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ABSTRACT

The quotient of two gamma functions has the following
known asymptotic expansion:

Γ(x+ a)

Γ(x+ b)
∼ xa−b

∞∑
k=0

(
a− b

k

)
B

(a−b+1)
k (a)x−k (x → ∞),

where B
(ν)
k (x) denotes the generalized Bernoulli polyno-

mials. In this article, without using these generalized
Bernoulli polynomials B

(ν)
k (x), we present two asymp-

totic expansions and a recurrence relation for determin-
ing the coefficients of each asymptotic expansion related
to the quotient Γ(x+a)

Γ(x+b)
of two gamma functions. Let

Ωn :=
πn/2

Γ
(
n
2
+ 1
) , n ∈ N

be the volume of the unit ball in Rn. We establish a
sharp two-sided inequality for the quotient Ωn−1

Ωn
. We

also present a complete monotonicity property for the
Nielsen’s β-function, which extends a known result due
to Matejíčka.
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RESUMEN

El cociente de dos funciones gamma tiene la siguiente expan-
sión asintótica conocida

Γ(x+ a)

Γ(x+ b)
∼ xa−b

∞∑
k=0

(
a− b

k

)
B

(a−b+1)
k (a)x−k (x → ∞),

donde B
(ν)
k (x) denota los polinomios generalizados de

Bernoulli. En este artículo, sin usar estos polinomios gene-
ralizados de Bernoulli B(ν)

k (x), presentamos dos expansiones
asintóticas y una relación de recurrencia para determinar los
coeficientes de cada expansión asintótica relacionada con el
cociente Γ(x+a)

Γ(x+b)
de dos funciones gamma. Sea

Ωn :=
πn/2

Γ
(
n
2
+ 1
) , n ∈ N

el volumen de la bola unitaria en Rn. Establecemos una
desigualdad óptima a ambos lados para el cociente Ωn−1

Ωn
.

También presentamos una propiedad de monotonía completa
para la función β de Nielsen, que extiende un resultado cono-
cido de Matejíčka.

Keywords and Phrases: Gamma function, Digamma (or psi) function, Asymptotic expansions, Inequalities,

Completely monotonic functions.

2020 AMS Mathematics Subject Classification: 33B15, 41A60, 26D07, 26A48.
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1 Introduction and preliminaries

The gamma function Γ(x) is defined for x > 0 by

Γ(x) =

∫ ∞

0

tx−1e−t dt (x > 0).

The logarithmic derivative of Γ(x), given by

ψ(x) :=
d

dx
{ln Γ(x)} =

Γ′(x)

Γ(x)
or ln Γ(x) =

∫ x

1

ψ(τ) dτ,

is called the psi (or digamma) function. The functions ψ(k)(x) (k ∈ N := {1, 2, 3, . . . }) are called

polygamma functions (see, for details, [15, 22,39]).

The quotient of two gamma functions has the following known asymptotic expansion (see, for

example, [38, p. 141]):

Γ(x+ a)

Γ(x+ b)
∼ xa−b

∞∑
k=0

(
a− b

k

)
B

(a−b+1)
k (a)x−k (x→ ∞), (1.1)

where B(ν)
k (x) denotes the generalized Bernoulli polynomial defined by

(
t

et − 1

)ν

ext =

∞∑
k=0

B
(ν)
k (x)

tk

k!
(|t| < 2π).

Firstly, in the present paper, we give a recurrence relation for determining the coefficients of x−k in

the expansion (1.1) without the help of the generalized Bernoulli polynomials B(ν)
k (x) (see Theorem

3.2). Bn := Bn(0) are the Bernoulli numbers.

For n ∈ N, we let

Ωn :=
πn/2

Γ
(
n
2 + 1

)
be the volume of the unit ball in Rn. Several interesting properties of the volume Ωn of the unit ball

in Rn have been reported by a number of researchers. For example, the monotonicity properties

of Ωn can be found in [4, 5, 8, 20, 21]. For various sharp inequalities involving Ωn, the reader may

consult [1, 2, 6, 9, 11,13,23,26–28,43,44]. In particular, Alzer [1] proved that, for n ∈ N,

√
n+ a2
2π

<
Ωn−1

Ωn
≦

√
n+ b2
2π

, (1.2)

with the best possible constants a2 and b2 given by

a2 =
1

2
and b2 =

π

2
− 1 = 0.5707 . . . .
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The two-sided inequality (1.2) refines a result due to Borgwardt [9, p. 253], who proved (1.2) for

a2 = 0 and b2 = 1. Mortici [27, Theorem 3] obtained the following inequality:√
n+ 1

2

2π
<

Ωn−1

Ωn
<

√
n+ 1

2

2π
+

1

16πn
(n ∈ N), (1.3)

which improves the right-hand side of (1.2). Ban and Chen [6, Theorem 3.1] improved (1.3) and

obtained the following two-sided inequality:√
n+ 1

2

2π
+

1

16π(n+ ϑ1)
≦

Ωn−1

Ωn
<

√
n+ 1

2

2π
+

1

16π(n+ ϑ2)
(n ∈ N), (1.4)

with the best possible constants given by

ϑ1 =
13− 4π

4π − 12
= 0.7656283 . . . and ϑ2 =

1

2
.

Secondly, in the present paper, we establish a sharp two-sided inequality for Ωn−1

Ωn
(see Theorem

4.1), which improves the inequalities (1.4).

Gautschi [19] proved that the harmonic mean of Γ(x) and Γ(1/x) is greater than or equal to 1,

that is,

2Γ(x)Γ(1/x)

Γ(x) + Γ(1/x)
≧ 1 for x > 0, (1.5)

with equality if x = 1. Similarly, Alzer and Jameson [3] proved that

2ψ(x)ψ(1/x)

ψ(x) + ψ(1/x)
≧ −γ for x > 0, (1.6)

with equality if x = 1. Here γ is the Euler-Mascheroni constant given by

γ = 0.5772156649 . . . .

The Nielsen’s β-function β(x) is defined in [37, p. 16] by

β(x) =
1

2

[
ψ

(
x+ 1

2

)
− ψ

(x
2

)]
=

∫ ∞

0

e−xt

1 + e−t
dt (x > 0).

Many properties of the Nielsen’s β-function β(x) have been reported by several works (see, for

example, [7, 29–35, 37, 45, 46]. Inspired by the inequalities in (1.5) and (1.6), Nantomah [34] con-

jectured that
2β(x)β(1/x)

β(x) + β(1/x)
≦ ln 2 (x > 0), (1.7)
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with equality if x = 1. Subsequently, Matejíčka [25] and Nantomah [36] proved this conjecture

(1.7) to be true. Matejíčka’s proof used the following inequality (see [25, Lemma 1]):

2
(
β′(x)

)2 − β′′(x)β(x) > 0 (x > 0). (1.8)

By using (1.8), Nantomah [36] provided a simple proof of the inequality (1.7). In fact, in his

above-cited work, Matejíčka [25, Eq. (12)] had pointed out that, in order to establish (1.8), it is

sufficient to show that

− 2

x2
β(x)− 4

x
β′(x)− β′′(x) > 0 (x > 0). (1.9)

Thirdly, in the present paper, we prove that the function M(x) given by

M(x) := − 2

x2
β(x)− 4

x
β′(x)− β′′(x) (1.10)

is completely monotonic on (0,∞) (see Theorem 5.1). As a consequence of Theorem 5.1, the

inequality (1.9) is obtained.

A function f is said to be completely monotonic on an interval I if it has derivatives of all orders

on I and satisfies the following inequality:

(−1)nf (n)(x) ≧ 0 for x ∈ I and n ∈ N0 := N ∪ {0}. (1.11)

Dubourdieu [18, p. 98] pointed out that, if a non-constant function f is completely monotonic

on I = (a,∞), then strict inequality holds true in (1.11) (see also [42] for a simpler proof of this

result).

The numerical values, which we have given in this article, were computed by using the computer

program MAPLE 11.

2 A set of lemmas

In this section, we present the following lemmas which will be needed in the derivations of our

main results.

Lemma 2.1 (see [12, p. 520, Corollary 1]). Let m,n ∈ N. Then for x > 0,

2m∑
j=1

(
1− 1

22j

)
2B2j

(2j)!

(2j + n− 2)!

x2j+n−1
< (−1)n

(
ψ(n−1)(x+ 1)− ψ(n−1)

(
x+

1

2

))
+

(n− 1)!

2xn

<

2m−1∑
j=1

(
1− 1

22j

)
2B2j

(2j)!

(2j + n− 2)!

x2j+n−1
. (2.1)
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In particular, we deduce from (2.1) that, for x > 0,

1

2x
− 1

8x2
+

1

64x4
− 1

128x6
+

17

2048x8
− 31

2048x10

< ψ(x+ 1)− ψ

(
x+

1

2

)
<

1

2x
− 1

8x2
+

1

64x4
− 1

128x6
+

17

2048x8
. (2.2)

We obtain from the right-hand side of inequality (2.2) that for x ≧ 1,

−ψ(x+ 1) + ψ

(
x+

1

2

)
+

2

4x+ 1
> −

(
1

2x
− 1

8x2
+

1

64x4
− 1

128x6
+

17

2048x8

)
+

2

4x+ 1
(2.3)

=
256x6 − 128x5 − 32x4 + 64x3 + 16x2 − 68x− 17

2048x8(4x+ 1)
> 0. (2.4)

Lemma 2.2. For x > 0, let

V (x) =

Ω2x−1

Ω2x√
2x+ 1

2

2π

=
Γ(x+ 1)

Γ
(
x+ 1

2

)√
x+ 1

4

, (2.5)

where

Ωx =
πx/2

Γ
(
x
2 + 1

) .
Then, for x ≧ 2,

1 +
1

64x2
− 1

128x3
< V (x) < 1 +

1

64x2
− 1

128x3
+

5

8192x4
+

11

8192x5
+

31

524288x6
. (2.6)

Proof. Here we only prove the right-hand side of inequality (2.6), the proof of the left-hand side

of inequality (2.6) is analogous. The right-hand side of inequality (2.6) is obtained by considering

the function U(x) defined, for x ≧ 2, by

U(x) = lnΓ(x+ 1)− ln Γ

(
x+

1

2

)
− 1

2
ln

(
x+

1

4

)
− ln

(
1 +

1

64x2
− 1

128x3
+

5

8192x4
+

11

8192x5
+

31

524288x6

)
.

Differentiating U(x) and applying the left-hand side of (2.2), we obtain

U ′(x) = ψ(x+ 1)− ψ

(
x+

1

2

)
− 2

4x+ 1
+

2(8192x4 − 6144x3 + 640x2 + 1760x+ 93)

x(524288x6 + 8192x4 − 4096x3 + 320x2 + 704x+ 31)

>
1

2x
− 1

8x2
+

1

64x4
− 1

128x6
+

17

2048x8
− 31

2048x10
− 2

4x+ 1

+
2(8192x4 − 6144x3 + 640x2 + 1760x+ 93)

x(524288x6 + 8192x4 − 4096x3 + 320x2 + 704x+ 31)

=
P9(x− 2)

2048x10(4x+ 1)(524288x6 + 8192x4 − 4096x3 + 320x2 + 704x+ 31)
,
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where

P9(x) = 11058246099 + 58467842760x+ 131458931639x2 + 167085606012x3

+133287700304x4+69526128064x5+23785330912x6+5156054912x7+643418368x8+35237888x9.

We then obtain U ′(x) > 0 for x ≧ 2. Hence, U(x) is strictly increasing for x ≧ 2, and we have

U(x) < lim
t→∞

U(t) = 0 (x ≧ 2).

This means that the inequality (2.6) holds true for x ≧ 2. The proof of Lemma 2.2 is thus

completed.

Remark 2.3. Computer experiments suggest that the two-sided inequality (2.6) is valid for x > 0.

3 Asymptotic expansions for the quotient of two

gamma functions

Our first main result is stated as Theorem 3.1 below.

Theorem 3.1. As x→ ∞, the following asymptotic expansion holds true:

Γ(x+ a)

Γ(x+ b)
∼ xa−b exp

( ∞∑
k=1

λk x
−k

)
(x→ ∞), (3.1)

where the coefficients λk are given by the following recurrence relation:

λ1 =
(a− b)(a+ b− 1)

2
and

λk =
(−1)k+1

k

ak+1 − bk+1 − (a− b)

k + 1
+

k−1∑
j=1

(−1)j λj

(
k

k − j + 1

) for k ≧ 2. (3.2)

Proof. Upon setting

P (x) = ln

(
Γ(x+ a)

xa−b Γ(x+ b)

)
and Q(x) =

∞∑
k=1

λk
xk
,

noting that

∆P = P (x+ 1)− P (x) = −a
2 − a− b2 + b

2x2
+ . . . , ∆Q = Q(x+ 1)−Q(x) = −λ1

x2
+ . . . ,

we can let ∆P ∼ ∆Q as x→ ∞, where λk are real numbers to be determined.
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By direct computation, we get

∆P = ln
(
1 +

a

x

)
− ln

(
1 +

b

x

)
− (a− b) ln

(
1 +

1

x

)
=

∞∑
k=2

(−1)k−1
[
ak − bk − (a− b)

]
k

x−k. (3.3)

Again, by direct computation, we get

∞∑
k=1

λk
(x+ 1)k

=

∞∑
k=1

λk
xk

(
1 +

1

x

)−k

=

∞∑
k=1

λk
xk

∞∑
j=0

(
−k
j

)
1

xj

=

∞∑
k=1

λk
xk

∞∑
j=0

(−1)j
(
k + j − 1

j

)
1

xj
=

∞∑
k=1


k∑

j=1

λj(−1)k−j

(
k − 1

k − j

)x−k.

We thus find that

∆Q =

∞∑
k=2


k∑

j=1

(−1)k−j λj

(
k − 1

k − j

)
− λk

 x−k. (3.4)

Now, upon equating the coefficients of x−k on the right-hand sides of (3.3) and (3.4), we have

(−1)k−1
[
ak − bk − (a− b)

]
k

=

k∑
j=1

(−1)k−j λj

(
k − 1

k − j

)
− λk =

k−1∑
j=1

(−1)k−j λj

(
k − 1

k − j

)
(k ≧ 2)

and

− ak − bk − (a− b)

k
=

k−1∑
j=1

(−1)j λj

(
k − 1

k − j

)
=

k−2∑
j=1

(−1)j λj

(
k − 1

k − j

)
+ (−1)k−1(k − 1)λk−1

(k ≧ 2),

where (and elsewhere in this paper) an empty sum is understood to be zero.

For k = 2, we obtain

λ1 =
(a− b)(a+ b− 1)

2
.

Also, for k ≧ 3, we have

λk−1 =
(−1)k

k − 1

ak − bk − (a− b)

k
+

k−2∑
j=1

(−1)j λj

(
k − 1

k − j

) ,

which can be written precisely as (3.2). This evidently completes the proof of Theorem 3.1.
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By making use of (3.2), we list the first few coefficients λk as follows:

λ1 =
1

2
[(a− b)(a+ b− 1)] ,

λ2 = − 1

12

[
(a− b)(2a2 − 3a+ 2ab− 3b+ 2b2 + 1)

]
,

λ3 =
1

12

[
(a− b)(a+ b− 1)(a2 − a− b+ b2)

]
,

λ4 = − 1

120

[
(a− b)(6a4 − 15a3 + 6a3b+ 10a2 − 15a2b+ 6a2b2 + 10ab− 15ab2 + 6ab3 + 10b2

− 15b3 + 6b4 − 1)
]
,

λ5 =
1

60

[
(a− b)(a+ b− 1)(2a4 − 4a3 + a2 − 2a2b+ 2a2b2 + 2ab− 2ab2 + a+ b+ b2 − 4b3 + 2b4)

]
,

and so on. In particular, by setting (a, b) =
(
1
2 , 1
)

in (3.1), we get

Γ
(
x+ 1

2

)
Γ(x+ 1)

∼ 1√
x

exp

(
− 1

8x
+

1

192x3
− 1

640x5
+ . . .

)
(x→ ∞). (3.5)

Theorem 3.2 below gives a recurrence relation for determining the coefficients of x−k in the ex-

pansion (1.1) without the help of the generalized Bernoulli polynomials B(ν)
k (x). The proof of

Theorem 3.2 is based instead upon the Bell polynomials. The Bell polynomials, named in honor

of Eric Temple Bell (1883–1960), are a triangular array of polynomials given by (see, for example,

Comtet [16, pp. 133–134], Cvijović [17] and Masjed-Jamei et al. [24])

Bn,k(x1, x2, . . . , xn−k+1) =
∑ n!

j1! j2! . . . jn−k+1!

(x1
1!

)j1 (x2
2!

)j2
. . .

(
xn−k+1

(n− k + 1)!

)jn−k+1

,

where the sum is taken over all non-negative integers j1, j2, j3, . . . , jn−k+1 such that

j1 + j2 + · · ·+ jn−k+1 = k and j1 + 2j2 + · · ·+ (n− k + 1)jn−k+1 = n.

The following sum:

Bn(x1, x2, x3, . . . , xn) =

n∑
k=1

Bn,k(x1, x2, x3, . . . , xn−k+1)

is sometimes called the nth complete Bell polynomial. These complete Bell polynomials satisfy

the following identity:
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Bn(x1, x2, x3, . . . , xn) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x1
(
n−1
1

)
x2

(
n−1
2

)
x3

(
n−1
3

)
x4 · · · · · · xn

−1 x1
(
n−2
1

)
x2

(
n−2
2

)
x3 · · · · · · xn−1

0 −1 x1
(
n−3
1

)
x2 · · · · · · xn−2

0 0 −1 x1 · · · · · · xn−3

0 0 0 −1 · · · · · · xn−4

...
...

...
...

. . . . . .
...

0 0 0 0 · · · −1 x1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (3.6)

In order to contrast them with the complete Bell polynomials, the polynomials Bn,k defined above

are sometimes called partial Bell polynomials. The complete Bell polynomials appear in the expo-

nential of a formal power series:

exp

( ∞∑
n=1

xn
n!

un

)
=

∞∑
n=0

Bn(x1, . . . , xn)

n!
un. (3.7)

The Bell polynomials are quite general in nature and they have been found in many applications

in combinatorics. In his monograph, Comtet [16] devoted much to a thorough presentation of the

Bell polynomials in the chapter on identities and expansions. For more results, see the work by

Charalambides [10], which is cited in [17, Section 1], and the work of Riordan [40], which is used

in [24].

Theorem 3.2. As x→ ∞, the following asymptotic expansion holds true:

Γ(x+ a)

Γ(x+ b)
∼ xa−b

∞∑
j=0

µj x
−j (3.8)

with the coefficients µj given by the recursion formula:

µ0 = 1, µj =

j−1∑
ℓ=0

j − ℓ

j
λj−ℓµℓ (j ∈ N), (3.9)

where the coefficients λk are given in (3.2).

Proof. It follows from (3.1) and (3.7) that

Γ(x+ a)

xa−b Γ(x+ b)
∼ exp

 ∞∑
j=1

j! λj
j!

1

xj

 ∼
∞∑
j=0

µj

xj
(x→ ∞),
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where

µj =
Bj

(
1! λ1, 2! λ2, . . . , j! λj

)
j!

. (3.10)

Bulò et al. [41, Theorem 1] proved that the complete Bell polynomials can be expressed by using

the following recurrence relation:

Bn(x1, x2, . . . , xn) =


n−1∑
ℓ=0

(
n− 1

ℓ

)
xn−ℓBℓ(x1, x2, . . . , xℓ) (n > 0)

1 (otherwise).

(3.11)

Therefore, by employing (3.11), the formula (3.10) can be rewritten as follows:

µ0 = 1 and

µj =
1

j!

j−1∑
ℓ=0

(
j − 1

ℓ

)
(j − ℓ)! λj−ℓBℓ

(
1!λ1, 2!λ2, . . . , ℓ!λℓ

)

=
1

j!

j−1∑
ℓ=0

(
j − 1

ℓ

)
(j − ℓ)!λj−ℓℓ!µℓ =

j−1∑
ℓ=0

j − ℓ

j
λj−ℓµℓ, j ∈ N.

This completes the proof of Theorem 3.2.

Remark 3.3. We can calculate the coefficients µj in (3.8) by using the formulas (3.10) and (3.6).

We thus find that

µn =
1

n!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1! λ1
(
n−1
1

)
2! λ2

(
n−1
2

)
3! λ3

(
n−1
3

)
4! λ4 · · · · · · n! λn

−1 1! λ1
(
n−2
1

)
2! λ2

(
n−2
2

)
3! λ3 · · · · · · (n− 1)! λn−1

0 −1 1! λ1
(
n−3
1

)
2! λ2 · · · · · · (n− 2)! λn−2

0 0 −1 1! λ1 · · · · · · (n− 3)! λn−3

0 0 0 −1 · · · · · · (n− 4)! λn−4

...
...

...
...

. . . . . .
...

0 0 0 0 · · · −1 1! λ1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (3.12)

The representation using a recursive algorithm for the coefficients µj in (3.9) is more practical for

numerical evaluation than the expression in (3.12).

By using (3.9), we give the first few coefficients µj as follows:

µ0 = 1,

µ1 =
(a− b)(a+ b− 1)

2
,
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µ2 =
(a− b)(a+ b− 1)(3a2 − 7a+ 6ab− 5b+ 3b2 + 2)

24
,

µ3 =
(a− b)(a− b− 1)(a− b− 2)(a+ b− 1)(a2 − 3a+ 2ab− b+ b2)

48
,

µ4 =
1

5760
(a− b)(a− b− 1)(a− b− 2)(a− b− 3)(15a4 − 90a3 + 60a3b− 210a2b

+ 90a2b2 + 125a2 + 110ab− 18a− 150ab2 + 60ab3 − 30b3 + 15b4 + 18b− 8 + 5b2),

µ5 =
1

11520
(a− b)(a− b− 1)(a− b− 2)(a− b− 3)(a− b− 4)(a+ b− 1)(3a4 − 22a3

+ 12a3b+ 33a2 − 46a2b+ 18a2b2 + 6ba− 26ab2 + 10a+ 12ab3 − 7b2 + 6b− 2b3 + 3b4).

In particular, upon setting (a, b) =
(
1
2 , 1
)

in (3.8), we have

Γ(x+ 1
2 )

Γ(x+ 1)
∼ 1√

x

(
1− 1

8x
+

1

128x2
+

5

1024x3
− 21

32768x4
− 399

262144x5
+ · · ·

)
(3.13)

as x→ ∞.

Remark 3.4. The Wallis quotient, which is defined for every integer n ∈ N by (see [14])

(2n− 1)!!

(2n)!!
=

Γ
(
n+ 1

2

)
√
πΓ(n+ 1)

,

has many applications in pure and applied mathematics. Herein we employ the special double

factorial notation as follows:

(2n)!! = 2 · 4 · 6 · · · (2n) = 2nn!,

(2n− 1)!! = 1 · 3 · 5 · · · (2n− 1) = π−1/22nΓ(n+ 1
2 ),

0!! = 1, (−1)!! = 1.

Upon replacement of x by n in (3.5) and (3.13), we get the following asymptotic expansions for

the Wallis quotient (2n−1)!!
(2n)!! :

(2n− 1)!!

(2n)!!
∼ 1√

πn
exp

(
− 1

8n
+

1

192n3
− 1

640n5
+ · · ·

)
and

(2n− 1)!!

(2n)!!
∼ 1√

πn

(
1− 1

8n
+

1

128n2
+

5

1024n3
− 21

32768n4
− 399

262144n5
+ · · ·

)
as n→ ∞.
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4 A sharp two-sided inequality for Ωn−1

Ωn

It is easy to see that

Ωn−1

Ωn
=

Γ
(
n
2 + 1

)
√
πΓ
(
n
2 + 1

2

) . (4.1)

The asymptotic expansion of the quotient in (4.1) follows immediately from the well-known ex-

pansion (1.1). Hence we obtain the expansion

Ωn−1

Ωn
=

Γ
(
n
2 + 1

)
√
πΓ(n2 + 1

2 )
∼
√

n

2π

∞∑
k=0

(
1/2

k

)
B

(3/2)
k (1)

(
2

n

)k

=

√
n

2π

(
1 +

1

4n
+

1

32n2
− 5

128n3
− 21

2048n4
+

399

8192n5

+
869

65536n6
− 39325

262144n7
− 334477

8388608n8
+ · · ·

)
(4.2)

as n→ ∞. Formula (4.2) was given by Mortici [28, Theorem 8].

By using the computer program MAPLE 11, we find that

Ωn−1

Ωn
∼

√
n+ 1

2

2π

(
1 +

1
16

n2 + n+ 27
32

)
(n→ ∞).

This fact motivated us to establish Theorem 4.1.

Theorem 4.1. For n ∈ N, the following two-sided inequality holds true:√
n+ 1

2

2π

(
1 +

1

16n2 + 16n+ α

)
<

Ωn−1

Ωn
≦

√
n+ 1

2

2π

(
1 +

1

16n2 + 16n+ β

)
, (4.3)

where the constants α and β, given by

α =
27

2
and β =

99− 32
√
3π√

3π − 3
= 10.86931539 . . .

are the best possible.

Proof. If we write (4.3) as follows:

α > xn ≧ β,
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where

xn =
1

Ωn−1
Ωn√
n+1

2
2π

− 1

− (16n2 + 16n) =
1

Γ(n
2 +1)√

n
2 + 1

4Γ(
n
2 + 1

2 )
− 1

− (16n2 + 16n),

we find that

x1 =
99− 32

√
3π√

3π − 3

and

lim
n→∞

xn = lim
n→∞

 1
Γ(n

2 +1)√
n
2 + 1

4Γ(
n
2 + 1

2 )
− 1

− (16n2 + 16n)


= lim

n→∞

{
1

1
16n2 − 1

16n3 + 5
512n4 + 11

256n5 + 31
8192n6 +O(n−7)

− (16n2 + 16n)

}
= lim

n→∞

{
27

2
+O

(
1

n2

)}
=

27

2
.

This limit is obtained by using the asymptotic expansion (4.2) and some computation.

In order to prove Theorem 4.1, it suffices to show that the sequence {xn} is strictly increasing for

n ≧ 1. The monotonicity property of {xn} is obtained by considering the function f(x) defined by

f(x) =
1

Ω2x−1
Ω2x√
2x+1

2
2π

− 1

−
(
16(2x)2 + 16(2x)

)
=

1

V (x)− 1
−
(
16(2x)2 + 16(2x)

)
,

where V (x) is given as in (2.5).

Now, differentiating f(x) and applying (2.6) as well as the right-hand side of (2.3), we obtain

(V (x)− 1)2f ′(x) = −V ′(x)− (128x+ 32)(V (x)− 1)2

= V (x)

[
−ψ(x+ 1) + ψ

(
x+

1

2

)
+

2

4x+ 1

]
− (128x+ 32)(V (x)− 1)2

>

(
1 +

1

64x2
− 1

128x3

)(
256x6 − 128x5 − 32x4 + 64x3 + 16x2 − 68x− 17

2048x8(4x+ 1)

)
− (128x+ 32)

(
1

64x2
− 1

128x3
+

5

8192x4
+

11

8192x5
+

31

524288x6

)2

=
P6(x− 5)

8589934592x12(4x+ 1)
,
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where

P6(x) = 79340860039 + 271938974680x+ 222261507696x2 + 81737763840x3

+ 15550863360x4 + 1501003776x5 + 58392576x6.

We thus obtain f ′(x) > 0 for x ≧ 5. Hence, f(x) is strictly increasing for x ≧ 5. We then find that

the sequence {xn} = {f(n/2)} is strictly increasing for n ≧ 10.

Direct computation would yield

x1 = 10.8693 . . . , x2 = 12.0729 . . . , x3 = 12.6295 . . . , x4 = 12.9222 . . . ,

x5 = 13.0919 . . . , x6 = 13.1978 . . . , x7 = 13.2680 . . . , x8 = 13.3171 . . . ,

x9 = 13.3517 . . . , x10 = 13.3773 . . . .

Hence, the sequence {xn} is strictly increasing for n ≧ 1. The proof of Theorem 4.1 is thus

completed.

5 Completely monotonic properties and inequalities for Nielsen’s

beta function

In this section, we establish the following result.

Theorem 5.1. The function M(x), defined by (1.10), is completely monotonic on (0,∞).

Proof. By using the following representations:

β(x) =

∫ ∞

0

e−xt

1 + e−t
dt (5.1)

and
m!

xm+1
=

∫ ∞

0

tm e−xt dt (5.2)

for x > 0 and m ∈ N0 as well as the convolution theorem for the Laplace transform, we have

M(x) = −2

∫ ∞

0

te−xt dt
∫ ∞

0

ω(t)e−xt dt+ 4

∫ ∞

0

e−xt dt
∫ ∞

0

tω(t)e−xt dt−
∫ ∞

0

t2ω(t)e−xt dt

= −2

∫ ∞

0

(∫ t

0

ω(u)(t− u) du
)
e−xt dt+ 4

∫ ∞

0

(∫ t

0

uω(u) du
)
e−xt dt−

∫ ∞

0

t2ω(t)e−xt dt

=

∫ ∞

0

λ(t)e−xt dt, (5.3)
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where

λ(t) = −2

∫ t

0

ω(u)(t− u) du+ 4

∫ t

0

uω(u) du− t2ω(t)

= −2t

∫ t

0

ω(u) du+ 6

∫ t

0

uω(u) du− t2ω(t)

and

ω(t) = 1− 1

et + 1
(t > 0).

Differentiation of λ(t) yields

λ′(t) = −2

∫ t

0

ω(u) du+ 2tω(t)− t2 ω′(t)

and

λ′′(t) = −t2 ω′′(t) =
t2 et

(
et − 1

)(
et + 1

)3 > 0 (t > 0).

Hence, λ′(t) is strictly increasing for t > 0, and we have

λ′(t) > λ′(0) = 0 (t > 0).

Therefore, λ(t) is strictly increasing for t > 0, which implies that

λ(t) > λ(0) = 0 t > 0.

Finally, from (5.3), we obtain

(−1)nM (n)(x) =

∫ ∞

0

λ(t) tn e−xt dt > 0 (x > 0; n ∈ N0),

which completes the proof of Theorem 5.1.

One reviewer suggested that the function M seems to be completely monotonic of order 2, meaning

that x2M(x) is completely monotonic.

Conflicts of Interest: The authors declare that they have no conflicts of interest.

Acknowledgments

The first author was supported by Henan Higher Education Teaching Reform Research and Practice

Project (2026SJGLX085).



CUBO
28, 3 (2026)

Inequalities, asymptotic expansions and complete monotonicity... 519

References

[1] H. Alzer, “Inequalities for the volume of the unit ball in Rn,” J. Math. Anal. Appl., vol. 252,

no. 1, pp. 353–363, 2000, doi: 10.1006/jmaa.2000.7065.

[2] H. Alzer, “Inequalities for the volume of the unit ball in Rn. II,” Mediterr. J. Math., vol. 5,

no. 4, pp. 395–413, 2008, doi: 10.1007/s00009-008-0158-x.

[3] H. Alzer and G. Jameson, “A harmonic mean inequality for the digamma function and

related results,” Rend. Semin. Mat. Univ. Padova, vol. 137, pp. 203–209, 2017, doi:

10.4171/RSMUP/137-10.

[4] G. D. Anderson and S.-L. Qiu, “A monotoneity property of the gamma function,” Proc. Am.

Math. Soc., vol. 125, no. 11, pp. 3355–3362, 1997, doi: 10.1090/S0002-9939-97-04152-X.

[5] G. D. Anderson, M. K. Vamanamurthy, and M. Vuorinen, “Special functions of quasiconformal

theory,” Expo. Math., vol. 7, no. 2, pp. 97–136, 1989.

[6] T. Ban and C.-P. Chen, “New inequalities for the volume of the unit ball in Rn,” J. Math.

Inequal., vol. 11, no. 2, pp. 527–542, 2017, doi: 10.7153/jmi-11-43.

[7] C. Berg, S. Koumandos, and H. L. Pedersen, “Nielsen’s beta function and some in-

finitely divisible distributions,” Math. Nachr., vol. 294, no. 3, pp. 426–449, 2021, doi:

10.1002/mana.201900217.

[8] C. Berg and H. L. Pedersen, “A one-parameter family of Pick functions defined by the Gamma

function and related to the volume of the unit ball in n-space,” Proc. Am. Math. Soc., vol.

139, no. 6, pp. 2121–2132, 2011, doi: 10.1090/S0002-9939-2010-10636-6.

[9] K. H. Borgwardt, The simplex method. A probabilistic analysis, ser. Algorithms Comb. Berlin:

Springer, 1987, vol. 1.

[10] C. A. Charalambides, Enumerative combinatorics, ser. CRC Press Ser. Discrete Math. Appl.

Boca Raton, FL: Chapman & Hall/CRC, 2002.

[11] C.-P. Chen and L. Lin, “Inequalities for the volume of the unit ball in Rn,” Mediterr. J. Math.,

vol. 11, no. 2, pp. 299–314, 2014, doi: 10.1007/s00009-013-0340-7.

[12] C.-P. Chen and R. B. Paris, “Inequalities, asymptotic expansions and completely monotonic

functions related to the gamma function,” Appl. Math. Comput., vol. 250, pp. 514–529, 2015,

doi: 10.1016/j.amc.2014.11.010.

[13] C.-P. Chen and R. B. Paris, “Inequalities and asymptotic expansions related to the volume of

the unit ball in Rn,” Result. Math., vol. 74, no. 1, 2019, Art. ID 44, doi: 10.1007/s00025-019-

0967-1.

 https://doi.org/10.1006/jmaa.2000.7065
 https://doi.org/10.1007/s00009-008-0158-x
 https://doi.org/10.4171/RSMUP/137-10
 https://doi.org/10.1090/S0002-9939-97-04152-X
 https://doi.org/10.7153/jmi-11-43
 https://doi.org/10.1002/mana.201900217
 https://doi.org/10.1090/S0002-9939-2010-10636-6
 https://doi.org/10.1007/s00009-013-0340-7
 https://doi.org/10.1016/j.amc.2014.11.010
 https://doi.org/10.1007/s00025-019-0967-1
 https://doi.org/10.1007/s00025-019-0967-1


520 S. Xu, C. Chen, H. M. Srivastava & C. Mortici CUBO
28, 3 (2026)

[14] C.-P. Chen and F. Qi, “The best bounds in Wallis’ inequality,” Proc. Am. Math. Soc., vol.

133, no. 2, pp. 397–401, 2005, doi: 10.1090/S0002-9939-04-07499-4.

[15] C.-P. Chen, H. M. Srivastava, L. Li, and S. Manyama, “Inequalities and monotonic-

ity properties for the psi (or digamma) function and estimates for the Euler-Mascheroni

constant,” Integral Transforms Spec. Funct., vol. 22, no. 9, pp. 681–693, 2011, doi:

10.1080/10652469.2010.538525.

[16] L. Comtet, Advanced Combinatorics. Dordrecht: D. Reidel Publishing Company, 1974.

[17] D. Cvijović, “New identities for the partial Bell polynomials,” Appl. Math. Lett., vol. 24, no. 9,

pp. 1544–1547, 2011, doi: 10.1016/j.aml.2011.03.043.

[18] M. J. Dubourdieu, “Sur un théorème de M. S. Bernstein rélatif à la transformation de Laplace-

Stieltjes,” Compos. Math., vol. 7, pp. 96–111, 1939.

[19] W. Gautschi, “A harmonic mean inequality for the gamma function,” SIAM J. Math. Anal.,

vol. 5, pp. 278–281, 1974, doi: 10.1137/0505030.

[20] B.-N. Guo and F. Qi, “Monotonicity and logarithmic convexity relating to the volume of the

unit ball,” Optim. Lett., vol. 7, no. 6, pp. 1139–1153, 2013, doi: 10.1007/s11590-012-0488-2.

[21] D. A. Klain and G.-C. Rota, “A continuous analogue of Sperner’s theorem,” Com-

mun. Pure Appl. Math., vol. 50, no. 3, pp. 205–223, 1997, doi: 10.1002/(SICI)1097-

0312(199703)50:3<205::AID-CPA1>3.0.CO;2-F.

[22] S.-D. Lin, T.-M. Hsieh, and H. M. Srivastava, “Some families of multiple infinite sums as-

sociated with the digamma and related functions,” J. Fractional Calc., vol. 24, pp. 77–85,

2003.

[23] D. Lu and P. Zhang, “A new general asymptotic formula and inequalities involving

the volume of the unit ball,” J. Number Theory, vol. 170, pp. 302–314, 2017, doi:

10.1016/j.jnt.2016.06.010.

[24] M. Masjed-Jamei, Z. Moalemi, W. Koepf, and H. M. Srivastava, “An extension of the Taylor

series expansion by using the Bell polynomials,” Rev. R. Acad. Cienc. Exactas Fís. Nat., Ser.

A Mat., RACSAM, vol. 113, no. 2, pp. 1445–1461, 2019, doi: 10.1007/s13398-018-0558-0.

[25] L. Matejíčka, “Proof of a conjecture on Nielsen’s β-function,” Probl. Anal. Issues Anal., vol. 8,

no. 3, pp. 105–111, 2019, doi: 10.15393/j3.art.2019.6810.

[26] M. Merkle, “Gurland’s ratio for the gamma function,” Comput. Math. Appl., vol. 49, no. 2-3,

pp. 389–406, 2005, doi: 10.1016/j.camwa.2004.01.016.

 https://doi.org/10.1090/S0002-9939-04-07499-4
 https://doi.org/10.1080/10652469.2010.538525
 https://doi.org/10.1016/j.aml.2011.03.043
 https://doi.org/10.1137/0505030
 https://doi.org/10.1007/s11590-012-0488-2
 https://doi.org/10.1002/(SICI)1097-0312(199703)50:3<205::AID-CPA1>3.0.CO;2-F
 https://doi.org/10.1002/(SICI)1097-0312(199703)50:3<205::AID-CPA1>3.0.CO;2-F
 https://doi.org/10.1016/j.jnt.2016.06.010
 https://doi.org/10.1007/s13398-018-0558-0
 https://doi.org/10.15393/j3.art.2019.6810
 https://doi.org/10.1016/j.camwa.2004.01.016


CUBO
28, 3 (2026)

Inequalities, asymptotic expansions and complete monotonicity... 521

[27] C. Mortici, “Monotonicity properties of the volume of the unit ball in Rn,” Optim. Lett., vol. 4,

no. 3, pp. 457–464, 2010, doi: 10.1007/s11590-009-0173-2.

[28] C. Mortici, “Series associated to some expressions involving the volume of the unit ball and ap-

plications,” Appl. Math. Comput., vol. 294, pp. 121–138, 2017, doi: 10.1016/j.amc.2016.08.027.

[29] K. Nantomah, M. Iddrisu, and C. Okpoti, “On a q-analogue of the Nielsen’s β-function,” Int.

J. Math. Appl., vol. 6, no. 2 - A, p. 163–171, 2018.

[30] K. Nantomah, “Monotonicity and convexity properties and some inequalities involving a gen-

eralized form of the Wallis’ cosine formula,” Asian Res. J. Math., vol. 6, no. 3, p. 1–10, 2017,

doi: 10.9734/ARJOM/2017/36699.

[31] K. Nantomah, “Monotonicity and convexity properties of the Nielsen’s β-function,” Probl.

Anal. Issues Anal., vol. 6, no. 2, pp. 81–93, 2017, doi: 10.15393/j3.art.2017.3950.

[32] K. Nantomah, “A generalization of the Nielsen’s β-function,” Int. J. Math. Appl, vol. 11, pp.

16–26, 2018, doi: 10.12816/0049058.

[33] K. Nantomah, “On some properties and inequalities for the Nielsen’s β-function,” Sci., Ser.

A, Math. Sci. (N.S.), vol. 28, pp. 43–54, 2018.

[34] K. Nantomah, “Certain properties of the Nielsen’s β-function,” Bull. Int. Math. Virtual Inst.,

vol. 9, no. 2, pp. 263–269, 2019.

[35] K. Nantomah, “New inequalities for Nielsen’s beta function,” Commun. Math. Appl., vol. 10,

pp. 773–781, 2019, doi: 10.26713/cma.v10i4.1233.

[36] K. Nantomah, “An alternative proof of a harmonic mean inequality for Nielsen’s beta func-

tion,” Contrib. Math., vol. 4, pp. 12–13, 2021, doi: 10.47443/cm.2021.0028.

[37] N. Nielsen, Handbuch der Theorie der Gammafunktion. Leipzig: Teubner, 1906.

[38] F. W. J. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark, Eds., NIST handbook of

mathematical functions. Cambridge: Cambridge University Press, 2010.

[39] A. Prabhu and H. M. Srivastava, “Some limit formulas for the gamma and psi (or digamma)

functions at their singularities,” Integral Transforms Spec. Funct., vol. 22, no. 8, pp. 587–592,

2011, doi: 10.1080/10652469.2010.535970.

[40] J. Riordan, “Combinatorial identities,” New York-London-Sydney: John Wiley and Sons, Inc.,

1968.

[41] S. Rota Bulò, E. R. Hancock, F. Aziz, and M. Pelillo, “Efficient computation of Ihara co-

efficients using the Bell polynomial recursion,” Linear Algebra Appl., vol. 436, no. 5, pp.

1436–1441, 2012, doi: 10.1016/j.laa.2011.08.017.

 https://doi.org/10.1007/s11590-009-0173-2
 https://doi.org/10.1016/j.amc.2016.08.027
 https://doi.org/10.9734/ARJOM/2017/36699
 https://doi.org/10.15393/j3.art.2017.3950
 https://doi.org/10.12816/0049058
 https://doi.org/10.26713/cma.v10i4.1233
 https://doi.org/10.47443/cm.2021.0028
 https://doi.org/10.1080/10652469.2010.535970
 https://doi.org/10.1016/j.laa.2011.08.017


522 S. Xu, C. Chen, H. M. Srivastava & C. Mortici CUBO
28, 3 (2026)

[42] H. van Haeringen, “Completely monotonic and related functions,” J. Math. Anal. Appl., vol.

204, no. 2, pp. 389–408, 1996, doi: 10.1006/jmaa.1996.0443.

[43] L. Yin and L.-G. Huang, “Some inequalities for the volume of the unit ball,” J. Class. Anal.,

vol. 6, no. 1, pp. 39–46, 2015, doi: 10.7153/jca-06-03.

[44] H. Zhang, “New bounds and asymptotic expansions for the volume of the unit ball in Rn based

on Padé approximation,” Result. Math., vol. 77, no. 3, 2022, Art. ID 116, doi: 10.1007/s00025-

022-01652-1.

[45] J. Zhang, L. Yin, and W. Cui, “Some properties of generalized Nielsen’s β-function with double

parameters,” Turk. J. Anal. Number Theory, vol. 2, pp. 37–43, 2018, doi: 10.12691/tjant-7-1-4.

[46] J. Zhang, L. Yin, and W. Cui, “Monotonic properties of generalized Nielsen’s β-function,”

Turk. J. Anal. Number Theory, vol. 7, pp. 18–22, 2019, doi: 10.12691/tjant-7-1-4.

 https://doi.org/10.1007/s11590-012-0488-2
 https://doi.org/10.7153/jca-06-03
 https://doi.org/10.1007/s00025-022-01652-1
 https://doi.org/10.1007/s00025-022-01652-1
 https://doi.org/10.12691/tjant-7-1-4
 https://doi.org/10.12691/tjant-7-1-4

	Introduction and preliminaries
	A set of lemmas
	Asymptotic  expansions  for  the  quotient  of  two  gamma functions
	A sharp two-sided inequality for n-1n
	Completely monotonic properties and inequalities for Nielsen's beta function

