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1 Introduction

In this paper motivated by ideas in the literature [6,10,12,17,18] we present a variety of coincidence
results between maps (whose convex hull has a upper semicontinuous selection property) and other
classes of maps, namely, HLPY (Horvath, Lin, Park and Yu [11, 13]), Ad (the admissibe maps
of Gorniewicz [9]) and KK M (Knaster, Kuratowski and Mazurkiewicz [9,19]) maps. The maps
considered will be compact (or coercive) in one of the classes and our arguments are based on a
fixed point theorem of the author [15] and a fixed point theorem in the literature [4]. The results
obtained in this paper automatically complement and improve equilibrium results in game theory

[17,22].

We begin this section by recalling a technical result of Deguire and Lassonde [6,22] which will be

needed in Section 2.

Theorem 1.1. Let X be a compact Hausdorff topological space and let {Y;}ics (J an index set)
be a family of convex sets each in a Hausdorff topological vector space. For each i € J suppose

T; : X = Y; and assume the following hold:

(1.1) Ti(x) has convex values for each € X  and
(1.2) T; Y(y;) is open (in X) for each y; € Y;.

Also assume for each x € X that there exists a j € J with Tj(x) # (0. Then there exists a subset
D =1Tl,c; Di of Y =[l;c; Yi such that for each x € X there exists a i € J with Tj(x) N D; # 0.
Moreover, for each j € J, D; CY; is a polytope and all of these polytopes, except a finite number,

consist of a single point.

Now we describe the maps considered in this paper. Let H be the Cech homology functor with
compact carriers and coefficients in the field of rational numbers K from the category of Hausdorff
topological spaces and continuous maps to the category of graded vector spaces and linear maps
of degree zero. Thus H(X) = {Hy(X)} (here X is a Hausdorff topological space) is a graded
vector space, Hy(X) being the g-dimensional Cech homology group with compact carriers of
X. For a continuous map f : X — X, H(f) is the induced linear map f. = {f.q} where
faq: Hy(X) — Hy(X). A space X is acyclic if X is nonempty, H,(X) = 0 for every ¢ > 1, and
Hy(X)= K.

Let X, Y and I' be Hausdorff topological spaces. A continuous single valued map p: ' — X is

called a Vietoris map (written p:T' = X) if the following two conditions are satisfied:

(i) for each x € X, the set p~!(x) is acyclic

(ii) p is a perfect map i.e. p is closed and for every x € X the set p~!(z) is nonempty and

compact.
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Let ¢ : X — Y be a multivalued map (note for each = € X we assume ¢(z) is a nonempty
subset of Y). A pair (p,q) of single valued continuous maps of the form X £ T35 Y is called
a selected pair of ¢ (written (p,q) C @) if the following two conditions hold:

(i) p is a Vietoris map
(ii) ¢(p~*(z)) C ¢(z) for any z € X.

Next we define the admissible maps of Gorniewicz [9]. A upper semicontinuous map ¢ : X — Y
with compact values is said to be admissible (and we write ¢ € Ad(X,Y)) provided there exists
a selected pair (p,q) of ¢. An example of an admissible map is a Kakutani map. A upper
semicontinuous map ¢ : X — CK(Y) is said to be Kakutani (and we write ¢ € Kak(X,Y")); here
Y is a Hausdorff' topological vector space and CK(Y) denotes the family of nonempty, convex,

compact subsets of Y.

We also discuss the following classes of maps in this paper. Let Z be a subset of a Hausdorff
topological space Y7 and W a subset of a Hausdorff topological vector space Y5 and G a multi-
function. We say F' € HLPY (Z,W) [11,13] if W is convex and there exists a map S : Z — W
with co (S(z)) C F(z) for z € Z, S(z) # 0 for each x € Z and Z = | {int S~ (w) : w € W};
here S~ (w) ={z € Z: w € S(2)} and note S(z) # () for each x € Z is redundant since if z € Z
then there exists a w € W with z € int S~ (w) C S™1(w) so w € S(z) i.e. S(z) # 0. These maps
are related to the DKT (Ding, Kim and Tan [7]) maps in the literature and F' € DKT(Z, W) [7]
if W is convex and there exists a map S : Z — W with co (S(z)) C F(x) for z € Z, S(z) # 0 for
each x € Z and the fibre S~!(w) is open (in Z) for each w € W. Note these maps were motivated
from the ®* maps. We say G € ®*(Z, W) [2] if W is convex and there exists a map S : Z — W
with S(z) C G(z) for z € Z, S(z) # () and has convex values for each z € Z and the fibre S~!(w)
is open (in Z) for each w € W.

Next we consider a general class of maps, namely the PK (Park [19,20]) maps (which include
some of the maps described above and below). Let X and Y be Hausdorff topological spaces.
Given a class X of maps, X(X,Y) denotes the set of maps F : X — 2¥ (nonempty subsets of
Y) belonging to X, and X, the set of finite compositions of maps in X. We let

F(X)={Z: FixF#0 forall FeX(ZZ)}

where Fix F' denotes the set of fixed points of F.

The class U of maps is defined by the following properties:
(i) U contains the class C' of single valued continuous functions;
(ii) each F € U, is upper semicontinuous and compact valued; and

(ili) B™ e F(U,) for all n € {1,2,...}; here B"={z e R": |jz| < 1}.
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We say F € PK(X,Y) if for any compact subset K of X there is a G € U.(K,G(K)) with
G(z) C F(x) for each x € K. Recall PK is closed under compositions.

For a subset K of a topological space X, we denote by Covx (K) the directed set of all coverings of
K by open sets of X (usually we write Cov (K) = Covx (K)). Given two maps F, G : X — 2¥ and
a € Cov(Y), F and G are said to be a—close if for any « € X there exists U, € a, y € F(z) N U,
and w € G(z) N U,.

Let @Q be a class of topological spaces. A space Y is an extension space [9] for @ (written ¥V €
ES(Q)) if for any pair (X, K) in @ with K C X closed, any continuous function fy : K — Y
extends to a continuous function f: X — Y. A space Y is an approximate extension space [9] for
Q (written Y € AES(Q)) if for any o € Cov (Y) and any pair (X, K) in Q with K C X closed,
and any continuous function fy : K — Y there exists a continuous function f : X — Y such that

flx is a—close to fo.

Let V be a subset of a Hausdorff topological vector space E. Then we say V is Schauder admissible
if for every compact subset K of V and every covering a € Covy (K) there exists a continuous

function 7, : K — V such that

(i) mq and i : K — V are a—close;
(ii) 7o (K) is contained in a subset C' C V with C' € AES(compact).

Theorem 1.2 ([15]). Let X be a Schauder admissible subset of a Hausdorff topological vector space
and T € PK(X,X) a compact upper semicontinuous map with closed values. Then there exists a

xz € X with x € T(x).
Remark 1.3. (i) Other variations of Theorem 1.1 can be found in [16].

(ii) Every convex subset of a Hausdorff locally convex linear topological space is AES(compact)

(see [3]).

Next we describe some recent maps from the literature [10,12] which are special cases of maps
considered in Section 2. Let X be a subset of a Hausdorff topological space and Y a subset of
a Hausdorff topological vector space. We say 7 : X — 2Y has the strong continuous inclusion
property (SCIP) [12] at # € X if there exists an open set U(z) in X containing = and a F* :
U(z) — 2Y such that F*(w) C T'(w) for all w € U(z) and co F® : U(z) — 2V is compact valued
and upper semicontinuous. We write ' € KMU(X,Y) (Khan, McLean and Uyanik [12]) if T has
the SCIP at every z € X.

In this paper our map 7" will usually be a compact map so T has the SCIP is equivalent (see [1, p.
465]) to T has the continuous inclusion property (CIP) [10].
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Now we recall a selection theorem [12].

Theorem 1.4. Let X be a paracompact subset of a Hausdorff topological space, Y a subset of a
Hausdorff topological vector space and T € KMU(X,Y). Then there exists an upper semicontin-
uwous map G : X — CK(Y) with G(w) C coT(w) for allw € X.

Next we describe a class of maps more general than the PK maps in our setting. Let X be a
convex subset of a Hausdorff topological vector space and Y a Hausdorff topological space. If
S, T: X — 2Y are two set valued maps such that T'(co (A)) C S(A) for each finite subset A of X
then we call S a generalized K KM mappping w.r.t. T. Now the set valued map T : X — 2V is
said to have the K K M property if for any generalized K KM map S : X — 2¥ w.r.t. T the family

{S(z) : = € X} has the finite intersection property (the intersection of each finite subfamily is
nonempty). We let

KKM(X,Y)={T:X —2Y|T has the KKM property}.

Note PK(X,Y) C KKM(X,Y) (see [5]).

A product rule for the K K M class is unknown (the argument given in [18] was incorrect). However
a product rule is known for most subclasses of K KM maps (so the results in [18] are correct for
these subclasses). As a result in Section 2 we consider subclasses of K KM maps (for simplicity
in notation we call these KK M also) where the following Property A holds. We also assume in
Theorem 2.24 (repectively, Theorem 2.26) that the analogue of Theorem 1.7 (respectively, Theorem
1.8) and properties (i) and (ii) below hold (in the relevant setting) for this subclass of K K M maps
(see Remark 1.5 (i)). Alternatively we could consider Remark 1.5 (ii) in Theorem 2.24 and Theorem
2.26.

Property A. Let I be a index set, X be a convex set in a Hausdorff topological vector space and
{Y:}ier be a family of Hausdorff topological spaces. For eachi € I suppose T; € KKM(X,Y;)
ier Yi)
be defined by T(x) = [[,c; Ti(x) for x € X. Also assume for each i € I that there exists a
compact set K; CY; with Ty(X) C K;. Then T € KKM(X, K) where K = [[,.; K;.

is an upper semicontinuous map with compact values and let T : X — 2Y (here Y =[]

Remark 1.5. (i) Note we also have T € KKM(X,Y); consider i o T where i : K — Y s
the inclusion map. Note Property A holds (in the relevant setting) for the usual classes of
maps in the literature, for example the maps admissible with respect to Gorniewicz (here I

is finite), selectionable maps, approzimable maps etc

(ii) The results in Theorem 2.24 and Theorem 2.26 are also true for the original K KM maps (see
[5]) if we assume the product map is a KKM map instead of assuming that the individual
maps are KKM maps (see Remark 2.28).



550 D. O’Regan

In Section 2 we will make use of the following two properties [18]|. Let C' and X be convex subsets

of a Hausdorff topological vector space E with C' C X and Y a Hausdorff topological space.

(i) T € KKM(X,Y) then G =T|c € KKM(C,Y).

(i) fF T € KKM(X,Y), T(X)C Z CY and Z is closed in Y then T € KKM (X, Z).

Next we recall the following fixed point result for K K M maps. Recall a nonempty subset W of a
Hausdorff topological vector space E is said to be admissible if for any nonempty compact subset
K of W and every neighborhood V of 0 in E there exists a continuous map h : K — W with
x —h(xz) € V for all z € K and h(K) is contained in a finite dimensional subspace of E (for

example every nonempty convex subset of a locally convex space is admissible).

Theorem 1.6 ([4]). Let X be an admissible convex set in a Hausdorff topological vector space E
and T € KKM (X, X) be a closed compact map. Then T has a fized point in X.

Theorem 1.7 ([14]). Let X be a convex admissible subset of a Hausdorff topological vector space,
Y a subset of a Hausdorff topological vector space, T € KKM(X,Y) a upper semicontinuous
compact map with compact values and G € Kak(Y,X). Then GT € KKM(X, X).

Theorem 1.8 ([14]). Let X be a convex admissible subset of a Hausdor(f topological vector space,
Y a convex subset of a Hausdorff topological vector space andY normal, T € KKM(X,Y) a upper
semicontinuous compact map with compact values and G € Kak(Y,X). Then TG € KKM(Y,Y).

2 Coincidence results

In this section we present a number of collectively coincidence results between two classes of set—

valued maps.

2.1 Coincidence results between Kakutani (the compact and coercive

cases) and ¢* type map

We begin when one family consists of compact sets and then we extend when the compact family

is replaced by either compact or coercive type maps.

Theorem 2.1. Let I and J be index sets, {X;}ier be a family of convex sets each in a Hausdorff
topological vector space and {Y;}ics be a family of compact sets each in a Hausdorff topological

vector space E;. For each i € J, suppose F; : X = Hjel X; — E; and there exists a upper

semicontinuous map ®; : X — CK(Y;) (i.e. ®; € Kak(X,Y;)) with ®;(z) C co Fy(x) for z € X.

For each j € I, suppose G :Y =]]..;Y: = X, and in addition there exists a map S; : Y — X,

icJ
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with S;(y) C G,(y) fory €Y, S;(y) has convex values for y € Y and Sj_l(w) is open (in'Y') for
each w € X;. Finally, suppose for each y € Y there exists a j € I with S;(y) # 0. Then there
exists ax € X, ay €Y and a iy € I with y; € coF;(x) for all j € J and z;, € G, (y) (here x;
(respectively, y;) is the projection of x (respectively, y) on X; (respectively, Y;)).

Proof. From Theorem 1.1 (note Y is compact) there exists a subset C = [[,.; C; of X (as described

iel
in Theorem 1.1 so C' is homeomorphic to a convex compact set of finite dimension) such that for

each y € Y there exists a j € I with S;(y) N C; # 0.

For i € J, let ®f = ®;|¢ (the restriction of ®; to C, which we will also denote as ®;) and note
O, € Kak(C,Y;). Nowie I, let L, : Y — C; and G} : Y — C; be given by

Li(y) =Si(y)yNnC; and Gi(y)=G;(y)nC; for yeY.

For i € I, note L;(y) C G} (y) for y € Y, L;(y) has convex values for each y € Y (note S; is convex
valued and C; is convex) and for « € C; note

Li'(z)={z€Y 2 Li(z)=8:;(2)NCi} ={2 €Y : z€8(2)} =S (x)

K2 7

which is open in Y. Next note for each y € Y there exists (see the beginning of the proof) a j € T
with S;(y) NCj # 0 i.e. Lj(y) # 0.

Note E; ={y € Y : L;(y) # 0}, i € I is an open covering of ¥ (recall the fibres of L; are open in
Y). Now from [8, Lemma 5.1.6, p. 301] there exists a covering {Q; }icr of Y where @Q; is closed in
Y and Q; C F; foralli € I. Foreachi e Ilet N;: Y — C; and P; : Y — C; be given by

Gf s c ; L, s €
Ni(y) = (v), yeQ and Pi(y) = V), ye@

C; y € Y\Q; Ci, y e Y\Q;

and we claim N; € ®*(Y,C;). To see this, first note for i € I that Pi(y) # 0 fory € Y (if y € Q;,
then P;(y) = L;(y) # 0, since Q; C E;; whereas if y € Y\Q;, then P;(y) = C;). Next we note for
i € I that P;(y) C N;(y), fory € Y (if y € Q;, then P;(y) = L;(y) = Si(y) NC; C Gi(y) NC; =
G;(y) = N;(y); whereas if y € Y\Q;, then P;(y) = C; = N;(y)). Also note for i € I that P;(y) is

convex valued for y € Y and for x € C; note

Pi_l(as) ={zeY:zeP()}={2eY\Qi: € P(2)=C;}U{z€Q;: x € Li(2)}
= (Y\Qz) U {Z S Ql T X E Ll(z)} = (Y\QZ) U [Ql N {Z cY:zxe€ Ll(z)}]
—(V\Q) U@L (@) = ¥ 0 [(MQ) UL @)] = (V@) UL ()

which is open in Y (note Li_l(x) is open in Y and Q; is closed in Y'). Thus N; € ®*(Y, C;) for each
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i € I. Now for each i € I from [2] there exists a continuous (single valued) selection g; : ¥ — C;

of N; with g;(y) € Pi(y) C Ni(y) fory € Y.

Let ®(x) = [[;c; ®i(x), for € C, and note (recall the product of upper semicontinuous maps
with compact values is upper semicontinuous with compact values [1]) ® € Kak(C,Y) is an upper
semicontinuous compact map with compact values. Now let g(y) = [],c; 9i(y), for y € Y, and
note g : Y — C' is continuous. Combine the above (note the composition of two admissible with
respect to Gorniewicz maps is admissible with respect to Gorniewicz) and we have ¢ ® € Ad(C, C)
and note C' is a convex compact set of finite dimension so Theorem 1.2 guarantees a z € C with
z € g®(x). Now let y € ®(x) with z = g(y). Note y € ®(z) so y; € ®;(x) C co Fj(z), for all
j € J (note z € C). Also we have z; = g;(y) € Pi(y) C N;(y), for i € I. Now since {Q;}ics is a
covering of Y, then there exists a ig € I, with y € Q4,, so 2, € Ny, (y) = G} (y) = Gy, (y) N C,
e i € Gi(y)- O

Remark 2.2. If F, € KMU(X,Y;), fori € J and X is paracompact, then Theorem 1.4 guarantees
that there exists an upper semicontinuous map ®; : X — CK(Y;) with ®;(x) C co F;(x), forx € X.

Now we replace the compactness of the spaces with compactness of the maps.

Theorem 2.3. Let I and J be index sets, {X;}icr be a family of convex sets each in a Hausdorff
topological vector space and {Y;}icy be a family of sets each in a Hausdor(f topological vector space
E;. For eachi € J, suppose F; : X = Hjel
D, : X - CK(Y;) (i.e. ;€ Kak(X,Y;)) with ®;(x) C co F;(x), for x € X, and in addition there
exists a compact set K; with ®;(X) C K; CY;. For each, j € I, suppose G : Y =[[;c;Yi = X;
and in addition there exists a map S; : Y — X; with S;(y) C G;(y), for y € Y,S;(y) has convex

X; — E; and there exists a upper semicontinuous map

values for y € Y and S;l(w) is open (in'Y'), for each w € X;. Finally, suppose for each y € Y
there exists a j € I with S;(y) # 0. Then there exists a v € X, ay € Y and a iy € I with
y; € coFj(z), for all j € J and z;, € G, (y).

Proof. Note K =[],.; K; (CY) is compact. For i € I, let G}* = G;|k and S;* = S;|k, and note
G K — X;and S : K — X;, S*(y) C G (y) for y € K, S;*(y) has convex values for y € K;

and for x € X; note
(S M) ={zeK:2e8*()}=Kn{zeY: :xeSi(z)}=KnS; " (a),

which is open in K NY = K. Next note if y € K, then there exists a i € I with S;*(y) # 0, since
for any w € Y there exists a j € I with S;(w) # (). Finally, note for i € J that ®; € Kak(X, K;)
since ®;(X) C K;. Now apply Theorem 2.1 with {X;}ier, {K;}ics, Fi, @i, G7* and S7* so there
existsar € X,ay € K, aig e [ with y; € coFj(y) for all j € J and z;, € Gi*(y) (= Gy, (y)). O
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Now we present a result for coercive type maps.

Theorem 2.4. Let I and J be index sets, {X;}ier be a family of convex sets each in a Hausdorff
topological vector space and {Y;}icy be a family of sets each in a Hausdorff topological vector space
FE;. For each i € J, suppose F; : X = Hjel
map ®;, : X — CK(Y;) (i.e. ®; € Kak(X,Y;)) with ®,(x) C coF;(z) for x € X. For each
J €1, suppose G : Y = [[,c,;Yi = X; and in addition there exists a map S; : Y — X with

X; — LE; and there exists a upper semicontinuous

Si(y) € Gj(y) fory €Y, S;(y) has convex values for y € Y and S{l(w) is open (in'Y') for each
w € X;. Also suppose for eachy € Y there exists a j € I with Sj(y) # 0. Finally, assume there is
a compact subset K of Y and for each © € I a convex compact subset Z; of X; such that for each
y € Y\K there exists a j € I with S;(y) N Z; # 0. Then there exists a v € X, ay € Y and a
io € I with y; € coFj(x) for all j € J and x;, € Gi,(y).

Proof. From Theorem 1.1 (note K is compact) there exists a subset C' = [[,.; C; of X (as described
in Theorem 1.1 so C' is homeomorphic to a convex compact set of finite dimension) such that for
each y € K there exists a j € I with S;(y) N C; # 0. Also (see the statement of Theorem 2.4) for
each y € Y\K there exists a ¢ € I with S;(z) N Z; # (. Let

Qi =co(Z;UC;) for i€l

which is a convex compact (see [1]) subset of X;. Let Q = []..; ©; which is a convex compact

i€l
subset of X. For each i € I, let S¥ :Y — §; and G} : Y — Q; be given by

Si(y) =Si(y)NQ; and Gi(y)=Gi(y)NQ; for yev.

For i € I, note S} (y) C G (y) for y € Y, Sf(y) has convex values for each y € Y and for z € Q;

note
(SHMa)={zecY xS} ={2cY 2eS(z)NY}={2€Y:2cSi(2)}=5"(v),

which is open in Y. Next note for each y € Y, there exists a ig € I with S} (y) # 0. To see
this, let y € Y. If y € K, then there exists a i € T with S;(y) N C; # 0 so S;(y) N Q; # O (since
C; C Q;); whereas if y € Y\K, then there exists a j € I with S;(y) N Z; # 0 so S;(y)NQ; # 0
(since Z; C ;).

For ¢ € J, note ®; € Kak(Q,Y;). Also note ®;(£2) is compact since 2 is compact and ®; is upper
semicontinuous with compact values. Let K; = ®;(2). Now we apply Theorem 2.3 with {€; }ie7,
{Yitics, Fi, ®;, S and GF (and K; = 9,(Q)), so there exists ax € Q, ay € Y and a iy € I with
y; € coFj(y) for all j € J and z, € G7 (y) (= Gi, (y) N Qi) O
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2.2 Coincidence results between Kakutani (the compact and coercive

cases) and DKT type maps

Note Theorem 2.1, Theorem 2.3 and Theorem 2.4 can easily be extended to DKT type maps. To

see this, we will extend Theorem 2.3 and Theorem 2.4

Theorem 2.5. Let I and J be index sets, {X;}icr be a family of convex sets each in a Hausdorff
topological vector space and {Y;}icy be a family of sets each in a Hausdor(f topological vector space
E;. For each i € J, suppose F; : X = HjeI
D, : X - CK(Y;) (i.e. ; € Kak(X,Y;)) with ®;(x) C co F;(x), for x € X, and in addition there
exists a compact set K; with ®;(X) C K; CY;. For each j € I, suppose G : Y = [[;c; Y = X
and in addition there exists a map T : Y — X; with co (T;(y)) € G;(y), fory €Y, and Tj_l(w) is

X; — E; and there exists a upper semicontinuous map

open (in'Y'), for each w € X;. Finally, suppose for each y € Y there exists a j € I with T;(y) # 0.
Then there exists ax € X, ay € Y and a iy € I withy; € coFy(x), for all j € J and x;, € Gy, (y).

Proof. For j € I, let S;(y) = co(T}(y)) for y € Y, note S;(y) has convex values for each y € Y,
S;(y) € Gj(y) for y € Y, and from [21, Lemma 5.1] we have that S;l(w) is open (in Y), for each
w € X;. Also note if y € Y, then there exists a ig € I with T; (y) # 0 and so 0 # T;,(y) C
co (T;, (y)) = Siy (y). Now apply Theorem 2.3. O

Remark 2.6. From the proof note in the statement of Theorem 2.5 we could replace “for each

y €Y, there exists a j € I with T;(y) # 07 with “for each, y € Y there exists a j € I with
co(T;(y)) # 07

Theorem 2.7. Let I and J be index sets, {X;}ier be a family of convex sets each in a Hausdorff
topological vector space and {Y;}icy be a family of sets each in a Hausdorff topological vector space
FE;. For each i € J, suppose F; : X = Hjel
map ®; : X — CK(Y;) (i.e. ®; € Kak(X,Y;)) with ®;(x) C coF;(x), for x € X. For each
Jj €1, suppose Gj : Y =[]

X; — E; and there exists a upper semicontinuous

ics Yi = Xj and in addition there exists a map T; : Y — X; with
co (T;(y)) C G;(y), fory €Y and Tj_l(w) is open (in'Y) for each w € X;. Also, suppose for each
y €Y there exists a j € I with Tj(y) # 0. Finally, assume there is a compact subset K of Y and
for each i € I a convex compact subset Z; of X;, such that for each y € Y\K there exists a j € I
with Tj(y) N Z; # O (or, alternatively co(T;(y)) N Z; # 0). Then, there exists ax € X, ay €Y

and a ig € I with y; € co F;(x), for all j € J and z;, € Gy (y).

Proof. For v € I let S; be as in Theorem 2.5 and note .S; has the same properies as in Theorem
2.4 (note if y € Y\ K, then there exists a j € I with 0 # co (T;(y)) N Z; = S;(y) N Z;). Now apply
Theorem 2.4 O
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2.3 Coincidence results between Kakutani (the compact and coercive

cases) and HLPY type maps

Next we consider the analogue of Theorem 2.3 and Theorem 2.4 for HLPY maps.

Theorem 2.8. Let I and J be index sets, {X;}icr be a family of convex sets each in a Hausdorff
topological vector space and {Y;}icy be a family of sets each in a Hausdorff topological vector space
FE;. For eachi € J, suppose F; : X = HjeI X; — E; and there exists a upper semicontinuous map
O, : X = CK(Y;) (i.e. ;€ Kak(X,Y;)) with ®;(z) C co Fy(x), for x € X, and in addition there
exists a compact set K; with ®;(X) C K; CY;. For each j € I, suppose Gj : Y =[],
X, and in addition there exists a map T; : Y — X; with co(Tj(y)) C G;i(y), fory € Y and
Y = Ujer U{intTj_l(w) :w € X;}. Then there exists ax € X, ay € Y and a ig € I with
yj € coFj(z), for all j € J and z;, € Gy, (y).

Y, —

Proof. For j € I,let R; : Y — X, be given by
Ri(y) ={z: yentT; '(z)}, yeY

and let S; : Y — X, be given by S;(y) = co(R;(y)), for y € Y. For j € I, note R;(y) C T;(y) for
) C T[l(zj) so z; € T;(y). Thus, for j € I, we have

y € Y since if z; € R;(y) then y € int 1}71(Zj
Si(y) = co(R;(y)) € co(Tj(y)) € Gj(y), for y € Y.

Next for j € I, notice for 2; € X; that Rj_l(xj) ={z: z; € Rj(2)} = intTj_l(xj), S0 Rj_l(xj) is
open (in Y') and so from [21, Lemma 5.1], we have that S;l(xj) is open (in Y).

Finally, let y € Y and since Y = {J;; U{intTj_l(w) : w € X;}, there exists a j € I with
y € int Tj_l(w), for some w € X; and so w € R;(y) (i.e. Rj(y) # 0) and as a result () # R;(y) C
co (R;(y)) = Sj(y). Now apply Theorem 2.3 O

Theorem 2.9. Let I and J be index sets, {X;}ier be a family of convex sets each in a Hausdorff
topological vector space and {Y;}icy be a family of sets each in a Hausdorff topological vector space
E;. For each i € J, suppose F; : X = Hje]
map ®; : X — CK(Y;) (i.e. ®; € Kak(X,Y;)) with ®;(x) C coF;(x), for x € X. For each
Jj €1, suppose Gj : Y = [[,c;
co(Tj(y)) € Gj(y), fory €Y, andY = ;; U{intTj_l(w) :w € X;}. Also assume there is a

X; — LE; and there exists a upper semicontinuous
Y; — X, and in addition there ewists a map T; : Y — X; with

compact subset K of Y and for each i € I a convex compact subset Z; of X;, such that for each
y € Y\K there exists a j € I with R;(y) N Z; # 0 (or, alternatively co (R;(y)) N Z; # V), where
R; Y — X is given by R;j(y) ={z;: y € intT;l(zj)}, fory € Y. Then there exists a x € X, a
y €Y and aig € I with y; € coF;(x), for all j € J and z;, € G, (y).
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Proof. Fori € I, let S; be as in Theorem 2.8 (note S; has the same properies as in Theorem 2.8). Let
y € Y\K and note there exists a j € I with co (R;(y))NZ; # 0, s0 0 # co (R;(y))NZ; = S;(y)NZ;.
Now apply Theorem 2.4 O

2.4 Coincidence results between Kakutani and compact HLPY type

maps

In our results so far we assumed the maps ®; were compact type maps. In our next results we will

assume compactness on the ®* (or DKT or HLPY') type maps.

Theorem 2.10. Let I and J be index sets, {X;}icr be a family of convex sets each in a Hausdorff
topological vector space Z; and {Y;}ics be a family of sets each in a Hausdorff topological vector
space E; with Y = []
F, . X = Hjel
®; € Kak(X,Y;)) with ®;(z) C coFi(z), for v € X. For each j € I, suppose G; : Y — X;
and there exists a conver compact set K; with G;(Y) C K; C X; and also there exists a map
S; Y = X; with S;(y) € G;(y), fory €Y and Sj_l(w) is open (in'Y '), for each w € X;. Also
assume K =[]
y €Y, there exists a j € I with Sj(y) # (0. Then there exists a x € X, ay €Y and a iy € I with

icq Yi a paracompact subset of E = [[;,.; E;. For each i € J, suppose

X; = E; and there exists a upper semicontinuous map ®; : X — CK(Y;) (i.e.

ser Ki is a Schauder admissible subset of Z = [[,.; Zs. Finally suppose for each

y; € coFj(z), for all j € J and z;, € G4y (y).

Proof. Note C; ={y €Y : S;(y) # 0}, i € I is an open covering of Y and since Y is paracompact
[8, Lemma 5.1.6, p. 301], there exists a covering {D; };cr of Y, where D; is closed in Y and D; C Cj,
for all i € I. Now for each i € I, let M; : Y — K; and L; : Y — K; be given by

Gl(y)? yEDz Sz(y)a yeDz
M;(y) = and  L;(y) =

K,’ Yy € Y\DZ qu, Yy e Y\Dl

We claim for each i € I, that M; € ®*(Y, K;). Let ¢ € I. First note L;(y) # 0, for y € Y, since
if y € D;, then L;(y) = S;(y) # 0 since D; C C;; whereas if y € Y\D;, then L;(y) = K;. Also if

y € D; then L;(y) = Si(y) C Gi(y) = M;(y); whereas if y € Y\D,, we have L;(y) = K; = M,;(y).
Combining gives L;(y) C M;(y), for y € Y. Finally note if € K, we have

Li'(x)={zeY:zcLiz))={2€Y\D;: 2 € Li(z2) = K;}U{2 € D; : x € Ly(2)}
= (Y\Dl) @] {Z eD;:xe€e SZ(Z)} = (Y\DZ) @] [.DZ N {Z ceY:ze€e SZ(Z)}]
=(Y\D)U[D;nS; )] =Y N [(Y\D;)US;  (z)] = (Y\D;) US;  (2),

which is open in Y (note S; ! (x) is open in Y and Dj is closed in Y). Thus for each i € I, we have

M; € ®*(Y, K;).
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Now for ¢ € I (since Y is paracompact), from [2], there exists a continuous (single valued) selection
gi:Y = Kjof Li i.e. gi(y) € Li(y) € M;(y), for y € Y. Now let g(y) = [[,c; 9i(y), for y € Y and
note g € C(Y,K). Also note ®; € Kak(K,Y;), for i € J and let ®(x) = [[,c; Pi(z), for x € K
and note ® € Kak(K,Y). Combining and we have g ® € Ad(K, K). Now Theorem 1.2 guarantees
az € K with z € g®(x). Now let y € ®(z) with z = g(y). Thus y; € ®,(x) C co Fj(x), for all
j € J. Also note x; = g;(y) € Li(y) C M;(y), for all i € I. Next since {D; };cs is a covering of YV
there exists a ig € I with y € D;, so x;, € M;,(y) = G;, (). O

Remark 2.11. It is possible in the statement of Theorem 2.10 to replace “suppose for eachy € Y,
there exists a j € I with S;(y) # 07 with “suppose G; € ®*(Y,X;), for each i € I” and we can
arque differently and obtain another result. In this case note for i € I, that G; € ®*(Y, K;)
(since in particular S; ' (w) is open (in'Y), for each w € K; and also note S; : Y — K, since
Si(y) C Gi(y) C K, for eachy € Y ) so from [2], there exists a continuous (single valued) selection
gi Y = K; of Gi. Now let g(y) = [Lic; 9:(y), for y € Y and note g € C(Y,K). Also note
®; € Kak(K,Y;), fori € J and let ®(x) = [[;c; ®i(x), for v € K and note & € Kak(K,Y).
Combining and we have g® € Ad(K, K). Now Theorem 1.2 guarantees a x € K with x € g ®(x).
Now let y € ®(x) with x = g(y). Thus y; € ®;(x) C coF;(x) for all j € J. Also note x; = g;(y) €
G;(y) for allieI.

Remark 2.12. There is also an analogue of Remark 2.11, for all the other theorems in this paper

(with appropriate assumptions).

Theorem 2.13. Let I and J be index sets, {X;}icr be a family of convex sets each in a Hausdorff
topological vector space Z; and {Y;}ies be a family of sets each in a Hausdorff topological vector
space E; with Y = []
Fl‘ X = Hjel
O, € Kak(X,Y;)) with ®;(x) C coF;(x), for x € X. For each j € I, suppose G; : Y — X,

ey Yi a paracompact subset of E = [],.; E;. For each i € J, suppose

X; = E; and there exists o upper semicontinuous map ®; : X — CK(Y;) (i.e.

and there exists a conver compact set K; with G;(Y) C K; C X, and also, there exists a map
T; : Y — K; with co(T3(y)) € G;(y), fory € Y and ijl(w) is open (in'Y ), for each w € K;.
Also assume K = [[,.; K; is a Schauder admissible subset of Z = [];.; Zs. Finally, suppose for

each y € Y, there exists a j € I with T;(y) # 0 (or, alternatively coT;(y) # 0). Then there exists

el
axeX,ayeY and aipg € I withy; € coF;(x), for all j € J and x;, € G, (y).

Proof. For i € I let S;(y) = co(T;(y)), for y € Y, and note S; has the same properies as in
Theorem 2.10. Now apply Theorem 2.10. O

Theorem 2.14. Let I and J be index sets, {X;}icr be a family of convex sets each in a Hausdorff
topological vector space Z; and {Y;}icy be a family of sets each in a Hausdorff topological vector
space FE; with Y = [] Y; a paracompact subset of E = [[,c; Ei. For each i € J, suppose

F,: X = Hjel X, — E,; and there exists a upper semicontinuous map ®; : X — CK(Y;) (i.e.

icJ
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O, € Kak(X,Y;)) with ®;(xz) C coF;(zx), for x € X. For each j € I, suppose G; : Y — X;
and there exists a convex compact set K; with Gj(Y) C K; C Xj, and also, there exists a map
T; : Y — Kj with co(Tj(y)) € Gj(y), fory €Y and Y = U, U{z’ntTj_l(w) s we K} Also
assume K = [[,c; K; is a Schauder admissible subset of Z = [[,c; Zi. Then there exists a x € X,
ay €Y and aig € I with y; € coFj(z), for all j € J and z;, € G4, (y).

Proof. For j € 1,let R; : Y — K be given by
Ri(y)={z: ye intTj_l(zj)}7 yey

and let S; : Y — K be given by S;(y) = co(R;(y)), for y € Y. Note S; (see Theorem 2.8) has
the same properies as in Theorem 2.10. Now apply Theorem 2.10. O

2.5 Coincidence results between Kakutani and similar classes of maps

Next we present some collectively coincidence results when the ®*, DKT or HLPY type maps
are replaced by other types of maps (like Kak, Ad or K KM maps).

Theorem 2.15. Let I and J be index sets, {X;}icr be a family of sets each in a Hausdorff
topological vector space Z; and {Y;}ics be a family of sets each in a Hausdorff topological vector

space E;. For eachi € J, suppose F; : X =[]..; X; = E; and there exists a upper semicontinuous

el
map ®; : X - CK(Y;) (i.e. ®; € Kak(X,Yi)J) with ®;(x) C co F;(z), for x € X. For each j € 1,
let K; be a nonempty compact subset of X; and suppose G; € Kak(Y,K;) (or, alternatively
G; € Kak(Y, X;) and G;(Y) C K;) where Y = [[,c; Yi. Also assume K = [[,c; K; is a Schauder
admissible subset of Z = [[,c; Zi. Then there exists a v € X, ay € Y with y; € coFj(x), for all
j€J and x; € Gi(y), for alli e I.

Proof. Let ®(z) = [[;c; ®i(2), for z € X, and G(y) = [[;¢; Gj(y), for y € Y. Note ® €
Kak(X,Y) (so @ € Kak(K,Y)) and G € Kak(Y,K). Combining and note G® € Ad(K, K).
Now Theorem 1.2 guarantees a x € K, with x € G®(z). Let y € ®(x), with x € G(y). Thus
y; € ®;(z) C coFj(x), for all j € J and x; € G;(y), for all i € I. O

Remark 2.16. Note one could also consider the map ® G in the proof of Theorem 2.15 and note
G € Ad(Y,Y) is a compact map (note G is a compact map and P is upper semicontinuous with
K; is a Schauder admissible subset

E.”7
i .

compact values). Thus we can apply Theorem 1.2 if “K = [],;

of Z =1l,c; Zi” is replaced by “Y is a Schauder admissible subset of E =[],

Theorem 2.17. Let I and J be index sets, {X,;}ic; be a family of sets each in a Hausdorff
topological vector space Z; and {Y;}icy be a family of sets each in a Hausdorff topological vector

space E;. For eachi € J, suppose F; : X =[]..; X; — E; and there exists a upper semicontinuous

jerl
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map ©; : X — CK(Y;) (i.e. ®; € Kak(X,Y;)) with ®;(x) C co Fi(x), for x € X and in addition
there exists a compact set K; with ®;(X) C K; CY;. For each j € I, suppose G; € Kak(Y,X;)
where Y = [[;c; Yi. Also assume K = [[,.; K; is a Schauder admissible subset of £ =]],.; Es

Then there exists ax € X, ay € Y with y; € coFj(x), for all j € J and z; € G;(y), for alli € I.

i€J

Proof. Let ® and G be as in Theorem 2.15. Note ® € Kak(X,Y) (so ® € Kak(X,K) since
®,(X) C K, fori e J)and G € Kak(Y,X) (so G € Kak(K,X)). Combining and note ® G €
Ad(K, K) so Theorem 1.2 guarantees a y € K with y € ® G(y). The result is now immediate. [

Remark 2.18. One could also consider G ® in the proof of Theorem 2.17 (with an appropriate

assumption).

Theorem 2.19. Let I and J be index sets with I a finite set, {X; }icr be a family of sets each in a
Hausdorff topological vector space Z; and {Y;}ics be a family of sets each in a Hausdorff topological

vector space E;. For each i € J, suppose F; : X = [[..;X; — E; and there exists a upper

el
semicontinuous map ®; : X — CK(Y;) (i.e. ®; € Kak(X,jYi)) with ®;(z) C co Fi(z), for x € X.
For each j € I, let K; be a nonempty compact subset of X; and suppose G; € Ad(Y, K;) (or,
alternatively G; € Ad(Y, X;) and G;(Y) C K;) where Y = [],.;Y:. Also assume K = [[,.; K

is a Schauder admissible subset of Z = [[;c; Zi. Then there exists a v € X, ay € Y with

y;j € coFj(z), for all j € J and z; € G;(y), for alli € 1.

Proof. Let ® and G be as in Theorem 2.15. Note ® € Kak(X,Y) (so ® € Kak(K,Y)). Next
note from [9] that the finite product of admissible with respect to Gorniewicz maps is admissible
with respect to Gorniewicz (follows from Kiinneth’s theorem), so G € Ad(Y, K). Combining we
have G ® € Ad(K, K) (note the composition of two admissible with respect to Gorniewicz maps is
admissible with respect to Gorniewicz), so Theorem 1.2 guarantees a x € K with z € G ®(z), and

the result is now immediate. O
Remark 2.20. Note there is an analogue of Remark 2.16 (with an appropriate assumption).

Theorem 2.21. Let I and J be index sets with I a finite set, {X;}icr be a family of sets each
in a Hausdorff topological vector space Z; and {Y;}ics be a family of sets each in a Hausdorff

topological vector space E;. For each i € J, suppose F; : X = [[..; X; — E; and there exists a

il
upper semicontinuous map ®; : X — CK(Y;) (i.e. ®; € Kak(X,]Yi)) with ®;(x) C co Fi(x), for
x € X, and in addition there exists a compact set K; with ®;(X) C K; CY;. For each j € I,
suppose Gj € Ad(Y, X;) where Y =[], Yi. Also assume K =[[,c; K
subset of E = [[,c; Es. Then there exists a x € X, ay € Y with y; € coFj(z), for all j € J and

x; € Gi(y), for alli e I.

i 18 a Schauder admissible
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Proof. Let ® and G be as in Theorem 2.15 and note ® € Kak(X,K) and G € Ad(Y,X) (so
G € Ad(K,X)). Combining and note ® G € Ad(K, K), so Theorem 1.2 guarantees a y € K with
y € ® G(y) and the result is now immediate. O

Remark 2.22. Note there is an analogue of Remark 2.18 (with an appropriate assumption).

Theorem 2.23. Let I and J be index sets, {X,;}icr be a family of sets each in a Hausdorff
topological vector space Z; and {Y;}icy be a family of sets each in a Hausdorff topological vector

space E;. For eachi € J, suppose F; : X =[]..; X; — E; and there exists a upper semicontinuous

JeI
map ®; : X — CK(Y;) (i.e. ®; € Kak(X,Y;)) with ®,(x) C co F;(x), for x € X, and in addition
there exists a compact set K; with ®;(X) C K; CY;. For each j € I, suppose G : Y =[]

e Yi—

Z; and there exists a upper semicontinuous map V; : Y — CK(X;) (i.e. ¥; € Kak(Y,Xj))
with W;(y) C coGj(y), fory € Y. Also assume K = [[,.;
of E = [l;c; Ei- Then there exvists a x € X, ay € Y with y; € coFj(x), for all j € J and
x; € coG4(y), for alli e I.

K; is a Schauder admissible subset

Proof. Let ®(z) = [[;c; ®i(2), for z € X and ¥(y) = [[;c; ¥;(y), for y € Y. Note ¢ €
Kak(X,Y) (so® € Kak(X,K))and ¥ € Kak(Y,X) (so ¥ € Kak(K,X)). Thus® ¥ € Ad(K, K),
so Theorem 1.2 guarantees a y € K with y € ® U(y) and the result is now immediate. O

Theorem 2.24. Let I and J be index sets, {X;}icr be a family of sets each in a Hausdorff
topological vector space Z; and {Y;}ics be a family of convex sets each in a Hausdorff topological
vector space E;. For each i € J, suppose F; : X = Hjel X; — E; and there exists a upper
semicontinuous map ®; : X — CK(Y;) (i.e. ®, € Kak(X,Y;)) with ®;(x) C co F;(z), for x € X,
and in addition there exists a convex compact set K; with ®;(X) C K; C Y;. For each j € I,
assume G; € KKM (K, X;) is an upper semicontinuous map with compact values (or, alternatively
G; € KKM(Y, X;) is an upper semicontinuous map with compact values) where K = Hie.] K;
and Y = [[;c; Yi. Also assume K is an admissible subset of E = []

zeX, ayeY withy; € coFj(x), for all j € J and x; € G;(y), for alli € I.

icg Ei. Then there erists a

Proof. Let ® be as in Theorem 2.15 and note ® € Kak(X,Y) (so ® € Kak(X,K)). Let
G(y) = [lje; Gj(y), for y € K, and from Property A we have that G € KKM (K, A) is an upper
semicontinuous map with compact values (here A = [],.; Gi(K)). Note also that ® € Kak(A, K)
Now Theorem 1.7 guarantees that ® G € KKM (K, K), so Theorem 1.6 guarantees a y € K with
y € ® G(y) and the result is now immediate. O

Remark 2.25. In the proof of Theorem 2.24 we could also consider G ® and using Theorem 1.8
we see (with appropriate assumptions) that G® € KKM(X,X) and that then one could apply
Theorem 1.6.
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Theorem 2.26. Let I and J be index sets, {X;}icr be a family of convex sets each in a Hausdorff
topological vector space Z; and {Y;}icy be a family of convex sets each in a Hausdorff topological

vector space E;. For each i € J, suppose F; : X = [[..;X; — E; and there exists a upper

jel
semicontinuous map ®; : X — CK(Y;) (i.e. ®; € Kak(Xj,Yq;)) with ®;(z) C co Fi(x) for x € X.
For each j € I, let K; be a nonempty convex compact subset of X; and suppose G; € KKM(Y, K;)
is an upper semicontinuous map with compact values (or, alternatively G; € KKM(Y,X;) is an
upper semicontinuous map with compact values and G;(Y') C K;) where Y = [[,c; Yi. Also assume
K =[l,c; Ki is an admissible subset of Z = [[;c; Zi, Y is an admissible subset E =[], ; E; and
assume Y is a normal space. Then there exists a v € X, ay € Y with y; € coF;(x), forallj € J
and z; € G;(y), for alli e I.

Proof. Let ® be as in Theorem 2.15 and G(y) = [[;c; G;(y), for y € K. Note ® € Kak(X,Y)
(so ® € Kak(K,Y)) and G € KKM(Y, K) is an upper semicontinuous map with compact values.
Now Theorem 1.8 guarantees that G® € KKM (K, K), so Theorem 1.6 guarantees a € K with

x € G ®(z), and the result is now immediate. O

Remark 2.27. One could also consider ® G in the proof of Theorem 2.26 (with appropriate as-

sumptions).

Remark 2.28. Note the results in Theorem 2.24 and Theorem 2.26 hold for the original K KM
maps (see [5]) if we assume G € KKM (Y, X) instead of assuming G; € KKM(Y, K;), for each
J € 1; here G(y) = [[;er Gj(y), foryeY.

3 Conclusion

In this paper we use a fixed point result in the literature [4] and properties of maps to present a
collectively coincidence theory between similar and different classes of maps. Both the compact
and coercive cases are considered. The theory is partly motivated from results in [14,18,22], so this
paper may be viewed as a companion paper. The paper also motivates potential future directions
in coincidence theory, for example considering approximable maps and selectionable maps to name

but a few.
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