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Uniquely bi-embeddable bipartite 2-regular graphs
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JIAYU Yang!®
A bipartite 2-regular graph is a bipartite graph G such

that G = Cony U C2py U -+ - U Oy, with £ > 1, ie., G is
a vertex-disjoint union of bipartite cycles. In this paper,
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we completely characterize the bipartite 2-regular graphs
which can be uniquely bi-embedded into their bipartite
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RESUMEN

Un grafo bipartito 2-regular es un grafo bipartito G tal
que G = Capy U Copy U --- U Copy, con k > 1, dee,
G es una unién disjunta por vértices de ciclos biparti-
tos. En este articulo, caracterizamos completamente los
grafos bipartitos 2-regulares que pueden ser tnicamente

bi-incrustados en sus complementos bipartitos.
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1 Introduction

In this paper, we only discuss finite simple bipartite graphs and use standard terminology and
notation from [1] unless indicated otherwise. For a graph G, we use V(G) and E(G) to denote
the vertex set and edge set of G, respectively. From [2], an embedding of G is a permutation o on
V(G) such that if an edge zy belongs to E(G), then o(z)o(y) does not belong to E(G). A graph
G is said to be uniquely embeddable if GUo(G) is isomorphic to GUT(G) for any two embeddings
o and 7 of G. In this paper, we will investigate uniquely bi-embeddable bipartite 2-regular graphs.
This work is motivated by the result in [2]. Grzelec, Pilsniak and Wozniak characterized all the

uniquely embeddable 2-regular graphs in [2] as in the following theorem:

Theorem 1.1 (|2, Theorem 5]). Let G be a union of vertez-disjoint cycles. Then G is uniquely
embeddable if and only if G is one of Cs, Cg, C3 U Cy, C3U Cs, 3C3 and 4C5.

Wozniak characterized all uniquely embeddable graph G with |E(G)| = n — 2 in [8] as in the

following theorem:

Theorem 1.2 ([8, Theorem 2]). Let G be a graph of order n and size e(G) = n — 2. Then either
G is not uniquely embeddable or G is isomorphic to one of the seven following graphs: Ko U K7,
2Ky, K3U2K;, KsUKy UK, C4U2K;, K3 U2Ks, 2K3 U2K].

The unique embedding problem has also been studied for forests, as in the following theorem:

Theorem 1.3 ([3, Theorem 6]). Let F be a non-star forest of order n having at least one edge.

Then either F is not uniquely embeddable or F is isomorphic to one of the following graphs:

KQUKl, 2K2, 3K2, 5(272) or S;L forn Z 4.

For other embedding and packing problems, we refer readers to [4,7,9,11] .

In this paper, we use G(X,Y) to denote a bipartite graph G with (X,Y’) as its bipartition. If
H is a subgraph of G(X,Y), then the bipartition of H is given by (V(H)N X, V(H)NY). For
Z C V(G), we define G[Z] to be the subgraph induced by Z. For convenience, we might use
G to denote G(X,Y) in the proofs. We say that a bipartite graph G(X,Y’) is bi-embeddable if
there is a bijection ¢ : V(G) — V(G) such that 0(X) = X, o(Y) =Y and E(G) N E(c(G)) = @.
Furthermore, a bipartite graph G(X,Y") is said to be uniquely bi-embeddable if G is bi-embeddable
and GUo (G) is isomorphic to GUT(G) for any two such bijective mappings o and 7. We use B(X,Y)
to denote the complete bipartite graph with bipartition sets X and Y. Also, we use G(X,Y)” to
denote the bipartite complement of G(X,Y) in B(X,Y), where V(G(X,Y)") = V(G(X,Y)) and
E(G(X,Y)") = E(B(X,Y)) — E(G(X,Y)). Note that for any two bipartite 2-regular graphs G,

and Gg, G is isomorphic to G if and only if GY is isomorphic to G¥.

Let G1(X,Y) and G2(X,Y) be two bipartite graphs. We denote the edge sum of G; and G5 by
the bipartite graph G7 U G2 with (X,Y") as its bipartition and E(G1UG2) = E(G1)UE(G>) as its
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edge set. If a graph L is the union of m disjoint copies of a graph N where m > 2, then we denote

L by mN.

In this paper, we will prove the following theorem:

Theorem 1.4. Let G(X,Y) = Cap, UCop, U---UCay, with k > 1 be a bipartite 2-regular graph.
G(X,Y) is uniquely bi-embeddable if and only if G(X,Y) is one of Cg, Cig, 2C4 or 3Cy. Moreover,
G(X,Y) is not bi-embeddable if and only if G(X,Y) is one of Cy, Cs or C4 U Cs.

For more bi-embedding and bi-packing problems, we refer readers to [5,6,10] .

2 Proof of Theorem 1.4

To prove Theorem 1.4, we need the following results.

Lemma 2.1. If a bipartite graph G = Cayp, U Cap, U --- U Cay, with k > 1 has a bi-embedding o
such that the bipartite graph G U o(G) is not connected, then G has another bi-embedding ¢’ such
that the bipartite graph GUd'(G) is connected. In particular, the bipartite graph G is not uniquely
bi-embeddable.

Proof. Among all bi-embeddings of bipartite graph G(X,Y), let v be a bi-embedding such that
G U~(G) has the minimum number of connected components. Suppose, for a contradiction, that
G U~v(G) is disconnected and let G; and Gy be two components of G U ~(G). Let 21 € V(Gy)
and zo € V(G2) be two vertices both in X and both z; and zo are not cut vertices of G; and
G, respectively. Such x; and x5 exist since G; and Go are both 4-regular bipartite subgraphs in
G U (@) with both G; and G5 formed by two edge-disjoint cycles, respectively. Say v(u) = x4
and v(v) = 3. Let 7 be a bijection of V(G) such that

() forall zeV(G)-—{u,v}.

Then it is easy to see that 7 is a new bi-embedding of G and G U 7(G) has fewer connected

components than G U~(G), a contradiction. O
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Lemma 2.2. For a path P,, P, is bi-embeddable if and only if n > 7.

Proof. Note that P, is bipartite for any n > 2. We say P, = P,,(X,Y) where X and Y are the
partition sets of P,,. Let t = |[n/2|. Let P, = x1y1 - - - xy: if n is even and P, = x1y1 + - - T4 YsTry1
if n is odd with y; € Y for all ¢ € {1,...,t}. It is easy to check that P, is not bi-embeddable if
n < 6. So suppose n > 7. If n =7, let ¢ be a bijection of V' (P7) such that

¢(m1,y1,x27y2,x3,y3,x4) = ($27y3,$1,y275€4»y17$3)-

Then it is easy to check that ¢ is a bi-embedding of P;. For n > 8, let p be a bijection of V(P,)
such that

plz;) =z, with 1<i<t ifnisevenand 1<i<t+1 ifnisodd;
p(Yi) = Yiya, 1€{l,...,t—2};

P(Yi—1,Yt) = (Y1, y2)-

Then it is easy to see that p is a bi-embedding of P,. O

Lemma 2.3. Let G(X,Y) be a bipartite graph such that G = Cy, U B, with m € {4,6}, n > 3,
i.e., G is a disjoint union of a bipartite 4-cycle and a path with order at least 3 or G is a disjoint

union of a bipartite 6-cycle and a path of order at least 3. Then G is bi-embeddable.

Proof. Let Cp, = a1as - amay with m € {4,6} and a; € X. Let P, = z1y;1 - - 2y if n is even
and P, = x1y1 « - T4 if nis odd, with y; € Y for all i € {1,...,¢}, where t = |n/2]. Consider
m = 4. It is easy to check that there is a bi-embedding of G if P, has 3 <n < 6. Let n > 7. By
Lemma 2.2, there is a bi-embedding p of P,,. Then we can extend the bi-embedding p in Lemma

2.2 to T by letting

T(a15a25a35a4) = (371,&2,1‘2,0/4);
(21, 22) = (a1,a3);

7(u) = p(u), forall u e V(P,)— {x1,x2}.

Then it is easy to check that 7 is a bi-embedding of G. Similarly, one can show that there is a

bi-embedding of G = Cg U P,, with n > 3. O
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Lemma 2.4. Let G(X,Y) be a bipartite graph such that G = Cy, U Cg U P, withn > 1, i.e., G is
a disjoint union of a 4-cycle, a 6-cycle and a path of order at least 1. Then G is bi-embeddable.

PTOOf. Let C4 = 102030401, 06 = b1b2b3b4b5b6b1 with {al,bl} g X. Let Pn = T1Y1 - TtYt if n
is even and P, = x1y1 - - - T4y if mis odd, with y; € Y for all ¢ € {1,...,t}, where t = |n/2].
It is easy to check that there is a bi-embedding of G if 1 < n < 6. If n = 7, we can extend the

bi-embedding ¢ in Lemma 2.2 to 7 where

7(a1,az, a3, as bi,az,b3,a4);

) =(

7(b1, b2, b3, ba, b5, bs) = (a1, b2, az, b, 21, bs);
7(22) = bs;

)

7(u

o(u), forallue V(Pr)— {xa}.

Then it is easy to see that 7 is a bi-embedding of Cy U Cg U P;. For n > 8, we can extend the

bi-embedding p in Lemma 2.2 to 7 where

7(a1,az,a3,as) = (b1, a2, bs, as);
(b17 b27 b37 b47 b57 b6
T(21

7(u

(a1,b2,as,bs,21,bg);

) =
) =
)
) =p(u), foralwueV(P,)—{r1}.

Then it is easy to see that 7 is a bi-embedding of G. O

Now we are ready to prove Theorem 1.4. We will divide the proof of Theorem 1.4 into several cases
according to the number of disjoint bipartite cycles in G(X,Y"). For convenience, in the following

proof, we denote the bipartite graph G(X,Y’) as G. Note that | X| = |Y.

Case k=1

As k=1, we let ny = n, i.e., G = Cy,, with partition sets X and Y such that | X| =|Y| =n. It is
easy to check that Cy and Cg are not bi-embeddable.

It is easy to see that each of Cg and Ciq is bi-embeddable. Clearly, for every bi-embedding o of
Cs we have Cs U o (Cg) = K44 since every vertex has degree 4 in Cs U 0(Cg). So Cy is uniquely
bi-embeddable. For every bi-embedding o of Cjp, C19 U (Clp) is a 4-regular bipartite subgraph of
K5 5. Furthermore, the bi-complement of every Cy9 U o(Cp) is a bipartite 1-factor of K55 which
is a perfect matching and all perfect matchings in K5 5 are isomorphic. This implies that Cj is

uniquely bi-embeddable.
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For n =6, let G = v1vy - - - v12 with v; € X and let o and 7 be two bijections of V' (G) such that

U(’Ula/l)Qv e 7/012) = (’U171)47?)9,’1)12,U7,’010,U5,02,1}117?)8,’1)3, UG);

T('U1, V2, .00y 1112) = (Uh V6, V11, U4,’09,U2,U7,U1277}5,U10703708)~

Then it is easy to check that o and 7 are two bi-embeddings of G. So (G U o(G))” = Cs U Cs
with v3v10v3v1205U801 and vaV7V4V11V6V9V2 as those two disjoint 6-cycles. But (G U T(G))"” =2 3Cy
with v1v4v7v10v1, V3VVoV12V3 and vsvov11Vsvs as those three disjoint 4-cycles. So (G U o(G))” 2

(GUT(G))"”. Thus Ci2 is not uniquely bi-embeddable.

For G = (5, with n > 7, we shall show that there are two distinct bi-embeddings ¢ and 7 of G
such that G U o(G) contains K3 4 as a subgraph but G U 7(G) does not.

Figure 1: GU o(G) contains a K3 4.

Let v, vg, v1, va, v3, V4, U5, Vg, w be nine consecutive vertices of G and let P be the path from v
to w in G[V(G) — {vo,...,v¢}], i.e., P = G — {vg,...,vg}. Since |V(G)| > 14, |V(P)| > 7. By
Lemma 2.2, there is a bi-embedding of P into its bi-complement, say . We may say o(v) = v’

and o(w) = w’. By letting
U(an '1)1,'[}2,’[)3,@47’05,’1)6) = (’U271)5,U(],’1)3, vﬁvvlvv4)7

we extend o to G such that G U o(G) contains a subgraph K34 on {vg,...,vs} and it is easy to

see that o is a bi-embedding of G. See Figure 1. Since we will use this result for later arguments,
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we state this result as Lemma 2.5.

Lemma 2.5. Let P = vyv1v2v30405v6 be a path of order 7 in a bipartite 2-reqular graph G. If G—P
is bi-embeddable, then there is a bi-embedding o such that GUo(G) contains K3 4 on {vg,...,ve}.

We now construct another bi-embedding £ such that G U {(G) is K3 4-free. Since we will use this

construction later, we state it as the following Lemma.

Lemma 2.6. There is a bi-embedding & of G = Cay, with n > 5 such that G UE(G) is K3 4-free.

Proof. For convenience, let Cy,, = T1y122Y2 - - - Tpynr1 With 1 € X. Asn > 5, let £ be a bijection
of V(G) such that
§(xi) = @, with 1 <i<mn;

§(Wi) = Yite, ie{l,...,n—2} (2.1)

EWn—1,Yn) = (Y1,%2)-

Then it is easy to check that £ is a bi-embedding of G. Let H = GU&(G). By the construction of &,
we see that H = GUE(G) is a highly symmetric 4-regular bipartite graph. For any i € {1,...,n},
Ny (z:) = {Yi-1,Yi, Yit1, Vir2} and Ny (y;) = {x;—2, i1, T;, x;+1} where the subscripts are taken
modulo n. For n > 5, two cyclic intervals of length 4 in Z, are equal only if they coincide as
intervals. So if ¢ # j with 4,5 € {1,...,n}, |[Ng(x;) N Ng(z;)| < 3 and |Ng(y;) N Nu(y;)| < 3.
Thus, it follows that

|[Np(u) N N (v)] <3, for any two distinct vertices wu,v € V(G). (2.2)
Thus, ¢ is a K3 4-free bi-embedding of G. O

Thus, G U o(G) and G U 7(G) are not isomorphic. This shows that G = Cy,, is not uniquely
bi-embeddable for n > 7.

Case k=2

Let G = Cay, U Cay,. Assume, without loss of generality, that ny < ng. From the work in Case
k=1, if ny > 4, each of Cy,, and Cy,, has a bi-embedding and so G has a bi-embedding ¢ such
that GUo(G) is disconnected. By Lemma 2.1, G is not uniquely bi-embeddable. Therefore, n; = 2
or n1 = 3. So we have the following two subcases: G = Cy U Cyy,, with ng > 2 or G = Cg U Cyy,
with ny > 3.
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Subcase 1.1. G = Cy U Cyy, with ng > 2

For ny = 2, G = C4 U C} is bi-embeddable and it is easy to check that for any bi-embedding ¢ of
G, GUo(G) = Ky 4 since the degree of any vertex in G U o(G) is equal to 4. Thus, Cy U Cy is
uniquely bi-embeddable.

For ny = 3, we will show that G = C4 U Cj is not bi-embeddable. Let Cy = z1x0x37471 and
Cs = v102v3v4U506v1 with {x1,v1} C X. Suppose there is a bi-embedding o of G. Then o(G) is
2-regular. Say, without loss of generality, that {z1vs, 2104} C E(0(G)). Note that N,g)(z3) €
{v2, v4,v6}. Suppose that {x3vs, 2304} C E(c(G)) for the moment. Then G[V(G)—{z1,x3,v2, V4 }]
is the 6-cycle in o(G). Since o is a bi-embedding, {v1z2,v124} C E(0(G)). This implies that v
must be adjacent to vg in ¢(G) which is impossible. So, |N,(g)(21) N Nygy(23)| = 1. Assume,
without loss of generality, that {z3ve, 23v6} C E(o(G)). But this implies that both v4 and vg must
be adjacent to u in o(G) where u € {v1,vs,vs}, which is also impossible since ¢ is a bi-embedding.

Thus C4 U Cg is not bi-embeddable.

For no = 4, we will show that there are two distinct bi-embeddings of G = C4 U Cg. Denote
the 4-cycle and 8-cycle by zizozzzsr; and vivovsvavsv6v7Vs, Tespectively. We may say that

{z1,v1} C X. Let o and 7 be two bijections of V(G) such that

0(231,&6273?3,564) 561702,903704);

0'(1)1,’1}2,’[)3,@47’05, Vg, U7, U8 V1, Ve, 'U3,’U87’U57.’K27’U77(E4);

£L‘1,U4,l’37’l)8);

= (
vs) = (
(21, 22, 23, 24) = (
)= (

7(v1,v2, U3, V4, Vs, Vg, U7, Ug V1, T2, V7, V2, Vs, T4, U3, Ug).

Then it is easy to see that o and 7 are two bi-embeddings of G. Furthermore, (GUo(G))"” = C,UCs
where Cy = x1vsz3vs21 and Cy = v1220324V5V20704v1. But (G U 7(Q))” =2 3C, with xjvaz3v6271,
v3T205vsv3 and v1x4vrv4v1 as those three disjoint 4-cycles. So (GU o (G))” 2 (GUT(G))”. Thus,
Cy4 U Cg is not uniquely bi-embeddable.

Now, let G = Cy U Cyp, with ne > 5. We will show that there are two distinct bi-embeddings
o and 7 such that G U 0(G) contains K34 but G U 7(G) does not. For convenience, we denote
Cy = v1vguzvgvy and Cop, = T1Y122Y2 ** * TpyYn, 1 With {z1,v1} C X where ng > 5. Let P be a
path of order 7 in G. So P C Cy,,. By Lemma 2.3 and Lemma 2.5, there is a bi-embedding o of
G such that K34 C GUo(G). Now, we will construct another bi-embedding 7 such that GU7(G)
is K3 4-free. We can extend the bi-embedding ¢ in Lemma 2.6 equation (2.1) to 7 by letting

T(U17U271)3,’U4) = (U17y37v3ay4);
T(y1,y2) = (v2,v4);
T(u) = &(u) forall we V(G)— {vi,v2,vs,v4,Y1,Y2}
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Then it is easy to check that 7 is a bi-embedding of G. Similar to (2.2) in Lemma 2.6, let H =
GUT(G) and we get for any two distinct vertices u,v € V(G) —{v1,vs}, |[Ng(u) N Ng(v)| < 3. For
v1 and vg, Ng(v1) = Ny (vs) = {v2, v4,y3, ¥4} and Ny (v2) VNp (va) "\ Na (y3) N Na (ys) = {v1, vs}
which forms exactly one Kz 4 on {v1,vs,v2,v4,¥y3,ys}. So GUT(G) is K3 4-free. Thus, GU o (G)
and GUT(G) are not isomorphic. And this shows that G = C4UCsy, is not uniquely bi-embeddable
for ny > 5.

Subcase 1.2. G = Cs U Cyy, with ng >3

For no = 3, we will show that there are two distinct bi-embeddings of G = Cg U Cs. Denote two
6-cycles in G by x1xex3r4xs5x621 and v1v2v304V5V6v1, Tespectively, with {z1,v1} C X. Let o and
T be two bijections of V(G) such that

U($1,$2,$3,$4,(E57$6 x1,V2,T3,V4,T5,U6),;

O—(U177)27,U33v4av571)6 ;

)
)
2);
)

T5,V6,V3,T6,Vs5,T2).

V1, X2,V3, T4, Vs, L6
v

(

(
T(x1, 2, T3, 4, T5, T6 (w1, 24,v1,04, 23,
(

):
):
):
7(v1, V2, V3, Vg, Vs, Vg) =

Then it is easy to check that o and 7 are two bi-embeddings of G. Moreover, (GUc(G))"” = 3Cy with
T1T4V104T1, T3TaU3VeT3 and T5Tov5v2x5 as those three disjoint 4-cycles. But (G U T(G))” =2 Chs.

So (GUo(GQ))" 2 (GUT(G))". Thus Cs U Cs is not uniquely bi-embeddable.

For no = 4, we will show that there are two distinct bi-embeddings of G = Cg U Cs. Denote two
cycles in G by Cg = x129232425x621 and Cg = v10203040506070s01 With {x1,v1} C X. Let o and

7 be two bijections of V(G) such that

U($1,$27$37$4,$57$6) $1,U27$3,U47$5,06)§
U(’U171)27/U37v47 Us, U6, U7, U8

= (
= (v1, T2, V7,74, V3, Vs, Vs, T6);
= (21, 24,V1,04, T3, 06);

= (

vg)
T($1,$27x3,$4, $5,$6)
)

T(U17U2,'03,'U4, U5, Vg, U7, Ug Ts5, V8, Vs, ’1)2,1)771'6,1)371'2).

Then it is easy to see that ¢ and 7 are two bi-embeddings of G. Let Hy = G U o(G) and
Hy; = GUT(G). We will show that HY 2 HY. Clearly, 124010421, 2326030623 and T5xav502T5
are three disjoint 4-cycles in H{'. Suppose for a contradiction that there are three disjoint 4-
cycles in HY and denote those three 4-cycles as Li, Lo and Ls, respectively. Suppose x4 €
V(L;) for some ¢ € {1,2,3}. Clearly, z4vsxov724 is the only 4-cycle in H) containing x4 and we
denote it as Ly. Then it is easy to check that z¢ ¢ V(L;) for any j € {2,3}. This implies that
{v2,v4,v6,v8} C V(L2 U L3). But it is easy to see that vg is not in any 4-cycle in HY [V (HY) —
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{z4,v5,x2,v7,26}], & contradiction. So we assume that x4 ¢ L; for any ¢ € {1,2,3}. This
implies that {2, 26, v2,v4,v,v8} C V(L1 U Ly U L3). For x4, x6v1220526 is the only 4-cycle in
HY[V(HY) — {x4}] contains z¢ and we denote it as L. But it is easy to see that vg ¢ L; for any
j € {2,3}, a contradiction. Thus, 3Cy C (GUo(G))"” and (GUT(QG))" is 3C4-free and this implies
that Cg U Cy is not uniquely bi-embeddable.

Now, let G = Cs U Cyp, with ne > 5. We will show that there are two distinct bi-embeddings
o and 7 such that G U o(G) contains K34 but G U 7(G) does not. For convenience, we denote
Cs = v1020304U506V1 and Cap, = T1Y1Z2Y2 -+ Ty Yno &1 With {x1,v1} € X where ny > 5. Let P be
a path of order 7 in G. So P C Cy,,. By Lemma 2.3 and Lemma 2.5, there is a bi-embedding o of
G such that K34 C GUo(G). Now, we will construct another bi-embedding 7 such that GU7(G)
is K3 4-free. We can extend the bi-embedding ¢ in Lemma 2.6 equation (2.1) to 7 by letting

7'('01,’02,’[)3,?)4,’05,'06) = (U17y3,'03,y4,7)5,y5)§
(Y1, Y2,Y3) = (v2,04,V6);

T(u) =&(u) forall u € V(G) — {vi,va,v3,v4, Vs, V6, Y1, Y2, Y3 }-

Then it is easy to check that 7 is a bi-embedding of G. Similar to (2.2) in Lemma 2.6, let
H = GUT(G) and we get for any two distinct vertices u,v € V(G), |Ng(u) N Ng(v)| < 3. So
G UT(Q) is K3 4-free. Thus, GUo(G) and G U 7(G) are not isomorphic. And this shows that
G = Cg U Cyy, is not uniquely bi-embeddable for ng > 5.

Case k=3

Let G = Cyy,, U Cap, U Cap,. Assume, without loss of generality, that ny < ny < n3. So we
can treat G as two subgraphs G and G with Gi = Cay,, U Cyp, and Gy = Ca,,. By Case
k = 1 and Case k£ = 2 we have the following arguments. If n; > 4, each of G; and G5 has a
bi-embedding and so G has a bi-embedding o such that G U o(G) is disconnected. By Lemma
2.1, G is not uniquely bi-embeddable. So n; € {2,3}. If no > 4, each of G; and G; also has a
bi-embedding and G has a bi-embedding o such that G U o(G) is disconnected. By Lemma 2.1,
G is not uniquely bi-embeddable. So ns € {2,3}. If ny = ny = 2 and ng > 4, each of Gy and
G4 also has a bi-embedding and G has a bi-embedding o such that G U o(G) is disconnected. By
Lemma 2.1, G is not uniquely bi-embeddable. If ny = ny = 3 and n3 > 4, each of G; and Gs also
has a bi-embedding and G has a bi-embedding o such that G U c(G) is disconnected. By Lemma
2.1, G is not uniquely bi-embeddable. Thus, G is isomorphic to one of the following graphs: 3Cy,
20, UCs, C4UCsUCyy,, with ng > 3 and 3Cs. We divide our argument into the following subcases.
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Subcase 2.1. G =3Cy

Denote three 4-cycles in G by z1xox324%1, v102v3v4v1 and z122232421, respectively. Assume that
{z1,v1,21} C X. We will show that for any bi-embedding ¢ of G, (GU¥(G))"” = 3C4. It is easy to
check that G is bi-embeddable and for any bi-embedding ¢ of G, (GU¥(G))” is a 2-factor. Let o
be a bi-embedding of G. By the definition of bi-embedding, ¢(G) =2 G and E(c(G)) N E(G) = @.
It follows that o(G) = 3Cy, i.e., o(G) is still a disjoint union of three bipartite 4-cycles. Let
{z,y} C V(G). First note that G = 3C4 and so dg(z) = dg(y) = 2. Moreover, Ng(x)NNg(y) = @
or Ng(z) = Ng(y) as G is a disjoint union of three bipartite 4-cycles. Now, we claim that for any
{u,v} € 0(G), Noa)(u) N Noey(v) = @ or Nyg)(u) = Ny(a)(v) with dy(q)(u) = dyq)(v) = 2.
Suppose that N, (g)(u) N Ny (v) # 3. Let wi € Nyg)(u) N No(ay(v). As o(G) =2 3Cy, u, v and
wy lie in the same component in (@), i.e., they must lie in a bipartite 4-cycle in o(G). Denote
this bipartite 4-cycle as C'. Then C' = uwjvwsu, where wy is the remaining vertex of C'. It follows

that N, (g)(u) = No(@)(v) = {w1,w2} in o(G). Thus the claim holds.

For instance, we choose u = x1. If v = w3, then Ng(x1) = Ng(x3) = {x2,24}. U v # 3,

say, without loss of generality, that v = wvq, then it is easy to see that Ng(z1) N Ng(vi) =

Il

@. So if v = x3, then o({z1,x2,z35,24}) must form a bipartite 4-cycle in o(G) since o(Q)
3Cy. It follows that N,g)(o(z1)) = Ny(a)(o(z3)) = {o(x2),0(x4)}. Assume that v # 3, say,
without loss of generality, that v = v1. We suppose that Ny (o(z1)) N Nog)(o(v1)) # @.
As No(e)(0(71)) = Noe)(o(z3)) = {o(x2),0(x4)}, No(cy(o(v1)) N{o(z2),0(x4)} # @ and so
we have either d,(g)(o(x2)) > 3 or dy(g)(o(x4)) > 3 which contradicts to o(G) = 3C,. Thus
Ny (1) N Ny (v1) = 9.

Now, let H = G U o(G). By the structure of G and o(G), it is easy to see that H” = 3C,. Thus
G = 3C} is uniquely bi-embeddable.

Subcase 2.2. G =2C, UCy

We will show that there are two distinct bi-embeddings of G. For convenience, denote one Cy by
12923241, the other Cy by vivavzvavy and Cg by 21292324252621 in G with {z1,v1,21} C X. Let
o and 7 be two bijections of V(G) such that

0($17$2,1’37$4) 331,027953,@4);

0(0171)2,7)3, 4 03722,257964);
1

0'(21,22723,24725, 6 z ,Z4,’U1,26,2’3,(E2);

I17U2721,U4);

T(,UlarUQaUE}) 4 ’U17Z27257x2);

(
va) = (
z6) = (

T(1, %2, 23,24) = (
va) = (
)= (

7(217232’23724735726 x3az4av3ax4az3az6)'
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Then it is easy to see that ¢ and 7 are two bi-embeddings of G. Let Hy = G U o(G) and
Hy = GUT(G). We will show that H{ 2 HY. For H{, H{[{x1, xs, 22, 74, 26 }] contains a Ks 3 and
H{'[{v2,v4, 21, 23, 25 }] contains another Ky3. So 2Ka3 C H{'. For Hy, [Nyy(u) N Ngy(v)| < 2

for any two distinct vertices u,v € V(Hy) — {v2,v4} and Npyy(v2) = Npyy(vs) = {73, 23,25}

This implies that HY contains exactly one K33 on {ve,v4, x3, 23, 25}. So HY is 2K, 3-free. Thus

2C'4 U Cg is not uniquely bi-embeddable.

Subcase 2.3. G = Cy U (g U Cy,, with ng > 3

First, we show that there are two distinct bi-embeddings when n3 = 3, i.e., G = C4;U2Cj. For con-
venience, denote Cy by x12ox32421, one Cg by v1v2v3v4v5v5v1 and the other Cg by 21 222324252621

in G with {z1,v1,21} C X. Let o and 7 be two bijections of V(G) such that

0'(1'1,&32,.133,.’1)4) $17U2,$3,U4);

0'('1)17'[)2,’()3,1}477]5, 6 U1,$2,U3,5L’47217Z4);

U(Zlv 29,23,%4,%5,%6
Z1, V2, Zla’U4);

7(v1,v2, V3, V4, Vs, Vg V1, 22, 25, U6, U3, T2);

(
v6) = (

26) = (25, V6, 23, 26, U5, 22);
(@1, 2, 3, 24) = (
v6) = (
)=(

7'(2172'2,2'3,2472'5,26 $3,Z4,U5,1‘4,Z3,Z@).

Then it is easy to check that ¢ and 7 are two bi-embeddings of G. Let H; = G U o(G) and
Hy = GU7T(G). We will show that HY 22 HY. For H{, H{[{x1,xs,vs, Vs, 22, 24, 26 }] contains a
K3 4 But for any two distinct vertices u,v € V(Hy), [Ngy(u) N Ngy(v)| < 3. So Hy is K3 4-free.
Thus Cy U 2C§ is not uniquely bi-embeddable.

Second, we show that there are two distinct bi-embeddings when ng = 4, i.e., G = C4 U Cg U Cs.
We will show that there are two distinct bi-embeddings o and 7 such that GU o(G) contains K3 4
but G U 7(G) does not. For convenience, denote Cy4 by vivavsvavy, Co by 21222324252621 and Cy
by z1y122y2x3ysxaysxy in G with {z1,v1,21} C X. Let P be a path of order 7 in G. So P C Cs.
By Lemma 2.4 and Lemma 2.5, there is a bi-embedding ¢ of G such that K34 C G U o (G). Now,
we will construct another bi-embedding 7 such that G U 7(G) is K3 4-free. Let

T(U1,U27U37v4) = (U1,227U3724);
7'(21722723724735736) = (21,y1,23,y27257y3);

7(90173/1, Z2,Y2,23, y37x4,y4) = (901702,30273/4, T3, V4,24, ZG)~

Then it is easy to see that 7 is a bi-embedding of G. Let H = G U 7(G) and it is easy to check
that for any two distinct vertices u,v € V(G) — {v1,v3}, |[Ng(u) N Ng(v)| < 3. For v; and vs,
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Ny (v1) = Np(vs) = {va,v4, 22,24} and Ng(va) N Ny (va) N Ngr(z2) N N (z4) = {v1,v3} which
forms exactly one Ky 4 on {v1,vs,v2,v4, 22,24}. So GUT(G) is K3 4-free. Thus, G U o(G) and
G UT(G) are not isomorphic and this shows that G = Cy U Cg U Cs is not uniquely bi-embeddable.

Now, let G = C4 U Cg U Cyp, with nz > 5. We will show that there are two distinct bi-embeddings
o and 7 such that G U o(G) contains K34 but G U 7(G) does not. For convenience, denote Cy by
V102030401, Cg by 21222324252621 and Cap, by T1Y1 -+ TngYna 1 in G with {z1,v1,21} C X where
ng > 5. Let P be a path of order 7in G. So P C Cy,,. By Lemma 2.4 and Lemma 2.5, there is a
bi-embedding ¢ of G such that K34 C GUo(G). Now, we will construct another bi-embedding 7
such that GU 7(G) is K3 4-free. We can extend the bi-embedding & in Lemma 2.6 equation (2.1)
to 7 by letting

T(U17U27U37U4 U17y3vv37y4)

(
7(21,22,23724725726 (217112723,114,257?}5)
(y1,yz7y3 (

7(u

227234’26

) =
) =
) =
)=&(u) forall ueV(G)—{v1,va,v3,v4, 21, 22, 23, 24, 25, 26, Y1, Y2, Y3 } -

Then it is easy to see that 7 is a bi-embedding of G. Similar to (2.2) in Lemma 2.6, let H = GUT(G)
and we get any u,v € V(G) — {v1,v3}, |[Ng(u) N Ng(v)| < 3. For vy and vs, Ny (v1) = Ny (vs) =
{v2,v4,y3,y4} and Ng(v2) N Ny (va) N N (ys) N N (ys) = {v1,v3} which forms exactly one Kz 4
on {v1,v3,v2,v4,y3,Ya}. So GUT(G) is K3 4-free. Thus, GUc(G) and GUT(G) are not isomorphic
and this shows that G = Cy U Cg U Cy,,, is not uniquely bi-embeddable for ng > 5.

Subcase 2.4. G = 3Cj

We will show that there are two distinct bi-embeddings of G = 3Cy. For convenience, denote those
three 6-cycles by x1xox3x4T5T621, V1V203V405V6v1 and 21 202324252621 in G, respectively, where

{z1,v1,21} C X. Let 0 and 7 be two bijections of V(G) such that

($17x2,$3,$4,$5,$6 .’El,.’E47U1,.’E67$3,’U2)

0(”17”23”37”47”57 Ve I5,I2,U3,22,257U4)

21,24, V5, 26, 23, V6);

o (21, 22, 23, 24, 25, %6

T5,x2, Vs, V2,25, Z2)

(

(

(

(21, 24,01, 04, 21, 24);
7(v1, V2, V3, V4, V5, Vg (
(

)=
)=
)
T(w1, 02, 03, 24, T3, T6)
)=
)=

(2172272372472:5726 $37x671)3,’06,2«'3,26)

Then it is easy to check that o and 7 are two bi-embeddings of G. Let H; = G U o(G) and
Hy; = GUT(G). We will show that Hy 2 Hy. For Hy, Hq[{z1, %3, %2, 4, Ts,v2}] contains a Kj 4.
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But for any two distinct vertices u,v € V(Hz), |Ng,(u) N N, (v)] < 3. This implies that Hj is
K 4-free. Thus 3Cs is not uniquely bi-embeddable.

Case k>4

In this case, we will divide the case into two subcases, one is k = 4 and another is k > 5.

Subcase 3.1. £k =4

Let G = Cap, U Cap, U Copy U Coy, . Assume, without loss of generality, that ny < ng < ng < ny.
Let G = G1 U Gy where Gy = Cay, U Cyy, and Gy = Cap, U Cyy,. By Case k = 2 and Lemma
2.1, G is not uniquely bi-embeddable unless G is isomorphic to 3Cy U Cg or Cy U 3Cs. Here are
some examples for using Lemma 2.1 and Case k = 2. If ny > 3, then each G; and G5 has a
bi-embedding and so G has a bi-embedding o such that G U o(G) is disconnected. By Lemma
2.1, G is not uniquely bi-embeddable. So n; = 2. Similarly, if ny = no = nzg = ngy = 2, G
has a disconnected bi-embedding. If ny = no = 2 and n3 = nqy = 3, G also has a disconnected
bi-embedding. By Lemma 2.1, G is not uniquely bi-embeddable. It therefore remains to consider

the two cases G = 3C4, U Cg and G = C4 U 3C.

For G = 3C,; U Cg, we will show that there are two distinct bi-embeddings of G. Denote
those 4 cycles by T1x2x3T4%1, V1V2V3V4V1, 2122232421 and Y1Y2Y3YayYsYsly1, respectively, where

{x1,v1,21,51} C X. Let o and 7 be two bijections of V(G) such that

o(x1,22,23,24) = (Y5, Y2, V3, 22);

U(U1,027U3,U4) 371711273737114);

0(21722323; 4 U17$27217$4);

J(y17y27y3ay47y53 6) — y13y47237y67y37z4);

(
(
(
(
(
(
(
(

T1,V4,Y3, UQ);

Ul,ymys,zz);

z
Y,
T(zla T2,T3,T4
7(v1,v2,v3, 0y
z

T(Z17227Z37 4) = Zlay6723ax4);

)
)
)
)
)
T(Y1, Y2, Y3, Y4, Y5, Y6) = (Y1, T2, V3, 24, T3, Ya).-

Then it is easy to see that o and 7 are two bi-embeddings of G. Let Hy = G U o¢(G) and
Hy = GUT(G). We will show that Hy 2 Hs. For Hy, Hy[{x1,x3,v1, %2, x4,v2,v4}] contains a
K3 4. In Ho, it contains exactly two K3 4. For z; and z3, N, (21) = Ny, (23) = {24, 22, 24, y6} and
N, (24) "Ny (22) N Ny (24) N Ni, (ys) = {21, 23} which forms one Ka 4 on {z1, 23, %4, 22, 24, Ys } -
For vy and vy, Ny, (v2) = N, (v4) = {v1,v3,21,y3} and N, (v1) "\ Np, (v3) NN, (21) " Np, (y3) =
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{v2,v4} which forms another K54 on {vi,vs,vs,v4,21,y3}. And for any two distinct vertices
u,v € V(G) — {21, 23,02, 04}, |Nu, (u) N Np, (v)| < 3. It follows that no three vertices of Hy have

four common neighbours and so Hj is K3 4-free. Thus 3Cs U Cp is not uniquely bi-embeddable.
For G = C4 U 3Cg, we will show that there are two distinct bi-embeddings of G. Denote those
cycles by x1Tor3x421, V1V2V3V4V5VEV1, 21222324252621 and Y1YaYsysYsYey1, respectively, where
{z1,v1,21,51} € X. Let

o(x1,22, 23,24 T1,V2,V5,Y2);

0'(’[}1,’02,’()3, V4, V5, 06) = (U1, T2, V3, Vg, y17U4);

0(21722723724,25,26 x37y4,z1,x4,y5,Z4);

0(91,y27y3,y47y5,y6 y3a32>257y6723726)5

x1,v2, 23, .7J4);

T(U17U27U3,U4,U5,U6 Ul,U4,217Z47y3,y6)§

7(21, 22, 23, 24, 25, %6) = (Y1, V6, U3, T2, 25, 22);

)= (
)= (
)= (
)= (
T(1, %2, T3,24) = (
)= (
)= (
)= (

T3, 26, Us5, $4a95»y2)-

(Y1, Y2, Y3, Y4, Y5, Y6

Then it is easy to check that ¢ and 7 are two bi-embeddings of G. Let H; = G U o(G) and
H; = GUT(G). We will show that Hy; 2 Hy. For Hy, H1[{z1, 23, 25, Y3, 22, %6 }| contains a K 4.
But for any two distinct vertices u,v € V(Hs), |Ng,(u) N N, (v)] < 3. This implies that Hj is
K 4-free. Thus Cy U 3C5 is not uniquely bi-embeddable.

Subcase 3.2. £ > 5

Let G = Cap, U---U Cay, . Assume, without loss of generality, that ny < --- < ng. If k& = 5,
let G = G1 UGs where G; = Cyy, U Cayp, and Gy = Coyy, U Oy, U Cy,,,. By Case k = 2, Case
k =3 and Lemma 2.1, G; = C4 U Cs and Gy = Cayy U Cayy, U Coyy, With ng > ng > n3 > 3. But
by Case k = 2 and Case k = 3, there is a bi-embedding of Cy U Cs U Cay, and Cay,, U Cyy, with
ns > ng > n3 > 3 which is a disconnected bi-embedding of G. By Lemma 2.1, there is another
bi-embedding ¢’ of G such that G U ¢’(G) is connected, i.e., G is not uniquely bi-embeddable. If
k > 6, we let G = G; UGy such that Gi = Cyy,, U Cap, U Capy, and G = Capy U+ - U Cayp,. As
k > 6, by previous cases there is a bi-embedding of G which is disconnected. Thus, by Lemma 2.1,
there is another bi-embedding of G, i.e., G is not uniquely bi-embeddable.

This completes the proof of Theorem 1.4.
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