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ABSTRACT

In this paper we establish some bounds for the (@, f)-mean difference introduced in the
general settings of measurable spaces and Lebesgue integral, which is a two functions
generalization of Gini mean difference that has been widely used by economists and

sociologists to measure economic inequality.

RESUMEN

En este articulo establecemos algunas cotas para la (@, f)-diferencia media introdu-
cida en el contexto general de espacios medibles e integral de Lebesgue, que es una
generalizacion a dos funciones de la diferencia media de Gini que ha sido ampliamente

utilizada por economistas y socidlogos para medir desigualdad econémica.

Keywords and Phrases: Gini mean difference, Mean deviation, Lebesgue integral, Expectation,

Jensen’s integral inequality.
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1. Introduction

Let (Q,.A,v) be a measurable space consisting of a set Q, a o -algebra A of subsets of Q and
a countably additive and positive measure v on A with values in R U {oco}. For a v-measurable
function w : Q — R, with w(x) > 0 for v-a.e. (almost every) x € Q and fﬂw(x) dv(x) =1,

consider the Lebesgue space

Ly (Q,v):={f: Q — R, fis v-measurable and J w (x) If (x)]dv (x) < oo}.
Q
Let I be an interval of real numbers and ® : I — R a Lebesgue measurable function on I. For

f: Q — I a v-measurable function with ® o f € L,, (Q,Vv) we define the generalized (@, f)-mean
difference Rg (@, f;w) by

Rg (@, f;w) = %J

J w(x)w (y)[(®of) (x) = (@of)(y)ldv(x)dv(y) (1.1)
QJo

and the generalized (@, f)-mean deviation Mp (@, f;w) by

Mp (@, fiw) := JQW (x) (@ o f) (x) — E (@, fiw)|dv (x], (1.2)

where

E(, fw) = JQ (@ o) (y)w(y) dv (y)

the generalized (@, f)-expectation.

If ® = e, where e (t) =t,t € R is the identity mapping, then we can consider the particular

cases of interest, the generalized f-mean difference

Re (fiw)i=Ra (e, fiw) =3 | [ wiwiFro-flevmey)  (13)
QJO
and the generalized f-mean deviation
Mo (f:w) == Mp (e, f;w) = J w () IF () — E (fw)] dv (x), (1.4)
Q

where E (f;w) := J'Q f(y)w(y) dv (y) is the generalized f-expectation.

If Q = [—o0, 0] and f = e then we have the usual mean difference

] o0 o0
Rg (W) :==Rg (f;w) = ZJ J w(x)w(y) x —yldxdy (1.5)
and the mean deviation

Mp (w) := Mp (f;w) = J'QW (x) [x — E (w)| dx, (1.6)
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where w : R —[0, 00) is a density function, this means that w is integrable on R and fiooo w(t)dt =
1, and
E(w):= J xw (x) dx (1.7)

—00

denote the expectation of w provided that the integral exists and is finite.

The mean difference Rg (w) was proposed by Gini in 1912 [21], after whom it is usually named,
but was discussed by Helmert and other German writers in the 1870’s (cf. H. A. David [13], see
also [26, p. 48]). It has a certain theoretical attraction, being dependent on the spread of the
variate-values among themselves and not on the deviations from some central value ([26, p. 48]).

Further, its defining integral (1.5) may converge when that of the variance o (w),

o(w):= Jjo (X—E(W))ZW(X) dx, (1.8)

does not. It is, however, more difficult to compute than the standard deviation.

For some recent results concerning integral representations and bounds for Rg (w) see [5], [6],
[8] and [9].

For instance, if w: R —[0, 00) is a density function we define by
W (x) ::J w(t)dt, xeR

its cumulative function. Then we have [5], [6]:

Ra (w) =2 Cov (e W) = | (1= W (y)) Wly) dy
=2 - xw (x) W (x) dx — E (w)
2| - Em) W - w e
:zdoooo(x—s) (W(x)—%)w(x)dx (1.9)
for any vy, & € R and [6]:
Raw) = [ [ (e w) (W = Wiy w i) w () axdy. (1.10)
With the above assumptions, we have the bounds [5]:
TMb () < R () < 2sp W (x) v Mp (w) < Mo (w), (1.11)

x€R
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for any v € [0,1], where W (-) is the cumulative distribution of w and Mp (w) is the mean

deviation.

Consider the n-tuple of real numbers a = (aj,...,an) and p = (p1,...,pn) a probability
distribution, i.e. p; > 0 for each i € {1,...,n} with Y {' ; p; = 1, then by taking Q ={1,...,n} and

the discrete measure, we can consider from (1.1) and (1.2) that (see [7])

ZZ 1p] ‘(D al _q)(aj)‘) (112)

N |

and
1

Mbp (a;p) :== z

&IVI=

-2 p®(a) (1.13)
j=1

whereae [":=Ix..xTland ®:1 - R.
The quantity Rg (a;p) has been defined in [7] and some results were obtained.

In the case when ® = e, then we get the special case of Gini mean difference and mean

deviation of an empirical distribution that is particularly important for applications,

ZZ pipj lai — ajl, (1.14)

N |

and
n

] n
ap)::zZpi ai—ijaj . (1.15)
i=1

The following result incorporates an upper bound for the weighted Gini mean difference [7]:

For any a € R™ and any p a probability distribution, we have the inequality:

] mn
- p) < ) < | Clag — < . )
ZMD (a;p) < Rg (a;p) _ylré% LE] pilai vl} < Mp (a;p). (1.16)

The constant % in the first inequality in (1.16) is sharp.

For some recent results for discrete Gini mean difference and mean deviation, see [7], [11], [14]
and [15].
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2. General Bounds

We have:

Theorem 1. Let I be an interval of real numbers and @ : I — R a Lebesque measurable function
on L. If w: Q — R is a v-measurable function with w (x) > 0 for v-a.e. (almost every) x € Q and
J'Q w(x)dv(x) =1 and if f: Q — 1 is a v-measurable function with ® o f € L, (Q,Vv), then

1

7 Mo (@, fiw) < Rg (@, fw) < T(®, fiw) < Mp (@, fiw), (2.1)
where
[(D,f;w):= Wl;Ié%JQW (x)[(@ o f) (x) —yldv (x). (2.2)

Demostracion. Using the properties of the integral, we have

j w ) w (y) (® 0 ) (x) — (@ o ) ()] dv (x) dv (y)
JOJO

w(x)

(o) (xJJ

w(y)dv(y)—J
Q

Wy (@) (y)av (y)‘ dv (x)

w (x)

(@of)(x)—J

LY (y) (@ of)(y)dv (y)‘ dv (x)

and the first inequality in (2.1) is proved.

By the triangle inequality for modulus we have

(@of)(x) = (Dof)(y)l = [(@of)(x)=—y+y—(Pof)(y)l (2.3)
(@ of) (x) =y[+[(Pof)(y)—vl

IN

for any x,y € Q and y € R.
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Now, if we multiply (2.3) by %w (x)w (y) and integrate, we get

w(x)w(y)[(@of)(x) = (Dof)(y)ldv(x)dv(y)
w(x)w (y) [[(@ o f) (x) =y + (o f) (y) — vl dv(x) dv (y)

w(x)w(y)[(®of)(x) —vldv(x)dv(y)

JQ w () w () [(® o ) (y) — ¥l dv (x) dv (y)

o}

[ wool@enm—viavix+ 3| wel@enw-viaviy
Q Q
=] wioloen ) —yiavi (24)

for any vy € R.
Taking the infimum over vy € R in (2.4) we get the second part of (2.1).

Since, obviously

[(D,f;w) = inf J w(x) (D of) (x) —vy|dv(x)
YER |

sj w(x) (@of)(x)—J w(y) (@ o f) (y) dv (y)| dv (x)
O Q

= Mop (O, fiw),

the last part of (2.1) is thus proved. I

By the Cauchy-Bunyakowsky-Schwarz (CBS) inequality, if (@ o f)z € Ly (Q,v), then we have

[ o

2
gj w (x) {(cbof) (XJ—J w(y) (@ of) (y)dv(y)] av (x)
o o

2
dv (x)}

(@0 f) (x) LW () (® o ) (y) dv (y)

_ J w (%) (@ o ) (x) dv (x)
Q

-2

|

:JQW()((Dof Uﬂw (O of)(x)dv(x)

J w(y) (@of)(y)dv(y w(x) (@ of)(x)dv(x)
Q Q
L)

2
w(y) (@ o) (y } J wi
O

+

2



CUBO Bounds for the Generalized (@, f)-Mean Difference 7

22, 1 (2020)

By considering the generalized (@, f)-dispersion

o\ 1/2
o(D,f;w):= (JQW (x) (Do f)2 (x)dv (x) — UQW (x) (Do f)(x)dv (x)} ) ,

then we have
Mp (@, f;w) < o (D, f;w) (2.5)
provided (@ o f)z € Ly (Q,v).

If there exists the constants m, M so that
—oco<m<D(t) <M < oo for almost any t € 1 (2.6)

then by the reverse CBS inequality

o(@,fiw) < L (M—m), (27)

by (2.1) and by (2.5) we can state the following result:

Corollary 1. Let I be an interval of real numbers and @ : I — R a Lebesgue measurable function on
I satisfying the condition (2.6) for some constants m, M. If w: Q — R is a v-measurable function
with w(x) > 0 for v -a.e. x € Q and IQW(X) dv(x) =1 and if f : Q — 1 is a v-measurable
function with (@ o f)z € Ly (Q, V), then we have the chain of inequalities

1

<o(d,fiw) <5 (M—m). (2.8)

N —

We observe that, in the discrete case we obtain from (2.1) the inequality (1.16) while for the

univariate case with fojoo w(t) dt =1 we have

Mo () < Rg (w) < I(w) < Mp (w) < 0(0, ) (2.9)
where
I(w):= 11/2% J_Oo w(x) [x —y|dx. (2.10)

If w is supported on the finite interval [a, b], namely fz w (x) dx = 1, then we have the chain
of inequalities

1

EMD W) <Rgw)<Iw)<Mp w)<o(D,f;w)<=(M—m). (2.11)

N —
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3. Bounds for Various Classes of Functions

In the case of functions of bounded variation we have:

Theorem 2. Let @ : [a,b] — R be a function of bounded variation on the closed interval [a,b].
Ifw:Q — R is a v-measurable function with w (x) > 0 for v -a.e. x € Q and IQ w(x)dv(x)=1
and if f: Q — [a,b] is a v-measurable function with ® o f € L, (Q,Vv), then

b
(D, )< = .
Rg fw_z\a/ (3.1)

where \/’f1 (@) is the total variation of ® on [a,b].

Demostracion. Using the inequality (2.4) we have

Re (@, f;w) < LW ()@ o F) (x) — vl dv (x) (3.2)

for any vy € R.

By the triangle inequality, we have

(@o1) (x)—%[@(a)m(bn’

<S1@(a)-@(f(x ))|+ | (b) — @ (f (x))] (3.3)

NI =

for any x € Q.

Since @ : [a,b] — R is of bounded variation and d is a division of [a, b], namely
deD(la,b]) ={d:={a=1t) < t; <..<tnh =D},

then

b
V(@)= suwp Z\@ tip1) = @ (t1)] < oo

deD([a,b])

Taking the division dp :={a = tp < t < t2 = b} we then have

b
(1)~ @ (a)] + @ (b <\ (@
for any t € [a,b] and then
b
|®(f(x))—®(a)|+\®(b)—q)(f(xmS\/(q)) (3.4)

for any x € Q.
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On making use of (3.3) and (3.4) we get

b
(@1 -0+ o b < 3V/(0) (35)

N

for any x € Q.

If we multiply (3.5) by w(x) and integrate, then we obtain

e

Finally, by choosing y = %[CD (a)+ @ (b)] in (3.2) and making use of (3.6) we deduce the
desired result (3.1). I

b
(@) ()~ 3@ () + 0 o) < 3 V(0. (36)

N

In the case of absolutely continuous functions we have:

Theorem 3. Let @ : [a,b] — R be an absolutely continuous function on the closed interval [a,b].
Ifw:Q — R is a v-measurable function with w(x) > 0 for v -a.e. x € Q and IQW (x)dv(x) =1
and if f: Q — [a,b] is a v-measurable function with ® o f € L,,, (Q, V), then

H(DIH[a,b],oo RG (f,W) Zf (DI € I—OO ([(X, B]))

RO S 0 RS (6509) 7 Ly (o, B, &7
p>1, % + % =1,
where the Lebesgue norms are defined by
essUPyeq,p1 19 (H)| if p = oo,
||g||[o(‘[3],p = ; e
(FBlg@rar) ™ ip=1
and Ly ([, B]) := {gl g measurable and HQH[a,m,p < oo} ,p el oo].
Demostracion. Since f is absolutely continuous, then we have
D(t)—D(s)= Jt @’ (u) du
s
for any t, s € [a,b].
Using the Holder integral inequality we have
O (1) —D(s)] = Jt @’ (u) du‘
s
DM, 01,00 It — 8| if p =00, (3.8)

IN

19| g 0. lt—s/"9 ifp > Li+3=1

1
q



10 Silvestru Sever Dragomir CU(BO)
22, 1 (2020

for any t, s € [a,b].

Using (3.8) we then have

(@ of)(x) = (Dof)(y)l

| @’ H[ab If (x) —f(y)l if p = oo, (3.9)
<

H@%mmﬁﬂm—fmwﬂ‘ﬁp>h%+%:1
for any x, y € Q.

If we multiply (3.9) by %w (x)w (y) and integrate, then we get

1J j w ) w (y) (® 0 ) (x) — (@ o ) (y)] dv (x) dv (y)
f(l Q

2
T a0 Jo Jo W (W () IF (x) — F (y)] dv (x) dv (y) if p = oo,
(3.10)

IN

% H(D/H[a,b],p IQ IQW )w(y) If (x) — f(y)|]/q dv (x) dv (y)

ifp>1,3+¢=1
This proves the first branch of (3.7).
Using Jensen’s integral inequality for concave function ¥ (t) = t%, s € (0,1) we have for
s =4 <1 that
Ja Taww @) () = F ()l dv (x) dv (y)
1
< (JoJow W) If (x) = f ()l dv (x) dv (y) ',
which implies that

% 1911001, JQ Jﬂw(x)w(y) I (x) —F ()" dv (x) dv (y)
1/4q
< 310y ([ ] w000 — v av i)

1 1/q
=19 (g.00.5 (zq J Jﬂwmw(y) £ (x) —  (y)| dv (x) dv (y))

11 1/4q
=19l a, 01, (zq—lgjﬂjﬂw(x)w(yﬂf(x)—f(y)dv(x)dv(y))

O[5 (R (W) = O] g0, RS (F5w)

zl/v |

q1|

and the second part of (3.7) is proved. I

The function @ : [a,b] — R is called of r-H-Hoélder type with the given constants r € (0, 1]

and H > 0 if
@ (1) — @ (s)| <HJt—s|"



SIIJ(ZBOZ?) Bounds for the Generalized (@, f)-Mean Difference 11

for any t, s € [a,b].

In the case when r = 1, namely, there is the constant L > 0 such that
|O(t) =@ (s)| < L[t—s]
for any t,s € [a,b], the function @ is called L-Lipschitzian on [a,b].
We have:

Theorem 4. Let @ : [a,b] — R be a function of r-H-Hoélder type on the closed interval [a,b]. If
w: Q — R is a v-measurable function with w(x) > 0 for v-a.e. x € Q and IQW (x)dv(x) =1
and if f: Q — [a,b] is a v-measurable function with ® o f € L, (Q,Vv), then

1
Rg (®, f;w) < 57 HRG (Fw). (3.11)

In particular, if ® is L-Lipschitzian on [a,b], then

Rg (@, f;w) < LRg (f;w). (3.12)

Demostracion. We have
[(@of) (x) = (D of) (Yl <HIF(x) =yl (3.13)

for any x, y € Q.
If we multiply (3.13) by %w (x)w (y) and integrate, then we get

1

—J J w(x)w ) (@ o f) (x) — (@ o ) (y)] dv (x) dv (y)

2 Jo

ngJ J w () w (W) If (x) — £ (y)I" dv (x) dv (y). (3.14)
2 OJo

By Jensen’s integral inequality for concave functions we also have

j j w () w () If (x) — ()" dv (x) dv ()
ala (3.15)
<

(J | w(x)w(ynf(x)—ﬂy)dv(x)dv(y)) .
oJo

Therefore, by (3.14) and (3.15) we get
Ra (@) < 31 (| ] wowl)ire = rwlavixaviy)
QJO

= 21]—4‘* (% JQ JQW )w (y) If (x) —f(y)ldv (x) dv (g))

1

= 7= HRg (fiw)

and the inequality (3.11) is proved. I
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We have:

Theorem 5. Let @, ¥ : [a,b] — R be continuos functions on [a,b] and differentiable on (a,b) with
W (t) #0 forte (a,b). Ifw:Q — R is a v-measurable function with w (x) >0 for v -a.e. x € Q
and IQW (x)dv(x) =1 and if f: Q — [a,b] is a v-measurable function with ® o f € L,, (Q, V),

then
' (t)
W (t)

@' (1)
v (t)

inf

‘ Rg (¥, f;w). (3.16)
te(a,b)

‘RG (‘{—’, f;w) < RG ((Daf;w) < sup
te(a,b)

Demostracion. By the Cauchy’s mean value theorem, for any t, s € [a,b] with t # s there exists

a & between t and s such that

This implies that

Q' (1)
<elap) | (1) W{t) —¥(s) <@ (t) — D (s)
@’ (1) B
S oy | s (3.17)

for any t, s € [a,b].

Therefore, we have

)
v (7)

1,nf"ce(a,b)

(3.18)

for any x,y € Q.

If we multiply (3.18) by %w (x)w (y) and integrate, we get the desired result (3.16). I

Corollary 2. Let @ : [a,b] — R be a continuos function on [a,b] and differentiable on (a,b). If

w is as in Theorem 5, then we have

inf @' (t)|Rg (f;w) < Rg (@, f;w) < sup [D'(t)|Rg (f;w). (3.19)
tc(a,b) te(a,b)

We also have:

Theorem 6. Let @ : [a,b] — R be an absolutely continuous function on the closed interval [a,b].

Ifw:Q — R is a v-measurable function with w (x) > 0 for v -a.e. x € Q and IQ w(x)dv(x)=1
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and if f: Q — [a,b] is a v-measurable function with ® o f € L, (Q,Vv), then

RG ((D,f,W)
”(DI”[a,b],oo M (f,W) pr = 00,
<
1Ol (q,01,p MV (FW) if p>T1, 54 ¢ =1 (3.20)
% (b—a) ||(D/||[a,b],oo if p = o0,
<
i (0 =) gy P> T g+ =T,
where M (f;w) is defined by
a+b
M (f;w) := J w(x) |f(x) — > ‘ dv (x). (3.21)
Q
Demostracion. From the inequality (3.8) we have
(@0 f) (x) = @ (23°)]
bl -
”q)/”[a,b],oo ‘f (X) - %‘ lfp = 090, (322)

<

1/q .
19 ljq 1 £ 00) = 22T i p > 1,5 4 4 =1
for any x € Q.

Now, if we multiply (3.22) by w (x) and integrate, then we get

b
J w(x) (qnof)(x)—cp(a+ )‘dv(x)
I 2
1914, 101,00 f o W () [ (x) = 52 [ dv (x) i p = oo, (3.23)
<
1/ .
19| 101, f o W () |F(x) — 452 Tav(x) ifp > 1, % + % =1.
By Jensen’s integral inequality for concave functions we have
1/4 1/9
b b
J w) [F0)— 22 avix) < (J wx) | () — & ’dv(x)) . (3.24)
o) 2 o) 2

On making use of (3.2), (3.23) and (3.24) we get the first inequality in (3.20).

The last part of (3.20) follows by the fact that

’f(x)_a—i-b‘ 1

2 Sz(b—a)

for any x € Q.
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4. Bounds for Special Convexity

When some convexity properties for the function ® are assumed, then other bounds can be

derived as follows.

Theorem 7. Let w: Q — R be a v-measurable function with w(x) > 0 for v -a.e. x € Q and
IQW (x)dv(x) =1 and f: Q — [a,b] be a v-measurable function with ® of € L, (Q,Vv). Assume

also that @ : [a,b] — R is a continuous function on [a,b].
(i) If |@| is concave on [a,b], then
Rg (@, f;w) < | (E (fw))], (4.1)

(i) If |®| is convex on la,b], then

1
b—a

Rg (@, fiw) < (b —E(f,w))[® (a)l + (E(f;w) —a) D|(b)]]. (4.2)

Demostracion. (i) If |®] is concave on [a, b], then by Jensen’s inequality we have

J w(x)|(Dof)(x)dv(x) < ‘(D (J' w(x)f(x)dv (x)) ’ . (4.3)
Q Q
From (3.2) for y = 0 we also have

Rg (@, f;w) < J'QW (x) (Do f) (x)|dv (x). (4.4)

This is an inequality of interest in itself.
On utilizing (4.3) and (4.4) we get (4.1).
(ii) Since |®| is convex on [a, b], then for any t € [a, b] we have

O ()] = |@ <(b—t)a+b(t—a)) _ (b=1[@ (a)l +(t—a) P |(b)|
- b—a N b—a )

This implies that
(b—f(x)) @ (a)l + (f(x) —a) D(b)|
b—a

(@ of) (x)] <
for any x € Q.

If we multiply (4.5) by w(x) and integrate, then we get

w (x) [(@ o f) (x)[dv (x)

Qb1 [( J w(x) dv (x) — J w(x) f (x) dv (x ))(D(GJI
([ werrone—of wores) ot
(4.

4), produces the desired result (4.2). 1

IN

which, together with
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In order to state other results we need the following definitions:

Definition 1 ([19]). We say that a function f: 1 — R belongs to the class P (1) if it is nonnegative
and for all x,y € 1 and t € [0, 1] we have

fitx+ (1—-1ty) < f(x)+f(y).

It is important to note that P (I) contains all nonnegative monotone, convex and quasi convex

functions, i.e. functions satisfying

f(tx+ (T —t)y) < max{f (x),f(y)}
for all x,y € T and t € [0,1].

For some results on P-functions see [19] and [28] while for quasi convex functions, the reader
can consult [18].

Definition 2 ([3]). Let s be a real number, s € (0,1]. A function f : [0,00) — [0, 00) is said to be

s-convez (in the second sense) or Breckner s-convez if
flox+ (1 -ty <t FX) +(1-1)°f(y)
for all x,y € [0,00) and t € [0,1].

For some properties of this class of functions see [1], [2], [3], [4], [16], [17], [25], [27] and [29)].

Theorem 8. Let w: Q — R be a v-measurable function with w(x) > 0 for v -a.e. x € Q and
J'Q w(x)dv(x) =1 and f: Q — [a,b] be a v-measurable function with ® of € L, (Q,v). Assume

also that @ : [a,b] — R is a continuous function on [a,b].

(i) If |@| belongs to the class P on [a,b], then

Rg (@, f;w) < (@ (a)[+ @ |(b)]; (4.6)

(i) If |®| is quasi convex on [a,b], then

Rg (@, fiw) < méx{|® (a)|, @ |(b)[}; (4.7)

(iii) If |®| is Breckner s-convex on [a,b], then

1 s
Re (0, iw) < oo |19 ()] | wix) (b= ()" av (o)
+0l(B) | w0 (7(x) - )" av ()]
< s (@ (@I (b —E(fiw))" av (v

+@|(b)| (E (f;w) —a)® dv (x)] . (4.8)
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Demostracion. (i) Since |®@| belongs to the class P on [a, b], then for any t € [a, b] we have

o w)=|o (=12 <o @)+ o).
—a
This implies that
(@0 ) ()] <10 (a)l + @ (b) (4.9)

for any x € Q.

If we multiply (4.9) by w (x) and integrate, then we get
| wool@en wlavix < al+ o), (1.10)
Q
which, together with (4.4), produces the desired result (4.6).

(ii) Goes in a similar way.

(iii) By Breckner s-convexity we have

o w)=|o (L= < (20) @i+ ((=2) olw)

for any t € [a, b].

This implies that

(@ of) (x)] < (b—f(x)°|® (a)l + (f (x) — a)* @(b)]] (4.11)

o [
(b—a)®
for any x € Q.

If we multiply (4.11) by w (x) and integrate, then we get
[, ol n a6 < s [0 @l w0 )" av (o)
Q (b—a) Q

+<D|(b)\J

w(x) (f(x) —a)® dv (x)] , (4.12)
Q

which, together with (4.4), produces the first part of (4.8).

The last part follows by Jensen’s integral inequality for concave functions, namely

J w(x)(b—1f(x))*dv(x) < (b—J w(x)f(x)dv(x))s
Q Q

and

J wix)(f(x)—a)fdv(x) < (J' w(x)f(x) dv(x)—a)s,
Q Q

where s € (0,1). 11
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5. Some Examples

Let f: Q — [0,00) be a v-measurable function and w : Q — R a v-measurable function with
w(x) >0 for v-ae x € Q and IQW (x) dv (x) = 1. We define, for the function @ (t) =tP, p >0,
the generalized (p,f)-mean difference Rg (p, f;w) by

1
RG (p, f;w) == EJ

j w () w () I (x) — 1 ()] dv (x) dv (y) (5.1)
QJO

and the generalized (p,f)-mean deviation Mp (p, f;w) by

Mb (p, f:w) = JQ w (%) [fP (x) — E (p, f; )] dv (), (5.2)
where
E(p, fw) = JQ £ (y) w (y) dv () (5.3)

is the generalized (p,f)-expectation.

If f: Q — [a,b] C [0,00) is a v-measurable function, then by (3.1) we have

1
R (p, f;w) < 3 (b? —aP). (5.4)
By (3.7) we have
RG (pa f;w) < p6p ((l, b) RG (f,W) ) (55)
where
bPifp > 1,
5p (a,b) ==
ar! ifpe(0,1)
and y
P px(p—1)+1 _ aoc(pfl)Jr] & 18
R f: < R f: .
G(p) ’W)—z]/(x (X(p_])_’_] G (aw)v (56)

wherecx>1,%(+1g:1.

From (3.20) we also have

Re (p)f;w)

Sp (a,b) M (fiw),
<

(p—1)+1_ _a(p—1)+1\ 1/ )
p (B DY MR () > 1, =
(5.7)

%(b_a)ép ((l,b),

<
1 a(p—1)+1_ _a(p—1)+1\ /&
21%(b—a) /Bp(b P “(piﬁﬂp ) lf0€>1)%.¢+1ﬁ:]’
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where M (f;w) is defined by (3.21).
If p € (0,1), then the function |® (t)| = tP is concave on [a,b] C [0,00) and by (4.1) we have
Rg (p, f;w) < EP (fyw). (5.8)

For p > 1 the function |® (t)| = tP is convex on [a, b] C [0,00) and by (4.2) we have
1

RG (P)f)W) S b—a

[(b—E(f;w))aP + (E(f;w) —a) bP]. (5.9)

Let f: Q — [0,00) be a v-measurable function and w : Q — R a v-measurable function with
w(x) > 0 for v -a.e. x € Q and [, w(x)dv(x) = 1. We define, for the function @ (t) = Int, the
generalized (In, f)-mean difference Rg (In, f;w) by

1
Rg (In, fyw) = ZJ

J w (%) w (y) [Inf (x) — Inf (y)] dv (x) dv (y) (5.10)
OJo

and the generalized (p,f)-mean deviation Mp (In, f;w) by

Mp (In, f;w) == J w(x)[Inf (x) — E (In, f;w)| dv (x), (5.11)
Q
where
E (In, f;w) ::J w(y)lnf(y)dv(y) (5.12)
Q

is the generalized (In,f)-expectation.

If f: Q — [a,b] C [0,00) is a v-measurable function, then by (3.1) we have

Rg (In, fyw) < % (Inb—1Ina). (5.13)
By (3.7) we have
Rg (In, f;w)
TRa (W),
- (5.14)
s (i) T RY T (fw) ip > 1, L =1,
By (3.20) we have
Rg (In, f;w)
IM(f;w),
<
(m;f,”;,,)w M9 (fw) ifp>1, 1+ 1 =1 515
21,
<
o)/ (e L) s,
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Now, observe that the function |® (t)| = |Int| is convex on (0,1) and concave on [1,00). If
f:Q —[a,b] C (0,1) is a v-measurable function, then by (4.2) we have

1

Rg (hla f;w) <
b—a

[(b—E (f;w))[Inal + (E(f;w) —a)[Inb]] (5.16)
and if f: Q — [a,b] C [1,00), then by (4.1) we have

Rg (In, f;w) < In (E (f;w)). (5.17)

The interested reader may state similar bounds for functions ® such as @ (t) = expt, t € R
or @ (t) =tlnt, t > 0. We omit the details.

Acknowledgement. The author would like to thank the anonymous referee for valuable

suggestions that have been implemented in the final version of the paper.
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ABSTRACT

In this paper, we study n-Ricci solitons on 3-dimensional trans-Sasakian manifolds.
Firstly we give conditions for the existence of these geometric structures and then
observe that they provide examples of n-Einstein manifolds. In the case of ¢-Ricci
symmetric trans-Sasakian manifolds, the n-Ricci soliton condition turns them to Ein-
stein manifolds. Afterward, we study the implications in this geometric context of the
important tensorial conditions R-S=0,S-R=0, W>-S=0and S- W, =0.

RESUMEN

En este articulo estudiamos solitones n-Ricci en variedades trans-Sasakianas tridimen-
sionales. En primer lugar damos condiciones para la existencia de estas estructuras
geomeétricas y luego observamos que ellas dan ejemplos de variedades n-Einstein. En el
caso de variedades trans-Sasakianas ¢-Ricci simétricas, la condicién de solitén n-Ricci
las convierte en variedades Einstein. A continuacién estudiamos las implicancias en
este contexto geométrico de las importantes condiciones tensoriales R-S =0, S-R =0,
W,-S=0yS-W,;=0.
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1 Introduction

In 1982, the notion of the Ricci flow was introduced by Hamilton [10] to find a canonical metric
on a smooth manifold.The Ricci flow is an evolution equation for Riemannian metric g(t) on a

smooth manifold M given by
0

ot

A solution to this equation (or a Ricci flow) is a one-parameter family of metrics g(t), parameter-

g(t) =—2S.

ized by t in a non-degenerate interval I, on a smooth manifold M satisfying the Ricci flow equation.
If T has an initial point to, then (M, g(to)) is called the initial condition of or the initial metric for
the Ricci flow (or of the solution) [14].

Ricci solitons and n-Ricci solitons are natural generalizations of Einstein metrics. A Ricci soli-

ton on a Riemannian manifold (M, g) is defined by
1
S+ ZEXQ =Ag

where L£xg is the Lie derivative along the vector field X, S is the Ricci tensor of the metric and A
is a real constant. If X = Vf for some function f on M, the Ricci soliton becomes gradient Ricci
soliton. Ricci solitons appear as self-similar solutions to Hamiltons’s Ricci flow and often arise as
limits of dilations of singularities in the Ricci flow [11]. A soliton is called shrinking, steady and

expanding according as A > 0, A =0 and A < 0 respectively.

In 2009, the notion of n-Ricci soliton was introduced by J.C. Cho and M. Kimura [6]. J.C. Cho
and M. Kimura proved that a real hypersurface admitting an n-Ricci soliton in a non-flat complex
space form is a Hopf-hypersurface [6]. An n-Ricci soliton on a Riemannian manifold (M, g) is

defined by the following equation
2S5+ Leg+2Ag+2un ®@n =0, (1.1)

where L; is the Lie derivative operator along the vector field &, S is the Ricci tensor of the metric

and A, u are real constants. If i1 = 0, then n-Ricci soliton becomes Ricci soliton.

In the last few years, many authors have worked on Ricci solitons and their generalizations in
different Contact metric manfolds in [1], [7], [8], [9], [12] etc. In 2014, B. Y. Chen and S. Desh-
mukh have established the characterizations of compact shrinking trivial Ricci solitons in [5]. Also,
in [2], A. Bhattacharyya, T. Dutta, and S. Pahan studied the torqued vector field and established
some applications of torqued vector field on Ricci soliton and conformal Ricci soliton. A.M. Blaga
[3], D. G. Prakasha and B. S. Hadimani [17] observed n-Ricci solitons on different contact metric

manifolds satisfying some certain curvature conditions.
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In this paper we study the existence of n-Ricci soliton on 3-dimensional trans-Sasakian manifold.
Next we show that n-Ricci soliton on 3-dimensional trans-Sasakian manifolds becomes n-Einstein
Manifold under some conditions. Next we prove that ¢-Ricci symmetric trans-Sasakian manifold
(M, g) manifold satisfying an n-Ricci soliton becomes an Einstein manifold. Next we give an ex-
ample of an 1-Ricci soliton on 3-dimensional trans-Sasaian manifold with A = —2 and p = 6. Later

we obtain some different types of curvature tensors and their properties under certain conditions.

2 Preliminaries

The product M = M x R has a natural almost complex structure ] with the product metric G being
Hermitian metric. The geometry of the almost Hermitian manifold (M, J, G) gives the geometry of
the almost contact metric manifold (M, ¢, &,1, g). Sixteen different types of structures on M like
Sasakian manifold, Kenmotsu manifold etc are given by the almost Hermitian manifold (M, J, G) .
The notion of trans-Sasakian manifolds was introduced by Oubina [15] in 1985. Then J. C. Mar-
rero [13] have studied the local structure of trans-Sasakian manifolds. In general a trans-Sasakian
manifold (M, &, &1, g, «, B) is called a trans-Sasakian manifold of type (a, ). Ann (=2m+1)
dimensional Riemannian manifold (M, g) is called an almost contact manifold if there exists a (1,1)
tensor field ¢, a vector field & and a 1-form n on M such that

2 (X) = =X +n(X)E, (2.1)

n(&) =T1,n(eX) =0, (2.2)

$E =0, (2.3)

n(X) = g(X, &), (2.4)

9(dX, dY) = g(X,Y) —n(X)n(Y), (2.5)
9(X, dY) + g(Y, $X) =0, (2.6)

for any vector fields X,Y on M. A 3-dimensional almost contact metric manifold M is called a

trans-Sasakian manifold if it satisfies the following condition

(Vxd)(Y) = edg(X, YIE =n(Y)X} + B{g(dX, Y)E —n(Y)dX]}, (2.7)

for some smooth functions «, 3 on M and we say that the trans-Sasakian structure is of type

(, B). For 3-dimensional trans-Sasakian manifold, from (2.7) we have,

Vx& =—adpX + (X —n(X)E), (2.8)
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(Vxn)(Y) = —ag($X,Y) + Bg(dX, dY).

In a 3-dimensional trans-Sasakian manifold, we have

RX,V)Z = [§—2(c® — B2 —ERIG(Y, 2)X — g(X, Z)Y]
— 5 =3(x? = B?) + &RIIG(Y, Zn(X) — g(X, Z)n(Y)IE
+ (Y Zn(X) — g(X,Zn(Y)l[$ grad « — grad B
— [3=3(«? = B2) + ERM(Z)M(VIX —n(X)Y]
— ZB + (¢pZ)on(Z) (V)X —n(X)Y]
— XB+ (dX)edlg(Y; 2)E —n(Z2)Y]
— [YB+ (dY)adlg(X, Z2)E —n(Z2)X],
SIX,Y) = [5—(a? —pZ—ER)Ig(X,Y)
— [3—=3(e® = B?) + ERIM(XIn(Y)
— YR+ (dY)an(X) — XB + (¢X)an(Y).

When « and B are constants the above equations reduce to,
R(&, X)E = (o> — B*)(n(X)E — X),
S(X, &) = 2(a® — B*In(X),
R(EX)Y = (o — B?)(g(X, Y)E —n(Y)X).

RIX, Y)E = (o — B2) (V)X =n(X)Y).
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(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

Definition 2.1. A trans-Sasakian manifold M3 is said to be n-Einstein manifold if its Ricci tensor

S is of the form

S(X) Y) = ag(X, Y) + bT] (X)T] (Y))

where a, b are smooth functions.
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3 mn-Ricci solitons on trans-Sasakian manifolds

To study the existence conditions of n-Ricci solitons on 3-dimensional trans-Sasakian manifolds,

we prove the following theorem.

Theorem 3.1: Let (M,g,d,n,&, &, B) be a 3-dimensional trans-Sasakian manifold with o, 3
constants (B # 0). If the symmetric (0,2) tensor field h satisfying the condition Bh(X,Y) —
SI(EX,Y) +h(X, dY)] = Leg(X,Y) + 2S(X,Y) + 2un(X)n(Y) is parallel with respect to the Levi-

Civita connection associated to g. Then (g, &, 1t) becomes an n-Ricci soliton.

Proof: We consider a symmetric (0,2)-tensor field h which is parallel with respect to the Levi-
Civita connection (Vh = 0). Then it follows that

h(R(X,Y)Z, W)+ h(R(X,Y)Z,W) =0, (3.1)
for an arbitary vector field W, X, Y, Zon M. Put X =7Z =W = § we get
h(R(X,Y)E &) =0, (3.2)
for any X, Y € x(M) By using the equation (2.13)
h(Y; &) = g(Y, E)h(E, &), (3.3)

for any Y € x(M). Differentiating the equation (3.3) covariantly with respect to the vector field
X € x(M) we have

R(VxY, &) +h(Y, Vx&) = g(VxY, Eh(E, &) + g(Y, VxE)h(E, &), (3.4)
Using the equation (2.8) we have
Bh(X,Y) — ah(dX, ) = —ag(dX, YIh(E, &) + Bh(E, £)g(X, V). (3.5)
Interchanging X by Y we have
Bh(X,Y) — ah(X, bY) = —ag(X, dY)h(E, &) + Bh(E, £)g(X, V). (3.6)
Then adding the above two equations we get
BR(X, Y) = STR(X, Y) +R(X, §Y)] = BR(E, E)g(X, ). (3.7)

We see that Bh(X,Y)—F[h(dX,Y)+h(X, $Y)] is a symmetric tensor of type (0,2). Since Leg(X,Y),
SO, Y), n(X) = g(X,&) and n(Y) = g(Y,&) are symmetric tensors of type (0,2) and A, n are
real constants, the sum Lg(X,Y) + 25(X,Y) 4+ 2un(X)n(Y) is a symmetric tensor of type (0,2).
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Therefore, we can take the sum as an another symmetric tensor field of type (0,2). Hence for we
can assume that Bh(X,Y) — Sh(PX,Y) +h(X, dY)] = Leg(X,Y) + 25(X,Y) + 2un(X)n(Y).

Then we compute

Bh(& &E)g(X,Y) = Lg(X,Y) + 2Ag(X,Y) + 2un(X)n(Y).

As h is parallel so, h(§,§) is constant. Hence, we can write h(&,§) = —%7\ where f is constant
and 3 # 0.

So, from the equation (3.7) we have
BRX,Y) — S[h($X, Y) + (X, V)] = —2Ag(X, V), (38)
for any X,Y € x(M). Therefore L£g(X,Y) + 2S(X,Y) + 2un(X)n(Y) = —2Ag(X,Y) and so (g, &, 1)

becomes an 1-Ricci soliton.

Corollary 3.2: Let (M,g,$,n,&, «, 3) be a 3-dimensional trans-Sasakian manifold with «,
constants (f # 0). If the symmetric (0,2) tensor field h admitting the condition Bh(X,Y) —
SOX,Y) +h(X, dY)] = Leg(X,Y) + 25(X,Y) is parallel with respect to the Levi-Civita connec-

tion associated to g with A = 2n. Then (g, &) becomes a Ricci soliton.

Next theorem shows the necessary condition for the existence of n-Ricci soliton on 3-dimensional
trans-Sasakian manifolds.
Theorem 3.3: If 3-dimensional trans-Sasakian manifold satisfies an n-Ricci soliton then the man-
ifold becomes n-Einstein manifold with « and (3 constants.
Proof: From the equation (1.1) we get

25(X,Y) = —g(Vx&,Y) — g(X, Vy&) = 2Ag(X, Y) — 2un(X)n(Y). (3.9)

By using the equation (2.8) we get

SXY) =—=(B+A)g(X,Y) + (B — wn(X)n(Y) (3.10)
and
S(X, &) = =(A+ pn(X). (3.11)
Also from (2.11) we have
A p=2(p% —o?). (3.12)

The Ricci operator Q is defined by g(QX,Y) = S(X,Y). Then we get

QX = (n— B +2(o? = B*))X + (B — wIn(X)E. (3.13)
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Then we can easily see that the manifold is an n-Einstein manifold.
We know a manifold is ¢-Ricci symmetric if $p2 o VQ = 0. Now we prove the next theorem.

Theorem 3.4: If a ¢-Ricci symmetric trans-Sasakian manifold (M, g) satisfies an n-Ricci soliton
then w =B, A =2(B% —o?) — B and (M, g) is an Einstein manifold.

Proof: From the equation (3.13) we have
(VxQ)Y =VxQY —Q(VxY)

=—o(B =YX+ B(B — un(Y)X = (B — pn(YIn(X)§
+(B — wl=og(dX,Y) + Bg(dX, PY)IE.
Now applying ¢? both sides we have u = 3, A = 2(B? — a?) — B and (M, g) is an Einstein manifold.

We construct an example of n-Ricci soliton on 3-dimensional trans-Sasakian manifolds in the The

next section.

4 Example of n-Ricci solitons on 3-dimensional trans-Sasakian
manifolds

We consider the three dimensional manifold M = {(x,y,z) € R® : y # 0} where (x,y,z) are the

standard coordinates in R3. The vector fields

2, O 0

@)63 = oz

are linearly independent at each point of M. Let g be the Riemannian metric defined by

1 for i=j,
gij =

2z
el =e " —,ex =¢
ox’

0 for 1i4#j.

Let 1 be the 1-form defined by 1(Z) = g(Z, e3) for any Z € x(M3). Let ¢ be the (1,1) tensor field
defined by ¢(er) = ez, dp(e2) = —er, dp(e3) = 0. Then using the linearity property of ¢ and g we

have

n(e2) =1, ¢3(Z) = —Z +n(Z)es, g(dZ,dW) = g(Z, W) —n(Zn(W),

for any Z,W € x(M3). Thus for e; = &, ($, &,1, g) defines an almost contact metric structure on

M. Now, after some calculation we have,
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le1,e3] = —2er, ez, e3] = —2es,[e1,e2] =0.

The Riemannian connection V of the metric is given by the Koszul’s formula which is
29(VxY,Z) = Xg(Y, Z) +Yg(Z,X) — Zg(X,Y) — g(X, [V, Z]) — g(Y, [X, Z]) + g(Z, [X, Y]).
By Koszul’s formula we get,
Ve, e1 =2e3,Ve,e1 =0,Ve,e1 =0,Ve, 62 =0,Ve, e = 2es,

Ve,e2 =0,Ve, e3 = —2e1,Ve,e3 = —2e5,Ve,e3 =0.

From the above it can be easily shown that M3(d, &1, g) is a trans-Sasakian manifold of type

(0,—2).
Here
R(er,ez)ez = —4er,R(es, e2)ex =4ez, R(er, e3)es = —4er, R(ez, e3)e3 = —4ey,
R(es, e1)er = —4es,R(ea, e1)er = 4des.
So, we have
S(er,e1) =0,S(e2,e2) =0,,S(e3,e3) = 8. (4.1)

From the equation (1.1) we get A = —2 and w = 6. Therefore, (g, &, A, 1) is an n-Ricci soliton on
M3 (o, &1, ).

In the next sections we consider n-Ricci Solitons on 3-dimensional trans-Sasakian manifolds satis-

fying some curvature conditions.

5 mn-Ricci solitons on 3-dimensional trans-Sasakian mani-
folds satisfying R(&,X)-S =0

First we suppose that 3-dimensional trans-Sasakian manifolds with n-Ricci solitons satisfy the con-

dition
R(&,X)-S=0.

Then we have
S(R(&X)Y,Z) + S(Y,R(§,X)Z) =0
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for any X,Y,Z € x(M).
Using the equations (2.12), (3.10), (3.11) we get
(B =X, Y)n(Z) + (B — wg(X, Zn(Y) = 2(f — wn(X)n(Y)n(Z) = 0.
Put Z = & we have
(B—mg(X,Y) = (B —wn(X)n(Y) =0.
Setting X = ¢X and Y = dY in the above equation we get
(B —wg(dX, dpY) =0.
Again using the equation (3.12) we have
w=p, A=2(p>—o’)—p.
Also we can easily see that M is an Einstein manifold. So we have the following theorem.
Theorem 5.1: If a 3-dimensional trans-Sasakian manifold (M, g, d,n, &, o, ) with «, 3 constants
admitting an n-Ricci soliton satisfies the condition R(&,X)-S =0then p=p, A=2(p%>—a?)—p
and M is an Einstein manifold.

Corollary 5.2: A 3-dimensional trans-Sasakian manifold with «,  constants satisfies the condi-
tion R(&, X) - S =0, there is no Ricci soliton with the potential vector field &.

6 mn-Ricci solitons on 3-dimensional trans-Sasakian mani-
folds satisfying S(&,X)-R =0

We consider 3-dimensional trans-Sasakian manifolds with 1n-Ricci solitons satisfying the condition

S(£,X)-R =0.
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So we have

S(X, R(Y, Z)W)E — S(&, R(Y, Z)W)X + S(X, Y)R(E, Z)W — S(&, Y)R(X, Z)W

+S(X, Z)R(Y, E)W — S(&, Z)R(Y, X)W + S(X, WIR(Y, Z)& — S(&, WIR(Y, Z)X = 0.

Taking inner product with & then the above equation becomes

SIX R, Z)W) = S(&, R(Y, Z)W)n(X) + S(X, Y)n(R(E, Z)W)
—S(& YI(R(X, Z)W) + S(X, Zn(R(Y, )W) — S(&, Z)n(R(Y, X)W)

+ SX, Wn(R(Y, Z2)€) — S(&, Wn(R(Y, Z)X) = 0. (6.1)

Put W = & and using the equations (2.10), (2.12), (3.10), (3.11) we get

—(B+AgX,R(Y, 2)E) + (A + wn(R(Y, Z)X) =0. (6.2)

Also we have

n(R(Y; Z2)X) = —g(X,R(Y, Z)¢&).

So from the equation (6.2) we get

(B+2A + 1)g(X,R(Y,Z)€) =0.

Again using the equation (3.12) we have

w=p+4(p> — o), A=—[2(p*— o) + Bl

So we have the following theorem.

Theorem 6.1: If a 3-dimensional trans-Sasakian manifold (M, g, d,n, &, &, ) with &, 3 constants
admitting an n-Ricci soliton satisfies the condition S(&,X)-R =0 then p =B +4(p% — «?), A=
—[2(B% — o?) + BI.
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Corollary 6.2: A 3-dimensional trans-Sasakian manifold with «, ( constants satisfies the condi-
tion S(&,X) - R =0, there is no Ricci soliton with the potential vector field &,

7 mn-Ricci solitons on 3-dimensional trans-Sasakian mani-
folds satisfying W>(&,X) - S =0

Definition 7.1. Let M be 3-dimensional trans-Sasakian manifold with respect to semi-Symmetric

metric connection. The Wj-curvature tensor of M is defined by [16]

Wa(X,Y)Z =R(X,Y)Z + %(Q(X,Z)QY—Q(Y,Z)QXL (7.1)

We assume 3-dimensional trans-Sasakian manifolds with n-Ricci solitons satisfying the condition

W2(&,X) - S =0.

Then we have

SW2(&,X)Y,Z) + S(Y,W2(&,X)Z) =0

for any X,Y,Z € x(M).
Using the equations (2.12), (3.10), (3.11), (7.1) we get

2 —
PN o+ B e — 52+ 3 w0 B g vin(z)
) .
BN BEN 4 (5w — p2) + (4 0 B g0 2

H=(B+N(B — 1) —2(B — ) (o = B?) — (B — WA+ wn(X)n(Yn(Z) = 0.

Put Z = & in the above equation we get

2 —
BN o BT e )+ 0 B 00, )
2 p—
BT BN )4 (B (e — p2) + (4 ) B

2 2
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—(B+AB— 1) —2(p — (o = B*) = (B — WA+ wn(X)n(Y) = 0.

Setting X = ¢X and Y = dY in the above equation we get

2 a2
() BEIAERE I B g 4x, pv) =0

Again using the equation (3.12) we have

n=B, A=2(p?—o?) B
or

w=2(p* —o®) + B, A=—P.
So we have the following theorem.
Theorem 7.1: If a 3-dimensional trans-Sasakian manifold (M, g, d,n, &, &, ) with &, 3 constants
admitting an n-Ricci soliton satisfies the condition W5 (&, X)-S =0then u =B, A =2(p%2—a?)—pB

or p=2(B* —a?) +B, A=—P.

Corollary 7.2: A 3-dimensional trans-Sasakian manifold with «,  constants satisfies the condi-
tion W3 (&, X) - S = 0, there is no Ricci soliton with the potential vector field &.

8 mn-Ricci solitons on 3-dimensional trans-Sasakian mani-
folds satisfying S(&,X) - W, =0

Suppose that 3-dimensional trans-Sasakian manifolds with n-Ricci solitons satisfy the condition
S(E,X) - W3 =0.
So we have
SX, W2 (Y, Z)V)E = S(E, W2 (Y, Z) V)X + S(X, Y)W, (&, Z)V — S(&, Y)Wz (X, Z)V

+S(X, Z)W2 (Y, )V = S(&, Z)W2 (Y, X)V + S(X, V)W, (Y, Z)E — S(&, VW, (Y, Z)X = 0.
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Taking inner product with & then the above equation becomes

SIX,Wa(Y, Z)V) = S(E, W2 (Y, Z)Vn(X) 4 S(X, Y)n(W2 (&, Z)V)
—S(& YI(W2(X, 2)V) + S(X, Zn(W2(Y, £)V) — S(&, Zn (W2 (Y, X)V)

+ (X, VIn(W2 (Y, 2)€) — S(&, VIn(W2 (Y, Z)X) = 0. (8.1)

Put V = & and using the equations (2.10), (2.12), (3.10), (3.11), (7.1) we get

— (B +ANg(X,W2(Y, 2)€) + (A + un(W2(Y, 2)X) = 0. (8.2)

Using the equations (3.10), (3.11), (7.1) then the equation (8.2) becomes

[(B4+A2+ A+w?+2(a? —B2)(B + 22+ wlg(X, R(Y, Z2)&) =0.

Using the equation (3.12) we have

w=p, A=2(p> o)~ B
or

n=2(p* —o?) + B, A=—p.

So we have the following theorem.

Theorem 8.1: If Let a 3-dimensional trans-Sasakian manifold (M, g, $,n, &, , ) with o,
constants admitting an n-Ricci soliton satisfies the condition S(&,X) - W, =0 then u =B, A=
2(B% —o®) =B or p=2(B* —a’) + B, A=—P.

Corollary 8.2: A 3-dimensional trans-Sasakian manifold with &, 3 constants satisfies the condi-
tion S(&,X) - W, =0, there is no Ricci soliton with the potential vector field &,
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ABSTRACT

In 1974, Marden proved the existence of non-classical Schottky groups by a theoretical
and non-constructive argument. Explicit examples are only known in rank two; the
first one by Yamamoto in 1991 and later by Williams in 2009. In 2006, Maskit and
the author provided a theoretical method to construct non-classical Schottky groups in
any rank. The method assumes the knowledge of certain algebraic limits of Schottky
groups, called sufficiently complicated noded Schottky groups. The aim of this paper
is to provide explicitly a sufficiently complicated noded Schottky group of rank three

and explain how to use it to construct explicit non-classical Schottky groups.
RESUMEN

En 1974, Marden demostro la existencia de grupos de Schottky no-cldsicos con un ar-
gumento tedrico y no-constructivo. Se conocen ejemplos explicitos solo en rango dos;
el primero por Yamamoto en 1991 y después por Williams en 2009. En 2006, Maskit
y el autor entregaron un método tedérico para construir grupos de Schottky no-clésicos
en cualquier rango. El método asume el conocimiento de ciertos limites algebraicos de
grupos de Schottky, llamados grupos de Schottky anodados suficientemente complica-
dos. El objetivo de este paper es dar un grupo de Schottky anodado suficientemente
complicado explicitamente de rango tres y explicar cémo usarlo para construir grupos

de Schottky no-clasicos explicitos.
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1 Introduction

A Kleinian group G is called a Schottky group of rank g > 2 if it is generated by loxodromic
transformations A1, ..., Ag € PSL;(C) such that there is a collection of 2g pairwise disjoint simple
loops a1, &7, &2, &, . .+, &g, 0t on the Riemann sphere (E, all of them bounding a common domain
D of connectivity 2g, with A;(oy) = oc]-’ and A;(D) ND = (. The above set of generators is called
geometrical and the above loops a fundamental set of loops for G. It is well known that G is a free
group of rank g and that D is a fundamental domain for it. In [3] Chukrow proved that every set
of g generators of G is geometrical. We say that G is a classical Schottky group if it has a set of
geometrical generators, called a classical set of generators, for which we may find a fundamental
set of loops being circles. Classical Schottky groups were firstly considered by Schottky around

1882. In general, a classical Schottky group may have non-classical set of generators.

Examples of classical Schottky groups are given by the finitely generated purely hyperbolic
Fuchsian groups representing a closed surface with holes [2]. Moreover, if such a Fuchsian group
is a two generator group representing a torus with one hole, then every pair of generators is a

classical set of generators [21].

In 1974, Marden [14] provided the existence of non-classical Schottky groups (his proof is
non-constructive). In 1975, Zarrow [27] claimed to have constructed an explicit example of a non-
classical Schottky group of rank two, but it was lately noted by Sato in [22] to be incorrect. The
first explicit (correct) construction was provided by Yamamoto [26] in 1991 and in 2009 another
example was provided by Williams in his Ph.D. Thesis [24], both for rank two. It seems that, for

rank at least three, there is not explicit example in the literature.

In [7], Maskit and the author described a theoretical method to construct non-classical Schot-
tky groups in any rank g > 2. The idea is to consider certain Kleinian groups, obtained as
geometrically finite algebraic limits of Schottky groups of rank g, called sufficiently complicated
noded Schottky groups of rank g (see Section 2). In this paper (see Section 3) we provide an explicit
construction of a sufficiently complicated noded Schottky group of rank three and we used it to
describe how to obtain a infinite family (one-dimensional) non-classical Schottky group of rank
three.

To finish this introduction, and as a matter of completeness, let us mention another conjecture
related to classical Schottky groups. If Q is the region of discontinuity of a Schottky group G of
rank g, then it is a connected set and /G is a closed Riemann surface of genus g. Conversely, if S
is a closed Riemann surface, then there is a Schottky group G such that S and QQ/G are isomorphic
(Koebe’s uniformization theorem). As we have the existence of non-classical Schottky group, it
might be that G is non-classical. A conjecture (due to Bers) asserts that we may chose G to be
classical. Some positive answers were obtained by Bobenko [1], Koebe [11], Maskit [17], Seppal&

[23] (for the case in which the surface admits antiholomorphic involutions with fixed points) and
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McMullen [13] (for the case in which the surface has sufficiently many shorts geodesics). Recently,

Hou [8, 9] have announced a proof of this conjecture (by using Haussdorf dimension of the limit

set of Kleinian groups) and another approach in [6] (by using Belyi curves).

2 Sufficiently complicated Noded Schottky groups

2.1 Noded Schottky groups

A noded Schottky group of rank g > 2 is geometrically defined as follows. Consider a collection of

pairwise disjoint open topological discs Dy, Di,...,Dg4 and Dé on the Riemann sphere C so that
the corresponding boundaries &y = 0D1,&; = 0Dj,..., &g = 9Dy, &g = 0Dy are simple loops
and they only intersect in at most finitely many points. Let Al yeuey Kg be Mébius transformations

such that Rj (@) = &j’ and Ki (Dj) ﬂDj' =, for each j = 1,...,g. Observe that the transformation
Aj may only be loxodromic or parabolic. The group G, generated by these transformations, is
a Kleinian group isomorphic to a free group of rank g. If p is a point of intersection of two of
the above loops, then either it is a fixed point of a parabolic transformation of G or it has trivial
G-stabilizer. In the second situation, one may deform in a suitable manner these loops in order
to avoid the intersection at p and not adding extra intersections. In this way, two possibilities
appear (up to performing the above deformation), either: (i) G is a Schottky group of rank g or
(ii) there are intersection points, each of them being a fixed point of a parabolic transformation of
G. In case (ii) we say that G is a noded Schottky group of rank g; we call the above set of loops a

fundamental set of loops and the generators a set of geometrical generators.

Remark 1. In [18], as an application of the Klein-Maskit’s combination theorems, it was noted that
a noded Schottky group Gis geometrically finite, that each of its parabolic elements is a conjugate
of a power of one of the transformations fixing a common point of two of the fundamental loops,
and that the complement D of the union of the closures of Dy, Dji,...,Dg, Dg is a fundamental
domain for G. Different as for the case of Schottky groups, not every set of free generators of a

noded Schottky group is necessarily geometrical.

2.2 The extended region of discontinuity

If Q is the region of discontinuity of a noded Schottky group G of rank g, then by adding to it the
parabolic fixed points of G , and with the appropriate cusped topology (see [5, 12]), we obtain its
extended region of discontinuity Q7 ; it happens that ST = Q*/ G is a stable Riemann surface of
genus ¢. In the case that the number of nodes of St is 3g — 3, we say that G is a maximal noded
Schottky group (in this case, there are exactly 2g — 2 connected components of the complement
of the nodes of S*, each one being a triple-punctured sphere). In [4] it was observed that every

stable Riemann surface of genus g is obtained as above; so every point of the Deligne-Mumford
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Figure 1—A stable Riemann surface of genus 3  Figure 2—A stable Riemann surface of genus 3
with 3 nodes with 6 nodes

compactification of the moduli space of genus g can be realized by a suitable noded Schottky group

of rank g.

2.3 Neoclassical noded Schottky groups

A noded Schottky group for which there is a set of geometrical generators admitting a fundamen-
tal set of loops all of which are Euclidean circles is called neoclassical; the corresponding set of
generators is called a neoclassical set of generators.

In [7] it was proved that if G is a noded Schottky group such that Q1 /G is a stable Riemann
surface as in Figure 1, then it cannot be neoclassical (this should be still true for every noded
Schottky group of rank g > 4 whose corresponding stable Riemann surface has g + 1 components,

one being of genus zero and the others being of genus one).

2.4 Sufficiently complicated noded Schottky groups

The space of deformations of a Schottky group of rank g, denoted by Saig, is a subset of the
representation space of the free group of rank g in PSL;(C), modulo conjugation. Regard H? as
being the set {(z,t) : z € C,t > 0 € R}. We likewise identify C with the boundary of H3, except
for the point at infinity; that is, we identify C with {(z,t) : t = 0}.

2.4.1 The relative conical neighbourhood of a noded Schottky group

~

Let G be a noded Schottky group of rank g > 2, with a set of geometrical generators ﬁ1 yery Ag,

and corresponding fundamental set of loops &1,..., &é, these being the corresponding boundary
loops of a collection of pairwise disjoint open discs Dy,..., Dé. The complement of the closures of
these discs is a fundamental domain D for G. Let 51 yeens ﬁq be a maximal set of primitive parabolic

elements of G generating non-conjugate cyclic subgroups, where q > 1 (we may assume the fix point

of these parabolic transformations to be contained in the intersection of two fundamental loops).

~

We denote by Q(é) its region of discontinuity and by Q1 (G) its extended region of discontinuity.
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Next, we proceed to recall a construction done in [7] of a one-real family of Schottky groups G*

whose geometric limit is G.

(I) The infinite shoebox construction

For each i =1,...,q, choose a particular Mobius transformation H;i conjugating ﬁi to the trans-
formation P(z) = z+ 1 and consider the renormalized group HiéHi_]. For this group, there is a
number To > 1 so that the set {|Im(z)| > To} is precisely invariant under the stabilizer Stab(co)
of co in the group HiaH;1. In this normalization, for each parameter T, with T > 19, we define
the infinite shoeboz to be the set Bor = {(z,1) : [Im(z)] < 7,t < T}). Since Tp > 1, we easily
observe that for every T > To, the complement of By . in H3 U C is precisely invariant under
Stab(oo) C H:LGH{ ' where we are now regarding Mdbius transformations as hyperbolic isome-
tries, which act on the closure of H3. Then for G, the infinite shoebox with parameter T at z;, the
fixed point of ﬁi, is Bix = H;1 (Bo,<). If Pis any parabolic element of é, conjugate to some power
of ﬁi, then the corresponding infinite shoebox at the fixed point of ﬁ, is given by T(Bi,<), where
P = TP;T'. It was observed in [19] that, for each fixed T > 7o, G acts as a group of conformal
homeomorphisms on the ezpanded regular set BT =) A\(BLT), where the intersection is taken over
all A € G and all i = 1,...,q. Further, G acts as a (topological) Schottky group (in the sense
of our geometrical definition) on the boundary of BT. Each parabolic PeG appears to have two
fixed points on the boundary of BT; that is, ﬁ, as it acts on the boundary of BT, appears to be
loxodromic. The flat part of BT is the intersection of BT with the extended complex plane C. The
complement of the flat part (on the boundary of B") is the disjoint union of 3-sided boxes, where
each box has two vertical sides (translates of the sets {Im(z) = 7,0 < t < 1}) and one horoball
side (a translate of the set {|Im(z)| < T,t =1}). For each i=1...,q and for each integer n > 1,
we set Birn = H;1 (Bo, N{|Re(z)] < n}) and B®™ = m?\eé ﬁ(Bi,T,n). The truncated flat part
of B®™ is the intersection B®™ N C. The boundary of the truncated flat part near a parabolic
fixed point, renormalized so as to lie at oo, is a Euclidean rectangle. Let us renormalize G so that
o € Q(GJ. Then, for each T > ¢, there is a conformal map f%, mapping the boundary of BT
to (E, and conjugating G onto a Schottky group GT, where f7 is defined by the requirement that,
near oo, f(z) = z+ O(|z|'). The group GT depends on the choice of the Mdbius transformations
Hi,...,Hq as well as on the choice of T. The elements AT = fTA; (fO-1,.. A = fTﬁg(fT)_]
provide a set of free generators for the Schottky group GT.

(IT) Vertical projection loops

Next, we proceed to construct a fundamental set of loops for G™ for the above generators in terms
of the fundamental set of loops for G. In [19] it was shown that, with the above normalization,

fT converges to the identity I, uniformly on compact subsets of Q(G), and, for each j € {1,..., g},

AjT converges to K]-, as T — oo. In particular, if we fix Tp, and fix n, then f* — I uniformly on
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compact subsets of the truncated flat part of BT™. The boundary of B™™ consists of a disjoint
union of quadrilaterals with circular sides. After renormalization, the part of the boundary of
BTo™ corresponding to {|Im(z)| = To} is the horizontal part of the boundary, while the part of
the boundary corresponding to {|Re(z)| = n} is the wertical part of the boundary. We make a
fixed choice of the conjugating maps, Hi, i = 1,...,q, and we fix a choice of the parameter

~

T > To in the above construction. We may deform all the loops &; and &/, within Q" (G) to an
equivalent fundamental set of loops, with the same geometric generators A\1 Seeny Rg, so that, after
appropriate renormalization, each connected component of each of the deformed loops appears,
in each component of the complement of the flat part of BT, as a pair of half-infinite Euclidean
vertical lines, one in {Im(z) > T}, the other in {Im(z) < —t}, both with the same real part (the

technical details of such a deformation can be found in [7]). We call such a deformed loops the

vertical projection loops. These vertical projection loops, which we still denoting as &1,..., &é,
yields a fundamental set of loops, «f7,..., océT for the generators AT, ..., A7 of the Schottky group
G~.

(ITI) The relative conical neighborhood

The relative conical neighborhood of G is to be defined as the set of all marked Schottky groups
G™ = (A7,...,A]), with the fundamental set of loops «f, ..., cxéT, as constructed above.

Remark 2. Recall that we are assuming that oo is an interior point of the flat part corresponding
to To, and f7(z) = z+0(|z| ") near co. As, with these normalizations, f* — I uniformly on compact
subsets of Q(é ), we obtain that G — G algebraically. It now follows, from the Jgrgensen-Marden
criterion [10], that GT — G geometrically and that each relative conical neighborhood contains
infinitely many distinct marked Schottky groups. It is also easy to see, as in [19], that, for each
primitive parabolic element PeG ,as T — 00, there is a corresponding geodesic on ST = Q(G™)/G™
whose length tends to zero. It follows that each relative conical neighborhood of a noded Schottky

group contains Schottky groups representing infinitely many distinct Riemann surfaces.

2.4.2 Pinchable loops of Schottky groups

Let G be a Schottky group of rank g > 2, with generators Aq,...,Aq, and let m: Q(G) — S be a

regular covering with deck group G.

(IV) Pinchable loops

Let v1,...,vq be aset of simple disjoint geodesics loops on S. Each y; corresponds to a conjugacy
class of a cyclic subgroup of G (including the trivial subgroup) by the lifting under 7; let (Wj)
be a representative of such a class. If these q cyclic subgroups are non-trivial, they are pairwise

non-conjugated in G and the generators Wj are non-trivial powers in G (i.e., there isno T; € G so
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that Wj = ijj for some m; > 2), then we say that this set of geodesics is pinchable in G.

Remark 3. (1) It was shown in [20] (see also Yamamoto [25]) that if y1,...,Vq is a set of pinchable
simple disjoint geodesics loops on S in G, defined by the words W4,..., Wy, as above, then there is
a noded Schottky group é, and there is an isomorphism1 : G — é, where Pp(W1), ..., p(Wq), and
their powers and conjugates, are exactly the parabolic elements of G. More precisely, it was shown
in [20] that there is a path in Schottky space, Sa1g4, which converges to a set of generators for G ,
along which the lengths of the geodesics, y1,...,vq, all tend to zero. (2) On the other direction,

let us consider a noded Schottky group G of rank g > 2, with a set of geometrical generators

Al,.. .,Rg and corresponding fundamental set of loops &1,...,a4. Let GT be a Schottky group
of rank g with fundamental set of loops ocf,...,cxéT and generators A7,...,Ag, in a relative

conical neighborhoodof G as previously described in Section 2.4.1. Let S = Q(G™)/G™ be the
closed Riemann surface of genus g represented by G7, and let V; C S be the projection of «f,
i=1,...,9. Then Vi,...,Vy is a set of g homologically independent simple disjoint loops on S.
Let y:G™ — G be the isomorphism defined by AT — Ki, i=1,...,g. The elements of G* which
are sent to parabolic elements of G are called the pinched elements of GT. There are simple disjoint
geodesics Y1,...,Yq on S, defined by pinched elements of G, given by the words Wy,...,Wq in
the generators AJ,...,Ag, so that every parabolic element of G is a power of a conjugate of one
of their {-image. It happens that this collection of loops y1,...,vq is a set of pinchable geodesics
of G™. The construction in [19] shows that we can choose the above parameter T so that the v;

are all arbitrarily short.

Proposition 1 ([7]). Every non-empty set of k < 3g — 3 pinchable geodesics is contained in a

maximal set of 3g — 3 pinchable geodesics.

(V) Valid sets of fundamental loops and their complexity

Let v1,...,Yq C S be a pinchable set of geodesics in G. Set S* the stable Riemann surface
obtained from S by pinching these q geodesics; it consists of a finite number of compact Riemann
surfaces, called parts, which are joined together at a finite number of nodes. Also, let G be the

noded Schottky group obtained from G by pinching these q geodesics.
Let Vi,..., Vg, be a fundamental set of loops for G on S (that is, the components of the lifting

of these loops under 7t are simple loops and such a lifting set of loops contains a fundamental set of
loops for G) and let \71 yeon ,\79 be the corresponding loops on S* obtained by pinching y1,...,vq.
We observe that the lifts of the V; to Q% (G) are all loops, but they are generally not disjoint and
they need not to be simple. There are certainly some number of these lifts passing through each
parabolic fixed point, and some of them might pass more than once through the same parabolic
fixed point. The set of loops, V1,...,Vq, is called a valid set of fundamental loops for vy1,...,vq,
if every lift of every \A/i to Q+(a ) is a simple loop; that is, it passes at most once through each

parabolic fixed point (i.e., the set of loops, \71 yeens \79, forms a fundamental set of loops for G on



46 Rubén A. Hidalgo SI;I(]?OZ?)

§+). We note that there are exactly q equivalence classes of parabolic fixed points in G , one for

each of the loops ;.

Proposition 2 ([4, 7]). There is at least one valid set of fundamental loops Vi,..., Vg, for every
set of pinchable geodesics, Y1,...,Yq-

(VI) The complexity

Let us now consider a valid set of fundamental loops, V7,...,Vq, for a set of pinchable geodesics
Y1y.++yYq- We can deform the Vi on S so that they are all geodesics. Then the geometric
intersection number, V; ®yj, of Vi with v; is well defined; it is the number of points of intersection
of these two geodesics. Looking on the corresponding noded surface §+, Vi e y; is the number
of times the curve \A/i obtained from Vj by contracting y; to a point, passes through that point
(node). The complezity of V1,...,Vy, with respect to y1,...,vq, is given by

g

E(Y]a”qu;V]v-wvg):]gljag(q Vi.Yja
T =1

and the complexity =(y1,...,Yq) is the minimum of Z(y1,...,vq; Vi,..., Vg), where the minimum
is taken over all valid sets of fundamental loops. If Z(y1,...,vq) > n, then, for every valid
fundamental set Vi,...,Vy, there is a node P on ST so that the total number of crossings of P by

\71,...,\79 is at least n.

Proposition 3 ([7]). Let g > 2 and G be a Schottky group of rank g. For each positive integers
n there are only finitely many topologically distinct mazimal (i.e. q = 3g — 3) pinchable set of
geodesics in G and complexity n. In particular, there are infinitely many topologically distinct
maximal noded Schottky groups of rank g and there are only finitely many topologically distinct

maximal neoclassical noded Schottky groups in each rank g.

(VII) Sufficiently complicated pinchable sets of geodesics

Now, we consider a maximal set of pinchable geodesics in G, say y1,...,Y3g-3; S0 G is a maximal
noded Schottky group. Observe that G is rigid, and that every part of ST is a sphere with
three distinct nodes. Also, every connected component A C Q(é ) is a Euclidean disc A, where
A/ Stab(A) is a sphere with three punctures; the three punctures correspond to the three nodes of

the corresponding part of S+.

Let Vi,...,V, be a valid set of fundamental loops on S for the given set of pinchable geodesics
(the existence is given by Proposition 2), and let \71 yeon ,\79 be the corresponding loops on S+.
For each i = 1,..., g, the intersection of a lifting of \A/i with a component of G (i.e., a connected

~

component of Q(é )) is called a strand of that lifting \A/i. Similarly, the loops \71,. .., V4 appear

on the corresponding parts of S* as collections of strands connecting the nodes on the boundary
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of each part. There are two possibilities for these strands; either a strand connects two distinct
nodes on some part, or it starts and ends at the same node. Since the loops Vi,...,V, are simple
and disjoint, there are at most three sets of parallel strands of the \71 in each part; that is, there
are at most three sets of strands, where any two strands in the same set are homotopic arcs with
fixed endpoints at the nodes. We regard each of these sets of strands on a single part as being
a superstrand, so that there are at most 3 superstrands on any one part. We next look in some
component A of Q(GJ, and look at a parabolic fixed point x on its boundary, where x corresponds
to the node N on the part S; of S*+. In general, there will be infinitely many liftings of superstrands
emanating from x in A, but, modulo Stab(A) there are only finitely many. In fact, there are at most
4 such liftings of superstrands emanating from x. If there is exactly one superstrand on S; with
one endpoint at N, and the other endpoint at a different node, then modulo Stab(A) there will be
exactly the one lifting of this superstrand emanating from x. If there is only one superstrand on S;
with both endpoints at the same node N, then this superstrand has two liftings starting at x, one in
each direction; so, in this case, we see two lifts of superstrands modulo Stab(A) emanating from x.
It follows that, modulo Stab(A), we can have 0, 1, 2, 3 or 4 liftings of superstrands starting at x. We
note that these liftings of superstrands all end at distinct parabolic fixed points on the boundary
of A. We say that the fundamental set of loops, \71 yen .,\7p is sufficiently complicated if there are
two (different) lifts &; and a;, of some V; and some not necessarily distinct \7j, respectively, so
that &; and &; both pass through the parabolic fixed point z7, into a component Ay of G, then
both travel through Ay to the same parabolic fixed point on its boundary, z;, and into another
component A,, which they again traverse together to the same boundary point, z3, necessarily a

parabolic fixed point, where they enter Az, and they leave A3z at different parabolic fixed points.

2.4.3 Sufficiently complicated noded Schottky groups

A maximal noded Schottky group G is sufficiently complicated if every set of valid fundamental
loops on St s sufficiently complicated. We note that (keeping the notation of last section), inside
A7, &; and @; are disjoint; they both enter A; at the same point, and they both leave A; at the same
point; hence they cannot both be circles. In [7] the following result, stating a sufficient condition
in terms of the complexity for a maximal noded Schottky group to be sufficiently complicated, was

obtained.

Theorem 1 ([7]). If a mazimal noded Schottky group G has complezity at least 11, then it is
sufficiently complicated.

The previous theorem, together Proposition 3, asserts the existence of infinitely many topo-
logically different sufficiently complicated maximal noded Schottky groups in every rank g > 2.

The following result states sufficient conditions for a Schottky group to be non-classical.

Theorem 2 ([7]). Let G be a mazimal noded Schottky group.
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(1) If G is sufficiently complicated, then, for T sufficiently large, the Schottky group G in the

relative conical neighborhood of G is non-classical.

(2) If ST = Q*(é)/é is the stable Riemann surface as shown in figure 2, then G is sufficiently

complicated.

3 Explicit construction of a sufficiently complicated noded
Schottky group

In this section we construct explicitly a noded Schottky group as in part (2) of Theorem 2, so
part (1) of the same theorem asserts that any Schottky group sufficiently near to G is necessarily

non-classical.

3.1 A family Schottky groups of rank three

Let Lo be the unit circle, Ly be the real line, L, be the line through the points 0 and wy = e™/3,

and set (see Figure 7)

T+p2+pt+p?—1
J—'—{(p,r):]/2<p<1,0<r<r*(p):— PP P }

V3p

For each (p,r) € F we set L3 to be the circle with center at 0 and radius v and L4 to be
the circle orthogonal to Lo, intersecting Ly at the points p and 1/p with angle /3 (see Figure 3).

The circle Ly has its center at ¢ = (1—;]:—2) + \/Lg (]—Eg—z) and it has radius R = % (]—Eg—z) The

condition p > 1/2 asserts that L, and L4 are disjoint (tangency occurs when p = 1/2) and the
condition r < r*(p) asserts that L3 and L4 are disjoint (tangency occurs when r = 1*(p)). Let T
be the reflection on Lj, for j =0,1,2,3,4, so

=1z mE) =% nE=wZ )=z = __])

z—¢C

and let K., = (T0,T1,T2,73,T4). It turns out that K, , is an extended Kleinian group with
connected region of discontinuity Q. , and so that Q. /K, , is a closed disc with 5 branch values,
of orders 2, 2, 2, 2 and 3, on its border. As a consequence of the Klein-Maskit combination
theorems [18], the group K, , has no parabolic transformations, its limit set is a Cantor set and it
is geometrically finite. If we set W = 12717, ] = ToT1 and L = 11714, then W3 =13 = ]2 = (W])? =
(L2 =1.

Now, if A1 = L-'w T = T4T2, A2 = T1A1T1, and A3z = TpT3, SO

cwoz — 1 twiz —1
Ai(z) = ﬁ» Az(z) = ﬁ» As(z) = T‘ZZ»
0
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T2

)

T
! Figure 4—The Schottky group G, of rank 3:
Tg the six darkest loops are a fundamental set of
Figure 3—A set of lines and circles loops

then we set Gy p = (A1,A2,A3). In Figure 4 we show the situation for values of p near to 1 and

T near to 0; in which case G, turns out to be a classical Schottky group of rank three.

Lemma 1. If (p,r) € F, then Gy p is a Schottky group of rank three.

Proof. It can be seen that G is a finite index normal subgroup of K, ,, and
Kr‘p/GT‘p = <To :Té =1) x (11,72 : T% ZT% = (T2T1)3 = ]> =7, @ Ds.

In particular, Gy has the same region of discontinuity as for K, (so a function group),
it is geometrically finite and does not have parabolic transformations. As any of the elliptic
transformations of K, goes into an element of the same order in the quotient K. /Gy, we
also have that Gy p is torsion free. Now, as a consequence of the classification of function groups
[15, 16], the group G p is a Schottky group of rank three (in Figure 4 there is shown a fundamental
set of loops). O

The closed Riemann surface Sy, = Q; /G of genus 3 admits the group Z; ® D3 as a
group of conformal/anticonformal automorphisms. On S, ;, we have simple closed curves y1,..., Ye
which are pinchable (see Figures 5 and 6) with respect to the Schottky group G p; these pinchable

curves correspond to the conjugacy classes of cyclic groups of G, as follows:

Y1 corresponds to A2_1; 2 corresponds to A7; Y3 corresponds to A]_1A2;
Y4 corresponds to A]_1 A2A3_1 A51A1 A3z; Y5 corresponds to AE]Ag1 ALAz3;
Ye corresponds to A1A§]Af1 As.
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Figure 5—A set of pinchable curves seen at Figure 6—A set of pinchable curves seen on

the Schottky uniformization the Riemann surface S

3.2 A sufficiently complicated noded Schottky groups of rank three

To obtain the desired noded Schottky group, we need to move the pair (p,r) € F to some
point in the boundary in order to have that the loxodromic transformations A;l, Aq, AT1A2,
ATTALASTASTATAS, A5 TAS AL A and AjAS AT Az are transformed into parabolic transfor-
mations. As the order three automorphism W permutes cyclically y1,7v2,v3 and also v4,Ys, Ve,
we only need to take care of Ay and A, A;] A]_1 Ajs. First, in order to transform A into a parabolic
transformation we only need to have t4(wg) = wo, equivalently, that the circle L4 is tangent to
the line L, at wo. This happens exactly when p = 1/2. Now, assuming p = 1/2, in order for
A1A3_1A1_]A3 to be a parabolic transformation we only need to have tangency of the circle L3
with L4, that is, T =1*(1/2) = @3 The group Gy-(1,2),1/2 turns out to be a noded Schottky
group that uniformizes a stable Riemann surface as shown in Figure 2 and, by (2) in Theorem 2,

it is a sufficiently complicated noded Schottky group.

o
| Non-classical Schottky groups

r*(12) ,,,,,,,,,,,,,,,,,,,,

,/

Figure 7—The region F and the filled part for the non-classical Schottky groups

3.3 Non-classical Schottky groups of rank three

By (1) in Theorem 2, there exist (po,r0) € F with the property that if (p,r) € F, 1/2 <p < po
and 1o < v < 7*(1/2), then G, p, is a non-classical Schottky group of rank three (see filled part

region in Figure 7). Moreover, each of these Schottky groups is contained in a Kleinian group K, ,
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as a finite index normal subgroup with K, ,/G, , = Z @ D3, in other words, the closed Riemann
surfaces Sy p = Q(Gr,p)/Gr,p admit a group of conformal automorphisms isomorphic to Z, @ Dj3.
The family of these Riemann surfaces degenerates to a stable Riemann surface S.«(1,2),1,2 as

Figure 2 keeping the above group of automorphisms invariant.
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ABSTRACT

In this paper, we have studied local convergence of Super-Halley method in Banach
spaces under the assumption of second order majorant conditions. This approach allows
us to obtain generalization of earlier convergence analysis under majorizing sequences.
Two important special cases of the convergence analysis based on the premises of Kan-
torovich and Smale type conditions have also been concluded. To show efficacy of our

approach we have given three numerical examples.

RESUMEN

En este articulo, hemos estudiado la convergencia local del método Super-Halley en
espacios de Banach, asumiendo condiciones mayorantes de segundo orden. Este punto
de vista nos permite obtener generalizaciones de anélisis de convergencia bajo sucesiones
mayorantes obtenidos anteriormente. También se han concluido dos casos especiales
del analisis de convergencia basados en las premisas de condiciones tipo Kantorovich y

Smale. Para mostrar la eficacia de nuestro enfoque, damos tres ejemplos numéricos.
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1 Introduction

Let f be a given operator that maps from some nonempty open convex subset Q of a Banach space

X to another Banach space Y. Approximating a locally unique solution X of a nonlinear equation
f(x) =0 (1.1)

is widely studied in both theoretical and applied areas of mathematics. Generally, this is done by
using some iterative processes. An iterative process is a mathematical procedure that, from one or
several initial approximations of a solution of (1.1), a sequence of iterates {xn}nen is constructed
so that each subsequent iterate of the sequence is a better approximation to the previous approxi-
mation to the solution of (1.1); that is, the sequence {||xn — X||}nen is convergent to zero. Usually,
in order to study convergence analysis of the method, we could consider the study of local and
semilocal convergence analysis. If the convergence analysis seeks assumptions around a solution
X, then it is called local convergence and this type of analysis estimates the radii of convergence
balls, where as we could also consider assumptions around an initial point xo to study convergence
analysis of the method. In that case the convergence analysis is called semilocal one and it gives
criteria ensuring the convergence. It is also very important to give convergence ball of an iterative

method, because that shows the extent to which we can choose an initial guesses for that method.

One of the most important iterative methods to solve this problem is Newton’s method given
by
X1 :Xn_f/(xn)iu:(xn)a k=0,1,2,... (12)

where xp € Q is an initial point. As anybody can recall that one of the most famous results to
study convergence of Newton’s method (1.2) is the well known Kantorovich method[16], which
guarantees convergence of the method to a solution, using semilocal conditions. It does not require
a priori existence of a solution, proving instead the existence of the solution and its uniqueness
on some region. Many researches have also done works related to Kantorovich-like method (for
details see [4, 8, 10, 26, 27, 29] and references there in). Also, Smale’s point theory [21] assumes
that the nonlinear operator is analytic at the initial point, which is an important result concerning
Newton’s method. Wan and Han[25, 22] has discussed the generalization and the particular cases

of Smale’s point estimate theory.

For a positive number « and x € X, we consider B(x, &) to stand for the open ball with radius
o and center x and B(x,«) is the corresponding close ball. In [7, 6], Ferreira and Svaiter had

studied the local convergence of Newton’s method (1.2) under the following majorant conditions:
I () — /0Nl < R/ (ly = x|l + lx = %I = R/ (Ix = %], (1.3)

for x,y € B(x,R), R > 0, where ||[y—x| +|[x—%| < Rand h: (0,R) — R is a continuously differen-

tiable, convex and strictly increasing function that satisfies h(0) > 0, h/(0) = —1 and has a zero in
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(0,R). Note that by this study the assumptions for guaranteeing Q-quadratic convergence of the
respective iterative methods has been relaxed and a new estimate of the Q-quadratic convergence

has been obtained.

Recently, inspired by these ideas, Ling and Xu[17] have presented a new convergence analysis of
Halley’s method which makes a relationship of the majorizing function h and the nonlinear operator
f under majorant conditions similar to given in (1.3). Argyros and Ren[l] also presented a local
convergence of Halley’s method which gives a ball convergence of the method under assumptions
similar to (1.3).

On the other hand, one of the famous third order iterative method to solve nonlinear equation

(1.1) in Banach space is the Super-Halley method denoted by

Xn+1 =Xn — [I + %I—f(xn)[l - I—f(xn)]iqf/(xn)i1f(xn)» (1.4)

where for x € X, L¢(x) is the linear operator defined as
Le(x) = /()" () ()7 ().

The results concerning the convergence of this method have been studied in [2, 9, 20] under
different types of assumptions by using recurrence relations. On the other hand Ezquerro and
Herndndez[5] and Gutiérrez and Herndndez[11] have studied semilocal convergence of this method
by using majorizing sequences. Now, if the nonlinear operator f is analytic at the initial point
then motivated by the ideas of Argyros and Ren[1] and Ling and Xu[17], we have studied local
convergence of Super-Halley method (1.4) using second order majorant condition. This majorant
condition generalizes the earlier results on Super-Halley method[5, 11] using majorizing sequences.
Two particular cases namely results based of affine invariant Lipschitz-type condition and Smale-
type condition have also been derived. Numerical efficacy of the method has also been derived by

way of a number of numerical examples.

Rest of the paper is organized as follows. Some preliminaries results are contained in section
2. In section 2.1, we studied local convergence analysis of Super-Halley method. Two special cases
of main result are presented in section 3. In section 4, we have shown a number of numerical

examples to show efficacy of our study. Section 5 forms the conclusion part of the paper.

2 Preliminaries

In this section we provide some basic results which is required for our convergence analysis of the
method.

Assume a > 0 and ¢ : (0,a) — R be a twice continuously differentiable function. Let
x,y € B(X,a) C Q, with ||y —x|| + ||x —X|| < a. We say that the operator f satisfy a second order
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majorizing function ¢ at x if the following conditions hold on f:
/G~ () — £ Gl < & (lly — x| + lx = x[1) — & ([[x = xII), (2.1)
with the assumptions:

(M1) ¢(0) > 0,¢"(0) > 0,¢'(0) = -1,
(M2) ¢” is convex and strictly increasing in (0, a), (2.2)
(M3) ¢ has atleast one zero in (0, a) with t* as the smallest zero and ¢'(t*) < 0.

and
[£'(x) ) < $0), (') ()] < ¢”(0). (2.3)

In this paper we assume that ¢ is the majorizing function of f. Note that if we define

Of(x) =x— |1+ %Lf(x)[I—Lf(x)]*] (%) (%) (2.4)

where L¢(x) = f/(x) 7" (x)f’(x) "' f(x), then O¢(x) can be taken as the iterative function of Super-
Halley method as it can be written as xn+1 = Of(xn). Also the scalar sequence {t,} can be

generated by applying the method to ¢(t). In this case we can write tni1 = Qg (tn) with

_ b1 (1)
d'(t)2

LoV ] (v te (0, a). (2.5)

O (t) ==t — 1+ L)

Now we can easily establish some basic properties of the majorizing function ¢, the iterative

functions O¢(x) and O (t) which are described in the following lemmas.
Lemma 2.1. Let ¢ satisfies assumptions (M1) — (M3). Then
(i) &' is strictly convex and strictly increasing on (0, a).

(i) & is strictly convez on (0,a), ¢(t) > 0 fort € (0,t*) and equation $(t) =0 has at most one

root in (t*, a).
(i) —1 < d’(t) <0 for t € (0,t*).

(iv) 0 <Lg(t) < 1 fort € [0,t*].

N

Proof. The proof is similar to one given in [17], so omitted.

Lemma 2.2. Let ¢ satisfies assumptions (M1)—(M3). Then for allt € (0,t*), t < Og(t) < t*.
Moreover, &'(t*) < 0 if and only if there exist t € (t*,a) such that (t) < 0.
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Proof. It is not to be mentioned that by using Lemma 2.1, one can have ¢(t) > 0, —1 <

¢'(t) <0and 0 < Lg(t) < % for t € (0,t*). This gives [1 + 30 Ld){(—t)(t))} d(i)’((tt))
— L
t< ®¢(t).

< 0 and hence

Also, for any t € (0,t*), from the definition of directional derivative and assumption (M2)
it follows that since ¢ (t) is increasing in (0,a) and t < t* < a, we have ¢”(t) < ¢”(t*) and
¢ (t) > 0 which implies that left directional derivative D~ ¢ " (t) > 0.
2¢'(t)p(t)D"d"(t)

As ¢ () (1) —2d"(t)* < —4¢" (t)P(t), we obtain D~ Oy (t) = 1+
0 for t € (0,t*).

And this implies that O¢(t) < Oy (t*) =t* for any t € (0,t*). So the first part of this lemma
is complete. Now, if ¢/(t*) < 0, then it is obvious that there exists t € (t*, a) such that ¢(t) <0
Conversely, noting that ¢’(t*) = 0, then we have &(t) > $(t*)+d’(t)(t* —1t) for t € (t*, a), which
implies that ¢’(t*) < 0. This completes the proof.

(@7 (t)d(t) — 2/ (t)2) " (t)

Remark Following properties are implied by the condition ¢’/(t*) < 0 in (M3):
o ¢(t**) =0 for some t** € (t*, a).
e ¢(t) <0 for some t € (t*, a).
Lemma 2.3. Let ¢ satisfies assumptions (M1) — (M3). Then

14"()2 | 1D ¢ ()
297 T3 )

~04(t) < |5 (" — )3, t € (0,t"). (2.6)

Proof. We can derive the following relation, by using the definition of O4 in (2.5)

1

tT—0gp(t) = m[ﬂ — L)t —t) + () b(t) ]

2/ 20
1
TSI ) 7t ol — ) = 0l — 20— o)da

1
+ ( t)(b ( )) J ¢//(t+6(t*—t))(t*—t)2(]—U)dU

21— L) (1)?
/ IO

(
(t" — )" (1)
2(1 =Ly (1))’ (1) ()t —1)

(1-Le(t)) +

(db(t) +

Since ¢” is convex and t < t*, it follows from Lemma 2.1 that

o(t* —1t)

¢ (t+olt" — 1) = ¢"(1) < ["(t) = " (W)
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So by noting that ¢ is strictly increasing, we have

* (bl/(t ) d)/l(t) * 2 (bl/( )(b ( ) * 3
Um0l = Lot Y T L Y
OO L 620
2T —Le(0)d/(t) 2(1 = Lg (1))’ (t)?
Since ¢’ (t) < 0, $”(0) > 0 and ¢’, ¢” are strictly increasing on (0,t*) and 0 < Ly (t) < % for
t € [0,t*] by Lemma 2.1, so we have
1 d)//( )2 1 D—d)//(t*) . 3
" =04 (t) < [Zcb( )2 +§ o (0] (t* —1t)°. (2.7)
As ¢’ is increasing, ¢’(t*) < 0 and ¢’(t) < 0 t in (0,t*), we have
¢7(t)) —¢"(t) _ ") —9"(t) 1 d"{t")—¢"(t) .. D" (t") ..
I o R S Yt R
where the last inequality follows from definitions of directional derivative. Combining the above
inequality with (2.7), we conclude that (2.6) holds. This completes the proof. O
Let {tx} denote the majorizing sequence generated by
_ _ e L (ti) ¢(tx) B
to =0, tir1 = O (ti) = ti— [+ 573 _L¢(tk))} Sy k=002 (2.8)

We arrive at the following theorem using Lemma 2.3 that

Theorem 2.4. Let the sequence {ti} be defined by (2.8). Then {ty} is well defined, strictly
increasing and is contained in (0,t*). Moreover, {tx} satisfies (2.6) and converges to t* with

Q — cubic, i.e.:

! d)”( )2 1D~ d')//(t*) * 3 *
2/(t7)2 7 t3 —o/(tY) (" —t)®, te € (0,t7).

=ty <

2.1 Local convergence results for Super-Halley method

This section is devoted to giving the local convergence analysis of (1.4). For that the following

lemmas will play important role.

Lemma 2.5. Assume ||[x —X|| <t <t*. Ifp:(0,t*) = R is a twice continuously differentiable

function which majorizes f at X, then

(i) f'(x) is nonsingular and

1 1

1= 1gl (% — -
[f/0a) ' (%) < (x—x) = $'(1)
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(i) |G < " (Ix = x]) < " (1).

Proof. Let us take x € B(x,t), 0 <t < t*. Since

1
f(x) =f'(x) + L [f"(x + o(x —%)) — /(X)) (x —x)do + " (x)(x — %),

we get

1
-fE PR < L 17 7 (e + olx — 1)) — ()| [x — x| do
HFETF ) =

1
L 6" (o(|(x = X)) — & (O)x — X[l do + &” (0)]|x — x|

o' (II(x = %)) — $'(0).

IN

So, we conclude that

IT—f(x) (X)) < d'(t) — ' (0) < 1
as ¢'(0) = —1 and —1 < ¢’(t) < 0 for (0,t*) using Lemma 2.1. Therefore, it follows from Banach
lemma that f/(x)~"f’(x) is nonsingular and (2.9) holds as

/ —ler(g ! = — ] - ]
10 < i = v o SR = e

Thus we conclude that, f’ is nonsingular in B(X,t*). By using majorant conditions, we have

16~ ()|

IN

/(R IE (x) — £ (| + (I (R) 7 ()|
< "(Ix=x[)—d"(0) + &"(0) = d"([x —x]) < ¢"(¢).
The last inequality holds true because of ¢ is strictly increasing. This completes the proof. O
Now the main local convergence result for the Super-Halley method (1.4) is presented as

follows.

Theorem 2.6. Let f satisfies the second order majorant conditions (2.1)-(2.3). Then, the
sequence of iterates {xn} generated by Super-Halley method (1.4) is well defined, contained in

B(x,t*) and converges to the unique solution X of (1.1). Moreover, the following error estimate

hold

3

% — xieer || < (t*—tkH)(M) . k=0,1,2,... (2.10)
t —ty

Thus the sequence {xn} generated by Super-Halley method (1.4) converges Q—cubic as follows

lh//(t*)z lD—h//(t*)
2 h/(t¥)2 3 —h/(t*)

IR — x| g[ ]||>z—xk||3, k=0,1,2,... (2.11)



62 Shwet Nisha & P. K. Parida SI;I(ZBOZ?)

Proof. By using f(x) = 0 and some standard analytic techniques, one can have

X —xke1 = —Telad)f () 7 = (xa) (X — %) — Fxa)] — T (xa ) Le (xc) (% — %)

+ %f/(xk)fl flxi) — %rf(xk)f/(xkr1 f(Xk)}
1

= —T¢(ad)f (xi) ™! L (1T —0) " (xxk + o(% —xx)) — £ (x3)] (X — xx)* do
1

DN 00 ) [0 | (1= 01+ 0k = )
0

(X — xk)zda} (% —xx)

1

—%f”(xk)rf(Xk)f/(Xkr1 {f/(xk)q J (1 —0)f" (xx + o(x — xx))
0

2
x(i—xk)zdcf} ,
where T¢(x) = (I — L¢(x))~". Using majorant condition, we can get
1 1
J I1£/(x) [ (x4 0(x — %)) — £ (a)l|(1 — 0)do - < J 1" (olx —xxcll + [k —x[)
0 0
—¢" (| = x| (T — o)do.

Also, we know that, if u,v,w € (0,a) and u < v < w, then because of convexity[7] of ¢(x) in

(0, a), we have

O = dlu) < [p(w) — plul=—.
Therefore,
" (ol x —xicll + i = x[D) = d" (i = %) < d”(of|x — x| + tic) — b" (tx)
O s
Thus Lemma 2.5 and above inequality implies
- 1 ! " * " H’_(_Xk”3
X = x4l < _(1—L¢(tk))¢'(tk)”o[¢ (o(t" —ti) +ti) — b (tk)](1—c)dc}7t*_tk
(b”(tk) ! " * < 3
T e L, et — 1+ 0 o] [
1 d)ll(tk) ! " * _ 2 > 4
Ty BT Ly @ (01 = )+ 51 = )] el

o(te) K—xalyd %=y
Lo e )~ e (Fe )

Finally, we want to show that the solution X of (1.1) is unique in B(x,t*). For that assume § be
another solution in B(x,t*). Then proceeding similarly as above we get

ls =y

y—X <(t" -t (
Hy k+1H < K1) t— 1ty
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Since the sequence {xx} converges to X and {ti} converges to t*, we conclude that § = X. Therefore,

X is the unique zero of (1.1) in B(x,t*). O

Remark 2.7. It is to be noted that if we replace X with the initial approzimation xo in (2.1),
then after some manipulations we can obtain a semilocal convergence analysis of our iteration
method. This analysis approach enables us to drop out the assumption of existence of a second
root for the majorizing function, still guarantee Q—cubic convergence rate. Thus the semilocal

convergence theorem for the iteration method (1.4) is as follows:

Theorem 2.8. Supposef: Q C X — Y be a twice continuously differentiable nonlinear operator,
and Q is open and convex. Consider that for a given initial guess xo € Q, T'(xo) is nonsingular that
is f'(x0) ™" exists and that & is the majorizing function to f at xo and ¢ satisfies the assumptions
(M1) ——(M3). Then sequence {xy} generated by the method (1.4) for solving equation (1.1) with
a starting point xo is well defined, contained in B(xo,t*) and converges to a solution X € B(xg,t*)

of the Fq.(1.1). The solution is unique in B(xo, 0), where ¢ is defined as o := sup{t € (t*,R) :

o(t) <0} Fork =0,1,2,..., a priori error estimate and a posteriori error estimate are given
respectively as
X —xi|[\3
%= e ] < 2" — o) (LE22E0)”
t —ty

and N
1% =i | < (1 ey (1 2260y
e =tk
Also the method converges Q—cubically as

1(1)”(t*)2 ]D—(b//(t*)
292 3 =9t

[ (% =i?.

1% — x| <

3 Special cases and applications

This section consists of two special cases of the local convergence results obtained in previous
section. Namely, convergence results under affine covariant Kantorovich-type condition and the

Smale-type y-condition.

3.1 Kantorovich-type

Suppose that f satisfies the affine covariant Lipschitz condition (see Han and Wang[12]) as given
by:

16" (y) — £ (I < Avfly = xll, %y € Q. (3.1)
and the following initial conditions

(%)~ (%) < By (3.2)
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/(%) £ (%)]| < Aa. (3.3)
Consider the scalar valued function
A A
dt) = E]t3 + 72t2 —t+B. (3.4)

This function was considered as majorizing function in [28, 5, 11] for establishing convergence of
super-Halley method. If we choose the above cubic polynomial as the majorizing function ¢ in
(2.1), then the majorant condition (2.1) reduced to the Lipschitz condition (3.1) and in this way
the results based on Lipschitz condition have been generalized by our assumptions of majorant

conditions. The assumptions (M1) and (M2) are satisfied for f if the following criterion holds

B < 20 +2(A3 +2A)1/2)
T 3(A2 4+ 2(A5 +2M)1/2)2°

(3.5)

Therefore, Theorem 2.6 reduces to the following form:

Theorem 3.1. Suppose that f satisfies the conditions (3.1)-(3.3) with the assumptions given
in (3.5). Then, the sequence {xx} generated by Super-Halley method (1.4) for solving equation
(1.1) with a starting point xo is well defined, contained in B(X,t*) and converges to a solution
X € B(x,t*) of the Eq.(1.1). Note that t* is the smallest positive root of ¢ defined by (3.4) in
[0,71] where T1 = (=A2 + (A3 + 2A1)1/2) /A1 is the positive root of ¢'. The limit X of the sequence
{xk} is the unique zero of Eq.(1.1) in B(X,t**), where t** is the root of & in the interval (v1,+00).

Moreover, the following error estimates holds

[ — x|

3
T ) L k=0,1,2,...

=il < (¢ = i) (

and the sequence generated by Super-Halley method (1.4) converges Q-cubic as follows

3(A1 + A2t*)2 4+ 202 (1 — A t* — Axt*2/2)
6(1 —Aqt* — Apt*2/2)2

IR =i < (% =l?, k=0,1,2,...

3.2 Smale-type

This subsection contains the local convergence results for the Super-Halley method (1.4) under the

v-Condition.

In [21], Smale has studied the convergence and error estimation of Newton’s method under

the hypotheses that f is analytic and satisfies

['(x) "M (%) < niy™ T, n>2
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where
/() F () o
¥ = sup |
k>1 .

Smale’s result is completely improved by Wang and Han[24, 25] by introducing a majorizing func-

tion
¢ﬁ)=ﬁ—t+1tf¢, te[&%) (3.6)
where
I£/(x) (X)) < B (3.7)
and
/(%) (%) < 2y (3.8)

If we choose this function as the majorizing function ¢ in (2.1), then it reduces to the following

condition:
_ 2y
f(x) T (y) — ()] < _
| E R (7 T v by 1%

2y
T 7 39

where |ly — x| + |x — X| < %, and the assumptions (M1) and (M2) are satisfied for ¢. Also, if
o = By < 3 —2v/2, then assumption (M3) is satisfied for ¢. Therefore, the concrete form of

Theorem 2.6 is given as follows.

Theorem 3.2. Suppose f satisfies (3.7)-(3.9). If « := By < 3 —2v/2, then the sequence {xy}
generated by the super-Halley method (1.4) for solving the equation (1.1) with a starting point xo
is well defined, is contained in B(X,t*) and converges to a solution X € B(x,t*) of the Eq.(1.1).

The limit X of the sequence {xy} is unique in B(X,t**), where t* and t** are given as

. at+1—/(x+1)2 -8« e T4+ (x+1)2 — 8
t = and t** = 2

4y Y

respectively. Moreover, the following error bound holds: for all k > 0, we have

[ — x|

3
ﬁ_m),kzqugm

=il < (& = i) (
and the sequence {xy} converges Q-cubic as follows

Zyz
2(1T —yt*)2 —1

Hi—mﬂug[ Puw—mmikzqugu.
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4 Numerical Examples

This section is devoted to illustrate the above theoretical results by a number of numerical examples.

Example 4.1. Let X =Y =R with Q = B(0,1) and the function f on Q is
f(x) =e*—1 (4.1)

and for x =0,
f'(x)=1,f"(x) =1.

Also, we obtain that
M=eA=1,p=0

Therefore, the convergence criterion (3.5) holds and the Theorem 3.1 is applicable to conclude that
the sequence generated by super-Halley method (1.4) with initial point xo = 0.25 converges to a root
of (4.1). In this case, we have t* =0 and t** = 1.03304078, that is the existence and uniqueness
ball are B(0.25,0) and B(0.25,1.03304078) respectively and the error bound is 1.525807581.

Example 4.2. Let X = C[0,1] the space of continuous functions defined on interval [0,1]
equipped with max norm and let Q = U[0, 1] and the function f on Q is .

1
f(x)(s) = x(s) —2A Jo G(s, t)x(t)3dt (4.2)

Therefore we have

and

7 (x)[uvl(s) = —AJ G(s, t)x(t)(uv)(t)dt, w,veQ,
Now, let M = In[(a)uﬁ] f; |G(s,t)|dt. Then M = %.. Also, for any x,y € Q, we have
se |0,

3|

16T () = £ (R < S [lx = %]l

So, we obtain the values of B, Az and Ay in as follows

_ 3

=0 A2=0, N 5
Therefore, the convergence criterion (3.5) holds and the Theorem 3.1 is applicable to conclude that

the sequence generated by Super-Halley method (1.4) with initial point xo converges to a zero of f
defined by (4.2).
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For the different values of A i.e. for A = 0.0625,0.125,0.25,0.5,1 and the initial point xo = 0.25

the corresponding domain of existence and uniqueness of solution, are given in Table-4.2.

Table-4.2: Domains of existence and uniqueness of solution for Super-Halley’s method

A convergence ball in our work
existence uniqueness

0.0625 B(0.25,0) B(0.25,8)

0.125 B(0.25,0) B(0.25,5.656854249)

0.25 B(0.25,0) B(0.25,4)

0.5 B(0.25,0) B(0.25,2.828427125)

1 B(0.25,0) B(0.25,2)

Now, we present a numerical example to illustrate the Smale-type conditions.
Example 4.3. Let X =Y =R with Q = U[0, 1] and the function f on Q is
f(x) =X +2x* — 1 (4.3)

For x =0,
f'(x) =1,f"(x) =5

and we obtain that

B=0,y=25

Therefore, the convergence criterion (3.9) holds (which can be seen from the above graph in
case y > x) and the Theorem 3.2 is applicable to conclude that the sequence generated by Super-
Halley method (1.4 ) converges to a zero of f defined by (4.3) with t* =0 and t** = 0.2.
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5 Conclusions

In this paper, the local convergence of Super-Halley method has been studied under majorant
conditions on second derivative of f. Convergence ball of the method has been included. Two
special cases: one Kantorovich-type conditions and another Smale-type conditions have also been

studied. A number of numerical examples also given to illustrate our study.
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1 Introduction

In 1995, Blair et al.[3] introduced the idea of a class of contact metric manifolds for which the
characteristic vector field & belongs to the (k, p)-nullity distribution for some real numbers k and
w and such type of manifolds are called (k, p)-contact metric manifold. The non-Sasakian (k, -
contact metric manifolds have two classes, namely, the class consists of the unit tangent sphere
bundles of spaces of constant curvature, equipped with the natural contact metric structure and
the class contains all the three-dimensional unimodular Lie groups, except the commutative one
admitting the structure of a left invariant (k, t)-contact metric manifold [3, 4, 9]. Boeckx [4] given
a full classification of (k, pt)-contact metric manifolds. (k, p)-contact metric manifolds have been
studied by several authors in [5, 6, 13, 11] and others.

A rank-four tensor N that remains invariant under conharmonic transformation for a (2n+1)-

dimensional Riemannian manifold M is given by

N(X,Y)Z = R(X,Y)Z—ZTL]—_][S(Y,Z)X—S(X,Z)Y (1.1)

which is also of the form

NXYZT) = ROGYZT) — - [S(%, Z)g(X,T) — S0, Z)g(% T) (12)

+9(Y,2)g(QX, T) — g(X, Z)g(QY, T)],

where R,S and Q represents the Riemannian curvature tensor, Ricci tensor and Ricci operator

respectively.

A manifold whose conharmonic curvature vanishes at every point of the manifold is called
conharmonically flat manifold. Such a curvature tensor have been extensively studied by Siddiqui
and Ahsan [12], Ozgur [8], Avijit Sarkar et al. [10], Asghari and Taleshian [7] and many others.

Our present work is organised in the following way: After introduction, section 2 includes
basics related to (k, p)-contact metric manifold which will be used later. Section 3 deals with
conharmonically flat (k, p)-contact metric manifolds. We proved that conharmonically locally ¢-
symmetric (k, pt)-contact metric manifold is locally isometric to the Riemannian product E™*1(0) x
S™(4) in section 4. Section 5 and 6 are devoted to the study of h-Conharmonically semisymmetric
and ¢-Conharmonically semisymmetric non-Sasakian (k, pt)-contact metric manifolds respectively.
Finally, we have shown that if the conharmonic curvature tensor on a (k, pt)-contact metric manifold

is divergent free then the Ricci tensor S is a Codazzi tensor.
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2 Preliminaries

A (2n+1)-dimensional differentiable manifold M?™+1 is called a contact manifold [1] if it carries a
global 1-form 1 such that 1A (dn)?™*" # 0 everywhere on M2+ Tt is well known that a contact
metric manifold admits an almost contact metric structure (¢, &,m, g), where ¢ is a (1, 1)-tensor

field, & is the characteristic vector field, and a Riemannian metric g such that

¢ = —I+n®E g(X,&) =n(X), (2.1)
nE) = 1, gX,Y) =g(dX,dY) +n(Xn(Y). (2.2)

for all vector fields X,Y € TM?™*1 and then we call a structure as contact metric structure. A

manifold M2+ with such a structure is said to be contact metric manifold and it is denoted by

(d))a)n)g)‘
$f = 0, nop =0, dn(§X)=0. (2.4)

We define a (1, 1)-tensor field h by h = %fjg(b, where £ is the Lie differentiation in the direction

of &. Since the tensor field h is self-adjoint and anticommutes with ¢, we have

hE=0, ¢h+hd = 0, trh=trph=0, (2.5)
VxE = —dX— hX, (2.6)
(Vxd)Y = g(X,Y)&E—n(Y)X, (2.7)

where V is the Levi-Civita connection and if X # 0 is an eigenvector of h corresponding to the
eigenvalue A, then ¢$X is an eigenvector of h corresponding to the eigenvalue —A. Blair et al. [3]
studied the (k, p)-nullity condition and the (k, p)-nullity distribution N(k, u) of a contact metric
manifold M is defined by [3]

N(k, 1) : p — Np(k, 1) (2.8)
= [Z € T,M:R(X,Y)Z = (kI + wh){g(Y, Z)X — g(X, Z)Y}],

for all X, Y € TM2"™*+1. A contact metric manifold M2™+1 with & € N(k, p) is called a (k, w)-contact

metric manifold. In a (k, p)-contact metric manifold, we have
R(X,Y)& = kn(Y)X=n(X)Y}+ p{n(Y)hX —n(X)hY}, (2.9)

for all X, Y € TM?"+T1,

In a (k, p)-contact metric manifold, the following relations hold [3, 11]:



74 Divyashree G. & Venkatesha SI;I(ZBOZ?)

h? = (k—1)¢?, (2.10)
(Vxd)Y = gX+hX,Y)E—n(Y)(X+ hX), (2.11)
R(EX)Y = lg(X, V)& —n(Y)X] + ulg(hX, )& —n(Y)hX], (2.12)
S(X, &) = 2nkn(X), (2.13)
S(X,Y) = Rn—1)—nug(X,Y)+ 2(n—1) + ulg(hX,Y) (2.14)

+2(1 = n) + n(2k + Wn(X)n(Y),
QX = R2n—=1)—nuX+2(n—-1)+ yhX (2.15)

+2(n—1) +n(2x + ),
S(GX,dY) = S(X,Y) —2nkn(X)n(Y) —2(2n — 2 + p)g(hX, ), (2.16)
g(QX,Y) = S(X,Y). (2.17)
From (2.6), we have
(Vxn)Y = g(X+hX, oY), (2.18)
(Vxh)Y = {(1=x)g(X,dY) + g(X, hpY)}E +n(Y}{h(dX + $hX)} (2.19)
—un(X)phy,

where S is the Ricci tensor of type (0,2), Q is the Ricci operator and r is the scalar curvature
of the manifold. It is well known that in a Sasakian manifold, the Ricci operator Q commutes
with ¢. But in a (k, p)-contact metric manifold Q does not commute with ¢. In general, in a

(k, tt)-contact metric manifold Blair et al.[3] proved the following:

Proposition 1. Let M™ be a (k, 1)-contact metric manifold, then the relation

Qd—Q =212(n —1) + plho,

holds.

From the definition of n-Einstein manifold, it follows easily that Qd = $Q. Hence from
Proposition 2.1 we obtain either p = —2(n—1), or the manifold is Sasakian. Using u = —2(n—1),
from (2.14) we obtain that the manifold is an n-Einstein manifold. Therefore Yildiz and De [13]
proved the following:

Proposition 2. In a non-Sasakian (k,p)-contact metric manifold, the following conditions are
equivalent:

(i) n-Einstein manifold,

(i) Qb = dQ.
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For n = 1, from Proposition 2.1 and Proposition 2.2, Yildiz and De [13] obtained the following:

Corolary 1. A 3-dimensional non-Sasakian (K, W)-contact n-Einstein manifold is an N(k)-contact

metric manifold.

Lemma 2.1. [2):Let M?™*1 (¢, &M, g) be a contact metric manifold with R(X,Y)E = 0 for all
vector fields X,Y tangent to M2 1. Then M2™+1 s locally isometric to the Riemannian product
EMHT(0) x S™(4).

3 Conharmonically flat (k, )-contact metric manifolds
From (1.2), for a (2n+1)-dimensional conharmonically flat (k, pt)-contact metric manifold, we have

ROGKZT) = 2 1IS05 2006 T) =S, 2)g(% T) + g% 2)g(QT)  (3.1)

—9(X,Z)g(QY, T)l.

Substituting Z = ¢, in (3.1) and using (2.1), (2.9) and (2.13), we obtain

kM(Y)g(X,T) =m(X)g(V, T)] + uln(Y)g(hX, T) —n(X)g(hY, T)] (3.2)
= 2,1]—_1 2nin(Y)g(X, T) — 2nkn(X)g(Y, T) +n(Y)g(QX, T) —
n(X)g(QY, T)].

Again, by taking Y = & and using (2.1), (2.2), (2.5) and (2.13), (3.2) becomes
SX,T) = —kg(X, T) + 2n+ 1)k (XIn(T) + 2n — 1)pg(hX, T). (3.3)

From the equation (3.3), it follows that if u = 0, then the manifold is an n-Einstein manifold.

Conversely, if the manifold is n-Einstein, then we can write
SX,T) = arg(X, T) + bim(X)n(T). (3.4)
On equating (3.3) and (3.4), we find
arg(X,T) + bim(Xn(T) = —kg(X, T) + (2n + n(XIn(T) + (2n — 1)ug(hX, T)(3.5)
Now, in (3.5) replacing T by ¢$X and using (2.3), we get
(2n — T)pg(hX, dX) =0, (3.6)

for all X. Consequently, u=0.
Hence, an n-dimensional conharmonically flat (k, p)-contact metric manifold is an n-Einstein man-

ifold if and only if p = 0. But from (2.14), it follows that a (k, u)-contact metric manifold is
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1-Einstein if and only if {2(n — 1) + pu} = 0. If we consider a (2n + 1)-dimensional (n > 1) con-

harmonically flat n-Einstein (k, t)-contact metric manifold, then n = 1, which contradicts the fact
that n > 1.

Hence, the theorem can be stated as follows:

Theorem 3.1. An (2n+ 1)-dimensional (n > 1) conharmonically flat (x, W)-contact metric man-

ifold cannot be an n-Einstein manifold.

4 Conharmonically locally ¢-symmetric (k, t)-contact met-
ric manifolds

Definition 4.1. An (2n + 1)-dimensional (n > 1) (k, w)-contact metric manifold M2 is said

to be conharmonically locally &-symmetric if it satisfies
d*((VwN)(X,Y)Z) =0, (4.1)
for all X;Y, Z, W orthogonal to &.

Taking covariant differentiation of (1.1), we have

(VwN)(X,Y)Z = (VWR)(X»Y)Z_2_[1]—_][(VWS)(Y)Z)X_(VWS)(X)Z)Y (4.2)

+9(%, 2)(VwQ)(X) — g(X, Z)(Vw Q) (Y]],

where V denotes the Levi-Civita connection on the manifold.

Differentiating equations (2.8), (2.14) and (2.15) covariantly with respect to W, we obtain

(VWRIX,Y)Z = Wk{g(V, Z)X —g(X, Z)Y} + Wi{g(Y, Z)hX — g(X, Z)hY} (4.3)
+ulg(V; Z)[{(1 — k)g(W, $X) + g(W, hdX)}E

N (X){h(PW + $hW)} — un(W)dphX)

—g9(X, Z){(1 — k)g(W, §Y) + g(W, hY)}E

N (Y){h(GW + ¢hW)} — pm(W)dhY)],

{2(1 =n) + n(2x + wHg(W, $Y)n(2)X (4.4)
+g(hW, YIn(Z)X + g(W, ¢ZIn(Y)X + g(hW, ¢ZIn(Y)X]

+2n = 1) + W1 = &) g(W, dYI(Z)X + g(W, hdYIn(Z)X
+g(h(dpW + $hW), Z)n(Y)X} — ug(phY, Z)n(W)X]

(VwS)(Y, Z2)X
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and

(VwQ)(X) = {2n—1)+ wl{(1 = «)g(W, dX) 4+ g(W, hdX)}¢, (4.5)
N (X)H{h(¢W + $hX)} — (W) dhX]

+H2n—1) + n(2k + u)}g(W, dX)E
+H2(m—1) +n(2k + p)}g(hW, dX)&
—2n—1) +n(2k + WM (X)dpW
—2n—=1) + n(2k + Wn(X)dphW.

Now, considering equations (4.3), (4.4) and (4.5) in (4.2) and also taking X,Y, Z, W orthogonal to
&, we get

(VWN)(X,Y)Z = Wklg(Y,Z)X — g(X,Z)Y] + Wklg(¥, Z)hX — g(X, Z)hY]  (4.6)
+l(1 = K)g(Y, 2)g(W, bX)E + (1 — K)g(Y, Z)g (W, hd X),

—(1=x)g(X,Z)g(W, dY)E — (1 —k)g(X, Z)g(W, hdpY)E]

—L[{z(n— 1)+ uH(1 = K)lg(Y, 2)g(W, bX)&

n —
—9(X, Z)g(W, dY)E] + g(Y, Z)g(W, hdX)E
—9(X, Z)g(W, hdY)E}
H2(n —1) +n(2k + wHg(Y; Z)g(W, dX)&
+9(Y, Z)g(hW, $X)& — g(X, Z)g(W, $Y)E

—g(X, Z)g(hW, ¢pY)¢E]l.
Applying ¢? on both sides of (4.6), one can obtain

G*(VwNI(X,Y)Z) = $HWklg(Y, Z)X — g(X, Z)Y] + Wklg(Y, Z)hX (4.7)
—g(X, Z)hY] + ul(1 — K)g(Y, Z)g(W, dX)E,
+(1=K)g(Y, Z)g(W, hdX)E — (1 — K)g(X, Z)g(W, pY)E
—(1T=x)g(X, Z)g(W,hopY)¢E]
g l20n = 1)+ i~ K)lg(% Z)g(W; X
—g(X, Z)g(W, $Y)E]l + g(Y, Z)g(W, hdpX)E
—9(X,Z)g(W, hdY)&}
H2m — 1)+ n2x + wWHg(Y, Z)g(W, dX)&
+9(Y, Z)g(hW, X)E — g(X, Z)g(W, dY)E

—9(X, Z)g(hW, ¢pY)&}]}.
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From (4.1) and using (2.1), (4.7) becomes

(Wx)[g(X, Z2)Y — g(Y, Z)X] + (Wk)[g(Y, Z)n(X) — g(X, Z)n(Y)]E (4.8)
+(Wu)lg(X, Z)hY — g(Y; Z)hX] = 0.

Again, considering X,Y orthogonal to &, one can get
(Wi)lg(X, Z2)Y — g(Y, Z2)X] + (Wn)[g(X, Z)hY — g(Y, Z)hX] = 0. (4.9)
By taking inner product of (4.9) with V, we have

(Wx)lg(X, Z)g(Y, V) — g(Y, Z)g(X, V)] + (Wn)lg(X, Z)g(hY, V) (4.10)
—g(Y, Z)g(hX, V)] = 0.

On contraction, the above equation yields
—2n(Wk)g(Y, Z) + (Wu)g(Z,hY) = 0. (4.11)
Setting Y = & in (4.11) and using (2.5), we get
2n(Wkn(Z) = 0. (4.12)

If we assume that k = 0 in (4.11) then either p = 0 or g(Z,hY) = 0. Further, if k =0 = p in
(2.9), then we get R(X,Y)& = 0 for all X,Y and in the light of Lemma 2.1, the manifold under
consideration is locally isometric to the Riemannian product EM*1 x S™(4).

So from Lemma 2.1, we can state the theorem as follows:

Theorem 4.2. Let M2 (¢, &,m,9) be a conharmonically locally ¢-symmetric (k, w)-contact

metric manifold. Then the manifold is locally isometric to the Riemannian product EM1(0)xS™(4).
5 h-Conharmonically semisymmetric non-Sasakian (k, 1)-contact
metric manifolds

Definition 5.1. A Riemannian manifold (M?"+1,q) is said to be h-conharmonically semisym-

metric if it satisfies

N(X,Y)-h=0. (5.1)

The following lemma which was proved in [3] is helpful to state our theorem.
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Lemma 5.1. [3]: Let M?" 1 (b, & 1,g) be a contact metric manifold with & belonging to the
(k, W)-nullity distribution. Then for any vector fields X,Y, Z,

R(X,Y)hZ —hR(X,Y)Z = {k[g(hY,Zn(X)— g(hX,Z)n(Y)] (5.2)
+u(k —1)g(X, Z)n(Y) — g(Y, Zn(X)]}
+x{g(Y, $Z)dhX — g(X, dZ)phY + g(Z, hY)dX
—9g(Z, phX)dY +n(Z)M(X)hY —n(Y)hX]}
—pn(MI(T = kIn(Z2)X + pn(X)hZ]
(X1 = «(Z2)Y + un(Y)hZ] + 2g(X, $Y)phZ}.

Let M2+ be h-conharmonically semisymmetric non-Sasakian (k, p)-contact metric manifold.

The condition N(X,Y) - h =0 can be expressed as follows,
(N(X,Y) - h)Z = N(X, Y)hZ — hN(X, Y)Z = 0, (5.3)
for any vector fields X, Y, Z.
With the help of (1.1) and (5.2), (5.3) can be written as
[k{g(hY, Z)n(X) — g(hX, Zn(Y)} + u(k — D{g(X, Z)n(Y) — (Y, Zn(X)}E (5.4)
+k{g(Y, $Z)dhX — g(X, Z)phY + g(Z, phY)dX — g(Z, phX)dY +n(Z)(X)hY
—N(Y)hX]} = pIn(M (T = kI (Z2)X + i (X)hZ] —=n(X)[(T = kIn(Z2)Y + un(Y)hZ]
20X, GY)BRZ) — 3 [S(¥, RZ)X — S, hZ)Y + g%, RZ)QX — g(X, hZ)QY

1
—S(Y, Z)hX + S(X, Z)hY — g(Y, Z)QhX + g(X, Z)QhY] = 0.

By taking inner product of (5.4) with T, we get
[{g(hY, Zn(X) — g(hX, ZI(Y)} + p(k — D){g(X, Zn(Y) — g(V, Zm(X)}n(T)  (5.5)
+{g(Y, 6Z)g(PhX, T) — g(X, $Z)g(GhY, W) + g(Z, $hY)g($X, T)
—g9(Z, phX)g(dY, W) +1(Z)(X)g(hY, W) —n(Y)g(hX, T)]}
—pun(MI(1 = «In(Z2)g(X,T) + un(X)g(hZ, T)] nX)T —«kmn(Z)g(V, T)
+un(Y)g(hzZ, T)] + 2g(X, $Y)g(dhZ, T)} — P [S hZ)g(X,T)
—S(X,hZ)g(Y, T) + g(Y,hZ)S(X, T) — g(X,hZ)S ( S(Y,Z)g(hX,T)
+S(X,Z)g(hY, T) — g(Y, Z)S(hX, T) + g(X, Z)S(hY, T)] = 0.

)g
(
v,
T —

Setting Y =T = £ in (5.5) and using (2.2) and (2.5), we get

—2n]—1s(x’hz) = —u(1=¥)g(X,Z) + 201 — ) + (1 = )In(X)n(2) (5.6)
2(2n + 1)k

— mg(x) hZ)].
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Replacing X by hX in the above equation and using (2.10), we have
S(X,2) = —kg(X, Z) + kn(X)n(Z) — 2u(n — 1)g(hX, 2). (5.7)

If we consider p =0 in (5.7) then it is an n-Einstein manifold.

Using (2.14) in (5.7) and simplifying, we finally obtain

S(X,Z) =nqyg9(X, Z) + nom(XIn(Z), (5.8)
_ —k2n=1)+pl+pn2n—1)[2(n—1)+npu]
where ny = == ey
and

kK2(n—1)+pl+p2n—1)2(1—n)+n(2x+u)]
R(n—T1)+pl+p(2n—-T1) ’

Thus from (5.8), we can conclude the following theorem:

ny =

Theorem 5.2. Let M?™1 (b, &, 1,g) be a non-Sasakian (x,w)-contact metric manifold. If M
is h-conharmonically semisymmetric, then the manifold is an n-Finstein manifold with constant

coefficients.

From Proposition 2.2 and Theorem 5.5 we can state the following:

Corolary 2. If M2 is a h-conharmonically semisymmetric (k, w)-contact metric manifold then
the Ricci operator Q commutes with ¢ i.e., Qb = $Q.

6 ¢-Conharmonically semisymmetric non-Sasakian (k, it)-contact
metric manifolds

Definition 6.1. A Riemannian manifold (M?™*1,g) is said to be db-conharmonically semisym-

metric if
N(X,Y)- ¢ =0. (6.1)

Now we need the following lemma:

Lemma 6.1. [3/: Let M?™1(d, & n,g) be a contact metric manifold with & belonging to the
(k, W)-nullity distribution. Then for any vector fields X,Y,Z,

RO, Y)OZ—dR(X,Y)Z = {(1—=xk)lg(dY,ZM(X) — g(dbX, Zn(Y)] (6.2)
+(1 = wlg(dhY, Zn(X) — g(dhX, Zn(Y)]}E
—g(Y +hY, Z)($pX 4+ dhX) + g(X + hX, Z)($pY
+dhY) — g(dY + GphY, Z)(X + hX) + g(dX
+¢hX, Z)(Y +hY) —n(Z){(1 — k) (X)dY
—N(Y)oX] + (1 — W) M(X)phY —n(Y)$hX)l}.
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Let M2 +1 be a (2n+ 1)-dimensional ¢-conharmonically semisymmetric non-Sasakian (k, w)-

contact metric manifold. The condition N(X,Y) - ¢ = 0 turns into,
(N(X,Y) - d)Z =N(X,Y)$Z — dN(X,Y)Z =0, (6.3)

for any vector fields X, Y, Z.

In view of (1.1) and (6.2), (6.3) becomes

{1 =x)g(dY; Zn(X) — g(dX, ZI(Y)] + (1 — wlg(dhY, Zn(X) — g(dhX, Z(Y)I}E (6.4)
—g(Y 4+ hY, Z)(¢X + $hX) + g(X + hX, Z) (Y + ¢phY) — g(dY + dhY, Z)(X + hX)
+9(dpX + dhX, Z)(Y + hY) —n(Z){(T — k) M(X)PY —n(Y)dX] + (1 — w)m(X)phY
—n(Y)$hX)l} — —][S(Y, $Z)X = S(X,$Z)Y + g(V, ¢Z)QX — g(X, $Z)QY

(

—S(Y,Z)oX +S(X, Z)Y — g(Y, 2)QdX + g(X, Z)QdpY] = 0.
Taking inner product of (6.4) with T, we get

{(1=)g(dY, ZI(X) — g(&X, ZM(Y)] + (1 — wlg(bhY; Z)n(X) (6.5)
—g(&hX, ZIn(V)IN(T) — g(¥, Z)g($X, T) — g(hY, Z)g(bX, T) — g(¥, Z)g(phX, T)
—g(hY, Z)g(GhX, T) + g(X, Z)g(dY, T) + g(hX, Z)g(dY, T) + (X, Z)g(phY; T)

+9(hX, Z)g(dhY, T) — g(bY, Z2)g(X, T) — g(dY, Z)g(hX, T) — g($hY, Z)g(X, T)
—g(dhY, Z)g(hX, T) + g(bX, Z)g(¥, T) + g(dhX, Z)g(Y, T) + g($X, Z)g(hY; T)
+9(6hX, Z)g(hY, T) —n(Z){(1 — ) Og(dY, T) —n(Y)g($X, T)]

+(1 = WMOg(dhY, T) —n(Y)g(GhX, T)]} — Zn‘—_1[ (Y, $2)g(X, T)

~S(X,dZ)g(Y, T) + g(¥, bZ)g(QX, T) — g(X, $Z)g(QY, T) — S(¥;, Z2)g(dX, T)
+5(X,Z)g(dY, T) — 9(¥, 2)g(QdX, T) + g(X, Z)g(QbY, T)] = 0.

g9(X, )
g( T)
g( T)
(Z (

Treating Y =T = & in (6.5) and using (2.1), (2.2), (2.4), (2.5) and (2.13), we have

1 B 2(2n + 1)k
Zn——]S(X’ ¢Z) ={(xk—2) + =1

19X, Z) — ug(X, hZ). (6.6)
Substituting X by ¢X in (6.6) and using (2.1), (2.2) and (2.16), one can get

S(X,Z2) = [(xk=2)2n—=1) +2nk]g(X, Z) — [(xk = 2)(Zn — D)In(X)n(Z) (6.7)
Fluk =1 (2n = 1) + 2{2(n — 1) + wlg(hX, Z).

Making use of (2.14), (6.7) yields

S(X,Z) =n3g(X, Z) + nyn(X)n(2), (6.8)
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_ {(k=2)2n—D+2n}2(n—D+—{p(x=1)(2n-1)+22(n-1)+u{2(n—1)—nu}
where n3 = Z(n—TD+rl—[r(x—D) 2n—T)+22(n—T)+r}]

and

[(2=x)(2n—DIR2n—D)+p]—{pu(«k—12n—1)+22n—1)+p}2(1-—n)+2n (2k+p)]
=1 +pul=[u(x=1)2n—=1)+2{2(n—1)+u}] )

Hence from (6.8), the theorem can be stated as follows:

ng =

Theorem 6.2. If a (2n + 1)-dimensional non-Sasakian (x, p)-contact metric manifold M2™+1
is §-conharmonically semisymmetric then the manifold is an n-Einstein manifold with constant

coefficients.

Similarly, from Proposition 2.2 and Theorem 6.6, we get the following statement:

Corolary 3. If M>™*1 is a b-conharmonically semisymmetric (k, w)-contact metric manifold then
the Ricci operator Q commutes with ¢ i.e., Qb = $Q.

7 (k,u)-contact metric manifold with divergent free conhar-
monic curvature tensor

In this section, we study divergent free conharmonic curvature tensor on (k, p)-contact metric
manifold.

Let M2 (b, &,1,g) (n > 1) be a (k, u)-contact metric manifold satisfying the following condition
(DivN)(X,Y)Z = 0. (7.1)

In view of (7.1), (1.1) leads to

(DWR)(X,Y)Z = 211]—_][(Vx5)(Y,Z)—(VYS)(X,Z)Jrg(Y,Z)dT(X) (7.2)

—9(X, Z)dr(Y)].

The above equation simplifies to,

2n—1)
2n—1)
—g(X,Z)dr(Y)] =0.

—=[(VxS)(Y,Z) — (VvS)(X, Z)] — [9(Y, Z)dr(X) (7.3)

2n—1)

On contracting and taking summation over i, 1 <1 <nin (7.3), we get
2(3n—1)dr(Y) =0, (7.4)

which implies
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since 2(3n —1) # 0.
Further, considering (7.5) in (7.3), we obtain

(VxS)(Y,Z) = (VvS)(X,Z) =0, (7.6)
which gives
(VxQ)Y = (VyQ)X. (7.7)
Thus, we can state:

Theorem 7.1. Let M1 (¢, &E,m,g) (n > 1) be a (k, u)-contact metric manifold. If the manifold

has divergent free conharmonic curvature tensor then the Ricci tensor S is a Codazzi tensor.
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1 Introduction

In this paper, we consider the following nonlinear Fourier boundary value problem

{b(u) —diva(z,u, Vu) = f in Q (1.1)

a(z,u,Vu)n+du=g on 01,

where 0 C RN (N > 3) is a bounded open domain with Lipschitz boundary 92, n is the outer
unit normal vector on 02 and A\ > 0.

The operator diva(z,u, Vu) is called p(u)-Laplacian. It is more complicated than p(z)-Laplacian
in the term of nonlinearity. A prototype of this operator is div(|Vu|p(“)’2.Vu). The variable
exponent p depend both on the space variable z and on the unknown solution u. The problem

(1.1) is a generalization of the following nonlinear problem

b(u) — diva(z, Vu) = f in Q
a(z, Vu)n+Iu =g on 0},

studied in [15] by Nyanquini and Ouaro. The authors used an auxiliary result due to Le (see [16],
Theorem 3.1) to prove the existence of the weak solution when f € L>®(Q), g € L*°(99) and by
approximation methods they obtained the entropy solution when f € L'(2), g€ L*(99).

In the present paper, as the function (z,z,n) — a(x, z,7) is more general than (x,n) — a(z,n),
it is difficult to use the sub-supersolution method, as in [16], to get the existence of the weak
solution. Therefore, we use the technic of pseudo-monotone operators in Banach spaces, some a
priori estimates and the convergence in term of Young measure to obtain the existence of entropy
solutions of problem (1.1). Indeed, we define an approximation problem, and we prove that this

problem has a solution w,, which converges to u, an entropy solution of problem (1.1).

In this paper, we consider the following basic assumptions on the data for the study of the problem

(1.1).

(A1) f and g are some functions such as f € LY(Q), g € L1(99Q) and g # 0.

(A2) b is nondecreasing surjective and continuous function defined on R such that b(0) = 0.
Problem (1.1) is adapted into a generalized Leray-Lions framework under the assumption
that a : Q x (R x RY) — RY is a Carathéodory function with:

(As) a(z,2,0) =0 forall z€ R, anda.e.xz €

(Ag) (a(z,2,8) —a(z,2,1)).(£ —n) > 0 forall§,n € RN, £ # 7, as well as the growth and the

coercivity assumptions with variable exponent

(A45) |a(z,z,6)[" " < Cr(|P= + M)

and
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(As) ala,2,).€ > CiQ|g|p<waz>.

Here, C; and C; are positive constants and M is a positive function such that M € L(Q).

p(x,2)

p: OXR = [p_,p4] is a Carathéodory function, 1 < p_ < p; < +ooand p'(x, z) = @21
p\x,z) —

is the conjugate exponent of p(z, z), with

p_:=ess inf p(x,z) and py:=ess sup p(x,2).
(z,2) QxR (z,2)EQXR

The study of p(u)-Laplacian problem was recently developped by Andreianov et al. (see [2]).
These authors established the partial existence and uniqueness result to the weak solution in the
cases of homogeneous Dirichlet boundary condition.

The interest of the study of this kind of problem is due to the fact that they can model various
phenomena which arise in the study of elastic mechanic (see [6]), electrorheological fluids (see [20])
or image restoration (see [9]).

In this paper, we study the existence of the weak solution for approximation problem and we also
establish the existence and uniqueness results of the entropy solution when the data are in L'.

In this work, we use the Sobolev embedding results and the convergence in term of Young measure
(see [10, 12]).

Here, we consider a Fourier boundary condition which bring some difficulties to treat the term at
the boundary.

We were inspired by the work of Ouaro and Tchousso (see [15]), where the authors defined for the
first time a new space by taking into account the boundary.

For the next part of the paper (section 2), we introduce some preliminary results. In section 3, we

study the existence and uniqueness of entropy solution when the data are in L!.

2 Preliminary

o We will use the so-called truncation function

£ (8] < & 1 if §>0

Tk(s) := s . ,l 5l = . where signo(s):=<0 if s=0
ksigno(s) if |s| >k Lif s <0

-1 if s<0.

The truncation function possesses the following properties.

Ti(=s) = =Tk(s), [Ti(s)| = min{|s|, k},

. .1 .
kgrfoo Tr(s) = s and %g% ETk(S) = signo(s).
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We also need to truncate vector valued-function with the help of the mapping

A, if |\l <m

B : RY — RY | hyp(N) = oA A > m where m > 0.
Al ’

For a Lebesgue measurable set A C €, x4 denotes its characteristic function and meas(A) denotes
its Lebesgue measure. Let u :  — R be a function and k € R, we write {|u| < k} or [|Ju] < k] for
the set {x € Q: |u(x)| <k}, (respectively, >, =, <,>).

The function af(.,.,.) appearing in (1.1) satisfies a generalized Leray-Lions assumptions given in
Introduction. View that, a(.,.,.) satisfies (A5) and (Ag), we must work in Lebesgue and Sobolev
spaces with variable exponent, that depend on  and on u(x). For the study of problem (1.1), we
need the Sobolev spaces W™()(Q), where 7(.) = p(.,u(.)).

Definition 1. Let m: Q — [1,+00) be a measurable function for w(.) = p(.,u(.)).
o L"0)(Q) is the space of all measurable function f : Q — R such that the modular

Pr()(f) = A 1™ dz < +oo.

If p4 is finite, this space is equipped with the Luzembourg norm

I[fllL0) (@) = inf {/\ > 0; Pw(.)<§> < 1}-

In the sequel, we will use the same notation L™ (Q) for the space (L™ (Q))N of vector-valued
functions.

WL (Q) s the space of all functions f € L™ (Q) such that the gradient of f (taken in the
sense of distributions) belongs to L™)(Q). The space W™()(Q) is equipped with the norm

[ullwrx0 @) = lull =0 @) + VUl L= )

When 1 < p_ <m(.) < py < 400, all the above spaces are separable and reflexive Banach spaces.

We denote m,(z) := p(x, u,(x)).

Proposition 1. (See [1], Proposition 2.3)
For all measurable function w: Q — [p—,p4], the following properties hold.

i) L™O(Q) and WH™)(Q) are separable and reflexive Banach spaces.
it) L”/(')(Q) can be identified with the dual space of L™)(Q), and the following Hélder type

inequality holds:

VfeL™(Q), g€ L7O(Q), ‘/Q fgdz| < 2|[f||p~0@ll9ll L) -
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iii) One has pr(y(f) = 1 if and only if || f|| =) (@) = 1; further,
i ro(F) < L. then 11050 @ < pro() < IFIL200

In particular, if (fn)nen is a sequence in L™ (S2), then [ fnllL=0) () tends to zero (resp., to infinity)
if and only if pr()(fn) tends to zero (resp., to infinity), as n — +oo.

For a measurable function f € W17 (Q) we introduce the following notation:

L) 1f"Ode + [ |V fI"Od
n= o |

Replacing p(z) by 7(z) in [8]-Proposition 2.2, we obtain the following result that is fundamental
in this paper.

Proposition 2. ( See [23, 24] ) If f € Wh()(Q), the following properties hold:

i) [ fllwr. ) > 1= ||f||W1 () (Q) < P1,x( ( ) < ||f||W1,ﬂ'(»)(Q);
i) 1 lwrrto @) < 1= 1% noo < P1m00) < A1 mco

ii) || fllwi~o ) <1 (respectively = 15> 1) & py ()(f) <1 (respectively =1;> 1).

The following lemma prove that the space W17()(Q) is stable by truncation.

Lemma 2.1. If u € WH™)(Q) then Ty(u) € WH0)(Q).

Now, we give the embedding results.

Proposition 3. (See [1], Proposition 2.4) Assume that w: Q — [p—,p4| has a representative which
can be extended into a continuous function up to the boundary 02 and satisfying the log-Hélder

continuity assumption:

AL >0, Yo,y eQa#y, —(loglr —yl)|n(z) —n(y)| < L. (2.1)

i) Then, D(Q) is dense in W) (Q).

i) WHT)(Q) is embedded into L™ ()(Q), where 7*(.) is the Sobolev embedding exponent defined
as in (2.2) below. If q is a measurable variable exponent such that ess ing(w*(.) —q(.)) >0,
TE

then the embedding of WH™()(Q) into L) (Q) is compact.
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For a given m(.), a function taking values in [p—,p+], 7*(.) denotes the optimal Sobolev embedding

defined for any x € Q by

N{V_Wi% if w(r) <N
™ (@) = any real value if wx)=N (2.2)
+00 if w(xz)> N.
Put
(N = Dr(z)
7 (x) == (w(:v))a = N-—-m(x) if (@) <N (2.3)
+0o0 if w(z)>N.

Proposition 4. (See [18], Proposition 2.3 )
Let (.) € C(Q) and p— > 1. If q(x) € C(90Q) satisfies the condition:

1<q(z) <n%x), Voed,
then, there is a compact embedding
WhTO(Q) — LIO(HQ).
In particular there is compact embedding

whT(Q) < L™0)(99).

TYoung measures and nonlinear weak-* convergence.
Throughout the paper, we denote by §. the Dirac measure on R? (d € N), concentrated at the
point ¢ € R?.
In the following theorem, we gather the results of Ball [7], Pedregal [19] and Hungerbiihler [13]
which will be needed for our purposes (we limit the statement to the case of a bounded domain
). Let us underline that the results of (ii),(iii), expressed in terms of the convergence in measure,

are very convenient for the applications that we have in mind.

Theorem 2.1. (i) Let Q C RN, N € N, and a sequence (v,)nen of R -valued functions, d € N
, such that (vy)nen is equi-integrable on Q. Then, there exists a subsequence (nk)ren and
a parametrized family (v.)zcq of probability measures on R (d € N) , weakly measurable

in x with respect to the Lebesque measure in §, such that for all Carathéodory function
F:QxR? = Rt €N, we have

k—+oo

lim A F(z, vy, )dz = /Q/Rd F(z, \)dvy(N)dz, (2.4)
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whenever the sequence (F(.,vn(.)))nen @ equi-integrable on 2. In particular,

v(x) == /]Rd Advy (N) (2.5)

is the weak limit of the sequence (vn, )ken in L*(8).

The family (vy)zecq is called the Young measure generated by the subsequence (vn, )keN-

(i) If Q is of finite measure, and (v )zeq is the Young measure generated by a sequence (Up)nen,

then v, = 0y(y) for a.e. x € Q & vy, converges in measure in € to v as n — +o0.

(iii) If 0 is of finite measure, (un)nen generates a Dirac Young measure (8,(z))zcq on R4, and
(Vn)nen generates a Young measure (vg)peq on R, then the sequence (un, v, )nen generates
the Young measure (6u(z) ® Vg)zeq ON Rétdz - Whenever a sequence (Vp)nen generates a
Young measure (vy)zeq, following the terminology of [11] we will say that (v )nen nonlinear
weak-* converges, and (Vz)zecq is the nonlinear weak-* limit of the sequence (vn)nen. In the
case where (Up )neN possesses a nonlinear weak-* convergent subsequence, we will say that it is
nonlinear weak-* compact. ([1], Theorem 2.10(i)) It means that any equi-integrable sequence

of measurable functions is nonlinear weak-* compact on §.

Lemma 2.2. (See [1], Theorem 3.11 and [2] Step 2 of proof of Theorem 2.6). Assume that (un)nen

converges a.e. on ) to some function u, then

Ip(z, un(x)) — p(z,u(x))| converges in measure to 0 on €,
and for all bounded subset K of RN,

sup |a(x, un,(2), &) — a(z, u(x),£)| converges in measure to 0 on Q. (2.6)
e

For the sequel, we assume that p(.,.) is log Hélder continuous uniformly on Q x [—~M, M| and
p— > N. We recall some notations.
For any u € WH7()(Q), we denote by 7(u) the trace of u on 9 in the usual sense.
We will identify at boundary u and 7(u).
Set

THO(Q) = {u: @ — R, measurable such that Tj(u) € W'™)(Q), for any k >0},
3 Entropy solution

In this part, we study the existence and uniqueness of the entropy solution to the problem (1.1).

We give some notations.
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We define 7#77(')(9) as the set of the functions u € 757()(Q) such that there exists a sequence
(un)neny C WHP+(Q) satisfying the following conditions:

(C1) up — u ae. in .

(Cy) VTi(un) — VTi(u) in LY().

(Cs)

C3) There exists a measurable function v on 0f), such that u, — v a.e. on 9.

The function v is the trace of u in the generalized sense as introduced in [4, 5]. In the sequel
the trace of u € 7,-")(Q) on 99 will be denoted tr(u). If u € WHm)(Q), tr(u) coincides with
7(u) in the usual sense. Moreover, for u € ﬁl’ﬂ(')(ﬂ) and for all k > 0, tr(Tk(u)) = Tk (tr(u)) and

T

if o € WHT)(Q) then u — p € 7;1'“(')(9) and tr(u — @) = tr(u) — tr(p).

T

As in [1]-Proposition 3.5, we give the following result.

Proposition 5. Let u € T"")(Q). There exists a unique measurable function w : Q@ — RN such
that VT (u) = wX{juj<k} for k > 0. The function w is denoted by Vu. Moreover, if u € wiT()(Q)

then w € L™)(Q) and w = Vu in the usual sense.

Remark 3.1. The space 7;1’”(')((2) in our context will be a subset of T™)(Q) consisting to the
function can be approzvimated by function of WHP+(Q). Since the weak solution of approzimated
problem (3.2) belongs to W1P+((Q).

Now, we introduce the notion of entropy solution due to Ouaro and al. [14, Definition 3.1].

Definition 2. A measurable function u: Q — R for w(.) = p(.,u(.)) is called entropy solution of
the problem (1.1) if
we T, (Q), b(u) € LYQ), ue LN09)

and for all k >0,

/Qb(u)Tk(u —@)dx + /Q a(z,u, Vu). VT (v — p)dx + /\/39 uTy(u — @)do

< /Qka(u—go)d:c—i—/mng(u—so)dm
(3.1)

where ¢ € WHTO(Q) N L>2(Q).

The following theorem gives existence result of entropy solution.

Theorem 3.2. Assume that (Az) — (Ag) hold and f € L*(Q), g € L*(9). Then, there exists at

least one entropy solution to the problem (1.1).

The proof of Theorem 3.2 is done in two parts.
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Part 1: The approximate problem.
Let f, =T, (f) and g, = T,,(g). Then, f,, € L>(Q) and g, € L>(9Q). Moreover, (fy)nen strongly
converges to f in L'(2) and (gn)nen strongly converges to g in L*(9Q) such that ||fu]|110) <

I[fllzr @) and [[gnllz100) < |9z 00)-

We consider the following problem

T (b(un)) — diva(z, up, Vu,) — elp, tp + |t [P+ 2u, = f, in Q

(3.2)
(al@, un, Vun) + €|V, [P+ 72Vuy ). + AT (un) = gn on 01,
where v
& (|Oun|P* 2 Ouy
_Ap+un T Z 8xz (‘ 8171 8xz )

i=1
In this part, we show that the problem (3.2) admits at least one weak solution w,,, for all € > 0.

We define the following reflexive space
E = W'P+(Q) x LP+(99).

Let
Xo={(u,v) € E: v=r1(u)}.

In the sequel, we will identify an element (u,v) € X with its representative u € WP+ () (since
WLP+(Q) s LP+(052)).

Theorem 3.3. There exists at least one weak solution u, for the problem (3.2) in the sense that
Uy € Xo and for all v € Xy,

/Tn(b(un))vda:—i-/a(:c,un,Vun)Vvd:r + / AT, (up)vdo
Q Q a0

+ 5/ [|un|"* *unv + [V, [P+ > Vu, Vo] dz
Q

= /fnvd:c—i-/ gnvdo. (3.3)
Q o

To prove the Theorem 3.3, we need the following result.
Lemma 3.1. (See [22], Corollary 2.2). If an operator A is of type (M), bounded and coercive on

a separable Banach space to its dual, then A is surjective.

We define the operator A,, by
A,u = Au + Byu,
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where

< Au,v >= / a(z,u, Vu)Vudz
Q

and

< Bhu,v >= / T, (b(u))vdx + /\/
Q

T, (u)vdo + 5/ [JulP* " 2uv + |VuP+ —*VuVolde,
r9)

Q
with u,v € Xj.

Proof of the Theorem 3.3. The proof is organized in three Steps.

Step 1: A, is bounded.

By using Holder type inequality and (A5) with constant exponent p,, we deduce that A is bounded.
Moreover, B,, is bounded. Indeed, let u € F', where F' is a bounded subset of Xj.

As b is onto, we have

< Bpu,v> = / Tn(b(u))vd:v—i—/\/
Q

T, (u)vdo + 5/ [ulP*2uv + |VuP+ > VuVo]de
r9)

Q

< /|b(u)||v|d:v+/\/ |u||v|da+5/ [l o] + [VulP* 1| Vo] da
Q o0 Q
Py Py
< CO(lolliq) + Illprony) + & [llull 7 o [oll o+ @) + IVull 57 o) Vol L+ o)

< CN(llzr @) + llvllian) + CEvllyir: q)-

Therefore, A,, is bounded.

We recall the following notion:
Definition 3. An operator A : V — V' is type of (M) if:

Up —u n V
Alun) = x in V’ = x = Au).
limsup < A(uy,), up, ><< x,u >
n—oo
Step 2: A, is pseudo-monotone.

Let (uk)ren be a sequence in Xy such that

ur —u in Xp

Apup, — x in X

limsup < Ajpug, up >=< x,u > .
k— o0

We will prove that x = A,u.
As Ty (b(ug))ur, > 0 and AT, (ug)ux, > 0, by Fatou’s Lemma, we deduce that

T (ur)urdo) > /

k—o0 Q

lim inf </Q T (b(ug))updz + A T, (b(w))udz + )\/ T, (u)udo.

o0 o0
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One the other hand, thanks to the Lebesgue dominated convergence Theorem, we have

lim (/ T (b(uk))vdx + A Tn(uk)vda—i—e/ [|uk|p+2ukv+|vuk|p+QVuva]d:c)
Q Q

k—o0 o0

= / T (b(u))vdx + /\/ T, (u)vdo —l—g/ [JulP*2uv + |VulP+ 2 VuVo]dz,
Q a0 Q
for any v € Xy. Therefore, for k large enough,
T (b(un) )+ AT (ur) 4 [|ur [P+~ 2w+ | Vg [P+ =2 Vug ] = T (b(w))+ ATy (w)+e [JulP+ ~?u+|VulPr72Va] in X,
Thus,
Aup, — x — (Tn(b(u)) + AT (u) + ef|ulP+2u + |Vu|p+2Vu}) in X{, as k— +oo0.

Now, we are going to prove that A is of type (M).

Let us set
a1 (u,v,w) = / a(z,u, Vu)Vwdz.
Q

Then, w +— a1 (u,v,w) is continuous on WP+ (), thus
ar(u,v,w) = (A(u,v),w), Alu,v) € (WHP*(Q)),

and verify
A(u,u) = Au, where Au:= —diva(z,u, Vu).

Let us prove that A is of type of Calculus of variation.

e As A(u, .) is bounded, we prove that v — A(u,v) is hemi-continuous from W1+ (Q) — (WLP+(Q))'.
Since a(z,u, V(v + tvg)) — a(z,u, Voy) in LP*(Q) as t — 0 and w,vy,v, € WEP+(Q) then,
a1 (u, v1 + tvg, w) = a1(u,v1,w) as t — 0.

In the same manner we prove that u — A(u,v) is hemi-continuous from WP+ (Q) — (Whr+())".

Moreover, for all u,v € WP+ (Q), we have

< Au,u) — Alu,v),u —v >

< Alu,u),u—v > — < A(u,v),u —v >

ar (u, u,u —v) — ay (u, v, u — v)

/Q a(z, u, V)V (u — v)dz — /Qa(:z:, u, Vo)V (u — v)da

= /Q (a(z,u, Vu) — a(z,u, Vv))V(u — v)dz > 0.
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e Let us suppose that ux — u in WHP+(Q) and < A(ug, ur) — A(ug, u), ur, —u >— 0. We prove
that
Yo e WhP+(Q), A(ug,v) — A(u,v) in (WHP+(Q)).

Let’s set
/ Frdx = <A(u;€,uk) — A(ug,u),up — u>, then Fj, — 0.
Q

As up — u, we have
a(x, ug, Vv) = a(z,u, Vu) in LP+(Q)

(see [17], Lemma 2.2 with m = 1). Therefore, A(ug,v) — A(u,v) in (WhP+(£))".

e Now, we suppose that uy — u in WP+(Q) and A(ug,v) — O in (WLP+(Q)). We prove
that
(A(ug,v), up) = (O, u).

Then, by using ([17], Lemma 2.1), we obtain that a(x,ug, Vo) = a(z,u, Vv) in P (Q) and thus,
ay (ug, v, ug) — a1 (u,v,u).
Therefore,

< Alug, ), up >= a1 (ug, v, ug) =< A(u,v),u > and O = A(u,v).

Hence, A is of type of Calculus of variation. Finally, by using ([17], Proposition 2.6 and Proposition
2.5), we prove that A is of type (M).

As the operator A is of type (M), so we have immediately
Au =y — <Tn(b(u)) + AT (u) + e[|ulP+*u + |Vu|p+2Vu]>.

Therefore, we deduce that A,u = x.

Step 3: A, is coercive.

< Apu,u> = /a(x,u,Vu).Vudw—i—/Tn(b(u))ud:v
Q Q

+ /\/ Tn(u)ud:v—i—a/ [JulP* + | VulP+]da
o9 Q

> 5/ [JulP* + |VulP+]da
Q
P+
Z €||u||W1,p+(Q)'
We deduce that
< Aju,u >

— 400 as ||ul|yre — +00.
||u||W1’p+(Q) whP+(Q)
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Hence, A, is coercive.

Then, according to Lemma 3.1, A,, is surjective.
Thus, for any F,, =< T, (f),Tn(9) >C E’ C X{, there exists at least one solution u,, € Xy of the
problem

< Apun,v >=< F,,v> forall ve Xg.

Therefore, u,, is a weak solution of the problem (3.2). This ends the proof of Theorem 3.3.
Remark 3.4. Ifu,, is a weak solution of the problem (3.2), then u,, € WH™()(Q), since WP+(Q) —

WL Q) continuously. Moreover, a(x,u,, Vuy,) satisfies (Az) — (Ag) with variable exponent
T (2) := p(z, un(x)).

Part 2: A priori estimates and convergence results.
This part is done in three steps, we make a priori estimates, some convergence results and other

based on the Young measure and nonlinear weak—* convergence.

Step 1: A priori estimates

Lemma 3.2. Suppose that (Az) — (Ag) hold with variable exponent m,(.) and fn, € L>®(Q), gn €
L>(09). Let uy, be a weak solution of (3.2). Then, for all k > 0,

/Q |VTk(un)‘ﬂn(')dx < Cok([1 £l L) + l9llLr09)) (3.4)
/Q | T (b(un))|dz < [|fI| 1) + 9l L1 00 (3.5)

1
it < 301l + gl o) 56

Proof of Lemma 3.2. By taking v = Ty (u,,) in the weak formulation (3.3), we obtain

/Tn(b(un))Tk(un)dx + /a(w,un,Vun).VTk(un)dx—i—/ AT, () Ty (u, ) do
Q Q a0
+ 5/ [n [P+ 2wy T (un) + [V [P+~ Vu, VT (uy) | do
Q

= /fnTk(un)d:v—i—/ 9nTx(uy)do.
Q 90

Since all the terms of the left hand side of (3.7) are nonnegative, we deduce that

/a(z,un,Vun).VTk(un)de/fnTk(un)d:r—i—/ gn T (un)do. (3.8)
Q Q o0
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By using (A4g) and (3.8), we get

IN

mn(.)
/Q|VTk(un)‘ dx C’g(/ﬂfnTk(un)d:c—i- /89 gnTk(un)d0>

Cok (1111 ) + l9ll200)) -

IN

From (3.7), we deduce that

IN

Q Q oN

E(I1f 1) + gl o0))

IN

and

IN

o0 Q o0

E(I1f12 @) + llgllzro0))-

IN

(3.10)

Dividing (3.9) and (3.10) by k and letting k goes to 0, we obtain

/Q T,y (b(un))signo(un)dz < |11z + l9llz1on

and
A - T (un)signo(un)de < |[fllL1) + [l9ll150)-
Hence,
/Q | T (b(un))|dz < [| £l L1y + 1lgllL1 00
and

1
/ | T (un)|da < X(”f”Ll(Q) +l9ll2100)) -
09

Lemma 3.3. Assume that (A3)-(Ag) hold. If uy is a weak solution of the problem (3.2), f, €
L>(Q) and g, € L*(9Q), then for all k > 0

/Q |VTk(Un)‘p7d$ < C(HfHLl(Q)a ||9||L1(asz), meaS(Q))(k +1) (3.11)

and

1
/m | T (un)|do < X(Ilflluaz) + [lgll 1 o9)) (3.12)

for alln >k > 0.
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Proof of Lemma 3.3. Firstly, we prove (3.11). We know that
VB[ < Cok (17 en + e om) (3.13)
Let us note that

’VTk(un)’pfdx = / ’VTk(un)‘pfdx—f—/ ’VTk(un)‘p*dCC
Q {IVTy (un)|>1} VT (un)[<1}

IN

/ VT, (un)‘p’ dx + meas(Q2)
{IVTk(un)‘>l}

/Q | VT (un)

By using (3.13) and (3.14), we get

ﬂ'n(

IN

Ddx + meas(Q). (3.14)

/Q‘VTk(UnﬂpidI < max (Co(|[f]r ) + |9l (00)) , meas(2)) (k + 1)

C(||f||L1(Q)7 ||g||L1(3Q),meas(Q)) (k + 1)

(3.15)

Now, from the formula (3.6), we obtain [Ty (un)|[z1(00) <

< S (Ifller) + ll9llzron)) and as
|Th (un)| < | T (un)| for all n > k > 0, one deduces that

> =

1
[ 1Bl < 5 (161l + lollzsom)-
o

Lemma 3.4. For any k > 0, we have

||Tk(un)||W1v”n(-)(Q) <1+ C(k, f,g,pﬂerameaS(Q))
and for all k > 1,
C
n (b(k), [b(—k)])

meas({|un| > k}) <

Proof of Lemma 3.4. By using (3.4), we have

VT ()] ™ Vdz < Cok (1111210 + 9]l 1 00 - (3.16)
Q
We also have
[0t = [ ) Odes [ m) O,
Q {lun|<k} {|un|>k}

Furthermore,

/ kO dy
{Jun|>k}

kP+meas() if k>1
meas(2) if k<1

/ (T () O
{lun|>k}
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and

IN

/ T (un )| da: / k™G dy
{Jun|<k} {Jun|<k}

{k’”meas(Q) if k>1

meas(£2) it k<1.
This allow us to write

|The (un) ™ da < 2(1 4 kP+)meas(Q). (3.17)
Q
Hence, adding (3.16) and (3.17) one gets

P10 () (Ti(un)) < Cok(|[f111 ) + 9]l 09)) + 2(1 + kP )meas(Q).

For || Tk (un)|[w1.7n () (@) > 1, we have according to Proposition 2 that

1T () s mn o) < P17 () (Th(un)) < [Cok([[f122() + llgllzra0)) +2(1 + kP+)meas(Q)],
which implies that

Tk (un )l ()

IN

[C2k(||f||L1(sz) + ||9||L1(asz)) +2(1+ kp+)meas(ﬂ)] =

O(ka fa 9,P+,P—, meas(Q)).
Thus,

||Tk(un)||W1v7"n(-)(Q) <1 + O(kv f’ 9,P+,D—, meas(Q)).
Moreover, from (3.5), we have

/8 Tl < [l + e on

We deduce that the sequence (T, (b(wn)))nen+ is uniformly bounded in L'(Q2). Thus, (b(un))nen+
is uniformly bounded in L(£2). So, there exists a positive constant C' such that

/ [b(uy,)|dz < C.
Q

Furthermore, for all £k > 1, we have

/ b(un)ldz < [ 1b(un)|dz < C.
{lun|>k} Q

As b is continuous, nondecreasing and surjective, we infer

min (b(k), |b(=k)|)dx <
/{Wk} (0. () s < |

[b(uy)|dx < C.
{lun|>k}

Therefore,

C
meas({|un| > k}) < min (608), [6(=F)]) VEk > 1.
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Then, the proof of Lemma 3.4 is complete.

From the Lemma 3.4, we deduce that for any & > 0, the sequence (Tk(un))n is uniformly
bounded in W™ ()(Q) and also in WP~ (Q).

Then, up to a subsequence still denoted Ty (uy,), we can assume that for any & > 0, Ty (u,,) weakly

€N

converges to s in W1P-(Q) and also Ty (uy,) strongly converges to sy in LP- ().

By using the above a priori estimates, we obtain the following convergence results .

Step 2: The convergence results

The proof of the following proposition use the Lemma 3.4.

Proposition 6. Assume that (A3) — (Ag) hold and let u, be a weak solution of the problem (3.2),
then the sequence (un)nen s Cauchy in measure.
In particular, there exists a measurable function u and a subsequence still denoted w, such that

Unp — U N Measure, as n — +00.

As (un)nen is a Cauchy sequence in measure, so (up to a subsequence) it converges almost

everywhere to some measurable function wu.

As for any k > 0, Ty, is continuous; then Ty (uy) — Ti(u) a.e. x € Q, so s = Ti(u).
Therefore,
Tio(un) = Tr(u) in WP (Q)

and by compact embedding Theorem, we have
Tk (un) = Ti(u) in LP~(Q) (respectively in LP~(99)) and a.e. in Q (respectively a.e. on 0Q).

Lemma 3.5. u, converges a.e. on 0¥ to some function v.

Proof of Lemma 3.5
Since Tk(un) — Tik(u) in WHP=(Q) and WP-(Q) — LP-(99) (compact embedding), then
Ty (un) — Ti(u) in LP-(0Q) and a.e. on 9. Therefore, Ty (u,) — Ti(u) in L1(0Q) and a.e.
in 9Q. We deduce that there exists E C 99 such that Tx(u,) = Tk(u) on 0N\ E with u(F) =0,
where p is area measure on Jf2.

For every k > 0, let B}, = {z € 9Q such that |Ty(u)| < k} and F = 9Q\ U Ej. By using Fatou’s

k>0
Lemma, we have

AN

/ |T(u)|do < liminf Ty (un)|do
aQ n=+0 Jan

[l + 19l o)
X .

IN

(3.18)
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Now, we use (3.18) to get

u(F):%/}JTk(u)‘da < %/89|Tk(u)‘dcr

1Ly +1lgllL1 o0
kX '

A

IN

We obtain p(F) =0, as k goes to co. Let’ s now define on 92 the function v by
v(z) = Ti(u(x)), = € E.
We take z € 0\ (E U F'), then there exists k£ > 0 such that « € Ej and we have

un(z) = v(2) = (un (@) = Ti(un(@))) + (Te(un(@)) — Te(u(z))).

Since © € Ej, we have |Ti(u(x))] < k and so |Tx(un(z))| < k, from which we deduce that
|un (x)| < k. Therefore,

un(z) —v(x) = Tk (un(z)) — Tr(u(x)) — 0, as n — +oo.

This means that u,, converges to v a.e. on 950, but for all x € Fy, Tx(u(x)) = u(x). Thus,
v =u a.e. on 0N2. Therefore,

U, — u a.e. on 0.

*

The following assertions are based on the Young measure and nonlinear weak —
sults (see [7, 19, 13]).

convergence re-

Step 3: The convergence in term of Young measure
Assertion 1
The sequence (VT (un))nen converges to a Young measure v¥(\) on RV in the sense of the non-

x

linear weak-* convergence and

VTi(u) = - AdvE(N). (3.19)

Proof. Using Lemma 3.3, VT (u,) is uniformly bounded in LP-(2), so, equi-integrable on €.
Moreover, VT (uy,) weakly converges to VI (u) in LP~(2). Therefore, using the representation of
weakly convergence sequences in L(£2) in terms of Young measures (see Theorem 2.1 and formula

(2.5)), we can write

VTi(u) = AdvE(\) O
RN

Assertion 2. |\|™() is integrable with respect to the measure vF(\)dz on RN x ©, moreover,
Ti(u) € WHTO(Q).

Proof. We know that p(.,un(.)) = p(.,u(.)) in measure on Q. Now, using Theorem 2.1 (ii),
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(iii) (p(-; un(.)), VTk(tn))nen converges on R x RY to Young measure p% = ,(,) ® vk
Thus, we can apply the weak convergence properties (2.4) to the Carathéodory function
Fon(m,20,A) € @ x (R x RY) = |hy, (V)| with m € N, where h,, is defined in the preliminaries.

Then, we obtain
/ B V) [T@ dvkE (N)dz = / [P (V)P0 dpk (No, N)da
QxRN Qx (RxRN)
= // Fon (2, Mo, N dp (X, N da:
Q JRxRN

= lim A Fo(z, p(x,un (), VI (un(2)))dz

n—-+oo

lim / [P (VT () [PC 2 ) e
Q

n—-+oo

lim / | VT () |[PC1n () e
Q

n—-+o0o

< Cok([|fllLr ) + lgllria))  (using (3.4)).

IN

hm(A) — A, as m — 400 and m — h,(\) is increasing. Then, using Lebesgue convergence

Theorem , we deduce from last inequality that
| Ak yds < Cak(1 o) + gl o).
QxRN

Hence, |A|™(") is integrable with respect to the measure v¥(\)dz on RY x Q.

From (3.19), the last inequality and Jensen inequality, we get

/ VT (u)|"®) dz = / / AdvE (N
Q Q RN

Thus, VTk(u) € L™)(Q). Moreover, / | Ty (w)]™ da < max (kP+, kP~ )meas(Q?). Hence, Ty (u) €
Q
L™)(Q) and we conclude that T (u) € WH*0)(Q). a

m(x)
dx < / A @ dvkde < oo,
QxRN

Assertion 3.
i) The sequence (fl)fl)neN defined by ®% := a(z, un, VT (u,)) is equi-integrable on ().

ii) The sequence (@ﬁ)n weakly converges to ®* in L!(Q2) and we have

eN
ok (z) = /sz a(x, u, \)dv(N). (3.20)

Proof. i) Using the growth assumption (As) with variable exponent p(.,u,(.)) and relation (3.4),
we deduce that (®F) is bounded in L™ () (£2), so, L™ () — equi-integrable on Q.

Moreover, as 7}, (.) > 1, we obtain

la(@, tn, VTk(un))| < 1+ |a(@, wn, VT (ug))] ™.
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Thus, for all subset £ C €2, we have
/ |a(z, up, VTi(un))|dz < meas(E) +/ |a (2, tn, VT (uy)) ™ da.
E E

Therefore, for meas(E) small enough, (®F) is equi-integrable on ().
ii) Set ®* = a(x,u(x), Vv,) with Vo, = VTi(u,).xs, where S, = {z€Q, |n(z) —m(2)] < 3}
Applying (As) with variable exponent 7(.) on a(z, u(x), Vu,,), we have for all subset E C Q,

/|a(m,u(:v),an)|d:v < C/ (1+M(9€)+|an|“(')71)dgg
E E

IN

C/ (1+M(:c))d:c+/ VT (1) | iz
E ENS,

The first term of the right hand side of the last inequality is small for meas(E) small enough. For
z € Sy, m(x) < mn(z) + 4, thus

/ |VTk(un)|7r(')—1da: < / (1 + |VTk(un)|7rn(.)_%)da7
ENS,

ENS,

and
/ IV T (1) (7 = 5@ g :/ VT () [ O < 00,
Q Q

which is equivalent to saying |VTk(u,)|™)~2 € LE™ ()" (Q). Now, using Holder type inequality,

/ (1 + |VTk(un)|”"(')5>d:c
E

meas(E) + 2||VTk(un)| ‘LM(‘)(Q) IIXEllL2mnor () (3.21)

IN

/ VT ()| e
ENS,

IN

According to Proposition 1,

IN

max { (P (X)) = (P (X)) 7 }

1 1

= max { (meas(E))*~, (meas(E)) *+ }

lIxE| |L2frn(-)(Q)

The right-hand side of (3.21) is uniformly small for meas(E) small, and the equi-integrability of
i)fl follows. Therefore, (up to a subsequence) i)fl weakly converges in L!(Q) to d* as n — +oo.
Now, we prove that Pk = ®*: more precisely, we show that i)fl — ®F strongly converges in L(Q)
to 0.
Let 8 > 0, by (3.4), / |VTk (1 )|™ ) d is uniformly bounded, which implies that / |VT (uy,)|dx
is finite, since . .

/ [V T (un)|da < /(1 + |V T (1)) d.

Q Q

By Chebyschev Inequality, we have

fQ |VTy(ur)|dx

meas({|VTx(u,)| > L}) < T
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Therefore, sup meas({|VTx(u,)| > L}) tends to 0 for L large enough. Since ®¢ — ®F is equi-
neN
B

integrable, there exists 6 = §(83) such that for all A C Q, meas(A) < ¢ and / |DF — ok |dr < T
A

Jo IV Ty (uy,)|dee

7 < 0,s0meas({|VTy(u,)| > L}) < 0.

Therefore, if we choose L large enough, we get

Hence,

/ |DF — oF|dx < h.
{1V T (un)|>L} 4

By Lemma 2.2, we also have

meas({x e Q; sup |a(z, un(x), ) — a(z, u(z), \)| > a}) —0,

AeK

as n — +0o0.
Thus, by the above equi-integrability, for all ¢ > 0, there exists ng = ng(o, L) € N such that for

all n > ng,

B — @k|dr < 2.

AIESZ; SUP|x|<L |a(m,un(z),)\)fa(m,u(z),)\ﬂZa} 4

Using the definition of ®* and ®%, we have

oF — ®F = a(x, up(2), VTik(un)) — a(z, u(z), VI (u,)) on S,.

n

Now, we reason on

Sn.Lo = {x € Q; sup |a(z,un(x), ) —a(z,u(x),N)| < o, |VTE(u,)| < L}.

[AISL
We get
/ |<inI — (I>2|d:v < / sup |a(z,un(z), \) — a(z, u(z),\)|dx
Sn,L,o Sn.L,o | ML
< omeas(Q).

We observe that

/ |i>ﬁ—¢§|da::/ |&>g_q>g|dx+/ 1B — ok |dp
S. SnNSn.L.o Sn\Sn.,L.o

n

and

Sn\ Sn,L.c C {:v € Q; |,S\ngL la(z, un (), ) — a(z, u(z), N)| > a} U {|VTk(un)| > L}.

B

Consequently, by choosing o = o(3) < Imeas(Q)

, we get

= B B, B _3p
Ok @, lde <+ 45 =2,
/Snln R



106 Stanislas Ouaro & Noufou Sawadogo CUBO

22, 1 (2020)

for all n > ng(o, L). By Lemma 2.2, we also have meas({z € Q,|r(z) — ()] > 3}) = 0 for n

large enough; which means that meas(§\ S,,) converges to 0 for n large enough. Thus,

/ |k —q>j§|dx=/ |k |da < B
S, \S,, 4

Therefore, for all 8 > 0 there exists ng = no(S) such that for all n > nog, / |Bk — ®F|dx < B.
Q

Hence, i)fl — ®F strongly converges to 0 in L!(2). We prove that
Dk (z) :/ a(z,u(z), \)dvE(\) ae. z€Q and ®* e L7 ().
RN

Notice that
lim / IVTk(un)|(1 — xs, )dx = lim |VTk(up)|dz = 0,
Q

n—-+oo n—-+4oo Q\Sn

since (VT (un))nen is equi-integrable and meas(2\ S,,) converges to 0 for n large enough.
Therefore, (VTj(uy))nen and VT (uy,)xs, converge to the same Young measure v/%()).
Moreover, by applying Theorem 2.1 i) to the Carathéodory function F(z, (Mg, A)) := a(z, Ao, A),

we infer that
O(z) =P(z) = / a(z,u(x), \)dvE(\) ae. 2 € Q.
RN

Using (A5), it follows that |a(z, u(x),\)]™ ) < C(M(x) + |[A|*)). Thus, with Jensen Inequality,

it follows that
/ @ (2)[" Ve = /
Q Q

/ |a(z, u(x), V[~ dvg (N)de
QxRN

()

/ a(z,u(z), \)dvE(\) dx
RN

IN

IN

C (M(:v) + |/\|’T('))du§(/\)d:c < 0.

QxRN

Hence, ®% € L™ () ().

Assertion 4
(a) For all ¥’ > k > 0, we have &% = (I)k/X{\u|<k}'
(b) For all k& > 0,

/fl)k.VTk(u)d:cZ/ a(z, u(z), \).\dvF (\)dz. (3.22)
Q

QxRN

(¢) The “div-curl” inequality holds:

/QXRN (a(z,u(x),\) — a(z,u(z), VT (u(2))) (A — VTk(u(z)))dvE (N)dz < 0. (3.23)
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(d) For all k& > 0,
®F = a(z,u(x), VTi(u)) for ae. x€Q

and VT (u,) converges to VT (u) in measure on 2, as n — +00.

Proof.
(a) Let k' > k > 0 and g := a(z, un, VI (Un))X[juj<k]- By Assertion 3-ii), (g%),en weakly con-
verges to <I>k/X[|u‘<k] in L1(Q). If we prove that (g¥),en weakly converges to ®F in L'(£), then the

wished result will come of the uniqueness of the limit. Let us put
hy = a(@, tn, VT (Un)Xju, | <k -
As VT (un) = VT (un)X([ju, <k, for all B > k> 0, then, we get

hk = CL(CC, Un, VTk/ (un))x[\un\<k] = a(Ia Up s VTk(Un)),

n

s0, (hF),en weakly converges to ®* in L!(Q) by Assertion 3-ii). Set

dy = g — hf = a(@, un, VT (un) (X[jul<k] — X[Jun|<H])-

On the one hand, thanks to Assertion 3-i), (d¥),en is equi-integrable. On the other hand d* — 0
a.e. on Q. Indeed, X[ju,|<k] = X(—kk)(Un) and if [u,| # & a.e. on Q, x(—p,x(.) is continuous on R.
In other words X(_j,x)(.) is continuous on the image of Q by u a.e. k> 0. Moreover, u, — u a.e.
on €2, then X[ju, |<k] = X[u|<k] a-€. in 2. Now, using Vitali’s Theorem (d¥),en strongly converges
to 0 in L1(Q), so it weakly converges in L'(€2). Hence, (g¥),en and (hE),en weakly converge to
the same limit ®* in L'(Q).

(b) Let S be a set of W2 functions S : R — R such that S’(.) has a compact support.

We construct a sequence (Sps)aen C S such that

e S, and SY, are uniformly bounded;

eforal M eN, S}y, =1on[-M+1,M — 1], suppS’ C [-M, M];

o the sequence (b(2)S},(2)) men is non-decreasing for all z € R.

For all p € C®(Q), v = ¢S}, (uy) is an admissible test function in the weak formulation (3.3). We
have

/Tn(b(un))Sgw(un)npd:c + Sy (un)a(x, wy, VT (un)).Viodz
Q Q

+ /Sxf(un)a(x,un,VTM(un)).VTM(un)(pd:c+ AT (un ) Shy (un)pdo
Q o

+

a/ [|[Vtn |+ 2V u, V(oS (u,)) + |un|p+_2unS§w(un)tp} dx
Q

/ FuShs (un)pda + / 9n Sy () pdor (3.24)
Q onN
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Since u,, converges to u a.e. in 2 and a.e. on 9%, by continuity of b, S, and the compacteness of

suppS},, we obtain

/Tn(b(un))wa(un)tpd:c%/b(u)SM(u)(pd:r, as n — 400 (3.25)
Q Q
and
)\/ Ty (un)Shy (un)pdo — )\/ uSh(u)pdo, as n — +oo. (3.26)
Q Q

Moreover, we have | f, S, (un)@| < [|ShllLe®|fllel € LYQ), frS)(un)e — [Si(w)e ae. in Q.
and [gn Sy (un)g| < [[Sillz=@®lgllel € LN(R), gnSiy(un)p — gSi(u)g ae. on 0Q. Thus, by

Lebesgue dominated convergence Theorem

/fnSEW(un)<pda:—>/fS}W(uypd:z:, as n — +oo (3.27)
Q Q
and
/ gnSM(un)cde%/ Sy (u)pdo, as n — +oo. (3.28)
o9 o9

Let us prove now, that
/ Shy(un)a(z, un, VT (u,)).Vedr — [ Sh(w)® . Vedr, as n — +oo. (3.29)
Q Q
For all L > 0, we have

Sy (un)a(x, wn, VT (un)).Vodr = / Shy(un)®M Vpda
Q {IVe|<L}

+ / Shy(un)OM Vipdz. (3.30)
{IVel>L}
For the first term of the right-hand side of (3.30), we have
/ Sy (un)OM Vpdr — Sy ()M Vpdr, as n— +oo. (3.31)
{IVel<L} {IVel<L}

Thanks @A — @M in L*(Q) and VS), (un)x{jvei<zt = VeSi(u)X{jve<ry in L®(Q). Fur-
thermore, the second term of the right hand-side of (3.30) converges to zero for L large enough,
uniformly in n. Indeed, using Hélder type inequality and the fact that LP+(Q) — L™()(Q), we
get

[ st
{IVep|>L}

IN

C||S§\4||L°°(R)||CI)1];4||L"%(.)(Q)||VSDX{\V@|>L}||L"n(.)(£2)
C(p-, ||S§w||L°"(R)7meas(Q))||q)71y||L"’n(-)(g)||V<P||Lp+(ﬂ)m€a5({|v</7| > L}).

From (As), (3.4) and Proposition 2, we obtain

IN

||(I)1]€4||LW'TL(-)(Q) <C.
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Moreover, ¢ € C°°(2) and C*°(Q) is dense in the space W1P+(Q2). Then, by Proposition 2 and
the fact that LliIJrrl meas({|Vy| > L}) =0, we get
—+00

meas({[Ve] > LGN oo IVellrs @) = 0. as L = +oc.

Hence, the second term of the right hand-side of (3.30) converges to zero, as L tends to infinity.
Thus, as n — +o0o and L — 400 in (3.30), we deduce (3.29).
Let us consider the third term of left hand-side of (3.24), we obtain

1Sy (un)|a(z, wp, VTa(un)). VT (un)pde < C 1Sy (un)|a(z, wp, VT (un)). VT (uy,)dz
Q {|un|<M}

< C’/ a(x, wp, VI (un)) VT (uy)de
{M—-1<|un|<M}

+ C [Shy (un) |a(z, v, VT (un)). VT (uy)de,
{lun|<M-1}

(3.32)

where C' = C(||¢||r=()). C" = C([SHl|=®), l¢llL=) and |a(@, un, VTar(un)). Vo (un) is

finite. Otherwise,
/ a(@, Up, VTa(un)) VT (up)dr — 0, as M — +o0.
{M-1<|un|<M}

Since, thanks to Lemma, 3.4, Mlililoo meas({M — 1 < |u,| < M}) =0and a(x, un, VT (un)) VT (wn)
is equi-integrable.

Finally, using (3.25), (3.26) (3.27), (3.28), (3.29), (3.32) and passing to the limit in (3.24), as n
tends to infinty and as € goes to 0, we obtain

/b(u)Sﬁw(u)cpd:v—i-/Sﬁw(u)@M.Vgodx—i-/\/ uSﬁw(u)cpda:/fSﬁw(u)godx—i-/ 9S4 (u)pdo.
Q Q ) Q 00

(3.33)

Q

For k > 0 fixed, Ty (u) € WH™()(Q) and the exponent 7(.) verify (2.1). Therefore, C>(€) is dense
in Whm()(Q), so, we replace ¢ by Ty (u). Now, for M > k, thanks to (a), we replace ®M .VT}(u)
by ®.VTk(u) in (3.33).

Sh, converges a.e. to 1 on R, as M — 400, then using the monotone convergence theorem in
the first term of left hand-side of (3.33) and dominated convergence theorem in the other term of
(3.33), we get

/Q [b(w) Ty (w) + @F .V Tk (u)]dz + /\/

uTip(u)do = | fTi(u)dx + / 9Tk (u)do.
X9) Q r9)

(3.34)



110 Stanislas Ouaro & Noufou Sawadogo SI;I(ZBOZ?)

The relation (3.7) is equivalent to

/Tn(b(un))Tk(un)dI + /a(:zc,un,VTk(un)).VTk(un)d:E+/ AT (wn) Ty (uy )do
Q Q 00

+ 5/ [un [P T (un) + [V P+ >V, VT (uy,)] do
Q
— [ BT+ [ Tiun)do,
Q 09
(3.35)

The sequences (Tn(b(un))Tk(un))neN, (Tn(un)Tk(un))neN are nonnegative and converge a.e. in
to b(u)Tk(u) and a.e. on 0N to uTy(u). By Fatou’s Lemma, we have

1iminf/Tn(b(un))Tk(un)d:cz/b(u)Tk(u)d:c (3.36)
n=+oo Jq Q
and
Alim inf T (un) Tk (uy)da > /\/ uTy(u)do. (3.37)
n=toe Joa a0

Now, we consider the right hand side of (3.35). We have
|[fnTe(un)| < klf] € LYQ), fuTk(un) — fTi(u) ae. in Q and |g,Tk(un)| < klg| € L*(09),
gnTr(un) = gTk(u) a.e. on 9. Thus, by Lebesgue dominated convergence Theorem

/fnTk(un)dx%/ka(u)d:c, as n — 400 (3.38)
Q Q

and

/ gnTk (up)do — 9T (u)do, as n — +o0. (3.39)
X9) o9

Combining (3.36),(3.37), (3.38), (3.39) and using (3.35), we get

liminf< | ST () e+ /8 ) gnTk(un)dcr) - ( /Q b(w) T (w)dz + A /6 ) uTk(u)dcr)

n—-+oo

> liminf < T (up)dx —|—/ gn T (un)do — / T (b(un)) Tk (g )dz — A Tn(un)Tk(un)da>,
n—+o0 \ Ja o0 Q o0

which is equivalent to

/Q FTe(w)da + /6 aTi(u)do ( /Q b(u)Th(u)dz + A /8 ) uTk(u)do>
liminf/ a(x, Up, VT (un)) VT (uy)dz +a/ [[tn]P* = 2un Th () + [Vt [P+ =2V, VT (uy)] de
Q

n—-+o0o Q

v

Y]

liminf/ a(x, Up, VT () VT (uy)d.
Q

n—-+oo

Thus, by using the relation (3.34), we obtain

/ P*VTy (u)dx > liminf / a(x, up, VT (un)) VT () d. (3.40)
Q Q

n—-+oo
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(¢) From [1]-Lemma 2.1, m +— a(x, un, b (VT (un))).hm (VT (uy)) is increasing and converges to

a(z, up, VT (un)). VI (uy,) for m large enough. Thus, we deduce that
a(, o (VT (1)) P (VT (1)) < @, Uy VT (). VT () = ®F VT (uy).

Therefore, using (b) and Theorem 2.1, we get

n—-+oo

/ Ok VT (uw)dzr > liminf [ ®F VT (u,)dz
Q

> lim al(x, Un, R (VT (Un) B (VT (wy,) ) dx

n—-+o0o Q
= / a(,u, hy (N)). B (N dvE (V) dz. (3.41)
QxRN
Using Lebesgue convergence Theorem in (3.41), we get for m large enough

/ Ok VT (u)dx > / a(x, u, \). dvr (N da. (3.42)
Q QxRN

We have

/QXRN (a(z,u(x),A) — a(x,u(z), VT (u(x))) (A — VTk(u(x)))dl/’;(/\)dx

= / ), \).Advf (/\)d:c—/ a(z, u(z), \). VT (u(x))dv® (N de
QxR QxRN

- / x), VI (u(z ))).)\du’;(/\)dgc—i—/ a(z,u(x), VT (u(x))). VT (u(x))dvk (N de
QXRN QxRN

= - a(z,u(z vk u(x))dx

- /Q ke = [ ([ et Nak0) ) 9T o)

- /Qa( z), VT (u(z )))(/RN )\duf)d:v—|—/Qa(ac,u(:zc),VTk(u(x))).VTk(u(:v))(/RN dl/f)dx

/ a(z,u(x), \)AdvF (N)dx —/ Ok VT (u(x))dz < 0.
QxRN Q

We pass from the first equality to the second equality by using Fubini-Tonelli Theorem and from
the second inequality to the third one by using (3.19), (3.20) and the fact that v, is probability
measures on RY. Finally (3.42) give us the desired inequality.

(d) Using (3.23) and the strict monotonicity assumption (A4), we deduce that

(a(z,u(z), A) — a(z,u(z), VI (u(z))) (A — VIk(u(z))) =0 ae. 2€Q, AeRV.

Thus, A = VT (u(z)) a.e. € Q with respect to the measure v¥ on RY. Therefore, the measure

v¥ reduces to the Dirac measure dyr, (u(z))- Using (3.20), we obtain

Pk — /RN a(z,u(z), \dvF(\) = a(z,u(z), VI (u(z))) ae. € Q.
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Now, by using Theorem 2.1 (ii), we deduce that VTj(u,) converges in measure to VTj(u).
O

Lemma 3.6. u is an entropy solution of (1.1).

Proof of the Lemma 3.6.
Let u,, be a weak solution of the problem (3.2). Then, by Assertion 4—(d), (VT (un))nen converges
to VT (u) in measure, thus (up to a subsequence still denoted (VTj(un))nen), (VIk(un))nen
converges to VT (u) a.e. . Moreover, we deduce from Lemma 3.4 that VTj(u,) is uniformly

bounded in LP-(Q2), so, p— —equi-integrable on Q. Then, by using Vitali’s Theorem
VT (un) = VTg(u) in LP=(Q), which implies that VT}(un) — VTi(u) in L'(Q).
Furthermore, thanks to Assertion 2, u € T7™()(Q) and it follows from Lemma 3.5 that
U, — u a.e on Of).

Therefore, u € 7;1’”(')((2). Now, using Lemma 3.2, the fact that T, (b(u,)) — b(u) a.e. in Q and

U, — u a.e. on JY), it follows from Fatou’s Lemma that

/Q Ib(uw)| < liminf /Q 1T, (b(un)) | < (11121 + N9l 22 com

n—-+o0o
and

. 1
[l < tmint [ (7, e < 5161l + gl on)

n—+o0o [50
Hence, b(u) € L*(Q) and u € L*(09).
Let ¢ € C*°(Q), then we can choose Ty (u, — ) as a test function in (3.3) (C*°(Q) is dense in the
space WP+ (Q) and Ty (u, — ) € L(99)) to get

/ Tn(b(un)) Tk (up — @)dz  + / a(x, Up, Vi) VT (u, — p)dx + AT (un) T (un, — @)do
Q Q o0
+ E/ [|Vun|p+72VunVTk(un —¢)+ |un|p+72unTk(un — <p)]d:c
Q
= foTk(un — p)dx —|—/ In T (un — @)do. (3.43)
Q le)
For the first term of the left hand side of (3.43), we have

/ T, (b(11n)) Ti (t — @)z = / [T (b(tn)) — Ta(b())] Ti (tn — )l
Q Q

+ /Q T, (b)) Ti (1 — ).

By Fatou’s Lemma, we infer

n—-+oo

lim inf/QTn(b(un))Tk(un —@)dx > /Qb(u)Tk(u — )dzx, (3.44)
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[T (0(un)) = Ta(b(0)) | Ti(un — ) = (b(u — b(¢)) T(u — ¢) ace.
with
and

T (b(9) T (un — @) = b(@) T (u = ) in L}(Q).

In the same manner

lim inf A T (un)Ti (u, — p)do > /\/ uTy(u — p)do. (3.45)
n=tee Jaq 89

For the fourth term of the left hand side of (3.43), we prove that

lim 5/ [ Vg [P+ 72 VU, VT (un — @) + |unl?* " ?unTi(un — 9)]dz >0 as e = 0. (3.46)
Q

n—-+oo

Setting | = k + ||| Lo () We have,

E/ |Vt |P+ ™2V, VT (uy, — @)da = 5/ VT (un) [P+ 72V T (un )V (T (un) — @) da
Q {lun—pl<k}

= a/ |VTi(un)|P+de — a/ IVTi () |P*+ 2V T} (un) Vdz
{lun—p|<k} {lun—e|<k}

Y

—€ / VT (un) [P+ 2V T (u,) Vida. (3.47)
{lun—¢|<k}
Moreover, by taking v = Tj(u,) in (3.3), we deduce that

5/ (Vg [P+ 72V u, VT (un) + [un [P 2un Ty (ug) | dz < U fllnr) + 9]z 00))
Q

which implies that
: / VTP dz < (|11l + 1921 00)-

Therefore, eVTj(uy) is uniformly bounded in LP+(2). From, Assertion 4 — (d), VT;(uy,) converges
a.e. in ) (up to a subsequence) to VTj(u). So, by Vitali’s Theorem, eVTj(u,,) converges to e VT (u)
in LP+(Q). Thus, £|VTj(tn)|P+ =2V (tn) X {jun — | <k} cOnverges to e| VI (w) [P+ =2V T (w) X {ju—y| <k}
in LP+ (). Using (3.47), we obtain

lim 5/ |V [P+ 2V, VT (u, — @)dz > —5/ VT (u) [P+ 2V T (u)Vedz.
nore Ja {lu—p|<k}
Therefore,

n—-+o0o

lim 5/ |V [P+ 2V, VT (t, — @)dz >0, as € — 0. (3.48)
Q
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Now, we prove that

lim 5/ [t [P+ 2 T (un, — @)dz >0, as € — 0.
Q

n—-+oo

We have

[l it = o)te = (|un|P+Qun—|¢|P+2w)Tk<un—w>dx
Q Q
|

+ / QP+ 20T (un, — )da
Q

Y

/ |olP+ 20T (un, — p)da, (3.49)
Q

since (|un|P* 2w, — ||P* ~2¢) Ti(un — @) is nonnegative.
Furthermore, T (u, — ¢) converges weakly* to Ti(u — ¢) in L>®(Q) and |p|P+ 2 € LP+ (), so

fim / o[ P+ 20T (un — )da = / o[ P+ 72T (u — @) da. (3.50)
Q Q

n—-+oo

Combining (3.49) and (3.50), we obtain

lim e [ |unP* 2u,Tk(un — @)dx >0, as € — 0. (3.51)
n—-4o0o Q

The relations (3.48) and (3.51) give us (3.46).
For the second term of the left hand side of (3.43), we recall that I = & + |||[ L (o) and we get

/ a(x, Un, V). VT (uy, — p)dz = / a(x, n, VI (un)). V(T (un) = @)X {jun—p|<k}dT
Q Q

= /a(:zc,un,VTl(un)).VTl(un)x{‘un,wkk}dx—/a(x,un,VTl(un)).Vgox{‘un,@Kk}dx.
Q Q
(3.52)

Moreover, a(x, wn, VIi(tn)).VTi(Un)X{|u,—p|<k} is Nonnegative and converges a.e. in €2 to

a(x,u, VIi(u))VTi(u)X{ju—yp|<k}- Thanks to Fatou’s Lemma, we get

1iginf/ a(x, Uy, VTl(un)).VTl(un)xﬂun_ka}d:c > / a(x, u, VTl(u)).VTl(u)x{‘u_¢|<k}d:17.
(3.53)
We now focus our attention on [ a(z,un, VIi(tn))VOX{|up—p|<k}-

Q
Let us prove that a(z, un, VTi(un)).VOX{|u,—p|<k} IS equi-integrable. Let E be a subset of €.

/a(x,un,VTz(un))-VwX{\un—@Kk}dx < /Ia(x,umVTz(un))IIledfr
E E

1 , 1
< [ Sl V) Ode + [ el
E Wn(-) E Wn(-)

IN

Ol/ (M(:z:)+|le(un)|ml(.))dI+/ IthI’T”(')d:z:,
E E
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Moreover,

/|V<p|”"(')d:c = / |th|”"(')d:1:+/ |V|™ () dx
E En{|Ve|<1} EN{|Ve|>1}

meas(E) +/ [VplP+de,
E

IN

since |V|P+, M € L*(Q) and |VT;(u,)|™ () is equi-integrable (using density argument for C*°(Q)
and (3.4)). Then, we obtain

lim / a(@, wn, VI (Un))VOX{|up—p| <k} dT = 0.
E

meas(E)—0

Furthermore,
a(@, tn, VI (Un))VOX {jup—p| <k} = (T, u, VI (1)) VOX{ju—p|<ky ae. in .

By applying Vitali’s Theorem, we obtain

lim a(w,un,VTl(un))chx“un,@Kk}d:Cz/a(:v,u,VTl(u)).Vgox{‘u,@Kk}dx. (3.54)
Q

n—-+o0o Q

Using (3.52), (3.53) and (3.54) we get

liminf | a(z,un, Vu,) VT (un — @)de > / a(z, u, VI (u)) V(T (1) = ©)X{|ju—p|<k}dT
Q

n—-+o0o Q

/Qa(:z:, u, Vu)VTi(u — ¢)dx. (3.55)

Now, we consider the right hand side of (3.43). For the first term of the right hand side of (3.43),
since f, — f in LY(Q) and Tk (u, — @) —* Ti(u — @) in L°°(Q), we have

lim foTk(un —@)de = | fTe(u— p)dx. (3.56)
Q

n—-4o0o Q

For the second term of the right hand side of (3.43), by using the fact that g, strongly converges
to g in L*(09), we obtain

lim gn Tk (un — p)do = / 9Tk (u — @)do, (3.57)
e Jaq E19)
since
Ti(up — @) =" Ti(u — @) in L>(09Q), (3.58)

because u,, — u a.e. on €.
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Using (3.44), (3.45), (3.46), (3.55), (3.56), (3.57) and (3.43), we get

/Qb(u)Tk(u —@)dx + /Q a(z,u, Vu). VT (u — ¢)dx + /89 Ty (u — @)do

< liminf (/ T (b(un )Tk (un, — p)dx +/ a(x, Un, V). VT (uy — p)dz
n—-+4oo Q Q
+ AT (un) T (un, — @)do + 5/ [|Vun|P+—2VunVTk(un —¢)+ |un|p+—2unTk(Un — w)]dx)
o0 Q

= fTi(u — @)dx + / 9Tk (u — @)do, as € — 0,
Q o9

which is equivalent to
/ b(u) Ty (u — p)dx + / a(z,u, Vu).VT(u — p)de + / Ty (u — p)do

Q Q X9)

< / fTi(u—@)dz + / 9Tk (u — @)do,
Q o9
(3.59)

for ¢ € C>(Q2).
As (.) verifies the log-Hélder condition (2.1), C*°(Q) is dense in the space W17()(Q). Moreover,
Whm(Q) — WP (Q) < L>®(Q), since 7(.) > p_ > N and Q is a bounded open domain with

Lipschitz boundary 9. Therefore, the inequality (3.59) holds true for ¢ € Wm0 (Q) N L>(Q).

Hence, u is an entropy solution of (1.1). O
Now, we state the uniqueness result of entropy solution. This result uses the same arguments
as [2]-Theorem 2.8.

Theorem 3.5. Assume that b is strictly increasing. Assume that a = a(x, z,n) satisfies (As)—(Ag)
and M constant. Moreover, a satisfies:
for all bounded subset K of R x RN there exists a constant C(K) such that

a.e. x€Q, foral (z,m),(Z,n) € K,
la(x, z,m) — a(z, Z,n)| < C(K)|z — Z|. (3.60)

Finally, suppose the following regularity property:

for all f e L>®(Q) and g€ L*=(00Q)
there exists an entropy solution of (1.1),

which is Lipchitz continuous on Q. (3.61)

Then, for all f € LY () and g € L*(99Q) the problem (1.1) admits a unique entropy solution.
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Remark 3.6. As in [2, Theorem 2.8], the condition (3.61) goes back to idea of [3]. Moreover, in
the Theorem 3.5 the relation (3.60) is used to obtain the inequality (3.69) below.

Proof. The proof of this theorem is done in two steps.

Step 1. A priori estimates.

Lemma 3.7. If v is an entropy solution of (1.1), there exists a positive constant C such that

ooy (IVV|XF) < CE,

where F ={h —k <|v| <h}, h>k>0.
Proof. Let ¢ = T}_j(v) as test function in the entropy inequality (3.1), we get

/ a(x,v, Vu).VTr(v — Th—g(v))dz + / b(v)Tk (v — Th—g(v))dz + A vT(v = Th_i(v))do
Q Q 1519)

< ‘/Qka(U — Th_k(’l}))dib + /39 9T (v — Th_k(’l}))da.

Thus,
/ (a0, Vo).V T(0 = Thos(0))d < k(1fllzrcoy + lgllerom)
{h—k<|v|<h}

and using (Ag), we have

/F Vol @@ dr < kO (|| Fllurey + gl om)-

Consequently,

ot (IVOIxF) < Ck, where C = Co(]| L) + [l9llL1(o9))- O
We give the following lemma.
Lemma 3.8. If u is an entropy solution of (1.1), then

I[fllzr ) + llgllz a0
min (b(h), |b(—h)|)

meas({|u| > h}) <

, Vh>1.

Proof. Let us take ¢ = 0 and k = h in entropy inequality (3.1).

Since

/ a(x,u, Vu). VT (u)dx + )\/ uTh(u)do > 0,
Q a0

the relation (3.1) gives

/Q b(w) T (u)dz < /Q FTh(u)dz + /6 oTu(u)do.
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Then,
/ b(w) T () + / b(w)Tw(w)dz < h(1F 1|z + 9]l 0m)-
{|ul<h} {Ju|>h}
or
b(uw)Th(u
[ MO [ et [ b < (1l + lallzion)-
{lu|>h} {u>h} {u<—h}
Therefore,

[ etade < 1z + lsllzrony
{ul>h}

Since b is nondecreasing, we deduce

[ i, o-mhde< [ )] < [l + lollrn, =1
{lul>h} {lul>h}

So,

[z + gl o)

meas({Ju| > h}) < = (b(h), |b(=h)))

, Yh> 1. O

Step 2. Uniqueness.

The existence has already been proved. Now, we show the uniqueness. For more details see [2]-
Proof of Theorem 2.8.

Let u be a Lipschitz continuous entropy solution of (1.1) with f € L>®(Q),g € L*>(9) and v be
an entropy solution, with f € L1(Q), g € L*(6%).

Since  is open bounded domain with smooth boundary 0f2, the space of Lipschitz functions
C%1(Q) and W1>(Q) are homeomorphic and they can be identified. Therefore, u belongs to
W1°(Q). Thus, for all h > 0, we can write the entropy inequality corresponding to the solution

u, with Tp(v) as a test function and to the solution v, with T, (u) as a test function. For all k£ > 0,

we get
/ a(x,u, Vu).VTi(u — Tp(v))dz + / b(w) Tk (u — Th(v))dx
Q Q (3.62)
—l—)\/ uTy(u — Th(v))do < / fTu(u — Th(v))dz + 9Tk (u — Ty (v))do
[519) Q o2
and

/ a(z,v, Vu). VT (v — Tp(u))dz + / b(v)Tk (v — Th(w))dz
o Q (3.63)

+A v (v — Th(u))do < / fTi(v — Ty (u))dz + / 9Tk (v — Th(u))do.
o Q o
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Adding (3.62) and (3.63) we obtain

/ a(z,u, Vu). VT (u — T (v))dz + / a(z,v, Vu). VT (v — Ty(u))dz
Q Q

/ b(u) Tk (u — Tp(v))dx —|—/ b(v)Tx (v — Th(u))dz
Q Q

/\/[”uT;C u — Th(v))do + /\/aQ VT (v — Th(u))do (3.64)

/ FTe(u—Tp(v)) + fTe(v — Th(u))]da
fa}gz [ng(u —Th(v)) + gTk(v — Th(u))} do.

Set A={0<|u—v|<k/v|<h}; B=AN{|u|<h}; C=AnN{ul > h} and
A ={0<|v—u| <k,u|<h}; B =ANn{v <h}; ¢ =AN{jv|>h}. Westart with the first
integral in (3.64). We have

+

/ a(x,u, Vu).VTi(u — Tp(v))dzx
{0<|u=Ty (v)|<k}

Il
—

a(x,u, Vu). VT (u — Th(v))dz
{0<ju=Th(v)|<k}n{v|<h}

a(z,u, Vu). VT (u — T (v))dz

+
—

{0<|u—T} (v)|<k}N{|v|>h}

a(z,u, Vu).V(u — v)dx

Il
—

{0<|u—v|<k}N{Jo|<h}

+ / a(z,u, Vu).Vudz
{0<|u—hsign(v)|<k}N{|v|>h}

> / a(x,u, Vu)V(u — v)dx
A

[
S

a(z,u, Vu)V(u — v)dz + /c a(z,u, Vu)V(u — v)dz.

Then, we get
/ a(x,u, Vu). VT (u — Ty (v))dz
{0<|u—Tp (v)|<k}

Z/a(x,u,Vu)V(u—v)dx—/ a(x,u, Vu)Vodz.
B c

Now we use the fact that Vu is bounded. By assumption of the theorem (M is constant),
la(z,u, Vu)| < C(|Vu[P@®u@) 4 1) € L°°(Q). Therefore, there exists a constant K such that

(3.65)

a(x,u, Vu)Vudz
C

< / la(x, u, Vu)||Vu|dx
C

IN

K/ Volde < K IVolda, (3.66)
C {h—k<|v|<h}

since C' C {h —k < |v| < h}.
Thanks to Lemma 3.8, thJIrl meas({h — k < |v| < h}) =0 and by Lemma 3.7, [Vv|xr € L}(Q).
—+00
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So, the right hand side of (3.66) converges to zero, as h goes to infinity.
Consequently, the second integral of the right hand side of (3.65) converges to zero, as h goes to

infinity. Then, we can write that

/ a(x,u, Vu).VTi(u — Tp(v))dz > / a(z,u, Vu).V(u — v)de
{0<|u—T} (v)|<k} B
+ Iy, with hlim I =0.

—+o0

As B = B’, we may adopt the same procedure to treat the second integral of (3.64) to obtain

/ a(x,v, Vu).VTp(v — Tp(u))dz > —/ a(xz,v, Vv).V(u — v)dx
{0<|v=Tp (u)|<k} B

+ Jp, with hlim Jn =0.

—+o0

For the other terms in the left hand side of (3.64), we denote by

Ky = /Qb(u)Tk(u — T (v))dz + /Q b(v)Ti(v — Th(u))dz

and
Ly =X\ uTg(u — Th(v))do + A vTi (v — Th(u))do.
G19) G19)
We have
b(w)Tk(u — Th(v)) = b(u)Tk(u —v) a.e. in Q as h — oo
and

Ib(u) T (u — Th(v))] < klb(u)| € L'(9).

Then, by Lebesgue dominated convergence Theorem, we get

lim b(w)Tk(u — Th(v))dx = / b(u) Ty (u — v)dx

h=too Jo Q
and

hgr}rloo A ()T (v — Th(u))dx = /Qb(v)Tk(v —u)dx.
Then

)

lim K, = /Q(b(u) —b(v))Tk(u — v)dx.

h—+o00
Similarly, we obtain

lim Lp= )\/ (u—0)Ti(u — v)do.
o9

h—+o00

Now, we consider the right hand side of (3.64), we have

lm  [fTi(u—Th(v) + fTe(v — Tu(w)] = (f — f)Ti(u—v) ae. in Q

h— 400
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and

|fTi(u = T(v)) + fTiu(v = Tu(w)| < k(If] + /1) € L'(9).

By Lebesgue dominated convergence Theorem, we get

lim /Qf[Tk(u — Th(v)) + Ti(v — Th(u))]do = / (f - f)Tk(u —v)dz.

Similarly, we have

hli}r_{loo an[Tk(u — Th(v)) + §T%(v — Tp(u))]do = /69 (9= 9)Ti(u — v)do.

After passing to the limit as h goes to +0o in (3.64), we get

/{0< —v|<k} (a(:zr,u,vu) —a(x,v, Vv))v(u —v)dz
) / o e e /an(u —0)Tx(u — v)do (3.67)

Sf (f—f)Tk(u—v)d:c—i—/ (g—g)Tk(u—v)da,
Q o0

which is equivalent to

/ (a(z,u, Vo) — a(z,v, Vo)) V(u — v)dz
{0<|u—v|<k}
+ (a(z,u, Vu) — a(z,u, Vv))V(u — v)dx

0<|u—v|<k} (3.68)
+ / (b(u) — b(v))Tr (v — v)dx + A 6Q(u — )T (u —v)do

< (f—f)Tk(u—v)d:c—i—/ (9= 9)Tr(u—v)do.
Q oQ

Dividing (3.68) by k and letting k goes to 0, we have

1
lim—/ a(x,u, Vv) —a(x,v,Vv))V(u — v)dx
k=0 k 1{O<\u—v\<k} ( ( ) ( )) ( )
+ lim — (a(z,u, Vu) — a(z,u, Vv))V(u — v)dz
k—0 k {0<|u—v|<k} (369)

+/ |b(u)—b(v)|d:c+)\/69 lu — v|do

< (f - f) sign(u —v)dz + / (g — g) sign(u — v)do.
Q o0

Thanks to the relation (3.60), the first integral of (3.69) goes to 0 as k — 0 (See [2], proof of

Theorem 2.8-Step 2). Thus, we obtain
1
lim

— a(x,u, Vu) — a(z,u, Vo)) V(u — v)dz
g [ (V) et V) V(v

+/ |b(u)—b(u)|d:v+/\/m lu — vldo (3.70)

< |f—f‘da?+ lg — g|do.
Q o9
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Since, the three integral of left-hand in (3.70) are positive, we deduce that

b(u) — b(v)|dz + A —v|do — fld — §ldo. .
[ =bidsa [ ju=lio < [ 1= flae+ [ Jo—il (3.71)

Let us take a sequence (f;)ien C L>®(R2) and (g;)ien C L°(09) and let (u;);en be the corresponding

sequence of Lipschitz continuous entropy solutions. By (3.71), we have
[b(u) — b(v)|dx + A |u — v|do < / [|b(u) —b(ug)| + |b(v) — b(uz)ﬂd:z:
Q o0 Q

+ A [lu— ;| + v — ;|| do
a0

< [Wr-s+if- st [ lo-al+la-alan @72

so that at the limit as ¢ — oo in left hand-side of (3.72) and using the density argument (L>°(2)
and L>(9Q) are dense (respectively) in L'(Q) and L'(92)), we infer that

b(u) =b(v) a.e. in Q and u=v a.e. on 9.

Hence,
u=v ae. in ) and u=wv a.e. on 9.

Since b is assumed strictly increasing. [
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ABSTRACT

In this paper, we investigate the existence and uniqueness of solutions for the Darboux
problem of partial differential equations with Caputo-Katugampola fractional deriva-

tive.

RESUMEN

En este articulo investigamos la existencia y unicidad de soluciones para el problema
de Darboux de ecuaciones diferenciales parciales con derivada fraccional de Caputo-

Katugampola.
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1 Introduction

To investigate many different fields of science and engineering, the fractional calculus represents a
powerful tool, with many applications in mathematical physics, hydrology, finance, astrophysics,
thermodynamics, statistical mechanics, biophysics, control theory, cosmology, bioengineering and
so on, [5, 6].

In recent years, there has been an important works in ordinary and partial fractional differential
equations. For the Caputo fractional-order ordinary differential equations case, see Kilbas et al.
[7], Miller and Ross [8]. In addition, Yunru Bai and Hua Kong have treated the existence of
solution for nonlinear Caputo-Hadamard fractional differential equations in [9]. For the Caputo
fractional-order partial differential equations case, see the work of Tian Liang Guo and KanJian
Zhang in [10]. Furthermore, Xianmin Zhang has investigated the Caputo-Hadamard partial frac-
tional differential equations in [11]. The choice of an appropriate fractional derivative (or integral)
depends on the considered system, and for this reason there are a large number of works devoted

to different fractional operators.

Recently, U. Katugampola presented new types of fractional operators, which generalize both
the Riemann-Liouville and Hadamard fractional operators [4]. Although the Katugampola frac-
tional integral operator is an Erdélyi-Kober type operator [13] author in [14] argued that is not
possible to obtain Hadamard equivalence operators from Erdélyi-Kober type operators. In this
sense, Almeida, Malinowska and Odzijewicz [2] introduced a new fractional operator, called the
Caputo-Katugampola derivative, which generalizes the concept of Caputo and Caputo-Hadamard
fractional derivatives. It turns out that, the new operator is the left inverse of the Katugam-
pola fractional integral and keeps some of the fundamental properties of the Caputo and Caputo-
Hadamard fractional derivatives. Such derivative is the generalization of the Caputo and Caputo-
Hadamard fractional derivative. The existence and uniqueness of the solution of the ordinary
Caputo-Katugampola differential equations is given in [3]. A. Cernea in [12] studied a Darboux
problem associated to a fractional hyperbolic integro-differential inclusion defined by Caputo-

Katugampola fractional derivative and several existence results for this problem are proved.

In this paper, we study the existence and uniqueness of solutions of the following partial

differential equation with Caputo-Katugampola fractional derivative

CDZ"fu (z,y) = f(x,y,u(x,y)), (x,y) € J =la1,b1] X [az,ba], (1.1)

gp(x) y X € [alvbl]a
=¥ (y), y € [az, bo], (1.2)



CU(BO) On Katugampola fractional order derivatives and Darboux ... 127
22, 1 (2020

where f: J xR = R, ¢:[a1,b1] = R and ¢ : [az, b2] = R are given continuous functions.

The rest of the paper is organized as follows. Some definitions and preliminaries are presented

in Sect. 2. Finally, the existence and uniqueness results, is given in Sect. 3.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used throughout

this paper.

Definition 1. /2, 3, /] Given o > 0, p > 0 and an interval [a,b] of R, where 0 < a < b. The
Katugampola fractional integral of a function u € L'([a,b]) is defined by

t
(s)
I u (1) —ds,
() J (tr —sr)!

where I' is the Gamma function.

Definition 2. /2, 3, /] Given o > 0, p > 0 and an interval [a,b] of R, where 0 < a < b. The
Katugampola fractional derivative is defined by

t
. P, d [ s u(s)
Pu(t) = —t—ttr— [ ———"1g
U=y dt/(tﬂ—sp)o‘ s

Definition 3. [2, 3, 4] Given 0 < a < 1, p > 0 and an interval [a,b] of R, where 0 < a <b. The
Caputo-Katugampola fractional derivative is defined by

©D%Pu (1) =DEP[u (t) — u (a)]

o d [ us) — u(a)]
TTr(- a)tl E/ (tr — s)* ds.

Definition 4. Let 0 < a; < b;, i = 1,2 reals numbers, a = (a1,az2) and u : [a1,b1] X [ag,b2] = R
be an integrable function. The mized Katugampola fractional integrals of order a = (a1, as), and

parameter p = (p1,p2) is defined by

1 ozl 1 o Splfltpgfl
I u(z,y) = / / — ——u (s, t)dtds.
af

(xPr — SPl)l U (yp2 — tp2)1 @2

where a1, ag, p1 and py are strzctly positives.

Definition 5. Let 0 < a; < b;, i = 1,2 reals numbers, a = (a1,a2) and u : [a1,b1] X [az,bs] — R

be a function. The mized Katugampola fractional derivative of order = (a1, 2), and parameter
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p = (p1,p2) is defined by

Defule,y) = 2Py D2 I (a,y)
_ glmPryl=p2 pou po D2 /m /U gP1—1p2—1
T —anT(—a) ¥ Jr Juz o —om)™ (e — 7)™

xu (s,t) dtds.

Where (a1, az) € (0,1)%, D:, = ag—zy and pi1, p2 are strictly positives.
Definition 6. Let 0 < a; < b;, i = 1,2 reals numbers, a = (a1,az2) and u : [a1,b1] X [ag2,b2] = R

be a function. The mized Caputo-Katugampola fractional derivative of order a = (a1, 2), and

parameter p = (p1,p2) is defined by
DY u(z,y) = Dyl (u(z,y) —u(z,a2) —u(a1,y) + u (a1, az))
where (a1, as) € (0,1)% and py, py are strictly positives.

Lemma 2.1. Let 0 < a; < b;, i = 1,2 reals numbers, a = (a1,az2) and w : [a1,b1] X [az,ba] — R is
an absolutely continuous function. The mized Caputo-Katugampola fractional derivative of order

a = (a1, a2), and parameter p = (p1, p2) is given by

Dyfu(zy) = L7 («'Py' D], (x y))
T o2 u(s,t
_ P1 P2 t (s:t) = dtds
P(l—a)T(1—as) (xPr — 1) (yP2 — tr2)

88—2 and p1, p2 are strictly positives.

almost everywhere, where (a1, as) € (0,1)%, Dz?, o

Lemma 2.2. Let 0 < a; < b;, i = 1,2 reals numbers, a = (a1,a2) and u : [a1,b1] X [az,ba] = R be

an integrable function. Then
ISP TS u (2 y) = I8 u (2, y) (2.1)

almost everywhere, where a = (a1, a2), 8= (81, B2) and parameter p = (p1, p2). If additionally u

is a continuous function, then the identity (2.1) holds everywhere.
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Proof. Using Fubini’s Theorem we get

1 (¥1 1 2 P1 1 P2 1I,8P S1.8
I8P () = / / 1 - (51, 2)17a2d52d51
L
_ pi 51[); B2 1 ay 1 g / / ;1)17155271 y
(ﬁl) (52) .I'pl _ SPl l1—ay (yp2 o )1 (e
tPl 1tP2 1
/a / p1 tpl 1— ,81( oo tp2)l ,32 (t17t2) dtodtidsadsy
1

1 61 1— ,82 1 @1 1 s
= TErET / / 5 (b, ) (2.2)

/ / st 502 dsodsy dtadty
ts xPl —S 1 1— (5] (yp2 _ )l (!2( tpl)l ﬂl( P2 tp2)l ﬂg

Using the change of variables

B (S? _t?)l*ﬁl B (82 tpz)l B2
T= g andy——mla,
(o — ) =)

we get

splsh ! 1
dsad
/ /2 .Tp] _ SP] 1—aq (sz _ )l (%) ( tpl)l B1 ( tp2)1 Ba S20dS81

/131 1 Y 52 1
= — dSl X/ — d82
/n (wpr — &)1 (s — gyt b (yre —sh?)' O (s — th7)t R

(@ =) W2 =15 [ it o [ et
P1 P2 /0(1 %) v dx/o 4=y v
1 _ 4P 2 _ P2

_ @)y )B(Oélqﬁl)B(a%B?)
£1 P2

@ =) (" — ) T (@) (B) T (a)T (B) 23)
p1 p2 T(a1+61) T(ag+ o) .

From (2.2) and (2.3) we obtain (2.1). O

Lemma 2.3. Let 0 < a; < b;, i = 1,2 reals numbers, a = (a1,a2) and u : [a1,b1] X [az,b2] = R be
an integrable function. Then
DAI%Pu (2,y) = u (z,y)

almost everywhere, where a = (a1, o) € (0,1)°and parameter p = (p1, p2).

Proof. From Lemma (2.2), we get

DI ur,y) = 2Py DR I ()
= 2" plyl p2D§ yIa+ (517 y)

= u(z,y).
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3 Existence and uniqueness results

For the existence and uniqueness of solutions for the problem (1.1)-(1.2) we need the following

lemma.

Lemma 3.1. The function u € C(J) is a solution of fractional order problem (1.1)-(1.2) if and
only if
u(z,y) = ¢ @) +¢y) —ela)+ L5 (@ y,u(y). (3.1)

Proof. First suppose that u is a solution of the integral equation (3.1). Applied “D}}” and using
Lemma 2.3 we obtain that u solves the the equation (1.1). Since the integral is zero when x = a4,
or y = ag, then the initial conditions in (1.2) are satisfied. Hence u solves the problem (1.1)-(1.2).

Conversly, if v is a solution of the problem (1.1)-(1.2). Let

h(xvy) = f(:z:,y,u(x,y))
= Dy (u(z,y) —u(z,a2) —u(a1,y) +u(ar,az))
= 2!yt D2 LT u(x,y) —u (@ a2) —ular,y) +ulanaz)] . (3.2)

Applying the operator I;f to (3.2), we get
I;th (x,y) = Ii:o"p [u(z,y) —u(x,a2) —u(ar,y) +u(a,az)l.
Applying the operator Di;a"p to this equation we find

[u (@,y) —u(@,az) —u(ary) +ular,a2)] = D™ I h(z,y)
= (2Ty ) DI LR ()

z, Yy at
= I h(z,y).

Hence, the proof is complete. O

3.1 Existence of solutions

In this subsection we study the existence of solutions for the problem (1.1)-(1.2).

Theorem 3.1. Let k > 0,h] > a1 and hi > as.
Define
G= {(:Cay?u) : (.T,y) € [alahﬂ X [a27h§] ’ |u - (p(l') - ¢ (y) + (P(a/l)l < k}v

M= sup |f(x,y,u)
(z,y,u)EG
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and

(hi,h3) if M =0,

hi, ho) = P a 1. a5
(h1, ha) <min <hl(%“‘“)) 1>’mm <h2(%@+1>) )) herise.
2 2

Then, there exists a function u € C [a1, h1] X [a2, ha] that solves the problem (1.1)-(1.2).

Proof. If M = 0 then f (z,y,u) =0, for all (z,y,u) € G. In this case it is clear that the function
u : [ar, h1] X [az, ko] = R with u (z,y) = ¢ () + ¥ (y) — ¢ (a1) is a solution of the problem (1.1)-
(1.2).
For M # 0, using Lemma 3.1 we obtain that the problem (1.1)-(1.2) is equivalent to the Volterra
integral equation (3.1).
Define the function T by
T(2z,y) = ¢ (@) +¢y) —¢(a). (3:3)

and the set U by

U={ueC(lar,h] x [az, h]), |u—T|, < k}. (3.4)

The set U is nonempty since T' € U. It is clear that U is a closed and convex subset of the Banach
space of all continuous functions on [ay, h1] X [az, ha).
We define the operator A on this set U by
1—as 1 a2 p1—=1yp2—1 t, t
(A0) () = T (o) + BB / / : flobulst) g (35

(xPr — sP1) ! (yr2 — tp2)1 @2

We have to show that A has a fixed point. This is done through the Schauder’s Fixed Point
Theorem.
It is easy to see that A is continuous. Now we show that A is defined to U into itself, let u € U
and (x,y) € [a1, h1] X [az, ha] then
-1 1—as p1—1yp2—1
S t f(s,t,u(s,t
(Aw) (2,) = T (2,)] = 7/ / Fontulo g,

xPl _ SPl 1-on (ypz _ tpz)l @2

l—ay 1-ap g1 —1ppa—1

< 17/ / — ———dtds
af (xPr —sp1) "% (yr2 —tp2) T2
< (o (ot
- T+ 1) ['(az+1) 1 p2
< M hl{lalhpzaz
ol (e + 1) (e + 1)
M

< By g
S T+ DT () 2
3 M ko 3T (a1 + DT (a2 + 1)
15T (an + 1) T (e + 1) M
< k.
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Thus, we have Au € U if u € U. We will now show that AU = {Au : u € U} is relatively compact.
This is done by the using Arzela-Ascoli Theorem.
Firstly, we show that A(U) is uniformly bounded. Indeed, let v € U and (z,y) € [a1, h1] X [az, hs]

and from the previous step we get
[Aull o < Tl + %

Secondly, we show that A(U) is equicontinuous. Indeed, let (x1,y1) € [a1, h1] X [az, ha], (z2,y2) €
[a1, h1] X [a2, ho] such that x1 < x2 and y1 < Yo, we have

|(Au) (21,y1) — (Au) ($27y2)|

i 041 1 as Y1 gP1—1yp2—1
< |T(zq, — T (x2, + == / /
< T (z1,51) = T (22, 92)] ) (g )
p1—1yp2—1
- o ——dtds
G e

1 041 1 [ p1—1yp2—1
1 s

/ / 1 j—— T dtds

— sP1) (y — tP2)
plme1pl-a p1—1ypa—1
S t
/ / T oo dtds
aj (bt —sPr) T (yhr —te2) T

% O41 1 a2 Y2 Spl 1tpz 1
/ p 1—aq 1—a2
1
Y1 — Spl (y _ tpz)

< |T(x1,y1) T($2ay2)|
3M

P11 p2*T (an) T (az)
Hence, A(U) is equicontinous, since T is uniformly continuous in [a1, k1] X [az, ha]. As a consequence
of the Schauder’s Fixed Point Theorem, we deduce that A has a fixed point » in U. This fixed
point is the required solution of the problem (1.1)-(1.2). Hence, the proof is complete. O

+ (@8 —al™)™ (57 — yf)™ + (y5* — ab?)™ (2" — af")™]

3.2 Uniqueness of solutions

In this subsection we discuss the uniqueness results for the problem (1.1)-(1.2).
Let Uy, U € O([al,hl] X [ag,hg]), and (117,1]) S [al,hl] X [CLQ, hg]

Suppose there exists a constant L > 0 independent of z,y,u1, and us such that

|f (zyy,u1) = f (2,9, u2)] < Llug — ugl, (3.6)

then we have

L ||’LL1 _ u2||C([ xPl (o5 P2\ X2
) 4 < ay,@]X[az,y]) [ L vy . 3.7
1CAu1) = (Au2)ll ooy, ax oz, < —F (a+ DT (e+1) \p; p2 &7
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Indeed, let ui,us € C([a1,h1] X [az, ha]), (x,y) € [a1,h1] X [az, he] and (v, w) € [a1,2x] X [az,y],

we have
[(Aur) (v, w) — (Auz) (v, w)]
B 1 o 1 a2 / / s P2 f (st ug (s,t)) — f (s, t,u2 (S’tmdtds
o UPl _ SPl)l a1 (wpz _ th)lfoQ
1 al 1 [ Splfltpgfl
< _
- / / ’Upl — SP] l1-as (wpz — tpz)l_az |U1 (S’t) U2 (S’t)l dtds
plmen pl-oz g1 —1ppa—1
< Zr P2
> ( ) ( ) ||U1 UQHC ([a1,x] ag,y])/ / Upl _ Spl 1—a; (’LUP2 _ tp2)17a2 dtds
L P L P2
<
S FE T rETD M et (G > (%)
L
<

Pl yp2
(o + 1T (g +1) lur = tzlle ar ol x oz N P2

From the above inequality we get (3.7).

L ||U1 — UQHC([ 1| 2P\ ¢t yP? @2
Auy) — (A < aveixfaz,yl) (T
1(Au1) = (Au)llo(fay 0 ¢ az,ul) S L +1)T (a2 +1) p1 p2

Next, we have the following result

Theorem 3.2. Suppose that the assumptions of Theorem 3.1 are satisfied. Also let j € N, (z,y) €
[a1, 1] X [az, ha] and uy,us € U. Suppose f satisfies the Lipschitz condition with respect to the third
variable with the Lipschitz constant L. Then

IRNEY) P2 azj
P1 P2

x| x[az,y]) < L (1+ay)T(1+az)) [[ua —U2||c ([a1,2]x[az,y]) *

[ATus AjWHc([a], (38)

Proof. We will prove (3.8) by induction. In the case j = 0, the inequality holds. Assume (3.8) is
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true for j — 1 € Ny then for all (z,y) € [a1, h1] X [ag, he] and (v, w) € [a1,x] X [az,y] we have

‘(Ajul) (v, w) — (Ajug) (v, w)‘
= ‘(AAJ 1u1) (v, (AAJ ! ) (v,w)’

_ p% " py / / S f (s, AT (5,0) = f (5,8 AT (1)
o (’Upl _ SP])I_O” (wpz _ th)l_o‘z 5
< } a1 1 0‘2/ / sPr— 12— 1‘A3 Lug (s,t) — A7 Luy (s,t)’dtds
- (vPr — SPl)l (w2 — tﬂz)lf‘m
1 1 1 j—1
_ } a1 1 az/ /w sP1TAtP2— HA7 uy — A7 UQHC ([a1,8]x[az,t]) dtds
= 1—a; 1—ao
‘11 a ’Upl — Spl) (wpz — tpz)
LJ 1 a1j 1—asj

< L - llur = 2]l e (ar 0 faa )

['(o1)T (a2) T (1+a1(J—1))F(1+a U=1) aiany

W gprtaipi(§—1)—1ypatazpz(j—1)—1
/ / - oo dtds
(vPr — sP1) T (P2 — tP2) T2
L7 1 a1 1—asj

< L - llur = 2ll e (ar 0 faa )

I'(on)T (e 2)F(1+a1(J—1))F(1+a2(J—1)) amiany

(Lla) Do) T (L4 a1 (j = D)T (1 +az (j — 1)) @] yreeed

rQa +Oélj) (14 azj) pL P2
21\ @10 yP2 ) 42
(%) (p—)
T T+l (1+a: ‘ul ~ Uallo(ay ) faz ) -
Hence, the proof is complete. O

Theorem 3.3. Let k,hi and h} are positive numbers, define the set G as in Theorem 3.1 and
assume that the function f : G — R satisfies a Lipschitz condition with respect to the third variable
with the Lipschitz constant L. Then, there exists a unique solution u € C ([a1,h1] X [az, ha]) for
the problem (1.1)-(1.2). Where hq, ha are the same as in Theorem 3.1.

Proof. According to Theorem 3.1, the problem (1.1)-(1.2) has a solution. To prove the uniqueness,
we adopt Theorem 3.2, we use the operato A as defined in (3.5), the function T as defined in (3.3)
and the set U as defined in (3.4). We will apply Weissinger’s Fixed Point Theorem to prove that
A has a unique fixed point.

Let j € Nand uy,us € C ([a1, h1] X [az, ha]) . From (3.8) and taking the norms on [a1, hi] X [az, ha],

we get

Y yP2 azj
P1 P2

U2l o(ay i fasha)) S T Tt o) T 1™~ 2ot mdanna

ALy — 49
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@P1 \Y1J (yP2 \¥2]
Let wj = ()™ () . It is clear that

P(14o01 )T (1+az5)
= e ()T )Y
1 p2 2P\ ¢ (ypz)o‘2 )
wj = . =~ =E( (i, 1),21 25 — ,
JZ::O ! ; [+ )T (1+ azj) (( i1 (< p1 ) P2 )
hence the series converges. This completes the proof. O

4 Conclusion

Here we have studied the existence and uniqueness of the solutions for the Darboux problem of

partial differential equations with Caputo-Katugampola fractional derivative.
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ABSTRACT

Given a coupling function ¢ and a non empty subset of R, we define a closure operator.
We are interested in extended real-valued functions whose sub-level sets are closed
for this operator. Since this class of functions is closed under pointwise suprema, we
introduce a regularization for extended real-valued functions. By decomposition of the
closure operator using polarity scheme, we recover the regularization by bi-conjugation.

We apply our results to derive a strong duality for a minimization problem.

RESUMEN

Dada una funcién de acoplamiento ¢ y un subconjunto no vacio de R, definimos un
operador clausura. Estamos interesados en funciones extendidas a valores reales cuyos
conjuntos de sub-nivel son cerrados para este operador. Dado que esta clase de funciones
es cerrada bajo supremos puntuales, introducimos una regularizaciéon para funciones
extendidas a valores reales. Gracias a la descomposicién del operador clausura usando
el esquema de polaridad, recuperamos la regularizacién por bi-conjugacién. Aplicamos

nuestros resultados para derivar una dualidad fuerte para un problema de minimizacién.

Keywords and Phrases: Duality, regularization, level sets, c-elementary functions, polarity,

conjugacy.

2010 AMS Mathematics Subject Classification: 49N15.


http://doi.org/10.4067/S0719-06462020000100137

138 Moussa Barro & Sado Traore SI;I(]?OZ?)

1 Introduction

Regularization and conjugation of extended real-valued functions play an important role in opti-
mization theory since it is a base of duality theory. Until the Fenchel’s work([4]), many authors
have introduced and studied different kinds of regularization and conjugation among which we can
cite Moreau ([8]), Crouzeix ([1]), Rockafellar ([13]), Martinez-Legaz ([7]), Singer ([15]), Penot-Volle
([11]), Volle ([16, 17]). In [16], M. Volle used a dual pair of polarities to introduce and study level

set regularization and conjugacy.

In this work, we introduce and study level set regularization and conjugacy by means of a
coupling function and a nonvoid subset of the real numbers. The outline of the paper is as follows.
In Section 2, we recall Moreau conjugation scheme. Section 3 is devoted to the study of the
I'—regularization of extended real-valued functions and hull of sets. We introduce these notions
and give some properties (Proposition 2, 4 and Theorem 3.8). In Section 4, we introduce the
level set regularization of extended real-valued functions. By decomposition of a closure operator
via a couple of dual polarities, we show that this regularization coincides with the bi-conjugation
relative to the polarity couple (Proposition 8 and Theorem 4.6). We derive an analytic expression
of level set regularization of extended real-valued functions (Proposition 10). Section 5 is devoted
to an application of our theory to a minimization problem. A perturbational dual of this problem
is defined and a necessary and sufficient condition is given to ensure a strong duality property for
this problem (Theorem 5.1, Corollary 5.2 and Corollary 5.3).

2 Preliminaries

Let us start this section by recalling the Moreau conjugation ([8]). Let U, V two nonvoid sets

and c: U x V — IR, a coupling function. Given an extended real-valued function h : U — R :=

R U {—00, 400}, we define the c—conjugate of h by h¢(v) := sup{c(u,v) — h(u)}, for any v € V.
uelU

By exchanging the role of U and V, we define the c—conjugate of a given function k : V — R by
k¢(u) := sup{c(u,v) — k(v)} for any u € U. The c—bi-conjugate of a given h : U — R is then
veV
defined by h°¢(u) := sup{c(u,v) — h¢(v)} for any v € U.
veV

Example 2.1. The usual Legendre-Fenchel conjugacy is obtained by taking U := X, a topological

vector space with topological dual V := X* and c the standard bilinear coupling function.

Example 2.2. Other examples of coupling functions have been considered in the literature among

which, we can cite:

(1) U=V ={z € R"|x; >0,...,z, >0} andc(u,v):lgljg viug, ([14]),
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(2) (U,d) a metric space, « >0, V =U and c(u,v) = —ad(u,v), ([6]),
(3) (U,d) a metric space, V = U x]0,4o00[ and c(u, (v,a)) = —ad(u,v), ([6]),
(4) U=V =R", 0<a<1, >0 andc(u,v) =—0|u—uv|* ([7]),

(5) U a topological space, V = € (U,R), space of countinuous real functions on U and c(u,v) =

v(w), ([5],[10]).

Given a function h : U — R, the following notation and definitions will be needed: dom h =
{u e U | h(u) < +oo}, the effective domain of h, [h < t] := {u € U | h(u) < t}, the t-sub-level set
of h(or level set of h in short).

Given a subset A of U, we define its indicator function i4 by ia(u) =0if u € A and i4(u) =
+oo if u € U\ A. Following the terminology introduced in [9] we will also use the valley function
v4 of A defined by va(u) = —oco if u € A and va(u) = oo if u € U\ A.

3 TI'—regularization of functions and hull of sets

3.1 TI'—regularization of functions

The notion of continuous affine functions can be generalized by those of c—elementary functions.
In this work, we call c—elementary function on U (resp. on V'), the function of the form ¢(.,v) —r
(resp. c(u,.) —r) with v € V (resp. u € U) and r € R. The upper hull (i.e., the supremum) of
a family of c—elementary functions is called c-regular. We denote by I'.(U), the set of c—regular
functions defined on U. We call c-hull or I'.—regularization of h : U — R, the greatest c—regular
minorant of h. This function is denoted by h'e. It is well known ([8]) that

he® = hle for each h: U — R. (3.1)

Remark 3.1. The equality (3.1) is still valid if the coupling function is an extended real-valued

function. In this case, one must interpret the conjugate h¢ as follows

he(w) = = inf {h(u) - cu, )},

with the usual conventions (+00) — (+00) = (—o0) — (—o0) = +00.

There exists an equivalent approach to generalized convex duality in terms of ® -convexity

[2], which consists of working with a set U and a class of functions ® C R’ .



CUBO

140 Mowussa Barro €& Sado Traore

22, 1 (2020)

3.2 Hull of sets

Let P be a nonvoid subset of R. The following definition generalizes the notion of half space.

Definition 1. We call (¢,IP)—elementary subset of U any subset of Uof the form {u € U | r —
c(u,v) € P}, where (v,r) € V x R. We note it by Ey,.

Note that, if P = R, then EET = U for any (v,r) € V x R. In this case, the only
(¢, IP)—elementary subset of U is U itself. The (c,IP)—elementary subsets of U allow us to de-
fine a notion of hull of a subset A of U.

Definition 2. The (¢,IP)—hull of A C U is the intersection of all (¢,IP)—elementary subsets of U
containing A. The (¢,IP)—hull of A is denoted by (A)cp.

Remark 3.2. If there is not (c,P)—elementary subset of U containing A, then (A)ep = U by

convention.
Proposition 1. If P # R, then (B).p = 0.
Proof Let s € R\ P. Assume (@).p # 0. Let a € (@) p. Then r — c¢(a,v) € P for any
(v,7) € V x R. In particular s = (s + ¢(a,v)) — ¢(a,v) € P, absurd. O
It follows from the definition of (.). p that, for each A C U, and for each u € U, one has

ug (A)ep < 3Iv,r) eV xR : ACE,, andr—c(u,v) ¢ P. (3.2)

By definition 1, one has A C (A).p , for any A C U. Moreover, if A C B then (A).p C (B)¢p-
Therefore, ((A)ep)ep = (A)c,p, VA C U. We deduce that (). p is an algebraic closure operator.

Definition 3. A subset A of U is said to be (¢,IP)—regular if A = (A).p. We denote R.p(U),
the set of all (c,P)-regular subsets of U.

Observe that (¢, P)—elementary sets are (c,IP)—regular. More generally, any intersection of
(¢, IP)—regular subsets is (¢, P)—regular and the (¢,P)—regular hull of A C U coincides with the

intersection of all (¢, P)—regular subsets of U containing A.

In what follows, we will use the following values for P : Py = Ry := [0, +o00[, P2 = R} :=
10,+o0], P3 = R* := R\ {0} and P4 = {0}. For i = 1,2,3,4, ()¢ := ()c,p, for short. For
i=1,2,3, the set (A).,; can be explained as follows:

Proposition 2. For any A C U, one has:

(Ayer ={ue U] clu,v) < 21613 cla,v), Yo € V}, (3.3)
(A)eo={ueU |YweV,ac A c(u,v) <c(a,v)}, (3.4)

(A)es={ueU |YveV,3acA| clu,v) =c(a,v)}. (3.5)
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Proof By (3.2), one has:

a¢ (Ayer <= F(v,r) eVxR:AC[ce(,v) <r] and r < c(a,v)

< F(v,r) € VxR :supc(u,v) <r < ca,v)
u€A

< JveV: supc(u,v) < c(a,v).
u€A

Thus, a € (A).1 < Yv €V, ¢(a,v) < sup c¢(u,v), and (3.3) holds.
u€A

a¢ (Ao <= Iv,r) €eVxR:AC][e(,v) <r] and r < c(a,v)
< I(v,r) €V xR:c(u,v) <r<cla,v), Vue A

— FveV: clu,v) <cla,v), Yu € A.
Thus, a € (A)c2 =Y e V,Jue A: c(a,v) < c(u,v), and (3.4) holds.

a¢ (A)es <= Iv,r)eVxR:AC][e(,v) #r] and r = c(a,v)
— FveV: clu,v) #cla,v), Yu € A.

Thus a € (A)ez3 <= Yo eV, Jue A: c(a,v) = c(u,v), and (3.5) holds. O
Remark 3.3. Observe that one cannot remove the real parameter r in the definition of (A)c.a.

Example 3.4. We observe the situation in topological vector case. Assume U is a topological vector
space with topological dual V' and c the standard coupling function. The c—elementary functions

are affine continuous functions, and we have:

1. (c,IPy)—elementary sets are O, U and closed half spaces. Moreover, if U is locally conver,
then by Hahn-Banach separation theorem and (3.3), (A)c,1 = ConvA, the closed convex hull
of A.

2. (c,Py)—elementary sets are O, U and half open spaces. The (¢,P2)—hull of a subset of U is
its evenly convex hull ([4],[7],...).

3. (c,IP3)—elementary sets are O, U and complementary set of closed hyperplane. The (¢, P3)—hull
of a subset of U is its evenly co-affine hull ([15]). Observe that ([15], corollary 2.2) A is

evenly convex if and only if A is evenly co-affine and convex.

4. (c,Py)—elementary sets are B, U and closed hyperplane. Moreover, if U is locally conver,
then by the Hahn-Banach separation theorem and (3.2), the (¢,IP4)—hull of a non empty
subset of U 1is its closed affine hull.

Proposition 3. Let P and Q be two nonvoid subsets of R. Assume that any (c, P)-elementary
set is (¢, Q)-reqular. Then, (A)e,q C (A)e,p, YA CU.
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Proof Let a ¢ (A)c,p. By definition, there exists an (¢, P)-elementary set E such that A C E
and ¢ ¢ E. Since F is also (¢, Q)-regular, it follows from (3.2) that a ¢ (A4). ¢, and we are
done. O

Corollary 3.5. For any A C U, one has:

<A>c71 D) <A>672 D) <A>673 and <A>C_’4 D) <A>C_’3.

Proof Let v € V and r € R, it is obvious that

{uelU|eclu,v) <r}= m{ue U | e(u,v) < s}

s>r

Consequently, any (c¢,IP;)—elementary subset is (¢, P2)—regular, and by Proposition 3, one has
(A)e1 D (A)¢o for any ACU.

It is easy to verify that:

{ueU]| c(u,v) <r}:ﬂ{u€U | c(u,v) # s},

s>r
fwel | clwo) =1} = (ueU | c(,v)# s},
s#T
therefore, (A)c2 D (A)cs C (A)c.a. O

We derive from Corollary 3.5, the following comparison between the sets R, p,(U):
'R,c,]P1 (U) - 'R,c,]P2 (U) - Rc,]p:,’ (U) and Rc,p4 (U) - Rc,]p:,’ (U) (36)

Remark 3.6. Observe that

1. Py D Py and RC7IP1 (U) C Rc,IPg (U)
2. P3 D Py and Rc,IPg (U) D) Rc,IPg (U)
3. Rep,(U) C Repy(U) whereas Py and Ps are not comparable in the sense of inclusion.

4. In particular, in the case of locally convex vector space, we recover the fact that every closed

conver subset is evenly convew.
Proposition 4. Assume that the coupling function c satisfies the property:
VoeV, JweV | —ec(,v)=c(,w). (3.7)

Then, one has:
RC7]1>4 (U) C Rc7]1>1(U) C RC7]1>2 (U) C RC7]1>3 (U) (3.8)
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Proof By (3.6), we only need to show that R, p,(U) C Rep,(U). Let (v,r) € V x R. We

have

By assumption on the coupling function, there exists w € V' such that —c¢(.,v) = ¢(.,w). Conse-

quently,

We conclude with Proposition 3. O

Example 3.7. Assume that U =V =", and coupling function c is defined by c(u,v) = ||Ju—v|,
where ||.|| is the euclidean norm. The non trivial (c,IP4)—elementary sets are spheres (not convez)
whereas the non trivial (c,P1)—elementary sets are closed balls (closed convex). In this case,
Rep, (U) and Rep,(U) are not comparable. Observe that in this case assumption (3.7) does not
hold.

Proposition 5. For any A C U, one has (A).1 = [i'y" <0].
Proof By (3.2), one has

a¢ (A1 <—=TweV : i) <cla,v)
<=0 < sup{c(a,v) —i%(v)}
veV
—0 < iy (a)
—=0¢ i <0].
Thus (A)e; = [i} < o}. O

The following result makes the link between hull of set and I'-regularization of function by

means of indicator function.

Theorem 3.8. Assume that the coupling function c satisfies the condition:
vV (v,8) eV xRL, FveV|pBe(,v)=c(,0). (3.9)
Then for each A C U such that dom i # 0, one has: iic =AYy,

Proof Let be U.

(1) Assume that b ¢ (A)c,1. By (3.3), there exists (v, €) € V xR such that ¢(b, v) —sgg cla,v) >
€. From (3.9), one has:

Yn > 1,3v, € V : nc(.,v) =c(.,vp).
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Consequently,

ne < ¢(b,v,) — sup c(a, v,) = c(b,vy) — % (vs) < iy (b), Vn > 1.
acA

Therefore i’ (b) = +o0.
(2) Assume that b € (A). 1. By (3.3), one has

c(b,w) —supc(a,w) <0, YveV.
acA

Thus

ite (b) = sup {c(b, v) — sup c(a,v)} <0.
veV acA

Let v € dom 4. By (3.9), one gets
1
Vn>1, v, €V : =c(,v) =c(.,vn).
n

Consequently,
1
— <c(b, v) — sup ¢(a, v)> = c(b,v,) — sup c(a,v,) < iy (b), Vn>1.
n acA acA

Therefore,

0= lim + (c(b,v) — sup c(a,v)) < i (b),

n—-+oco N aEA
and finally, i'y(b) = 0.
O

Remark 3.9. Assumption (3.9) is satisfied by coupling functions (1), (3) and (5) of Example 2.2.
Coupling functions (2) and (4) of the same example do not satisfy assumption (3.9).

4 Level set regularization of functions

In this section, we introduce a notion of (c,P)—level set regularization of extended real-valued
functions. We show that this level set regularization can be interpreted as bi-conjugacy relative
to a couple of dual polarities by decomposition of the closure operator. We then give some other

expressions of these regularizations.

4.1 Definitions and properties

Definition 4. A function h : U — R is said to be (c,IP)—level regular if all of its sub-level sets
are (¢, P)—regular, i.e ([h < 7)), p =[h <7], Vr € R.
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We denote N, p(U), the set of (c, P)—level regular functions defined on U to R. Observe that

this set contains the constant function —oo.

Proposition 6. The set N.p(U) is closed under pointwise suprema, i.e given (h;)icr a family of
(¢, P)—level regular functions,then h := sup h; is (¢, IP)—level regular.
iel
Proof Let r € R. Since [h < 7] = Nier[h; < 7], the conclusion follows from the fact that any

intersection (¢, P)—regular sets is (¢, P)—regular. O

We define the (¢, IP)—level set regularization of an extended real-valued function as follows.

Definition 5. The (c,IP)—level set regularization of a function h : U — R is the greatest

(¢, P)—level regular minorant of h. This function is denoted by hler

Example 4.1. Assume U is topological vector space with topological dual V' and c the standard
coupling function. (c,P2)—level reqular functions are evenly quasi-convez functions. Moreover,
if U is locally convex then (c,IP1)—level regular functions are lower semi-continuous quasi-convex

functions.

Example 4.2. Assume that U is a metric space, V. = €(U,R) a space of continuous functions
from U to R, and ¢ : U x V — R defined by c(u,v) = v(u). A function h : U — R U {400} is

(¢,IP1)—level regular if and only if h is lower semi-continuous ([3], corollary 11).

Proposition 7. Any c—elementary function is (¢, IP;)—level reqular for i = 1,2,3. More precisely,

one has

FC(U) C Nc,]Pl(U) C NC)]pz(U) C Nc,IPg(U) and ./\/‘07[P4(U) C Nc,IPg(U)-

Proof Let h :=¢(.,v) — r an c—elementary function. For any ¢ € R, we have
[h<t]={ueU]|t+r—clu,v) >0}

which is obviously (¢, P;)—elementary set. Therefore I'.(U) C M. p,(U). The other inclusions
follow from (3.6). O

Remark 4.3. c—elementary functions are not necessary (c,[P4)—level set reqular functions. For
example, in the topological case, one cannot write a half space as an intersection of affine hyper-

planes.

Example 4.4. Let n > 1, an integer number. Assume that U =V = R" and ¢ a standard scalar
product of R™. Let hy,hg : R™ — [0;n] two functions defined by

o ifz=0
hl(x)_{ max{i € [1,n] | z; #0} ifx #0,
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0 ifx; #0, Vie [1,n
() = | f vi # [1.7]
max{i € [1,n] | z; =0} else.
For any r € R, we have
0 if <0
h1<r]={ {z€R" |21 =...=2,=0} if i<r<i+1l, i=0,1,....,.n—1
R™ if n<r,
0 ifr <0
[he <r]=1< {z€R" |21 #0,...,2, #0} ifi<r<i+1, i=0,1,....,n—1
R" if n<r.

It is clear that:

(1) hy is (¢,Py)—level regular. In particular, hy € N p,(U), for i =1,2,3,4.
(2) hs is (¢, P3)—level regular but not (c, Po)—level reqular since [ho < n—1] = {z € R" | =, # 0}
18 not convez.

Example 4.5. Let U =V =R, ¢ the standard product of R. The indicator function of R* ir~ is

(¢, P3)—level regular but not quasi-convex.

4.2 Decomposition of (). p

Let us consider a map A, p : 2V — 2V*R defined by:
Acp(A) :={(v,r) e VxR | ACEET}, (4.1)

which, we simply denote A in the sequel. Given (4;);cr a family of subsets of U, we have

AUAl —{(U,T)EVXR| UAlcEvle,r}

i€l iel
={(v,;r)eVxR|A CE,,, Vicl}

= {(w.,r) eV xR|A CE}}
i€l

=24

iel
Therefore A is said to be a polarity ([16]). We associate to A, its dual polarity A* : 2V*® — 2U

defined by
A*(B)=|J{Ae2V | BC A(4)}. (4.2)

Observe that for each (v,7) € V x R and for each u € U, one has

u€ A*(v,r) <= (v,r) € Alu) <= u € EET, (4.3)
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therefore A*(v,r) = EET. Since A* is a polarity, then we have for each B C V x R,
AB) =a"( | {wnh)= () A@wn= () E.- (4.4)
(v,r)eB (v,r)eB (v,r)€B

The operator (). p can be decomposed as follows.

Proposition 8. For any A C U, we have (A* o A)(A) = (A)p.

Proof Given A C U, one has

(A" o A)(A) =A"({(v,r) eVXR|ACEL )= () EL, =(Acp.
ACEF

4.3 Conjugacy associated to polarities A and A* ([16, 17])

The conjugate of a function A : U — IR relative to the polarity A is the function 2® : V x R — R
given by
h2(v,r):== sup —h(u)= sup —h(u). (4.5)
ugA*(v,r) ugEP

Analogously, the conjugate of a function k : V' x R — R relative to the polarity A* is defined by

EA (u) ::( s);lz( )—k(U,T) = ;%PP —k(v,7r). (4.6)

Thus, the bi-conjugacy relative to polarities A, A* of a function h : U — R is the function

22" 1 U — R given by

A2 (a) == sup inf  h(u)= sup inf h(u). 4.7
) (v,r)¢A(a) vEAT (V) “ ag BY  WEET, () (47)

It is well known ([16]) that this conjugacy can be interpreted by means of coupling function
§:U x (V x R) — R defined by

0 si u¢EY,
5(%(0”))_{ —00 si uEEIé

More precisely, given a function h : U — R, we have h® = h% and h22" = h%,

Theorem 4.6 ([16]). The (c,IP)—level regularization of a function h : U — R coincides with

bi-conjugacy relative to polarities A, A*: hler = pAAT

Corollary 4.7. For any subset A of U, we have
<>c P

A" = Ay and  vy° = V(A)p-
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Proof Let A C U. Let a € A. It follows from Theorem 4.6 that

()c )i : -
’ = S f .
iy (a) S ia(u)

We distinguish two cases:

o We first assume that a ¢ (A). p. There exists (v,r) € VxRsuch that a ¢ E}, and A C E}, .
Consequently,

inf ig(u) =+oo.
u¢Eg’y,‘

e Secondly, assume that a € (A).p. For all (v,r) € V x R such that a ¢ E},, there exists
u € A such that u ¢ EY,. Consequently,

(e N _ Wf
iy" (a) azlé%ué%ﬁ,‘mw)

0 if a€e <A>c,]p
+o0 if a¢ (A)ep

=i(a),p(a).

Analogously, we have

<>c,]P — . f
vy"" (a) aé%%ué%a”“‘(”

)= if a€ <A>c,]P
]+ if a¢(A)ep
=v(a), p (@)

Proposition 9. For any function h: U — R and for any real number t, one has

(RO < t] = [V{h < s))e.p.
s>t
Proof Let s >t and a ¢ ([h < s]), p. There exists (v,7) € V x R such that a ¢ EY. and
[h <'s] C E} ;. We deduce that
BOer (a) = a;ggruéggr h(u) > u%i%%; h(u) > s > t.
Let a ¢ ([hVeP < s]>c]P. There exists s € R such that h(<®(a) > s > t. By Theorem 4.6, there
exists (v,r) € V x R such that

EP d inf h(u) > s,
a¢ E,, an ué%?,’,r (u) > s

thus [h < s] C EY

v,

and finally a ¢ ([h < s])_ p- O

)
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4.4 Other expressions of (¢, P)—level regularizations

We now give another expression of the (¢, IP)—level regularization of an extended real-valued func-
tion h. These expressions give the value of the (¢,IP)—level regularization of h at a given point.
Given h: U — R and a € U, we define sets Z,(a) and J,(a) by:

Tn(a):={t€R | ad ((h<t)ep} and Tn(a)={t R |ae ([h<t)epl. (4.8)

Sets Zy(a) and Jp(a) are two intervals of R such that Zy(a) N Jr(a) = 0 and Zy(a) U Jp(a) = R.
Moreover, for any (r,s) € Zp(a) x Jn(a), we have r < s. We deduce that supZp,(a) = inf Jp(a).

Proposition 10.

hOe® (a) = sup {t eER:a¢ (h< t]>c,]P} = inf {t eER:ae([h< t]>c,11>} .

Proof Let t € Zp(a). There exists (v,7) € V x R such that a ¢ E}, and [h < {] C E},.
Therefore
inf h(u) >t andso sup inf h(u) >t
“%EET a¢E57‘u¢Ei1P,7‘

By Theorem 4.6, one gets h0<F (a) > t. Hence h'<® (a) > sup Zj(a). Conversely, let t < h0=F (a),
then a ¢ [h0® < t] and by Proposition 9, there exists s > ¢ such that a ¢ ([h < s]), p. Conse-

c7

quently, sup Zj,(a) > s > t. Hence supZy(a) > hbe¥ (a). O

5 Applications to an optimization problem: sub-level set
duality

Let us consider the following minimization problem:
min f(z), st z€X, (2)

where X is a nonempty set and f: X — R U {400} is an extended real-valued function.

5.1 Level set perturbational duality
We consider a perturbation function F : X x U — IR satisfying

JaeU : F(,a)=f(). (5.1)
We associate to F' a valued function h : U — R defined by

h(u) := inf F(z,u). (5.2)

zeX
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We denote by « the optimal value of (£?). It is obvious that o = h(a).

The perturbational dual of () ([16]) is given by

max —h®(v,r) st a¢Ey,. (2)

(v,r)

We denote by 8 the optimal value of (2). By definition, one has
— 00 < B:=sup(2) = h** (a) < h(a) =: a = inf (P) < +o0. (5.3)

Thus, the weak duality holds. The following theorem gives a necessary and sufficient condition to

assure the strong duality.

Theorem 5.1. The following statements are equivalent:
(1) The strong duality holds for (2?) i.e inf (&) = max(2),
(2) a ¢ ([h<al)p-
Proof. Assume that (1) holds. There exists (7,7) € V x R such that

ad¢ EY. and a = h(a) = —h2(9,7) := inf h(u).
’ ugEY .

We deduce that [h < o] C E} . Thus a ¢ ([h < a]), p- Conversely, assume that (2) holds. There
exists (0,7) € V x R such that a ¢ E} . and [h < o] C E} . . Therefore

inf h(u)>a> 8.
uérElP (u) >a>p

Remember that
B:= sup —h2(v,r)= sup inf h(u).

a¢EY ag B uEET,
Thus
B> inf h(u)=—h>@,7) >a> 4.
uéE%P);
Hence 8 = —h2(0,7) = a. O

Theorem 5.1 is interesting in evenly convex case which is used in economic theory.

5.2 Evenly quasi-convex duality ([1],[7],[11],[12],[17])

We assume X and U are topological vector spaces, V = U* the topological dual of U, ¢ = (,) the

standard coupling function between U and U*.
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Corollary 5.2. Assume that function F : X x U — R is quasi-convex and for each x € X,
F(z,.): U — R is upper semi-continuous. One has:
inf (Z7) = max inf  F(x,u).
u*€U* (z,u)eX XU
(u—a,u*)>0
Proof Since F' is quasi-convex and for each € X, F(z,.) is upper semi-continuous then h
is quasi-convex and upper semi-continuous. Consequently, [k < «] is open convex set and so it is
evenly convex. As a ¢ [h < a], it results from Theorem 5.1 that

inf (#) =max(2) = max inf  h(u) = max inf h(u

r—(a,u*)<0  r—(u,u*)<0 u*eU* (u,u*)>(a,u*) ’

where the last equality follows from the fact that for each u* € U*, function k,- : R — R defined

by ky-(r) = Tﬁ(inuf*><0 h(u) is not decreasing. O

Corollary 5.3. Assume that function F : X x U — R is quasi-convex and for each x € X,

F(z,.): U — R is upper semi-continuous. One has:

inf () = max inf  F(x,u).
u*€U* (z,u)eX XU
(u—a,u*)=0

Proof We know that under these assumptions on F, [h < @] is convex open set, therefore it is
((,), R*)—regular. Since a ¢ [h < ¢/, it results from Theorem 5.1 that

inf (#) =max (2)

=  max inf  h(u)
(u*,r)eU* xR u€eU
(au*) = r (wu™)=r
= max max inf h(u)

u*eU* reR uelU
(a,u*y=r (u,u*)y=r

= max inf  h(u)
wel*  uelU
(u—a,u™)=0
= max inf  F(z,u) by definition of h.
u*eU* (z,u)eX xU
(u—a,u™)=0

6 Conclusion

In this work, we introduced a closure operator by means of coupling function and a subset of R.
This operator allowed us to define a hull of sets and level set regularization of extended real-valued

functions. By decomposition of closure operator, we showed that a level set regularization of any
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extended real-valued function coincides with its bi-conjugacy relative to a couple of dual polarities.
We derive an analytic expression of a level set regularization of extended real-valued function. Our

results are applied to derive a strong duality for a minimization problem.
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