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On the identity D’ + D? = (@ in semiprime rings

BENJAMIN MARCEN™ ABSTRACT

Joso VUKMAN?

The purpose of this paper is to prove the following result.
Let R be a 2—torsion free semiprime ring and let D, G :
R — R be derivations. Suppose that D3(z) + D*(z) =
G(z) holds for all z € R. In this case D = 0. The result
is related to the classical theory of derivations initiated
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y sean D,G : R — R derivaciones. Supongamos que
D?(z) + D*(xz) = G(z) es valido para todo z € R. En
este caso D = 0. El resultado se relaciona con la teoria

clésica de derivaciones iniciada por Posner.
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1 Introduction and the main theorem

In what follows, R denotes an associative ring with center Z(R). We say that R is n-torsion free,
for an integer n > 1, if nz = 0 for x € R forces x = 0. The commutator xy — yz is written as [z, y].

An additive mapping D : R — R is a derivation when
D(zy) = D(x)y + xD(y)

for every z,y € R. Such a derivation is called inner if there is a fixed a € R such that D(z) = [a, 2]
for every « € R. Recall also that R is prime when aRb = (0) implies a = 0 or b = 0, and that R is

semiprime when aRa = (0) implies a = 0.

A fundamental theorem of Posner [3], usually referred to as Posner’s first theorem, says that the
composition of two nonzero derivations of a prime ring of characteristic different from two cannot
itself be a derivation. This result does not extend to semiprime rings in general. A related result

that will be used below is the following theorem from [2].

Theorem 1.1 (|2, Lemma 1.1.9]). Let R be a 2—torsion free semiprime ring and let D,G : R — R

be derivations satisfying

for every x € R. Then D = 0.

The conclusion changes when the second iterate is replaced by the third iterate. One cannot prove
that D = 0 in case we have D?(z) = G(z), for all x € R, where D and G are derivations on R. To
see this, choose a ¢ Z(R) with a? = 0. For the inner derivation D(x) = [a, z], a direct computation
gives D3(z) = 0 for every x € R, whereas D # 0 because a ¢ Z(R). In a different setting, Vukman
[4] obtained the following result.

Theorem 1.2 ([4, Theorem 3]). Let A be a complex semisimple Banach algebra, and let D : A — A
be a linear derivation. Suppose that the mapping x — aD?(z) + D*(z) is a derivation, where « is

a fized complex number. Then D = 0.

Semisimple Banach algebras are, in particular, semiprime. The preceding theorem suggests con-
sidering the corresponding identity over 2-torsion free semiprime rings. The main statement es-

tablished here is the following.

Theorem 1.3. Let R be a 2—torsion free semiprime ring and let D,G : R — R be derivations
satisfying
D3(x) + D*(z) = G(z)

for all z € R. In this case D = 0.
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2 Proof of the main theorem

Proof. Set
F(z) = D*(z) + D*(z) — G(x).

The hypothesis is therefore equivalent to

for all € R. Expanding F'(zy) by means of the derivation rule gives
F(xy) = F(z)y + «F(y) + H(z)D(y) + D(z)H(y), (2.2)

for all z,y € R, where
H(z) = 3D*(x) + D(xz).

Now apply (2.2) with zy in place of z in (2.1), and use (2.1) to eliminate the terms involving F'.
This yields

H(z)D(y) + D(x)H(y) = 0, (2.3)
for all z,y € R. The product formula for H is
H(zy) = H(z)y + zH(y) + 6D(x)D(y), (2.4)

valid for all z,y € R.

Next, replace y by yz in (2.3) and expand H(yz) by (2.4). We obtain

0= H(z)D(yz) + D(z)H (yz) = H(z)D(y)x + H(x)yD(z)+
D(z)H(y)x + D(x)yH (x) + 6D(x)D(y)D(z).

Using (2.3) to cancel the corresponding terms leaves
H(z)yD(x) + D(x)yH(x) + 6D(x)D(y)D(z) =0, (2.5)

for all z,y € R.

In (2.5), substitute yD(z) for y. This gives

H(x)yD(x)? + D(x)yD(x)H (x) + 6D(x)D(y)D(z)? 4+ 6 D(x)yD?*(x)D(z) = 0,
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for all z,y € R. Multiplying (2.5) on the right by D(z) and subtracting the resulting identity from

the preceding one, we obtain
D(x)y [D(x), H(x)] + 6D (2)yD?(x) D(x) = 0,

for all z,y € R. Since

the preceding identity can be written as
D(x)y3(D*(x)D(z) + D(x)D*(x)) = 0, (2.6)

for all z,y € R.

Taking y = x in (2.3) gives
3(D*(x)D(x) + D(x)D*(x)) +2D(z)* = 0
for every x € R. Consequently, the first factor in (2.6) can be replaced by —2D(x)%. Hence
D(z)yD(z)* =0,

for all =,y € R, where the 2-torsion-free assumption has been used. Multiplying this identity on
the left by D(x) gives
D(x)*yD(z)?> =0

for all z,y € R. Semiprimeness of R then implies
D(z)*=0

for every = € R.

The Giambruno—Herstein theorem [1, Theorem 3] now finishes the argument. O

We close by recording the following conjectural extension.

Conjecture 2.1. Let n > 3 be an integer, and let D,G : R — R be derivations, where R is a

semiprime ring with suitable torsion restrictions. Suppose that
D" (x) + D*(z) = G(z)

holds for all x € R. In this case D = 0.
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