorithm for the coefficients p; in (3.9) is more practical for

numerical evaluation than the expression in (3.12).

By using (3.9), we give the first few coeflicients 11; as follows:

NJO:]-v

_(a—Db)(a+b—1)
M1 = D) )
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(a—b)(a+b—1)(3a® — Ta + 6ab — 5b + 3b* + 2)

H2 = 24 )
(a—b)la—b—1)(a—b—2)(a+b—1)(a® - 3a+ 2ab—b+b?)
H3 = )
48
1
pa=ges(a=b)la—b-1)(a-b-2)(a—b- 3)(15a* — 90a® + 60ab — 210a?b
+90a?b? 4 12502 + 110ab — 18a — 150ab® + 60ab® — 306> + 15b* + 18b — 8 + 5b%),
1
s = 11520(a —b)(a—b—1)(a—b—-2)(a—b—3)(a—b—4)(a+b—1)(3a* —22a*

+12ab 4 33a® — 46ab + 18a2b? + 6ba — 26ab® + 10a + 12ab> — 7% + 6b — 2b° + 3b%).

In particular, upon setting (a,b) = (%, 1) in (3.8), we have

L(z+13) 1 1 1 5 21 399
—2~ —(1-—+ + = — . — +--- (3.13)
D(z+1) z 8r ' 128x2 ' 102423  32768x*  262144a5

as r — OQ.

Remark 3.4. The Wallis quotient, which is defined for every integer n € N by (see [14])

@n—-1I  T(n+3)
2n)!  al(n+1)’

has many applications in pure and applied mathematics. Herein we employ the special double

factorial notation as follows:

2n)'=2-4-6---(2n) = 2"nl,
@2n—1N=1-3-5---(2n—1) =7 Y22"T(n+ 1),
=1, (=)I=1.

Upon replacement of x by n in (3.5) and (3.13), we get the following asymptotic expansions for

the Wallis quotient (2(27—1)1!?!!:

@n—1I 1 L, L
~ X [ - e
et~ an TP\ T8 T 19208 T 64005

and

@n-1 1 < 1 1 5 21 399 )

el "~ 8n T 12802 T 1024n% 327680 | 26214410

as n — 00.
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. . . Q,_
4 A sharp two-sided inequality for Q—nl

It is easy to see that

anl o

r(5+1) o
0 VG .

The asymptotic expansion of the quotient in (4.1) follows immediately from the well-known ex-

pansion (1.1). Hence we obtain the expansion

TV (1) ()

n 1 1 5 21 399
=4/— 1+ —+ - - +
4n

2m 32n2  128n3  2048n*  8192n°
869 39325 334477
+ 6 7 g T (4.2)
65536m 262144n 8388608n
as n — co. Formula (4.2) was given by Mortici [28, Theorem 8§].
By using the computer program MAPLFE 11, we find that
Q -1 n+ % L
N 1 16 — 00).
Q, 2 * n?+n+ % (n = o0)
This fact motivated us to establish Theorem 4.1.
Theorem 4.1. For n € N| the following two-sided inequality holds true:
n+1i - 1 PRUS n+1 - 1 (4.3)
2 16n2 + 16n + « Q. = 2 16n2+16n+8)"° ’

where the constants o and B3, given by

2 — 32V
o= x and B = 99 —92vdn = 10.86931539. ..

V3m—3
are the best possible.

Proof. If we write (4.3) as follows:

a>x, 2 [,
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where
1 2 1 2
Tn = —5— — (16n° + 16n) = NCESY — (16n° + 16n),
On -
ol 1 \/ﬁr(%*‘%)
27r2
we find that
S 99 — 3237
YT \Br-3
and
li = li . 16n? + 16
= M gy (eI
F+i0(3+3)
1
= lim — (16n* + 16n }
nee { o ~ Tons + 51907 T 35605 T g0 + O(n77) ( )
27 1 27
= 1 nkd — ) \==L
s o ()} =3
This limit is obtained by using the asymptotic expansion (4.2) and some computation.
In order to prove Theorem 4.1, it suffices to show that the sequence {z,} is strictly increasing for
n 2 1. The monotonicity property of {z,} is obtained by considering the function f(z) defined by
flz) = v (16(2m)2 + 16(2x)) =—
V) -1
2z _ 1
21+%
27
where V() is given as in (2.5).

— (16(22)* + 16(22)),
(V(z) = 1)*f'(x)

Now, differentiating f(z) and applying (2.6) as well as the right-hand side of (2.3), we obtain

V() — (128x + 32)(V(z) — 1)?

V(x) {—z/}(;v +1) + 9 (x + ;) + 42J — (1282 + 32)(V (z) — 1)?
” (1 + 641332 - 12;;&) (
— (128z + 32) ( L

1

25625 — 1282° — 322 + 6423 + 1622 — 68z — 17
6422

204828 (4x + 1)
5
P(;(l‘ — 5)

11 31
12827 | 819221 | 819225 | 52428849
 8589934592212(4x + 1)’

:
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where

Ps(x) = 79340860039 + 2719389746802 + 2222615076962% + 817377638402°
+ 155508633602 4 15010037762° + 583925762°.

We thus obtain f'(z) > 0 for z = 5. Hence, f(z) is strictly increasing for © = 5. We then find that
the sequence {z,} = {f(n/2)} is strictly increasing for n = 10.

Direct computation would yield

21 =10.8693..., xo=12.0729..., x3=12.6295..., mx4=12.9222...,
25 =13.0919..., x6=13.1978..., x7=13.2680..., mxg=13.3171...,
T = 13.3517..., x10=13.3773....

Hence, the sequence {z,} is strictly increasing for n = 1. The proof of Theorem 4.1 is thus

completed. O

5 Completely monotonic properties and inequalities for Nielsen’s

beta function

In this section, we establish the following result.

Theorem 5.1. The function M(x), defined by (1.10), is completely monotonic on (0,00).

Proof. By using the following representations:

oo 67:675
_ 1
s = [ (1)
and
m! * m ,—xt
e :/0 " e dt (5.2)

for x > 0 and m € Ny as well as the convolution theorem for the Laplace transform, we have
M(z) = —2/ te~ ™t dt/ w(t)e ™t dt + 4/ et dt/ tw(t)e " dt — / t2w(t)e ™ dt
0 0 0 0 0

= -2 /OOO </0tw(u)(t — u) du) et dt+4/000 (/Ot uw(u) du) e "t dt — /OOO t2w(t)e™ "t dt

= /OO A(t)e ™ dt, (5.3)
0
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where

)\(t):—Q/O w(u)(t — ) du+4/0 weo(u) du — £2u(t)
= — twu u tuwu u — 2UJ
—2t/0()d+6/0 (u) du — £2u(t)

and

w(t)zl—etil (t>0).

Differentiation of A\(t) yields
¢
N(t) = —2/ w(u) du + 2tw(t) — 12 W' (t)
0

and o i
/\N(t) N w”(t) _ t"e (e — 1)
(e +1)°

>0 (¢>0).
Hence, X' (t) is strictly increasing for ¢ > 0, and we have
N(t)>N(0)=0 (t>0).

Therefore, A(t) is strictly increasing for ¢ > 0, which implies that
A(t) > A0)=0 ¢>0.
Finally, from (5.3), we obtain
(="M (z) = /000 At)t" e ™™ dt >0 (z>0; n€Ny),
which completes the proof of Theorem 5.1. O

One reviewer suggested that the function M seems to be completely monotonic of order 2, meaning

that 22M (z) is completely monotonic.
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