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cycles, which are unique for these dynamical systems, are
necessarily trascendental ovals. We exemplify these findings

by showing a numerical simulation within a system arising

from zooplankton-phytoplankton dynamics.
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1 Introduction

We consider predator-prey model

U =ru (1 - %) — vp(u),

v =v(=D+yp(u)),

with functional response proposed in [13]
p(u) = mu"/(a +u™).

where the parameters are: the maximal feeding rate m; an affinity constant a, related to handling
times, capture efficiencies, etc.; and the number of encounters n > 1 a predator must have with a
prey item before becoming maximally efficient at utilizing the prey item as a resource. According to
[13], this last parameter is derived from an analogy with Michaelis-Menten equation for enzymatic
kinetics. Here n measures the amount of ‘learning’ exhibited by the predator. For n > 1, this
functional response has Holling type III, while for n = 1 it has Holling type II, that is why this
functional is also called generalized functional response. Increasing the attack exponent 1 < n < 2
introduces the stability of simple consumer-resource population models, theoretical findings reveal
that this increases biodiversity, see [14] and references therein. By fitting parameters, it is shown
that n > 2 appear in certain models in ecology, where predator free-space is a component of the
habitat structure, see [1]. Other theoretical models of biological relevance consider the specific

attack exponent n = 2, see [15, 18].

For 1 < n < 2 existence and uniqueness of limit cycles for predator-prey system (1.1) is proved
in [16]. Existence and uniqueness for 0 < n < 1, n > 2 also holds true under certain conditions,

see [17]. Along this work we consider only integer values n > 2.

Existence of non-algebraic limit cycles for the Lotka-Volterra model were first exhibited by [12].
Since then, existence of trascendental ovals as limit cycles in system generalizing Lotka-Voltera
models have been proved, see for instance [9, 5, 6]. Motivated by these results we explore this

question for generalized functional responses.

Our main result is contained in Theorem 2.1 which asserts that limit cycles can not be algebraic
ovals in the case of Holing type III predator-prey models. The proof uses Puiseux series at infinity
in the variable x. We estimate the number of branches of solutions given by the Puiseux series.
We perform calculation of the leading term and prove that there exists at most one determination
or branch of such series. To see this we show how each coefficient ¢, is completely specified by
the parameters of the system. Thus, we conclude that any invariant algebraic curve must have at

most degree one in y. Thus any algebraic invariant curve y(z), should be a rational function.

For related works which also apply formal and Puiseux series to planar polynomial systems see [4,

7, 8].
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2 Rational functions as invariant algebraic curves

Under a suitable change of variables, * = u, y = —v/m, and time reparametrization, % =
1/(a + u?), system (1.1) becomes
i=z(r—1/K)a+ (r—1/K)z" +2"'y), 2.1)
y=y(=D+(ym—D)z"). .
Thus we study the algebraic system:
=z (ao +apz™ + ac"_ly) , (2.9)
y=1y(bp+byx™), an # by.
Notice that the axes x = 0, y = 0 are algebraic solutions of (2.1).
Take the ODE defined by system (2.1) in the complex domain
dy _ y (bo + bpz™) (2.3)

dr  x(ag + apa™ + xz1y)’

Solutions are Riemann surfaces immersed in C, x C,, where C, ~ C and poles of solutions

correspond to values y = oo in the compactification Cy =C, U{oo} ~ CP*.

If we ask for the existence of algebraic solutions F(z,y) = 0 for F € Clx,y], of the dynamical

system (2.1). Then, such algebraic curve should be rational.

Theorem 2.1. Suppose that the following conditions hold,

ap 7é bo, Qg 75 bn (24)

If there exists an invariant algebraic curve F(x,y) = 0 of equation (2.3) with x,y t F(z,y), then
deg, I' = 1. Therefore, any algebraic (possibly multivalued) solution should also be a rational

(univalued) solution, y = ¢(x), provided we exclude the trivial solution, y(x) = 0.

The following claim becomes of interest.

Corollary 2.2. There can not exist algebraic limit cycles of the dynamical system (2.1) as a real

vector field in R?, whenever conditions (2.4) hold true.

For the proof of Theorem 2.1 we consider the Newton-Puiseux algorithm to describe explicitly the
nature of solutions at the infinites x = oo and y = oco. For further explanation of the Newton-
Puiseux method for ODE, see [2, 10, 11]. The crucial step of the proof is to apply the following

result.

Theorem 2.3 (Theorem 1.4 in [3]). Let G(z,w) =0 be an invariant algebraic curve, 0,G # 0 of
the polynomial ODE

M Q(z,w) = 0. (2.5)

P(z,w) -
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Then deg,, G is at most the number of Puiseuz series
e L
w(z) = coz"° + ZCZZW+“°, (2.6)
1=1

solving (2.5), whenever the number of these series is finite. Here ug = lo/mo with mo,lo relatively

prime integers mgy > 0.

Proof of Theorem 2.1. We proceed analyzing poles and algebraic branch points according to Painle-

vé methodology, see [10, 11]. Notice that under the blow-up change of coordinates & = %, equation

(2.1) yields an equation at = oo corresponding to £ =0

By ylagt" +an)
de = " E(boe" b +€y)’ @7

At infinity the trivial solution y = 0 yields a trivial solution which tends to £ = 0. To find an

expansion of non-trivial solutions along £ = 0, with £ = 1/, in equation (2.7), we adopt the

following Puiseux series expansion:

Y(€) = ot + 3 agmi (2.8)

1=1
where pg = lo/mo and —1/ g is one of many possible slopes of the corresponding Newton polygon,
and lg, mg are relatively prime integers. For equation (2.7) the Newton polygon is a right-angled

triangle whose only oblique side is the hypothenuse, see Fig. 1.
5,y

4

1 2 n &

Figure 1: Newton polygon associated to the ODE (2.7) and used to calculate ug. Circled vertices

dy _
e —

correspond to monomials appearing in By’ within the expression A(¢,y) + B(&,y)
Therefore, the only slope to consider is —1/pp = 1. Accordingly, o = —1 and co(b, —ay,) —c2 = 0,
with two possible roots: ¢y = 0, b, —a,, € C. If we make a direct substitution ¢y = 0 of the Laurent
expansion, Zloi() €711 This yields the trivial solution, ¥ = 0. We claim that the remaining

value,

co=bp—a, #0 (2.9)
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gives rise to a unique Laurent series of a simple pole at = oo, and therefore to just one branch

of the Puiseux series. Indeed, under substitution

&=¢&y=coéy' +uyr,

we obtain a Newton polygon for

(aokt +bn + £1y1)£1@ + (bo&t + an)yr + (an — bn)(ao = bo)é7 ™ =0 (2.10)

d&
which has two possible slopes and corresponding values 1 =1, —1/(n — 1). See Fig. 2.

2,

4

1 2 n—1 n¢&

Figure 2: Newton polygon associated to the ODE (2.10) and used to calculate p.

According to the algorithm given in [2], for positive slope —1/u1, we choose as principal side,

p1 =n—1. We have

(an - bn)(aO - bO)
(1—-n)b, —a,

In the following step, we have a principal side with ps = 2n — 1. See the corresponding Newton

Cp =

(2.11)

polygon used to calculate us in Fig. 3.

This determines co,. Therefore, there is a unique determination for the Puiseux-Laurent series:
y=cot !t + Z R (2.12)

By direct substitution of the Puiseux-Laurent series in eq. (2.7) we can also verify that the middle

coefficients vanish, i.e. for each k =0,1,2,..., we have
=0, Vi=kn+1,...,(k+1)n—1.
Theorem 2.3 implies that deg, F' < 1.

Thus, under the hypothesis of Theorem 2.1 we conclude that y = ¢(x) is a rational function which
cannot contain an algebraic limit cycle because of the uniqueness of its determination with respect

to x. O
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A y

/gww%

1 n 2n —1

Figure 3: Newton polygon used to calculate us.

Remark 2.4. We have chosen Puiseux-Laurent series of the form y = y(x) because there is a
recognizable pattern in the successive Newton polygons, namely triangles with a moving low vertez.
This yields a unique side with a unique slope. Therefore a unique ug yields a unique linear relation

that allows us to compute all the coefficients cy.

3 On the degree with respect to x

We may ask whether the degree in z for an invariant curve can be estimated with the same
methods. Notice that expression (2.12) suggests that deg, F' = nk for some k € N. We illustrate
the difficulties to calculate an upper bound for deg, F' using the same techniques by considering

n=3.

If we take, z = x(y) at y = oo, then we may take the coordinate change y = % Thus system (2.1)

becomes

+1 1

dj _apxn +apx" Ty —x"T
dn — n?(bo + bpamn?)

The corresponding Newton polygon is shown in Fig. 4.

There are three posible cases for Puiseux-Laurent series

oo
L
x(n) = cont + Z anmo TH
=1

corresponding to slopes —1/uo equal to 1,00, —(n — 1) which yield po equal to —1,0, ﬁ No

infinite values ¢y € R arise in each case. This can be verified as follows:

(1) Case pg = —1. Under substitution

m=mn, x=con + a1,
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n+1 7

n

1 n

Figure 4: Newton polygon for x(y) at infinity used to calculate g = —1+.

n—1

we regard the least degree coefficient. There exists a unique Puiseux series where ¢y is

determined by a linear relation
ey (co(bn, — an) — 1) =0,
therefore there exists just one branch.

(2) Case pg = 0. Corresponds to the trivial solution x = 0 with ¢y = 0.

(3) Case o = ﬁ Puiseux-Laurent series arise as ¢y solve a relation:
boco
agCo + +c5 =0,
n—1

therefore there exists n — 1 posible branches. Each branch corresponds to a (n — 1)—th root

bo 1/n—1
Co = —apg — n—1 .

If we choose g = ——, then we get the ODE,

n—1’
dx
A, 1) + B(7717~T1)d771>
with extended expression,

A 3 A A 5/2

(3,00 +AqnymzT + A2, T
+ A j22m” 2} + Ayl +A3a} + A a1
+ A(1,4)771£U411

dx; 2 7/2 3

+ [Ba,yn + B2 +B(22)ni 1

+ Bgjanmy a3 + B aynpad] =0.
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whose Newton polygon is shown in Fig 5. Circled vertices correspond to monomials appearing in

Bz within the ODE.

Under the same assumptions of Theorem 2.1, if there exists an invariant algebraic curve F(z,y) = 0
of (2.3) with z,y 1 F(x,y), then deg, F' has upper bound at least n — 1, provided we exclude the

trivial solution, y(z) = 0. This would require
ag + _bo_ #0 (3.1)
RPN ' '

We still can not conclude that deg, F' < n — 1, since the proof of this fact would require a suitable
description of successive Newton polygons, as well as an effective calculation of the number of
branches of the corresponding Puiseux-Laurent series. Two main difficulties arise: On one hand
these Newton polygons may follow a complex pattern. On the other hand, we may have several
different relations defining general coeflicients ¢, k > 0 requiring enough conditions so that there
is a finite number of branches rather than a continuum.

X

_— N W

12 3

Figure 5: Newton polygon that determines p; = 2 with n = 3.

In the second step we have the possibility to choose either p; = 2 or g = 1/2. If we choose p; = 2.

Then, the corresponding relations arising from the least degree terms in the substitution

_ _ 13
m="mn2, T1=c1ly + T2

become,

4cy (4ag — by) = 8azal + 4atbs + 8azagby + 4agbzby + 2azby + b3b?,

Therefore, we would require the additional condition

4&0 7’5 bo (32)

in order to be able to calculate ¢; and thus have a finite number of branches.
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According to [2, Lemma 2], in order to have a finite number of branches, i.e. a good side of the
Newton Polygon in its terminology, it is sufficient that the following conditions hold for the high

and low vertices of such a side, (a,b), (a’,V’), respectively:

A a
(1) By #0and 522 ¢ Qzy, ={g€Q : q 2 p},

(2) A vy + 1By # 0,

where A(q ), Bap) refer to the coefficients for the monomials in the equation A + B% =0

associated to the vertex (a,b).

In our concrete example, in Fig. 5 we have chosen p; = 2 because it corresponds to the slope
—1/p1 of the unique good side which has vertices (a,b) = (1,1) and (a/,b") = (3,0). Calculations
yield

1
A(l,l) = §(16a0 + 12bg), B(l,l) = —by,
4 bo
A(g’o) = —Cy | Qo + E 5 B(g’o) =0.

Recall that under our conventions, Bz ) = 0 is implied by the fact that the vertex (3,0) is not
circled. Conditions for a good side which are sufficient to have a finite number of branches read as

follows:

(1) % ¢ Q> ={q€Q: ¢>p}. That is, either

(2) ao + % # 0. We recover condition (3.1).

Notice that condition (3.3) is stronger than (3.2).

In the following step we choose pus = 7/2 by considering the slopes of the Newton polygon shown
in Fig. 6 with the unique good side which has vertex (a’,b’) on the 7; —axis. Remark the increasing
complexity of the polygon. Thus in the step & > 2, we can always choose the good side largest
negative slope —1/p, with vertex (a’,b') = (a’,0) on the n,—axis and vertex (a,b) = (1,1).

But even if in each step k > 2 we achieve linear relations to determine coefficients ci, we still can
not conclude that there is a finite number of determinations. An additional calculation needs to be
done, namely to verify that no other side in the Newton polygon, yield a continuous indetermination
¢ € C. Those additional sides are not good. To illustrate this difficulty suppose that we do not
choose the unique good side in Fig. 5. Suppose that on the contrary we choose the side with

vertices (a,b) = (0,3) and (a’,b") = (1,1) which is not good. Further calculation yields

(ao + 2b0)Co =0.
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Therefore, either ¢ = 0 or an indetermination ¢y € C arises whenever the following relation does

or does not hold:

ag + 2b # 0. (3.4)
A
4
3¢ O
2 O O
1 O O
1 2 3 4 5 6 7 8 9 "

Figure 6: Newton polygon to determine pus = 7/2. Notice its increasing complexity with respect

to Figs. 5 and 4.

Summarizing, if we follow the same strategy, to find an effective upper bound for deg, F' requires
further calculations and a detailed and complete description of the conditions that allow a finite

number of branches. We leave it for a future work.

4 Zooplankton-phytoplankton dynamics

We consider the dependence of a predator’s (zooplankton) grazing rate on prey (phytoplankton)
is taken as that of Holling type III response as in [15], instead of type II as in (2.67), (2.68) in [18].
Suppose that phytoplankton grows in logistic form whereas the zooplankton predation by fish is
neglected. We then get the following system

2

1= (1= u) =
t=u(l—u)— ——=
h+u?’
5 (4.1)
b= 5y
h + u? ’
which yields a system similar to (2.1):
T =x(xy),
2 (4.2)

y=y(=0+(y—8a?).
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The criterion exposed in [17] for existence and uniqueness of a limit cycle adapted to system (1.1)

with m = 1 and n > 2 states that

aD
(nD — (n —2)y) - D < (pD — (p — 1)7)K,
which for (4.1) yields
hé
204 ——= <20 — 1. 4.
1) po— <20 —7 (4.3)

For the specific choice of parameters: § = 0.25, v = 0.35, h = 0.01, condition (4.3) holds true.
Therefore there exists a unique limit cycle. Indeed, numerical evidence for the existence of a limit
cycle is given in Fig. 7.
05
04l
03[
02l

0.1+

00 I I I I )
00 02 04 0.6 0.8 1.0

Figure 7: Solutions of system (4.1) with initial conditions (0.1,0.05) and (0.2,0.2) converge to a

limit cycle.

On the other hand, due to Corollary 2.2 this limit cycle can not be an algebraic curve. Indeed, for
an algebraic invariant curve F'(z,y) = 0, there is only one branch of a simple pole at © = co. The

corresponding Puiseux-Laurent series of this branch is

o0
Y= 262&21@71 =col el
k=0

where € = 1/x. A straightforward calculation of the coefficients yields
co=7—0=0.1,c=0=0.25c4=0=cox, k> 2.

Therefore, y = ¢o&™! + c2€. Hence for an invariant algebraic curve, deg, F = 1, and y = ¢(x),

should be rational with F'(z,¢(z)) = 0. In this example deg, F' = 2.
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RESUMEN

Para cualquier a € R, para todo n € N, y para el n-

ésimo cociente de Wallis w, = [];_, 2’;—;1, el error re-
lativo r,(a,n) := (v,(a,n) — wy)/wy de la aproximacién
w? ~ vy(a,n) = (7n)"Y? se estima como |r0(a,n)’ <

1
4n”

—a/2 a a,2
(mn) =/ (1 ~ 8 128n2)'
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1 Introduction

The sequence of Wallis' ratios

Dok -1 (2n-1D! _ /2n
w"::H 2k (2n)!! =4 (n) (1.1)

k=1

is often encountered in pure and applied mathematics, in physics, and in several other exact sciences

too. For example, the perimeter P(a,b) of an ellipse having semi-axes of length a and b < a is

/2 0 2
P(a,b) = 4a/0 \/1—e2sin?(7) dr = 2am <1 - Z 2]:)5 152k> (1.2)
k=1

[20], where e = 4/1 — 2—2, the eccentricity of an ellipse.

Similarly, the period T of a simple pendulum, located in the gravitational field with the acceleration

given as

¢ and having the length L and the amplitude of the oscillation « € (0,7), is determined by the

L [7/? L >
T = 4\[/ A 271'\/7 (1 + Zwi€2k> (1.3)
gJo /1 —e2sin®(r) g k=1

[21, p. 26], where ¢ = sin(«/2). Not only in mechanics, but also in other parts of physics, the

formula

Wallis ratio has several interesting roles, see for example [9] and [12].

In mathematics, the sequence of the Landau constants G,,, important in the theory of analytic

functions, see [1], is also defined by the Wallis ratios as
G, = sz (n €N). (1.4)
k=1

The Wallis ratio attracts mathematicians also because of its direct connections with Catalan num-

2
bers ¢,, 1= — (:

s ), also important objects for pure and applied mathematics [15, 29]. In fact, the

Wallis ratio, i.e. the sequence n — w,, was investigated by many researches, see for example the

papers [2, 3, 4, 5, 6, 7, 8, 11, 14, 16, 22, 23, 26, 27, 28, 29, 31, 33].

In 2007 was presented [33] aesthetically pleasing double inequality

(1.5)

1 1 n—ﬁ 1 1 n-— 12n1+16
— (1 4+ — < w, < 1+ —
vern < * 2n) = vern < + 2n>
true for all n € N.

In 2013 was demonstrated [10] the estimate

e 1\"vn—-1 4 1\"vn—-1
A= (1= — n<-(1—— , 1.6
7r( 2n) n v _3< 2n> n (16)

1John Wallis, 1616 — 1703
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true for n > 2.

In 2015 was derived [11] the inequalities

9 3/2 1 n+1/2 —1/2 1 n+1/2 —1/2
() (-2) (=3 =weyi(m5) (-3) 0 w0
n ™ n

valid for n > 2. At the same time, in [28, Theorems 4.2 and 5.2] were presented the estimates

ws (1o Y . t 1 (1.8)
n —(1-— X .
- m P92 " 4803 T 1600t T 960n5
e 1 n+1/3
N — (1= ___ 1.9
Wn = 7m< 2(n+1/3)) (1.9)
and
a1 e L (1.10)
Yn S\ T 2(n + 1/3) P\ Taams ) '

all true for n > 1.

In the mentioned formulas for the perimeter of an ellipse and the period of a simple pendulum, as
well as for the Landau sequence, see (1.2)—(1.4), we met the second powers of the Wallis ratios.
This fact initiated our desire to approximate any power of the Wallis ratio. But, all the inequalities
(1.5)—(1.10) are less suitable for estimating the power w? for a € R. Fortunately, the approximation
formula for the Wallis ratio, presented in [19], is more convenient for this task. In this contribution
we shall show the first two steps how to approximate simply and accurately the powers of the

Wallis ratios having real exponents.

2 Basic discussion

The sequence of Wallis’ ratios was estimated recently [19] as

wy, = \/% exp (— sr(n) + 6,(n)) (n €N), (2.1)

where i,

Sen) = m (n,r €N) (2:2)

and, for any n,r € N, the error d,.(n) is estimated as

|B2r+2| |Bzr+2|
— < (=1)"6, < . 2.3
G D@+ e < OV < e (23)
Here By = %, By = —%, Bg = 4—12, ... are the Bernoulli numbers, defined by the identity
=5 = Z;iij% (|z| < 2m).

We obtain the basic approximation by using r = 1,

w = ()2 exp (—as1(n) + adi(n)) (a €R,neN), (2.4)
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with, for n € N,

s1(n) :%>O (2.5)
and
1 1 1
- — ) —. 2.
80 = 2880w ~ 1 < Tgons (2:6)
Thus, due to (2.5),
- a
asi(n) = n (aeR,neN). (2.7)
Moreover, thanks to (2.5)—(2.6), we estimate, for n € N,
1 1 1
—81 i ’61 ’ —81 ‘(51 | > _8777, — m > _% (28)
and
1 1
—351(n) £ |61(n)| < =51(n) + [61(n)] < < ——. (2.9)

8n 180n3 9In
Therefore, —% < a( — 51(n) £01(n)) < —¢&, for a > 0 and —% > a( — 51(n) £ 61(n)) > —&,
for a < 0. Thus,

min {—2, -2} < a(—351(n i’él |) <max {—Z, - L} (a#0,n €N). (2.10)

Hence, considering (2.4), together with the equality min(—S) = —max(S), for every S C R, we

derive the following theorem.

Theorem 2.1. For a € R~ {0} and n € N, the following double inequality holds:

—a/2

(mn) exp (—max {2, £1) <wl < (mn)~/? exp (—min {&, &1). (2.11)

Figure 1 shows? the graphs of the function a — w$ and its approximation (dashed line) a
(m-2)"9/2,

n=2
AN
X
™
0.95 - N
NS
NS
N
L s S E E S S S T T S R N
-2 -1 1 2 -0.10 -0.05 0.05 0.10

Figure 1: The graphs of the function a — w$ and its approximation (dashed line) a s (- 2)~%/2,

2All graphics and calculations in this paper are made using the Mathematica [32] computer system.
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< (mn)~

< (mn)™ exp (12

From Theorem 2.1 there follows the next corollary.

Corollary 2.3. For every a € R~ {0} and for any positive integer n > a we have

wd > g(m)—aﬂ. (2.12)

Proof. For k > a > 0, using (2.11), we obtain® w > (7k)~%/2exp ( — ) > (mk)~%/?(1 —
) > (wk)*“ﬂ(l - %) = g(wk)*“/z. Furthermore, for a < 0, due to (2.11), we estimate wj >
(mk)~%/? exp ( — &) = (1k)~%? exp (Ial) > (rk)=%/% - 1. O

Lemma 2.4. Let real numbers a, B, v and w satisfy the inequalities af > 0, f < %, v >0 and

e®v < w < e’v. Then we have [v — w| < 3v - max{|al,|B]}.

Proof. Supposing that all conditions of Lemma 2.4 are satisfied, we have only two possibilities

a< fB<0or0<ac<f, together with the estimate
(e —1w<w—v< (e =1

Therefore, in case a < 0, we have (1 —e®)v > v —w > (1 —ef)v > 0. Thus, see Footnote 3,
lv—w| < —a = |a|. Additionally, using the first order Taylor’s formula and the estimate 0 < 8 < 1,
in case a > 0, we obtain, 0 < (e* — 1)v < —(v—w) < (e? —1)v < B+ 2782 < B+ 2el/21p < 3ﬁ

Hence, in both cases we have |[v — w| < v - max{|al, ||} O

Corollary 2.5 (relative error). For every a € R~ {0} and for any positive integer n > a the

relative error ro(a,n) = (w2 — vo(a,n))/we of the approzimation we ~ vo(a,n) = (wn)~*? is
roughly estimated as
[ro(a,n)| < i
4dn
Proof. Thanks to Theorem 2.1 and Lemma 2.4, using the notations a = —max{%n, gin}v 8=

a/2

—min {£, L} v =vy(a,n) = (mn)~*/? and w = w?, we obtain

ev(asm) — ] < Sy /2 - { s {5 1] min {2, )]}
Thus, according to the identity max { [max {z, y}|, |min {z,y}| } = max {|z[,|y|}, we get

™)~ a/Q.M

‘voan n’< -

3considering the well-known estimate e®* > 1 + z, true for z € R\ {0}.
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Hence, using Corollary 2.3,

lvo(a,n) —wi| 3 —aj2lal T, lap
we < 2(7m) ™ 6(7m) N

n

lal
dn

Figure 2 shows, on the left — the graph of the actual relative error function a + ro(a,n) and on

the right — the graphs of the functions a — rg(a,n) and a — Lal (dashed line).

%1000
F b AN b u ,
o7 AN 0.0020 | L
0.6 \ 4x 1()/00
: \ y
05¢ \ 0.0015 p
E \ /
04F \ ,
b=r)(a,1000) 03f N 00010 L/
i \
02¢ bovos| 7 =r0(2,1000)
1 N
a Y a
-10000 -5000  —2000 2000 4000 -8 -6 -4 -2 2 4 6 8

Figure 2: Left — the graph of the actual relative error function a — r¢(a, 1000); Right — the graphs

of the actual relative error a — ro(a, 1000) and its approximation (dashed line) a — % .

3 Improvement

The relations (2.4)—(2.6) can be exploited more accurately to derive the next theorem.

Theorem 3.1. For any a € R and every integer n > %, we have
w? = v(a,n) +e(a,n), (3.1)
where )
o —a/2 a a
v(a,n) == (wn)~ (1 —g t W) , (3.2)
and the error e(a,n) is estimated as
* . —a/2 a’2 1 : a a ‘a’|
|le(a,n)| < e*(a,n) := (7n) m—&-ﬁexp(—mln{?n,g—n}) Ton3 (3.3)
1 lal\ _lal
< —a/2( & 1 e
< (mm) <100 TR (m)) 10n3
< e*(a,n) := (7n)~¥?( a® + 35 _lal (3.4)
- T 2 /) (10n)3 " ’
Proof. Using the second order Taylor’s formula, we have
~ a a 1 a \2
exp (—asy(n)) = exp ( - 87n) =1- o + 3 (_8771) + Ry(a,n) (3.5)
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Ry(a,n) = %exp (—19~ gin) (—ﬁf : for some ¥ = 9J(a,n) € (0,1).

Therefore, for a € R and n >

Similarly,

exp (adi(n)) =1+ exp (9 - adi(n)) - ady(n), (3.7
for some ¥ = J(a,n) € (0,1).
Thanks to (3.7), (2.10) and (2.6), we estimate, using some 6 = 6(a,n) € (0,1),

‘exp (—as1(n) +adi(n)) —exp (— a'svl(n))’ =exp (—asi(n)) - | exp (6 - ady(n)) - adi(n)|

=A(a,n)

< exp (—a3i(n)) - exp (|adi(n)]) - |adi (n)|
= exp (a( = 51(n) £ 01(n)]) )al| 61 ()

(2.10)
2 e ({09

Consequently, according to (2.4) and (3.5), we obtain

2

—a a a
(mn)~/? (1 -3 + Tog2 + Ra(a,n) —&—A(am)),

—exp(—asi1(n))

o (24)

w? (Wk)_“/Q(exp (—a§1(n)+a51(n))) (3:5)

where, considering (3.6) and (3.8), for ¢ € R and n > 19 " we estimate the error e(a,n) =

8
(mn) /2 (Rg(a, n) + A(a, n)) as

etam] < ()12 [ e (—min (o, ) ]
| 1000n ™’ 9nJ) / 180n
= (7n)~2 -%20 + 1—18 exp ( — min {%, %} )} 1|OC;|L3
< |55+ 150 (5 3)] st
<WUW<$+émM1®%$3
swmﬂﬁ(ﬁg+iglgg- m

2
Remark 3.2. The sequence n +— W, := #ﬂ (szl %) , called the Wallis sequence, is closely
connected to the sequence of the Wallis ratios w,, by the identity W, = w, 2/(2n+1). So, W,, can

be estimated easily using Theorem 3.1, e.g. its consequence (3.14).
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Remark 3.3. According to Theorem 3.1, the constant m can be easily approzimated using certain

rational functions R+(n). For example, from (3.14) we get, for any n € N,

l —2 L 1_~_i_|_ 1 _1< <l *2+i 1_|_i_~_ 1 o
n \n 5n? 4n  32n2 s\ Wn 5n? dn ~ 32n2 ’

Directly from Theorem 3.1 and Corollary 2.3, from (3.4) and (2.12), we read the next corollary.

Corollary 3.4 (relative error). For every a € R and for any positive integer n > |a| the relative

error of the approximation w? ~ v(a,n),

w? —v(a,n)
== ’ 3.9
r(a,n) T (3.9)
is a priori estimated as
13 7|al
* L 2
|T(a,n)’ S T (a, n) = <a —+ 2) W . (310)

For any a € R and all integers n > |a| the rough estimate r*(a,n) < 8.2 %o holds true.

Figure 3 shows the graphs of the actual relative error functions a — r(a,n), for n € {10, 100}.

0.0003 | 1, b
0.0003 -
b = I'(a,10) _
0.0002 | b = I'(a,100)
0.0002 -
0001
0.000 0.0001 |-
‘ ‘ : a ‘ ‘ :
-10 -5 5 10 ~100 -50 50 100

Figure 3: The graphs of the actual relative error functions a — r(a,n) for n € {10, 100} .

Figures 4-5 compare the actual relative error functions a — r(a,n) and their approximations

a — r*(a,n), for n € {1, 3, 10, 100}.

\ - . / \ 0.0020 ,
AN 0.008 ¢ b=r@nh, \ i b=r"@3)y
[ \ [
\ / /
— 0.0015 |-
\ 0.006 - 4 N I /
N L ] / \ r /
N r n= 7 \ [ _
[ Y i n=3 /
\\ 0.004 1 7 b=t \\ 0.0010 F y
N [ 4 N [ /
N [ 7 N i P /
r % 0.0005 |-
N\ Q.ooz i y N [ 7 b=1@)3)
< I 7 ~ [ ~
‘ ‘ N ‘ a ‘ ‘ s ‘ a
-1.0 -0.5 0.5 1.0 -3 -2 -1 1 2 3

Figure 4: The graphs of the actual relative error functions a — r(a,n) and their approximations

a— r*(a,n), for n € {1, 3}.
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\ 0.0008 | . \ b ’
\\ i b="r"@,10), \\ 0.0010 - b r*(a,loo)/
L / i /
\\ 0.0006 / \\ 0.0008 [ /
\ - n=10 / \ ; n=100 //
. 0.0004 - . 0.0006 -
\ [ \ [
N i \ 0.0004 -
N 0.0002 i
N [ i
N [
~ L

-10 -5 -100 =50 50 100

Figure 5: The graphs of the actual relative error functions a — r(a,n) and their approximations
a — r*(a,n), for n € {10, 100} .

Usinga € {1, -1, 2, =2, L 5, ™, —2m} in Theorem 3.1, considering (3.1) and (3.4), we obtain several

inequalities for Wallis’ ratios, presented in the next corollary.

Corollary 3.5. For every® positive integer n we have

—_

1
1 1 1 1 1 1
— (1— 5 + m577) — 557z < Wn < N (1-&+5ks) + 522, (3.11)

1 1 1 1
vVTn (1 tan T 128712) - 3055/2 < — < Vﬂ'n( 8n 128n2) + 300577 (3.12)

1
1 2 1 1 1
7rn(1_7+32”2)_73"4<w"<7rn (1_E+32n2)+w’ (3.13)
1
1 1 1 1 1 1
(7T7’L) (1 + 4n + 32n2) T Tn2 < w2 < (7T7’L) (1 + 4n + 32n2) + 7n2> (314)
n
! — 1 1 1 1
T (1 - 1on + 51302) — Toonmo7m Wn Jrn (1 16 + 51207) + Too0077 > (3.15)
1 1 T 1 2 1
7rn)7r/2 (1 128n2> = Topstaz S Wn < (mn)™/2 (1 ~&n T 127T8n2) + oz (3.16)
(rn)™ (14 5+ oz ) — Un™ P <y < (rn) (14 5 + For ) + 140" % (3.17)

Remark 3.6. In case a > 0, the inequalities in Corollary 3.5 can be slightly improved using (3.3)

instead of (3.4). For example, due to (3.3), we have, for a € {1, 2},
le(1,n)| < e*(1,n) = (wn)~1/2 (fhs + = -1

1 1
100 18 ) 10n3 < 270n7/2

e2,n)] <e*(2.n) = (mn) ™! (35 + 15 1) 167 < To4nT -

4For 1 < n < |a| the inequalities are approved directly.
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ABSTRACT

Conformal (respectively, anticonformal) automorphisms of the Rie-
mann sphere are provided by the Mobius (respectively, extended
Mobius) transformations. A Kleinian group (respectively, an ex-
tended Kleinian group) is a discrete group of Mdobius transforma-
tions (respectively, a discrete group of Mobius and extended Mobius
transformations, necessarily containing extended ones).

A function group (respectively, an extended function group) is a
finitely generated Kleinian group (respectively, a finitely generated
extended Kleinian group) with an invariant connected component of
its region of discontinuity.

A structural decomposition of function groups, in terms of the Klein-
Maskit combination theorems, was provided by Maskit in the middle
of the 70’s. One should expect a similar decomposition structure
for extended function groups, but it seems not to be stated in the
existing literature. The aim of this paper is to state and provide a
proof of such a decomposition structural picture.

RESUMEN

Los automorfismos conformes (respectivamente, anticonformes) de
la esfera de Riemann son dados por las transformaciones de Mdbius
(respectivamente, Mobius extendidas). Un grupo Kleiniano (respec-
tivamente, un grupo Kleiniano extendido) es un grupo discreto de
transformaciones de Mobius (respectivamente, un grupo discreto de
transformaciones de Mobius y transformaciones de Mobius extendi-
das, necesariamente conteniendo extendidas).

Un grupo funcién (respectivamente, un grupo funcién extendido)
es un grupo Kleiniano finitamente generado (respectivamente, un
grupo Kleiniano extendido finitamente generado) con una compo-
nente conexa invariante de su regiéon de discontinuidad.

Una descomposicién estructural de los grupos funcién, en términos
de los teoremas de combinacién de Klein-Maskit, fue dado por
Maskit a mediados de los 70’s. Se debiera esperar una estructura
de descomposicién similar para los grupos funcién extendidos, pero
no parece estar enunciado en la literatura existente. El objetivo de
este articulo es enunciar y dar una demostracién de una tal descom-
posicién estructural.
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1 Introduction

The conformal (respectively, anticonformal) automorphisms of the Riemann sphere C = C U {oc0}
are provided by the Mobius (respectively, extended Mobius) transformations, that is, transforma-
tions of the form T'(z) = (az+b)/(cz+d) (respectively, L(z) = (aZ+b)/(c¢Z+d)) where a,b,c,d € C
are such that ad — bc = 1. The group of Mobius transformations M is isomorphic to the special
projective linear group PSLy(C) and the group of Mébius and extended Mdébius transformations

is M = (M, J(z) = %).

A Kleinian group (respectively, an extended Kleinian group) is a discrete subgroup of M (respec-
tively, a discrete subgroup of M necessarily containing extended Mébius transformations). The
region of discontinuity of a (extended) Kleinian group K is the locus of points p € C admitting
an open neighborhood p € U C C such that k(U)NU # 0 only for finitely many elements k € K.
By definition, the region of discontinuity is an open set (it might be empty). The complement
of the region of discontinuity is called the limit set and it is the place where the dynamics of the
group action is chaotic. The history of Kleinian groups can be traced back to Poincaré [17] and a

classical source is the book [13].

A function group is a finitely generated Kleinian group (with a non-empty region of discontinu-
ity) admitting an invariant connected component of its region of discontinuity. Basic examples of
function groups are provided by elementary groups (Kleinian groups with finite limit set), quasi-
fuchsian groups (function groups whose limit set is a Jordan curve) and totally degenerate groups
(non-elementary finitely generated Kleinian groups whose region of discontinuity is both connected
and simply-connected). In a serie of papers, Maskit provided the following decomposition structure

of function groups, in terms of the Klein-Maskit combination theorems [7, 8, 13].

Theorem 1.1 (Maskit’s decomposition of function groups [6, 9, 10, 11]). Every function group
is constructed from elementary groups, quasifuchsian groups and totally degenerate groups by a
finite number of applications of the Klein-Maskit combination theorems. Moreover, in the con-
struction, the amalgamated free products and the HNN-extensions are realized along either (i) a
finite cyclic group (including the trivial group) or (i) a cyclic group generated by an accidental

parabolic element.

An extended function group is a finitely generated extended Kleinian group with an invariant
connected component of its region of discontinuity. Basic examples of extended function groups
are the extended elementary groups (extended Kleinian groups with finite limit set), extended
quasifuchsian groups (finitely generated extended function groups whose limit set is a Jordan
curve) and extended totally degenerate groups (non-elementary extended finitely generated Kleinian

groups with connected and simply-connected region of discontinuity).

Note that the term “extended quasifuchsian group” used in this paper is different from the given
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by other authors in the sense that they refer it to Kleinian groups whose limit set is a Jordan curve

and contains elements permuting the two discs bounded by it.

As it is for the case of function groups, one should expect a similar decomposition result for the
extended function groups (see Theorem 1.2). It seems that such a result is missing in the literature.

The aim of this paper is to provide such an structural decomposition of extended function groups.

Theorem 1.2 (Decomposition of extended function groups). Fuvery extended function group is
constructed from (extended) elementary groups, (extended) quasifuchsian groups and (extended)
totally degenerate groups by a finite number of applications of the Klein-Maskit combination theo-
rems. Moreover, in the construction, the amalgamated free products and the HNN-extensions are
realized along either (i) a finite cyclic group (including the trivial group) or (ii) an infinite dihedral
group generated by two reflections or (iii) a cyclic group generated by either an accidental parabolic

element or by an accidental pseudo-parabolic element (i.e., its square is accidental parabolic).

The above structure description is a consequence of Theorems 3.1 and 3.2 (which are new results);
their statements are at the beginning of section 3. Their proofs build upon a sequence of lemmas

3.5, 3.7, 3.8, 3.9, which also are not found in the literature.

The idea of the proof is the following. Let K be an extended function group, with invariant
connected component A. Its index two orientation preserving half K+ = K N M is a function
group with the same invariant component. As K™ is finitely generated, Selberg’s lemma [19]
asserts the existence of a torsion free finite index normal subgroup G; of K+ (which is again a
function group). Since K = (KT, 7), where 72 € KT, the group G = G; N7G 7! is a finite index
torsion free normal subgroup of K. By Ahlfors finiteness theorem [1], the quotient space S = A/G
is an analytically finite Riemann surface, that is, S = S—C , where S is a closed Riemann surface
and C C S is a finite set of points (it might be empty). The finite group H = K/G is a group of
conformal and anticonformal automorphisms of S. Maskit’s decomposition of function groups may
be applied to G. There are many possible decompositions, but in order to get one which can be used
to obtain a decomposition of K, we must find one which is in some sense equivariant with respect
to G. This is solved by Theorem 2.2 (equivariant theorem for function groups) obtained by Maskit
and the author in [4]. This result permits us to obtain a first decomposition structural picture (see
Theorem 3.1). In such a picture, there may appear (extended) B-groups as factors. A B-group
(respectively, an extended B-group) is a function group (respectively, an extended function group)
with a simply-connected invariant component in its region of discontinuity. A subtle modification
to Maskit’s arguments for the case of B-groups, to deal with these extended B-groups, is provided

(see Theorem 3.2).

A. Haas’s thesis [3] concerns with uniformizing groups of conformal and anticonformal automor-
phisms acting on plane domains. It leads naturally to extended function groups, but it seems that

the above decomposition does not follow immediately from it.
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2 Preliminaries

2.1 Riemann orbifolds

A Riemann orbifold O consists of a (possible non-connected) Riemann surface S (called the under-
lying Riemann surface of the orbifold), an isolated collection of points of S (called the cone points
of the orbifold) and associated to each cone point an integer at least 2 (called the cone order). A
connected Riemann orbifold is analytically finite if its underlying (connected) Riemann surface is
the complement of a finite number of points of a closed Riemann surface and the number of cone
points is also finite. We may think of a Riemann surface as a Riemann orbifold without cone points.
A conformal automorphism (respectively, anticonformal automorphism) of the Riemann orbifold
O is a conformal automorphism (respectively, anticonformal) of the underlying Riemann surface S
which preserves both its set of cone points together with their cone orders (cone points can be per-
muted but preserving their cone orders). We denote by Aut(O) (respectively, Aut(S)) the group
of conformal/anticonformal automorphisms of O (respectively, S) and by Autt(O) (respectively,

Aut™(S)) its subgroup of conformal automorphisms.

2.2 Kleinian and extended Kleinian groups

In the following, we recall some facts on (extended) Kleinian groups. A good source on the topic
are the classical books [13, 14]. Let us start by observing that, if K; < Ky < M and K1 has finite
index in K5, then both are discrete if one of them is and, in the discreteness case, both have the

same region of discontinuity.

Let K < M and set K+ := K WM. If K # KT, then K7 is called the orientation-preserving half
of K and, in this case, K is an extended Kleinian group if and only if K is a Kleinian group;
in which case both have the same region of discontinuity. If moreover, K is an extended Kleinian
group and K7 is a function group, then either: (i) K is an extended function group or (i) K+ is
a quasifuchsian group and there is an element of K — KT permuting both discs bounded by the

limits set Jordan curve (so K is not an extended function group).

2.3 Accidental parabolic elements

A B-group is a function group K with a simply-connected invariant component A. Let us assume
K is non-elementary (i.e., its limit set is not finite). By the Klein-Poincaré uniformization theorem
[18], there is a bi-holomorphism f : H? — A, where H? denotes the hyperbolic upper-half plane.
The group I' = f 'K f is a group of conformal automorphisms of H?, i.e., a fuchsian group of the
first kind, in particular, a B-group with H? as an invariant connected component of its region of

discontinuity. In this case, H?/T" has finite hyperbolic area. It is known that f sends parabolic
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transformations to parabolic transformations, but it may send a hyperbolic transformation to a
parabolic one. A parabolic element P € K is called accidental if f~'Pf is a hyperbolic transfor-
mation. In this case, the image under f of the axis of the hyperbolic transformation f~!Pf is

called the azis of P (in Maskit’s notation this is the true axis of P).

If K is an extended B-group, that is, an extended function group with a simply-connected invariant
component, then we say that an element of K is accidental pseudo-parabolic if its square is an

accidental parabolic element of K.

2.4 Klein-Maskit’s decomposition theorems

Let K be a Kleinian group with region of discontinuity (2 and let H be a subgroup of K with limit
set A(H). Aset X C C is called precisely invariant under H in K if E(X) = X, for every E € H,
and T(X)NX =0, forevery T € K\ H.

We will assume H to be either (i) the trivial group, (ii) a finite cyclic group or (iii) an infinite cyclic
group generated by a parabolic transformation. If H is a cyclic subgroup, a precisely invariant
disc B is the interior of a closed topological disc B, where B — A(H) C  is precisely invariant
under H in K.

Theorem 2.1 (Klein-Maskit’s combination theorems [7, 8]).

(1) (Amalgamated free products). For j = 1,2, let K; be a Kleinian group, let H < K1 N Ky be
a cyclic subgroup (either trivial, finite or generated by a parabolic transformation), H # K;, and
let B; be a precisely invariant disc under H in K;. Assume that By and By have as a common
boundary the simple loop ¥ and that By N By = 0. Then K = (K1, K>) is a Kleinian group
isomorphic to the free product of K1 and Ko amalgamated over H, that is, K = Ky xg Ky, and
every elliptic or parabolic element of K is conjugated in K to an element of either K1 or Ks.

Moreover, if K1 and Ko are both geometrically finite, then K is also geometrically finite.

(2) (HNN extensions). Let K be a Kleinian group. For j = 1,2, let B; be a precisely invariant
disc under the cyclic subgroup H; (either trivial, finite or generated by a parabolic) in K, let ¥; be
the boundary loop of Bj and assume that T(B1)N By =0, for every T € K. Let A be a lozodromic
transformation such that A(X1) = Yo, A(B1) N By =0, and A=*HyA = Hy. Then K4 = (K, A)
is a Kleinian group, isomorphic to the HNN-extension Kx* 4y (that is, every relation in K4 is
consequence of the realtions in K and the relations A~'HyA = Hy). If each Hj, for j = 1,2, is
its own normalization in K, then every elliptic or parabolic element of K4 is conjugated to some

element of K. Moreover, if K is geometrically finite, then K4 is also geometrically finite.



374 Rubén A. Hidalgo

2.5 An equivariant loop theorem for function groups

Let K be a function group and A be a K-invariant connected component of its region of dis-
continuity. By the Alhfors’ finiteness theorem [1, 2], the quotient @ = A/K turns out to be an
analytically finite Riemann orbifold. Let B C O be the (finite) collection of the cone points and
let G C O — B be the collection of loops which lift to loops under the natural regular holomorphic
covering 7 : A% = O — B, where A is the open dense subset of A consisting of those points with
trivial K-stabilizer. In [5], Maskit proved the existence of a finite subcollection F C G of pairwise
disjoint loops inside O — B, each one being a finite power of a simple loop, such that the cover
7 is determined as a highest regular planar cover for which the loops in F lift to loops (such a
collection of loops is not unique). The collection F is called a fundamental system of loops of the
above regular planar covering. Assume that there is a finite group H < Aut(Q) whose elements
lift to automorphisms of A under 7. Then, in [4], Maskit and the author proved that there is a

fundamental system of loops F being equivariant under H.

Theorem 2.2 (Equivariant loop theorem for function groups [4]). Let K be a function group, with
invariant connected component A in its region of discontinuity, O = AJK (which is an analytically
finite Riemann orbifold) and let B be the finite set of cone points of O. Let m : A — O be the
natural regular branched regular covering induced by K. Let G be the collection of loops in O — B
which lift to loops in A under w. If H < Aut(O) lifts to a group of automorphisms of A, then
there is a finite sub-collection F C G such that:

(1) F consists of pairwise disjoint powers of simple loops;
(2) F is H-invariant; and

(3) every loop in G is homotopic to the product of finite powers of a finite loop in F.

The collection F is called a fundamental set of loops for the pair (K, H).

Remark 2.3. The condition (3) above is equivalent to say that F is a fundamental system of
loops for w. Also, if the function group K is torsion-free, then O is an analytically finite Riemann

surface and each of the loops in the finite collection F turns out to be a simple loop.

As a consequence of the above, one may write the following equivariant result for Kleinian groups.

Theorem 2.4 (Equivariant loop theorem for Kleinian groups). Let K be a Kleinian group with
region of discontinuity Q@ # 0, let A be a (non-empty) collection of connected components of Q
which is invariant under the action of K, let O = A/K, let B be the cone points of O and let
H < Aut(O) be a finite group of automorphisms of O. Let us assume that O consists of (may be
infinitely many) analytically finite Riemann orbifolds. Fiz some regular (branched) covering map

m: A — O with K as its deck group. Let G be the collection of loops in O — B which lift, with respect
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to m, to loops in A. If H lifts to a group of automorphisms of A, then there is a sub-collection

F C G such that:

(1) F consists of pairwise disjoint powers of simple loops;
(2) F is H-invariant; and

(3) every loop in G is homotopic to the product of finite powers of a finite sub-collection of loops

n F.

Proof. Let us consider a maximal subcollection of non-equivalent components of A under the action
of K, say Aj for j € J. Let K; be the K-stabilizer of A; under the action of K. By Theorem 2.2,
on O; = A;/K; there is a collection of loops, say F;, satisfying the properties on that theorem.

Clearly the collection of fundamental loops F = U;cjF; is the required one. O

Remark 2.5. The condition for O = A/K to consist of analytically finite Riemann orbifolds is
equivalent, by the Ahlfors finiteness theorem, for the K -stabilizer of each connected component in
A to be finitely generated. In particular, if K is finitely generated, then O is a finite collection of
analytically finite Riemann surfaces and F turns out to be a finite collection. If, in Theorem 2.4,

we assume K to be torsion-free, then the loops in F will be simple loops.

2.6 A connection to Kleinian 3-manifolds

Let K be a Kleinian group, with region of discontinuity 2 C C. There is a natural discrete action
(by Poincaré extension) of K on the upper half-space H? = {(z,t) : z € C, t € (0,+00)}, which is
given by isometries in the hyperbolic metric ds? = (|dz|?+dt?)/t?. The quotient My = (H>UQ)/K
carries the structure of a 3-orbifold, its interior H®/K has a structure of a complete hyperbolic
3-orbifold and €2/ K the structure of a Riemann orbifold. In the case that K is torsion free, all the

above are manifolds and we say that Mg is a Kleinian 3-manifold.

A direct consequence of Theorem 2.4 is the equivariant theorem for Kleinian 3-manifolds in the case

that the conformal boundary is non-empty and it consists of analytically finite Riemann surfaces.

Corollary 2.6. Let K be a torsion free Kleinian group, with non-empty region of discontinuity
Q, such that Sk = Q/K is a collection (it might be infinitely many of them) of analytically
finite Riemann surfaces. Let H be a finite group of automorphismsm of the Kleinian 3-manifold
Mg = (HBUQ)/K. If G is the collection of loops on Sk that are homotopically nontrivial in
Sk but homotopically trivial in My, then there exists a collection of pairwise disjoint simple loops
F C G, equivariant under the action of H, so that G is the smallest normal subgroup of 7 (Sk)

generated by F.
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Remark 2.7. Let K be a torsion free Kleinian group and let H be as in Corollary 2.6. Then
the following hold. (1) If m (M) is finitely generated, then the collection F is finite. (2) By
lifting H to the universal cover space, one obtains a (extended) Kleinian group K containing K
as a finite index normal subgroup so that H = [A(/K Corollary 2.6 may be used to obtain a
geometric structure picture of I/(\', in the sense of the Klein-Maskit combination theorems, in terms
of the algebraic structure of H. (38) If My is compact, then the result follows from Meeks-Yau’s
equivariant loop theorem [15, 16], whose arguments are based on minimal surfaces theory. If K
is not a purely lozodromic geometrically finite Kleinian group, then My is non-compact and the

result is no longer a consequence of Meek’s-Yau’s equivariant theorem.

3 Proof of Theorem 1.2

The proof of Theorem 1.2 is a direct consequence of Theorem 3.1, which is the main step, and
Theorem 3.2 as described below. If the word “extended” is removed, the statements of these

theorems are simply Maskit’s original theorems (see [6, 9, 10, 11]).

Theorem 3.1 (First step in Maskit-type decomposition of an extended function group). Every
extended function group is constructed, using the Klein-Maskit combination theorems, as amalga-
mated free products and HNN-extensions using a finite collection of (extended) B-groups. Moreover,
the amalgamations and HNN-extensions are realized along either trivial or a finite cyclic group or
a dihedral group generated by two reflections (this last one only in the amalgamated free product

operation).

The above result asserts that every extended function group is constructed from (extended) B-
groups by applying the Klein-Maskit combination theorems. Maskit’s results provide a geometrical
decomposition of B-groups (see Theorem 3.2 below and delete the word “extended”). We now need

to take care of the extended B-groups, which is exactly what the next result is about.

Theorem 3.2 (Decomposition of extended B-groups). Let K be an extended B-group with a
simply-connected invariant component A. Then either (i) K is an elementary extended Kleinian
group or (i) K is an extended quasifuchsian group or (iii) K is an extended degenerate group or (iv)
A is the only invariant component and K is constructed as amalgamated free products and HNN-
extensions, by use of the Klein-Maskit combination theorems, using (extended) elementary groups,
(extended) quasifuchsian groups and (extended) totally degenerate groups. The amalgamated free

products and HNN-extensions are given along azes of accidental parabolic transformations.

Remark 3.3. We note for the reader that the proof of Theorem 3.1 includes Remarks 3.4 and 3.6
and Lemmas 3.5 and 3.7 and that the proof of Theorem 3.2 includes Lemmas 3.8 and 3.9.
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3.1 Proof of Theorem 3.1

Let K be an extended function group and let A be a K-invariant connected component of its
region of discontinuity (we may assume K to be non-elementary). If there is another different
invariant connected component of its region of discontinuity, then K™ = K "M # K is known
to be a quasifuchsian group [12]; so K is an extended quasifuchsian group. Let us assume, from
now on, that A is the unique invariant connected component. By Selberg’s lemma [19], there is a
torsion free finite index normal subgroup G; of K*. As K = (K*,7), where 72 € K, one has

that G = G; N 7G17~ ! is a torsion free finite index normal subgroup of K.

It follows that G is a function group with A as an invariant connected component of its region
of discontinuity (the same as for K). Also, A is the only invariant connected component of G;
otherwise G is a quasifuchsian group and K will have two different invariant connected components,

which is a contradiction to our assumption on K.

Let S = A/G (an analytically finite Riemann surface by Ahlfors finiteness theorem) and consider
a regular planar unbranched cover P : A — S with G as its deck group. Set H = K/G <
Aut(S), which is a non-trivial finite group (since G # K). Theorem 2.2 asserts the existence of a
fundamental set of loops F C S for the pair (G, H). Such a collection of loops cuts S into some
finite number of connected components and such a collection of components is invariant under

H. The H-stabilizer of each of these connected components and each of the loops in F is a finite

group.

Remark 3.4 (Decomposition structure of H). The H -equivariant fundamental system of loops F
permits to obtain a structure of H as a finite iteration of amalgamated free products and HNN-
extensions of certain subgroups of H as follows. Let us consider a maximal collection of components
of S—F, say Sy..., Sn, so that any two different components are not H -equivalent. Let us denote
by H; the H-stabilizer of S;. It is possible to choose these surfaces so that, by adding some on the
boundary loops, we obtain a planar surface S* (containing each S; in its interior). If two surfaces
S; and S; have a common boundary in S*, then H; N H; is either trivial or a cyclic group (this
being exactly the H-stabilizer of the common boundary loop). We perform the amalgamated free
product of H; and Hj along the trivial or cyclic group H; N H;. Set S;; be the union of S;, S
with the common boundary loop in S* and set H;; the constructed group. Now, if Sy is another
of the surfaces which has a common boundary loop in S* with S;;, then we again perform the
amalgamated free product of H;; and Hy along the trivial or cyclic group H;; N Hy,. Continuing
with this procedure, we end with a group H* obtained as amalgamated free product along finite
cyclic groups or trivial groups. For each boundary of S* we add a boundary loop, in order to stay
with a planar compact surface (we are out of S in this part). If « is any of the boundary loops
of S*, there should be another boundary loop B of S* and an element h € H so that h(a) = B.
By the choice of the surfaces Sj, we must have that h(S*) N S* = 0. In particular, f # «. If
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there is another element k € H — {h} so that k(«) = 8, then k™h is a non-trivial element that
stabilizes o and k~1h(S*) N S* # 0, a contradiction. Also, if there is another boundary loop v of
S* (different from ) and an element u € H so that u(a) = vy, then uh~! € H — {I} satisfies that
uh=1(S*) N S* # (0, which is again a contradiction. We may now perform the HHN-extension of
H* by the finite cyclic group generated by h. If oy = «,..., a, are the boundary loops of S*,
which are not H-equivalent, then we perform the HHN-extension with each of them. At the end,

we obtain an isomorphic copy of H.

We may assume the fundamental set of loops F to be minimal, that is, by deleting any non-empty
subcollection of loops from it, we obtain a collection which fails to be a fundamental set of loops
for (G, H). The minimality condition asserts that each connected component of S — F is different
from either a disc or an annulus. By lifting F to A, under P, one obtains a collection FCAof
pairwise disjoint simple loops, so that F is invariant under the group K. Each of the loops in Fis
called a structure loop and each of the connected components of A — F a structure region. These
structure loops and regions are permuted by the action of K. The K-stabilizer (respectively, the
G-stabilizer) of each structure loop and each structure region is called a structure subgroup of K

(respectively, a structure subgroup of G).

If R is a structure region, then its K-stabilizer, denoted by Kg, is a finite extension of its G-
stabilizer, denoted by Gg. Similarly, if a is a structure loop, then its K-stabilizer is a finite

extension of its G-stabilizer.

Lemma 3.5. Let a be a structure loop and let R be a structure region containing a on its border.
Then the K r-stabilizer of a is either trivial or a finite cyclic group or a dihedral group generated by
two reflections (both circles of fized points intersecting at two points, one inside of one of the two
discs bounded by o and the other point contained inside the other disc). Moreover, the K -stabilizer
of a is either equal to its Kpg-stabilizer or it is generated by its Kg-stabilizer and an involution

(conformal or anticonformal) that sends R to the other structure region containing o in its border.

Proof. Let a € F be a structure loop. As « is contained in the region of discontinuity of K, the
K-stabilizer of « is a finite group; so also its G-stabilizer is finite. Note that the K*-stabilizer of
« is either trivial, a finite cyclic group or a dihedral group. Moreover, in the dihedral case, one of
the involutions interchanges both discs bounded by «. Let R be a structure region containing «
as a boundary loop. Then the K g-stabﬂizer of « is either trivial or a finite cyclic group. It follows
that the Kp-stabilizer of « is either trivial or a finite cyclic group or a dihedral group generated
by two reflections (both circles of fixed points intersecting at two points, one inside of one of the
two discs bounded by « and the other point contained inside the other disc). The K-stabilizer of
« is generated by the K g-stabilizer and probably an extra involution (conformal or anticonformal)

that interchanges both discs bounded by «. O
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Remark 3.6. We do not need this extra information for the rest of the proof, but it may help with
a clarification of the gluing process at the Klein-Maskit combination theorems. It follows, from
Lemma 3.5, that the K -stabilizer of o € F must be one of the following: (1) the trivial group, (2)
a cyclic group generated by a reflection with « as its circle of fized points (so it permutes both discs
bounded by «), (3) a cyclic group generated by a reflection that keeps invariant each of the two
discs bounded by « (the reflection has exactly two fized points over av), (4) a cyclic group generated
by an imaginary reflection (it permutes both discs bounded by «), (5) a cyclic group generated by
an elliptic transformation of order two (permuting the two discs bounded by o), (6) a cyclic group
generated by an elliptic transformation (preserving each of the two discs bounded by «), (7) a
group generated by an elliptic transformation (preserving each of the two discs bounded by o) and
a reflection whose circle of fized points is «, (8) a group generated by an elliptic transformation
(preserving each of the two discs bounded by ) and an imaginary reflection (permuting both discs
bounded by «), (9) a group generated by an elliptic transformation of order two (permuting the
two discs bounded by a) and an imaginary reflection that keeps o invariant (it permutes both
discs bounded by o), (10) a dihedral group generated by two reflections (both circles of fixed points
intersecting at two points, one inside of one of the two discs bounded by o and the other point
contained inside the other disc), (11) a group generated by an elliptic transformation (preserving
each of the two discs bounded by o) and an imaginary reflection that keeps o invariant (it permutes
both discs bounded by o), (12) a group generated by a dihedral group of Mdbius transformations and
a reflection with « as circle of fixed points, (13) a group generated by a dihedral group generated
by two reflections (both circles of fized points intersecting at two points, one inside of one of
the two discs bounded by o and the other point contained inside the other disc) and an elliptic
transformation of order two that permutes both discs bounded by o, To obtain the above, we use
the following fact. Let o be a loop which is invariant under (i) an elliptic transformation E, of
order two that interchanges both discs bounded by it, and (ii) also invariant under an imaginary

reflection 7. Then ET is necessarily a reflection whose circle of fized points is transversal to a.

Let R be a structure region and let o € F be on the boundary of R. By Lemma 3.5, the Kp-
stabilizer of « is some finite group; either trivial or a finite cyclic group or a dihedral group
generated by two reflections (both circles of fixed points intersecting at two points, one inside of
one of the two discs bounded by « and the other point contained inside the other disc). Let D, be
the topological disc bounded by « and disjoint from R. Clearly, the K g-stabilizer of such a disc is
contained in the Kp-stabilizer of « (each element of Kp that stabilizes D, also stabilizes «), so
D,, is contained in the region of discontinuity of Kg. It follows that K is a (extended) function
group with an invariant connected component Ag of its region of discontinuity containing R and

all the discs D,, for every structure loop « on its boundary.
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Lemma 3.7. Apg is simply-connected.

Proof. If Ag is not simply-connected, then there is a simple loop S C R bounding two topological
discs, each one containing limit points of Kg (so limit points of K). The projection on S of 3
produces a loop E C S which lifts to a loop under P. But, we know that E is homotopic to the
product of finite powers of the simple loops on the boundary of the finite domain P(R) C S. It
follows that 8 must be homotopic to the product of finite powers of a finite collection of structure
loops on the boundary of R. As each of these boundary loops bounds a disc containing no limit

points, we get a contradiction for 8 to bound two discs, each one containing limit points. O

We may follow the same lines as described in Remark 3.4 to obtain that K is constructed, using
the Klein-Maskit combination theorems [13, 7], as amalgamated free products and HNN-extensions
using a finite collection of the structure subgroups of Kg (which, by Lemma 3.7, are extended
B-groups with invariant simply-connected component Ag). By Lemma 3.5, the amalgamations
and HNN-extensions are realized along either trivial or a finite cyclic group or a dihedral group

generated by two reflections. This ends the proof of Theorem 3.1. O

3.2 Proof of Theorem 3.2

We proceed to describe the subtle modifications in Maskit’s arguments in the decomposition of
B-groups [10, 11] adapted to the case of extended B-groups (see also chapter IX.H. in [13]). Let us
assume that K is an extended B-group and that it is neither an (extended) elementary group or a
(extended) quasifuchsian group or a (extended) degenerate group. Let A be the simply-connected
invariant component of the region of discontinuity of K. Every other connected component of
the region of discontinuity of K is simply-connected (see Proposition IX.D.2. in [13]). By our
assumptions on K, we have that K is neither elementary nor degenerate Kleinian group. It may
be, even if K is not an extended quasifuchsian, that K+ is a quasifuchsian. But in this case, we
have that K is just a HNN-extension of a quasifuchsian group along a cyclic group. So, from now

on, we assume that K is neither a quasifuchsian group.

As K is non-elementary, we may consider a bi-holomorphism f : H?> — A and consider the fuch-
sian group f~1Kf. As it is well known that no rank two parabolic subgroup can preserve a disc
in the Riemann sphere, it follows that f~'K* f does not contain rank two parabolic subgroup,
in particular, KT neither does contain a rank two parabolic subgroup. Theorem IX.D.21 in [13]
states that KT is either quasifuchsian or totally degenerate or it contains accidental parabolics.
By our assumptions on K and KT, we note that KT necessarily must have accidental parabolic
transformations. Moreover, there is a finite number of conjugacy classes of primitive accidental
parabolic transformations in K. Let us consider a collection of accidental parabolic transforma-

tions in K, say Py,..., P, so that P; is not K T-conjugate to P*1 if j # 7, and P; is primitive,
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that is it is not of the form Q® for some @) € K and a > 2. Let us denote by L; C A the axis of
P; (note that L; is a geodesic for the hyperbolic metric of A and that P; keeps it invariant acting

by a translation on it).

Lemma 3.8. (1) If j # r, then the KT -translates of L; do not intersect the Kt -translates of L,.

(2) For each fized j, any KT -translates of L; is either disjoint from L; or it coincides with it.

Proof. Let us consider a Riemann map f : H2 — A, where H? is the upper half-plane with the
hyperbolic metric ds? = |dz|?/Im(z)2. It is well known that any two different geodesics in H? are
either disjoint of they intersect at exactly one point. The push-forward of the hyperbolic metric
in H? provides the hyperbolic metric of A. It follows that any K*-translate of L; and any KT
translate of L, (for j not necessarily different from r) are either disjoint or they intersect exactly
at one point or they are the same. Let us first prove (1), that is, we assume j # r. If there are
K*-translates of L; and L, which are the same, as P; and P, are primitive parabolic, share the
same fixed point and K is discrete, then P; is conjugate to either PF! ) a contradiction. If there
are KT-translates of L; and L, which intersect at a point, then the planarity of A asserts that
the non-empty intersection only may happen if a K conjugate of P; and a K*-conjugate of P,
share their unique fixed point. The discreteness of K asserts that K™ must contain a rank two
parabolic subgroup, a contradiction. Let us now prove (2), that is, we assume j = r. This follows

the same lines a the previous case to see that either the translates are either disjoint or equal. [

Lemma 3.9. If T € K — K%, then T preserves the collection of K™ -translates of {L1,...., Ly}

Proof. T acts as an isometry on A and must permute the accidental parabolic transformations.

As the axis is unique for each accidental parabolic, we are done. O

Let Zj be equal to L; together the corresponding fixed point of P;. Then the collection F given
by the K T-translates of {El, e Em} consists of pairwise disjoint simple loops; each one is called
a structure loop for the group K. Such a collection of structure loops is still invariant for any
T € K — Kt by Lemma 3.9. The structure loops cut Q (the region of discontinuity of K) and A
into regions; called structure regions for K. These are different from our previous definitions of

structure loops and regions as these ones are not completely contained in the region of discontinuity.

Let o € F be a structure loop and let R; and Rs be the two structure regions containing « in
their common boundary. Let K; < K be the K-stabilizer of R;, let K, be the K-stabilizer of
«a and let P € K be the primitive accidental parabolic transformation whose axis is « (which is
then K-conjugated to some of the P;’s). Clearly, (P) is contained in K;, (P) < K, and either
(i) (P) = K, or (ii) (P) has index two in K, or (iii) (P) has index four in K, (this last case
means that (P) has index two inside the Kj-stabilizer of a)). The region Rs_; is contained in

a disc Ds3_;, whose Kj-stabilizer is equal to the Kj-stabilizer of the loop «; this is either the
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cyclic group generated by P or it contains it as an index two subgroup. It follows that Dsz_;
is contained in the region of discontinuity €2; of K; and that there is an invariant connected
component A; C €, containing A. Lemma IX.H.10 in [13] states that K; is a B-group, with
A; as invariant simply-connected component, without accidental parabolic transformations. It
follows that Kf is either elementary or quasifuchsian or totally degenerate, in particular, that K
is either (extended) elementary or (extended) quasifuchsian or (extended) totally degenerate. One
possibility is that K, is an extension of degree two of the Kj-stabilizer of a. In this case, there is
an element @) € K, that permutes R; with Ry (Q is either a pseudo-parabolic whose square is P or
an involution). In this case, (K7, K2) is the HNN-extension of K7 by @ (in the sense of the second
Klein-Maskit combination theorem). The other possibility is that K, is equal to Ky N Ky (either
the cyclic group generated by the parabolic P or a group generated by two reflections sharing as
a common fixed point the fixed point of P). In this case, (K1, K3) is the free product of K; and

K5 amalgamated over K1 N K5 (in the sense of the first Klein-Maskit combination theorem).

Now, following the same ideas in [10, 11], one obtains a decomposition of K as an amalgamated free
products and HNN-extensions, by use of the Klein-Maskit combination theorems, using (extended)

elementary groups, (extended) quasifuchsian groups and (extended) totally degenerate groups. O
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1 Introduction and main result

Let © be a smooth bounded open domain of R?, (d > 3) with Lipschitz boundary 02, T is a fixed
positive number, in this paper we study the existence and uniqueness of an entropy solution for

the following nonlinear parabolic problem

% — diva (2, Vu) + b(u) = f in Qr =10, T[x4,

(P) a(z,Vu).n=0on > . =]0,T[x0Q,

u(0,.) = up in Q,

where f € LY (Qr), b: R = R, a(z,¢) : © x R? — R is Carathéodory function and verifying some

assumptions which will be given later, n denotes the unit vector normal on 9f).

The usual weak formulations of parabolic problems in the case where the initial data are in L' do
not ensure existence and uniqueness of solutions. For this reason, new formulations and types of
solutions are given in order to obtain existence and uniqueness. For that, three notions of solution
have been adopted: solutions named SOLA (Solution Obtained as the Limit of Approximations)
defined by A. Dall’Aglio (see [10]); renormalized solutions defined by R. DiPerna and P.-L. Lions
(see [12]); and entropy solutions defined by Ph. Bénilan et al. in [8]. In this paper, we will be

interested in the entropy formulation.

The stationary version of the problem for the problem (P) has been already studied by Bonzi et
al. (cf. [9]), where they proved the existence and uniqueness of an entropy solution for the initial

data in L1.

The study of parabolic equations with variable exponents is a very active field (see [1, 2, 20, 21,
23, 27, 29]), in these papers, the authors consider the homogeneous Dirichlet boundary conditions,
which permit them to use many results in the generalized Sobolev space W1?()(Q) and the many
results concerned the differential equation in the literature to achieve there works. In particular
in the case of p(z)-Laplace, where b = 0, Bendahmane et al. (see [6]) have proved the existence
and uniqueness of renormalized solution. We can also point out that the well-posedness of triply
nonlinear degenerate elliptic- parabolic-hyperbolic problems: b(u), —diva(z, Vé(u)) +1(u) = f in

a bounded domain with homogeneous Dirichlet boundary conditions by K. H. Karlsen et al. in [3].

Unfortunately, in this paper, due to the Neumann boundary condition, we cannot use the ideas
developed in these papers and also some functional analysis results which play and important role

in the a priori estimation, in particular the famous Poincaré inequality.

To overcome these difficulties we apply a time discretization of given continuous problem by the

Euler forward scheme. Let’s recall that this method has been used in the literature for the study
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of some nonlinear parabolic problems, we refer for example to [7, 13, 16, 17] for some details. This
scheme is usually used to prove existence of solutions as well as to compute numerical approxima-

tions.
In this paper, our assumptions are the following;:

p():Q — R isa continuous function such that

I<p. < py <+oo,

where p_ := ess inf p(z) and py := esssup p(x) and
e xeQ
b:Q — R is a continuous, nondecreasing function, surjective such that b(0) = 0. (1.2)

Also, we assume that a(x,&) : Q x RV — RY is Carathéodory such that:

e there exists a positive constant C; with

laz,€)| < C1 (i) + g (13)

for almost every z € Q and for every ¢ € RV, where j is a nonnegative function in Lp,(')(Q) with
1 1

p@) P

)

e there exists a positive constant Cy such that for every z € Q and every &, & € R? with

& # &9, the following two inequalities hold

(a(z,&) —a(z,§2)) - (& — &) >0 (1.4)

a(z,€) € > CaleP™. (1.5)

The rest of the paper is organized as follows: after some preliminary results in Section 2, we
introduce the Euler forward scheme associated with the problem (P) in Section 3. We analyze

the stability of the discretized problem and we study the existence of an entropy solution to the

parabolic problem (P) in the Section 4.

2 Preliminaries

We define the Lebesgue space with variable exponent LP() (Q) (see [11]) as the set of all measurable

functions u : Q — R for which the convex modular

Py (1) :=/ ufP™ da
Q
is finite.

If the exponent is bounded, i.e., if p; < 400, then the expression

[ull(y = inf {A>0:pp0) (u/A) <1}
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defines a norm in LP®) (), called the Luxembourg norm.
The space (Lp(‘) (Q), ||.||p(_)> is a separable Banach space. Moreover, if 1 < p_ < p; < 400, then

LPL) (Q) is uniformly convex, hence reflexive and its dual space is isomorphic to L” () (Q) , where
1

-+ —
p(z)  p(x)
Finally, we have the Holder type inequality

/ uvdx
Q

for all u € L) () and v € LP ) (Q) .
Let

1 1
<l —+—)|u vy, 2.1
(o5 + ) Bl ol (2.)

w0 (@) i= {ue L0 (Q) : |Vl € L0 ()},
which is Banach space equipped with the following norm
lully py = llull,cy + 1Vl ) -

The space (Wl’p(') Q)14 p(i)) is a separable and reflexive Banach space.
An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the

modular p,.y of the space LPC) () . We have the following result.

Proposition 2.1 (see [14, 28]). If un,u € o) (Q) and py < oo, the following properties hold

true:

i) ullygy > 1= i, < ppy () <l

(i) ullyy < 1= Null2f) < ppcy (@) < ullZ)
(iti) |[ull, ) <1 (respectively =1;> 1) < py) (u) <1 (respectively =1;> 1);
() [lunll,y = 0 (respectively — +00) < pp() (un) <1 (respectively — +00);
(0) ooy (u/ ) =1

For a measurable function u : 2 — R we introduce the following notation:

P1p(y (u) = / |u|p(m) dx + / \Vu|p(m) dz.
Q Q
Proposition 2.2 (see [25, 26]). If u € W'PL) (Q), the following properties hold true:
(i) Tl py > 1= ully ) < prpe) () < ullfh s

(id) lull oy < 1 = lall) < ooy () < ulll

(iti) [lully ) <1 (respectively =1;> 1) < pyp) (u) <1 (respectively =1;>1).
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Put
N -1
o 8 ( )p(a:)7 if p(x) <N
p7(z) == (p(x))” = N -p(z)

oo, if p(z)> N.

Proposition 2.3 (see [26]). Let p € C (Q) and p— > 1. If ¢ € C (99Q) satisfies the condition
1<q(z)<p?(z) VredQ,

then, there is a compact embedding WPL) (Q) < L1V (99).
In particular, there is a compact embedding WHPL) (Q) — LPG) (5Q).

Following [29], we extend a variable exponent p :  — [1,+00) to Qr = [0,T] x Q by setting
p(t,z) =p(z) for all (t,z) € Qr.

We may also consider the generalized Lebesgue space
PO (Q) = {u : Q — R measurable such that // u (t, 2)[P™ d (t,z) < oo}
Q

endowed with the norm

||u||L:n(.)(QT) ;= inf {)\ > O7 //
T

which share the same properties as LP) ().

U (t, 1‘) p(z)

d(t,z) < 1},

For a measurable set U in R%, meas(U) denotes its measure, C; and C will denote various positive

constants. For a Banach space X and a < b, L9(a,b; X) is the space of measurable functions

w: [a,b] = X such that
1
b q
(/ lull dt) = lJull Lo a,px) < 00 (2.2)

For a given constant k > 0 we define the cut-off function 7}, : R — R by

s it |s| <k
Tk(S) = . .
k sign(s) if |s| >k
with
1 if s>0
sign(s) := 0 if s=0
-1 if s<0.

Let J, : R — RT defined by
() = / Ti(s)ds
0
(J is a primitive of Ty). We have (see [15])

<‘3:7Tk(3)> _ % (/Q Jk(v)d:v> in 210, 7))
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which implies that

/Ot<gq;’Tk(s>> :/Qj(v(t))dfﬂ—/QJ(v(O))dx

For all u € WHP() (Q) we denote by 7 (1) the trace of u on dQ in the usual sense.
In the sequel, we will identify at the boundary, v and 7 (u) .
Set

TP (Q) = {u : Q0 — R, measurable such that T} (u) € W'PO) (Q), for any k > 0} .

Proposition 2.4 (see [8]). Let u € THP() (Q). Then there exists a unique measurable function
v:Q — RY such that VTy (u) = VX {|u|<k}> for all k > 0. The function v is denoted by Vu.
Moreover, if u € WP (Q) then v € (LPL) (Q))N and v = Vu in the usual sense.

We denote by ﬁi’p(') (Q) (cf [4, 5, 18, 19]) the set of functions u € THP() (Q) such that there

exists a sequence (uy),, oy C Wwtr() (Q) satisfying the following conditions:

i) up, = u a.e. in Q.
it) VT (un) = VT (u) in (L' ()" for any k > 0.

i4i) There exists a measurable function v on 99, such that u, — v a.e. on 9.

The function v is the trace of u in the generalized sense introduced in [4, 5]. In the sequel, the
trace of u € ﬁi’p(') () on 9Q will be denoted by tr (u). If u € WPL) (Q), tr (u) coincides with
7 (u) in the usual sense. Moreover u € 7;}!1’(') (Q) and for every k > 0, 7 (T (u)) = Ty (tr (u)) and
if o € WL (Q) N L (Q) then (u — @) € 7;1,”7(') (Q) and tr (u — @) = tr (u) —tr(v).

3 The semi-discrete problem

In this section, we study the Euler forward scheme associated with the problem (P):

U" —rdiva (z, VU") + 70 (U") = 7f" + U 1 in Q

(Pn)§ a(z,VU™).n =0 on 0Q,

U% = ugin Q

where NT=T,0<7<1,1<n <N and

fal) = l/m f(s,)ds in Q.
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Definition 3.1. An entropy solution to the discretized problems (P,) is a sequence (U™)o<n<n

such that U° = ug € L (Q) and U™ is defined by induction as an entropy solution to the problem

U" —rdiva (z,VU") + 70 (U") = 7f, + U1 in Q

a(z,VU™) .n =0 on o2
ie. U™ € ﬁi’p(')(ﬂ), b(U™) € LY(Q), and for every k >0
T/ a(x, VU").VT,(U" —p)dx + / (r(U™)+U™) T (U™ — p)dx < / (Tfo + U DTH(U" — @)da
Q Q

Q
(3.1)
for all o € WHPL(Q) N L®(Q).

We have the following result

Lemma 3.2. Let hypotheses (1.3) — (1.5) be satisfied. If (U™)o<n<n 1S an entropy solution of
problems (Py,), then U™ € LY(Q) for alln=1,...,N.

Proof. For n =1, we take ¢ =0 in (3.1), to get,

T/ a(x,VUl).VTk(Ul)dx+/(Tb(U1)+U1)Tk(U1)dx < /(Tf1+uo)Tk(U1)dx,
Q Q Q

which is equivalent to

T/Qa(;c,VTk(Ul))VTk(Ul)dx+/QTb(Ul)Tk(Ul)der/

UMy (UYYde < /(Tf1 + o) Ty (U1 ) de,
Q

Q

(3.2)
By the assumption (1.5) and the properties of the function b, we have
T/ a(x, VIL,(UY))VTL(UY ) dx + / (UM T, (UY)dz > 0,
Q Q
then it follows that
| U0 de < ke il + ol
Q
Since
N
D 7l fally < -
n=1
Then, it follows that
| U@ e < (151, + o) (33)
Since )
T,
tim 01 T
k—0 k

Then dividing (3.3) by & and letting k& — 0; we deduce by Fatou’s lemma that

HU1H1 < (If 1+ lluolly) (3.4)
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Theorem 3.3. Let hypotheses (1.3) — (1.5) be satisfied. Then for all N € N, the problems (P,)
have unique entropy solution U™ € ﬁl’p(')(Q) NLYQ) for alln=1,...,N.

r

Proof. The problem (P;) can be rewritten in the following form

—7diva (z, Vu) + b(u) = F; in Q

a(x, Vu).n = 0 on 09
with
b(s) :=71b(s)+s, F1:=71f1+uo.

From the assumption (Hs), we have F; € L'(f2), and using the properties of b, we obtain b is a
continuous, nondecreasing function, surjective such that b(0) = 0. Hence, using [9, Theorem 4.3],

we have the existence of unique entropy solution U! € 7;11’)(')(9), b(U') € LY(Q).
Thanks to Lemma 3.2, by induction, we deduce that for n =2,..., N, the problem

u— 7diva (z, Vu) + Ta (u) = 7f, + U1 in Q
a(z,Vu).n=0on o9,

has an unique entropy solution U™ € 7;1’1’(‘)(9) NLYQ), b(U™) € L*(Q). O

4 Stability

This section is devoted to the a priori estimates for the discrete entropy solution (U™)1<p<n. These

result are essentials for the study of the convergence of the Euler forward scheme.

Theorem 4.1. Let hypotheses (1.3)—(1.5) be satisfied. Then there exist positive constants C(ug, f),
C(ug, f,Q) depending on the data but not on N such that for alln =1,..., N, we have

1 ]|U™|; < Cluo, f)

2.7 [p@l; < Cluo, )

% S U = U, < Cn )

4o T 31 Pp() (VTR(UY)) < kC(uo, )

5. 73 Ju<m VU P~ dx < kC(uo, f,Q)

Proof. 1 and 2. For ¢ = 0 as a test function in (3.1), we have

T i i Te(U?) i T(UY)
E/Qa(m,VTk(U))VTk(U )d:c—l—/QU Td:c—l—/ﬂrb(U)Tdm

< 7llfilly + [JoH], da.



CUBO

Entropy solutions for nonlinear parabolic problems with... 393

23, 3 (2021)

Since
/ a(x, VI (U))VT(U)dz > 0.
Q

Then, it follows that

[ e [ e de < i, + o),
Q k Q k

Then letting £ — 0 and using Fatou’s lemma, we deduce that

[, + 7 b@H, < lfilly + [0, - (4.1)

Now, we sum (4.1) from ¢ = 1 to n to obtain
10"l +7 3@, < 171+ lluolly (4.2)
i=1
which give, the inequalities 1 and 2.

3. For k > 1, we take ¢ = T},(U? —sign(U* —U*"1)), (h > 1) as a test function in (3.1), then letting

h — oo, for k > 1, we obtain,

7 im Z(k,h) + |[U" = U] < 7 (1l + [@)]),)

h— o0
where
Z(k,h) = /a(x,VUi)VTk(Ui—Th(Ui—sign(Ui—Ui—l)))dx
Q
= / a(z, VU)VU dx
Qi nNQ(k)
and
Qe = {JU = T,(U" —sign(U' = U™ 1)) < k}
Qk) = {|U" —sign(U'—U"")|>h}.

Then by the hypothesis (1.3), we have

lim Z(k,h) > 0.

h—o0

Then, it follows that
|o = U=ty < ke (il + [o@9)],) - (43)

Then, summing (4.3) from ¢ = 1 to n and by the stability result 2, we obtain the stability result 3.

4. We take ¢ = 0 as a test function in 3.1 to get

. ( / a(WTk(Ui))vn(Ui)dx) < kr(Ifill + o@D, + & U — U,
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Therefore, using the assumption (1.5) it follows that
7000 (VTe(U) < Cslkr (1 illy + [[o@)]],) + k||U7 — U1, (4.4)

Now, summing (4.4) from ¢ = 1 to n and using the stability results 1, 2, 3, we get

=1

IN

Csk

£l + 7> @), + > vt =,
=1 =1
< kC(f,uo)- (4.5)

5. According to (4.5), we get from the above estimate

|U?|<k}

TZ/ VU P@ dz < kC(ug, f). (4.6)
171

Now, note that

/ VU dr = / VU dz + / VU da
{lU?|<k} {lU<k, |VUi >4} {lvi|<k |vUi<4 }

- 1
< VU |P-dx + Nmeas(Q)

/{|Ui|§k-, |vuil>41}
. 1

< / VU P dg + —meas(9).
(i<} N

By the inequalities above, thanks to (4.6), we obtain

n . . .
TZ; /{|U1,|<k} |VU ‘p dr < kC(UOa f) + NIHG&S(Q)
< kC(ug, f) +meas(2) < k(C(uq, ) + meas(Q)) (47)

for all £ > 1. O

5 Convergence and existence result

In this section, we prove the existence of an entropy solution of problem (P). First of all, we
introduce the appropriate spaces for the entropy formulation of the nonlinear parabolic problem

(P).
We define the space:
V= {ve L’ (0,T;W»0(Q) : Vo e (IPV(Qr))"},
and
THO(Qr) = {u : Q x (0, T); measurable | Ty (u) € LP-(0,T; WP (Q))

with VT (u) € (LP(Qr))?¢ for every k > O} .
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Definition 5.1. An entropy solution to problem (P) is a function u € TP (Qr)NC(0,T; L' (Q))
such that and for all k > 0 we have

// (z, Vu)VTi(u— ¢ // w)Ti(u — )
<[ <gfj,mu—go>>+AJk<u(o>—w(o>>—AJk<u<t>—so(t))
+/Ot/Qka(u—<P)

for all o € L>(Q) NV NWHY0,T; LY(Q)) and t € [0,T].

Our main result is

Theorem 5.2. Let hypotheses (H1) — (H3) be satisfied. Then the nonlinear parabolic problem (P)

has an entropy solution.

Proof. The proof is divided into two steps

Step 1: The Rothe function. We introduce a piecewise linear extension:

uN(0) = wy,
(5.1)
uN(t) = Url 4 (U - untyett
for all t €]t"~1,t"], n=1,--- , N, in Q and a piecewise constant function
av(0) = wo,
(5.2)
av(t) = UM vtet ], n=1,--- N, inQ,
where t" := n7 and (U")1<n,<n an entropy solution of (P,).
By Theorem 3.3, for any N € N; the solution (U™)yen of problems (P,) is unique. Thus, v’ and

"N are uniquely defined. Consequently, by the Theorem 4.1, we deduce the existence of a constant

C(T, ugp, f) not depending on N such that for all N € N, we have

Iz —

1
UNHLl(Q ) < NC(Ta anf)

||uN||L1(Q ) < C(T,Uo,f)

[z < C(T,u, f) (5.3)
u’
ot
[b(@")

I+ @m
S C(Tv Ug, f)

LY (Qr)

HLl(QT) < C(T7 Ug, f)
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Moreover combining Proposition 2.1 and Young inequality, we get

VT ™))

IN

max{pp<w><VTk<UN>>,pr<m> <VTkUN>P+}
o) (VTR(UN)) + p1 p(a) (VTRUN ) 7F

p- jo
Po(a) (VTe(UN)) + == py(ay (VTR (UN)) +1 = == (5-4)
P+ P+

IN A

IN

20p(2) (VIR(UN)) + 1.
Thanks to Poincaré-Wirtinger inequality, we have

||Tk(UN)Hp(w) < Cmeas(Q) HVT;C(UN)H + k|1

p(x) p(z)

which implies that
I @™M)|[2,, < 277 ((Cmeas(@)) [VTUUY) [, + k2= 2, ) (5.5)
then it follows that,

IT@™|f; ., < 27 [(Cmeas(ﬂ))p* (2pp(e) (VTR(UN)) + 1) + kP~ |\1||§(—x)] (5.6)
+2pp(w)(VTk(UN)) + 1

Therefore,
T
/ | Te(UN) H1 () < 27-71 | (Cmeas(2))P- (2/ pp(_)(VTk(UN))dtJrT)
0
T
HTEP= |17y | + 2/ Py (VTL(UN))dt + T
0
< op--1 [(Cmeas (22 / VTk(UN))dt—FT)
n—1(n— 1)‘r
+TRP= |17, | +2 Z/ pp() (VT (UN))dt + T (5.7)
< 2P~ | (Cmeas(Q))P- (2 Z Tpp() (VT (U™)) + T)
n=1
N
TR 10 | 42D 7p1p0) (T(U™) + T
n=1
Consequently from stability result 4 it follows that
HTk HLP (0,T;Wir@)(Q)) = C(T k » U0, fa ) (58)

Lemma 5.3. Let hypotheses (1.3) — (1.5) be satisfied. Then the sequence (W™ )nen converges in

measure and a.e. in Qr.
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Proof. Let e, 7,k be positive numbers. For N, M € N, we have the inclusion

(@ =@ >} © {7 > kpu{a¥] > &)

u {[@" <k, @M <k @V —aM| >}

Firstly, we have

1
meas {[a"]| > k} < — ||uN||L1(QT) < 2CO(Tuo, f). (5.9)
Similarly, we have
1
meas {[7| > k} < - HuNHLl(QT) < EC(T’ ug, f)- (5.10)
Therefore, for k large enough, we have
meas({[7| > k} U {|a™| > k}) < % (5.11)

Secondly, by the Proposition 2.1 and Young inequality, we have

1
< {( / / VT (u |p<’”>dxdt) ( / / VT (w |p<’”>dxdt) +}
LP((Qr)

fore”|

N
< (/ /|VTk |p(z)dxdt> ) (/ /\VTk \p(z)dxdt> !
and also, we have
T T N nT
/ / VT3 (@) P dadt = / P (T(VEY)) = / Pro (VTH(U™))dt
0o Ja 0 n=1"(n—1)7
N
< Do) (VTR(U™)).
n=1
Therefore, using the stability result 4 and Proposition 2.1, it follows
1 1
V@) < (KC(uo, £))7 + (kC(uo, )7+ (5.12)

(LP@)(Qr))d

Since by the Poincaré-Wirtinger inequality, we have

Ll

< Cmeas(Q) HVTk (EN))

+k HIHLP(@(QT) )

LP(®) (Qp) Lr®) (Qr)

then by (5.12), we get

)

oy < Cmeas(@) ((CCu )7 + (OG0, )7 ) 4kl gy (519

Hence, the sequences (T%(@"))nen are bounded in LP)(Qr). Then, there exists a subsequence, still
denoted by (Tk(@"))nen, that is a Cauchy sequence in LP)(Qr) and in measure. Thus, there exists
No € N such that for all N, M > Ny, we have

meas ({|u | <k, @ <k, [a" —a"| > r}) < % (5.14)

Then, by (5.11) and (5.14), (@) ven converges in measure. Therefore there exists an element u € M (Q7)
such that

¥ S u oae. inQr. O
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Now, by (5.12)
(VT3 (@) yen is uniformly bounded in, (LP¢)(Qr))<. (5.15)

Hence there exists a subsequence, still denoted by
(VT (@) veny converges weakly to an element V in LPC)(Qr).

Since

Tw(@™) converges weakly to Ty (u) in LPO(Qr).

Then
VT, (@") converges weakly to V7T (u) in (LPO(Qr))%. (5.16)

and by (5.8) we conclude that

Ti(u) € LP=(0,T; WHPL(Q)) for all & > 0.

In the sequel, we need the following Lemma (see [22]).

Lemma 5.4. Let (vy,),~, be a sequence of measurable functions in Q. If (vy),~, converges in
measure to v and is uniformly bounded in LPM)(Q) for some 1 << p(.) € L=(Q), then (v,), s, — v
strongly in L*(Q).

Now, we have the following result

Lemma 5.5. Let hypotheses (1.3) — (1.5) be satisfied. Then

(i) (VT (@N))nen converges in measure to VT (u);

(ii) (a(z, Ti(@N)))nen converges strongly to a(x, VT (u)) in (LY(Q7))* and weakly in (Lpl(') (Qr))<.

Proof. (i) Let h > 1, from the Holder type inequality, we have

meas {|VT;(@) — VIi(u)| > h} < %/ VT (EY) — VT ()| deds
1 1 1 _
= h (p_ * p+> HVTk(UN) N VT’“(U)HI;(_) ”1”,,/(.) (5.17)

L <pl N (pl)) (V@) + 19Tl ) Il -

So by (5.15), meas { |VT,(u") — VTi(u)| > h} — 0 as h — oo for any fixed k > 0 and the proof
of (i) is complete.
As a consequence of (i), up to a subsequence, we can assume that V7 (") — VTj(u) a.e in Q.

(ii) Since a(z, ) is continuous with respect to & € RY, then by (i) we deduce that

(a(z, Tp(@"))) Nen converges in measure to a(x, VTj(u)) and a.e. in Q7.
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Moreover, using the hypotheses (1.3) and (5.12) one shows that (a(z, VT (7" )))nen is uniformly
bounded in (LF' O (Qr))®.

Consequently, in the one part thanks to Lemma 5.4 it follows that (a(z, T (@™))) yen — a(z, VTk(u))
strongly in (Ll(QT))d.

On the other part, we can extract a subsequence still denoted by (a(z,VTk(@")))nen such
that a(z, VI (@) — ¢ in (LPO)(Qr))%. Since each of the convergence implies the weak L!-
convergence, (i, can be identified with a(x, VI (u)), thus a(z, VT (u)) € (L ) (Qr))%. This com-
pletes the proof. O

Lemma 5.6. (@) yen converges a.e. in Y.

Proof. We know that the trace operator is compact from W' (Q) into L' (99), then there exists

a constant C' such that
T T
/O | T (@ (1)) — Tk(u(t))HLl(BQ) dt < C’/O 1 T% (@™ (1)) — Tk(u(t))”Wl,l(Q) dt.
Since W1PL) (Q) < W1 (Q) for all p(.) > 1, then by the Holder type inequality, we deduce that
T (@ (t)) — Ty (u)in L' (Z7) and a.e. on L.

So, there exists A C Y7 such that T (u™ (t)) converges to Ty (u(t)) on X7 \ A with meas(A) = 0.

For every k > 0, we set

Ap = {(t,2) € B : [Te(u(t)| <k}, and B=3p\ | 4.
k=1

We have, by Hélder’s inequality

meas (B) < %/B|Tk(u)|dcr

1 T
< ] 1Dl oo
1 T
< 1 D@l de (5.18)
0
<

[ ] @i+ vTw)
1

1 1
1 (4 ) Mo (1T @l gy + IV ) gy

Thanks to (5.12) and (5.13), for all k¥ > 0, we have
I
T3 (EN)HLm)(Q) + VT (EN)H(LP(JC)(Q))d < 2 (kp’ + k”) (5.19)

XmaX{C(UOap—i—vfa g)H7C(UO,p+,f, g)ﬂ}
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We now use the Fatou’s lemma in (5.19) to get

1 1
1T @l oo @ + VT (W) oo ga < 2 (K7 +577)

xma‘X{C(UOap-i-afv g)ﬁvc(u()ap-‘rafa g)ﬁ} )

and (5.18) becomes

1 1 1 1
1_ L +k1_1) maX{C(uo,p+,f,g)p+,C(uo,p+,f,g)P+}. (520)
P Pt

meas (B) < 2 (k

Therefore, we get by letting & — oo in (5.20) that meas (B) = 0.

Let us now define on 0%, the function v by
v(t,x) = T (u(t))(z) if (z,t) € Ag.
We take (z,t) € X7 \ (AU B); then there exists k > 0 such that (z,t) € Ay and we have
a (t, @) — v (t,2) = @ (t2) = Te(@" (1) (2)) + (Tu(@ (t)(z) — Ti(u(t))(2)).

Since (z,t) € Ay, we have [Ty (@™ (t))(x)| < k from which we deduce that Ty, (u (t))(z) = u (t, ).
Therefore,

@l (t,x) — v (t,z) = (Th(@ (1)) (x) — Th(u(t))(z)) = 0, as N — oo.
This means that (EN) converges to v a.e. on Y. O

Lemma 5.7. The sequence (") yen converges to u in C(0,T; L' (Q)).

Proof. Let (" = n7y)Y_; and (™ = m7y )M, be two partitions of the interval [0,7] and let

(u™N (), a™N (), (u™(t);u™(t)); be the semi-discrete solutions defined by (5.1), (5.2) and corre-
sponding to the respective partitions. Let ¢ € L>(Q) NV N WLL1(0,T; L1 (Q)). We rewrite (3.1)

in the forms
t/oulN N t N N
6—7Tk(u — ) )ds+ a(z, Vu ). VT (u" — p)dzds
0 & 0 JQ
¢
—|—/ b(@" )Ty (@ — p)dzds
0o Jo
t
< [ [ it - o)dods (5.21)
0o Jo

and
t 8’U,M t ’
/ <6,Tk(uM—g0)>d8+/ /a(m,VﬂM).VTk(EM—go)da;ds
0 s 0 Ja
t
+ / / b(@M") Ty (@M — p)dads
0o JQ

¢
< / T (@ — @)dxds (5.22)
o Ja
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where
vt z) = folx) vt etnL tn)

fau(t, ) = f(x) vt eltm1 "]

Let h > 1, in inequality (5.21) we take ¢ = T (@) and in inequality (5.22) we take ¢ = T}, (u').

Summing both inequalities, we get, for k =1,

/Ot <8(“N8;“M),T1(uN - uM)> ds + In s (h)
)

+/Ot/Qb(u T (@ — Ty (a™))dxds

+
Q

/otzw’m“]v _UM)> - <aaiv’T1(“N—Th(“M))>ds (5.23)

/Ot <agM,T1(uM Th(uN))>d5

+/0 /Q[fNTl @ — T, (@) + fu T (@ — Ty, (@) dzds

b(@M) T (@ — Ty, (@) dzds
N

IN

where
Ina(h) = /Ot/Q“(WuNWTl(uN—Th(uM»dxds
+/Ot/ﬂa(x,VuM).VT1(uM—Th(uN))d:vds.
We have
A L I e T
< 2C(T, f,uo) || Ty (u® — uM)||L°°(QT) :

Since

. N_ M _
w7 = e g, =0
Then it follows that
¢ N _ .M
lim  lim / <8(UU),T1(UN - uM)> ds =0. (5.24)
h—so0 N,M—c0 [ 0s

Similarly, we show that

lim  lim (/Ot <8g:,T1(uN — Th(uM))> + <8;i{,T1(uM — Th(uN))> ds) =0

h—o0 N,M—o00

h—o0 N,M—o00

lim  lim / t / T @Y = Th(@™)) + farTy (@ — Ty @) dads = 0
0 Q
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and
lim  lim / / — Ty (@M))dxds +/ / aM — Ty, (@™))dxds = 0.
h—o0 N,M — o0
Then, letting N, M — oo and h — oo, in (5.23)we get
t N _ M
lim lim <a(uu),T1(uN - )> ds + hrn lim Iy (k) <O0. (5.25)
h—s00 N,M—c0 [ 0s h—00 N,M—s00

Since

<g:,:rk(v)> :%/QJk(v) in 2*(]0, T),

inequality (5.25) becomes
lim TN () —uM(t))dx + lim  lim Iy (h) <O0. (5.26)

N,M—oo Jo h—o0 N,M —oco

Now, we show that

li li 1 > 0.
A T () 2 0

We consider the decomposition

where

// a(x, Va").VT (@ — Ty (@M))dzds

+ / / a(z, Var ). VT, (@M — T, (@"))dxds
0 JQi(h)

and

Qu(h) = {[a¥| < h [ <} Qu(h) = {[B] < b, 5] > b}
Qa(h) = {[a¥] > h, [@"| < B} () = {[a¥] > h, [@] > h}.

On the one hand, thanks to assumption (1.4) we have

t
Li(h) = / / [a(z, Vi) — a(z, Va*)].V (@ — a@M)dxds > 0.
0 JQi(h)
Therefore

lim lim Ly(h)>0.

h—o00 N,M —o00

On the other hand, we have

t
Lao(h) = / / a(z, Va™).Va" dzds
0 JQi(h)
t
+/ / a(z, V).V (@M —a)dzds
Q3(h)
// x, VaM).va® dzds,
522(11

v
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where
Q) = {[@"| <h, @ > h,[@a" — hsign@)| <1},
Q3n) = {[@|<h, @] > h @ -7 <1}
Now, taking ¢ = Tj,(@") in (5.21), we deduce that
lim lim / / a(z, Val¥).val¥
h—o0 N—o00 {h<|u”\<h+k}
This implies
t
lim lim / / [VaN |P@ =0, k> 0. (5.27)
h—o00 N—o00 0 {hS‘ﬂN‘Sh-‘rk‘}
By the Young inequality, we have
a(z, VaM).va® dzds
Q3(h)
t
< / / |vaM P@ =1 vgN |dzds
0 JQ2Z(h)
¢ 1 ¢ 1
< / / . aM|P@ dxds + / / —— |VaM [P@) dxds
o J{r<jaM|<n+1} P () 0 J{rh-1<@N|<h} p(z)
¢ 1 ¢ 1
< / / f\VUMW(E)da:ds —|—/ / — |vaM P@) dxds.
0 J{h<puM|<h+1} P— 0 J{h—1<[@N|<h} P—
Thus (5.27) gives
lim / / / a(z, VaM).Va drds = 0,
N,M— o0 Q2
which implies that
lim lim Ls(h) > 0.
h—o0 N,M —o00
Similarly, we show that
1 1 > 0.
0, M (Fol0) + Ea() 20
Therefore
> 0.
Thus (5.26) becomes
lim Ji (N () — uM(t))dx = 0. (5.28)

Since

1

1 / iV (1) — uM
2 J{jun —um<1y

N.M—oo o

Ofdes [ w0 @l < [ et o - )
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we have

Joey 0~ @l

/{I N—_uM|<1} |UN(t) - uM(t)|dx " /{ N_yM|>1} ‘UN(t) - UM(t”dx

1

Co (/ ™ (1) - uM(t)|2dx> +/ ™ (8) — u ()| da
{lu® —uM|<1} {lud —uM|>1}

Cs(9) ( /Q Jl(uN(t)—uM(t))dac>2 + /Q Jy (W (1) — uM (8))dz.

IN

IN

By (5.26), we deduce that (u’)yen is a Cauchy sequence in C(0,T; LY(Q)). Hence (uV)yen
converges to u in C(0,T; L' (£2)). O

Step 2: Existence of entropy solution. Now, we prove that the limit function u is an entropy
solution of the problem (P). Since u™ (0) = U° = wg for all N € N, we have u(0,.) = ug, and
inequality (5.21) implies

/ot <%iV’Tk<uN —¢) = Ti(u” - s0>> ds + /Ot /Q a(z, Vi) VT (@" - g)duds
+/Ot/ﬂb(uN)Tk(UN — p)dads (5.29)

< /Ot <%’Tk(UN —¢) = T (u™ - <P)> ds + /Q T, (u™(0) = ¢(0))da — /Q Te(u™ (1) = (t))dw

+/Ot/QfNTk(UN — ¢)duds.

Let k =k + ||¢, - Then
¢
/ /a(m,VHN).VTk(ﬂNfgo)dmds = / / a(z, VIL(@")) . VTi(T-(@") — ¢)dzds
0 Jo

= // (2, VTL(uN)).VT(u)

— (m,VTE( )).VQD]].Q(NJC)d(EdS,

where Q(N, k) = {|T¢(u") — ¢| < k} . Thus, the inequality (5.29) becomes

/<62;Tk( —¢) = Ty (u® >d5—// (z, VTH(@")).Velgn
/ / (z, VIE(@")). V(@) 1ok + /0 /Q b(@) Ty (@ — p)dxds (5.30)

< - / <a Ty >>ds+ /Q Je(u (0) - p(0))dar — /Q Je(w™ (1) — p(t))da
+ /O t A INTL (@Y — p)dzds.
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On the one hand, thanks to Lemma 5.5 a(z, VIL(u")) converges weakly to a(z,VTi(u)) in
, d
(Lp ) (Q)) . Therefore,

ngnoo/ / a(z, VILE")).Velon g = / / ))-Volom, (5.31)

where Q(k) = {|T¢(uv) — ¢| < k} . Moreover, a(z, VIL(a")).VT(w") is nonnegative and converges
a.e. in QT to a(z, VTE(u)).VTE(u) (see Lemma 5.5). Therefore by Fatou’s lemma, we obtain

l}ggof/o /0 /Q[a(:v,VTE(HN)).VTE(EN)]lQ(N’k)dxdsZ/O /0 /Q[a(x,VTE(U)).VTE(U)]IQ(k)dxds.

For the fourth term of (5.30), we have

/Ot/ﬂb(uN)Tk(uNcp)dxds/Ot/ﬂ(b(uN)b(go))Tk.(uNga)dxder/Ot/Qb(go)Tk(uNgo)dxds.

The quantity (b(@") — b(@))Tk(T@™ — ) is is nonnegative and since for all s € R, s + b(s) is

continuous, we obtain
(B@Y) — b)) Te(@ — ) = (b(u) — b)) TL@ — ) ace. in Q.
Then, it follows by Fatou’s lemma that

1}?3}3;// Ny (T dxds>// )Tk (u — @)dzds.

We have b(p) € L*(Q7). Since Ty, (@ — ¢) converges weakly—x to Tj,(u — ¢) and b(p) € L*(Qr),

it follows that
¢
liminf/ /b(gp) da:ds>/ / )Tk (u — ¢)dzds.
N—o00 0 Q

By Lemma 5.7 , we deduce that u¥ () — u(t) in L' () for all ¢ € [0, 7], which implies that

/ To(™ (1) = (1)) dz — / To(u(t) — o())dz Vit € [0,T. (5.32)
Q

We follow the method used in the proof of equality (5.24) to show that

; "/ ouN —N N
lim — T (@" — ) = Tp(u™ —¢) )ds=0. (5.33)
N—oo Jj Js

Finally, letting N — oo and using the above results, the continuity of b and the facts that

fv — f in LY(Qr),
Tr(@ — ) = Te(u — ¢) in L™(Qr),

we deduce that « is an entropy solution of the nonlinear parabolic problem (P). O
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6 Conclusion

In this paper we prove the existence and uniqueness of an entropy solution for a non- linear
parabolic equation with homogeneous Neumann boundary conditions and initial data in L' by a

time discretization technique.

This method turns out to be better suited for the study of parabolic problems under Neumann-
type boundary conditions. However, this technique assumes that the associated elliptic problem is
well posed. This study opens up new perspectives, we could always in the context of the Sobolev
space with variable exponents look at the problem with measure data or consider the function b

as maximal monotone graph.
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1 Introduction

The theory of domination is one of the profusely researched areas in graph theory. Recently a new
domination parameter called partial domination number was introduced simultaneously in (3], [4]
and [6], and studied in [12, 13, 14, 15]. We extend the concept of partial domination to independent
domination in graphs. In [9], the concept of independent partial domination has been defined in
the context of partial domination that was defined in [4]. But our work is based on the definition of
partial domination in [3, 6] and we concentrate on partial domination chain. Domination addresses
the issue of the number of vertices that are dominating all the vertices in a graph. As the set of all
vertices of a graph dominates itself, the mathematical adventure is in finding the least number of

vertices that can dominate the entire graph. This number is the domination number of a graph.

Finding the domination number of a graph is a well known NP-complete decision problem [11].
In the case of large graphs with a good number of small-degree vertices, the domination number
shoots up. Hence, instead of finding the dominating set that dominates the entire graph, it might
be convenient to study the set of vertices that dominates the graph partially. This also could be
treated as the density problem. By identifying the vertices with large degrees, we can find dense
structures in the graph. The vertices that are contributing to the high density neighbourhoods
are likely to dominate the major section of vertices of a graph. Hence, domination problem and
its variations could also be interpreted as density problems. We follow the popular nomenclature

domination and study the structures that are partially dominating a graph.

Domination has been addressed in many different ways by imposing conditions on the dominating
set or on its complement or on both. The relations between various domination parameters thus
developed aroused mathematical curiosity. The domination chain proposed by Cockayne et al. is
mathematically profound and aesthetically appealing (see Section 5). A recent survey by Bazgan
et al. lists the most important results regarding the domination chain parameters [2]. In this

paper, we partially address the problem raised by Case et al. in [3].

The paper is structured as follows. In Section 2, we present all the preliminary concepts required
for this paper. In Section 3, we define independent partial domination number and study some
of their properties. In Section 4, we explore some relations between independent dominating set
and independent partial dominating set. In Section 5, we define partial independence number and

investigate some of its properties which in turn lead to a part of the partial domination chain.

2 Preliminaries

Let G be a simple, finite and undirected graph with V(G) as its set of vertices and F(G) as its edge

set. A set S C V(G) is an independent set of vertices if no two vertices of S are adjacent to each
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other. An independent set S of vertices is said to be maximal if no superset T' O S is independent.
The maximum cardinality of an independent set in G is called its vertex independence number
denoted by S(G) and the corresponding vertex set is called the 8-set of G. For every vertex u in
G, the set N(u) of all vertices adjacent to u is called the open neighbourhood of u. The set N(u)
taken together with {u} is called the closed neighbourhood of u and is denoted by Nu].

A set D of vertices is called a dominating set of G if every vertex outside D is adjacent to at
least one vertex in D. A dominating set D is minimal if no proper subset of D is a dominating
set. The minimum cardinality of a minimal dominating set is called the domination number
of G denoted by ¥(G) and the maximum cardinality of a minimal dominating set is called the
upper domination number denoted by I'(G). If a dominating set is independent, it becomes an
independent dominating set and the minimum cardinality of such a set is called the independent
domination number of G denoted by i(G). For any graph G = (V, E) and proportion p € (0,1], a
set S C V is a p-dominating or partial dominating set if W‘T[Sl“ > p. The p-domination or partial

domination number 7,(G) equals the minimum cardinality of a p-dominating set in G.

V4 U3 Ve
) o}
® ‘o)
U1 U2 v7 Vg
° o
Us Ug

Figure 1: Partial domination by white vertices

In the light of definitions of the neighbourhoods, it is obvious that, for a dominating set S, N[S] =
V. So a partial dominating set, when compared with a dominating set, dominates a proportion
‘p’ of the vertex set, which is not necessarily the whole set and hence partially dominates G. The
set of all white vertices in Figure 1 dominates exactly 4 vertices and hence is a %—dominating set.
As {v7} is enough to dominate 4 vertices, Vi = 1 for the above graph. For all the other graph

theoretic parameters and the notations that are used in this paper, one can refer to [11].

3 Independent partial domination

In this section, we define independent partial domination number and present some observations

and some of the basic results. Since the observations are obvious, we present them without proofs.

Definition 3.1. Suppose G = (V, E) is a simple graph and p € (0,1]. A subset S of V is called
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an independent p-dominating set (IPD-set) if S is a p-dominating set and is independent.

Definition 3.2. The minimum cardinality of an independent p-dominating set is called the inde-

pendent p-domination number (IPD-number) and is denoted by i,(G).
Observations:

(i) For p € (0,1], %(G) < ip(G).
(ii) For any n-vertex graph G and for p € (0, £, i,(G) = 1.
(iii) For all p € (0,1], i,(G) =1 if and only if {(G) = 1.
(iv) For p € (=21,1], ip(G) = i(G).
(v) For all p € (0,1], i,(G) < i(G).

We proceed to find the IPD-numbers of paths, cycles and complete bipartite graphs.

Proposition 3.3. Suppose P, and C,, are paths and cycles respectively on n-vertices. Then for

n >3, 0,)(Ch) = ip(P) = [%2].

Proof. Consider C,, for n > 3. Let S be a v,-set of C,. Then |S| = v, = [%]. If we can
choose S in such a way that S is independent, then i,(C,) = [%]. For this, consider C, =
(v1, V2,03, e, V3, V3r4 1, U3r2)-

Here three cases arise viz., (i) n = 3r, (ii) n = 3r + 1, (iii) n = 3r + 2 where r > 1.

Let S1 = {v2,vs,...,v3,—-1}, 52 = {v2,vs5,...,v3,—1, 03,41} and Sz = {v2,v5, ..., V3,1, V3r42}. We
can see that |S1| = [Se| = |S3| = [5] and S; is independent for 1 < < 3. For cases (i), (ii) and

(iii) we can choose our set of [Z£] vertices from S, S> and S3. Hence, i,(Cp) = [%2]. This proof

holds for P, also. O

1, forpe (0, 2]

i+1, forpe (2l "D yhere 1 < i <m— 1.

m+n’ m—+n

Proposition 3.4. For m <n, i,(Kp,n)=

Also ip(Kim.n) < m.

Proof. Consider K, , for m < n. Let Vi = {v1,v2,...,v,} and Vo = {uq,us, ..., u,} be the two

partite sets of K,, ,, where each of V; and V5 is an independent set.

Now, v; € V; dominates % vertices. Consequently, of the remaining m — 1 vertices in V7, each
v; € Vi dominates gi; vertices. Thus i)(Ky,n) < m. O
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4 Independent domination and independent partial domina-

tion

Allan and Laskar described the relation between the domination number and the independent
domination number of a graph in [1|. Partial domination is all about dominating a proportion p
of the vertices of G. So a natural question which arises is that: whether this proportion p has any
role in relating the partial domination and the original domination parameters. In this section,
we do say ‘yes’ to that question by giving an upper bound for IPD-numbers in terms of p and
independent domination numbers. We also give some results, which relate independent dominating

sets [10] with that of partial independent dominating sets.

Theorem 4.1. For any graph G with independent domination number i(G) and p € (0,1], ip(G) <
[pi(G)].

Proof. Let D = {v1, v, ...,v;} be an i-set of G. Partition V into sets V1, Vs, ..., V; such that for each
1<j <14, V; C Nlv;]. Without loss of generality, let us assume that [V} > |V,q] for 1 < j <.

Consider D" = {v1,va, ..., vp.i1 }-
Claim: D’ is an IPD-set of G.
Proof of the Claim

Our construction yields,

i [p.i] i ‘Uff’ﬂ Vi ‘U? Vi
j=1 Vi j=1"7 V|
Uvil=vI = [UWvl+ U v=IVIl= Y
. , N p.i| i i
J=1 J=1 j=Ip.i]
[p.i] ,
\V].[p-i]
= U Vil = PR
Jj=1
Hence |N[D']| > p.|V|. We have thus proved the claim.
Thus using the claim, we have i,(G) < |D'| = [p.i(G)]. O

Proposition 4.2. Let G be any graph with independent domination number i(G) and p € (0, 1].
Then i,(G) +i1-p(G) < i(G) + 1.

Proof. By Theorem 5.7, i,(G) < [p.i] < p.i+1 and i1_,(G) < [(1 —p).i] < (1 —p).i + 1, then
ip(G)+11-p(G) <i+2<i+1. O

Proposition 4.3. Let S be any independent dominating set of G. If p = IJ\(‘[,IT” , for some H C S,

then S — H is a 1 — p independent dominating set in G.
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Proof. Tt can be easily proved that, N[S] — N[H] C N[S — H]. Therefore, W > 1 — p since

N[S]|=V. O
The following result provides us with an algorithm that develops a minimal independent dominating
set from a minimal IPD-set.

Proposition 4.4. Fvery minimal IPD-set can be extended to form a minimal independent domi-

nating set.

Proof. Let I be a minimal IPD-set for any p € (0,1]. The following algorithm extends I to I’, a

minimal independent dominating set and gives m, the cardinality of I’.

Procedure 1 Algorithm to construct I’ from T
Input: V(G), I, N[I], N[u]Vu € V(G) — N|[I]
Output: I',m

I =Lm=|l'|,M=1{)

2: M =V(G)— N[I']

3: if M = ¢ then

4:  return I',m

5: else

6: I'=I'"U{u} for any u € M
7. N[I')] = N[I')UN[u]

& m=m-+1

9. goto?2

10: end if

When a graph is claw-free, it has been already proved in [1], that its domination number coincides
with that of its independent domination number. We found that to be true in the context of partial

domination also.

Proposition 4.5. If a graph G is claw-free, then v,(G) = ip,(G).

Proof. Let S be a y,—set of G, for any p € (0,1]. Since G is claw-free, < N[S] > is also claw-
free. Hence, v(< N[S] >) = i(< N[S] >). This implies that ,(G) > i,(G). But in general,
Yp(G) <ip(G). Thus v,(G) =i, (G). O

Corollary 4.6. If L(G) is the line graph of a graph G, then v,(L(G)) = i,(L(G)).
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5 Partial domination chain

A chain of inequalities involving domination numbers, independence numbers and irredundance
numbers of the form

ir(G) <v(G) <i(G) < B(G) <T(G) < IR(G)

was first observed in 1978 (see [5]). This type of chain was observed in the case of many other
domination parameters like a-domination [7] and k-dependent domination [8]. Also one of the
open questions posed by Case et al. in [3] was to find out, what relationship the above parameters
have amongst themselves in the context of partial domination. Hence we try to establish a similar
kind of chain involving partial domination and partial independence parameters. Having already

defined independent partial domination, we now define partial independence number of a graph.

Definition 5.1. Suppose G = (V, E) is a graph and p € (0,1]. A set S of independent vertices is
called a p-independent set in G if N[S]| C V(H) for some induced subgraph H of G with |V (H)| >
np. A p-independent set S is said to be p-mazimal if S is a maximal independent set in V(H). A
maximal p-independent set S is said to be min-maz p-independent set if T C S is not p-mazimal.
Partial independence number or p-independence number is the mazimum cardinality of a min-mazx
p-independent set and is denoted by B,(G) and the associated induced subgraph H is denoted by
Hy.

For the graph in Figure 1, the set of all white vertices form a ﬁ% -set. For the same graph, the set
{vs,vs} is & min-max %—independent set, but it is not of maximum cardinality and hence is not a

B%—set.

5.1 Partial independent sets

This section explores some of the properties of partial independent sets, thereby proceeding towards

the suggested partial domination chain.

In light of the above definition, it may be noted that, for every maximal p-independent set .S,
N[S] = V(H) of the proposed induced subgraph H of G and hence S is a p-dominating set. Thus
independent p-domination number is the minimum cardinality of a maximal p-independent set and

we have the following inequality.
Proposition 5.2. For p € (0,1], v,(G) < i,(G) < B,(G).

Proposition 5.3. If p1 < pa, then 3,,(G) < B,,(G).

Proof. Let S C V be such that |S| = 8,,(G). Then S is also maximal p;-independent set. Also
the cardinality of every min-max pi-independent set < |S|. Thus 8, (G) < B, (G). O
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We now proceed to relate partial independence number 5, with that of upper p-domination number,

I', which is the maximum cardinality of a minimal p-dominating set.

Proposition 5.4. Fvery min-maz p-independent set is a minimal p-dominating set.

Proof. Let S be a min-max p-independent set and H,, be an induced subgraph associated with it.

Then by definition, .S is p-dominating in G.

Suppose S is not minimal p-dominating. Then 3« € S such that S — {u} is p-dominating. Then

Jv € S —{u}, such that wv € E(H) which is a contradiction since S is an independent set.

Thus S is a minimal p-dominating set. O

Corollary 5.5. Forp € (0,1], 5,(G) <T,(G).

From Proposition 5.2 and Corollary 5.5 we obtain the following chain of inequalities:
For p € (0,1], 7 (G) < ip(G) < Bp(G) < Tp(G).

We present some more properties of independent sets, which in turn lead us to a method, by which

one can deduce [3,-sets for some ‘p’ values from the existing 3-set of a graph.

IN[T]|

Lemma 5.6. Suppose S is a -set of a graph G and T C S. Then T is a min-maz

independent set.

Proof. By definition T is a maximal M—independen‘c set. It is also min-max since R C T is not

n
% maximal. Suppose R is maximal then (S—T)UR is a dominating set which is a contradiction

as S is a minimal dominating set of G. O

Theorem 5.7. Let B; denote the set of all i-element subsets of a 3-set of a graph G for 1 <i <
B(G). Let B; € B; be such that |[N[B;]| = min{|N[X]|/X € B;}. Then

(i) B, is a Bp—set for p= IN[Bi]l

n

(i) For 0 <p < Lfl]l, Bp =1 and By is a Bp—set.

Proof. For 1 < i < B(G) let B; be chosen by the given method. By the previous Lemma (5.6)

B; is a min-max wf” independent set. Suppose B; is not of maximum cardinality amongst all

Lf?” independent sets, then for j > ¢ there exists a Y € B; such that Y is a min-max INBd|

[V [Y]]

set in both < N[B;] > and < N[Y] > and also |N[B;]| = |[N[Y]]. But by the definition of B;s,
|IN[Y]| > |N[B,]| which implies that |N[B;]| < |N[B;]| which is a contradiction since for j > i,
IN[Bj]| > [N[Bi]l.

independent set. Also Y is min-max independent set and thus Y is a maximal independent
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Suppose |N[B,]| < |N[B;]| for some j > i, choose R such that R C B; and |R| = 4. Then
IN[R]| < |N[B;]| which implies that |N[R]| < |N[B;]| by our assumption. This contradicts our
definition of B;. O

6 Conclusion

Partial domination has a lot to promise. One of the striking features of the concept of partial
domination is its nature of accommodation. Domination with conditions are studied extensively.
In the case of partial domination, the imperfect situations are addressed. Hence, it is worth
exploring the partial domination in all the numerous types of dominations. In this context we
could establish the partial domination chain. Future beckons with great hope of the explorations
of partial domination in the areas of distance domination, stratified domination, Roman domination

etc., but not exclusively.
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1 Background

During the last 50 years fractional calculus due to its wide applications to many applied sciences
has become a main trend in mathematics. Its predominant kinds are the old Riemann-Liouville
fractional calculus and the newer one of Caputo type. Around these two versions have been built
a plethora of other variants and all of these involve singular kernels. More recently researchers

presented also new fractional calculi of non singular kernels.

The recent Hilfer fractional calculus unifies the Riemann-Liouville and Caputo fractional calculi and

the Prabhakar fractional calculus unifies both singular and non-singular kernel fractional calculi.

Finally the newer Hilfer-Prabhakar fractional calculus is the most general one unifying all trends
and for different values of its parameters we get the particular fractional calculi. In this article we
present and employ unifying advanced and generalized versions of Prabhakar and Hilfer-Prabhakar
fractional calculi and we establish related unifying fractional integral inequalities of the following
types: Hardy, Opial and Hilbert-Pachpatte. The advantage of this unification is the uniform action

taken in describing the various natural phenomena.

We are inspired by [7], [6] and [1]. We start by introducing our own generalized i-Prabhakar type of
fractional calculus, then mixing it with the ¢-Hilfer fractional calculus. Then, we prove a variety of
generalized Hardy, Opial and Hilbert-Pachpatte type left and right fractional integral inequalities

related to i-Hilfer ([8]) and t-Prabhakar fractional calculi. We involve several functions.

We consider the Prabhakar function (also known as the three parameter Mittag-Leffler function),

(see [4, p. 97]; [3]) N
Fap (@) = kz:% kT ((;zyl)ck+ B) &, (1.1)

where I" is the gamma function; o, 3,y € R:a,8 >0,z € R, and (7), =~v(y+1)--- (v +k—1).

1
It is B ,(2) = ——.
a, ( ) T (ﬁ)
Let a,b € R, a < b and x € [a,b]; f € C([a,b]). Let also ¢ € C* ([a,b]) which is increasing. The
left and right Prabhakar fractional integrals with respect to 1 are defined as follows:

(G ) @ = [ W O@@ -0 0P @@ - OFfOd (12)
and

(30 £ ( / 00 (6 1)~ @) B o () — v (@) (e, (13)
where p, > 0; v,w € R.
Functions (1.2) and (1.3) are continuous, see Theorem 3.1.
Next, additionally, assume that 9’ (z) # 0 over [a, b] .

Let v, f € CV ([a,b]), where N = [u], ([] is the ceiling of the number), 0 < 1 ¢ N. We define the
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1-Prabhakar-Caputo left and right fractional derivatives of order p as follows (x € [a, b]):

(D3t uaet) @ = [ 00 0 e

N
E, o lw@ (@) = (1)"] <¢,1(t)jt) f(t)dt, (1.4)

and

(D3t f) @) = =0Y [ 0 0 — )

N
B w0 - @) () 0 (15
One can write (see (1.4), (1.5))
(D3 e ) @) = (3 e ) (@), (1.6)
and
(D) @) = D (8 i S (@), (1.7)
where N . R
@ =101 @ = () 1@, (18)
vV x € la,b).

Functions (1.6) and (1.7) are continuous on [a, b].

Next we define the i-Prabhakar-Riemann-Liouville left and right fractional derivatives of order u

as follows (x € [a,b]):

(D3t i 1) () = (@;‘;)N [ v 0w v

and

(D30 f) () = (—wl()di)N [ v 0@o v

E % o @) = ()] f(t) dt. (1.10)
That is we have
("Dar ) (@) = (w,l(x) j)N (o3 s ) (@), (1.11)
and
(D7 f) (@) = (‘w'tm;;)]v( oW o= f) (@) (112)

V€ la,b].
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We define also the w-Hilfer-Prabhakar left and right fractional derivatives of order pu and type
0 < B <1, as follows

N
(DY i d) (@) = €, 5 et (wl( )d‘i) BN ) s (@) (1.13)
and
Hpyy 650 —vBiap L d\Y ap
( prtissb— f)( ) = € BN )b (_de> € (1-B)(N—pm) bt () (1.14)
Ve lab].

When 8 = 0, we get the Riemann-Liouville version, and when 5 = 1, we get the Caputo version.

We call £ = p+ 8 (N — ), we have that N -1 < p < pu+ (N —pn) <pu+ N —p =N, hence
[§1=N

We can easily write that

(DY e f) (@) = € 150 PEDLELN S (@), (1.15)
and

(D0t 1) @) = ey, DR (), (1.16)
Ve lab].

2 Main results

We start with a left ¢)-Prabhakar fractional Hardy type integral inequality involving several func-

tions.

Theorem 2.1. Herei=1,...,m; fi € C([a,b]), ¥ € C* ([a,b]) and 1 is increasing. Let p;, p; > 0,
Yi,w; € R. Also let ri,r9,73 > 1 : % + % + % 1, and assume that p; > E + —, for all
i=1,....,m

Then

Vi f
Pispi Wi a+J
1=1

Ly ([a,b],%)

< 1 1
[Z “i_m+;+q_mr2}

(¥ (b) =4 (a) = 1 1
<r1r3 (fj i — m> +mirs + 1)“ (ﬁ (r1 (s — 1) + 1)) "

=1

{/ab Li </a$ |E3# [wi (¥ () — o (£))7]|™ dop (t)>] " N (x)}mlm

(H ||fi||Lr3([a,b],w>> - (2.1)
=1
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Proof. By (1.2) we have
(Gt @) = [0 SO B, W @) b O f (B (22)
i=1,...,m;Vx € [a,b].

By Holder’s inequality and (2.2) we obtain

(F o fe) @] <

/ ) (0 (@) — ()BT s (0 () — & (0)7]] 1 (8)] di <
( [ w@-vorea <t>)

([ @ -voran)” ([oree) s e

(¢ (2) = ¢ ()17
(r1(pi — 1)+ 1)

([ 153t o 0 @ = 5 @1 000) 1l oy

L

w"“

So far we have e
i ) < (Y () —w(a))’“_ m
(€5 s ) ] < (r1 (i = 1) +1)7

w"‘

([ 13 s 0 @) = 0017 a6 @) ™ 1 oy 2.9
a

YV x € [a,b], with p; > %—&—é, foranyi=1,...,m.

Hence it holds

m
1y, pi—mri+m
i=1

f (v s - 1+ 0)

[Hl </: | B loi (8 (@) =4 ()] dy (t))] (H 1fill . (10,00, ) ’ (2.5)

Vaelab.

o o ()
/a (g](emﬁi,wi,wﬂ) (x)ﬂ) dwa:)s( (rl(ui—1)+1)>

b 1 - Hi—mriTm
V (6 () — (@) &

e}

=1
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1

a <t>)] e <x>]

1

E 2 (fz |( ad alz; wl))) ( [ - st B (x)> 5
r1 (s — 1) + ‘

=1

<

1

{/ [H(/ | B o lwi (¥ (2) =0 (£)”] Tzdw(t))rdw(x)}m(w(b)w(a))%_

=1

m
r1 > pi—mri+m+1l— %
i=1

(i1 |fz-||LT3<[a,b],w)) @) - (@)

(
fai

whereul>—+— 1=1,.

- 2.7)
(r1 (s — 1) + 1)) (m«3 S i — mryrs 4 mry + 1) "

" 4y <t>>] i <x>} .

The claim is proved. O

=3 |0

Il
-

,’:13

(/ 1B o (8 (2) — 0 (6)”]

We continue with a right i¢-Prabhakar fractional Hardy type integral inequality involving several

functions.

Theorem 2.2. All as in Theorem 2.1. It holds

m
<
epuﬂuwub fl -
i=1

Ly ([a,b],9)

m
> pi—mA - }

(¢ (b> - (a)) L:l L T e T Tieg

(o (G - (=) "
{/ lHU B s (0 () =0 (@))") ’“2d¢<t>>1rld¢<x>}@

m
(1_[1 ||fz| er»g([a’b]ﬂl’)> . (2~8)

Proof. Similar to the proof of Theorem 2.1 and omitted. O

Next we apply Theorems 2.1, 2.2.

We give the related Hardy type inequalities:
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Theorem 2.3. Here i = 1,...,m; f; € CNi([a,b]), where N; = [u;], 0 < pi ¢ N; 0 :=
max {Ny,..., Ny}, ¥ € C%([a,b]) with ' # 0 and increasing. Let p; > 0, v;,w; € R. Also

let ri,79,m3 > 1 %—l—i—&—%:l, and assume that N; — p; > %—i—i,for alli=1,...,m. Then

i) N

<

C i
qu‘,,#i»wi7a+fi

Ly ([a,b],%)

Z(Ni_.ui)_m"r%"r%— L }
=1

(1 (b) *Z/J(a))[r 1 |
(mg (Z (N =) m) s 1>m (H (re (N — i — 1) + 1))”

i=1

b[m z v 1 s
{/ lH (/ B, N, wi (0 (@) = (1)) dyp (t))] dy (x)}
@ li=1 \Ve
m V]
<[[1 ‘ fup Lrs([a,b],w)> ) (29)
and
i)
CDZ:jllfi,wiybffi <
=t Ly, ([a,0]9)
(0 (b) — 1 (a)) LV
(mm (i (Ni — i) — m) + mrs + 1) e (ﬁ (ri (N; —pi — 1) + 1)) "
i=1 i=1
b b - m v
{ / [H ( / E N wi (0 (8) = ()] dip (t))] dip (3:)}
@ Li=1 \’?
T || v
(l:[l £ L (ol w)> : (2.10)
Proof. By (1.6), (1.7) and Theorems 2.1, 2.2. 0

We also present other Hardy type related inequalities:

Theorem 2.4. Here i = 1,...,m; f; € CNi([a,b]), where N; = [u;], 0 < p; ¢ N; 0 :=
max {Ny,..., Ny}, € C?([a,b]), ' #0, and ¢ is increasing. Let p; >0, vi,w; €ER, 0< 3 <1,
& = wi + Bi (N; — ;) . Also let r1,r9,r3 > 1: %—i—%—i—% =1, and assume that & — p; > %—l—%,

foralli=1,... . m.

Also assume that "D} EVN fi, FEDIE DY fi € C (), i = 1.

Then
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m

Hyvi:Bisp

I)unWwa-‘er <

=1 Ly, ([a,5],%)

INgE!

1 1
(G 2 -

(wwy—wme 1
(7"1713 <§L: (& — pi) — m) +mrs + 1) s (Zﬁ (ri (& —pi — 1) + 1)) 1

" 4y <t>)] & <x>} .

ugmww)’

B wi (v (2) — ¥ ()]

H RL 71(1 ﬁz) lbf
plv&lawla +J7

and

m
HID)’Yi,ﬁMZJ . f;

<
Pisti Wi, 0—

Ly ([a;0],4)
S m m 1 1
(6 () - (a) B8 B A

dy (t)) ] dyp (CL’)} Tira

(2.12)

{ [ lﬁ ( [ et e @ - vy

. RL Y (1—53) 11;
D wj fl .
<}:[1 H pis&i,wi, ,,.3([a,b],w)>

Proof. By (1.15), (1.16) and Theorems 2.1, 2.2. O

From now on all entities are according and respectively to Section 1. Background.

Next we give Opial type inequalities related to Prabhakar fractional calculus.

A left side one follows:

Theorem 2.5. Let p,g > 1:
&

[ we - eere B e - v i a]
([ 17w o e dw)3 , .13)

1,1 _
5-&-5—1. Then

(egjllf,w7a+f) (w)‘ |f (w)] ¥ (w) dw < 9~

|~

V€ la,b].
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Proof. By (1.2), using Holder’s inequality, we have
T i f) /w VB L (6 (2) — 1 ()] £ ()] dt
< (/ W (x) = )"V B, [w (@ (z) - w(ﬂ)ﬂn”dt)’l’
( [ wals <t)|>qctt); | (2.14)
Call .
qs(x):/a W' ()1 O dt, 6 (a) (2.15)
Thus
¢ (@) = (@ (@) |f @)) (2.16)
and
(¢ (2))7 =& (@) |f (2)| 20, Va€lab].
Consequently, we get
(350 s ) ()| 9" () I ()] <
( [ ww - e 5, e ) - s 0 dt) ’
(6 (w) ¢ (W)7, Ywe [a,b]. (2.17)
Then, by applying again Hélder’s inequality:
L) @17 @)1 () < (218)
/a ' { / (6 (1) — ¥ (1) B, [ (6 (w) —w@»”ﬂ”dt};’
(¢ (w) &' () dw <
[ I { | ww v ore Y B, w - v <t>>”]|pdt} dw] ’
(/aw«é(w)dsb(w))i -
[ I { [ ww - e B, e @ ) - s ) dt} dw];
(cﬁ 2(96)) T _ g1
[ I { [ ww - e 5, e w ) - s ) dt} dw] ’
( [ wwls (wquw)i | (2.19)
The theorem is proved. O
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The right side Opial inequality follows:

Theorem 2.6. Let p,g > 1: % + é =1. Then
/ ‘ p,uwb ‘lf W (w)dw < 27
b b %
[ / { / (@ () = ¢ ()" VB, Jw (v (1) - ]pdt} dw]
b %
< |f (w)|* (¥ (w))qdw> : (2.20)

V€ lab].
Proof. As it is similar to the proof of Theorem 2.5, is omitted.

We continue with more interesting Opial type Prabhakar-Caputo fractional inequalities:

Theorem 2.7. Let p,g > 1:

[ v -vor e o - sorf af w]

9 () (g (w»"dw) 7 (2.21)

1,1 _
5—&-5—1. Then

i)

(D3 d) )] [ 727 )| () o < 27

and

(W' (w))" dw) : (2.22)
vV x € [a,b].

Proof. By Theorems 2.5, 2.6 and (1.6)-(1.8).

Next come -Hilfer-Prabhakar left and right Opial type fractional inequalities:
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Theorem 2.8. Let p,g > 1: % % = 1. Additionally here assume that

RLDV(l B); "bf’RL D’Y(1—5)§¢'f cC ([a’ b]) .

p§w,at p,&,w,b—
Then
L1030 r) )| (DR ) ()] @ ) < 27
S ww = or 2, e - v o] aw %
([ |(eopezesy ol <w>>qdw)g , (223)
and
i) b
/L, (HDZ:f,;;p,b ) ‘ ‘(RL Zglwillbf) (w )‘ P (w) dw < 2 4
[/: {/; (¢ (t) — ) (w>)1)(€—u—1) ‘Ep_gﬁu [ (1 (t) — (w))p]‘p dt} dw] »
</: (ppeiis) wl o <w>>qezw) B (024
vV x € [a,b].
Proof. By Theorems 2.5, 2.6 and (1.15), (1.16). 0

Next we give several Prabhakar Hilbert-Pachpatte fractional inequalities. We start with a left side

one.

Theorem 2.9. Let p,g > 1: %—i—% =1;i=1,2. Let [a;,b;] C R, ¢; € C*([a;,b;]) and strictly
increasing, fi € C ([ai,bi]); pispi > 0, Y5, w; € R. Then

/bl /b2 (0 1) @O | (12702 42 ) (22)] dardz
f*l{wl 1) =9 (1)1 EYL M[m(%(m)wmwl]|}‘“dt1}+

[ff;{(fﬂz(fz) P2 (t2))H2™ 1|E,,2 1o wz(%(m)—wz(tz))”]|}th2]
q

< (b1 —ar) (b2 — a2) [ full, 1 foll, - (2.25)

Proof. We have that (i =1,2)
i (L2)
(ezz'::fuwi,ai+fi) (l‘z) =

/ U] (k) (i (1) — s ()T ED, Twi (i (22) — 5 (8))™] fi (t:) dts, (2.26)
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Y x; € [a;, b;], where p;, p; > 0; v, w; € R.

Then

/T7 7/’; (ts) (i (w5) — i (ti))m_l !E;Yj,m [wi (Wi (z5) — s (tl))mH |fi ()] dt, (2.27)

i=1,2,Vux; € [a“bl]

By appying Hélder’s inequality twice we get:

O
‘ (631’#:7w17a1+f1> (331)‘ <

3 =

[/:1 {(% (x1) — 1 (t))" HED ) [wi (91 (1) — 1 (tl))pl”}p dtl}

1

([ wieninentan)’ (228)

\ T € [al,bﬂ s and
‘(ezzizj;wz,az+f2> (‘TQ)‘ <

Q=

[ / {2 (@2) = 2 (82))"2 7 | B2, [2 (9 (2) — 2 (82))]]}° dtQ}

( | when <t2>>”dt2) " (2.29)
Va9 € [ag,bg} .

Hence we have (by (2.28), (2.29))

Y159
‘ (%i,ui,wl,al-s-fl) (5’31)’

Y239
(6P§7M§7w27a2+f2) (172)‘ <

3 =

U {(zﬁl (z1) — 1 (0))" HED , [wi (91 (21) — 1 (tl))m]y}p dtl}

1
q

[ / {2 (@2) = 2 (82))"2 7 | B2, [2 (0 (2) — 2 (82))]] ) dtg}
1 fully 1¥2fall, < (2.30)

(using Young’s inequality for a,b > 0, avbi < ¢4 g)

_|_

{ [f;ll {(7/’1 (1) — o1 (t1))" |E,11,,41 [w1 (Y1 (21) — 1 (h))le}p dtl}
p

U;;z {(wz (w2) — 92 (b))mil |EZ,22’#2 [wa (P2 (w2) — 92 (tQ))pQH}q dtg] }
q

[ fllg 19221,



CUBO

Foundations of generalized Prabhakar-Hilfer fractional calculus... 435

23, 3 (2021)

VZL'Z' S [ai,bi],i: ].,2
So far we have

Y1591 Y232
‘(eplaulawlaa1+fl> 1 ‘ ‘(eﬂzyuzwzﬂz-‘rfé) (‘IQ)’

[f:ll{(wl(ﬁ) 1 (t1))H17 llEpl “1[wl(dJl(xl)—‘ﬁl(tl))pl]‘}pdh] n

< ifillg llafell, . (2.31)

(22 {(¥2(w2)— 2 (t2))"2 1|Ep2 p 02(V2(2)— 2 (12))72]| } dts |
q

YV ax; € [ai,bi],izl,Z.

The denominator in (2.31) can be zero only when z1 = a1 and x2 = az. Therefore we obtain (2.25)

by integrating (2.31) over [a, b1] X [ag, ba] . O

It follows the corresponding to (2.25) right side inequality.

Theorem 2.10. All as in Theorem 2.9. Then

71,1111 Y2592
b b2 Plalt17w1 b1—f1) 1 ’ ‘ (692»H27w27b2—f2> (xQ)’ dxlde
f“

{1 (t)—vr (@)1 B M[mwl(n)fwl(m))f’l]\}pdn]+

(122 { (a2 (2)~ 2 (2)) 2~ 1|E,,2 iy 02 (2 (82) — 2 (22))72]| } a2

q
< (b1 — a1) (b2 — a2) [¥1 full W5 foll, - (2.32)
Proof. As similar to the proof of Theorem 2.9 is omitted. O

We continue with applications of Theorems 2.9, 2.10.

Theorem 2.11. Let p,g > 1: 3+ 1 = 1,4 =1,2. Let [a;,b] C R, ¢; € C™>N0N2) ([ay, b)),
Yh # 0, and strictly increasing; f; € CNi (la;, b)), where N; = [u;], 0 < p; ¢ N. Here p; > 0;

Yi,w; € R. Then

CD%’#ll w1 ¢11+f1) xl ’ ‘(CD’YZ #22 w2, a2+f2) (‘r2) dzydxa

bl b2
/ / [ {wen—nenMmn e, k)o@ fan]

[J22{ (wa(@a)—pa(ta)) V202 |Ep Nz W02 (V2(2) —2(82))72]| } "o
q

/f[N2]

< (b1 —ay) (b2 — ag) 24pn

o

(2.33)

Proof. By Theorem 2.9 and (1.2), (1.6). O

We also give
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Theorem 2.12. All as in Theorem 2.11. Then

/b1 /b2 C Zi:li/bjll’wl,bl fl) (.I )’ ‘(CD’ngﬁ;wz,bz*fQ) (332)
f’“l{(wl(m $a(@))M1 B M[wlwl(m)—wl(m))m]\}pdtl]+

dmldxg

[0z {(wa(ta)—pa(wa)) V22" \EN 2 (B2 (t2) —a (22))2]| } ata]
q

< (by — ar) (b2 — a2) [0 A1)

1 p[N2]
s

(2.34)
Proof. By Theorem 2.10 and (1.3), (1.7). O

We present

Theorem 2.13. Let p,g > 1 : Z%Jré =1;i=1,2. Let [a;,b;] C R, p; € C™*(N1.N2) ([g; b]),
Yh # 0, and strictly increasing; f; € CNi ([a;,b;)), where N; = [u;], 0 < p; ¢ N. Here p; > 0;
Yiswi € R and & = p; + B (N; — i), i = 1,2, where 0 < 8; < 1. Then

dl‘ldl‘g

/bl /bz ("D 31,51121,a1+f1) o) | (MO i f2) (22)
f” (1 (1) =t (b2))1#1 1\Ep1”gf1M[wl(wl(xl)—wl(m)“])}”dtl]+

[f;;{(lbz(iz) P2(t2))%2 742" 1’E,,2’y2§2Mz[W2(1/12(w2)—1/12(t2))p2]‘}qdh}

q
< (=) (o —ao) |[0f FORGIA us FOREE R @)
Proof. By Theorem 2.9 and (1.15). O

We also give

Theorem 2.14. All as in Theorem 2.13. Then

H B3y H ,B2;9
e DY 1) @] | (TR o) (@)
f”l

{1 (t) =1 (@)1~ I)EpjgflM[m(%(tl)—wl(wl))m]|}”dt1]+

dl‘ldl‘g

(22 { (W2 (te)—a(w2))s2 12~ I‘Ep;i-fz“2[wz(l/iz(tz)—#}z(lﬂz))pg]’}thz]
q

(bl _al) (b2 —GQ H'l// RLD’Yl(l B1); wlf H "¢/ RL ’Yz 1 ,32) '/JZf H (236)

p1,€1,w1,b1— Pz7§27w27bz—

Proof. By Theorem 2.10 and (1.16). O
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3 Appendix
We give the following important fundamental results:
Theorem 3.1. Let p,u > 0; v,w € R; and ¢ € C*([a,b]) increasing, f € C([a,b]). Then
(pywa+f) (PHWI) f) ([aVbD
Proof. We only prove (EZEﬁ,w,a n f) € C ([a, b]). We skip the proof for the other is similar.
We consider the power series
E Z ()| 2 zeR. (3.1)
2 kI (pk + 1) (pk + )
We form
[Cormy [y+E|
R_l — kh (k-‘rl)’F(p(k—f|—(1);f—p|b)(p(k+1)+u) _ kh (k+1)F(p(k+1);ru)(p(k'+1)+u) _ (3.2)
—00 vy —00 —_—
BT (pk+ 1) (ph i) T(pk+u)(pk+p)
lim [y + KIT (pk + ) (pk + 1) _
oo (k4 1) T (p (k+ 1) + ) (p (k1) + 1)
T
lim ( [y + K T (ok + 1) ) lim (p’C“‘) = (5). (3.3)
koo \ (K + 1) T (p(k+1) +p) ) k=oo \ (pk + 1) +p
Notice that
k
lim (ML) -1 (3.4)
koo \ (pk + ) +p

From (1.1) we have that its radius of convergence is

|9,

1
R= lim — 0k Tokey g, R DTk D b))
k=00 [oremy k—oo ____Iytkl koo |y + k[T (pk + p)
F+DIT (p(k+1) 1) (k+1)T(p(k+1)+p)

because (1.1) is an entire function.

Therefore, we have that
i Y+ kT (pk+p)
im =
koo (k+1)T (p(k+ 1)+ u)

Consequently by (3.3), (3.4), we get that (£) = 0. Thus R ' =0 and the radius of convergence of

=7 : B .
E,, (2), see (3.1), is R = oo, hence (3.1) is convergent everywhere.

Consequently it holds

i (Nl (] (8 () = ¥ (a)))"

= KT (pk + p) (pk + ) =0
Vxelab.
We notice that
PRIEL . / v =9 @) @)t <
k'F (pk + 1)

k=0

(3.5)
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wl® z) — 1 (a)) T

()] (@] (@ () =9 (@)")" @9
£l (0 ( Z w T

Consequently, by [5, p. 175], we derive

(Fheact) @) 2 [0 O @@ -0 (Z At (0 (@) - <t>>ﬁ>’“> 7 @)t

S (’7)]@ wk ¢ ’ (pk+p)—1
e | V()@ (z) ¥ (1)) f(t)dt, (3.7)
kzzo kI (pk + 1) /a
Vx€lab].
By [2, p. 98], we obtain that the function
AL () = [0 0 @) = 0 0) 7 o

x € [a, b], is absolutely continuous for pk+ u > 1 and continuous for pk +p € (0,1); ¥ € C* ([a, b])

and increasing.
That is always )\E,’f& (If],z) € C([a,b]), for all k =0,1,...

By (3.5), one can derive that
Z | \w| A
<

()l (] (0 () — v (a)))"
| £l oo (2 Z k;'F (pk + 1) (pk + )

< . (3.8)
Notice that

ALl a8 = [ WO @E - e I ol
(1 (b) = ¢ ()"

< ||fHOO okt ) ,k=0,1,... (3.9)
And even more we get:
Dellel” |y ’ (il ol (Ufl.2) <
EIT (pk + p) Ao - k'F (pk + 1) Ao
()l lwl™ \ 1]l (@ (0) = 9 (@) 5T N .
(M (pk—l—u)) T =My, k=0,1,...; (3.10)

and by (3.8) that > M} < oo, converges.
k=0

By Weierstrass M-test we get that Z ﬁ%)\(k) (f, z) is uniformly and absolutely convergent

for x € [a,b].

Consequently by (3.7) we derive that ( €p a+f) C ([a,b]) . The proof is completed. O



CUBO

We finish with

23 5 (300) Foundations of generalized Prabhakar-Hilfer fractional calculus... 439
Corollary 3.2. All as in Theorem 3.1. We have that
k+p
i (Nl w]” (@ (b) = ¥ (a))”
0 e (Z W pk T £l < +o0. (3.11)

That is eZ’:/’w at(b—) @€ bounded linear operators and positive operators if ~v,w > 0.

Proof. By (3.7), (3.8).
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1 Introduction

Discrete boundary value problems are of significant interest to scientific and technical communi-
ties. For instance, their perceived utility is partly due to their ability to act as a mathematical
framework to model purely discrete processes and phenomena that arise in various fields of science
and engineering. In addition, developing a theory of discrete boundary value problems has the po-
tential to inform our understanding of continuous boundary value problems. For example, discrete
boundary value problems can arise as approximations to “continuous” boundary value problems
that involve differential equations, where the numerical aspects of solutions are of importance. Fur-
thermore, it is also possible to construct a theory of differential equations by only using difference

equations [7].

Although discrete problems have enjoyed continued interest, the mathematics community is yet to
reach a complete understanding of the qualitative and quantitative properties of their solutions.
This includes, for example, discrete boundary value problems of the third order, which have not
been advanced to the same degree as their “continuous cousins” or to the same extent as discrete
problems of the second order. Moreover, we are yet to achieve a total comprehension of the

mathematical similarities and distinctions between such continuous and discrete problems.

Motivated by the above discussion, the purpose of the current paper is to make progress towards
a more complete theory concerning the existence and uniqueness of solutions to discrete bound-
ary value problems of the third order. “Knowing an equation has a unique solution is important
from both a modelling and theoretical point of view” [19, p. 794] as it informs our mathematical
understanding from applied and pure perspectives. For example, by developing a deeper under-
standing of the existence and uniqueness of solutions to discrete boundary value problems we are
simultaneously expanding capacity and knowledge of the associated models and the mathematical

frameworks that attempt to describe them.

For any a, b € R such that (b — a) € N, we will denote N, = {a,a + 1,a +2,...} and N’ =
{a,a+1,a+2,...,b}. Let A denote the usual forward difference operator defined by

(Au)(t) = u(t + 1) —u(t), teNg2,
Herein we will consider the following third-order, three-point discrete boundary value problem

(A%u)(t—2) + f(t,u(t) =0, teNJ*2 -
u(0) = (AU) (0) =0, u(T+3)=kFku(n)
where f is a continuous function from N(:)F+3 X R to R which we denote via f € C' [NE}F‘H)’ x R, R}.

In addition, T € Ny, k € R and n € N ™2,

Let us briefly outline recent and relevant literature to situate and contextualize our work. Agarwal

and Henderson [2] initiated the study of positive solutions to the third-order three-point discrete
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boundary value problem

(A3u)(t —2) +a(t)g(u(t)) =0, teNI*2, 12)
w(0) = u(1) = u(T +3) =0, '

where a : N ™2 — R* and ¢ € C'[R*,R*]. Following this work, Anderson [5] and Anderson
and Avery [6] examined the existence of multiple solutions to third-order, three-point discrete
focal boundary value problems. Positive solutions to discrete, third-order problems have been
shown to exist using fixed point theory in cones [13]|. In addition, several authors have discussed
various qualitative properties of different classes of third-order three-point discrete boundary value
problems and a detailed discussion can be found in [11, 12, 23, 24, 25, 13] and the references

therein.

Motivated by the recent work [4, 15], where the differential equation version of (1.1) was analyzed,
in the present article we investigate the discrete boundary value problem (1.1). When compared
with the ideas in [4, 15] our methods and results herein are different; and they reveal some thought-
provoking distinctions and connections between the sets of works. For example, the present work
develops alternative bounds on the Green’s functions to those in [4, 15] and we employ purely
discrete ways of working. In particular, we observe that some of our bounds for the discrete
case are sharp, while others are rougher. The bounds are different from those developed for the
continuous case [4]. This highlights some of the interesting distinctions between the discrete and

the continuous in terms of results and methods within the domain of third order problems.

Our article is organized as follows: In Section 2, we construct the Green’s function corresponding
to the boundary value problem (1.1) and establish new bounds on its summation. In Section 3 we
apply the properties of the Green’s function to the boundary value problem (1.1) in conjunction
with Banach’s contraction mapping theorem to establish sufficient conditions for the existence of
a unique solution. We provide a discussion of examples in Section 4 to illustrate how our ideas can
be put into practice and the relationships between them. Finally, we conclude with some ideas for

further work in Section 5.

For more on discrete problems, see the monographs [1, 8, 9, 10, 14].

2 Green’s function and its properties

In order to develop the Green’s function for the three-point case, we first analyze the two-point
discrete boundary value problem
(A%)(t—2) +h(t) =0, teNJ*t2

(2.1)
v(0) = (Av)(0) =v(T + 3) =0,
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where h € C [N2T+2, R]. The boundary value problem (2.1) can be equivalently rewritten as

(A%)(t—2)+ h(t) =0, teNj*2 22)
v(0) = v(1) = o(T +3) = 0. ’

Yang and Weng [25] derived a Green’s function for the boundary value problem (2.2) and also
investigated its sign. The following two results are found therein and will be helpful in our present

analysis.

Lemma 2.1 ([25]). The unique solution of the boundary value problem (2.2) (or (2.1)) is given

by
T+2
u(t) = Z H(t,s)h(s), teNJ*3 (2.3)
s=2
where
(=D +3-s)(T+d—s) (t=s)t-s+1)
[ 2(T + 3)(T +2) 2 P 9.4
(t8) =4t — 1T +3-8)(T+4—s) T (24)
2T + 3)(T + 2) ’ sEN

Lemma 2.2 ([25]). The Green’s function H(t,s) in (2.4) satisfies H(t,s) > 0 for all (t,s) €

N2 x N3 +2.
Now let us construct the Green’s function for the boundary value problem

(A%u)(t—2) +h(t)=0, teNJ*2

(2.5)
u(0) = (Au)(0) =0, (T +3) = ku(n)
to form the following new result.
Lemma 2.3. Let he C [Ng”,R] and assume
(T +2)(T +3) # kn(n—1).
The unique solution to the boundary value problem (2.5) is given by
T+2
u(t) =Y G(t,s)h(s), teNj*™, (2.6)
s=2
where
kt(t —1
G(t,s) = H(t,s) + ( ) H(n,s). (2.7

(T+2)(T+3)—kn(n—1)
Proof. Assume the solution of the boundary value problem (2.5) can be expressed as

u(t) = U(t) + [OO + Cit + Czt(t — 1)] ’U(’I]), (28)
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where Cy, C1 and Cy are constants to be determined and v be the unique solution of the boundary
value problem (2.1). When v(n) = 0, the u(t) defined by (2.8) is the same as v(¢) and it is actually

the solution of (2.5). In what follows, we assume that v(n) # 0.

It follows from (2.8) that
(Au)(t) = (Av)(t) + [C1 + 2Cat] v(n). (2.9)
From (2.1), (2.5), (2.8) and (2.9), we have
u(0) =0 = v(0) + Cov(n) =0 = Cy =0, (2.10)
(Au)(0) = 0= (Av)(0) + Crv(n) = 0= C; =0, (2.11)

and
u(T + 3) = ku(n)

= 0(T'+3) + Co(T + 2)(T + 3)v(n) = k[v(n) + Can(n — )v(n)]
k

=02 = (T+2)(T+3)—kn(n-—1)

(2.12)

Using (2.3) and (2.10) — (2.12) in (2.8) and rearranging the terms, we obtain (2.6) and (2.7). The

proof is complete. O

Let us now establish new bounds on the summation of the Green’s functions H (¢, s) and G(t, s)
via the following result, which is of interest in its own right, for example, the bounds may prove
useful in areas beyond the scope of this paper, such as in the application of topological ways of
working with fixed point theory. We will draw on it to establish the main existence and uniqueness
results of Section 3. The bounds will be formulated in terms of T, k,n. To assist with notation,
we define the following constant A (that depends on the form of T') that we will use below. For

n € Ny we define
n(n+2)(2n+1)

i T = 3n,
P R I Cllh D R (2.13)
1
n(n +zf” D r—sn_a
Lemma 2.4. The Green’s function G(t,s) in (2.7) satisfies
T+2

> |Gt s)| <T,
s=2

where I' depends on T, k,n and s explicitly given by
k
(T+2)(T+3)—knn—1)
and A is defined in (2.13).

T =A+

1[1%2iﬁ+n (2.14)

(T+2)(T+3){ (
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Proof. Consider

TX:HH(t [ 1) T+3—s)(T+4—s)_(t—S)(t—5+1)]

2(T +3)(T +2) 2

S=

2
T+2
n {t(t—l)(T—i—B—s)(T—i—él—s)]

2T +3)(T+2)

RS [tt—l 1;133)_(;)?2;4_ )]_tz:[(t—s)(t—s—i—l)]

s=
t . 1) T+1 t—2

1
:m;S(S"‘l)—i S(S+1)

Kt —1) T+1 , T+1 ( t—2 , t—2
=— 7+ sl —< 7+ s
T POLRD UL DB
_ t(t—1) (T+1)(T+2)2T+3) (T+1)(T+2)
2T +3)(T +2) 6 2
_L[E=2-D@E-3)  (t-2)(¢-1)
2 6 2
- 1)(TH1) —tt 1)t —2)  t(t—1)(T+3—1)
B 6 B 6 '
Clearly,
T+2 T+2
> H(0,s)=>_ H(l,5) =0.
s=2 s=2
T+2
Now we wish to maximize Z H(t,s) for t € Ng“. Denote by
s=2
tt—-—)(T+3—-1
g(t) _ ( )(6 )’ te N§+3~
The first forward difference of g with respect to t is given by
2T —3t+5
(Ag)(t) = HEL=HAE)

In this expression, the term ¢/6 is positive for all ¢ € NT+3 The equation 27 — 3t + 5 = 0 has the

solution ¢t = 2L so we consider t = |25 | € NJ*2. If ¢ < | 2L || the difference 27 — 3t + 5 is
25

positive, and thus g is increasing. If ¢t > | the quantity 27" — 3t + 5 is negative, and thus g

is decreasing. Hence, the maximum value of g occurs at t = L%J We observe that, for n € Ny,

2n+1, if T = 3n,
2T +5
=932n+1, ifT=3n-—1,

3
2n, if T=3n-—2.
Therefore,
T+2
2T +5
tgl\g)i?’s 2H(t ,8) = tgg}ﬁgg(lf)zg({ 3 J) =A. (2.15)
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Consider

= A= DT+3-5)T+4-5) (—s)(n—s+1)
ZH(”’S)_Z{ 2T + 3)(T + 2) 2 }

T+2
n—1)(T+3—-5)(T+4—25)
+Z{ 5T +3)(T + 2) ]

-5 P S (]
T+1 t—2

__nn—1) 1
*mg““*imfﬁwﬂﬂ

s=1

77(77*1) sy 2 T+1 1 -2 t—2 t—2 ,
T 2T +3)(T+2) ;5 +Z_;5 —3 77(77—1);1—(2n—1);s+;s

 nn—-1) (T+1)(T+2)2T +3) (T+1)(T+2)
2T +3)(T +2) [ 6 + 2 ]

-5 |- D=2 - -

nn—1)(T—=3t+7)+ Bn—t)(t—1)(t - 2).

(t—2)(t—1)  (t—2)(t—1)2t—3)
2 * 6 ]

6
T+2
Now we wish to maximize Z H(n,s) for t € NI 3. Denote by
s=2

nn—1)(T-3t+7)+ Bn—1t)(t—1)(t—2)
6 b

h(t) = t e NE T2

The first forward difference of h with respect to t is given by

—(2 1)t 1
We observe that
<0, forteNIT!,
=0, fort=n,
(k) (1) !
=0, fort=n+1,
T+3
<0, forteN,y,
implying that
_ _ =T +7)
té%}%}i:* h(t) = h(0) = 6 + 7.
That is,
T42
n(n—1)(T+7)
H AN YA N
a3 (n,s) = G +n

s=2
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Now, consider

T+2 T+2

- . ki(t — 1) .
> 16191 = 3 H.9) + gy g =y
T+2 H k 1 T+2 H
< s — S
I e | LA DL
2 ]{} T+2
=2 At ‘ T+ T+ 3 knlr 1) ‘ He-1 Hons)

k nn—H(T+7)
<A+‘(T+2)(T+3)—k77(77—1)‘(T+2)(T+3){ 6 ”}
=T.

The proof is complete. O

Remark 2.5. From the proof of Lemma 2.4 we see that (2.15) implies that the bound A on

T+2
Z H(t,s), teN§*3
s=2

is sharp therein. If we compare this sharp bound with the sharp bound for the integral of the
corresponding Green’s function in the continuous case of (T + 3)3/81 in [4] then we see the bounds
between the discrete and continuous cases are different. This is partly due to the differing forms of
the Green’s function for the discrete and continuous problems. However, it is possible to establish
a connection between the two theories by forming a new bound that is common to both problems
simply by choosing the larger of the two bounds. The price to pay for this unity in this situation
is that one of the bounds will no longer be sharp. Thus we see a trade-off between unification and

sharpness in this situation.

3 Application of Banach’s theorem

In this section we establish sufficient conditions on the existence of a unique solution for the
boundary value problem (1.1) using Banach’s fixed point theorem. “The field of fixed point theory
aims to establish conditions under which certain classes of problems will admit one, or more, fixed

points [21, 20]” [16, C16]. First let us recall the statement of this theorem.

Theorem 3.1 ([3]). Let (X,d) be a complete metric space and T : X — X be a contraction
mapping, that is, there is an o, 0 < a < 1, such that

d(Tz,Ty) < ad(z,y),

forall z, y in X. Then T has a unique fized point z in X, that is, Tz = z.
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Every solution of the boundary value problem (1.1) can be treated as a (17" 4 4)-tuple real vector.
Denote the set X = R7** and consider the following metrics defined on X:

d(u,v) = s u(t) —o()],

T+3 »
6(u,v) = <Z lu(t) — U(t)|p> , p>1,
t=0

for all u, v € X. The pair (X,d) forms a complete metric space, and the pair (X, d) also forms a
complete metric space. Define the operator T': X — X by

T+2

(Tu)(t) = > G(t,s)f(s,u(s)), teNG*>.

Note that u is a solution of the boundary value problem (1.1) if and only if u is a fixed point of T'.
We apply Theorem 3.1 to show that T" has a unique fixed point in X with the ideas manifested in

the following two new theorems.

Theorem 3.2. Let f € C[NJ™ x R,R], let f(t,0) # 0 for all t € NG 3, let (T +2)(T + 3) #
kn(n — 1) and let T be defined in (2.14). If f satisfies a Lipschitz condition with respect to the

second variable on N0T+3 X R with Lipschitz constant K, that is, there is a nonnegative constant

K, such that
ft,z) — ft,y)| < Klz—y|, forall te NI andall z,yeR
0

and

KT <1, (3.1)

then the boundary value problem (1.1) has a unique nontrivial solution.

Proof. For u, v € X and t € N0T+3, consider

T+2 T+2

[(Tu) () = (Tv) ()] = |D_ G(t:5)f(s,u(s)) = D Glt,)f(s,v(s))
T+42

<D G 9)| [ f(s,u(s) = f(5,0(9))]
s=2
T+2

<K Y |Gt )] Ju(s) — v(s)|
s=2
T+2

< Kd(u,v) Z |G(t, s)]

s=2

< KTd(u,v),

implying that
d(Tu, Tv) < ad(u,v),
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where a = KT < 1. Thus, T is a contraction mapping on X. Hence, by Theorem 3.1, our T has
a unique fixed point in X. This is equivalent to the boundary value problem (1.1) admitting a

unique nontrivial solution. The proof is complete. O

The following result sharpens the inequality (3.1) in Theorem 3.2 through the strategic use of a

different metric.

Theorem 3.3. Let the conditions of Theorem 3.2 hold, with the assumption (3.1) removed. If
there are constants p > 1 and g > 1 such that 1/p+1/¢ =1 and

T+3 /T+2 N
K Z(Z G(t,s)|q> <1, (3.2)

t=0 s=2

then the boundary value problem (1.1) has a unique nontrivial solution.

Proof. We apply Theorem 3.1 to show that 7" has a unique fixed point in X where X is defined in

the proof of Theorem 3.2 but is now coupled with the metric

T+3 »
3(u,v) = (Z lu(t) — ’U(t)p> .

t=0

Consider
T+2 T+2
|(Tu)(t) = (To) ()| = | > G(t,s)f(s,ul(s)) = > G(t,s)f(s,0(s))
Tho .
<D Gt 9)| £ (s, u(s) = f(s,0(s))]
S_T+2

<K Y |Gt )| [u(s) = v(s)]. (3-3)

By Holder’s inequality, we have

T42 T+2 v /T42 4
D 1G9 [u(s) —v(s)| < (ZIU(S)—v(S)IP> <Z|G(t,8)q> : (3.4)

Thus,

T+2 P T+2 %
[(Tu) ()~ (T0) (1)] < K (Z u(s) v<s>P> (Z Gt s>|q> (3.5)

IN

T+2 %
K (Z G(t, s)|q> 8(u,v)
s=2

and so, we have

T+3 % T+3 /T+2
<Z|(Tu)(t)(Tv)(t)|p) <K Z(Z |G(t,s)|q> §(u,v),
t=0 s=2

t=0

<t
S
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implying that
0(Tu, Tv) < v6(u,v),

where

Qs
|

T+3 /T+2
y=K{Y (Z |G(t,5)q> <1

t=0 s=2

Thus, the conditions of Theorem 3.1 hold. Hence, by Theorem 3.1, our 7" has a unique fixed
point in X. This is equivalent to the boundary value problem (1.1) furnishing a unique nontrivial

solution. The proof is complete. O

For the choices p = ¢ = 2, Theorem 3.3 takes the following form:
Theorem 3.4. Let the conditions of Theorem 8.2 hold, with the assumption (3.1) removed. If

T+3 /T+2 %
K (Z (Z |G(t,s)|2>> <1, (3.6)

t=0 s=2

then the boundary value problem (1.1) has a unique nontrivial solution.

4 Discussion of examples

Let us discuss two examples to illustrate the nature of our new theorems and the relationship
between them.

Example 4.1. Consider the following discrete boundary value problem

(A3u)(t — 2) + 135 cos(u(t)) =0, e N3t
u(0) = (Au)(0) =0, u(12) = u(6).

(4.1)

We claim that this problem admits a unique solution.

Proof. Observe that (4.1) is a special case of (1.1) with T =9, k=1, n =6 and f(t,u) = f(u) =
(cos(u))/150.

We show that the conditions of Theorem 3.2 are satisfied.

Since T' is a multiple of 3 we have n = 3 and so A = 35. Furthermore, appropriate calculations

reveal I' =~ 146.294 < 147.

Our f satisfies a Lipschitz condition due to the property that its derivative with respect to u is
uniformly bounded by 1/150 and we may choose this bound to be the Lipschitz constant, that is,
on R we have

|0f /Ou| = | — sin(u)]/150 < 1/150 = K.
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Finally, we see that KT < 147/150 < 1. Thus, all of the conditions of Theorem 3.2 hold and we

conclude that the discrete boundary value problem (4.1) admits a unique solution. O

Let us now discuss an example that illustrates Theorem 3.3 and its distinction from Theorem 3.2.

Example 4.2. Consider the following discrete boundary value problem

(A3u)(t —2) + S tan (u(t)) + > +1=0, €N},
u(0) = (Au)(0) =0, u(12) = u(6).

We claim that this problem admits a unique solution.

Proof. Observe that (4.2) is a special case of (1.1) with 7' =9, k = 1, n = 6 and f(t,u) =
(tan=1(u))/54 + 2 + 1.

We show that the conditions of Theorem 3.3 are satisfied with p = 2 = ¢, that is, Theorem 3.4 will
hold.

Appropriate calculations using Maple reveal

T+3 /T+2 %
(Z (Z |G(t7s)2>> ~ 52.3839 < 53.

t=0 s=2

Our f satisfies a Lipschitz condition due to the property that its derivative with respect to u is
uniformly bounded by 1/54 and we may choose this bound to be the Lipschitz constant, that is,
on R we have

|0f Jou| = |1/(54(u* + 1)) <1/54 = K.

Finally, we see that (3.6) holds since

T+3 /TH+2 2
K (Z (Z |G(t,s)2>> < 53/54 < 1.

t=0 s=2

Thus, all of the conditions of Theorem 3.3 hold with p = 2 = ¢ (that is, Theorem 3.4 holds) and

we conclude that the discrete boundary value problem (4.2) admits a unique solution. O

Remark 4.3. We note that Theorem 3.2 cannot be directly applied to the boundary value problem
(4.2) in Example 4.2. The reason is because the condition KT < 1 is not satisfied in this situation.

Thus, we observe that Theorem 3.4 is more general than Theorem 3.2.

5 Concluding remarks and further work

This paper deepened our understanding of the existence and uniqueness of solutions to discrete

boundary value problems. We showed that a larger class of problems admitted a unique solution
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and achieved this by drawing on fixed-point theory and the use of new bounds. Our results add
to the recent literature on discrete boundary value problems and difference equations [17, 18] and

move us closer to a more complete understanding of the underlying theory and application.

Although our bound on the summation of H (¢, s) herein is sharp, the corresponding bound involv-

ing G(t, s) remains rough and a natural question for further work is: can this bound be sharpened?

One of the main limitations with many fixed point theorems is the very nature of their assump-
tions. Because sufficient conditions are involved, it may be the case that the conditions of these
theorems do not hold, yet the problem under consideration does actually admit a unique solution
(or solutions). Thus it is important to also look beyond these types of sufficient assumptions and
the development of new methods and altenative perspectives in mathematics are needed [21, 22]

to advance the associated existence and uniqueness theory.
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1 Introduction

The following Wirtinger type inequalities are well known

/bu2(t)dt < _ZG)Q /b [ ()] dt (1.1)

™

provided v € C' ([a,b],R) and u(a) = u(b) = 0 with equality holding if and only if u(t) =
K sin [%7‘1)] for some constant K, and, similarly, if u € C* ([a,b],R) satisfies u (a) = 0, then

b _a)? b )
/ u?(t)dt < M/ [u ()] dt. (1.2)

™

The equality holds in (1.2) if and only if u (¢t) = K sin {;Eé:gﬂ for some constant K.

For p > 1 put m, := %’T sin (%) . In [11], J. Jaros obtained, as a particular case of a more general

inequality, the following generalization of (1.1)

b —a)? b
/ |u(t)|pdt§(](3b_1))ﬂ£/ ! (O dt (1.3)

provided u € C* ([a,b] ,R) and u (a) = u (b) = 0, with equality if and only if u (t) = K sin,, [ﬂ”b(i;a)}

for some K € R, where sin, is the 2m,-periodic generalized sine function, see [18] or [5].
If u(a) =0 and u € C* ([a,b] ,R), then

b —a)? b
/ mun?ag”/ W (1) dt (1.4)

with equality iff u (t) = K sin, {%] for some K € R.

The inequalities (1.3) and (1.4) were obtained for a =0, b=1 and ¢ =p > 1 in [17] by the use of

an elementary proof.
For some related Wirtinger type integral inequalities see [1, 2, 4, 8, 9, 11, 12] and [15]-[17].

These inequalities are used in various fields of Mathematical Analysis, Approximation Theory,
Integral Operator Theory and Analytic Inequalities Theory since they provide connections between
the Lebesgue norms of a function and the corresponding Lebesgue norms of the derivative under

some natural assumptions at the endpoints.

Motivated by the above results, in this paper we establish some natural consequences of the
Wirtinger type integral inequalities for p-norms (1.3) and (1.4). Applications related to the trape-
zoid unweighted inequalities, of Griiss’ type inequalities and reverses of Jensen’s inequality are also

provided.
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2 Some applications for trapezoid inequality
We have:
Proposition 2.1. Let g € C1([a,b],R). Then for p > 1 we have the trapezoid inequality
g(a)+g(b) 1 /b
— t)dt
5 b—al g(t)
b 1/p
—a
< lg (t) — g (a+b—t)["dt .20
2(p—1)""x, ( —a/
In particular, for p =2, we have [7]
g(a)+g(b) 1 b b—a 1 b 12
- t)dt| < — ‘W)= (a+b—t)dt| . (22
S [ <t (b_a/am() g (atb—1) ) (22)
Proof. If g € C'([a,b],R), then by taking
u(t) — g(t)+g(a+b_t) _ g(a)—*—g(b)7 te [a,b]
2 2
we have u (a) = u (b) = 0 and by (1.3) we have
b P
g(t)+gla+b—t) gla)+g(b) (b—a)” / AP
/a 5 5 dt < —— e lg’ (t (a+b—1t)]"dt, (2.3)
namely
b P p
/ g +glatb-t) g(@+g@®) .,
. 2 2
1/p
Y
SQ( 1/p (/ lg’ (t "(a+b—1t)] dt) . (2.4)
By Holder’s integral inequality we have for p, g > 1, 11) + % =1
J R TR GO
. 2 2
b 1/q b _ D 1/p
c([a)" ([ [prserizn _swrsw),
o o 2 2
Plg®) +glatb—1) g@+e® \"
:(b—a)l/q</ g g - 29 dt)
oW tgatb-n g@+g®[ )"
= (b—a) VP </ AV _ 9 J dt) . (2.5)
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By making use of the properties of modulus and integral, we also have

"la) +glatb—t) g(a)+g(b) "lg®) +glatb—t) gla)+g(b)
e ] e N L
b
[ awa- 2 ) (26)
By making use of (2.4)-(2.6) we get the desired result (2.1). O

Further, we have:

Proposition 2.2. Let g € C1([a,b],R). Then for p > 1 we have the trapezoid inequality

ICETIUR Y

2 b—a
. b-a 1 /b
_(p—l)l/pﬂ'p b—a/,

In particular, for p =2, we have [7]

g@)+g() 1 /bg@)dt

2 b—a

b—a< 1 /b
<
- b—a/,
Proof. If g € C*([a,b],R), then by taking

gla)(b—1t)+g(b)(t—a)
b—a

, t € la,b]

u(t):=g(t)—
we have u (a) = u (b) = 0 and by (1.3) we have

g@b-)+g®)(t-a)ff  _ G-af [°
b—a dtﬁ(p—l)w;’/a g

p
dt,  (2.9)

/ 9(b) —g(a)
A

g(t)—

which gives that

1/p
b —a b p
P Tp a

By Hélder’s integral inequality we have for p, ¢ > 1, % + % =1 that

g(a)(b—1t)+g(b)(t—a)

dt
b—a

g(t) -

» 1/p
dt) . (2.11)
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By making use of the properties of modulus and integral, we also have

b a) (b — —a b 2 (b .
/a g(t)fg()(b tgjg(b)(t )dtz/a {g(t)g()(b tg-l_—z(b)(t )}dt
= /bg(t)dtg(a);rg(b)(ba) . (2.12)
By making use of (2.10)-(2.12) we get the desired result (2.7). O

We also have:

Proposition 2.3. Let g € C([a,b],R). Then for p > 1 we have the inequality

b b

b—|2—a/ g(s)ds—/ tg (t) dt
- (b—a)® 1 /b
T (p-)YPm, \b-ala

In particular, for p =2, we have [7]

b b
b—|2—a/ g(s)ds—/ tg (t)dt

07 1/2

2 b b
g(b;a) bla/af(t)dt—<bla/a 9(8)d8> - (214)

Proof. Assume that g : [a,b] — C is continuous, then by taking

P 1/p
dt) . (2.13)

t g [
u(t) ::/g(s)dsfz_—a g(s)ds, t € [a,b]

we have u (a) = u (b) =0, u € C'([a,b],C) and by (1.3) we get
bl gt b p P b
t—a (b—a)
— <~ 7
/a /ag(s)ds bia/ag(s)ds dt_(pfl)ﬂg/a
This is equivalent to
/b /t ()d t_a/b ()d pdt 1/p
) g(s)ds — 37— ’ g(s)ds
< b—a /b
_(p—l)l/pﬂp a

P
dt.

b
9) - 5= [ 9lo)ds

a

1 b p 1/p
g(t)—bi /g(s)ds dt) . (2.15)
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By Hélder’s integral inequality we also have for p, ¢ > 1, % + % =1 that

(b - )/ (/b [oas—1=2 [ as
- [

Observe that, integrating by parts, we have

/ab (/atg(s)dsz_(;/abg(s)ds> dt/ab (/(;tg(s)ds>dtb2a/abg(5)d5
b/abg(s)dsfabfg(t)dtb2a/ab9($)ds

b b
_ b;a/a g(s)ds—/a tg (1) dt. (2.17)

By making use of (2.15)-(2.17) we get the desired result (2.13). O

3 Inequalities for the CebySev functional

For two Lebesgue integrable functions f, g : [a,b] — R, consider the C’eby§ev functional:

b b b
Ol = g [ 0o~ o [ [t (31)

In 1935, Griiss [10] showed that

C (9] < 3 (M —m) (N —n), (32)

provided that there exist real numbers m, M, n, N such that
m<ft)<M and n<g({t)<N fora.e. t€lab]. (3.3)

The constant % is the best possible in (3.1) in the sense that it cannot be replaced by a smaller

quantity.

Another, however less known result, even though it was obtained by C‘ebyéev in 1882, [3], states

that

CU9)I < 75 6= 0 1 19 (3.4)

provided that f’, ¢’ exist and are continuous on [a,b] and || f'||, = sup;c(q 4 |f' (¢)|. The constant

1—12 cannot be improved in the general case.
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The Cebysev inequality (3.4) also holds if f, g : [a,b] — R are assumed to be absolutely continuous
and f’, g € Lo [a,b] while || f'|| . = ess supiciap |f' (1)].

A mixture between Griiss’ result (3.2) and Cebysev’s one (3.4) is the following inequality obtained

by Ostrowski in 1970, [14]:

IC(fol << b—a)(M-m)ld, (3.5)

| =

provided that f is Lebesgue integrable and satisfies (3.3) while g is absolutely continuous and

g’ € Lo [a,b] . The constant £ is the best possible in (3.5).

The case of euclidean norms of the derivative was considered by A. Lupag in [13] in which he

proved that

1
C (£ 91 < 5 C=a)llf; 19, (3.6)
provided that f, g are absolutely continuous and f’, g’ € Lo [a,b]. The constant 2 is the best
possible.
We have:

Theorem 3.1. If f : [a,b] — R is continuous, p, ¢ > 1 with %—F% =1andg: [a,b] = C is

P 1/p
dt>
b 1/q
><</ |g/(t)th> 37

1/2

absolutely continuous with ¢’ € Ly [a,b], then

_ )i/ b
CUol s (bla/a 7~

L o

In particular, for p=q =2, we get

a2 b b 2

gl =2 f2(t)dt—<b_1a/ f(smS)
b 1/2

x(/ g/(t)|2dt> (38

Proof. Integrating by parts, we have

ab (/;f(t)dt—
(/:f(t)d

3)ds> g/ (z) dx

b b
s)ds)gcr) —/agcr)( )
= b—a/f dx—l—i/f ds ! /ag(w)dm,
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which gives that

C’(f,g):bi (za/f dsf/ F(t dt)g/ z) dz. (3.9)

Using Holder’s integral inequality for p, ¢ > 1 with % + % = 1 we have

1C(f,9)l = bia/ (x_a’/f ds—/ ft dt>g/ z)dzx
<L “’”‘a/f ds—/ f(t)dt] g (o) da
sbi (/ m_a/f ds—/ F(t dtpdx> p(/abg/(x)qdm>l/q::1(3.10)

Using (2.15) we have

= (L)
_ 1 b—a /bf()
Thmap-1)rm, \Ja

s)ds

1/p b 1/q
dt> (/ lgt (z)]? dz)
P 1/p b 1/q
dt) </ lg’ (x)|qdaz>
P 1/p b 1/q
dt) (/ lg! (:c)|qu> (3.11)

s)ds

p

O N T
-0, (b—a/a o=

for p, ¢ > 1 with % + % = 1, which proves (3.7).

)ds

Now, if we put p = ¢ = 2 and take into account that

bia/abf()— zdt:b_la/abfz(t)dt—<b_1a/abf(s)ds>2,

then by (3.7) we derive (3.8). O

s)ds

This results can be used to obtain various inequalities by taking particular examples of functions

f and g as follows.

We have the following trapezoid type inequality:

Proposition 3.2. Assume that g : [a,b] — C has an absolutely continuous derivative with g" €

L, [a,b], where p, ¢ > 1 and % + % =1. Then

" b _ g &
S /g<t>dt<2(p(1b)/(p+11/” </ 0 |th> S

2 b—a
Proof. We use the following identity that can be proved integrating by parts

JCEID _bia/abg(t)dt: bia/j (t_a;b)gf@)dt:c(e—“;b,g'),
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where £(t) =t, t € [a,]].

Using (3.7) we have
a+b
g - /
(- *5)
_ N\/p b
(p—1)""m, b—al,

O R T
-, (b—a/a

1/p 1/q
b1 [P o\ | b
a—2|— _b—a/ <s—a_2|— )ds dt) </ |g"(a:)|quc>
1/q
) </ |g// |qu>

(b— 1+1/p /q
_ / |g// |q dx ,
201" (p+ 1) m, <

which proves the desired inequality (3.12). O

b|?
t_a-i—

Let ® : [m, M] C R — R be a differentiable convex function on (m, M) and f : [a,b] — [m, M] be
absolutely continuous so that ® o f, f, ® o f, (&' o f) f € La,b]. If f' € Ly [a,b], then we have

the Jensen’s reverse inequality [6]

b b
ogbia/a (@of)(t)dt—@(bia/a f(t)dt)

b b
<y [ @onwiwd— = [or dt—/ f ¥off). (313)

We have the following reverse of Jensen’s inequality:

Proposition 3.3. Let ® : [m,M] C R — R be a differentiable convex function on (m,M) and
f :la,b] = [m, M] be absolutely continuous so that ®o f, f, &' o f, (' o f) f € Lla,b].

(i) If f' € Ly[a,b], ® o f € L,[a,b] withp, ¢ > 1 and%—i—%:l, then

b b
o< it [@enoa-o (it [roa)

_ - (1 /b
T -1, \b—al,

b
@ of)(O)- 5 [ @c)(s)ds

P 1/p
dt>

1/q

b
><</ |f’(t)|th> . (3.14)
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(it) If ® is twice differentiable and (®" o f) f" € Lq[a,b] with p, ¢ > 1 and % + % =1, then

o< [(@enwa- ( i )

(b-a)” (1
S(p—l)l/p%(b“/a

b 1/q
(/ |<<1>”of><t>f’<t>|"dt> . (3.15)

The proof follows by Theorem 3.1 for C (9’ o f, f) and the inequality (3.13).

We have the following mid-point type inequalities:

Corollary 3.4. Let @ : [a,b] C R — R be a differentiable convex function on (a,b).

(i) If ®' € L, [a,b] with p > 1, then

b
ogbia/a @(t)dt—@(a;rb>
b—a Lo, e —a@P \Y
< i (b_a/a @' (1) - TO =2 dt) . (3.16)

(11) If ® is twice differentiable and ®" € L, [a,b] with p, ¢ > 1 and % + % =1, then

/a

<7/ t) dt — q>(a42-b> S2<p_(b)/ ();J:/lpl/p </ D" (t) th> . (3.17)
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ABSTRACT

The main goal of this work is to examine the periodic dynamic
behavior of some retarded periodic partial differential equations
(PDE). Taking into consideration that the linear part realizes the
Hille-Yosida condition, we discuss the Massera’s problem to this
class of equations. Especially, we use the perturbation theory of
semi-Fredholm operators and the Chow and Hale’s fixed point the-
orem to study the relation between the boundedness and the peri-
odicity of solutions for some inhomogeneous linear retarded PDE.
An example is also given at the end of this work to show the appli-

cability of our theoretical results.

RESUMEN

El principal objetivo de este trabajo es examinar el comportamiento
dindamico periddico de algunas ecuaciones diferenciales parciales
(EDP) periédicas con retardo. Tomando en consideraciéon que la
parte lineal cumple la condicién de Hille-Yosida, discutimos el prob-
lema de Massera para esta clase de ecuaciones. Especialmente us-
amos la teoria de perturbaciones de operadores semi-Fredholm y
el teorema de punto fijo de Chow y Hale para estudiar la relacion
entre el acotamiento y la periodicidad de soluciones para algunas
EDP no homogéneas lineales con retardo. Se entrega un ejemplo al
final de este trabajo para mostrar la aplicabilidad de los resultados

teodricos.

Keywords and Phrases: Hille-Yosida condition, Integral solutions, Semigroup, Semi-Fredholm operators, Periodic

solution, Poincaré map.
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1 Introduction

Along this work, we investigate the periodicity of solutions of the following inhomogeneous linear
retarded PDE J
pridy) Ay(t) + L(y) + h(t)  for ¢t=0

y(t) = () for —r<t<Oo.

(1.1)

We assume that the generator A is not necessarily dense on a Banach space E and realizes the

following Hille-Yosida condition:

(i) there exist M > 1, & € R such that (&, 00) C p(A) ,

(ii) the operator A satisfies for n € N, A > @, the following inequality

M
MN-A)™| <
(=A<
where p(A) is the resolvent set of A. The history function y; : [-r,0] — E defined for each
0 € [-r,0] by y:(0) = y(t + 0), belongs to C([—r,0],E) the space of continuous functions equipped
with the supremum norm. L : C — E is a linear bounded operator and h is a continuous function

from R to E.

Almost periodic and periodic solutions remain the most interesting subject in the qualitative
analysis of PDE in view of their important applications in many real phenomena and fields. Recall
that the concept of almost periodic is more general than the one of periodicity. It was introduced
by Bochner and studied by many authors. For more details on almost periodic function we refer
to [9, 16, 17, 18]. For the periodicity, there is an extensive literature related to this topic, see
for example [10, 11, 25] for more details. Moreover, the choice of a suitable fixed point theorem
is a fundamental tool to establish the periodicity of solutions for different classes of differential
equations, in fact, to find a fixed point of the well known Poincaré map is equivalent to find
the initial data of the periodic solution of the equation. After a long period of research and
development, Massera’s theorem [24] is the first result explaining the relation between the existence
of bounded and periodic solutions for periodic differential equations. In finite dimensional spaces,
several works have been developed on this subject. The authors in [4, 12] proved the periodicity of
solutions when the solutions of periodic system are just bounded and ultimately bounded by the
use of the Horn’s fixed point theorem. Especially, in infinite dimensional spaces, the authors in [8],
used the Poincaré map approach to get the periodicity of solutions for a class of retarded differential
equation, they supposed that the infinitesimal generator satisfies the Hille-Yosida condition and
generates a compact semigroup (7 (¢)):>0 by applying an appropriate fixed point theorem. In
[22], the authors proved the periodicity for a nonhomogeneous linear differential equation when
the linear part generates a Cy-semigroup on E and they obtained the existence and uniqueness of

periodic solutions for this class of equations.
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The present work would be a continuation and extension of the work [8] for inhomogeneous linear
retarded PDE, we establish the periodicity of solution for Equation (1.1) by using the perturbation
theory of semi-Fredholm operators and without considering the compactness condition of (7 (t)):>0.
To achieve this goal, we suppose that Equation (1.1) admits a bounded solution on the positive
real line and under suitable estimations on the norm of the operator L, we derive periodic solution
of Equation (1.1) from bounded ones on the positive real line by using the perturbation theory of

semi-Fredholm operators and the Chow and Hale’s fixed point theorem.

This work is treated as follows, in Section 2, we give some definitions and results about integral
solutions of Equation (1.1). Moreover, we give some definitions and properties concerning the semi-
Fredholm operators. Section 3 is devoted to prove and introduce some useful estimations on the
integral solutions of Equation (1.1). In Section 4, we discuss the problem of existence of periodic
solutions of Equation (1.1). Finally, we apply our theoretical results to an equation appearing in

physical systems.

2 Preliminary results

In this article, we assume that:
(Ho) A satisfies the Hille-Yosida condition.

We consider the following definition and results.
Definition 2.1 ([1]). A continuous function y : [0,4+00) — E is said to be an integral solution of

Equation (1.1) if the following conditions hold:

(i) y: [0,+00) = E is continuous, such that yo = 1,

(i1) /0 y(s)ds € D(A) for t>0,

(111) y(t) = (0) + .A/O y(s)ds —l—/o (L(ys) + h(s)) ds for ¢>0.

We can deduce from the continuity of the integral solution y that y(¢t) € D(A), for all ¢ > 0.

Moreover ¥ (0) € D(A). In the next we define the part Ay of the operator A in D(A) as follows

D(Ao) ={y € D(A) : Ay € D(A)},
and
Aoy = Ay for y € D(Ap).

Lemma 2.2 (|2]). The operator Aq is the infinitesimal generator of a strongly continuous semi-

group denoted by (To(t))i>0 on D(A).
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Theorem 2.3 ([1|). Under the assumption (Hg). For all ¢ € C such that (0) € D(A), Equation

(1.1) has a unique integral solution y(.) on [—r,4+00). Furthermore, y(.) is given by

A—+oo

y(t) =To(t)y(0) + lim /0 To(t — s)AR(N, A) (L(ys) + h(s)) ds  for t>0.

Through this work, the integral solutions of Equation (1.1) are called plainly solutions. Let
y(.,%, L, h) be the solution of Equation (1.1).

We define Cy the phase space of Equation (1.1) as Co = {1 € C : 9(0) € D(A)}.

Let X(t) be the linear operator defined on Cy for each t > 0, by

X(tW’ = yt('7 IZ” 07 O)a

where y;(.,1,0,0) is the solution of the following equation

%y(t) Ay(t) for t>0,
Yo = .

Theorem 2.4 ([1]). (X(¢))i>0 is a linear strongly continuous semigroup on Cy:

(i) for allt > 0, X(t) is a bounded linear operator on Co such that X(0) =1 and X(t + s) =
X)X (s) for allt,s >0,

(ii) fort >0 and § € [—r,0], (X(t))i>0 satisfies:

[X(t+60)¢](0), if t+6>0,

XOAO =Y e i tes<o

(#ii) for all ¢ € Cy and t > 0, X(t)y) is a continuous function with values in Cy.

Theorem 2.5 ([1]). Under the assumption (Hg). The solution Y(t)y = yi(., %, L,0) of Equation
(1.1) with h = 0 can be decomposed as follows:

Yty =Xty +Z(t)y  for t=0,

where Z(t), is a bounded linear operator defined on Cy, by

t+6
[Z(t)¢)(0) = /\ETOO/O To(t +0 — s)A\R(X, A)L(ys(¢))ds ~ t+6 >0,

0 t+6<0.
for each t > 0.

To discuss the existence of periodic solutions, we use the theory of semi-Fredholm operators. We

consider some definitions and propositions which are taken from [21].
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Definition 2.6. Let E, F be two Banach spaces. A bounded linear operator F' from E to F, denoted
by F € L(E,F), is said to be semi-Fredholm from E to F if

(i) dimker(F') < oo, where ker(F') is the null space.

(i) Im(F) the range of F is closed in F.

We designate by @ (E,F) the set of all semi-Fredholm operators and ®(E) = &, (E,E). Now
we recall some well known theorems for the closed range operators. Let F' € B(E,F). Then the

quotient space E/ ker(F") is a Banach space equipped with the norm
[[z]] = inf{|x + m| : m € ker(F)},

where

[] =z +ker(F) :={z+m:m € ker(F)}.
Furthermore, if dim ker(F') < oo, then there exists a closed subspace M of E such that

E =ker(F) & M.

Theorem 2.7 ([21]). Let F be a bounded linear operator in E. Then, Im(F) is closed if and only

if there exists a constant ¢ such that
[[z]| <€||Fx| forall z€R.

Theorem 2.8 ([21]). Let F be a bounded linear operator in E such that dimker(F) < co. Then,

the following assertions are equivalent.

(i) F e o,(E).
(i) There exists a constant ¢ such that

|[z]| <¢||Fz| for all x€RE.

(i) There exists a constant b such that
(I = P)x|| <b|Fz| foral z€ckE,

where P is the projection operator onto ker(F') along M.

We present now a result for bounded perturbation of Semi-Fredholm operators.

Theorem 2.9 ([21]). Let F be an operator in ®, (E,F). If S € L(E) satisfying
1
S =
ISl < .

where b is the constant given in Theorem 2.8. Then,

F+S e, (EF) with dimker(F+S)<dim ker(F).
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Now, we need to introduce some well known definitions and results about the spectral theory. Let
J be a linear bounded operator on F, we define the measure of Kuratowski of noncompactness of

the operator J as follows
|T o = inf{e > 0: a(J(B)) < ea(B), for every bounded set B C F},
where «(.) is the measure of Kuratowski of noncompactness of bounded sets B C F defined by
a(J) =inf{e > 0 : B has a finite cover of ball of diameter < €}.

The essential radius ress(J) is characterized by the following Nussbaum Formula introduced in
[19]:
T'ess(j) = lim Hjn‘oé]l/n

n—-+oo

Moreover, if J is bounded and 7¢5(J) < 1, then I — J € & (F).

Let us define the essential growth bound of a strongly continuous semigroup S := (S(¢))¢>0 on a

Banach space F as

Wess(S) == lim 1log|$(t)|a.

t—+oo ¢
It is well know that
Tess(S(t)) = exp (twess(S)), ¢ > 0.

3 Several estimates

Before discussing the periodicity of solution of Equation (1.1), we need some preparatory estimates.
Proposition 3.1. Suppose that |To(t)| < Mg e“°t fort > 0. Then
IZ(t)]le < My e®o t(eMoILIME _ 1) for ¢ > 0,

where wi = max{wo, 0}.

To prove the above Proposition, we need to introduce the following Lemma.

Lemma 3.2. Let |[To(t)| < Moe*ot for t > 0. Then, the solution of Equation (1.1) in the case
where h = 0 is estimated as

V(t)] < Mo eld +MolLIME,

Proof. For t >0, 0 € [—r,0], one has

1V)Ylle = sup |y(t+0,4) = sup |y(& )l

6e[—r,0] E€ft—mt]
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Then for ¢t > r,

sup [y(E,0)| < sup [To(E(0)+ sup | lim A / To(€ — 5 RO, ALY (s)6) ds
geft—mt] ceft—rt] E€ft—ryt] | At
< MoesS ol + Mol ( [ e 16 Wleds).
0
For t < r,
sup [y(&, )| = maX{ sup [y(&,¥)]; sup |y(&, wn}
ge[t_rvt] &E[t—T‘,O] 56[ 7]
S max{||1/1c; sup |y(§71/))}7
£€0,t]
and

t
sup [y(€, %)] < Moc*s [ pllc + Mo|L[TT ( et ||y<s>w||cds) |
0

£€[0,¢]

Finally, we obtain that

t
I¥(000lle < Mocs * [9le + Mo |LITT [ 50 [¥(s)]c d.
0

Hence,
t
—wd AT —w, S
=3t Y@ blle < Mo [6]lc + Mo |L| T / e |V (s)lc ds.
0

Gronwall’s inequality implies that
—wt i3
le™0 * Y(&)lle < Mo MM |[ge,

and then
V() ]le < Mg e®s +MolLIADE ), O

Proof of Proposition 3.1. Let t >0, t + 60 > 0. Then

IZ()¢lle sup |(Z(8)9)(0)]

0e[—r,0]

t
ML ( [ 5 I epleas).
0

IN

From Lemma 3.2, we have

1Z@)¢lle

IN

t .
M2|LIFT e ( / eMO'L'MSds) llle
0

Mo et (eMIEIME 1) [y .

IN

This implies our inequality. O
Proposition 3.3. A function ¢ € ker(I — X(w)) if and only if $(0) € ker(I — To(w)), furthermore

dim ker(I — X(w)) = dim ker(I — Tp(w)).
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Proof. Let ¢ € ker(I — X(w)). Then,

Xw)p=¢ and (X(w)p)(0)=¢(0) for 6¢€[-rQ0].

Since
(X (w)9)(0) = To(w)#(0),
then
$(0) = To(w)e(0),
and hence

5(0) € ker(I - To(w)).
Conversely, let x € ker(I — To(w)) and ¢, (0) = To(nw + )z for n > [Z] + 1, where [.| denotes

the integer part. Then,
To(t +w)z = To(t)To(w)z = To(t)z for >0,
and ¢, (0) is independent of the integer n and then
¢n(0) = To(w + O)z = #(0) and ¢(0) ==.
If w+ 6 > 0, then
(X(@)B)(0) = To(w + 0)6(0) = To(w + O)x = H(6).

Ifw+6<0, then

(X(w)$)(0) = d(w + 0) = pn(w + 0)
=To(0 +w + nw)x = To(nw + )
= ¢71(0) = ¢(0)’

hence,
X(w)o = ¢,

which implies that ¢ € ker(I — X (w)). Moreover, ker(I — To(w)) is mapped bijectively onto the
space ker(I — X(w)). Therefore,

dim ker(I — X(w)) = dim ker(I — Tp(w)). O

Let us define the constant m,, by

m,, = sup |To(t)].
0<t<w

As it is shown in [22], the proof is omitted here, if I — To(w) is semi-Fredholm on D(A), then, the
operator defined by
Sy i=1—"To(w): M — Im(I — To(w)),
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is bijective, such that M is a subset of E and D(A) is decomposed as
D(A) = ker(I — To(w)) @ M.
Let S]\_j be the inverse operator of Sy; and let k& € N* such that
(k—1Dw <7 < kw.
We set
Iy=[-r,—(k—1w) and I,=[-pw,—(p—1w) for p=1,2,....,k—1 with k>2.

Let G be a linear operator defined from D(G) to Cy by

(G6)(0) = 3" 00 + ju) + To(0 + pw)Syt6(0) for 0 €I,

§=0
with
D(G) ={¢ € Co: ¢(0) € Im(I — To(w))}-

Clearly, for 0 € I,,p =1,2,...,k,

p—1
IGollc = sup [(GO)(O) < llgle+ sup [To(s)||Sy/ [[¢(0)]-
oe[—r,0] j s€[0,w]

i=0
Then
1Gslle < (k+muwlSy'1) 1le. (3.1)

Consequently, we have the following Theorem.

Theorem 3.4. I — Ty(w) is semi-Fredholm on D(A) if and only if I — X(w) is semi-Fredholm on
Co -

To prove Theorem 3.4, we need the following Lemma

Lemma 3.5 ([14]).
Im(I — X(w)) = D(G).

Proof of Theorem 3.4. Suppose that Im(I — To(w)) is closed, let ¢, € D(G) such that ¢, — ¢ as

n — oo. Then
¢ (0) € Im(I — To(w)) and ¢,(0) = ¢(0) € Im(I — To(w)),

which implies that ¢ € D(G) and D(G) is closed. Lemma 3.5 implies that Im(I — X (w)) is closed.
Now, we suppose that Im(I — X(w)) is closed and z, € Im(I — To(w)) such that z, — x as
n — oo. Let ¢,,¢ € Cy be such that ¢,(0) = x, and ¢(0) = z. It is clear that ¢, — ¢ as
n — oo and by Lemma 3.5 we have that (¢,) € Im(I — X(w)). Then ¢ € Im(I — X(w)) and
#(0) = z € Im(I — To(w)). Consequently, Im(I — To(w)) is closed. Therefore, by the use of

Proposition 3.3 we obtain the desired result. O
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In the nondensely defined case, we can prove the following result as in [22|, the proof is omitted

here.

Theorem 3.6. Suppose that I —To(w) is semi-Fredholm on D(A) such that dimker(I—To(w)) = n.

If 1
2| < ey

Then,
I—-Y(w) e ®i(Cy) and dimker(] —Y(w)) < n.

Proposition 3.7. Suppose that I — To(w) is semi-Fredholm on D(A). If |L| satisfies

e—UJUUJ
log [—5 " 41
o8 <2MOE(1 ) )
|L| < .

_ (3.2)
M()Mw
Then,
I—-Y(w)ed, (Cy) and dimker(I —Y(w)) <n.
Proof. By the inequality (3.2), it follows that
+ T 1
Mo e®o @ MOIV[\L|UJ_1 < —
o€e" (6 ) 20(1+\/ﬁ)7
and by Proposition 3.1, one has
1
Z —_
2 < Za 7
Theorem 3.6 gives that
I-Y(w)e®i(Cy) and dimker(I —Y(w)) <n. O

4 Periodic solutions for Equation (1.1)

To discuss the existence of periodic solutions of Equation (1.1), we introduce the following fixed

point Theorem for a linear affine map T defined from E to E by
Tu=Tu+v for u€eE,

where T € B(E) and v € E is fixed. Let Fr be the set of all fixed points of the map 7.

Theorem 4.1 (|5]). Let T be a linear affine map on a Banach space E such that the range Im(I—T)
is closed. If there is an ug € E such that {T*ug, k € N} is bounded in E, then Fr # @.

If there exists some v € Fr, then

Fr=v+ker(I —=T).
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dim Fr is defined as
dim Fr = dimker( — T).

If I - T € &, (X). Then, Theorem 4.1 is refined as follows

Theorem 4.2 ([22]|). Let T be a linear affine map on a Banach space E. If I =T € ®,(E) and if
there exists an ug € E such that {Tkuo, k € N} is bounded, then Fr # @ and dim Fr is finite.

Through the rest of this work, we suppose that
(Hy) h is an w-periodic function.

Furthermore, by property (R) we mean the following equivalence:

Equation (1.1) has an w—periodic solution if and only if it has a bounded one on the positive real

line. Then, we have the following result.

Theorem 4.3. Under assumptions (Ho) and (Hy). If I — To(w) is semi-Fredholm on D(A) and

if the operator L satisfies the following estimate

.
67(.«)00.1

log | ————— +1

o8 (2MOE(1+\/E) * )
|L| < —
Mon

)

where ¢ and n are the constants given in Theorem 3.6. Then, Equation (1.1) satisfies the property

(R).

Proof. Let y(.,1, h) be the solution of Equation (1.1). We introduce the Poincaré map P defined

from Cy to Cy as follows
Pu(¥) =y ¥, ),
Then,
Poth = o9, 0) + 4 (-, 0, ),

and hence P, is an affine map such that
Pty = Py + o,

with
Py =1y,(,1%,0) and ¢ =1y,(.,0,h).
According to the second section, P is decomposed as

P=X(w)+ Z(w).
Moreover, Proposition 3.7 gives that

I-Pe ¢)+(Co)
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Now, let y(.,%, h) denote the bounded solution of Equation (1.1) on RT. Thus, for each n € N, we

have
Pg¢ = ynw('v "/}7 h)7

and then (P3¢),,5, is a bounded sequence in Cp. All conditions of Theorem 4.2 are satisfied and

then Fp_ # &, which yields an w-periodic solution of Equation (1.1). O

Corollary 4.4. Under assumptions (Hg) and (Hy). If T — To(w) is semi-Fredholm in D(A) and
if |L| satisfies the following inequality

efwg'w

1 +1
> <2Mo (k +mal Sy T) L+ /) )
M()Mw

|L] <

Then, Equation (1.1) satisfies the property (R).

To establish the proof, we need the following Lemma.

Lemma 4.5 ([14]). Suppose that I — To(w) is semi-Fredholm on D(A). If there exists a constant
¢ > 0 such that

1G¥lle <cllélle  for all ¢ € D(G).

Then,
el <ell(d = X(w))elle  forall ¢ € Co.

Proof of Corollary 4.4: Since,

+
efwo w
lo +1
5 8 <2M0 (k+ malS3t)) (1 + Vi) )
M()Mw '
it follows that,
11y, MoMw|L| e
k w| Sy, oMU < ——————.
Lemma 4.5 and estimation (3.1) implies that
¢ < k+my|Syt,
and then .
FeMoMw|Ll _ 1y < e o '
e T
Finally
log | s 4 1
|L| < — .
M()MUJ

Now, Theorem 4.3 shows that Equation (1.1) satisfies the property (R). O
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In the particular case where the semigroup (7o(t)):>0 is exponentially stable, we have the following

Theorem.

Theorem 4.6. Under assumptions (Ho) and (Hy). If the semigroup (To(t))i>0 is exponentially
stable and if the operator L satisfies the following inequality

1
I 1
©8 <2M0 ktmalSy]) )

M()Mw

L] <

Then, Equation (1.1) satisfies the property (R).

Proof. From the exponential stability of (7¢(¢)):>0, we have
o1 .1
wess(To) = tl}inoo n log [To(t)]a < tilffloo n log [To(t)| = —wo < 0.
Consequently,
Tess(%(w)) = exp (wwess(%)) <1

Which implies that Im(I — Tp(w)) is closed. On the other hand, one has
To(w)"| = [To(nw)| < Moe™ 0"

and

1
75 (new) | < Me™ 0,
which implies that the spectral radius is estimated as

. 1 — . i . i
lim |To(w)"*|* <e ¥ lim Mg < lim My <L
n—-+oo n—-+o0o n—-+oo

r(To(w)) =

Consequently
1¢ 0(To(w)) and n = dimker(I — To(w)) = 0.

All conditions of Corollary 4.4 are satisfied with n = 0. Then, Equation (1.1) satisfies the property
(R). O

5 Application

In order to apply our theoretical results, we consider the following delayed partial differential

equation:
g(tg‘) = ﬁ(t()—a(t()—&-b(t—r()—i— (t,¢) forte Rt and(eR
3ty 9 - aCQy 9 l/ ) y ) g 9 9 (51>
y(ea C) = wo(Q,Q for 6 € [77'7 0] and C € Ra
where a and b are positive constants, g : R x R — R and ¢ : [-r,0] x R — R are continuous

functions where ¢(6,¢) has a finite limit at +oo.
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Note that Equation (5.1) can be written in the form of Equation (1.1). In fact: we set R :=
[—00, +00] and we say that z € C*¥(R) if z € C¥(R) and all derivatives of z up to the order k have
finite limits at +-00. Then, the space of continuous functions on R, denoted by E = C(R), endowed

with the norm

[zl = sup  [2(0)]
—oo<(<+o00

becomes a Banach space. we consider the linear operator A defined from D(A) C E to E by

D(A) = {zeCQ(R): lim z(():o},

{—+o0
Az = 2.

Then, we have

Lemma 5.1 ([7]).

and for each A >0

Clearly
D(A) = {ZGC(R) ¢ lim Z(C)O}

¢(—+to0

We write the part Ag of A in D(A) as

D(Ay) = {z €C*(R): lim 2(¢)= lim 2"(() = 0},

{—*Foo {—Foo

Aoz = 2.

Lemma 5.2 ([7]). A is the infinitesimal generator of a strongly continuous semigroup (Ta,(t))i>o0

on D(A). Furthermore,

Tao®)| <1 for t>0.
Let A: D(A) C E — E defined by:

D(A) = {z €C?(R): lim z(¢) = 0},

(—+o0

Az = 2" — az.
By Lemma 5.1, it is clear that

Lemma 5.3.

(=a, +00) C p(A)

and for each A > —a

‘()\I_A)_l‘ = Ata’
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Lemma 5.3 guarantees that the assumption (H,) is satisfied with & = —a and M = 1. Moreover,

D(A)_{zeC(R): lim z(g)_o}gﬂz.

(—+o0

Moreover, we write the part Ap of the linear operator A in D(A) as:

D(Ay) = {z e C*(R): CEI:EDOZ(C) =0= <Erﬁrzloo 2"(¢) = O} )
Aoz = 2" —az.

Lemma 5.4. Aq is the infinitesimal generator of an exponentially stable continuous semigroup

(To(t))t>0 on D(A). Moreover, fort > 0, we have

[To(t)] < e ".

Consider the following notations:

y(t,¢) for teRT (eR,
1;[](9)(() = ¢0(9»C) for 0 S [—T7 0]7 C S ]Ra

N
—~
~
=
—~
o~
-

and define the function L : C — E as follows

L(9)(() = bo(~r)(¢) for CER and eC.
h: R — E is defined by
h(t)(() =g(t, () for teR and (€eR.

Clearly, L is a linear bounded operator from C to E. Then, Equation (5.1) can be written in E as
follows

Ay(t) + L(y) + h(t) for >0,
¥ e C.

<

—~
~+

=

(5.2)

<
S
Il

We suppose that ghﬂ? 1¥0(0,¢) = 0, then Equation (5.2) has a unique integral solution y on
— oo
[—r, 4+00).

To get the periodicity of solutions of Equation (5.2), we suppose that

(Hz) b < a.

7o

Letp:1—|—7b
a—

where |h|oo = sup |h(t)]. Then, we have
<t<w

Lemma 5.5. Under assumption (Hg). For every i € C such that ||¢|c < p, the solution of
Equation (5.2) is bounded by p on RT.
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Proof. We proceed by contradiction. Let

te =inf{t > 0: |y(t,¥)| > p}.

From the continuity of y, one has

and there is a > 0, with

ly(t,9)| > p for each t€ (L, t. + ).

Applying the variation-of-constants formula for Equation (5.2) with the initial value 1,

A—~+o00

t
) = To(00(0) + tim X [ Tolt = )ROA) (L) + () ds.
0
Then, for t > 0
ta
ly(te, )| < |To(t)| |1(0)] +/O [To(te — s)| (IL(ys)| + |h(s)|) ds.
Since for 0 < s < t4, it follows that —r < s —r <t, —r < t, and then

[L(ys)| = bly(s = )] < bp,

hence
y(t, )l < pe ™+ (bp+ |hlo) /Ot* e—alte=9) gg
< pe 4 (A—em) (bp+ hls).-
Consequently,
y(t. )l < pe™™ + (bp+ (a —b)(p — 1)) u%m_at)

< pett (p ~1+ Z) (1— e~at+)

< pe ™4 p(l—e )

< p

which contradicts the definition of ¢,, and we deduce that

lyt.¢)|<p for t>0. O
To discuss the periodicity of solutions of Equation (5.2), we assume that:

(H3) h is an w-periodic function in ¢.

Theorem 5.6. Suppose that (Hz) and (Hg) hold true. If

1—e ™) (142k)+2
24 2k(1 — e—w) ’

|IL| < w™! log ((

then, Equation (5.2) has an w-periodic solution.
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Proof. Let m, be the constant defined by

my, = sup |To(t)].
0<t<w

Then

my, < sup e =1.
0<t<w

Moreover, since |Tp(w)| < 1, one has

1
Syl =10 =Tow) ™| < ——r
| ]\/[| |( 0( )) ‘ I*‘%(w”
1
< -
T 1l—ew
Thus,
k+my|Sytl < k+ =
Wit M - 1 —e-aw’
and

1 (
El < w 10g< 2+ 2k(1 — e—a)

1
< wltlo _— 1.
© <2 (k+ malS3) )

All condition of Theorem 4.6 are satisfied. Then, Lemma 5.5 implies that Equation (5.2) has an

1— e—aw) 1+2k)+2>

w—periodic solution. O
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1 Introduction

In recent years, some extensions of beta function and Gauss hypergeometric function have been
considered by several authors (see [3, 5, 6, 11]). The following extended beta function and extended

Gauss hypergeometric function are introduced by Ozergin et al. [11]:

1
(a,8) — =101 _ )y~ g P
B} (a:,y)_/o A ) e O <a,5, t(l_t)>dt, (1.1)
(R(@) >0, R(B) >0, R(p) >0, R(z) >0, R(y) >0)
and (a.)
= By (b+mn,c —b) 2"
(@B) (g b ¢ 2) — z
A atners) = Yo g 1

(R(c) > R(b) >0, |2 <1).
They [11] presented the following integral representation:

1 ! p
((Jt,ﬁ) .« e — b—1 1 _ c—b—1 1 _ —a F . . 1.
F@®(a, b c; 2) 73@,04)/0 P11 — )11 — 210, 1(04,6, t(lt))dt, (1.3)

R(p) >0; p=0 and |arg(l—2)| <m; R(c) > R(b) > 0.

Clearly, we have

B (x,y) = B(x,y)

and

Fa,bye;2) = o Fy (a, bi s 2),

where B(z,y) and 2 Fy(z, b; ¢; z) are the classical beta function and Gauss hypergeometric function

defined by (see [13])

B(zx,y) = /Oltml(l —t)¥tdt, R(x) >0, R(y) >0 (1.4)

and

M% c#0,-1,-2,..., (1.5)

oFi(a,b;¢;2) = Z ©n

n=0

where (A), (n € Ny = NU {0}) denotes the Pochhammer’s symbol defined by [13]

1, n=20
(Mn = (1.6)
AA+DA+2)...(A+n—-1), neN.

Many authors have considered certain interesting extensions of some hypergeometric functions of

two and three variables (see [1, 2, 8, 10]). By using the extended beta function in (1.1), Liu [§]
defined the extended Appell’s function Fj as follows:

e (a,B) m ,mn
(a.8) iy = 3 By (a+m+nd—a)b)m(c)na™y
Fl,p (a,b, C; d,x,y) = B(a7d — a) Wﬁ (17)

m,n=0
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and obtained the following integral representation:

a, 1
Ff,p’ﬁ) (a,b,¢c;d5 2, y) = Blad—a)

! a—1 —a—1 — —c Q. p
x/ot (1= =211 — 21)~2(1 — yt)—1 Fy (oz,ﬁ, t(l_t)>dt. (1.8)

Observe that

Ff%’m (a,b,c;d;x,y) = Fi(a,b,c;d; x,y),

where F(a,b,c;d;z,y) is Appell’s hypergeometric function [13]

= (@)m+n(0)m(c)n 2™ y"
Fi(a,b,c;d;z,y) = § (Zl)—Jr ol (1.9)
m,n:O m-+mn . .

The Exton’s hypergeometric function K¢ is defined by [7] as follows:

i (1) man(a2)mip(a3)niq(as)prg ™ y" 2P tq_ (1.10)

Kig(ai,az,a3,a4;b;2,y,2,t) = (O)mintpra ml 0l pl gl
mtntptq M 0! pl gl

m,n,p,q=0

In this paper, we use the extended beta function given in (1.1) to define extended Exton’s hyper-

geometric function Kigf) (a,b,c,d;e;x,y, z,u) as follows:

K{gD(a,b,c,dye; 2y, 2,u)

B i B;Q,B)(a—&-m—kn,e—a+r+s)(b)m+r(0)n+s(d)r+s Ty w1)
- B(a,e—a)(e_a)r+s m! nlrls! : ’

m,n,r,s=0

The extended Exton’s hypergeometric function ng’f) (a,b,c,d;e;x,y, z,u) given in (1.11) can be

written as follows:

(cu8) - _ N @Drs(0)r(0)s ) . o
Kig), (a,b,c,dse;x,y, z,u) = Z (©)res Fy, (a,b+7r c+s;e+r+s;x,y) Tl

7r,5=0

. (1.12)
Observe that:

e The special case d = e — a of (1.11) yields the following extended Exton’s hypergeometric

function K {gf):

ng,f) (a,b,c,e —ase;x,y, z,u)

_ i B;,a’ﬂ)(a—l—m—&—n,e— a+7r4+8)(0)mir(CQnts €™ Y™ 2" u® (1.13)
B B(a,e —a) m! n! r! s ' '

m,n,r,s=0

e The special case p = 0 of (1.11) yields the Exton’s hypergeometric function Kiq

K{gd(a,b,c.d;e;2,y, 2,u) = Kigla,b,c,ds e;2,y, 2, u). (1.14)
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2 Integral representations

In this section, we present some integral representations for the extended Exton’s hypergeometric

function ng”f)(mb, ¢, dye;x,y, z,u) in (1.11).

Theorem 2.1. The integral representations (2.1), (2.4), (2.5) of K{g‘f)(a,b, ¢, d;e;x,y, z,u) hold
for R(p) > 0, R(e) > R(a) > 0; |z|+ |2| < 1, |y| + |u| < 1 and the others hold for R(p) > 0,
R(e) > R(a) > N(d) > 0; |z|+ |2] <1, Jy| + |u| < 1:

KD (a,b,¢,d; e;,y, 2,u)

1 1
= Bee—o /0 71— ) O (1 - ) (1 - yt)
A1) u-) b
x Iy (d,b,c,e—a, T )1F1 (a,ﬁ, t(lt)) dt (2.1)

KD (a,b,e,d;e;,y, 2, u)

1 1 1 1
_ ta—l d—1 1—¢ e—a—1 1— e—a—d—1
B(a,e—a)B(d,e—a—d)/O /0 s ) ( 2

(1 -zt — zs(1 — )71 — yt — us(l — )" Fy <a;ﬂ; ’t(1p_ t)> dtds  (2.2)

1
B(a,e —a) B(d,e —a—d)

X /01 /01 £ (1 — 4)em a1 (1 — )7 AN (] = 26) (1 — us)
(- (E=2)) " (- () ) (st )

2
B(a,e —a)

K{gP(a.b,e,dse;x,y, 2,u) =

K{g;ﬁ) (a’v b7 ¢, d7 €x,Y, %, u) =

z
X / sin?~1 f cos? 2971 9(1 — xsin® 0) (1 — ysin?9) ¢
0

zcos2 6 ucos? @ P
x F1 (d,b,c;e —a; , F 1B —————— | df 2.4
1( Gema 1— zsin6 1—ysin29>1 1<aﬁ sin2900529> 24)

1

K(a’ﬁ)
B(a,e —a)

16,p (a,b,c,d;e;x,y, 2,u) =
X /O ETTA+ )T A+ (1 —2)) A+ (1 —y)o)©

. u g PLEE)°
XFl (d’b’c’ea’l—l—(l—x)g’l—&-(l—y)f) 1F1 (a;6a€> dg (25)
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Proof of (2.1). Using (1.1) in (1.11) and interchanging the order of summation and integration,
we have

1
B(a,e — a)

1 00 . N

1— T 1— s
></ ta—l(l_t)e—a—l Z (d)rt5(b)r(c)s(2( )" (u( t)
0

(e —a)pys 7! 8!

ng,f) (au b> C, d7 €Ty, Z,U) =

r,s=0
= (b4 ()™ [ (et 8)alyt)”
x 1F1 <a§ﬂ; _t(lp— t)> (mz—:o m') (7;) nly> dt
- B(l)/1 e N Dl
a,e—a) Jo
. Q. p - (d)r s(b)r(c)s Z(l_t) " u(l_t) ’
x 1Fy (a’ﬁ’_t(lt)> {T;O (e—Z)H_S rl sl ( 1—uat ) ( 11—yt > }dt’

which by applying the definition of Appell hypergeometric function F; (1.9), we have the desired
result (2.1). The integral representation (2.2) can be obtained easily from (2.1) by using the

following integral representation of Fy [12]:

1 1
Fulab,c:dsz,y) = ) / 11— (1 )b (1 — ) cdt (2.6)
0

B(a,d—a

Also the integral representation (2.3) can be obtained directly from (2.2) if we use the following

relation:

(I—wt—2(1 =)= (1—2)@ <1 (”Z)t> . 2.7)

1—-2
Finally, the integral representations (2.4) and (2.5) can be easily obtained by taking the transfor-

mations ¢ = sin? 0 and ¢t = 15?5 in (2.1), respectively. This completes the proof of theorem 2.1. [

The special case d = e —a of (2.1), (2.4) and (2.5), yields the following results:

Corollary 2.2.

Kl(gf) (a’ b) ce—aex,y, =z, U)

1 ! 1 1 b
== (1= 1 —axt—2z(1—t) "1 —yt—u(l —1t)"°
B | T T et = )7 (1 gt = w1 1)
x1F <a;ﬁ;—t(1p t)) dt, (2.8)
K(a’ﬁ) b .o — 2
16,p <a7 5076_0/7671;73/72’11/)_ B(a,e—a)

2
X / sin?*71 9 cos?¢72471 (1 — xsin? 0 — zcos? §) °(1 — ysin® 0 — ucos? §) ¢
0

sin? 6 cos2 0

X 1 F <a;ﬂ; p) d9 (2.9)
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and

1

K(O‘ B)
B(a,e —a)

16,p (a,b,c,e —a;e;x,y,2,u) =
xl/”°€a71(1+—§YHbge(14,(14,I)§4,Z)7b(1%7(lgfy)ggiu)fc
0

x 1Fy (a;ﬁ; —])(12—5)2) dg. (2.10)

3 Generating functions

In this section, we derive certain generating functions for the extended Exton’s hypergeometric

function ng”f)(mb, ¢, d;e;x,y, z,u) in (1.11).

Theorem 3.1. The following generating functions holds true:

b)it*  (a o
(b)s Kfaf)(a,b—&—k‘,c,d;e;x,y,z,u) =(1 —t)fbeﬁf) (a b,c,d;e; i g it’”) (3.1)

k! 1—-t¢ 1—-1

(d)kfk

oo
k=0
— (Ort" (o _—
Z(c)k K{G}’f)(mb,c—i—k,d;e;x,y,z,u):(l—t)_°K{6f) (a,b,c,d;e;ac,y,z7 Y > (3.2)
k=0
S (c.8) (2.8) z
(] —d <, e
Z Klﬁp (a,b,¢c,d+k;e;m,y,z,u) = (1—-t)"“Kyg), (a,b,c,d,e,x,y,l_t,l_t>. (3.3)

Proof of (3.1). Using (1.11) in the L.H.S. of equation (3.1), we get

— (O)it* (o
Z )k Kl(Gf (a,b+k,c,d;e;x,y, z,u)
k=0

BI(,O"B)(CL +mtne—a+7r+8)(0)mirik(Cnts(d)rrs 2™y 2 Utk
B(a,e —a)(e — a)pgps m! n! rl sl k!

M =E

m,n,r,s,k=0

B i B,(,a’ﬂ) (a+m4n,e—a+r4+8) ) mir(Cnis(d)rys 2™y " 2"u® o= (b+m + 1)t
B e B(a,e —a)(e — a)pis m! n! r! sl prs k!

_ b g (.B8) x o
=(1-t)" K6, <abcde — ,y71t7u).

This completes the proof of (3.1). The generating functions (3.2) and (3.3) can be proved by a
similar method as in the proof of (3.1). O

Setting p = 0 in (3.1), (3.2) and (3.3), we get known results [4].

Theorem 3.2. The following generating functions holds true:

() gtk o —zt  —ut
s ,1, K9 (a,b e,k esz,y,z,u) = (1— ) K{g) (a be Xy, T t) (3.4)
k=0
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) itF —yt —ut
ORI pot08) (0,1, —k, d 5., 2,10) = (1 — 1) KD (avb,xd;e;x?y,z,“) (3.5)

kzzo k1 e 1—t"71—t¢
= ()‘>ktk K(Oéﬁ) k.c.d:e: —(1—1¢ —)\K(a’ﬁ) \.c.d:e: —xt —zt 3.6
Z %l 16,p (a,~=k,c,d;e;z,y, z,u) = (1 —1) 16p (@ MG 767m7y7mﬂu - (3.6)

Proof of (3.4). Using (1.11) in the L.H.S. of equation (3.4) and using the result [13]

(—1)"k!
(—k), = Gy 057 k, (3.7)
we have
o) k
> (/\l)jt Ko (a,b,c,~k; e;2,y, 2,u)
k=0 ’

S Bk m b ne oty ) Gmer (O 2y () ()

B(a,e —a)(e —a)rys m! nlrl sl (k—1r —3s)!

3
ol
Il
=}
3
Il
=}
w
Il
=}

B(a,e —a)(e — a)rys m! n! rl sl k!

i Béa’ﬂ)(a +m+ne—a+7r+8)(0)mir()nts(AN)rys 2"y (—2t)" (—ut)® i A+ 7+ 5)t"

B(a,e —a)(e — a)r+s m! n! r! s! — k!

X (a8 —zt —ut
:(1_t) K{G,p) (avbaca)‘;e;xay7m7m)'

This completes the proof of (3.4). The generating functions (3.5) and (3.6) can be proved by a
similar method as in the proof of (3.4). O

4 Recurrence relations

In this section, we deduce some recurrence relations for the extended Exton’s hypergeometric
function ngf) (a,b,c,d;e;x,y,z,u) in (1.11) by using the recurrence relations of the confluent

function 1 F; and Appell’s function Fj.

Theorem 4.1. The following recurrence relation holds true:
ngv’pﬁ)(a, be,d+ 1;e;2,y, z,u) — ngf) (a,b,c,d;e;x,y, z,u)
— %K{g’f)(a,b—f— Le,d+ e+ 12,y,2,u) — %Kl(gf)(mbm—i- 1,d+ l;e+ 1;z,y,z,u) =0
(4.1)
Proof. To prove Theorem 4.1, we consider the following recurrence relation of Appell’s function

F1 [14]
x
Fi(a+1, 81, B2 vi 4, y) — File, Bu, B2; v 2, y) — %Fl(a-f— LB1+1,B237+ Liz,y)

_7F1(a+1»ﬁ1752+1;’7+1;m7y):0 (42)
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z(1—t)  u(l—t)
l—xt ? 11—yt

both sides by mt‘kl(l —t)e N (1 —at) 701 —yt) " Fy (a; B; *t(%t)) and integrating the

resulting equation with respect to ¢ between the limits 0 to 1, we get

In (4.2) replacing «, B1, B2, v, x, y by d, b, ¢, e — a, respectively, multiplying

1 ! a—1l/1 _ s\e—a—1 —r -br1 _ —c
B(a,e—a)/ot (1= )" (1 = at) (1 — yt)

z(1—1t) u(l—1) P
Fi{d+1,b,cie—a; F; ;85— dt
X 1( +1,0,ce a; 17$t7 1*’yt 141 a7ﬂ7 t(l*t)

_¥ 1a—1 A T I —c
B(a,efa)/ot (1-1) (1—at)(1 —yt)

z(1—1t) u(l—1t) D
F . F. Q.
X 1(d,b,c,e a; 1— 2t ’ 1—yt 141 05761 t(l—t) dt

C(e- a)BE)(Za e—a) /o e N (s T

z2(1—t) u(l—1t) P
Fil{d+1,b+1,¢c;e— 1; F 1By ————— | dt
X 1( + ) + y G € a+ ) l—l‘t’ 1—yt 141 a767 t(l—t)

cu 1
" e @Bl a) /0 21— )71 — wt) 01 — yt) et

z(1—1t) u(l—1) P
Fild+1,b l;e— 1; F; ;85— dt = 0.
X 1( +1,6,c+ 1je a+1; 17It7 1*yt 141 a7ﬂ7 t(l*t)

Finally, using the integral representation (2.1), we get the desired result (4.1). O

Theorem 4.2. The following recurrence relations hold true:

(i)
(8- a)ng;l’ﬁ)(a, bc,e —ase;x,y, z,u) — oszg:;l’ﬂ)(a, bc,e —ase;x,y, z,u)
+ (20— B)ng‘y’pﬁ)(a, bc,e —ase;x,y, z,u)
Bla—1l,e—a—1
b (aB( € a) )ng’f)(afl,b,c,efafl;efQ;m,y,z,u):O (4.3)
a,e—a ’
(it)
_ (a,8-1) e _ _ (er,8) P
ﬁ(ﬁ 1)K16,p (a,b,c,e (176,957%27“) 5(5 1)K16,p (aabvc7e ayevx:yvzvu)
Bla—1l,e—a—1 .
_bp (aB( © ;L )Kfﬁf)(a—1,b,c,e—a—1;e—2;m,y7z,u)
a,e—a ’
—B)Bla-le—a—1) (a
p(a ﬂ)B((a ,e) - )K£6f+1)(a - 1,b,C76 —a— 11 € — 2?%%%“) =0 (44>
a,e—a :
(iii)

aﬁK{Sf)(a, byc,e —ase;x,y, z,u) — aﬂK%;l’B)(a, b,c,e —aje;x,y, z,u)
pBB(a—1l,e—a—1) (ap)
Kig
B(a,e — a) P

—a)Bla—1l,e—a—1)  (a
p(ﬁ a)B((Z e _’5) - )Kiﬁjpﬁ+l)(a - 1,b,C7€ —a—lie— 2%%3/775’“) =0 (45)

+

(a—1,b,c,e—a—1;e—2;2,y,2,u)
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(iv)
Bng:pB) (a” b7 c,e—aex,y,z, u) - BKYGX,;L[”(CL ba c,e—aex,y, Z,U)
Bla—1l,e—a—1)
b (aB(a ,ee_;z) )K£6f+1)(a—17b,c,e—a—1;e—2;w,y,z7u) =0 (4.6)
(v)
B—a-— I)ngf)(a, b,c,e —ase;x,y, z,u) + aKig’—;l’B)(a, bc,e —aje;x,y, z,u)
- (B - I)Kig,}?—l)(a’a b7 c,e—aex,y, Z,U) =0 (47>
(vi)

(Oé - 1)K§g7f) (a’a b7 ¢ e—aex,y,z, ’lL)

pBla—1,e—a— 1)K(a’ﬁ)

+ B(a,e — a) 16,

(a—1,b,c,e —a—1l;e —2;z,y,2,u)
+ (/B - Q)ng,;LB) (CL, b7 ce—aex,y, -z, U)

- (ﬂ - 1)K£g:pﬁ71)(a‘a b7 ¢ e—aex,y,z, u) =0. (48>

Proof. To prove our results in Theorem 4.2, we require the following recurrence relations of the

confluent function 1 Fy [9):

(B—a)nFi(a—1;8;2) —a1Fi(a+1;8;2) + (2 — B+ 2)1 Fi(a; B;2) =0 (4.9)

BB —1)1Fi(a;8—1;2) = B(B—1+2)1Fi(f;2) + (B —a)z1Fi(a; B+ 1;2) =0 (4.10)

Bla+z)iFi(a;Biz) —a B Fi(a+1;8;2) — (B — a)z 1 Fi(a; B+ 1;2) =0 (4.11)
BaFi(e;Bi2) = BaFi(a—1;852) —z 1 Fi(es B+ 152) =0 (4.12)
(B—a—1)1F(a;52) + a1 Fi(a+ 15852) — (B— 1)1 Fi(es 8 — 1;2) =0 (4.13)
(a+z—1)1F(e;8;2) + (B — a) Fi(e — 13 8;2) — (B — 1)1 Fi(e; B — 152) = 0. (4.14)

Proof of (4.3). In (4.9) replacing z by — 77+, multiplying both sides by et —t)e (1 —at—
2(1—1))7°(1 —yt —u(1 —t))~¢/B(a,e — a) and integrating the resulting equation with respect to
t between the limits 0 to 1, we get

B_Oé 11171 _ 4\e—a—1 — ot — 2(1 — —b _ — (1l — —c a—1:8:—
mfot (1= 1 =t — 2(1 = 1)1 — yt — u(l — 1)) 1F1< 1; 8; t(lit)>dt

a ! a—1 e—a—1 - —c . Q. p
— m/{) " (1-1) (1—at—2(1—1)" (1 —yt —u(l —t)) 1P <a,ﬂ,—m) dt
+ %/{) A=) T L —at — 2(1— 1) (1 =yt —u(l — 1) LR (a;ﬁ;_t(lp—t)) dt

p ! a—2 e—a—2 —b —c LA p —
+m/0t 1-1) I—-zt—2(1-1t) " Q1—yt—u(l—1t) “1F1 (a;p; t(l—t))dt 0

Finally, using the integral representation (2.8), we get the desired result (4.3). O



498 A. A. Atash & M. A. Kulib

The results (4.4)-(4.8) can be proved by a similar method as in the proof of (4.3) and we use here

the recurrence relations (4.10)-(4.14). O

5 Transformation, differentiation and summation formulas

In this section, we derive certain transformation, derivative and summation formulas for the ex-

tended Exton’s hypergeometric function K1(6’B)(a, b,c,d;e;x,y, z,u) in (1.11).

Theorem 5.1. The following transformation formula of Kfﬁ’fi(a,b, ¢, d;e;x,y, z,u) holds true:

Kig,f)(a7bv ¢, € —aj; 6;1177.7%72'7“) = (1 - Z)ib(l - ) CF( o ( 7ba G5 €; g’ zlJ_Z) : (51>

Proof. Using (2.7) in (2.8), we have
(1—2)"(1—u)*

B
Kig,p)(ch b7 c,e— aiei$7yvz7u) =

B(a,e —a)
1 —b e
a—1 _ 4ye—a—1 _ r—=z _ y—u LA p
A O e D (N G DR G B
which by using (1.8), we get the desired result (5.1). O

Setting p = 0 in (5.1), we get a known result [7]

K16(a7 ba ¢, e—a;6,Y, Z,U) = (1 - Z)ib(l - u)icFl <CL, b7 c € ?7 ? — u> . (52)
—Z — U

Theorem 5.2. The following derivative formula holds true:

(a)ern (b)err (C)n+s (d)'r‘+s
(e)m+n+r+s

dm+n+7‘+s {

dz™ dy™ dz" du® Kigf) (a,b,¢,d;€;2,, z,u)} -

><K£g7’f)(a+m+n,b+m+r,c+n+s,d+r+s;e—|—m+n—|—r+s;x,y,z,u). (5.3)

Proof. Differentiating (1.11) with respect to z,y, z and u, we have

{Kigpﬂ) a, bic,d;e;w,yﬂw)}

o  x 1, n—1_r—1,s—1

Z By(a+m+ne—a+71+8)0)mtr(C)nts(d)rpsz™ y" 2" u
B(a,e —a)(e — a)rqs(m — 1) (n—1D)!(r —1)I(s — 1)!

setting m — m + 1, n—n+1, r—r+1 s— s+ 1 and using the following identities:

s=1

B(a,e —a) = SB(aJrl,efa) = ZEZ:::?)B(a+2,ea),
(a)p+q+2 =a(a+1)(a+ 2)p+q;
we obtain
d (.8) o _ (a)2(b)2(c)2(d)2
dx dy dz du {Klﬁp (avb7 ¢, d7eaxayvzau)} - (6)2(6— a)

o o]

Z B a+m+n+2e—at+r+s+2)b+2)mirlc+2)nrs(d—+2)rpx™y 2 u’

X
B(a+2,e—a)(e—a+2)rrs m! nlr!s!

m,n,r,s=0
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Now using
B _ (e
(a+2,€_a) = mB(a+2,e—a+2),
26 —a)2
we have

d o, (a)2(b)2(c)2(d)
dz dy dz du {Kfﬁ,f)(a,bvc’ d;e;x,y,z,u)} = 2

X K{gf)(a—&-2,b+2,c+2,d+2;e+4;x,y,z,u).
Thus by repeatedly differentiating, we find that the result (5.3) can be derived by induction. [

Theorem 5.3. The following summation formulas hold true:

I'(e)T(e—a—b—c—d)
F(a)l'e—a—d)'(e—a—-b—2c)

K{g(a,b,c,d;e;1,1,1,1) = Bl (a,e—a—b—c) (54)

ng‘,’f)(mb,c,d;l+a+b+d—c;1,1,1,_1)

TP+ 3AT(fatbrd—c) jop
= @I+ dT (1 +b—oT (¢ ld—gor  (@d=2eH1). (5.5)

Proof. Setting x =y =2z =wu=1in (2.1) and using the following formula:

Md)T(d—a—b—c)
I'd—a)l'(d—b—c)’

Fi(a,b,c;d;1,1) =

we get

) = I'(e)T(e—a—b—c—d)
IMNa)l(e—a—d)T'(e—a—b—c)

1
a—1 e—a—b—c—1 LA p
X /0 t (l—t) 1F1 (a,ﬁ, t(lt))dt (57)

K§D(a,b,e,die;1,1,1,1

Now, by using (1.1) in (5.7), we obtain the desired result (5.4). The summation formula (5.5) can
be obtained easily by puttinge=1+a+b+d—¢, t =y=2z=1, u=—11in (2.1) and using the

formula
F1-cT(1+3a)l(1+a+b—c)

Fl1+a)l(1+b—cl(1+ia—¢)
This completes the proof of the theorem (5.3). O

Fi(a,b,c;1+a+b—¢;1,-1) =

(5.8)

Setting p = 0 in (5.4) and (5.5), we get respectively the following summation formulas of Exton’s
hypergeometric function Ki4:

TeYI'(e—a—b—c—d)
Fle—a—d)T'(e—b—c¢)

Kig(a,b,c,d;e;1,1,1,1) = (5.9)

and

Fl—-el(1+2dT(1+a+b+d—c)T(d—2c+1)
K b,c,d;1 b+d—c1,1,1,-1) = 2 . (5.10
elabedltatbrd=al Ll =)= g e —ori 1 ld—ofatd—2c+1) 0
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6 Conclusion

In this paper, we have introduced the extended Exton’s hypergeometric function K féi(a, b, c,d;e;
x,y, z,u) by using the extended beta function B;"’ﬁ(a:, y) given by Ozergin et al. [11]. For this func-
tion we have presented some integral representations, generating functions, recurrence relations,
transformation formulas, derivative formula and summation formulas. We have also established
some a known and new generating functions, transformation formulas, and summation formulas

for the classical Exton’s hypergeometric function Kig(a,b, c,d;e;x,y, z,u).
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