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1 Introduction

We consider a bounded open domain  C R? (d > 2) with a Lipschitz boundary denoted by 9.
Let T > 0 and p : © — (1,00) be a continuous function. In this paper, one of our main goals
is the numerical approximation of the mild solution of the following nonlinear parabolic problem

involving the p(z)—Laplacian operator

% —div(|VuP®=2vu) = f inQ=0Qx(0,T),

u=20 on 092 x (0,7, (1.1)
u(z,0) = ug in €,

where ug € LY(Q2), f € L'(Q). The assumptions on the variable exponent p(x) will be specified

later.

Partial differential equations with nonlinearities involving non-constant exponents have attracted
an increasing amount of attention on recent years. Their study is an interesting topic which raises
many mathematical difficulties (see [1, 2, 14, 16, 27, 30]). There are many results devoted to ques-
tions on existence and uniqueness of solutions to problems like (1.1), we refer for example the reader
to the bibliography [3, 4, 5, 9, 24, 29] and references therein. Many of these models have already
been analyzed for constant exponents of nonlinearity (see the references therein), but it seems to be
more realistic to assume the exponent to be variable. From numerical point of view, in the classical
evolution problem case where p(x) = p, the numerical analysis was firstly considered in [7, 22].
Afterward, Jager and Kacur [18] and Kacur [20] studied the numerical approximation. Inspired by
these works, Maitre [23] proposed a numerical scheme to approximate the mild solutions. On the
other side, for problems with variable exponent, in recent years, there are some papers devoted to
their numerical analysis (see for example [8, 10, 12, 13, 17, 19, 26]). Thus, in [13] the authors used
a quasi-Newton minimization method to approach the solution of the p(z)—Lapacian problems; in
[12], they present an inverse power method to compute the first homogeneous eigenpair. In [26],
an interior penalty discontinuous Galerkin method has been used by the authors to approximate
the minimizer of a variational problem related to the p(xz)—Laplacian. Other authors use finite
elements to approximate the solution (see [10]). Nevertheless, there are scarcely papers about the

numerical analysis of nonlinear parabolic problems with variable exponent (see for example [11]).

The importance of investigating the problem (1.1) lies in their occurrence in modeling various
physical problems involving strong anisotropic phenomena related to electrorheological fluids (an
important class of non-Newtonian fluids, see [27]) which are characterized by their ability to change
the mechanical properties under the influence of the exterior electromagnetic field. Other important
applications are related to image processing, elasticity [30], the processes of filtration in complex
media, stratigraphy problems and also mathematical biology. The study of problem (1.1) involves

using of generalized Lebesgue and Sobolev spaces i.e., LP() and WP() respectively (see [15]).
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Throughout this paper we assume that the exponent p(.) appearing in (1.1) is a continuous function

p:Q — (1,00) such that:

AC >0 : |p(x) — p(y)| < ¢ for every z,y € Q with | — y| < 1
—log|z — y| 2
(1.2)
2d — i . _
FE) < p~ :=min, g p(z) < pt = max, g p(r) < oco.

The first condition says that p(.) belongs to the class of log-Hélder continuous functions. These
assumptions are used to obtain several regularity results for Sobolev spaces with variable exponents;

in particular, C(Q) is dense in W10 (Q) and W *)(Q) = WrO(Q) 0 Wh(Q).

Our paper was inspired by the work of Maitre (see [23]) where the author studied the numerical

analysis of an elliptic-parabolic problem in the context of constant exponent setting.

The rest of this paper is organized as follows: in Section 2, we give some results for the study
of (1.1). In Section 3, we recall the notion of mild solution. In Section 4, we proceed to the
numerical study, where we show the existence and uniqueness of solution of numerical scheme for
the approximation of mild solution and the study of the convergence of this numerical scheme. We

conclude this section by numerical tests.

2 Preliminaries

We first recall in what follows some definitions and basic properties of generalized Lebesgue-Sobolev

spaces with variable exponent. We define the Lebesgue space with a variable exponent p(.) by
LPO(Q) = {w:Q — R; uis measurable with p,(u) < oo},

where
ooy () = / ()P d,

is called a modular. We define a norm, the so-called Luzemburg norm, on this space by the formula

. u
|u|p(.) = inf {u >0 pp) <;> < 1}.

The space (LP1)(Q),].],(.)) is a separable Banach space. Moreover, if 1 < p~ < p* < 400, then

LP0) () is uniformly convex, hence reflexive, and its dual space is isomorphic to L ()(2), where
1

—— + —-— = 1. Finally, we have the Hélder type inequality:
p(x)  p'(z)

/uvdw
Q

for all uw € LPO)(Q) and v € L' ()(Q).

< (i+i) fulpeolol
= \p- - p()1VIp" (1)
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We define also the variable Sobolev space
w0 (@) = {ue PO@) : [Vul e (@)}
On WP (Q) we may consider the following norm

lull1p) = lulpey + Vulp)-

The space (WP (Q), lull1pc)) is a separable and reflexive Banach space. Next, we define
Wol"p(')(Q) as the closure of Cg°(2) in WP()(Q) under the norm

[ull == [Vulp)-

The space (W, ” (')(Q), lw]]) is a separable and reflexive Banach space. For the interested reader,
more details about Lebesgue and Sobolev spaces with variable exponent can be found in [15] (see

also [21]).

Since 2 is bounded and p : 2 — (1, 00) is log-Holder continuous, the Poincaré inequality holds (see
[28])
lulpy < CVaulyy, Yue WyPH(9),

where C' is a constant which depends on 2 and on the function p.

An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by

modular p,( of the space LP). We have the following result (see [28]).

Lemma 2.1. If u,, u € L*) and pt < oo, then the following relations hold:

(1) Julpy > 1= Jul’y < pyro () < [ul?y )
(2) Julpy < 1= Jul’y < pyro(u) < [ul?y )

(3) fulpy <1 (respectively = 1; > 1) <= pp(y(u) < 1 (respectively = 1; > 1);
(4) |ulpy = 0 (respectively — 00) <= pp(.)(u) — 0 (respectively — o0);

(5) Py (w/lulyy) = 1.

Following [4], we extend a variable exponent p : Q — [1,+00) to Q@ = [0,7] x Q by setting
p(t,z) == p(x) for all (t,x) € Q. We also consider the generalized Lebesgue space

LrO(Q) = {u : @ — R measurable such that // lu(z, )P d(z,t) < oo}
Q

endowed with the norm

lw]l pocy = inf {H >0: //
Q

u(z,t) p(z)

1

d(z,t) < 1}
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which shares the same properties as LP()(Q).
Now, we recall the main results for the study of (1.1).

In order to approximate the mild solution of (1.1), let us recall that Ouaro and Traoré have studied
in [25] the existence and uniqueness of weak energy and entropy solutions of the following stationary
problem associated to the problem (1.1)
u—diva(z,Vu)=f in Q
(2.1)
u=0 on 09,

where Q C R? is a bounded domain with smooth boundary and f € L'(f2). For the vector field
a(x,€) : @ x R — RY in addition to be Carathéodory, is the continuous derivative with respect
to € of the mapping A : Q x R? — R?, i.e. a(z,€) = VeA(z, ) such that:

A(z,0) =0 for almost every x € . (2.2)
There exists a positive constant C such that
la(@, )] < C1(j(x) + €, (2.3)

for almost every z € Q and for every & € R% where j is a non-negative function in L? ¢)(Q), with
1 1

J— + -
p(z)  p'(z)
The following inequalities hold

(a(z,&) —a(x,n)).(§ —n) >0, (2.4)
for almost every = € Q and for every &, n € RY, with € # 7 and
2167 < (2, < Cpla) A, 8), (2:)
for almost every z € Q, C' > 0 and for every & € R,
The exponent appearing in (2.3) and (2.5) is defined as follows.

p(.) : @ = R is a measurable function such that

1 <p :=essinfyeqp(x) < pt :=esssup,cqp(z) < 0.
For more details, see [24, 25].
As example of models with respect to above assumptions, we can give the following.
1
Set A(z,§) = ﬂ|§|p(m), a(x, &) = |£[P(*)=2¢. Then, we get the p(x)—Laplace operator
p(x
div (|Vu|P®)=2Vy).

Note that the weak solution of (2.1) is defined as follows.
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Definition 2.2. A weak solution of (2.1) is a function u € Wy (Q) such that a(., Vu) € (L}OC(Q))d

and
/ a(.,Vu).Vedz —I—/ updr = [ fedz, (2.7)
Q Q Q
for all € C* ().

A weak energy solution is a weak solution such that u € Wol’p(')(Q).

Now, we recall one of main results.

Theorem 2.3. Assume that (2.2)=(2.6) hold and f € L>(). Then there exists a unique weak
energy solution of (2.1).

We also recall a useful result needed in this paper (see [23]).

Lemma 2.4 ([23]). Let X be a Banach space and C a conver subset of X, containing 0. Let T be
a non-expansive map on C such that T(C) C C, admitting a unique fized point x* in C. Let \i, be
a sequence of (0,1) verifying

leH;OAk:1, H)\k:O, Z|)\k+1—/\k| < Q.
k>0 k>0

Then the sequence (z¥) generated by the iterative scheme
L eC, F= /\k+1T(:ck) (2.8)

verifies limy_, oo x% — T'(2*) = 0. Consequently, if all subsequences of (z*) have in turn a subse-

quence converging to a point of C, then the whole sequence (z*) converges toward z*.

Recall that a self-mapping T of C is non-expansive if

IT(z) = TW)Il < ll= =yl for all @,y e C.

In the next section, we give the definition of mild solution.

3 Notion of mild solution

Let f € L(0,T;LY(Q)), uo € L*(Q) and € > 0 be given. We consider the time discretization of
problem (1.1) by an implicit Euler scheme

Ut — Ut
% — div(|Vus, 1 |P@2Vus ) = f5,, in D'(Q) forn=0,...,N — 1,

us € WiP(Q) n L2 (Q);
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where

NeN 0=ty<t1 <--- <ty <Tis a partition of [0, T].

N tn
fe e L>*(Q) forn=1,..., N such that Z/ If(t) = frallLiydt — 0 as e — 0,
n=1

tnfl
maxp=1,  N(tn —tn—1) = 0,7 —tn — 0 as € = 0, u§ € L>°(Q) such that
Huo — u8||L1(Q) —0ase—0,

with u® the piecewise constant function defined by

uf(t) =us on (tp_1,tn] withn=1,...,N; u®(0) = u§.

Definition 3.1. A mild solution of (1.1) is a function u € C([0,T]); L*(Q)) with u(0) = ug € L(Q)
such that, for all € > 0, there exists (to,t1,...,tn; 5,15, ..., [%) and uf verifying (3.2); and for
which there exists (ug, ..., u%) verifying (3.1) such that ||u(t) —us; |1 (o) < € for allt € (tn—1,tn],
N.

n=1,...,

Remark 3.2. In this paper, for the sake of simplicity and readability, we chose to present the
constant step subdivision algorithm, i.e. that we set t,41 —t, = h = % foralln=0,... N —1.

However, the techniques developed thereafter can be adapted to a varying step subdivision without

difficulty.

Note that using the nonlinear semigroups theory [6], Ouaro and Ouédraogo have proved in [24]

the existence and uniqueness of mild solutions of the following parabolic problem

%—diva(z,VU):f in@Q=Qx(0,7),
u=0 on 092 x (0,7,

u(z,0) = ug in €,

where ug € L'(Q2) and f € L'(Q). The assumptions on the vector field are the same than those
given in (2.2)—(2.5) and those on the variable exponent p(z) are the same as (2.6). Thanks to their

paper, one has the existence and uniqueness of the mild solution of problem (1.1).
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4 Numerical study

4.1 Numerical scheme

We are now interested in the numerical resolution of (3.1). Let f1, fo,..., fn, uo be some functions
satisfying (3.2), we use the following iterative scheme (proposed by Maitre in [23]) to get uj,

g
from u$,.

Let ufl’Jorl =us € L>(Q), solve for k =0,1,...,

(4.1)
quJI:rl - PdiV(|VUf{J]:J1r1|p<x)72vuf{fiﬂ) = /\kun+1 ()\kun+l uz,) + Pl
where p > 0 is a given parameter and (Ag) is a sequence of (0, 1) such that
li = = _ i .
Jim A =1, [Ta=0 > ey — Ml <o (4.2)
k>0 k>0
F 1 take A =1 !
or example, we can take A\, =1 — ——
X p W k= [ 1

Remark 4.1. For the sake of simplicity, we could take p = h, but in this paper our idea is to
build a non-expansive map and use the Halpern algorithm to approach the solution of (3.1). In the

numerical simulation one will give examples where p = h.

4.2 Existence and uniqueness of solution of (4.1)

In this section, we state and prove the well-posedness of our scheme.

Definition 4.2. For anyn=20,...,N —1, € > 0 and uf, € L*(2), a weak solution of (4.1) is a

sequence (uf{ffl)k> such that ;)\ e Wy e )(Q) NL>(Q) for allk=0,1,..., and
>0
[kt ode o [ (Va2 vt Veds = [ g ods, (43)
for all p € Wol’p(')(Q), where
ek . ek P € €
gn /\kun-l—l h (/\kun-i-l n) + pfnJrl'
Theorem 4.3. Let ¢ > 0. For anyn =0, .. —1 let unH =u;, € L=(Q) and f; € L>=(Q).

Then, problem (4.1) admits a unique weak solution ui_’i’fl e W,y P ( ) for allk=0,1,...

Furthermore, for k=0,1,..., uflffl € L (Q).

Proof. Let e > 0 and fix n. For kK = 0 we rewrite problem (4.1) as

n+1 pdlv(|Vu [P 2vun+1) 970 in Q

g,1 .
uyy = 0 on 09,
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where

9% = [/\o (1 - %) + 1] Uy, + Pl

Consider the energy functional J, on WO1 P (')(Q) associated to (4.4) given by

1 U|p(@)
Jp(U)zi/Ude—i—p/ %dw—/gf{ode.
Q o Db Q

We will establish that J,(U) has a minimizer ufl}rl in Wol"p(')(Q).

Note that .J, is well-defined and Gateaux differentiable on Wy (), since W) (Q) < L2(Q)
thanks to (1.2).

For HUle,p(.)(Q) > 1 we have from the continuous embedding of Wol’p(')(Q) in LP () and ¢g5° €
0
L>(Q),

1 U|p=)
J,(U) = —/ U?dx +p &da@ - / 95U da > > HUHP
Q Q Q

2 p(x) CHUHW&’MI)(Q)'

1, P(I)(Q)
As p~ > 1, then J, is coercive. J,(U) is lower bounded and furthermore weakly lower semi-
continuous; therefore, admits a global minimizer un 11 € VV1 (. )(Q) which is a weak solution to

(4.4). The global minimizer v} 1 is also unique.

It remains to show that ufl}rl € L*(€). To do this, let us show that HunHHOO < |lg&

— n

As “fwlrl is a weak solution of (4.4), we have

[ uihedesp [ 1Vud PO vait Veds = [ g0 e (45)
Q Q

for all ¢ € Wy (Q).

+
Let 7 € RT. Then, “fwlrl —T€ Wol"p(')(ﬂ) and ( Uyt T) € Wol"p(')(Q)-
Note that for 7 € R, r™ := max(r,0) and 7~ := min(r, 0).

+
Taking ( Uiy 7') as a test function, it follows from (4.5) that
[ b = detp | DU PO 0t gk -0 de = [ g0t -0t d.

Setting A, = {:v €Q:uly, > T}, we have

-

Vit P@d > 0.

p [ IVuh POV Vit -0 e = p [ R v sk - ) da

p
A

-

Therefore,

/Q WS Sk, — ) de < / g20Wsl, — )" da.
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As Q is a bounded open domain, we have
it = oo < [ @50 = ot - )" de

Taking 7 = ||95°|| 00, then g5 — 7 < 0 a.e. in Q.

Therefore, we have (uiil —7)T =0ae. in Q for all 7 = g5 which is equivalent to saying

uity < [95% ae. in Q.

It remains to prove that u3,; > —[[g5° | a.e. in Q. To do this we take (ui}, +7)~ as test

function in (4.5) and use the same argument as previously. Thus, setting C' = ||g5°||» implies

that u}, € L=(Q).
In short u}; € Wol’p(')(Q) N L>®(Q).

By induction, we deduce in the same manner that the problem (4.1) has a unique weak solution

(uf{_’i’fl)km such that w1 e WoP™(Q) N L2 (Q) for all k € N. O

4.3 Study of the convergence

We begin with the following lemma which provides a crucial L* uniform bound for the sequence
e,k

(u"“)kzo'

Lemma 4.4. Let ¢ > 0 and fir n. If p < h, there exists M > 0 independent of k such that

e
luzialloo < M.

n

Proof. Let M = max (J|u5;0, loc, /541 + o ).

Now let us show by induction that ||Ui-li1||oo < M. We first note that |‘u221”oo <M.

One assumes that Huflflﬂoo < M, and one shows that ||uflﬁr1|\oo <M.

As uf T € L°(Q) and verifies
k1 . k1 — k1 k 14 k

ufle — div (p|VufH_Jf |P(@) QVufH_T ) = A\pupqy — E(Akuiﬂ —u5) +pfaits
then, from the previous proof, it is established that for all k = 1,2, ...,

1 K P K
huz e < vzt = 20wl =)+ pfia| -

Since p < h, we then obtain using the induction assumption

luit oo < (1= 2) M+ 2lnfrs + uiloe < M. O

Thanks to M defined in the above proof we have the following convergence result.
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Theorem 4.5. Assume that conditions in Theorem 4.3 are satisfied. Then, for p < h, the iterative

scheme (4.1) converges, i.e.
ui_’il —uS ., strongly in L'() as k — +o0,

where us, | verifies (3.1).

Proof. Thanks to Lemma 4.4, we can write (4.1) as

1 k1 : ( 1 cktilpa)—20 1 ektl ek P,ek
aS T _ pdiv [ |[V—aS e 2y e =ul, — —(uy, —ul) +pfoiq, (4.6
)\kJrl n+1 p | )\kJrl n+1 | )\kJrl n+1 n+1 h( n+1 ) pf +1 ( )

where we put @55, = Mul¥, and a3 = Nt

Let A(u) = —div(|Vu|P™~2Vu). We identify the operator A : L'(Q) — L'(Q) associated with
the p(xz)—Laplacian problem (1.1) with its graph i.e.

G(A) = {(u,v) € L'(Q) x L'(Q); v € A(u)}.

Therefore, A is T—accretive as soon as u is an entropy solution of problem (2.1) where a(z, Vu) =
(|Vul[P®)=2Vy). For more details, see [6] and [24, Proposition 4.3]. A is called T—accretive
if [(w—a)T|1 < [[(v—1a+ plv—12)")|1, for any (u,v), (4,9) € A, p > 0; equivalently, if

{ }(v—f})—i— { }(U—f))+20f0r any (u,v), (4,0) € A.
u>1 u="1
Hence, (4.6) yields
1
(I + pA) (/\kH “if#) =y, - %(ﬂifl —up) +pfrr (4.7)

To complete the proof of Theorem 4.5, we use the following technical lemma.
Lemma 4.6. Let p < 2h and M defined in the above proof such that Cay = {u € L*(), ||ulloc < M }.

The iteration operator

(@) = (I 4+ pA) " (= £ (@~ us) + pfie )

is an L*-non-expanding operator from Cys to Cyy.

Proof. The fact that T maps Cy; to Cyy is easily seen thanks to the proof of the Lemma 4.4 and
(4.7). Now let (@, v) € C%,. One has from the T'—accretiveness of A on L'() that (I + pA)~1 is

a T'—contraction in L'(Q) (see [6]), thus, a contraction. Therefore,

17@ - T@h = [+ (7= L= w) +pfuia)

= U+ (- 2@ —ua) +pfan )|,

[(=5) = (=7l

IN
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Since p < 2h, we obtain
IT(@) - T(@)h < lla~ol. O

Consequently, from (4.7) one has the iteration ﬂflﬁrl = /\k+1f(af{fl) where T is a non-expansive
operator in L'(f2) defined as in Lemma 4.6. Now, we are going to apply the Lemma 2.4 with
X = LYQ) and C = C)ps which is clearly a convex subset of L*(£2) containing 0. The uniqueness
of a fixed point is verified thanks to Theorem 2.3. Indeed a fixed point u* of T verifies

uw* — pdiv (|[Vu* P 2Tu*) = u* — %(U* —uy) + pfaga

Thus, u* — hdiv (|Vu*[P®)=2Vu*) = g + hfs, . From Theorem 2.3 this equation has a unique

solution and from the definition of mild solution it is ws, ;.

To conclude the proof of convergence of (4.1), we point out that each subsequence of ﬂflfl has a
convergent subsequence to an element of C'ys, using the L> bound of ﬂfjl and the monotonicity of
(|Vﬁi’f1|p(w)_2Vﬁi’fl), to the equation (4.6). Applying Lemma 2.4, we conclude that the sequence

_ : 1
@S, converges strongly in L'(Q) toward ug, ;. The same occurs for ui¥, = )\—ufl_’il O

4.4 Convergence when ¢ — 0 toward a solution of (1.1)

Note that for a mild solution we do not need to show the convergence in time since it is included in
its definition: once convergence in k is achieved for us, , |, then, by the definition of mild solution,
u5, 1 approaches u®(t) on (t,,t,41] up to €. Thus, our scheme converges to the mild solution when

€ goes to zero.
We can state also the following result.

Proposition 4.7. Let ug € L*°(Q), f € L>(Q) and u the unique mild solution of (1.1). Then u is
a weak solution of (1.1). By a weak solution we understand a solution in the sense of distributions
that belongs to the energy space, i.e.,

wev = {v e LP (0, T; WO (Q)); Vo] € LP(~)(Q)} :

O aiv(Vu 2w = £ in D' (Q), u(,0) = o

Remark 4.8. Note that a proof of the above proposition exists in [24]. Here, we use L° uniform

(4.8)

boundedness and the strong convergence in L*(Q2) of the solution of our numerical scheme to prove

Proposition 4.7.

Moreover, these two results lead to the L> uniform boundedness of the weak solution.

Proof of Proposition 4.7. Let u be the mild solution of (1.1). For n =0,...,N —1, uj,, is the

unique weak solution of (3.1). We have

€ _ €
/Q un+1h u"cpd:E—i—/Q|VU2+1|p(I)72VUfL+1-VS"dx:/fol-klcpdx’ (4.9)
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0 (Q) N L2(2) and

e 0=tyg<---<ty=Tsuchthatt, —t, 1 =h<eforn=1,...,N,
N tn
. Z/ 1) = fallby dt < e = || fallee@) < 1f Oz,
n=1tn-2 (4.10)

T
. }:foﬂhqu>§LA 17 8) e dt,
n=1

o luo —ufllLi@) <& = llufll=@) < lluollL~(o)-
Note that relations in (4.10) are equivalent to relations in (3.2).
Let us set uc(t) = us, 1 Vt € (tn,tnt1), ue(0) = ug and fo(t) = fi 1, VE € (tn, tnt1]-

n

Lemma 4.4, Theorem 4.5 and the above relations in (4.10) imply that

el (@) < ClluollLe(ey: 1f Lo (@))- (4.11)

2
Let ¢ be the function defined by ((r) = % that satisfies ((r) — ¢(7) < (r — 7)r.

Taking ¢ = uf, as test function in (4.9) and integrating over (t,,t,+1] and summing over n =

0,...,N —1, we get
C(ue(t)) d + / |V [P do dt < / feucdzdt + [ C(uf) dz.
Q Q Q Q
Thanks to the uniform boundedness of u. in ¢ and as u§ € L*>(Q), we have
/ |V [P@ dz dt < C.
Q

Moreover,

T B T L
/ ||V’UJ5||Z£F(_)(Q) dt < / max |VUE|P(1); (/ |VUE|P(1)) dt.
0 0 Q Q

T
| el <

As a consequence, there exists a subsequence still denoted (u¢)e>0, such that

=

Hence,

ue — w, weakly-*in L™(Q),
ue — u, weaklyin LP (0,T; WO“”(')(Q))7
, d
|Vu[PO~2Vu, — &,  weakly in (LP (-)(Q))

Using the monotonicity method we show that ® = |[Vu[P()"2Vuy a.e. in Q.

Now, let . be the piecewise linear function defined by

—t,

- t
e (t) = u + —

(ugpq —uy,) fort € [ty, thi1], n=0,...,N — 1.
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€ _ €
The function . verifies (ii.), (t) = “"+1h U and @, — w in L0, T; L'(Q)). Hence,
we C(0,T); L),
Integrating (4.9) over (t,,tn+1) and summing over n =0,..., N — 1, we find
T T
_ / / ol dx dt — / w(0)ug dx + / / (|Vu6|p(z)—2Vug) Nedzdt
0o Ja Q 0o Ja
T
= / fep dx dt. (4.12)
0o Jo
Using the convergence results and passing to the limit in (4.12) as ¢ — 0, we get the result. (|

Remark 4.9. For ug € L*(Q), f € LYQ) the unique mild solution u of (1.1) is also an entropy
solution. Indeed, since L™ is dense in L', we consider two sequences of functions (fm)m>1 C

L>(Q) and (uom)m>1 C L=(Q) satisfying

fm — fin LYQ), Uom — up in LY(Q), as m — oo,
(4.13)
[fmllzr@ < Ifllerv@),  Nuomllzie) < lluollrg)-
Then, we get the following approximate problem of (1.1).
Oty . (z)—2 .
o div(|Vu,|P Vum) = fm inQ,
Uy, = 0 on 02 x (0,T), (4.14)

Um (2,0) = ugm, in Q.

Thanks to [24], for each m = 1,2,..., we can find a unique mild solution u,, € C([0,T]; L*(£2))
for problem (4.14) which verifies the L'—contraction principle, i.e. the following estimate holds
for almost all t € (0,T),

t
lum( )l < |\U0m|\L1(sz)+/O | fm (s $)llLr () ds

IN

t
luollzry + / 17 )l e ds.

By Proposition 4.7, and following the proof of [24, Theorem 5.1] we get the result.

Note that this entropy solution is equivalent to the renormalized solution of (1.1). Indeed, in
[29], Zhang and Zhou have proved thanks to the assumptions (1.2) the existence and uniqueness
of renormalized and entropy solutions of (1.1). In their paper, they have showed the equivalence

between entropy and renormalized solutions.
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4.5 Numerical tests
4.5.1 Implementation

We know that solving the equation (4.1) is equivalent to solve the following minimization problem

forn=0,1,...,N—1and k=0,1,...

uSE = argmin, ¢y J (v), (4.15)

where,

W= {U e W) n LOO(Q)}

and the functional J is

1 1 p p
- - P®) gy — (1= £ &k o _ e
J(v) 2/v dgc—i—p/ p(x)|Vv| dx (1 h) /\k/g Uy v h/ﬂunvdw
/ff;ﬂvdac (4.16)

We formulate a basic procedure for solving problem (4.15) following the split Bregman technique

(see [17]). We solve the minimization problem by introducing an auxiliary variable b. We have

~ 1/ 2 / 1 P
ming - [ v*dx+p —bp(z)d:c—(l——) /\k/ u, vde — u;y, v dx
v {2 Q Q p(:v)' | H h Q
- p/ Jrny1vdx subject to b= VU} . (4.17)
Q

By adding one quadratic penalty function term, we convert equation (4.17) to an unconstrained

splitting formulation as follow.
min{l/vzd:c—i-p/ L|b|p( da:—i— |b—Vv|2da:—(1——) )\k/ufl’flvda:
vb L2 /g o p() Q

—B/uflvdw—p/fflﬂvdx}, (4.18)
h Ja Q

where 7y is a positive parameter which controls the weight of the penalty term. Similar to the split

Bregman iteration, we propose the following scheme.

. 1 1 ~
It pH) = argmin, {—/v2dx+p/ —bp(””)dgc—i——/ b—Vu -0 dx
(1——) )\k/ nHvda: p/uflvd:c—p/ fflﬂvd:c}, (4.19)
h Q h Ja Q
g = ¢ Vot b

Alternatively, this joint minimization problem can be solved by decomposing into several subprob-

lems.
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4.5.2 Subproblem v with fixed b and §

Given the fixed variable b’ and ¢, our aim is to find the solution of the following problem

1
o'l = argmin, {—/ vdr+ 2L o' — Vo — 82 do — (1 - B) )\k/ uf{flv dx
2 Jo 2 Jo h Q
—B/ uivdm—p/ f§+1vdar}. (4.20)
h Jo Q
We know that solve (4.20) is equivalent to solve the following optimality condition.
_ l ! P ek P e e
v—yAv =4V.(6 =) + (1 - E) Akt + 7 tn + ol (4.21)
Since the discrete system is strictly diagonally dominant with Neumann boundary condition, the

most natural choice is the Gauss-Seidel method.

4.5.3 Subproblem b with fixed v and ¢

Similarly, we solve

1
b = argmin, {p / ——[bP®) dz + 1 / [b— Vit — 5l|2dx} (4.22)
o p(z) 2 Ja

In two dimensional space.

Here, setting b = (by, by) and 6 = (J5, dy).

Then, the resolution of (4.22) is equivalent to solve the following optimality condition.

plbIP@=2h, 4 (b — Voot — &) =0

(4.23)
plOIPEY) =2y, 4 7y (by — Vot — 575) =0,
where Vv = (V,v, V).
If b, and b, are not zero, then,
vV, ot 4 o
by = ————2p,. 4.24
Vyoltt + 55 Y ( )
Substituting (4.24) into (4.23), we obtain
sign(by )T |by [P0~ + 4 (b, — Vol T —6l) =0, (4.25)
41 4 5 2 rep
m )
where T' = p <<§7le+71162> + 1) . Here, sign is defined as follows.
1 if w >0,
sign(w) := 0 if w =0,

-1 if w <O.
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Note that
sign(by) = sign(V,o' ™! 4 6L) (4.26)
and
sign(b,) = sign(V,v' ! + 62) (4.27)
So, (4.25) can be expressed as
sign(Vy o't + 60)T|b, [P0 =1 (b, — V0! t1 — 6L) = 0. (4.28)

Unfortunately, we cannot obtain the explicit solution of the equation (4.28). We can use Newton
method to get an approximate solution. If b, is solved, b, can be easily determined using (4.24)

and (4.26).

4.5.4 Applications

In the following numerical simulation the iteration process stops when the following condition is
satisfied
k+1 k
Hunil — Up a2

k+1

< stop := 1077, (4.29)
luntill2

where ||.||2 is the Euclidean norm and uf 11 the vector approaching, at iteration k, the space-

discretization of u,1. After stopping the iterations at k = kg5, we denote u,41 = ui{ﬁt and

switch to the next time step.

Note that for implementation, finite difference method is used to approximate the partial deriva-
tives. Moreover, for sake of simplicity, the domain 2 will be a square. The domain  will be

subdivided into N2 uniform squares.

For numerical simulation, we will use the following parameters
N, =80 and h =0.02.

Let us recall that h is the time step. The space step is easily computed thanks to NV, and €.

Example 4.10. In this example, we take Q@ = (0,1) x (0,1), T = 1, p(x,y) = 2, and f =
xy(1—2)(1 —y) +2t((1 — y)y + (1 — x)x). As initial condition, we set

Uo(xvy) =0.

Let us note that with these data p, ug and f, the exact solution is

u(z,y,t) = tey(1 —z)(1 —y).
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Numerical solution at t=1.000

Exact solution at t=1.000

D - RIS
IS XK
SIS SIS
OSSN, 0.04 SIS
RS SESERN \ . S SN
RS
g oot
> 0.03 TSRS
: AN
X RIAXRXEEXEIAEIY
XX KBS

Figure 1: left: u(z,y,t) = tzy(1 — z)(1 — y) right: For p = h and v = 0.02

Exact solution at t=1.000 Numerical solution at t=1.000

0.06
RIS TS
LIS RIS
GRS B
BSOS 0.04 R SIS
USSR . T ST
o s S SIS T BIK KA TN
ISR 0.03 A SSIMTTIIINRNY
S SN s 0. IS OSSN
R IR
0.02

Figure 2: left: u(z,y,t) = tey(1 — z)(1 — y)

right: For p = h/2 and v = 0.02

Figure 1 shows the exact solution and the numerical solution for v = 0.02 and p = h. While,

Figure 2 shows the exact solution and the numerical solution for v = 0.02 and p = h/2.
As we can see, we always get a good numerical approximation of the solution even if p varies.

Denoting uj, the numerical solution and u the exact solution of Example 4.10, with p = h and

v = 0.02, we get the following table of the error approximation.

t

0.1

0.2

0.3

0.4

0.5

[[un —ullx

2.5099.1075

5.6941.107°

7.9789.107°

1.0717.10~4

1.345.104

0.6

0.7

0.8

0.9

1

[[un — ula

1.6192.10*

1.8930.10~*

2.1668.10~4

2.4406.10~4

2.7144.10~4
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Example 4.11. In this example, we set Q = (0,1) x (0,1), T =5, p(z,y) =2+ —

As initial condition we set

]
2 )

uo (JJ, y) =0.
As parameters we set p = h and v = 0.02.
Numerical solution at t=1.000 Numerical solution at t=5.000
0.12 0.12
0.1 0.1
> 0.06 e 5 0.06 ’"’"":"ll"":':'f""""'
0.04 | 0.04
0.02 1 0.02 -|
0 0
1 1
. : : |z|
Figure 3: Numerical solution for p(z,y) =2 + 5o P= h and v = 0.02.

Figure 3 shows the numerical solution at ¢ = 1 and at ¢t = 5. One can see that both figures are the

same.

2
% and

Example 4.12. In this example, we take Q = (—=1,1) x (=1,1), T =5, p(z,y) =

ol ©

1 if x>0
0 i z<O.

As the initial condition, we set
ug(x,y) = 1770V .

We use the same parameters p and v as previously.

Figure 4 shows the numerical solution att =1 andt=>5.
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Numerical solution at t=1.000 Numerical solution at t=5.000
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Figure 4: Numerical solution for p(x,y) = , p=~hand v =0.02.

9
5

We remark that the exponents p(z) considered in the three examples satisfy the condition 1.2.

Also, note that the choice of v results from the knowledge of the explicit solution of the Example
4.10. Indeed, knowing the explicit solution, we choose 7y so as to obtain a better approximation of

this explicit solution. This leads to the choice of v = 0.02.

Conclusion and discussion

Inspired by the work of Maitre (see [23]), we have in this paper made a numerical analysis of the
mild solution of parabolic problem involving the p(z)—Laplacian operator. Using the works of
Zhang and Zhou (see [29]), and Ouaro and Ouédraogo (see [24]), we have shown that the mild
solution is also an entropy solution which is equivalent to the renormalized solution. For the

numerical tests, we have used the split Bregman iteration.

In a forthcoming paper, we will make a comparison of the solutions of our numerical scheme (4.1)

to those of the classical backward Euler scheme.
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1 Introduction

Understanding the evolution of a distribution of particles over time is a major research area of
statistical physics. The Vlasov-Poisson equation is one of the key equations governing this evo-
lution. Specifically, it models particle behaviors with long range interactions in a non-relativistic
zero-magnetic field setting. Two principal types of long range interactions are Coulomb’s forces,
the electrostatic repulsion of similarly charged particles in a plasma, and Newtonian’s forces, the
gravitational attraction of stars in a galaxy. The general Cauchy’s problem for the Vlasov-Poisson

equation (VP equation) in n dimensional space is as follows:

atf+v'vmf+vz¢'vvf:07
—Agp = f dv, (1.1)
RTL

f(O,CC,’U) = fO(Ivv)a

where f(t,z,v) denotes the distribution function of particles, z € R™ is the position, v € R™ is the

velocity, and ¢ > 0 is the time and n > 3.

The Cauchy problem for the Vlasov-Poisson equation has been studied for several decades. The
first paper on global existence is due to Arsen’ev [3]. He showed the global existence of weak
solutions. Then in 1977 Batt [5] established the global existence for spherically symmetric data.
In 1981 Horst [9] extended the global classical solvability to cylindrically symmetric data. Next,
in 1985, Bardos and Degond [4] obtained the global existence for “small” data. Finally, in 1989
Pfaffelmoser [12] proved the global existence of a smooth solution with large data. Later, simpler
proofs of the same results were published by Schaeffer [13], Horst [10], and Lions and Pertharne
[11]. Nevertheless, most of them were concerned about solutions in L* or continuous function
spaces. Also, there are many papers studying Vlasov-Poisson-Boltzmman (Landau) equation in
L? setting, see [2, 6, 7, 8] and the references therein. A natural question is whether we can obtain
the solutions in LP context, for example, W™P spaces. This becomes our main theme in this
paper.

In this paper, our aim is to construct the solution to (1.1) in W™P? space. The difficulty lies in the
absence of LP estimates of the electronic term V,¢. To handle this issue, we establish the LP-L4
off-diagonal estimates of V¢ which is highly important in estimating the higher order derivative
term. Also, it is necessary to introduce a weight w in order to obtain this off-diagonal estimate.

It is worthy to mention that this weight is crucial to deal with the higher-order derivative term.



Vlasov-Poisson equation in weighted Sobolev space WP (w) 213

2 Preliminaries and main theorem

2.1 Notations and definitions

We first would like to introduce some notations.

Given a locally integrable function f, the maximal function M f is defined by

1
(M) = s s /B Wi (2.1)

6>0

where |B(z,d)| is the volume of the ball of B(x,d) with center x and radius d.

Weight w(v) = (v)7, v - + 1 =1, n is the dimension.

>n, D

SIS
SIS

191 sy = [ V1P dzde
’ R2n

Define the higher-order energy norm as

EFWD) = If lwmowy = D NOZ @y 0

laf+|B|<m

and
E(fo) = EFO) = 3 10500 follly u:
lee|+]8]<m
where m > 5 and § < p < §, n > 3. Here a and 3 denote multi-indices with length ||
and |8|, respectively. If each component of a; is not greater than that of «, we denote the
condition by a; < . We also define a; < o if oy < v and || < |ae|. We also denote ()

by C§*.

e A < B means there exists a constant ¢ > 1 independent of the main parameters such that

A<cB. A~ B means A< Band B < A.

Now we are ready to state our main theorem.

Theorem 2.1. For any sufficiently small M > 0, there exists T*(M) > 0 such that if

o M
E(fo) = Z 10z affo”ig,v(w) < 9
lal+[B]<m
then there is a unique solution f(t,z,v) to Vlasov-Poisson system (1.1) in [0,T*(M)) x R™ x R™

such that sup E(f(t)) < M, where m > 2 +1 withn >3 and 5 <p < 3.
0<t<T* P
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Remark 2.2.

e One should pay attention to the differential index m in W™P(R™) which represents the weak
derivative, is not the classical derivative in C?(R™). Indeed, for the space W*4(RS) in which
we could obtain solutions that could not be embedded into C(RS) (the continuous function
space) or L>=(RS), not to mention C?(RC) (the twice continuously differentiable function
space) due to the fact 4-1.4 < 6, i.e. WHLAYRE) 4 C*(R®) which implies that the classical
results in [3, 4] and [9]-[13] could not cover our results.

e In [4], C. Bardos and P. Degond also imposed the pointwise condition like

(L4 Jz)*- A+ o)t

0 < wuqo(z,v) <
However, the polynomial decay in the x variable is not needed at all in our proofs.

o Our working space W™P(R™) has more flexibility than C?(R™) because of the triplet (m,n, p)

which implies that we can obtain the solutions in more spaces.

Let us illustrate our strategies for proving Theorem 2.1. As is known, the routine to prove the
existence of solution is to get a uniform-in-% estimate for the energy norm &(f**1(¢)). In this paper,
we adopt the LP version energy method, i.e. to do the dual with [9292 fF+1|P=2(9298 f*+ 1w (see
(4.5)). We expect all the estimates J; in Section 4 can be controlled by

EFM) = D 10207 F@)IEs )

laf+|Bl<m

To achieve our goal, some estimates related to the electronic term V¢ are needed. The LP-L9
estimate is established to deal with the higher-order derivative. For instance, when || = m, the

LP-L9 estimate comes in to handle the highest order derivative term 92V ¢ :

(02926 - W ML, o P e i )
(2.2)
<10V at LIV o IO
In turn, in order to get this LP-LY estimate involving V. ¢, we introduce weight w; surprisingly, this
weight w also plays another crucial role to deal with the higher order derivative. More precisely,

we do this trick when |a| 4+ |8] = m, w could “absorb” the extra derivative in V, as follows:

(Vadh - V0200 11, (0200 2 007 1w )
(2.3)
~ (Tt VORI P, w) ~ —(Vagh - [020] PP, Tw).
Before we give the proof of the main theorem, we would like to establish the following LP-L4

estimates.
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3 [P-17 estimates

In this section, we are going to prove the LP-L4 estimate which plays an essentially important role

in our proofs.

1 1 1
Lemma 3.1. Suppose 1 <p < DandZ==_2. If —A¢p = fdv =: g, then it holds that
2 q p n R
IVadllzamn) S N9llLe@n), (3.1)
1 1

Proof. Note that V,¢ = V,(I2 % g), with I(x) = for more details, see the

(n=2)wn1 2]~
last section Appendix. Therefore there holds

[VadllLagny = [Vallz*g)llze@n)
1 1
S (Mg)z - (L2 % |g]) 2 || Lagrny
1 1
S (Mg)z[pagny - [|(L2 % |g]) 2 [ Loo m)

1 1
< |IMgl? |z s
S IMglly MR lalliy

where we applied (5.3) in the second line, and Holder’s inequality with

1 1 1
_+_:_7 Qi>17
q1 q2 q

in the third line separately.

On the one hand, the boundedness of Hardy-Littlewood operator M as defined by identity (2.1)
yields that

1Mo, 31 gy S 1911 gy = Nollzogeny (3.2)

since we require that %1 =Dp, L.e.

PR (3.3)
On the other hand, by Lemma 5.3, we have
122 %1910, 52 gy S lgllzogeny, (3.4)
where ) .
a p n (3.5)
Consequently, ||V, o) < |91y - 19150y = I9llzon. O

A “derivative version” is immediate:
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Corollary 3.2. With the same assumptions as in Lemma 3.1, we have
102 Vol Lany S 1979l Lo (mn)-
Proof. One only needs to observe that
Vo050 =0y Vet =03 Va(lax g) = Vio(I2 ¥ 05 g).

Applying Lemma 3.1 with ¢ and g replaced by 9%¢ and 0%g respectively, the desired result is

immediate. O

Now we adapt Corollary 3.2 to the “kinetic version”. To achieve this goal, we need to introduce a

weight w.

Corollary 3.3. Take g = / fdv in Corollary 3.2, then we have

n

102 VadllLa@ny S 105 flle ,w)-

Proof. Holder’s inequality leads to

‘/ 05 fdv| S (/ Iai‘fI”wdv)p (/ w%du)p :
R™ R~ n

Note that w = (v)” and 7 - % > n, which implies that

1

</ w_ppdv> <e.

Thus we end the proof of Corollary 3.3. O

s

An L°° estimate is also needed in the proof of the main Theorem 2.1.

Lemma 3.4. Suppose —A¢p = fdv. If 0 < |a] < m —2,m > 3, then
R'Vl
105 Vadllee S D 105 F Lz, w)- (3.6)
li|<2

Proof. Choose a ¢ such that ¢ > 5 and p < ¢, then W24 < [, Thus we have
102 VadllLe < 107 Vadllwzamn).

Combining Corollary 3.2 and Corollary 3.3 leads to
10 Vedllwea = Y 10,05 Vadlly £ Y 105 FllLz o (w);
li|<2 [i]<2
i.e.

105Vl S D 1055 Fllie, (w)- O
jil<2
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4 Proof of main theorem

Now we are in the position to prove Theorem 2.1. We split the proof into two parts which are

existence and uniqueness.

Part I: Proof of existence. To prove the existence of the solution to (1.1), we adopt the LP-
version energy method and iteration method. In this process, we will apply the LP-L9

estimate of electronic term V¢ proved in Lemma 3.1 to estimate Js.

Proof. We consider the following iterating sequence for solving the Vlasov-Poisson system
(1.1),

atkarl +v- szkJrl + vm¢k : Vv.karl = O, (41)

— A" = [ fFdv, (4.2)
R

fk+1(0,$,7}) = fo((E,’U). (43)

Step 1. Applying 0297 to (4.1) with 8 # 0, |a|+|B| < m, starting with fO(t, z,v) = fo(z,v),

we have
(8 4+ v+ Vg + Voo - V,)0%00 fF+1 + Chof—Pry. ofrv, 00 it
T v B v v x
B1<pB

D RSN (Y
0#a1<a
Multiplying |0¢02 f*+1P=2(9205 f*+1)w on both sides of (4.4), and then integrating
over R? x R} yields that
1 d fe% k+1
};E”am 65f Hig’v(w)

+ 0 Ch (08 P 05 L0n PR 00 P (0000 1 )

B1<B
J1
_ <Vm¢k . |3§35fk+1|p, va> (4.5)
Ja
= > e {0 Vet 0 ol L0008 PR 007 £ )
0#a1 <«
J3

We now estimate (4.5) term by term.



218 Cong He & Jingchun Chen

For Ji, note that |9°~%1v| < ¢, 81 < 8. Thus,

1
BOE Y [0V b ol s dade
pr<p R

1
7

Y (/ 1951v,9 fRH+1 Py d:cdv)p (/ 19298 fi+1|0=Dp dwdv)p
R2n R2n

B1<p

S D MOV e ) - 10205 P I s
B1<B

L4115 1 =p B —p—
where p—i—p, =1,4ie (p—1)p =p, =D 1.

For J3, note |V,w| < w, by Lemma 3.4, we have

T S Vet i8O8,

~

SIS A L P LAl

li]<2
For Js3, we consider two cases individually.
Case 1: Recall o] <m —1,if 0 < |ay| <m —2,m > 3, Lemma 3.4 leads to
021V d* | L < Z 055 F¥ Nl e o)
li]<2

Note |i| + |a1] < m — 2+ 2 = m, the order of the derivatives does not exceed m, then

we obtain,

D SR M 2 P A
RTZ

0<|ai|<m—2

Yo O e w108 IV S ey 10505 P

0< o | <m—2 |i|<2

|8§‘85fk“|p’1HLp/w v

A

where | — a1+ |8 + 1 < |a] + 8] < m.

Case 2: |a1| =m — 1, we have

sos Y / W) V5 6F || 10 92~ 05T, 5+ |
RTZ

| |=m—1

k —
A

SIED SR L R P IRTOND DI Lt P [
Rn X L?
o |[=m—1 li|<m—2
ST DN 2 PPN SN (4 St 28 PO (A= A e
lai|=m—1 [i|<m—2

where in the first inequality, we applied Holder’s inequality with respect to x with

And in the second inequality, we used the embedding W™ 2P < L" with

m>ﬁ—i—17 p <n. (4.6)
p



Vlasov-Poisson equation in weighted Sobolev space WP (w) 219

In the third inequality, we applied Corollary 3.3 and Hoélder’s inequality in v.
Finally, plugging all the estimates of Ji, J2, and J3 into (4.5) yields that

d (67 (67 (63 -

E”az agfk+ll|igm(w) S Z Haglvmaz fk+1HL£,v(w) |97 agfk-‘rl”ig’lv(w)
B1<B

+ 30 1820 S

li|<2

S SO ol w0 08V e 10508 S

0< o |<m—2 |i|<2

+ Z Z HaglkaLQv(w)Hagicag_alafvvfk-i-l”Lg,u(w)HagaEfk-i-lHzl)‘ilv(w)'

lai|=m—1 |i|[<m—2

(4.7)

Step 2. = 0,|a| < m, applying 0% to (4.1) on both sides, we have

(O + v Vo + Voo - V)OS [ = — Y O omV,.eh - 05V, L (48)
0#ar <a
We could completely repeat the process of step 1, the only difference is that we do not
need to estimate Jy, thus we give the estimates as below but omit the process of proof
in details.

d [} T [}
E”am karl ”ig,u(w) S Z ”amfk”Lﬁ,v(w)”am karl”Zzg,u(w)

<2

> DA Pl w195V 105 P

0<|ai|<m—2 [i|<2

+ Z Z ||8$1fk||L€,v(w)”@iag‘*mvvfhrl”L’I;’U(w)Hagekarl”zi;i(w)'

m—1<|a1|<m |i|<m—2

(4.9)
Collecting the estimates of Jy, JJo and Js and integrating over [0,¢] of (4.5), summing
over |a| + |8] < m, we deduce from the definition of £(f(t)) that

E(FAF1(1) < E(fo) + Ct sup E(F*(s)) + Ct sup (E(f*(s)7 - sup E(f*(s)).

0<s<t 0<s<t 0<s<t

Inductively, assume  sup  E(f(s)) < M, T*(M) and M are sufficiently small; note
0<s<T*(M)

that fo(t,,ib,’l)) = fO(xvv)v g(fO) < %7 we have

+Ct sup E(FFH(s)) + CM7 -t sup E(FFH1(s)),

0<s<t 0<s<t

) <

(1—CT* —CM»T*(M)) sup E(fFT(s)) <

M
0<s<T* (M) 2

Thus sup  sup  E(fF(s)) < M, i.e. we get a uniform-in-k estimate.

k 0<s<T*(M)

As a routine, let & — 0o, we obtain the solution and complete the proof of existence.
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Remark 4.1. We summarize the indices as follows:

2 1 n

— =2, 1<p<—=, n>3, 4.10

q1 p 2 ( )

2 1 2

L~z (4.11)

q2 p n

1 1 1

—+_:_7 q>17 QZ>17 7;:172’ (412)

q1 qz q

q>27 (4.13)
2
n

m>—+1, m,néeN, (4.14)
p

1 1 1

===, (4.15)

q P p

v >n(p—1). (4.16)

In fact, for any given (m,n,p) satisfying

m>%+1,m€N,

n >3, (4.17)
3<P<3,
we could designate
q = 2p,
0= 2L, (4.18)
q= 525
O

Let us move on to proving the uniqueness.

Part II: Proof of uniqueness. The proof of the uniqueness is analogous to the existence part.

However, we use a different energy norm & (f(t)) =: > o208 F(e)|7 () Decause
o +[B]<m—1

of a difficult term Jy. In j4, there is a term
(Valdy — 0) - 020599, 10305(f — g)P =2 0203(f — g)w).

If we still work with E(f(t)) = > 8205 f(t)|I%, () 8 in the existence part, the order
la]+18|<m
of derivative of 29°V,g will be m + 1 which exceeds m when |a| + |3| = m. This is the

main reason we choose &1 (f(t)) instead of E(f(t)).
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Proof. Assume another solution g exists such that sup &(g(s)) < M, taking the difference,
0<s<T*
we have

Or+v- Vo + Vg Vo)(f = 9) + (Vads — Vadg) - Vug =0,
Ao =d) = [ (=g (1.19)
£(0,2,v) = ¢g(0, z,v).

Step 1. Applying 9207 on both sides of (4.19); with 8 # 0, |a| 4+ |8] < m — 1, we have

(O +v -V + Vs -V,) - 0205 (f — g) + Z CH ol 0,08 (f — g)

Bi1<B
=— Y CPOYVags 00" 0VL(f —g) (4.20)
0#a1<a
— Y L0 (Vady — Vady) - 02100V g,
0<a1 <«

Multiplying [0202(f —g)|P~2-0202(f — g)w on both sides of (4.20), and then integrating
over R? x R yields that

1d, .,
5%”5)1 ag(f - Q)Higyu(w)

+ 30 G {0F e 07902 (f - ), 0208 (F — 9P 9200 (S — g)w)

B1<pB
Ji
= (Vaty - 10205(] = )", Vo)
J2
= Y a0 Vaps - 02 OIL(f — ), 10200 (f — )P 0200 (f — g)w)
0#a1<a
Js
= > (02 (Vady — Vady) - 0200 Vg, 0200(f — 9)IP 2 020 (f — gw)
0<a1 L«
Ja

(4.21)
We could repeat the estimates in the proof of the existence except for some special term.

Thus we would like to write down the estimates directly without the details.
For jl, we have

TS Y00 V02 (f = 9oy - 10500 (F = 91" -
B1<B

For jg, we get,
o S S0 oy - 10205 — ) o

li|<2
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For Js, since 0 < |a1| < m — 2, we have

Js <

Yo DN ey 102700V (f = )iy 1020 =9I )

0<|on |[<m—2 [i]<2
where |a — 1|+ 8] +1 < |a|+ |8] <m — 1.
For Jy, note that —A,(¢f — ¢,) = / (f — g) dv. We consider two cases separately.
RTL

Case 1: 0 < |ay| <m—3

Ju

A

S SN0~ Dz - 195V aglli - 102057 — DI

0<ar|<m—3[i]<2

where |i| + |a1] <2+ m —3=m —1 and
la—aa| + B[+ 1< o[ +[B] = |on[+1<m —1—|a| + 1 <m.

Case 2: |a1| =m —2
Ji S

S 10 = 9w 19205V gl 10202 = 95 o
o |=m—2]i|<m—2
where |i| + |a —ai|+ ||+ 1 <m— 24 |a] — Jar| +|B] +1 < m.
Collecting all the estimates of jj, 7=1,2,3,4, we have

d (6% (6% (6% -
0203 (F =), ) S ﬁzﬁ 100208 (f = Dz ) - 10205(F = II2" (o)
1<

+ D102 Sl 10205 = 92

li|<2

Y O ) - 102~ )z 10205 — DI )

0<|ai|<m—2 [i|<2

Y S - Dl 100Vl i 10508 — D)2

0< o [<m—3 [i|<2

+ > D e =9z - 1920200V gllin ) - 10505(F — DTz -

lai|=m—2 |i|[<m—2

(4.22)
Step 2. =0, || <m — 1, applying 0% on both sides of (4.19); yields
0#a1<a
— N OO (Vady — Vady) - 0271 Vg,
0<a1 <«

(4.23)
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Repeating the process of step 1, we get

d leY i IeY
E”az (f_g)”II)‘gv(w) 5 Z ||azf||L§,u(w) : Hax (f_g)Hll)/gu(w)

li]<2

Y SO - 105V @)z 105~ DI )

0<|on |<m—2 |i|<2

o > 0 e - 19505V (f = 9wy - 1050 = 9)II2" )

lai|=m—1 |i|[<m—2

> DN = Dl - 1027 Vgl ) - 10500 (fF = )l ()

0<|on |<m—3 |i|<2

0y ST 10~ Dl 19505 Vgl 105(F ~ DIT o,
m—2<aq[<m—1 |i|<m—2

(4.24)
Note f(0,z,v) = g(0,z,v),

0<s<t

S 07 )iz ) <M. sup 92700V (3) ) < M,

and

sup [[9507 0V g ()l ey < M, sup [05f(5)llez (u) < M.
0<s<t 0<s<t

Integrating (4.22) and (4.24) over [0, ¢], then summing over |a|+ |3| < m — 1, we deduce

E((f — 9)(1) < (1+ M) / E((f — 9)(s)) ds,

where

E(fM) = Y 1087 FOITs w)

laf+|Bl<m—1

By Gronwall’s inequality, we have & ((f — g)(t)) = 0 implying f = g, which completes
the proof of uniqueness. Thus we end the proof of Theorem 2.1. O

Remark 4.2. Allin all, we improved the results in [4] to the more general function space W™ P(R™)
which does not have to be C*(R™) (too strong). Our results also shed light on exploring solutions
in Sobolev spaces. We are very confident that our method could be applied in fractional Sobolev

spaces, even the supercritical spaces which are far from being understood yet.

5 Appendix

For the sake of completeness, we cite some known results about the estimate for the Riesz potential.

First of all, we give the pointwise estimate of the Riesz potential, for more details, see chapter 3,

section 1, page 57 in [1].
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Proposition 5.1 ([1]). For any multi-index § with |{| < a < n, there is a constant A such that
for any f € LP(R™), 1 < p < o0, and almost every x, we have

€1 _1&l
D (Lo * f(2))| < AM f(x) @ - (Lo * |f](x))' "=, (5.1)
T'(n—2
where I, = Vnoia, Yo ﬂ(n 2(1) .
|| T22°0(5)
Remark 5.2. In our paper, we consider —A¢ = fdv =: g, n > 3. Thus, in our context, I,
Rn
can be taken
1 1
I = . €. =2 5.2
2(:6) (TL . 2)wn—1 |$|n—2 ) t.e @ ’ ( )
2 n
where wy,_1 = FL;) is the (n — 1)—dimensional area of the unit sphere in R™, then we have
2
L&l _ L&l
[D*(Lz % g(x))] < eMg(x) = - (T2 *|g|(x))' = (5.3)

Next, we give the off-diagonal estimate of the Riesz potential I5. For the details, see chapter V,
section 1 and page 119 in [14].

Lemma 5.3 ([14]). If —A¢ = g € LP(R™), then ¢ = I x g and
112 * gllLaen) < cllgllLe@n), (5-4)

where 1 < p < §,c=c(p,q) and

| =
hSREE
|
S
—~
ot
[$2§
S~—
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1 Introduction

In recent years, many researchers have extensively applied variational methods to study boundary
value problems (BVPs) for impulsive differential equations on the finite intervals. More precisely,
employing critical point theory, Nieto and O’Regan [8] studied a linear Dirichlet boundary value

problem with impulses

—u"’(t) + du(t) = ot), ae tel0,T],
Au’(tj) = dj j € {1,2,...,1}, (11)
u(0) = u(T) = 0.

and a nonlinear impulsive problem

—u"’(t) + du(t) = [f(t,u(t), ae tel0,T],
A(t) = Lulty), jef{l2....1, (1.2)
u(0)=u(T) = 0,

where )\ is a positive parameter.

Moreover, the study of solutions for impulsive BVPs on the infinite intervals by using variational
methods has received considerably more attention, see for example [1, 2, 3, 9, 10], and the references

therein.

In the present paper, our aim is to improve some assumptions made in [§] in order to extend

problems (1.1) and (1.2) on the half-line via variational approach.

This paper is organized as follows. In Section 2 we state some preliminaries. In Section 3 we
consider the linear Dirichlet problem with impulses in the derivative. Due to the Lax-Milgram
Theorem, we show the existence of weak solutions that are precisely the critical points of some
functionals. The last section is to deal with the nonlinear Dirichlet problem. To investigate the
existence of solutions, we use standard results of critical point theory. Also, some examples are

given to illustrate our main results.

2 Preliminaries

We cite some basic and celebrated theorems from critical point theory which are crucial tools in

the proof of our main results.
Let H be a Hilbert space.

Theorem 2.1 (Lax-Milgram [4, 5]). Let a : H x H — R be a bounded bilinear form. If a is
coercive, i.e., there exists a > 0 such that a(u,u) > al|ul|? for every u € H, then for any o € H’

(the conjugate space of H) there exists a unique u € H such that

a(u,v) = (o,v), for every v € H.
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attains its minimum at u.

Theorem 2.2 ([7]). If ¢ is weakly lower semi-continuous (w.l.s.c.) on a reflexive Banach space

X and has a bounded minimizing sequence, then ¢ has a minimum on X.

Now, let us recall some necessary concepts that will be needed in our argument. Let us define the

following reflexive Banach space
H{}(0,00) = {u: [0,00) — R is absolutely continuous, u,u’ € L*(0,00), u(0) = u(c0) =0},

equipped with the norm

2

+oo +oo
full = | [ worar+ [ wopa
0 0

Set the space
Cipl0,+00) = {u € C([0, +00),R) : lim p(t)u(t) exists}

t—o00

with the norm

lullocp = sup  p(t)[u(t)],
te[0,4+00)

where the function p : [0; +00) — (0, +00) is continuously differentiable and bounded, satisfying

C = 2max(|[p|| g2, |p']| £2) < +oo0.

Concerning the above spaces, we get the following vital embeddings.

Lemma 2.3 ([6]). The space H3(0,00) embeds continuously in Cj [0, 00), more precisely ||u o p <

Cllu|| for every u € H}(0,00).

Lemma 2.4 ([6]). The embedding H}(0,00) < Cj ,[0,00) is compact.

3 Impulsive linear problem

We consider the following linear Dirichlet boundary value problem with impulses in the derivative

at the prescribed instants ¢;, j € N* = {1,2,3,...}
—u(t) + Au(t)

Au'(t;)

u(0) = u(400)

Q
—

~
N>

a.e. t€0,00), t#tj,
j € N*, (3.1)

([

O

~ —~
~
<.
~
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where A € R, 0 € L*(0,00), 0 = tg < t; <ty < +++ < t; < -+ < t,, — 00, as M — 00, are
— d(t;

the impulse points, d : [0,00) — R satisfies E % < oo and Au/(t;) = u’(tj) —u'(t;) for
— p(L; ’
=1

u’(tj[) =lim, =+ u'(2).

J

t—

Now, multiply the equation in problem (3.1) by v € H}(0,00), and then integrate over (0, +00),

we obtain
+o0 +o0 +o0
- / u’v+ A / uy = /U’U.
0 0 0
We have
+o0 0o Lit1
- / uv = —Z / uv,
0 7=0 ¢
and
tit1 tit1
uv =t o(tr,) —u' (E)u(t) = [ u'Y
t; £
Consequently,
+oo 00 +o00
- / u'v = A (t5)v(ty) + v’ (0)v(0) — v (c0)v(c0) + / u'v'
0 g=1 0
oo +oo
= d(tj)v(t;) + / u'v
J=1 0

This leads to define the bilinear form a : Hg(0,00) x Hg(0,00) — R, by

—+oo

—+oo
a(u,v) = /u'v'—i-/\/uv, (3.2)
0 0

and the linear operator I : H}(0,00) — R by

—+oo

() = / ov =" d(t; (). (3.3)
j=1

0
Definition 3.1. We say that a function u is a weak solution of the impulsive problem (3.1) if
u € Hg(0,00) such that a(u,v) = I(v) is valid for any v € Hg (0, 00).

In what follows we refer to problem (3.1) as (LP).

It is easily verified that a and [ defined by (3.2), (3.3) respectively are continuous, and «a is coercive

it A>0.

Consider the functional ¢ : H}(0,00) — R, defined by

+oo —+oo —+oo

go(u):% /u'2+g /u2— /au+§;d(tj)u(tj). (3.4)

0 0 0
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It is clear that ¢ is differentiable at any u € H2(0, 00) and

—+oo —+oo +oo

O(u)v = /u’v’—l—)\/uv— /Uv—l—id(tj)v(tj):a(u,v)—l(v).

0 0 0

Thus, a critical point of (3.4) gives us a weak solution of the problem (LP).

Definition 3.2. We mean by a classical solution of the problem (LP) a function uw € H?(t;,t;41)
for all j € N*, where

H?(tj,tj41) = {u :[0,00) = R s absolutely continuous, u',u" € LQ(tj,thrl)},

and u satisfies the first equation of (3.1) a.e. on [0,00) with u(0) = u(oco) = 0, the limits u’(t;r),

u'(t;), j € N* exist and the impulse conditions hold.

Lemma 3.3. Ifu € H(0,00) is a weak solution of (LP), then u is a classical solution of (LP).

Proof. Since u € H}(0,00), it is evident that u(0) = u(c0) = 0.

For j € {1,2,...}, choose any v € Hj (0, 00) such that v(t) = 0 for ¢ € [0,¢;] U [tj+1,+0c). Then
ti+1 tit1 ti+1
u'v' + A uv = ov.
i i i
Hence, —u” + M = o a.e. on (tj,tj41). So, u € H?(t;,t;4+1) and satisfies the previous equation

a.e. on [0, 00).

Multiplying —u” + M = o by v € H}(0, 00) and integrating over [0, 00), we get
Al (t(ty) =D d(t)u(ty).
j=1 j=1
Therefore, Au'(t;) = d(t;) for every j € N*, and the impulsive conditions are satisfied. O

Lemma 3.4. If u € H}(0,00) is a critical point of ¢ defined by (3.4), then u is a weak solution
of the impulsive Dirichlet problem (LP).

Proof. Let u € H(0,00). The assumption that u is a critical point of ¢ means that ¢'(u)v = 0,
for all v € H}(0,00). Thus,

—+o0 —+o0 —+oo

/ u'v + A / uv — / ov + Zd(t‘j)v(tj) =0, Yve H}0,00).
0 0 0 J=1
Hence,
o0 o0 +o0 0o
/ uv + A / u = / ov — Zd(tj)v(tj), Vv € H}(0,00).
0 0 0 J=1

This implies that a(u,v) = [(v) is valid for any v € H}(0,00). As a result, u is a weak solution of

the (LP). O
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In view of Lax-Milgram theorem, we formulate the following main result.

Theorem 3.5. If A > 0, then the Dirichlet impulsive problem (LP) has a weak solution u €
H}(0,00) for any o € L*(0,00). Moreover, u € H?(0,00) and u is a classical solution and

minimizes the functional (3.4) and hence it is a critical point of (3.4).

Proof. For A > 0, it follows that the bilinear a is coercive. The fact that a is continuous, by applying
Theorem 2.1, for any o € L?(0,00), there exists a unique u € Hg(0,00) such that a(u,v) = I(v)
for all v € H}(0,00). So, the problem (LP) has a weak solution u € H} (0, c0).

Owing to Lemma 3.3, a weak solution of (LP) is a classical solution. In addition, a is symmetric,

then the functional ¢ attains its minimum at w which is exactly a critical point of ¢ since it is

differentiable. O
Example 3.6. As an example, let A =1 and p(t) = #
This impulsive boundary value problem
—u"(t) +u(t) = %th’ a.e. te[0,00),
AU(j) = eI, jeN, (3.5)
u(0) = u(+00) = 0,

has a solution.

4 Impulsive nonlinear problem

In the nonlinear situation we consider the following impulsive boundary value problem

—u"(t) + Mu(t) = f(t,u(t), ae tel0,00), t#t;,
Aul(ty) = g(ty)l(u(ty)), JjeNT, (4.1)
u(0) = u(+o0) = 0,

where A is a positive parameter, the functions f : [0,00) x R = R, I; : R - R, j € N*, and

g :[0,00) = [0, 00) are continuous with Zg(tj) < 0.
Jj=1

We refer to problem (4.1) as (NP).

Definition 4.1. A weak solution of (NP) is a function u € HE(0,00) such that

+o0 +o0 o too
Juvan [uos S gwnee) - [ )i =o,
0 0 J=1 0

for every v € H} (0, 00).
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Setting F(t,u) = [ f(t,s)ds, we define the functional ¢ : H{(0,00) — R by
0

+o0 +00 u(ty) +00
1 A =
o)== [ W*Wdt+5 [ wP(O)dt+Y g(t;) | Li(s)ds— [ F(t,u(t))dt. (4.2)
2 0/ 2 0/ i=1 0/ 0/

Now we present our principal results for this part.

Theorem 4.2. Suppose that the following conditions hold:

M
Hy) There exists a positive bounded function M € L*(0,+o0) with — € L*(0,+o00) such that
p

|[f(t,u)] < M(t) for (t,u)€ [0,4+00) x R.

> — M;g(t;

(In) There exist M; > 0, j € N*, satisfying g M;g(t;) < oo and g % < oo, such that
— — Py
j=1 Jj=1

the impulsive functions I; are bounded i.e.,
|Ii(w)] < Mj; forevery uweR, je{1,2,...}.
Then there is a critical point of ¢, and (N P) has at least one solution.

Proof. Claim 1. ¢ is weakly lower semi-continuous (w.l.s.c).
Let (un) C H(0,00) be a sequence such that u,, — u in H}(0,00), when n — co. Then,
Jull < tim it .
and by Lemma 2.4 we have that (u,) converges to u in Cj [0, 00), hence u, (t) converges to
u(t) for all ¢ € [0, 00).

From (H;) and (I1), using the continuity of f and I;, j € N*, together with the Lebesgue

Dominated Convergence Theorem, we obtain

] 400 \ +o0 o Un (t5) +o0
.. R T ’9 2 ) ) _
lggirgof o(uy) = %girgof 3 / Un + 5 / uz + Z g(t;) / Ii(s)ds / F(t,uy(t))dt
0 0 j=1 0 0
. +oo \ +o0 IS u(t;) +oo
2 2 _
> 3 / u”+ 5 / u” + Zlg(tj) / Li(s)ds — | F(t,u(t))dt = p(u).
0 0 = 0 0

Thus, ¢ is w.Ls.c.

Claim 2. ¢ is coercive.

For any u € Hg(0,00), the fact that A > 0, there exists o > 0 such that

u(ty) +

plw) = allul? +3-(t) [ Lisds— [ Pttt
j=1 0 0
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Using conditions (H1), (I1) and Lemma 2.3, we have

() > alful? = 3 28D e ) - / St

st p(t;) "
g( M(t
> aful? = ol - 220 o, /
j=1
M. .
> oful? - )3 Ma8h) _ oy ] M
= pty) p
> allul? = C Zp’— \ Jull
j=1

for some C' > 0. Then, the above inequality implies that lim ¢(u) = 4+00. Hence, ¢ is

llull—=+o0
coercive.

Applying Theorem 2.2, ¢ possesses a minimum which is a critical point of ¢. Finally, by (H;) and
(I1), it is easy to check that ¢ is continuous and differentiable for any u € H}(0,00) and that

+oo +oo +oo
o (w)y = / / uv—l—Zg (£)o(t;)dt — / Fu@)ytd.  (43)
0 0 0
Therefore, a critical point of ¢ is a weak solution of the problem (N P). O

Remark 4.3. Assume M € L?(0,00) in (Hy), then it is easy to see that a weak solution u is in
H?(0,00).

1

1
Example 4.4. Take A =1, p(t) = e !, M(t) = e 2, g(t) = e %, M; = = and I;(s) = Py
J JTSs

j €N~

The following IBVP:

—u"(t)+u(t) = e, ae tel0,o00),
Au'(5) e e N
u'(j) = -/ JENT
jrei)
u(0) = u(+o00) = 0,

has at least one solution. (See Figure 1)
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u(t)

Figure 1

Theorem 4.5. Assume the following conditions are satisfied:

(H2) The function f is sublinear i.c., there exist a constant v € [0,1) and positive functions

b
a,b € L(0,00) with g, - zﬂ% € L'[0,00) such that
pp

lf @t w)] <a(t) +0@)|ul”  for (t,u)€[0,+00) x R.

(I2) There exist constants 6 € [0,1) and a;j,b; > 0, j € {1,2,...} with Zajg(tj), Z a;ft(j),
j=1 j=1 J
i big(t;) <~ biglt;)

= () ()
sublinear growths i.e.,

are convergent series, such that the impulsive functions I; have

\I;(u)| < aj +bjlul’  for every ueR, je{1,2,...}.
Then there is a critical point of ¢, and (NP) has at least one solution.

Proof. Claim 1. ¢ is weakly lower semi-continuous.

Under (Hs3) and (I3), arguing analogously to the proof of Theorem 4.2, we find the weak

lower semi-continuity of ¢.

Claim 2. ¢ is coercive.

In view of conditions (Hs), (I2) and (4.2), for any u € H}(0,00), we have

. +oo \ +o00 o u(t;) +o0
o=y [wr+3 [@+3 o) [ peas- [ Feuoa
0 0 J=1 0 0
u(t;) +00

> af|ul|® - Zg(tj) / (a; +b;|s|®)ds — / (a(t)|u(t)| + b(t) |u(t)|V+1> dt
j=1

v+1
0 0
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+ G )

> alull = Y atty) (esptelates)

+oo —+oo
a(t) 1 b(t) X
— | =Zp@®)|u(t)|dt — / p(t)u(t) | Tidt
o/p” Ol =gy [ o
> alful* = Jul, Z“ﬂg ) _ pupszsys 290Dy, 2
P~ p(ty) P p(E) Pl
b
_ y+1
[ =i
Hence, by Lemma 2.3, we get
a;g(t;)
p(u) > allul” - Cllu HZ J( ; — O |u H“lz 5+1 1
L
e i
prtt Lt
a — a;9(t;) s [ = big(ty) 541
> allul|? — -+ . Jull = C —17 |
Pl ; p(t;) = ()
—_ ot b ||u||”+1
prH! '

Since 4,7 € [0,1), then lim ¢(u) = +oo. This means, ¢ is coercive.
lJul| =00

Using Theorem 2.2, ¢ has a minimum, which is a critical point of . Finally, from (Hs) and (I3),
we get the differentiability of ¢ such that its differentiable is defined by (4.3). Consequently, (N P)

has at least one solution. O

b
Remark 4.6. In (H), assume a, — € L?(0,00), then a weak solution u is in H?(0,00).
p

Example 4.7. Consider the following problem

—u'(t)+u(t) = e 2/|ult)|+e 3,  ae te[0,00),
(1 I
AUI(]) — 6—2] (_2 + |S| ) , jE N*,
J J
u(0) = u(+00) = 0,
—t - 1 ! L Is |i :
where A =1, p(t) =e™", g(t) =™, a; = —, bj = = and I;(s) = — + ,j€N*.
J J J

By simple calculations, all conditions in Theorem 4.5 are satisfied, then (4.1) has at least one

solution.
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1 Introduction

Let (M?", J,w) be a compact almost Hermitian manifold of real dimension 2n with n > 2. Let x

be a smooth real (1,1)-form on M. We define for a function u € C*(M),
Xu = X + V—100u

and

X = {xulu e C?(M)}, T ={xX" e XX >0}, H(M, x):={ueC*(M)|x, >0}

and
Ca(®) :=={[XI3X € T, nxX" 7! > (n— )X Aw?}.

We consider the following fully nonlinear Monge-Ampere type equations, which are called the

(nyn — a)—quotient equations for 1 < a < n:
Xu = ¥xn ¢ Aw® with x, >0, (1.1)

where 1 is a smooth positive function. We will call a function u € C?(M) admissible if it satisfies
that u € H(M,x). When solutions u are admissible, the equations (1.1) are elliptic. Since the
equation (1.1) is invariant under the addition of constants to u, we may assume that u satisfies

the normalized condition such that

supu = 0. (1.2)
M

W. Sun has studied a class of fully nonlinear elliptic equations on closed Hermitian manifolds
and derived some a priori estimates for these equations (cf. [5, 6]). In [5], W. Sun has proven a
uniform a priori C*° estimates of a smooth solution of the equation (1.1) and shown the existence
of a solution of (1.1) on a closed Hermitian manifold. In [12], J. Zhang has shown that on a
compact almost Hermitian manifold (M?2", J,w), if there exists an admissible C-subsolution and an
admissible supersolution for the equation (1.1) for x = w, there exists a pair of (u,b) with b € R
such that u € H(M,w), supy;u = 0, w? = ePYPpw * Aw® for 1 < a < n on M. L. Chen has
studied a Hessian equation with its structure as a combination of elementary symmetric functions
on a closed Kéahler manifold and Chen has provided a sufficient and necessary condition for the
solvability of this equation in [1]. Q. Tu and N. Xiang have investigated the Dirichlet problem
for a class of Hessian type equation with its structure as a combination of elementary symmetric
functions on a closed Hermitian manifold with smooth boundary and they have derived a priori

estimates for the complex mixed Hessian equation in [9].

In this paper, we show that we have the a priori L°° estimate for a smooth solution of the equation

(1.1) on general almost Hermitian manifolds.
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Theorem 1.1. Let (M, J,w) be a compact almost Hermitian manifold of real dimension 2n with
n > 2 and u be a smooth admissible solution to (1.1). Suppose that x € Co(10). Then there is a

uniform a priori L estimate for u depending only on (M, J,w), x, ¥.

This paper is organized as follows: in section 2, we recall some basic definitions and computations
on an almost Hermitian manifold (M, J,w). In section 3, for an arbitrary chosen smooth function
¢ on M, we show the result that 00¢ and 000y depend only on the first derivative of ¢ and
some geometric quantities of (M, J,w). In section 4, we give a proof for Theorem 1.1. Notice that

we assume the Einstein convention omitting the symbol of sum over repeated indexes in all this

paper.

2 Preliminaries

2.1 The Nijenhuis tensor of the almost complex structure

Let M be a 2n-dimensional smooth differentiable manifold. An almost complex structure on M
is an endomorphism J of TM, J € T'(End(TM)), satisfying J? = —Idrpr, where TM is the real
tangent vector bundle of M. The pair (M, J) is called an almost complex manifold. Let (M, J)
be an almost complex manifold. We define a bilinear map on C*°(M) for X,Y € T'(TM) by

AN(X,Y) = [JX,JY] = J[JX,Y] - J[X,JY] - [X,Y], (2.1)

which is the Nijenhuis tensor of J. The Nijenhuis tensor N satisfies N(X,Y) = —N(Y, X),
N(JX,Y) = -JN(X,Y), N(X,JY) = —JN(X,Y), N(JX,JY) = =N(X,Y). For any (1,0)-
vector fields W and V, N(V,W) = —[V,W]OD N(V,W) = N(V,W) = 0 and N(V,W) =
—[V,W]19 since we have AN (V,W) = —2([V,W] + V=L1J[V,W]), AN(V, W) = —2([V, W] —
V=1J[V,W]). An almost complex structure J is called integrable if N = 0 on M. Giving a
complex structure to a differentiable manifold M is equivalent to giving an integrable almost
complex structure to M (cf. [4]). A Riemannian metric g on M is called J-invariant if J is
compatible with g, i.e., for any X, Y € T(TM), g(X,Y) = g(JX, JY). In this case, the pair (J, g)

is called an almost Hermitian structure.

The complexified tangent vector bundle is given by T¢M = T M ®g C for the real tangent vector
bundle TM. By extending J C-linearly and g C-bilinearly to 7€M, they are also defined on
TCM and we observe that the complexified tangent vector bundle 7€M can be decomposed as
TM = T MeT% M, where THOM, T%1 M are the eigenspaces of .J corresponding to eigenvalues

v —1 and —+/—1, respectively:

TH'M = {X - V-1JX|X e TM}, T"'M ={X+V-1JX|X € TM}. (2.2)
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Let A'M = @, ,_,
r-forms into (p, q)-forms, where AP¢M = AP(AYOM) @ AI(A%I M),

AP9M for 0 < r < 2n denote the decomposition of complex differential

AYM = {n+V=1Jnln e A'M}, AY'M = {n—V—=1Jn|n € A'M} (2.3)

and A*M denotes the dual of TCM.

Let {Z.} be a local (1,0)-frame on (M, J) with an almost Hermitian metric g and let {¢"} be a
local associated coframe with respect to {Z,}, i.e., (*(Z;) = 5;- fori,7 =1,...,n. Since g is almost
Hermitian, its components satisfy g;; = g;; = 0 and g, = gj; = g;;- Using these local frame {Z, }

and coframe {¢"}, we have
N(Zi, Z3) = =12, Z)M = NEZ, N(24, 2)) = =12, ;) D = NEZ,
and

1
2

N = N_sz ® ("N + lNﬁ;Zk ® (CF A D). (2.4)

2 7,
Let (M, J,g) be an almost Hermitian manifold with dimg M = 2n. An affine connection D on

TCM is called almost Hermitian connection if Dg = D.J = 0. For the almost Hermitian connection,

we have the following Lemma (cf. [10, 13]).

Lemma 2.1. Let (M, J,g) be an almost Hermitian manifold with dimg M = 2n. Then for any
given vector valued (1,1)-form © = (©%)1<;<y, there exists a unique almost Hermitian connection

V on (M, J, g) such that the (1,1)-part of the torsion is equal to the given ©.

If the (1,1)-part of the torsion of an almost Hermitian connection vanishes everywhere, then the
connection is called the second canonical connection or the Chern connection. We will refer the
connection as the Chern connection and denote it by V. Now let V be the Chern connection on

M. We denote the structure coefficients of Lie bracket by
[Zi, Z;] = B; Zy + B;-Z; [Zs, Z3] = Bi:Z, + B%Z; (Z;, Z3] = Bi:Z, + B%Zf.

We have ij = —Bﬁ- since [Z;, Z;] = —[Z;, Zi]. Notice that J is integrable if and only if the BJ’s
vanish.
For any p-form v, there holds that

p+1
dP(X1,. . Xpe1) = D (DX (X0, Xy X))
i=1
3 DXL X)L X X X X ) (25)

i<j

for any vector fields X7, ..., Xp4+1 on M (cf. [13]). We directly compute that

1 -1 e
d¢s = —53,31& ANC =B ch A - 53,3[& A (2.6)
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For any real (1,1)-form n = v/—=1n;;¢" A ¢7, we have

U . . o
== (Zi(”ﬂ%) = Zj(miz) = Bijnsi — Bignjs + Bj;;ms)c AT ACE, (2.7)
s | . ) i -

We can split the exterior differential operator d : AP M @ C — APT! M ®p C, into four components
d=A+0+0+A

with
9 APIM — APTLIN 9 APIM — APITLD,

A APIM — APT2OTINL A APIN — APTRIT2
In terms of these components, the condition d?> = 0 can be written as
A2 =0, 0A+A0=0, OA+A0=0, A®>=0,
AD+0*+0A=0, AA+00+00+AA=0, 0A+0*+ A9=0. (2.9)
A direct computation yields for any ¢ € C*°(M,R),
V=100p = %(dew“’” = V=UZ:Z; - 2, Z;] V) )¢ A, (2.10)

so we write locally

8:050 = (Z:Z; — [Zi, Z5) O V). (2.11)

2.2 The torsion and the curvature on almost complex manifolds

Since the Chern connection V preserves J, we have

ViZj = VZT;Zj = P;jZT, Vi23 = VZiZ; = F%Zf,

where I'7; = ¢"°Z;(g;s) — grggjl*Bf-;. We can obtain that I'}; = BJ; since the (1,1)-part of the

torsion of the Chern connection vanishes everywhere.

Note that the mixed derivatives V;Z; do not depend on g (cf. [10]). Let {}} be the connection
form, which is defined by ~ = T'%;¢* 4+ T'4;¢°. The torsion T' of the Chern connection V is given
by T = d¢' — (P Ay, TP = d¢t — P A Py%, which has no (1, 1)-part and the only non-vanishing

components are as follows:

TS =135 — 1% — B, T5=—Bi;

ij> i
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These tell us that T = (T%) splits into T = T" + T”, where T” € T'(A*'M @ T"°M), T" €
D(A%2M & TYOM).

We denote by € the curvature of the Chern connection V. We can regard €2 as a section of
ANM@A M, Q e T(A2M @AY M) and Q splits in Q = H+R+H, where R € T(AM M eALLM),
H € T(A>°M @ AM1M). The curvature form can be expressed by Q; = dw} +9iA ;-

In terms of Z,.’s, we have

"= W(Zi, Z3) = Zi(Ty,) = Z5(Ti) + T35, = 5.5 = Bila + Bj, U5, = =Ry, "s (2.12)

szk
Hijp = W(Zi, Z5) = Zi(Vy) — Z;(Ti) + D305y, — D505, — BT, — BT, = =M ", (2.13)
Hi" = W23, Z5) = Z;(T5y,) — Z;(15,) + Ti 05, — 5,15, — BTG, — Egj se ="My (2.14)

Lemma 2.2 (The first Bianchi identity for the Chern curvature). For any X,Y,Z € T°M,
Sz = (T(I(X,Y),2)+ VxT(Y, 7)),

where the sum is taken over all cyclic permutations.

This identity induces the following formulae:

Rijkl = Rkﬁl - ScTéj + Vi, = Rkﬁl - BiFkaﬁ + ViTh, (2.15)
M =TTl + VT = =Bj Tl + ViT}, (2.16)

where used that R;;z; = Riju = Hjtie = Hiar = Hiije = Higje = 0.

Let {Z,} be a local unitary (1,0)-frame with respect to g around a fixed point p € M. Note
that unitary frames always exist locally since we can take any frame and apply the Gram-Schmidt
process. Then with respect to a local g-unitary frame, we have g;; = d;; for any i,j,k =1,...,n,

and the Christoffel symbols satisfy

Eo_ J

k _ J
i =T

ik’

since we have

Pfj =9(ViZ;, Zy) = Zi(gjk) - 9(Z;,ViZy) = —FZ,;a

T = g(Zk, ViZi) = Zilgwg) — 9(ViZi, Z7) = =T,

And also we have

Rijkr = Zl(F;:k)_Zﬁ( :k)"'rzsr;k_ gs fk_BZSjrgk—i_Bfl gk

= —Z(%)+ z;(TE) + 050k — 15 T8 + BeTh, — BTt

i j§ Jro s ij= ST ji— 8T

= —R-F (2.17)

igr
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Hig" = Zi(Uy) — Z;(Ti) + D505, — D505 — BT — 'ng sk
k k 5 1k 5 Pk s Tk 5 1k
= —Zi(T5:) — Z;(U35) + T35 = D5l + Bi U + BT
= M. (2.18)
and
Ry = ZiU;) = Z;(T5;) + D5 — Tl — BTy + Byl
= Z;(T},) = Zi(T5,) + T3, 15, = T5.T5, = BIG, + BTy,
- Rk (2.19)
Hijp" = Zi(U) = Z5(U) + T = Tl — BT — BT
_ - mk - k s 1k s k 5 1k s 1k
- _ZZ(Fjr) + Zj (FET) + Fgrrﬁs - Fﬁrris - jfr§r - Bﬁrsr
= k. (2.20)
Hence we obtain Rjir = —Ryjres Hijkr = —Hijrk and Rijpr = Rjzk, Hijkr = Hjip by using a

local unitary (1,0)-frame with respect to g.

3 Some results for a smooth function on almost Hermitian

manifolds

Let (M, J,g) be an almost Hermitian manifold. Here note that B;%, ng’s do not depend on the
metric g, which depend only on the almost complex structure J since the mixed derivatives V; Z,
V;Zy, do not depend on g. Since we have ng = _ng’ we have that ng, ng’s also do not depend
on g (cf. [10]). Also note that Bj;, B2 do not depend on g, depend only on J. We can choose
a local unitary frame {Z,} around an arbitrary chosen point po € M such that g,;(po) = d;; and
VZ(po) = 0 (cf. [11]). Then we have I'};(po) = 0 since V;Z;(po) = I'};(po) Z) = 0, also we obtain
that

(Zi, Z3)(po) = ViZj(po) — Vi Zi(po) — T(Zi, Z;)(po) =0 for alli,j=1,...,n. (3.1)

Then we have that 0 = [Z;, Z;](po) = ij(po)Zk + B% (po)Zz, which gives that B%(po) = 0 for all
i,j,k =1,...,n and that B%(po) =0 for all 4,5,k = 1,...,n. By choosing such a local unitary
frame around a point pg, we have that the torsion tensor T satisfies that Tzlj (po) = —ij (po) for
all 4,5,k =1,...,n, and for instance from the formula (2.11), we have that ¢;;(po) = 9;0;¢(po) =
ZiZ5(¢)(po) = Z;Zi(¢)(po) = ¢j:(po) for a smooth real-valued function . We show the following
critical lemma for proving the main result. We choose and fix a local unitary frame {Z,} around
an arbitrary chosen point pg € M such that g;;(po) = d;; and VZ(pg) = 0. Our computations will
be done at the point pg.
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We introduce some results for a smooth function on almost Hermitian manifolds. We write that
0s = Vsp= a(p(ZS) = ZS(SD)'

Lemma 3.1. One has for a smooth real-valued function ¢ on M,

000¢(Zx, Zj, Z;) = O(By;)(Z;)90(Zs).- (3.2)

Proof. We compute that from (2.7),
000¢p(Zk, Zj, Z;) = Zi(es3) — Zi(¢i) — Bijesi — Brais + Bjipns
= Z1(Z;Z;(p) — Bps) — Zj(Z1Z;(¢) — Bryps) — Bij(ZsZ;(p) — Blypr)
= ZyZ;Zi(p) — Z;Zx Zi(p) — Bi; ZsZi(p) — Zi(Bj;)ws + Zj(By;)es
= [Z, ZJ]ZE(‘P) - BZ‘stZE(‘P) - Zk(Bfﬂﬂg + Z; (B§€)<PF
= By;ZsZi(p) — Zi(B;)ws + Zi(By;) ps
= BylZs, Zi)(¢) + Bi; ZiZs(9) = { 2(T) - Z;(T3) }es
= ByBler + BiyBlpr + By ZiZs(0) — Hiz fes, (3.3)
where we have used that I‘% (po) = B% (po) = 0, I‘% (po) = ij (po) = 0, Ffj (po) = 0 for all
i,j,k=1,...,n, and that from (2.14),
Hizi"(po) = {ZE(Fi) = Z5(T3) + Ty, U5 = T3, = By — B%F%}(po)
= ZE(F%)(PO) - Zj(rii)(po)-
We compute that
By ZiZs(p) = Zi(By;Zs(9)) — Zi(By;) Zs(¢)
Z(0%(Zx, Z;)) — Zi(By;)0p(Zs)

= 00%p(Z;, Zy, Z;) — Z;(By;)00(Zs), (3.4)
where we used that
Po(Zy, Z;) = ZiZi() — Z; Zi(p) — By Zs(9)

(Zk, Z;](0) = By Zs(#)
= BlijZ§(90)7 (3'5)

0P p(Z:, Zy, Z;) = Z3(0p(Zy, Z;)) — 9 Z3. Zil, Z5) + 0*¢((Z:, 25, Z)
= Z;(0%0(Zk, Z))) — By Bjr + BB or
= Zi(0%0(Zy, Zy)).
By combining (3.3) with (3.4), we obtain

J J

00 p(Z;, Zy, Z;) + By BL0p(Zy),

000p(Zy, Zj, Z3) = 00*p(Zz, Zi, Z;) + By Br:0p(Z,) + {B,ngE — Z;(B};) — 'H——..S}étp(Zg)
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where we have used that from (2.16) and (2.20),

W;is = ijsi
= BT+ ViT§,
—  B},B% — Zi(B)). (3.6)
We compute by using (3.5),
000¢p(Zy, Zj, Z:) = 00%*p(Z;, Zx, Z;) + Biy B50p(Zy)
= O(Bi;0¢(Zs))(Z;) + Ty T509(Zr)

where we have used that BY. = —T% =TT, O
18 18 S

Lemma 3.2. One has for a smooth real-valued function ¢ on M,

Proof. We compute that from (2.8), using B} (po) =0 for all i,5,s = 1,...,n, Bl.(po) = 0 for all
i,r,s=1,...,nand [Zg, Z;](po) =0 for all i,k =1,...,n,

900¢p(Z5, Zis Z3) = Zi(wi;) — Zi(piw) — Bk + Biesj + Bipwis
= Zi(ZiZ;(p) — ijsﬁg) — Zi(Z:Zy () — Bjrps) + B?;;%g

= Z3Z:Z;(p) — Z;2: Zk () + Bf;;(zizﬂﬁﬁ) — Bizor)
—Zi(Bj;)es + Z;(Bjy)es

= ZiZ3Z5(0) + |2y, Zil Z5(p) — ZiZ5 23 () — |25, Zi) Z1 ()
+B5:ZiZs(0) — Zi(B) s + Z3(Bj) s

= Zi[Z, Z3)(¢p) — By ZiZs(p) — Zi(T5)ps + Z5 (D) ws

= B{ZiZs(¢) + Zi(By;)ps + Zi(By;)ps — Ze(Ui)es + Z;(Lip) s

= B;ZiZs(p) — Zi(T5)ps — {Zz'(F%) = Zi(T5;) — Zi(B]%)}<P§
~{Zu(r) - ZuTi) fos + { Z(0%) - Z:(T%) s

= Bp;ZiZs() = Zi(Tiz)es — Zi(Ti5)0s — Rig;%es + Rz 5ws, (3.8)

where we have used that B,% = —B%C and that
ZiZwZ5(p) — ZiZ5;25(p) = ZilZg, Z5)()
= Zi(By;Zs + Bi; Zs)()
= Zi(Bg;)ps + By ZiZs(0) + Zi(Br;)ps + B ZiZs (),
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and from (2.12),

Rig, (o) = {Zu(T3) = Zi(Tiy) + T T, = T3, Ty — BITY, + BRTS, | (o)
= Zu(T3))(p0) = Zi(Ti,) (o)

We compute that

= Zi(*p(Z;, Z5)) — Zi(B};)09(Zs)
= 000(Zi, Z1, Z5) + Zi(T35)00(Zs), (3.9)

where we used that

P0(Z, Z3) = ZiZi(p) — ZiZi(0) — Bi; Zs(p)
= [Z,;, Zﬁ](‘ﬁ) - ngzg(%’)
— BiLZ(9) (3.10)

agQSD(Zi’ZTwZE) = Z(a @(Zkv )) 62 ([Zinfc]ij)+5290([Zi7Z3]7ZE)
= Zi(a QD(ZE, Z})) BT szcpr + BT BUQDT
= Zi(0%0(Zy, Zy)).

Combining (3.8) with (3.9), we obtain that

00%p(Z:, 7, Z3) + {Rﬁks ~ Ry — i %)}3(/)(25)
= 00°p(Z;, Zy, Z3) + TL-T500(Zs),

kg (a3

where we have used that from (2.15),

R’ — R, = —BLBL+Vily

= TETS + Z4TH).

We compute that by applying (3.5) and (3.10),

585@(ZE3Z1725) = 852@(Ziazka ])+T]:JT7?18<P( )
0p(Z:))(Zi

= J(B; (Zi) +

= 5(32 )(Z:)0¢(Zs) + B0 (ZZ,Z) TET500(Zs)
( (Zs) -
( ©(Zs)

+ TLTE00(Zs)

kg (a3

Z kj=re
= 0(By)(Z:)0p(Z, 9p(Zs) + TisT7,09(Zs)
= J(Bj;)(Z:)op(Z

S/

where we have used that Bf. = —T5. = T5. O
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Lemma 3.3. One has for a smooth real-valued function ¢ on M,

0000p(Z1, Zy,, Zi, Z5) = —0*(Tiz)(Zi, Zi)0w(Zs) + O(T5)(Z)T09(Zr).  (3.11)

Proof. By applying (3.5) and (3.6), we have that

0000 (2, Zy, Z:, Z3)

O*(Bij)Z1, 2:)09(Z) + 0(Bi;)(2:)0* 02, Zs)
= T2, 20)00(Zs) + 0T (Zi)T1,00(Zr). O

In order to avoid a notational quagmire, we adopt the following *-convention C; * Co between two
geometric quantities C; and Co with respect to a metric g:

(1) Summation over pairs of maching upper and lower indices.

(2) Contraction on upper indices with respect to the metric.

(3) Contraction on lower indices with respect to the dual metrics.
Since the point py was chosen arbitrary, the computations in Lemma 3.1-3.3 hold globally on an

almost Hermitian manifold M for any real-valued smooth function ¢, which implies that we can

write (3.2), (3.7), and (3.11) globally on M as follows:

D000p =: Ty % 0o+ Ta x Dp, 02°0p =: T3 x Op, 00p =: Ty * De. (3.12)

4 Proof of Theorem 1.1

Let (M?",J,w) be a compact almost Hermitian manifold of real dimension 2n with n > 2 in
this whole section. Let u be a smooth solution of (1.1). As in [5], we let Sk()\) denote the k-th
elementary symmetric polynomial of A € R™:
Sk = D> Ay N
1<y < <ip<n
For a square matrix U, we define S, (U) := S, (A(U)), where A(U) denote the eigenvalues of the

matrix U. Locally, we can write the equation (1.1) in the following form:

S”l u

Snl) (4.1)
Sp—alxu) Cf

where C)Y := (nfniaz)‘a‘ We need the following generalized Newton-MacLaurin inequality.

Lemma 4.1 (cf. [1, Proposition 3], [9, Proposition 2.1]). For A € T’y := {A € R™ : Si(\) > 0,
V1<i<k}and0<I<k<n,0<s<r,r<k, s<lI, wehave

Sk () = 5r(N) 7 723
C'Vl C"V’;
lsm} Slsm} : (4.2)
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In this section, the positive constant C' may be changed from line to line, but it depends on the
allowed data.
Proof of Theorem 1.1. It suffices to show the following key inequality:

|€)e—%“|§w" < Cp/ e"Puyn (4.3)

M M

for p large enough.
Lemma 4.2. Let u be a smooth admissible solution to the Monge-Ampére type equation (1,1).
Then, there are uniform constants C, po such that for any p > po, we have the inequality (4.3).
Proof. Without loss of generality, we may assume that
nx" > (n—a)px" T AW, (4.4)
and there exist uniform positive constants A, A > 0 such that
Aw < x < Aw. (4.5)

As the local expression (4.1):

n—?)fu = Og SH(XU) = U)v
Xu N w Sn—a(Xu)

we locally have that
o Snaalw) o oxa?
nt Sn—a—1(Xu) B Xﬁiail N we
and which implies that the following inequality

nxzf1 > (n— oz)dszfo‘fl Aw® (4.6)

is equivalent to

Sn—1 (XU) > Sn (XU)
Sn—a—l(Xu) Sn—oz(XU)

since we have locally that

n—uoa n —

o Sn(Xu) Sn(Xu)
Sp = N O =0, —7 .
P S " Sn—alxu) " Sa—alxu)

Note that we may apply Lemma 4.1 to x,, since x, > 0. Applying the inequality (4.2), we have

Sulxu) 1% Suz10w) @
C'n, C’Vl*
_Tn < | —%n
[Sna(xu)] - lsnal(xu)] ’

n—oa n—a—1
Cn Cn

which can be written by

Sn(Xu) < Cgiail Sn—1(Xu)
Sn—a(Xu) a Cgilcﬁha Sn—a—l(Xu)

n—a  Sp—1(xu)
n(a+1) Sp—a-1(xu)

Sn—l(Xu)
Sn—oz—l(xu)’

A



On an a priori L™ estimate for a class of Monge-Ampere type... 251

where we used that < 1. Therefore, the inequality (4.7) holds and as a consequence, we

( +1)
have the inequality (4.6).

We estimate that

Ioim [ e - - v A - A )
M
_ (/’e_pu( u X )Xn_a/\wa
X'u. /\wa ana /\wa
< C/e’m" (4.8)

On the other hand, we have that by Stokes’ theorem,

/./ Mu VXt “AW)dt
M

/ / e P/ =100u A (nx?t — (n — Q)X P Aw®)dt
o Jm
1
/ / d(e P/ =10u A (nx "t — (n — a)bx Pt Aw®))dt
0o Jum
1
- / V=10 PU A Ju A (nxt — (n — a)bxP T Aw®)dt
o Jum
1
+/ V=1e P Ou A d(nxrt — (n — )Yy Aw®)dt
0o Jum
1
= p/ / e P/ —10u A du A (nxt — (n — Q) Aw®)dt
0o Jum
e ~
—= / V=10 P* Ad(nxPt — (n — a)Yx " Aw®)dt
PJo Jum
1
= p/ / e PUN/—10u A du A (nxt — (n — a)Px o Aw®)dt
L / [ avTe o - (n - a)uxir =t Aw)i
M
+—/ / e P/ =190(nx Pt — (n — Q)X Aw®))dt
PJo Jm
1
= p/ / e P/ —10u A du A (nxt — (n — Q) Aw®)dt
0o Jum
e -
—— / / e P/ =100(nx Tt — (n — @)X Aw®)dt, (4.9)
PJo Jum
where we have used that d = A+ 0+ J + A,
(e P/ =10u A (nxt — (n— a)Yxi *  Aw®)) =0,

Ale P/ =10u A (nxt — (n — a)bx? P Aw®)) =0,
Ale P/ =1ou A (nxt — (n — )X Aw®)) =0,

O(V=Te " d(nxpy ' — (n— a)xpy, 7 Aw?) =0,
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AT P 0 — (n — a)xis L Aw)) =0,
AWV=1eT0(nxy, " — (n— a)xgy T Aw®)) =0
and from (2.9),
DO — (n— )i T Aw) = —(00+ AA+ AA) (i - (n — @) Aw?)

= —00(nxyy ' = (n—a)xi T AW

since we have

Al = (n— o)y * 7 Aw®) = Ay = (0= a)exgy O T Aw®) =0

We compute that for 0 <t <1,

[ eyET0atny !~ (n - )i Aw)
M

—% /M e P“V/=10 (n(n — 1)x7 2 A (Ox + V—=1t000u) — (n — )0 A xp “ 1 Aw®
—(n—a)(n—a—1)Yxp 72 A(Ox + V=1t000u) Aw™ — a(n — a)xp, " Aw* A dw)

- /M V=T P nn = 1)(n = )X A (Ox + 1/=1900u) A (D + tV/=1000u)

+n(n — 1)XE2 A (00X + tvV/—190000u) — (n — @)ddP A X1 Aw®

+(n—a)(n —a—1)0¢ A X2 A (Ox + tV/—1000u) A w®

Fa(n —a)oy AP AW A dw

—(n—a)(n—a—1)0p A XL 2 A (Ox + tV/—1000u) A w®

—(n—a)(n —a—1)(n—a—2)xE * "> A(Ox + tvV/—1900u) A (Ox + tvV/—1000u) A w

—(n—a)(n —a—1)PxE "2 A (00X + tvV/—10000u) A w™

—a(n —a)(n —a— D)xpE 2 A (Ox + tV/—=1000u) A w™™ A dw

(
—a(n —a)op AXPE AW A Qw
—a(n —a)(n —a—DpxE "2 A (Ox + tV/—1000u) A w*™ A dw
—a(n —a)(a— DX AW A dw A Ow

(n—a)

—a(n — )Yyt AWt /\(’“)gw}

c /1

- e_puXtu 3 A w - / e 1ou A 6“’ A X?u ’ A w -C e_puX?u ’ W2
P Jm M
c

——/ e P/ C1ou N DU A YT Aw

p

C C
—pu., n—a— 1 a+1 —pu., n—a—2 a+2
—- P Xtu N P Xtu A

——/ 7pu\/_(’“)u/\8u/\x" o~ 2/\o.) ——/ e PUNImaTE A yotS

——/ ePUN/ 10U A Du A X A w2, (4.10)
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where we have used that for instance, by applying (3.12),

/ V—1e PUxIT2 A t/—10000u
M

/ V=1e P2 At/ =1(T % Ou + To % Ou)
M

< C/ e P2 AN —TOuNOuAw + C y e P2 AW, (4.11)
M&MX" 2NtV =1000u N w®
= Ma1/;/\xno‘2/\t\/_7§,*8u/\w
< C’/ XEmOT2 A/ =10u A Qu A w4 C’/ X2 A Wt (4.12)
/M V=1e P3N Ox At/ —1000u A w
= /M \/—_1677”“%’?[3 AOX AtV —=1T; * Ou A w
< C /M e PN ANV =T1O0uNOuAw+ C . e PUNIT3 A WA, (4.13)

Since we have assumed that x, x, > 0, then we have that x4, > 0 for any 0 < ¢t < 1. Now we

introduce the following crucial inequalities (cf. [6]):

Lemma 4.3. For any 0 <t <1, 1 <1< n, one has that

;i 1/ / e P/ —10undunyyt Aw™™ lds>)\/ / e P/ —1ounduny 2 Aw™~Hds, (4.14)
- M

and for any 0 <t <1,1 <k <mn, one has that

k+1
ko Jo

where X\ > 0 is the uniform constant in (4.5).

t
kAW kds > )\/ B A wn TR s, (4.15)

Proof. By using integration by parts and Garding’s inequality as in [6, (2.22)], we have that by
using x > A\w,

t
//e_p“\/—lf)u/\éu/\xlszl/\w"_lds

//e PUN/T10u A Ou A X2 A (X + v/ —100u) A w™lds

Y

// e PUy/— 6uA8qul2Aw" Hlds
l 1// e Py — 3u/\3u/\s—xsu1/\w"*lds

Y

// e PUy/— 6uA8qul2Aw" Hlds
~3 1// e P/ Z10u N du A Xt AW s, (4.16)
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where we used that
¢ ~ d
/ / e P/ —10u N du A s—x't Aw™ s
0o JM ds

¢
= t/ e_p“\/—lau/\gu/\xigl/\w"_l—/ / e P/ —10u A du A Xt AW lds
M 0 Jm

v

t
—/ / e P/ —10u A du A Xt A wlds.
0o Jm

The inequality (4.16) gives the desired one (4.14). Next we compute that by using integration by
parts and Garding’s inequality as in [6, (3.7)], for 1 < k < n, using y > \w,

t t
/ P AW Rds = / X5V A (x 4 5v/—=100u) A w™Fds
0 0

\Y
>

1 [t d
k—1 n—k+1 k n—k
Aw ds + — — A w d
Xsu § k/o § s (Xsu ) S

/
t ‘ 1t
= )\/ xf;l/\wnfk*lds—i-gxfu/\wnfk—E/ &, AW Rds
0 0
> A/
0

1t
X’;;l Awn R gs — 2 / X?u Aw"Rds,
kJo
which implies the inequality (4.15). O
By applying these inequalities (4.14) and (4.15) for ¢ = 1 to the estimate (4.10), we obtain that
1 ! —pu 3 n—1 n—a—1 @
—= e "'V =100(nx{,  — (n— )i, * 7 Aw®)dt
pJo Jm
¢ ! —pu, n—1 ¢ ! —pu 3 n—1
> —— e PUxp T ANwdt — — e P/ —10u A Ou A Xy, " dt. (4.17)
b Jo Jum b Jo Jum
Combining (4.17) with (4.9), we have that

1
r = p/ / efp“\/—lau/\éu/\{(n— %)X?Jl — (n—a)pyro! /\wo‘}dt
o Jm p

C 1
——/ / e Py A wdt. (4.18)
P Jo Jm

By the concavity of hyperbolic polynomials, for 0 < 7 < 1, 1 < k < n, we have (cf. [6, (2.13)])

T

1 1 1 1
~S¢ () + (1= =) SE00 = S (),

.
which gives

Sk (X‘rtu) > TkSk (Xtu)-

1
2”71/ / e P ?_u_l/\wdt
o Jm 2

1
3
2”/ / e PP A wdt. (4.19)
o Jm

For 7 = %, k =n — 1, we obtain that

1
//efpuxfu_l/\wdt
0 JM

IN
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By combining (4.8), (4.18) and (4.19), we have that
! - C
p/ / e_p“\/—lcr“)u/\(’“)u/\{(n——Q)X?u —(n—a)xp %" 1/\wo‘}dt
p
< O e U4 —/ / e PUxL A wdt. (4.20)
M

Since we have x4, > 0 and
nXte = (n—a)Yxg T AW >0
for any 0 <t < 1, we can choose a sufficiently large p so that

C
nX?u (n - a)‘/’Xn ot Aw® p2 X?uil > 0.

Then we have that by the concavity of the quotient equation, for some 0 < 6 < 1, we have (cf. [6,

(3.10)])
1

nxpe = (n = Q)Yxi T AW > n{l - m}xﬁfl,

hence for sufficiently large p,

/01 /M eV =10 N BuA {(n B ]%)X?“ — (n = a)yxi, A wo‘}dt

> /2 / e PU/—10u A du A {(n - %)X?u_l —(n— )X A wo‘}dt
0 JMm p
3 c 1

> - pu n—1

> /0 n{l - (1+6—t6)°‘}/e A 6u/\5)u/\x dt

> n{l _C #} /% / e P/ Z10u A du A XMt

- np? (1 + %)O‘ 0o Jm "

On the other hand, we compute by Stokes’ theorem,

1 /32
—/ /efp“xtu A wdt
pPJo Jm
1 (7 [td 1
= —/ /—(/ e_p“xsul/\w)dsdt—i—— e PN AW
pJo Jo ds\Juy 2p

n—1 [2 [t B X
= / / / e PU/—100u A X" 2 Awdsdt + — ePUy=1 A g
p 0 0 M 2p y
n—1 3t )
B / / / d(e”"V=10u A X4, A w)dsdt

n—l/ //\/ 10e P A Qu A X2 A wdsdt

— 1 - 1
+n / / / eipu\/—_l(r“)u A\ 6()(21:2 A w)dsdt 4+ — / e*puxnfl Aw
p Jo Jo Jum % )\,

(4.21)
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1 .t
= (n—l)/2 / / e PN/ —10u A Ou A X" 2 A wdsdt
o Jo Ju
n—1 [% ! - 1
—— / / / V—=19e P A O(X" 2 Aw)dsdt + — / e PN Aw
p o Jo JMm 2p Jm
1ot
= (n—-1) /2 / / e PUN/—10u A du A X7 2 A wdsdt
o Jo Jm
n—1 [z [t
—— / / / d(v/=1e PUO(x" 2 Aw))dsdt
p o Jo JM
n—1 (7 [t = 1
+— / / / e P/ —100(x" 2 A w)dsdt + —/ e PN A w
p o Jo Jm 2p Jm
3t
= (n—l)/2 / / e PN/ —10u A Ou A X" 2 A wdsdt
o Jo Ju

1
-1 [z [t _ 1
I 3 / //efp“\/—lc'“)a(x?u*z/\w)dsdt—i——/ e PN A w, (4.22)
p o Jo JM 2p Ju

where we used that as in the computation in (4.9),

d(e P/ =1oun X" 2 Aw) = (O+0+ A+ A)(e P/ —10uA X" 2 Aw) = A(e P/ —1dun X" 2 Aw),

d(vV=1e PUNO(X™ T2 Aw)) = (0+0+ A+ A)(V—1e P AO(X% 2 Aw)) = O(V—1e P AD(X™ % Aw)),
and

DO 2 ANw) = —(00 + AA + AA) (X272 Aw) = —00(X2 % Aw).
Applying (3.12), we estimate that as in (4.11)-(4.13) such as

/ V—1e PU\"3 A 53/ —10000u A w
M

< O e PN AV=10u A du A w? + C/ eTPUNT TN W3, (4.23)
M M
/ e PUNTA N 5/ —1000u A Ox A w
M
< C | e PN AV=10u A Ou A WP +C/ e PUxE A Wl (4.24)
M M
/ e PUx" N O A sv/—1900u A w?
M
< O e Pt AV =10u A du A WP+ C’/ e PUx A Wl (4.25)
M M

Then we estimate that by applying these estimates (4.23)-(4.25) and the inequalities (4.14)-(4.15),

— t —
n—l / / e P/ —100(x" 2 A w)ds
0o Jum

2
— t _ B B
= npz : / / e P"/=10((n — 2)x%® A (Ox + svV/—=1900u) A w)ds
o Ju
— t B B o
= npz : / / e Py _1{(” —2)(n = 3)x% A (Ox + svV/—1900u) A (0x + s/ —1000u) A w
0o Jm

+(n = 2)x% 2 A (00X + sv/—=10000u) A w + (n — 2)x%3 A (Ox + sv/—1000u) A Ow



On an a priori L™ estimate for a class of Monge-Ampere type... 257

+(n —2)x=3 A (Ox + svV/—1000u) A Ow + x™7% A aéw}ds

c [ c [ _
< = / / e Pt Awtds + = / / e PN AV —TOu A Ou A wids
p*Jo Jm P Jo Jm
c ' —pu., n—3 3 ¢ ! —pu 3
+_2 € Xsu AWdS+_2 epxsu ANV — 10u A Ou A w?d
p*Jo Jm p=Jo Jm
C t
+— / / e PUNTE A wids
p*Jo Jm
4 ¢ _ Cy t
< —2/ / e PU/—10u A Ou A X?u—2 A wds + —2/ / e_puX?u_Q A wds. (4.26)
p*Jo Jm M
By choosing p sufficiently large such that % <n-1, (if < A 2= by combining (4.22) with

(4.26), and applying (4.15) for t = l, k =mn — 1 such that

1
3
/ / e PN A Widt < - / / e Py A wdt,
o Jum n—1 M

we obtain that for 0 < ¢ < %

1
1 2
—/ / e PUx L A wdt
M

< (n-1) / // e PUy/— 8u/\8u/\xgu2/\wdsdt—|—2— e PN AW
2 —
+—21/ / / e PU/—10u A Ou A X5, 2/\wdsdt—i——/ / / e PUNTE A widsdt
< n—l/ /ep“\/ 8uA8qu"2Awdt
-1) > 1
ni / / e PUNITE A WEdt + — / e PN A w
2p Ju
< (n—-1) / / e PUN/—10u A du A X2 A wdt
: 1
— / / e PP Awdt + — [ e T Aw (4.27)
0 JMm 2p Jm
which implies that we have by applying (4.14) for ¢t = %, l=n,

1
1 [z
—/ / “PUNTL A wdt
M

< n—l//e’m\/ Bu/\au/\x /\wdt—i——/ _punl/\w
M

2 —
< ﬁ/ / e P/ —1ouNdu A XA+ — [ e P Aw. (4.28)
Ao Ju 2p M

Therefore, by combining (4.28) with (4.20), (4.21), we obtain that

[np{l - i - # / / e PUN/—10u A Ou A X Lt

np? (14 %)a

C
< C/ e Prw™ 4+ —/ e P I AL C | e PR (4.29)
M P Jm M
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We choose p sufficiently large such that

{n{l—%—@}—(}'i—m > 0.

By applying (4.14) for ¢t = % repeatedly, we obtain

n

1 1
2 - -1 [z 3
/ / e P/ TTou A Bu Ay dE > AL / / e P =10u N Qu A Xy 2 A wdt
0 M 0 M

Y

1
—1n—92 (2 _
Azl o / / e PUN/—10u A Ju A X173 A w?dt
0o Jm

n n—1

n—1
ATl / e P/ —10u A Ou A w™ . (4.30)
n 2 M

By combining (4.29) with (4.30), we finally obtain that for sufficiently large p,
p/ e P/ —TOuUNu AW < C/ e PUw™,
M M

which tells us that there exists a sufficiently large py such that for all p > pg, the desired inequality
(4.3) holds. O

The rest of the proof is similar to the ones in [7, 8]. In the following, we give a brief proof for reader’s

convenience. We introduce the definition of Gauduchon metrics on almost complex manifolds.

Definition 4.4. Let (M?",.J) be an almost complex manifold. A metric g is called a Gauduchon
metric on M if g is an almost Hermitian metric whose associated real (1,1)-form w = \/—_lgijci/\cj
satisfies d*(Jd*w) = 0, where d* is the adjoint of d with respect to g, which is equivalent to
d(Jd(w" 1)) =0, or 0(w™ 1) = 0.

One has the following well-known result.

Proposition 4.5 (cf. [2, Theorem 2.1], [3]). Let (M?",J,w) be a compact almost Hermitian
manifold with n > 2. Then there exists a smooth function o, unique up to addition of a constant,

such that the conformal almost Hermitian metric e°w is Gauduchon.

Thanks to Proposition 4.5, there exists a smooth function o : M — R with sup,; 0 = 0 such that

wq = e’w is Gauduchon on M.

Lemma 4.6 (cf. [8, Lemma 2.3]). Let M be a compact almost complex manifold of real dimension
2n (n > 2) with a Gauduchon metric wg. If ¢ is a smooth nonnegative function on M with
Agop > —Cy, where Ag is the Laplacian operator with respect to wg, then there exists a positive

constant Cy, Co depending only on (M,wg) and Cy such that

p+1
/ 067 |2 wi < Clp/ Prws (4.31)
M M

for anyp > 1, and

M

sup ¢ < Cy max{ /M W, 1}. (4.32)
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R e N Y
M

= D [ 0404 A+ AT Au )
4p M

p“ /¢P\/_aa¢w LMD ) A
M

4p

p+1 /¢p \/_88(;5/\w L

(p + 1)
4p M

—(p 1) / RV T Wi
- p“ /«f —Agdw

< C1p/ Prwe, (4.33)
M

+ \/—_1(8+5+A+/_1)(¢”+16wg_1)

where we used that (9 + A+ A)(¢"9¢ Awg™") =0, 9+ A+ A)(¢710wg™") = 0, and that
Q0w = (00 + AA+ At = —00wg ' =0

since we have Ao.)gf1 = flwgfl =0.

We apply the Sobolev inequality: for 8 := %5 > 1, and for any smooth function f,

(/M fzﬂw")% < C(/M Iaflﬁw"Jr/M f%;"). (4.34)

Taking w = wg and f = $?, where we put ¢ := p + 1, then for ¢ > 2, we have that

(/M ¢q6wg)% < C’qmax{/M gbqwg,l}.

By repeatedly replacing ¢ by ¢ and iterating, after setting ¢ = 2, then we obtain that

S]l&p(b < Cmax{( y ¢2wg)%,1} < Cmax{(s;&p(b)%(/M ¢wg)%,1},

which gives us the desired estimate (4.32). O

By applying the inequality (4.3) and the Sobolev inequality (4.34), for any p > pg, we obtain that

_ 11
le™ N os < Crprfle™||Lr,
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and by the standard iteration, we have that

epoinfarw < 0 [ pmpougn (4.35)
M

We need the following lemma, whose proof goes in the same way as in the Hermitian case.

Lemma 4.7 (cf. [7, Lemma 3.2], [8, Lemma 2.2]). Let f be a smooth function on a compact almost

Hermitian manifold (M, J,w). Write dp := W™ If there exists a constant C1 such that

S
em i f < O / e ldp, (4.36)
M
then
e~
{fsimff+Cr+1} 2 ——, (4.37)
where | - | denotes the volume of the set with respect to du.

We apply Lemma 4.6 to f = pou, and then since we have the inequality (4.35), there exist uniform
constants C, d > 0 such that
{u<infu+C} >0 (4.38)

Now, we define ¢ := u — infy; u. Since it satisfies that Ag¢p = e"7A¢ > —C, where A is the
Laplacian operator with respect to w, we may apply Lemma 4.3 to the function ¢. From the
Poincaré inequality and the estimate (4.31) with p = 1, we obtain that

1

o= ollx < ([ 100E.05)" < Clol . (439)

1
where we put ¢ := Tom Jop dwis.

By making use of (4.38), the set S := {¢ < C} satisfies that |S|g > J, where | - |¢ denotes the

volume of a set with respect to wg. Therefore, we obtain that

5@§/59w8§/5(l¢—9|+0>w8S/Mlsb—flw%a

which gives that by applying (4.39),
16l < Cllé = llzr +1) < Cll¢ = dllzz + 1) < C(l|dlIF: + 1).

Hence, ¢ is uniformly bounded in L', and from (4.32) and (1.2), we obtain a uniform bound of u

in the L°° norm. O
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1 Introduction

In their seminal paper [7], Erdés and Rényi studied a certain type of random graphs, which in the
case of bipartite graphs correspond to the following. Consider a bipartite graph with set of vertices
given by W = {wy,...,w,} and M = {mq,...,my}. Let p € [0,1], X be a probability space and

consider the independent random variables X(;;) defined on X with law

1 with probability p;
Xij () =
0 with probability 1 — p,

for z € ¥. Denote by G, (z) the bipartite graph with vertex set W U M and edges F(x), where
the edge (w;, m;) belongs to E(x) if and only if X(;;)(x) = 1. Let pm(Gy(x)) be the number of
perfect matchings of the graph G, (z) (see Sec. 3 for precise definitions). Erdds and Rényi [8, p.

460] observed that the mean of the number of perfect matchings was given by

E(pm(Gr(2))) = nlp™. (1.1)

This number has been also studied by Bollobds and McKay [5, Theorem 1] in the context of
k—regular random graphs and by O’Neil [11, Theorem 1] for random graphs having a fixed (large
enough) proportion of edges. We refer to the text by Bollobés [4] for further details on the subject

of random graphs.

This paper is devoted to study certain sequences of inhomogeneous random bipartite graphs G, ., in
a random environment w € € (definitions are given in Sec. 2). Inhomogeneous random graphs have
been intensively studied over the last years (see [6], where non-bipartite graphs are also considered).
Our main result (see Theorem 3.2 for precise statement) is that there exists a constant ¢ € (0,1)

such that for almost every environment w € ) and for large n € N

E,w(pm(Gpo(x))) < nlc”, (1.2)

where the meaning of the asymptotic =< will be explained later. Moreover, we have an explicit

formula for the number c.

The result in equation (1.2) should be understood in the sense that the mean number of perfect
matchings for inhomogeneous random bipartite graphs in a random environment is asymptotically
the same as the one of Erdds-Rényi bipartite graphs in which p = ¢. Note that p is a constant
that does not depend on n. The number c is the so-called scaling mean of a function related to the
random graphs. Scaling means were introduced, in more a general setting, in [2] and are described

in Sec. 3.
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2 Inhomogeneous random bipartite graphs in random envi-

ronment

Consider the following generalization of the Erdés-Rényi bipartite graphs. Let W = {wy,...,w,}
and M = {mq,...,my} be two disjoint sets of vertices. For every pair 1 <4,j <mn, let a;; € [0,1]

and consider the independent random variables X;;), with law

Xy (a) = 1 W?th probab?l?ty agij);
0 with probability 1 — a;;-
Denote by Gy, (z) the bipartite graph with vertices W, M and edges E(x), where the edge (w;, m;)
belongs to E(x) if and only if X(;;)(z) = 1. As it is clear from the definition all vertex of the graph
do not play the same role. This contrasts with the (homogenous) Erdés-Renyi graphs (see [6] for
details). We remark that in relation to the graphs we are considering it is possible to include the
stochastic block model (see [10]) that is used, for example, in problems of community detection, in
the context of machine learning. In this note we consider inhomogeneous random bipartite graphs
in random environments, that is, the laws of X(;;) (and hence the numbers a;;)) are randomly
chosen following an exterior environment law. This approach to stochastic processes has developed
since the groundbreaking work by Solomon [12] on Random Walks in Random Environment and

subsequent work of a large community (see [3] for a survey on the subject).

The model we propose is to consider the vertex sets W, M as the environment and to consider
that the number a;;), which is the probability that the edge connecting w; with m; occurs in the

graph, is a random variable depending on w; and m;. We now describe precisely this model.

The space of environments is as follows. Fix o € N and a stochastic vector (p1,pa, ..., ps). Endow
the set {1,...,a} with the probability measure Py defined by Py ({i}) = p;. Denote by Qu  the
product space [];2,{1,2,...,a} and by puw the corresponding product measure. Let (Qar, par)
be the analogous probability measure space for the set {1,2,...,5} and the stochastic vector
(g1,92,--.,q8). The space of environments is @ = Qu x Qpr with the measure po = pw X

and an environment is an element w € Q2. Note that every environment defines two sequences

W(w) = (wy,ws,...) € Qw and M(w)= (mi,ma,...) € Q.

For each environment w € €2 we now define the edge distribution X, (;;). Let F' = [fs,] be a a x 3

matrix with entries fg, satisfying 0 < fo. < 1 and let f: {1,2,...,a} x {1,2,...,8} — [0,1] be
the function defined by f(w, m) = fum. For each w € Q let

A (ig) ((U) = f (wi(w),mj(w)) = fwi(w),mj(w)- (21)

Given an environment w € € the corresponding edge distributions are the random variables X, ()
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with laws
1 with probability aj)(w);

Koo (i) () = . i,
0 with probability 1 — a(;; (w).

Given an environment w € €2, we construct a sequence of random bipartite graphs G, ,, considering

the sets of vertices
Whow = (w1 (w),...,w,(w)) and M, , = (mi(w),...,myw)),

and edge distributions X, ;;) given by the values of a(;;)(w) as in (2.1). We denote by P, ., the
law of the random graph G, ..

Example 2.1. Given a choice of an environment w € Q, the probability that the bipartite graph
Gn,w() equals the complete bipartite graph K, ,, using independence of the edge variables, is

]P)n,w (Gn,w('r) = Knn) = H ]P)n,w(Xw,(ij) = 1) = H a(ij) (w)

1<i,j<n 1<i,j<n

3 Counting Perfect Matchings

Recall that a perfect matching of a graph G is a subset of edges containing every vertex exactly
once. We denote by pm(G) the number of perfect matchings of G. When the graph G is bipartite,
and the corresponding bipartition of the vertices has the form W = {wy,ws,...,w,} and M =
{m1,ma,...,my}, a perfect matching can be identified with a bijection between W and M, and
hence with a permutation ¢ € S,,. From this, the total number of perfect matchings can be
computed as

pm(G) = Z T15(1)T20(2) " Tno(n)s (3.1)
g€eSy

where x;; are the entries of the incidence matrix X of G, that is z;; = 1 if (w;, m;) is an edge of
G and z;; = 0 otherwise. Of course, the right hand side of (3.1) is the permanent, per(Xq), of the

matrix Xq.

In the framework of Section 2, we estimate the number of perfect matchings for the sequence of
inhomogeneous random bipartite graphs Gy, ,,, for a given environment w € 2. More precisely, we

obtain estimates for the growth of the mean of

pm (G (7)) = per(Xe, @) = D Xu(10(1) *** Xor(no(n)- (3.2)
oceS,,

Denote by E, . the expected value with respect to the probability P, .. Since the edges are
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independent and E,, ., (X, (i) = aij(w) we have

Epw(m(Gne)) = Enw <Z X, (1o(1)) 'Xw,(no(n))>

ocES,

> 1001 (@) Uno(my) ()

o0ESy
= per(4,(w)),

where the entries of the matrix are (A, (w))ij = a(;j)(w). The main result of this note describes

the growth of this expected number for perfect matchings.

The following number is a particular case of a quantity introduced by the authors in a more general

setting in [2].

Definition 3.1. Let F be an o x B matriz with non-negative entries (frs). Let = (p1,...,Pa)
and § = (q1,...,q8) be two stochastic vectors. The scaling mean of F with respect to p and q is
defined by

@ B a B
Smﬁ@(F) = inf <H Irpr> < ysqs> <Z Z Irfrs?JsPrQs) .
s=1

B
(17‘)6R$’(y3)6R+ r=1 r=1s=1

The scaling mean is increasing with respect to the entries of the matrix and lies between the
minimum and the maximum of the entries (see [2] for details and more properties). We stress that
the scaling mean can be exponentially approximated using a simple iterative process (see Section

5).
The main result in this note is the following,

Theorem 3.2 (Main Theorem). Let (Gpw)n>1 be a sequence of random bipartite graphs on a
random environment w € Q. If for every pair (r,s) we have f.s > 0 then the following pointwise

convergence holds

lim
n—oo

(En,w (Pm(Gnw))

n!

1/n
) = Smﬁ_’q(F), (3.3)

for pw X ppr-almost every environment w € 2.

Remark 3.3. As discussed in the introduction Theorem 3.2 shows that there exists a constant

c € (0,1), such that for almost every environment w € Q and for n € N sufficiently large
En,w (pm(Gn,w (ZC))) = nlc™.

Namely ¢ = smyg #(F'). This result should be compared with the corresponding one obtained by Erdds

and Rényi for their class of random graphs, that is

E(pm(Gn(2))) = nlp™.
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Thus, we have shown that for large values of n the growth of the number of perfect matchings
for random graphs in a random environment behaves like the simpler model studied by Erdds and

Rényi with p = smp 3(F).

Remark 3.4. Theorem 8.2 shows that the expected number of perfect matchings is a quenched

variable, in the sense of that it does not depend on the environment w (see for instance [P]).

Remark 3.5. Using the Stirling formula, the limit in (3.3) can be stated as

n—oo

1
lim (— log (Ep o (pm(Gp w))) — log n) = logsmp 7(F) — 1,

n
which gives a quenched result for the growth of the perfect matching entropy for the sequence of
graphs Gy, n, (see [1]).

Remark 3.6. Note that we assume a uniform ellipticity condition on the values of the probabil-
ities ;) as in (2.1). A similar assumption appears in the setting of Random Walks in Random

Environment (see [3, p. 355]).

We now present some concrete examples.

Example 3.7. Let « = 8 = 2 and p1 = p2 = q1 = q2 = 1/2. Therefore, the space of en-
vironments is the direct product of two copies of the full shift on two symbols endowed with the
(1/2,1/2)—Bernoulli measure. The edge distribution matriz F is a 2 X 2 matriz with entries

belonging to (0,1). In [2, Example 2.11], it was shown that

Jin o fi2 :\/f11f22+\/f12f21'
for fo2 2

Therefore, Theorem 3.2 implies that
(En,w (pm(Grw)) ) tn _ Vi1 fe2 +V iz fa1

n! 2

smﬁ q

lim
n— o0

for almost every environment w € €.

Example 3.8. More generally let « € N with o > 2 and f = 2. Consider the two stochastic
vectors p = (p1,p2,---,Pa) and ¢ = (q1,q2). The space of environments is the direct product of
a full shift on o symbols endowed with the p-Bernoulli measure with a full shift on two symbols
endowed with the q-Bernoulli measure. The edge distribution matriz F is a o X 2 matriz with
entries fr1, fr2 € (0,00), where v € {1,...,a}. Denote by x € RT the unique positive solution of

the equation

rJrl
Z frlp-f'ffrzx -
Then
fir fi2 N
smpg(F) =smpg| @ ( ) IT (e + fra0)™
fa1  fa2 =
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Therefore, Theorem 3.2 implies that

1/n g2 o
i ()Y g ()P (14 ™

r=1

for almost every environment w € Q). The quantity in the right hand side first appeared in the work
by Haldsz and Székely in 1976 [9], in their study of symmetric means. In [2, Theorem 5.1] using

a completely different approach we recover their result.

4 Proof of the Theorem

The shift map ow : Qw — Qw is defined by
Uw(’wl,wg,’wg,...)z (wg,w3,...).

The shift map oy is a pw-preserving, that is, uw (A) = pw (g (A)) for every measurable set
A C Qu, and it is ergodic, that is, if A = o}, (A) then pw (A) equals 1 or 0. Analogously for o
and pps. We define a function @ : Qu x Q3 — R by

Thus
(I)(U%/I;I (u_j)v 017\4_1(7?1’)) = fwimj = a(ij)(w)'
That is, the matrix A, (w) has entries a(;; (w) = O (o' (W), o’ " (m)). We are in the exact setting

in order to apply the Law of Large Permanents see [2, Theorem 4.1].

Theorem (Law of Large Permanents). Let (X, ), (Y,v) be Lebesgue probability spaces, let
T: X - X and S: Y — Y be ergodic measure preserving transformations, and let g: X xY — R
be a positive measurable function essentially bounded away from zero and infinity. Then for

p % v-almost every (z,y) € X x Y, the n x n matrix

9(z,y) 9(Tz,y) e g(Ttayy)
Mo(2,g) = g(wafy) g(waSy) g(T".‘lw,Sy)
g(:v,k'g"‘ly) g(Tw'7S"‘1y) g(T""lsv,S"‘ly)
verifies n
s (PO

pointwise, where sm,, ,,(¢g) is the scaling mean of g defined as

sm,, ,(g) = inf ffXxY () g(w, y)Y(y)dudy
TRAYY) $,9 exp (IX log (b(aj)d‘u) exp (IY 10g1/1(y)du) )
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where the functions ¢ and ¢ are assumed to be measurable, positive and such that their logarithms

are integrable.

We apply this Law of Large Permanents setting X = Quw,Y = Qp, T =ow,S =op, g = @ and
recalling that f.s > 0. We have

Sy i (B) = s (F)
as a consequence of an alternative characterization of the scaling mean given in (see [2, Proposition

3.5]). This concludes the proof of the Main Theorem. u

Remark 4.1. We have chosen to present our result in the simplest possible setting. That is, the
environment space being products of full-shifts endowed with Bernoulli measures. Using the general
form of the Law of Large Permanent above our results can be extended for inhomogeneous random

graphs in more general random environments.

5 An algorithm to compute the scaling mean

The purpose of this section is to show that the scaling mean is the unique fixed point of a contrac-
tion. Therefore it can be computed, or approximated, using a suitable iterative process. It should
be stressed that, on the other hand, it has been shown that no such algorithm exists to compute

the permanent.

Denote by B* C R® and by B C R? the positive cones. Define the following maps forming a

(non-commutative) diagram:
B s B
S
BP ¢ B°
by the formulas:

M@= (@)= yi

B

(Ki(&)); =D fywipi,  (Ka(if); = Zfz‘jyqu'-

i=1
Let T : B* — B® be the map defined by T := K; 0 I3 0Ky 0 I;. The map T is a contraction for a

suitable Hilbert metric. Indeed, for #,Z € B* define the following (pseudo)-metric

d(7, %) = log (M) .

min; x;/z;
It was proven in [2, Lemma 3.4]

Lemma 5.1. We have that
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0 < 2log (M> < Q.

ming; fi;
The following results was proved in [2, Lemma 3.3]

Lemma 5.2. The map T has a unique (up to positive scaling) fixed point ¥x € B*. Moreover,

defining yr := Ko 0 I1(@r) one has that

a B

() = T T o
i=1 j=1

Therefore, it possible to find good approximations of the scaling mean using an iterative process.
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1 Introduction

Fractional differential equations have received great attention of many researchers working in differ-
ent disciplines of science and technology, especially, since they have found that certain thermal [3],
electrochemical [4] and viscoelastic [16] systems are governed by fractional differential equations.
Recently some publications show the importance of fractional differential equations in the math-
ematical modeling of many real-world phenomena. For example ecological models [10], economic
models [20], physics [12], fluid mechanics [21]. There are many studies on fractional differential
equations with distinct kinds of fractional derivatives in the literature, such as Riemann-Liouville
fractional derivative, Caputo fractional derivative, and Grunwald Letnikov fractional derivative,
etc. For example, see [11, 14, 15]. Very recently, a new kind of fractional derivative the ¢»—Caputo’s
derivative, was introduced by Almeida in [1], the main advantage of this derivative is the freedom
of choices of the kernels of the derivative by choosing different functions 1, which gives us some well
known fractional derivatives such Caputo, Caputo-Erdelyi-Koper and Caputo Hadamard deriva-
tive. For more details on the ¥»—Caputo and fractional differential equation involving )—Caputo,

we refer the reader to a series of papers [1, 2, 7] and the references cited therein.

Nowadays, many researchers have shown the interest of quadratic perturbations of nonlinear dif-
ferential equations, these kind of differential equations are known under the name of hybrid dif-
ferential equations. Some recent works regarding hybrid differential equations can be found in
[8, 13, 17, 23] and the references cited therein. Dhage and Lakshmikantham [6] discussed the
existence and uniqueness theorems of the solution to the ordinary first-order hybrid differential

equation with perturbation of the first type

d( wul®) \_
a<m)_f(t,u(t)), ae. t€[toto+T],

u(to) =ug, ug€ R,

where tg, T € Rwith T > 0, g : [to,to+T] xR — R\ {0} and f : [tg, to+T] xR — R are continuous
functions. By using the fixed point theorem in Banach algebra, the authors obtained the existence

results.

In [9], Dong et al., established the existence and the uniqueness of solutions for the following

implicit fractional differential equation

cDPu(t) = f(t,u(t),* DPu(t)), teJ:=[0,T], 0<p<I,

u(0) = uy,
where °DP is the Caputo fractional derivative, f : [0, 7] x RxR — R is a given continuous function.

Sitho et al. [17] studied existence results for the initial value problems of hybrid fractional sequen-



Hybrid ¥ —Caputo multi-fractional differential equation 275

tial integro-differential equations:

Du(t) — Z I gi(t, u(t))

v WL, 2(0))

= f(t,u(t), [Mz(t)), teJ,

w(0)=0,  D(0) =0,

where DP, D? denotes the Riemann-Liouville fractional derivative of order p, ¢ respectively and
0 < p,q <1, I" is the Riemann-Liouville fractional integral of order ; > 0, h € C(J x R,R\ {0}),
feC(J xR%R) and g; € C(J x R,R) with g;(0,0) =0,i=1,...,m.

In 2019, Derbazi et al. [8] proved the existence of solutions for the fractional hybrid boundary

value problem

Dy lw] (), ted

u(t) — g(t, u(t))
h(t, u(t))

+b2‘3D5[ ] =g, &€ J,
t=T

t=¢

where 1 < p <2, 0< <1, ¢ € Jand ay,as,by,bs,v1,vs are real constants. Moreover, two

fractional derivatives of Caputo type appeared in the above problem.

Motivated by these works, we mainly investigate the existence and uniqueness of solutions for a

class of hybrid differential equations of arbitrary fractional order of the form

m

eDTVu(t) = > IV gi(t, u(t))
cDPﬂ/J =1 =
h(t,u(t))

eDEYy(t) — Z[ngi(t, u(t))

f t,u(t),c DP%"Z’ h(t7u(t)) ’

ted, (1.1)
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endowed with the hybrid fractional integral boundary conditions

u(0) =0, °D%¥u(0) =0,
DEu(t) = Y I gilt u(t)) DEu(t) = Y IV gilt, u(t))
ax =l + by = -
h(t, u(t)) hlt, u(t) |
+=0 t=T
cDIVy(t) — ZI”“wgi(t,u(t))
c 5;’111 i=1
az°D it u(0) i
t=¢
CD‘I?"L’u(t) —_ Z Inlwgz(ta ’U,(t))
e pdi — =
b2 °D Rt u(D) eeoted

t=T
(1.2)

where J := [0,7], DP¥, D%¥ and D%? denote the ¢)—Caputo fractional derivative of order 2 <
p<3and 0 < q,d <1 respectively, I"¥ is the ¢¥»—Riemann-Liouville fractional integral of order
ni >0, h € C(JxR,R\{0}), f € C(JxR? R) and g; € C(J xR, R) with ¢;(0,0) =0,i = 1,...,m,

a1, as, by, ba, v1, vy are real constants such that b; # 0 and

2(a2030(€) + b W3 (T)) — WH(T)(2 — 8) (a2} (€) + bW (1)) #0.

The rest of the paper is arranged as follows. Section 2 gives some background material needed in
this paper, such as fractional differential equations and fixed point theorems. Section 3 treats the
main results concerning the existence and uniqueness results of the solution for the given problem
(1.1)-(1.2) by employing hybrid fixed point theorem for a sum of two operators in Banach algebra

space and Banach'’s fixed point. In the last section, an example is presented to illustrate our results.

2 Preliminaries

In this section, we introduce some preliminaries and lemmas that will be used throughout this
paper. We will prove an auxiliary lemma, which plays a key role in defining a fixed point problem

associated with the given problem.

Let ¢ : J — R an increasing function satisfying v’(t) # 0 for all ¢ € J. For the sake of simplicity,
we set Wg(t) = (¢(t) — ¥ (0))"

Definition 2.1 ([2]). The ¥y— Riemann-Liouville fractional integral of order (p > 0) of an integrable
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function g : [0,00) = R is defined by

pi —Lt's —(s))P " Lg(s)ds s
() = g [ VW0 vy s 0<s<t

Definition 2.2 ([2]). The ¢»— Caputo fractional derivative of order p (n —1 <p <n € N) of a
function g € C™[0,00) is defined by

c P _ 1_t’3 — ()P ID" g(s)ds S
DPg(t) = e | W00 — vy DY g(ds, 0<s<t,

1 d\"
where n = [p] + 1 and Dy = (——) . In case, if 2 < p < 3, we have

W(t) dt

cNHp; — 1 ! / p—
DPg(t) = gy | WO () Digds, 0<s<t

Lemma 2.3 ([2]). Let p > 0. The following hold

o Ifge C(J,R), then

CpPY PV g(t) = g(t), teJ.
o IfgeC*"(J,R),n—1<p<mn, then

n—1
IPYeDPY g (1) = g(t) — Z Uk, tel,
k=0

D g(0)

where ¢, =
k!

Lemma 2.4. Let 2 < p < 3, 0 < g < 1. For any functions F € C(J,R), H € C(J,R\ {0}) and
G; € C(J,R) with G;(0) =0, i = 1,...,m, the following linear fractional boundary value problem

ch;wu(t) _ ij;w(;i(t)
DY =1 =F(), 2 <3 0 <1, teJ 2.1
) (t), 2<p<3, 0<q<1, tel, (2.1)
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supplemented with the following conditions

u(0) =0, °D%¥y(0) =0,
cDEYy(t) — ij;wci(t) cDEYy(t) — ij;wci(t)
al =1 + b1 =1 = U1
H(t) H(t) ’
t=0 t=T
T 2.2
cDEYy(t) — ij;wci(t) (2:2)
cD(;;'LL' =1
a2 H() +
t=¢
cDEYy(t) — Zlmsti(t)
LI i=1 _
b2 D H(t) U2, 5 € J7
t=T
has a unique solution, which is given by
u(t) = 1% (H(s) [PV F(s)) (1) + D P40 Gi(s) (1)
i=1
+ I (H(s) (\1/5(5)93 - \1/3(5)92) (% - I””/’F(s))> (1) (2:3)
1

+Q, (UQ —an P R(g) - bg]p"WF(T))Iq?w (H(s) (ng(s) - wg(T)\pg(s))) (1),

where

r'(3—4)
2(a2W270(€) + b W22(T)) — WHT)(2 — 6) (a2¥g (&) + bo W (1))

Q=

az U3 (&) + bWy (T)

1 = T(2-06) ’

Qg =1+ QU(T).

Proof. Applying the ¥y —Caputo fractional integral of order p to both sides of equation in (2.1) and

using Lemma 2.3, we get

DY u(t) — zm: 50 Gy (t)
70

= IPYF(t) + co + c1 WL (1) + c2W2(1), (2.4)
where cg,c1,c0 € R .

Next, applying the y—Caputo fractional integral of order ¢ to both sides (2.4), we get
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u(t) = 1% (H(&IPF(s) ) (0) + Y- 745 Gi(s) (1) s

+ 1Y (H(s) (co + 1 Ui(s) + cz\I!%(s))) (t) + cs, cs € R
With the help of conditions u(0) = 0 and ¢D%¥u(0) = 0, we find, c3 = 0 and ¢y = 0 respectively.
Applying the boundary conditions (2.2), and from (2.4), we obtain

AT (T) + V2 (T) = Z—i — IPVR(T),
and
262
T(3—0)

= vy — apIP OV (€) — boIP~ SV F(T).

_a (azqf(l)fé(f) + bQ\I/(lfé(T)) +

Mz 0) (a20870€) + 0203 (1))

Solving the resulting equations for ¢; and ca, we find that

e = (G = IPPF(T)) Qs — (v2 = axl? PV E(E) — b E(T) )00 WY(T),

e = (v2 = @IV F(€) = b I" R (T) )0 — (% — " F(T)) Q.
1

Inserting ¢; and ¢z in (2.5), which leads to the solution system (2.3). g

Let E = C(J,R) be the Banach space of continuous real-valued functions defined on J. We define

in E anorm || - || by

[[ull = sup |u(t)],
teJ

and a multiplication by
(uv)(t) = u(t)o(t), VteJ.
Clearly FE is a Banach algebra with above defined supremum norm and multiplication.

Lemma 2.5 ([5]). Let S be a nonempty, convez, closed, and bounded set such that S C E, and
let A: E— FE and B : S — E be two operators which satisfy the following:

(1) A is contraction,
(2) B is completely continuous, and

(8) w= Au+ Bu, for allve S =ueSs.

Then the operator equation uw = Au+ Bu has at least one solution in S.

Theorem 2.6 ([18]). Let S be a non-empty closed convex subset of a Banach space E, then any

contraction mapping A of S into itself has a unique fixed point.
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3 Main result

In this section, we derive conditions for the existence and uniqueness of a solution for the problem
(1.1)-(1.2).

The following assumptions are necessary in obtaining the main results.

(H1) The functions h € C(J x R,R\ {0}), and f € C(J x R? R) are continuous, and there exist
bounded functions L, M : J — [0, 00), such that
At u(t)) — bt v()] < LB)|u(t) - v(B)],
and
[t u(t), v(8) — f(t,(t),0(t))| < M(t)(lu(t) —at)] + v(t) —v(t)]),

for t € J and u,v,u,v € R.
(H2) There exist functions ¥, x, ¢; € C(J,[0,00)) such that
[f(t,u(t),v(t)| <9V(t) foreacht,ue J xR,
[h(t,u(t))| < x(t) for each t,u € J xR,
lgi(t,u(t))] < ¢i(t) foreacht,ue JxRi=1,...,m,
fort € J and u € R.

(H3) The functions g; € C(J x R,R) are continuous, and there exist bounded functions K, : J —
(0,0), such that

|9i(t, u(t)) — gi(t, v(B))] < Ki(®)[u(t) —v(t)].

We set L* = sup,e s |L(t)|, M* = sup;e; [M ()], X* = supie; [X(t)], 9" = sup;e; [9(2)] and ¢} =
sup,c s |pi(t)], K =sup,es |Ki(t)],i=1,2,...,m.

3.1 Existence of solutions

In this subsection, we prove the existence of a solution for the problem (1.1)—(1.2) by applying a
generalization of Krasnoselskii’s fixed point theorem.
Theorem 3.1. Assume that hypotheses (H1)-(H2) hold and if
A= (M) (D 1005 (T) mnwy%ﬂ>
Tp+1)\1- M* L(g+1) L(g+2) L(q+3)
w?%n<mﬂﬁ+mwméawwmw8%n
T(q+3) F'p—d+1)

* N[ * q+1 q+2
X(XM+WU»+MMC%%(ﬂ+MWo@»<L
1— M+ |b1] I'(q +2) I'(q+ 3)

Then the problem (1.1)—(1.2) has at least one solution on J.

+ |[Qu(qg +4)
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Proof. First, we choose r > 0 such that

L.t (190D | AU o] | WD)
e e (e ) (i )
g TR s W) + [baWB(T)
+X'”1'<—+03>('”2'” S )
Tt(T)
+Z ZFnz+q+1)

i=1
Set
B, ={uecE:|ul| <r}.

Clearly B, is a closed, convex and bounded subset of the Banach space E.

Let u(t) be a solution of the problem (1.1)—(1.2). Define

ch;wu(t) _ i I"“wgi (t,u(t))
Fult) = f | tyut).c D '

AORI0)
Then m
cDGYuy(t) — Z I g;(t, u(t))
cnp;Y =1 =
b o Fu(t),

supplemented with the conditions (1.2), then by Lemma 2.4, we get
ul(t) = Iw(h( u(8)) TP Fy (s ) + Zﬂvﬂv (s, u(s))(t)+

17 (1o, u(6) (750609~ we)02) (32 - 7UR9) ) )
+ O (V2 = @ "V F(€) = ba PV R (T) ) 1 <h(s, u(s)) (w3(s) - \pg(T)q/g(s))) (t),
Let us define three operators Cy, Cy—s : E — E and D : E — E such that
= 15 | 00 - v Faas, te
Cp—su(t) = 1“(%—6) /Ot () ((t) = ()" T Fu(s)ds, €,
and
Du(t) = h(t,u(t), teJ.

Then, using assumptions (H1)-(H2) , we have

Cyut) = )] < 1 [ 9/ (6)(w(0) = w0 Buls) = Fulo)lds, (32
0
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and
[Fu(t) = Fu(t)| < [f(tult), Fu(t)) — f(E,0(t), Fu(D))]
< M@t)([u(t) —v(®)] + |Fu(t) — Fu(t)])

M(t)
< T O Ol

By replacing (3.3) in (3.2), we obtain

MUg(T)

|Cpu(t) — Cpu(t)| < =M+ 1)

l[u(-) = v,

and
|Du(t) — Do(t)| < L*||u(-) —v()|l,
To(T) .
Cyutt) < Fro 5"
and
|Du(t)] < X"

Now we define two more operators A : E — E and B : B, — E such that

U1

Au(t) = 1% ( Du(s)Cyu(s) ) (1) + 17 (Du<s> (w312 — W32 (5

Cyu(s)) )0

4 (02 = Gy 50(6) = aCyesu(D)) 17 Dus) (365) — WD) ) )

and
m

Bu(t) = 3 1%+9% g, (s, u(s)) (1),

=1

We need to show that the two operators A and B satisfy all conditions of Lemma 2.5. This can

be achieved in the following steps.

Step 1. First we show that A is a contraction mapping. Let u(t),v(t) € B,, then we have

[ Au(t) — Av(t)]

< Jov ODU(S)CPU(S) — Du(s)Cpu(s)| (1 + |Wg(s)s — \1/3(5)92\)> (t)

e (% |Wi(5)Qs — W2 (s)Q| | Du(s) — Dv(s)!) (t)

#1001 (|93(6) ~ W) (2l Dus) ~ Do)+ laal | DulCyp- (0

= D0y + bl Dul5)Cy-u(T) = D(5)Cps0(D)]) ) 0
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< Iq;w<(;pu(s)uopu(s) (8)] + |Cpu(s)|| Du(s) — Dv(s)})
X (1 + ’\11(1)(3)(23 — \II(QJ(S)QQD) (t) + I%Y ( ||7;1|| ’\I! \Ilg(s)QQHDu(s) — D’U(S)’) (t)
+ || I%Y (]wg(s) — W§(T)4(s)| (\Du — Du(s)| (|v2| + |az||Cp—sv(8)| + |b2|ycp_5v(T)\)

+[Du9)] (el |C-50(6) = Cy-s0(O)] + 1] [Cy-su(T) = Gy ) ) ) 1)
Using the hypotheses (H1)—(H2) and taking the supremum over ¢, we get

[Au(-) = Av()|| < Aflu() = v()]- (3-4)

Therefore from (3.1), we conclude that the operator A is a contraction mapping.

Step 2. Next, we prove that the operator B satisfies condition (2) of Lemma 2.5, that is, the
operator B is compact and continuous on B,. Therefore first, we show that the operator B is

continuous on B,.

Let u,(t) be a sequence of functions in B, converging to a function u(t) € B,. Then, by the

Lebesgue dominant convergence theorem, for all ¢ € .J, we have

i Bun (t) = ,}5202 m/ () (W (t) — ()T gy (s, un(s))ds
= ; I( 771"‘(] / 7/} —( ))771+q lnli_)ngogl(s Un(s))ds

Hence lim,,—, o Bu,(t) = Bu(t). Thus B is a continuous operator on B,..

Further, we show that the operator B is uniformly bounded on B,. For any v € B,., we have

B0l s 3wt / (0 96 (o)l

m+q )

g nz+q+1)

Therefore Bu(t) < r, for all ¢t € J, which shows that B is uniformly bounded on B,.

Now, we show that the operator B is equi-continuous. Let t1,t2 € J with ¢; > t5. Then for any
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u(t) € By, we have

Bu(t:) - Bu<t2>|

= Z T(i +q) ‘/ 2 (t1) — ()"t — (h(ta) — ¢(S))"i+q_l)gi(s,u(s))ds
3 ] [, VO s i

> r(n++1)( [(t2) = (e + [ 1) — W (1)),

As ty — t1, so the right-hand side tends to zero. Thus B is equi-continuous. Therefore, it follows
from the Arzeld—Ascoli theorem that B is a compact operator on B,.. We conclude that B is

completely continuous.

Step 3. It remains to verify the condition (3) of Lemma 2.5. For any v € B,., we have

[u()Il = [[Au(:) + Bu()|

oY (Du(s)Cpu(s)) (t) + 1% (Du(s) (‘IJ(IJ(S)Q?, — W(s )Qz) (E — Cpul(s ))) (t)

oS (vg — ayCysu(€) — bQCp_(;u(T))Iq%w (Du(s) (wg(s) - \IJ})(T)\I/(l)(s))) (t)‘}
+bup{21m+qﬂg S, ))\(t)}

teJ

L. W) Q3| WET(T) | 20| WE (D) (un] | WH(T)
<X G DN+ D) X( Te+2) T T+3) )(WW@?H)@)
o g+ DU Jas| W (€) + [bo | W80 (T)
*X'“l'm—f?»('”'” Toien )

(T
30 ATt ar D)

i=1

Which implies, from the choice of r that ||u|| < r, and so u € B,. Hence all conditions of Lemma
2.5 are satisfied. Therefore, the operator equation u(t) = Au(t) + Bu(t) has at least one solution
in B,. Consequently, the problem (1.1)—(1.2) has at least on solution on J. Thus the proof is
completed. O

3.2 Uniqueness of solutions

In the next result, we apply the Banach fixed theorem to prove the uniqueness of solutions for the

problem (1.1)—(1.2).
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Theorem 3.2. Assume that the hypotheses(H1)—(H3) together with the inequality

\]an +q (T)
A E < 1.
* 1Fm+®

are satisfied, then the problem (1.1)—(1.2) has an unique solution.

Proof. According to Lemma 2.4, we define the operator @ : E — F by

Qu(t) = Au(t) + Bu(t).

First, we show that Q(B,) C B,. As in the previous proof (step 3) of Theorem 3.1, we can obtain
forue B, and t € J

vhr(T) L 1Qs[WETH(T) 20 W) (] | WD)
lQuON = X" re g o) X ( Tory t T+ )(W* o+’ )
q+2 a p—94 p—46
wm+%T)
*; TorarD)

This shows that Q(B,) C B,.

Next, we prove that the operator ) is a contractive operator. For u,v € B,

[Qu(-) — Qu(-)|| < [[Au(-) — Av()|| + [[Bu(-) — Bvu(")|,
and

HBUC%—BU(M

teJ

wm+%T)
< Z i mﬂu(') —v()|.

< sup { Z NOET) / W (s)(W(t) — w(s))nﬂrq—l’gi(s,u(s)) — gi(s, v(s))‘ds} (35)

From (3.4) and (3.5), we get

771+q
IQu() - Qv<>||<<A+Z ‘I’T(jl)no el

This implies that the operator ) is a contractive operator. Consequently, by Theorem 3.2, we
conclude that @ has an unique fixed point, which is a solution of the problem (1.1)—(1.2). This
completes the proof. O
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4 Example

Consider the following fractional hybrid differential equation

3
DHtu(t) = I gt u(t))
i=1

5

o
ES

cpsit =f|tu®),D

TER It u(0)) 5D It u(?))
where |
+ I3 (73:%) (®),
h(t,u(t)) = % + 8—2(753 +1),
and

3
cDFtu(t) = > I gi(t, u(t))
=1

h(t, u(t))

3
cDTtu(t) = I gi(t, u(t))
1 lz(t)] _ arctan cDg;t i=1

T 60vE T SL | 3 [z()] h(t, u(t))




287

Here T'= 1p = 3.0 = 3.m =30 = 5,02 = 30 = .0 = 500 = 2,02 = 3. by = 7,
sin“ x(t 1 x(t sinz(t
by=3,01=5,02=2,{=1%,01 = (t) () (

8+ 12 T oAt 22+ )] * T 3a/d 2
The hypotheses (H1), (H2) and (H4) are satisfied with the following positives functions: L(t) =
-3

e 1 1 1
M) = 9() = ————— o (t) = Ki(t) = ———— 0o(t) = Ko(t) = ———
s a0 MO =90 = & t+ 81 #1(t) 1®) 8(t+1)2 e2(t) 2(0) = o 81 + 12
1 e3 1
t) = K3(t) = ————— and y(t) = ——— + —(t3 4+ 1), which gives us L* = L, M* = §* =
</73() 3() 37/40 + 12 an X() 2t+40+80( + )7W1C gives us 10°

1 * 3 * * 1 * * 1 * * 1
5100 X = 500 1 = Ki = 592 = Ko = 57, 03 = K3 = 517

With the given data, we find that
Q; ~ 1.81820508, €y ~0.60797139, Qs ~ 1.607971309,

and

A ~0.48820986 < 1.
By Theorem 3.1, the problem (4.1) has a solution on [0, 1].

Also, we have

A+ 23: ke 2 g girsanon < 1
—~ 'Thi+7) '

In view of Theorem 3.2 the problem (4.1) has an unique solution.

5 Conclusion

In this manuscript, we have successfully investigated the existence, uniqueness of the solutions for
a new class of 1p—Caputo type hybrid fractional differential equations with hybrid conditions. The
existence of solutions is provided by using a generalization of Krasnoselskii’s fixed point theorem
due to Dhage [5], whereas the uniqueness result is achieved by Banach’s contraction mapping
principle. Also, we have presented an illustrative example to support our main results. In future
works, many results can be established when one takes a more generalized operator. Precisely,
it will be of interest to study the current problem in this work for the fractional operator with

variable order [22], and t-Hilfer fractional operator [19].
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ABSTRACT

In this paper, we introduce and study graded weakly 1-
absorbing prime ideals in graded commutative rings. Let
G be a group and R be a G-graded commutative ring with
a nonzero identity 1 # 0. A proper graded ideal P of R
is called a graded weakly 1-absorbing prime ideal if for each
nonunits z, y, z € h(R) with 0 # xzyz € P, then either zy € P
or z € P. We give many properties and characterizations of
graded weakly 1l-absorbing prime ideals. Moreover, we in-
vestigate weakly 1-absorbing prime ideals under homomor-

phism, in factor ring, in rings of fractions, in idealization.

RESUMEN

En este articulo, introducimos y estudiamos ideales primos
débilmente 1-absorbentes en anillos conmutativos gradados.
Sea GG un grupo y R un anillo conmutativo G-gradado con
identidad no cero 1 # 0. Un ideal gradado propio P de R se
llama ideal primo gradado débilmente 1-absorbente si para
cualquiera z,y,z € h(R) no-unidades con 0 # zyz € P,
entonces o bien zy € P o z € P. Entregamos muchas
propiedades y caracterizaciones de ideales primos grada-
dos débilmente 1-absorbentes. Mas aun, investigamos ide-
ales primos débilmente 1-absorbentes bajo homomorfismo,

en anillos cociente, en anillos de fracciones, en idealizacién.
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1 Introduction

Throughout the paper, we focus only on graded commutative rings with a nonzero identity. R will
always denote such a ring and G denotes a group with identity e. u(R), N(R) and reg(R) denote
the set of all unit elements, all nilpotent elements and all regular elements of R, respectively. Over
the years, several types of ideals have been developed such as prime, maximal, primary, etc. The
concept of prime ideals and its generalizations have a significant place in commutative algebra since
they are used in understanding the structure of rings [6, 19, 11, 4]. R is said to be G-graded if

R =D R,y with RgR), € Ry, for all g, h € G where R, is an additive subgroup of R for all g € G.

geG
Sometimes we denote the G-graded ring R by G(R). The elements of R, are called homogeneous

of degree g. If x € R, then = can be written as Z x4, where x4 is the component of z in R,.
geG
Also, we set h(R) = U R,. The support of G(R) is defined as supp(G(R)) = {g € G: Ry # {0}}.

geG
Moreover, as shown for example in [13] that R, is a subring of R and 1 € R.. Let P be an ideal of

a graded ring R. Then P is said to be graded ideal if P = @(P NRy), i.e., forx € P,x = Z Zg

S~ geq@
where z, € P for all g € G. It is known that an ideal of a graded ring need not be graded. Let R

be a G-graded ring and P be a graded ideal of R. Then R/P is G-graded by (R/P), = (Ry+P)/P

g

for all g € G. If R and S are G-graded rings, then R x S is a G-graded ring by (R X S)g =Ry xS,
for all g € G.

Lemma 1.1 ([9, Lemma 2.1]). Let R be a G-graded ring.

(1) If P and Q are graded ideals of R, then P+ Q, PQ and P(\Q are graded ideals of R.

(2) If x € h(R), then Rz = (x) is a graded ideal of R.

Let P be a proper graded ideal of R. Then the graded radical of P is denoted by Grad(P) and it

is defined as follows:

Grad(P) =(z = Z ry € R: for all g € G, there exists n, € N such that 27 € P
geG

Note that Grad(P) is always a graded ideal of R (see [15]).

In [15], Refai et al. defined and studied graded prime ideals. A proper graded ideal P of a graded
ring R is called graded prime ideal if whenever zy € P for some x,y € h(R) then either x € P or
y € P. Clearly, if P is a prime ideal of R and it is a graded ideal of R, then P is a graded prime
ideal of R. On the other hand, the importance of graded prime ideals comes from the fact that

graded prime ideals are not necessarily prime ideals, as we see in the next example.

Example 1.2. Consider R = Z[i] and G = Zy. Then R is G-graded by Ry = Z and Ry = iZ.
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Consider the graded ideal I = 17TR of R. We show that I is a graded prime ideal of R. Let xy € I
for some x,y € h(R).

Case (1): Assume that x,y € Ro. In this case, x,y € Z such that 17 divides xy, and then either

17 divides x or 17 divides y as 17 is a prime number, which implies that x € I ory € I.

Case (2): Assume that x,y € Ry. In this case, x = ia and y = ib for some a,b € Z such that 17
divides xy = —ab, and then 17 divides a or 17 divides b in Z, which implies that 17 divides
x =1a or 17 divides y = ib in R. Then we have that x € I ory € I.

Case (3): Assume that x € Ry and y € Ry. In this case, x € Z and y = ib for some b € Z such
that 17 divides xy = ixzb in R, that is ixb = 17(a + i8) for some «, 8 € Z. Then we obtain
xb = 178, that is 17 divides b in Z, and again 17 divides x or 17 divides b, which implies
that 17 divides © or 17 divides y = ib in R. Thus, x € I ory € I.

One can similarly show that x € I ory € I in other cases. So, I is a graded prime ideal of R. On
the other hand, I is not a prime ideal of R since (4—i)(4+1i) eI, (4—i)¢ I and (4+1) ¢ I.

Several generalizations of graded prime ideals attracted attention by many authors. In [14], Refai
and Al-Zoubi introduced graded primary ideals which is a generalization of graded prime ideals.
A proper graded ideal P of a graded ring R is called graded primary ideal if xy € P for some
z,y € h(R) implies that either x € P or y € Grad(P). They also studied graded primary G-
decomposition related to graded primary ideals. Atani defined a generalization of graded prime
ideals as graded weakly prime ideals in [5]. A proper graded ideal P of a graded ring R is said to
be graded weakly prime ideal if whenever x,y € h(R) such that 0 # zy € P then either z € P or
y € P. They gave some characterizations of graded weakly prime ideals and their homogeneous
components. In [12], Naghani and Moghimi introduced 2-absorbing version of graded prime ideals
and graded weakly prime ideals. A proper graded ideal P of a graded ring R is called graded 2-
absorbing (graded weakly 2-absorbing) if whenever z,y, z € h(R) such that xyz € P (0 # zyz € P)
then zy € P or yz € P or xz € P. They investigated some properties of this new class of graded
ideals. Yassine et al. studied l-absorbing prime ideals which is a generalization of prime ideals
n [19]. A proper ideal P of R is said to be l-absorbing prime ideal if for some nonunit elements
z,y,z € Rsuch that zyz € P implies that either xy € P or z € P. Authors determined 1-absorbing
prime ideals in some special rings such as principal ideal domains, valuation domains and Dedekind
domains. Currently, Kog¢ et al. defined weakly 1-absorbing prime ideals which is a generalization
of 1-absorbing prime ideals in [11]. A proper ideal P of R is called weakly 1-absorbing prime ideal
if 0 # zyz € P for some nonunits z,y, z € R implies xy € P or z € P. They gave certain properties
of this new concept and characterized rings that every proper ideal is weakly 1-absorbing ideal.

More recently, in [1], Dawwas et al. defined graded version of 1-absorbing prime ideals which is a
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generalization of both graded prime ideals and 1-absorbing prime ideals. A proper graded ideal P
of a graded ring R is called graded 1-absorbing prime ideal if whenever for some nonunits x, y, z
in h(R) such that zyz € P then either zy € P or z € P. Moreover, many studies have been made

by researchers related to graded versions of known structures [3, 7, 8, 10, 16].

In this paper, we define graded weakly 1-absorbing prime ideal which is a generalization of graded
1-absorbing prime ideals. A proper graded ideal P of a graded ring R is said to be graded weakly
1-absorbing prime ideal if whenever for some nonunits x,y, z in A(R) such that 0 # xyz € P then
either xy € P or z € P. Every graded 1l-absorbing prime ideal is a graded weakly 1- absorbing
prime ideals but the converse is not true in general (see, Example 3.2). In addition to many
properties of this new class of graded ideals, we also investigate behavior of graded weakly 1-
absorbing ideals under homomorphism, in factor ring, in rings of fractions, in idealization (see,

Theorem 3.15, Proposition 3.14, Theorem 3.16, Theorem 3.18 and Theorem 3.23).

2 DMotivation

Graded prime ideals play an essential role in graded commutative ring theory. Indeed, graded prime
ideals are interesting because they correspond to irreducible varieties and schemes in the graded
case and because of their connection to factorization. Also, graded prime ideals are important
because they have applications to combinatorics and they have structural significance in graded ring
theory. Thus, this concept has been generalized and studied in several directions. The significance
of some of these generalizations is same as the graded prime ideals. In a feeling of animate being,
they determine how far an ideal is from being graded prime. Several generalizations of graded
prime ideals attracted attention by many authors. For instance, graded weakly prime ideals,
graded primary ideals, graded almost prime ideals, graded 2-absorbing ideals, graded 2-absorbing
primary ideals and graded 1-absorbing prime ideals. In continuation of these generalizations, we
present the concept of graded weakly 1-absorbing prime ideals, as a new generalization to graded
prime ideals, in order to benefit from this new concept in more applications, and to make the study

of graded prime ideals more flexible.

3 Graded weakly 1-absorbing prime ideals

Definition 3.1. Let R be a G-graded ring and P be a proper graded ideal of R. Then, P is called
graded weakly 1-absorbing prime ideal of R if whenever 0 # xzyz € P for some nonunit elements

x,y,z in h(R) then zy € P or z € P.

Example 3.2. Fvery graded 1-absorbing prime ideal is a graded weakly 1-absorbing prime ideal.

The converse may not be true. Let R = Zoy and consider the trivial grading on R. P = (0) is graded
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weakly 1-absorbing prime ideal. But it is not graded 1-absorbing prime ideal since 3.3.7 =0 € P,
3.3¢P and7 ¢ P.

Example 3.3. Let R = Zgli] = Zg & iZg. Then note that R is a Za-graded ring and h(R) =
Zs\UiZs. Now, put P = (4). Since 2(1414)(1—i) =4 € P but 2(1+1i) ¢ P and (1—1i) ¢ P, it follows
that P is not a weakly 1-absorbing prime ideal of R. However, the set of nonunit homogeneous
elements of R is {0,2,4,6,2i,4i,6i}. Let x,y,2 € h(R) be nonunit elements. Then note that
xyz = 0 € P, which implies that P is a graded weakly 1-absorbing prime ideal of R.

N(R) denotes the set of all nilpotent elements of R. Recall that a ring R is said to be reduced if
N(R) =0.

Theorem 3.4. Let R be a G-graded reduced ring and P be a graded weakly 1-absorbing prime
ideal of R. Then, Grad(P) is a graded weakly prime ideal of R.

Proof. Suppose that 0 # zy € Grad(P) where x,y € h(R). Then there exists n € N such that
(ry)™ € P. We have 0 # (zy)" = zFz" Fy™ € P for some positive integer k < n. If x or y is
unit in h(R), we are done. So, assume that x and y are nonunit elements in h(R). As P is graded

weakly 1-absorbing prime ideal, 2™ € P or y™ € P showing that € Grad(P) or y € Grad(P). O

Theorem 3.5. Let R be a G-graded ring and P be a graded weakly 1-absorbing prime ideal of R.

Then, (P : a) is a graded weakly prime ideal of R where a is a regular nonunit element in h(R)— P.

Proof. From [1, Lemma 2.4], (P : a) is a graded ideal of R. Suppose 0 # a2y € (P : a) for some
xz,y € h(R). Then 0 # (za)y € P where za,y € h(R). If z or y is unit, there is nothing to
prove. So, we can assume that x and y are nonunit elements in hA(R). Since P is graded weakly
1-absorbing prime ideal of R, we get either za € P or y € P. It givesz € (P:a) or y € (P : a),
as needed. O

Definition 3.6. Let R be a G-graded ring and P be a graded ideal of R. Then, P is called g-weakly
1-absorbing prime ideal of R for g € G with Py # Ry if 0 # xyz € P for some nonunit elements
x,y,2 in Ry implies that xy € P or z € P.

We say that a proper graded ideal P of a G-graded ring R is said to be a g-weakly prime for g € G
if Py # R, and whenever 0 # zy € P for some z,y € R, implies z € P or y € P.

Proposition 3.7. Let R be a G-graded reduced ring and P be a g™-weakly 1-absorbing prime ideal
of R for each n € N. Then, Grad(P) is a g-weakly prime ideal of R.

Proof. Tt immediately follows from Theorem 3.4. |
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Recall from [1] that a proper graded ideal P of a G-graded ring R is said to be a g-1-absorbing
prime for g € G if P; # R, and whenever zyz € P for some nonunits z,y, z € R, implies zy € P
orz € P.

Proposition 3.8. Let R be a G-graded ring. If R has a g-weakly-1-absorbing prime ideal that is
not a g-weakly prime ideal of R and (0) is a g-1-absorbing prime ideal of R, then, for each unit

element v in R, and for each nonunit element v in Ry the sum u+ v is a unit element in Ry.

Proof. Assume that P is a g-weakly 1-absorbing prime ideal of R that is not a g-weakly prime
ideal of R. Then, there exist nonunit elements z,y € R, such that zy € P but z ¢ P and y € P.
Then we have vay € P where v is a nonunit element in R,. If vzy = 0 € (0), then vz € P since (0)
is a g-1 absorbing prime ideal and y ¢ P. If 0 # vzy € P, we have vx € P since P is a g-weakly
1-absorbing prime ideal of R. Now we will show that « + v is a unit element in R, where u is a
unit element in R,. Suppose to the contrary. If (v + v)zy = 0 € (0), we get (v + v)z € P. This
implies ux € P giving that € P which is a contadiction. If we assume 0 # (u + v)zy € P, then
again we get a contradiction by using the fact that P is a g-weakly 1-absorbing prime ideal and so

it completes the proof. O

Theorem 3.9. Let R be a G-graded ring and P be a proper graded ideal of R. Consider the

following statements.

(1) P is a graded weakly 1-absorbing prime ideal of R.
(i1) If zy & P for some nonunits z,y € h(R), then (P :zy) = PU(0: zy).
(13i) If xy & P for some nonunits x,y € h(R), then either (P :xy) =P or (P :xy) = (0: zy).

(i) If 0 # xyK C P for some nonunits x,y € h(R) and proper graded ideal K of R, then either
zy € Por K CP.

(v) If0 £ xJK C P for some nonunit € h(R) and proper graded ideals J, K of R, then either
xJ C P or KCP.

(vi) If0#£IJK C P for proper graded ideals I, J, K of R, then either IJ C P or K C P.
Then, (vi) = (v) = (iv) = (i4i) = (i1) = (7).

Proof. (vi) = (v) : Suppose that 0 # xJK C P for some nonunit € h(R) and proper graded
ideals J, K of R. Now, put I = (). Then [ is a proper graded ideal of R and 0 # IJK C P. By
(vi), we have ©J C IJ C P or K C P, which completes the proof.

(v) = (i) : Suppose that 0 # zyK C P for some nonunits x,y € h(R) and proper graded ideal
K of R. Now, consider the proper graded ideal J = (y) of R and note that 0 # xJK C P.
So by (v), we get zy € zJ C P or K C P.
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(tv) = (@ii) : Let x,y € h(R) be nonunit elements such that xy ¢ P. It is easy to see that zy(P :
xy) C P.

Case 1: Assume that zy(P : zy) = 0. This gives (P : zy) C (0 : zy) C (P : zy), that is,
(P:ay) =(0:ay).

Case 2: Assume that zy(P : xy) # 0. Then by (iv), we have (P : zy) C P which implies
that (P : zy) = P.

(791) = (i7) : Tt is straightforward.

(#3) = (i) : Let z,y,2z € h(R) be nonunits such that 0 # zyz € P. If zy € P, then we are done.
So assume that xy ¢ P. Since z € (P : zy) — (0 : zy) and (P : zy) = (0 : zy) U P, we have
z € P which completes the proof. [l

In the following example, we show that the condition “P is a graded weakly 1-absorbing prime
ideal” does not ensure that the conditions (¢)-(vi) in Theorem 3.9 hold. In fact, we will show that
Example 3.10. Let R = Z12[X], where X is an indeterminate over Zi2. Then R = @ R, is a
nez
Z-graded ring, where Ry = Zi2 and R, = Z12 X" if n > 0, otherwise R, = 0. Then note that

h(R) = |J Z12X™ and the set of nonunits homogeneous elements of R is nh(R) = {2k, 3k, aX" :
n>0

k,a € Z and n € N}. Consider the graded ideal P = (X,4) of R. Let f,g,h € nh(R) such that
0 # fgh € P. If at least one of the f,g,h is of the form aX™, then we are done. So assume that
f,9,h € {2k,3k : k € Z}. Since 0 # fgh € P = (X, 4), we have 0 # fgh = 4k for some k € 7 with
ged(k,3) = 1. Since 4|fgh and 3 1 fgh, we conclude that f,g,h € {2,4,8,10}. This implies that
fg € P, that is, P is a graded weakly 1-absorbing prime ideal of R. Now, we will show that P does
not satisfy the condition (i) in Theorem 3.9. Take nonunits homogeneous elements ¢ = 2,d = 3
of R. Then note that cd ¢ P. On the other hand, it is clear that2 € (0:cd) — P and X € P — (0 :
cd). This gives z =2+ X € (P : cd) — ((0: cd) U P). Thus, we have (P :cd) 2 (0: cd) UP, i.e.,
P does not satisfy the condition (it) in Theorem 3.9.

Definition 3.11. Let P be a graded weakly I1-absorbing prime ideal of R and xg4,,Yg,, 24, be
nonunits in h(R). Then, (Tq,,Yg,, 2g5) 45 called graded 1-triple zero if xg, Yg, 29, = 0, Tg,yg, & P
and z4, & P, where g1, 92,93 € G.

Theorem 3.12. Let P = @gec Py be a graded weakly 1-absorbing prime ideal that is not graded
1-absorbing prime ideal and (x4, ,Yg,, 2g,) be a graded 1-triple zero of P, where g1, g2, g3 € G. Then,
(z) Tg,Ygo Py, = 0.

(”) Lg1Zgs ¢ Py, g5 and yg, 24, ¢ Pg, g5 tmply that xg, 24, Py, = Yg,29, Py, = xg, Pgy Pgy = yg, Py, Pyy =
2g3 Py, Py, = 0. In particular, Py, Py, Py, = 0.
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Proof. (i) : Let P = €@
1-absorbing prime ideal and (zg,,¥g,,2g,) be a graded 1-triple zero of P. Assume that

g, Ygo Py, # 0. Then, there exists a € P;, = P N Ry, such that 0 # x4 yg,a. So, we

gec Pg be a graded weakly 1-absorbing prime ideal that is not graded

have 0 # x4, Yg,0 = Tg,Yg, (245 +a) € P. If 24, + a is unit, then x4 yy, € P which gives a
contradiction. Since P is graded weakly 1-absorbing prime ideal and z4,y4, € P, 24, +a € P.

This shows z4, € P, a contradiction.

(79) : Let g, 29y & Pgrgs and yg,24, & Py Then, x4, 2¢,,Yg.29, € P. Now choose a € F,,.

293"
So, we have x4, (Yg, + @)2g, = Tg,a24, € P since xg,yg,24; = 0. If yg, + a is unit, then we
obtain x4, zg, € P, which is a contradiction. Thus, y,4, + @ is not unit. If x4, azs, # 0, then
0 # x4, (yg, + a)zg, € P. Thus, x4, (yg, +a) € P or z,, € P implying that x4y, € P
or zg, € P, a contradiction. This shows x4, a2y, = 0 and so x4, 24, Py, = 0. Similarly,

ygzzgspgl =0.

Now assume that x4, Py, Py, # 0. Then there exist a4, € Py,, by, € Py, such that x4, ag,by, #
0. This gives 0 # x4, (Ygy + gy ) (Zgs + Dgs) = Tg1YgaZgs + Tg1 YgaDgs + gy Qga Zgs + Tgy Qgabgs =
Tg agybgs € P. If (yg, + ag,) is unit, x4, (2, + bgs) € P. It means that x4, z¢, € P, which
is a contradiction. Hence, (Y4, + a4,) is nonunit. Similar argument shows that (24, + by, ) is
nonunit. Since P is graded weakly 1-absorbing prime ideal, x4, (y4,+ag,) € P or z4,+bg, € P.
This proves x4, Y4, € P or z4, € P which is a contradiction. So, x4, Py, Py, = 0. Similarly we

have y92P91P93 = ngpglpgz =0.

Suppose Py, Py, Py, # 0. Then there exist ag, € Py ,bg, € Py,,cqy € Py, such that
g, bg,Cq, # 0. So, we have 0 # (ag, + xg,)(bgs + Ygo)(Cgs + 2Zg5) = g bg,cq, € P since
Tg1295 P9, = Yg229: P91 = g1 Pgy Pys = Ygo Pgy Pgs = 293Py Py, = 0 and g,9,24, = 0. If
ag, + x4, is unit, (bg, + Yg,)(Cqs + 2¢5) € P and it implies yg,24, € P, a contradiction.
So, ag, + x4, is not unit. Similar argument shows that by, + yg,,cgs + 24, are nonunits.
Since P is graded weakly 1-absorbing prime ideal, we have either (ag, + 4,)(bg, + ¥g,) € P
or cg, + 24, € P. Thus, we conclude that x4, 54, € P or 25, € P giving a contradiction.

Therefore, Py, Py, Py, = 0. |

Let R be a G-graded ring. It is clear that for each g € G, Ry is an R.-module and P, is an
Rc-submodule of R,,.

Theorem 3.13. Let P = ®g€G P, be a graded 1-absorbing prime ideal of G(R) and g € G. If
x,y € Ry are nonunits such that xy & P, then (Pyp g, xy) = Pe.

Proof. Let z € (P, g, y), where x,y € R, are nonunits. Then, zyz € Pp C P. If z is a unit,
xy € P which gives a contradiction. So, z is not unit. As P is graded 1-absorbing prime ideal and

xy & P we get z € P. Thus, z € PN R, = P.. This shows (sz :r, 2y) C P..
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On the other hand, suppose z € P, C P. Then, xyz € PN Ry = Py proving z € (Py g, oY), as

desired. O

Proposition 3.14. Let R be a G-graded ring and J C I be proper graded ideals of R. Then the

followings statements are satisfied.

(i) If I is graded weakly 1-absorbing prime ideal, then I/J is graded weakly 1-absorbing prime
ideal of R/ J.

(i1) Suppose that J consists of all nilpotent elements of R. If J is a graded weakly 1-absorbing
prime ideal of R and I/J is a graded weakly 1-absorbing prime ideal of R/J, then I is a
graded weakly 1-absorbing prime ideal of R.

(#i7) If (0) is graded 1-absorbing prime ideal of R and I is graded weakly 1-absorbing prime ideal
of R, then I is graded 1-absorbing prime ideal of R.

Proof. (i): Let 0+J # (x+J)(y+J)(z+J) € I/J for some nonunits z+ J,y+J,z+J € h(R/J).
Then, 0 # zyz + J € I/J and so 0 # zyz € I where x,y, z are nonunits in h(R). As [ is
a graded weakly 1-absorbing prime ideal, either zy € I or z € I. Hence, zy + J € I/J or
z+J € 1/J, as desired.

(#3) : Suppose 0 # zyz € I for some nonunits z,y, z € h(R). Then, zyz+J = (x+J)(y+J)(z+J) €
I1/J. fayz € J, thenxy € J C I or z € J since J C I is graded weakly 1-absorbing prime
ideal. So we can assume xyz ¢ J. Then we have 0+ J # (x + J)(y+ J)(z + J) € I/J. As
I/J is graded weakly 1-absorbing prime ideal of R/J, (z+ J)(y+J) € I/Jor z+J € 1/J.
It implies either zy € I or z € I.

(#i7) : Suppose that xyz € I for some nonunits z,y, z € h(R). If xyz # 0, then we are done. So,
we can assume zyz = 0 € (0). Then, we get either xzy = 0 € I or z = 0 € [ since (0) is

graded 1-absorbing prime ideal. Therefore, we conclude that zy € I or z € I. |

Let R and S be two G-graded rings. A ring homomorphism f : R — S is said to be graded
homomorphism if f(Ry) C S, for all g € G.

Theorem 3.15. Let Ry and Ry be two G-graded rings and f : Ri — Rs be a graded homomor-
phism such that f(1g,) = 1g,. The following statements are satisfied.

(1) If f is injective, J is a graded weakly 1-absorbing prime ideal of Re and f(x) is a nonunit
element of Ry for all nonunit elements x € h(Ry), then f=(J) is a graded weakly 1-absorbing
prime ideal of Ry.

(it) If f is surjective and I is a graded weakly I-absorbing prime ideal of Ry with ker(f) C I,
then f(I) is a graded weakly 1-absorbing prime ideal of Rs.
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Proof. (i) : Tt is clear that f~1(J) is a graded ideal of Ry. Let 0 # xyz € f~1(J) for some nonunits
x,y,z in h(Ry). So, f(x), f(y) and f(z) are nonunits in h(Rz) by the assumption. Since f
is injective and xyz # 0, we have f(xyz) # 0. Then we get 0 # f(x)f(y)f(2) = f(zyz) € J.
As J is a graded weakly 1-absorbing prime ideal of Rs, f(z)f(y) € J or f(z) € J. It implies
that we have either zy € f=1(J) or z € f~1(J).

(1) : Suppose that 0 # abe € f(I) for some nonunits a,b,c € h(Ry). Then, there exist nonunits
x,y,z € h(Ry) such that f(z) =a, f(y) =b and f(z) = c. It gives that 0 # f(x)f(y)f(z) =
abe € f(I). So, there exists i € I such that f(xyz) = f(i). This means zyz —i € ker(f) C I
giving zyz € I. Since I is a graded weakly 1-absorbing prime ideal and 0 # zyz € I, we
conclude that zy € I or z € I. Tt shows f(x)f(y) = ab € f(I) or f(z) = ¢ € f(I), as
needed. O

Let S C h(R) be a multiplicative set and R be a G-graded ring. Then S™!R is a G-graded ring
with (ST'R)g = {¢:a € Ry, s € SN Ryy—1}. Let I be a graded ideal of R. Then we denote the
set {a € R:abe I for some be R— I} by Z;(R).

Theorem 3.16. Let R be a G-graded ring and S C h(R) be a multiplicatively closed subset. The

following statements are satisfied.

(i) If I is a graded weakly 1-absorbing prime ideal of R with I NS = ), then S~'I is a graded
weakly 1-absorbing prime ideal of S™'R.

(i¢) If ST is a graded weakly 1-absorbing prime ideal of S™'R, u(S™'R) = {£ :z € u(R),s €
S}, S Creg(R) and SNZ(R) =0, then I is a graded weakly 1-absorbing prime ideal of R.

Proof. (i) : Suppose that 0 # £%2 ¢ S~!J for some nonunits £, % 2 € h(S7'R). Then 0 #

stu FREART
a(zyz) = (ax)yz € I for some a € S. Here, ax,y, z are nonunits in A(R). Otherwise, we

would have £, %, £ are units in ST!R, a contradiction. As I is a graded weakly 1-absorbing

prime ideal of R, we have either axy € I or z € I. This implies that £% = 22 ¢ S~1T or

ast

2 € 57 Thus, S7'1 is a graded weakly 1-absorbing prime ideal of S~ R.

(#4) : Let 0 # zyz € I for some nonunits z,y,z € h(R). Since S C reg(R), we conclude that
0# 242 € S7'I. Here, £,%,2 are nonunits in h(S™'R). Since S7'I is a graded weakly
1-absorbing prime ideal of S™*R, we conclude either % = 2 € S~'J or 2 € S~'I. Then
there exists s € S such that szy € I or sz € I. We can assume that sxy € I. If zy ¢ I, then
we have s € Z;(R)NS which is a contradiction. Thus we have zy € I. In other case, similarly,

we get z € I. Therefore, I is a graded weakly 1-absorbing prime ideal of R. (|

Theorem 3.17. Let P =
Then, (Py2 :gr, xy) = P. U (0 :g, xy) where x,y € Ry are nonunits such that xy & P.

e P, be a graded weakly 1-absorbing prime ideal of R and g € G.
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Proof. Clearly (0 :g, xy) C (P, :g, zy). Let z € P, C P. This implies that xyz € PN Ry = Pp
and so z € (Pp :r, xy). Hence, P. U (0 :g, xy) C (Pp :r, xy). Now, we will show that
(Py2 :r, 2y) € (0 :gr, 2y) U Pe. Let z € (P2 :gr, xy). Then, we have zyz € P C P. If 2z is a
unit, then we have xy € P, a contradiction. Suppose that z is a nonunit of R. If xyz # 0, then
z € PN R, = P.. So assume that zyz = 0. It gives z € (0 :g_ zy). Thus we have z € P, U (0 :g,

xy). Therefore, (Py2 :g, xy) = P. U (0 :g, xy). O

Let R= P

nonzero homogenous element is a unit in R.

gec By be a graded ring. Recall from [18] that R is said to be a graded field if every

Theorem 3.18. Suppose that Ry, Ry be two G-graded commutative rings that are not graded
fields and R = Ry X Rs. Let P be a nonzero proper graded ideal of R. The following statements

are equivalent.

(1) P is a graded weakly 1-absorbing prime ideal of R.

(ti) P = P; X Ry for some graded prime ideal Py of Ry or P = Ry X Py for some graded prime
ideal Py of Rs.

(7it) P is a graded prime ideal of R.
v is a graded weakly prime ideal of R.
jv) P i ded weakly prime ideal of R

(v) P is a graded 1-absorbing prime ideal of R.

Proof. (i) = (ii) : Let P be a nonzero proper graded ideal of R. Then we can write P = Py x P» for
some graded ideals P; of Ry and P of Ry. Since P is nonzero, P; # 0 or P, # 0. Without loss
of generality, we may assume that P; # 0. Then there exists a homogeneous element 0 # x €
P. Since P is a graded weakly 1-absorbing prime ideal and (0,0) # (1,0)(1,0)(x,1) € P, we
conclude either (1,0) € P or (z,1) € P. Then we have either Py = R; or P, = Ry. Assume
that P, = R;. Now we will show that P, is a graded prime ideal of Ry. Let yz € P» for
some y,z € h(Rg). If y or z is a unit, then we have either y € Py or z € P,. So assume
that y, z are nonunits in h(Rs). Since R; is not a graded field, there exists a nonzero nonunit
t € h(R1). This implies that (0,0) # (¢,1)(1,y)(1,2) = (t,yz) € P. As P is a graded weakly
1-absorbing prime ideal of R, we conclude either (¢,1)(1,y) = (¢t,y) € P or (1,2) € P. Thus
we get y € Py or z € Py and so P, is a graded prime ideal of Rs. In other case, one can

similarly show that P = P; X Ry and P, is a graded prime ideal of R;.
(#9) = (#i1) = (iv) = (i) : It is obvious.
(i4i) = (v) : Tt is clear.

(v) = (4) : Tt is straightforward. O
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Definition 3.19. Let R be a ring and M be an R-module. A proper submodule N of M is called a
1-absorbing R-submodule if whenever xym € N where x,y € R are nonunits, m € M, then either

2y € (N:g M) ormeN.

Theorem 3.20. Let P = . Py be a graded 1-absorbing prime ideal of G(R). If Py # Ry, then
P, is a 1-absorbing R.-submodule of R.

Proof. Let xyr € P, C P for some nonunits 2,y € R. and r € R;. As P is graded 1-absorbing
prime ideal, zy € P or r € P. This implies that zy € (P :r, Ry) since zyRy C PR, C PNR, = P,
orr€e PNRy =P, . O

Definition 3.21. Let P = P P, be a graded ideal of G(R). A graded component Py of P

is called 1-absorbing prime subgroup of Ry if xyz € P, for some nonunits x,y,x € h(R) implies

geG

either xy € P, or z € Py.

Proposition 3.22. Let P = P Py be a graded ideal of G(R). If Py is a I-absorbing prime
subgroup of Ry for all g € G, then P is a graded 1-absorbing prime ideal of R.

Proof. Suppose zyz € P for some nonunits x,y, z € h(R). Then, zyz € P, for some g € G. Since
P, is 1-absorbing prime subgroup of Ry, xy € P, or z € F,. This gives xy € P or z € P, as
needed. O

Let M be an R-module. The idealization Rx M = {(r,m) : v € R and m € M} of M is a commuta-
tive ring with componentwise addition and multiplication: (z,m1)+ (y,m2) = (x+y, m1+m2) and
(x,m1)(y,m2) = (zy, zme 4+ ymy) for each z,y € R and my,mg € M. Let G be an Abelian group
and M be a G-graded R-module. Then X = Rx M is a G-graded ring by X, = R;x My = Rg® M,
for all g € G. Note that, X, is an additive subgroup of X for all g € G. Also, for g,h € G,
XgXn = (Rgx Mg)(Rnx Mp) = RyRpx (RgMp+RpMg) C Rgn X (Mgr+Mpg) C Rgn X Mgn, = Xgp
as G is Abelian (see [2, 17]).

Theorem 3.23. Let G be an Abelian group, M be a G-graded R-module and P be an ideal of R.

Then, the following statements are equivalent.

(1) Px M is a graded weakly 1-absorbing prime ideal of R x M.

(i1) P is a graded weakly 1-absorbing prime ideal of R and if Xg,Yg,24; = 0 such that x4,y4, & P
and zg, ¢ P for some nonunit elements x4, ,Yg,,%2g, in h(R), where g1,g92,93 € G, then

Ty Ygo Mgy, = g, 29, My, = Yg, 29, My, = 0.

Proof. (i) = (i7) : By [17, Theorem 3.3], P is a graded ideal of R. Suppose that 0 # abc € P where
a,b,c are nonunits in h(R). Since (0,0) # (a,0)(b,0)(c,0) € P x M and (a,0), (b,0), (c,0)
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are nonunits in h(R x M), we get (a,0)(b,0) € P x M or (¢,0) € P x M. Thus, we con-
clude that ab € P or c € P, as needed. Now suppose x4, ¥g,24, = 0 such that x4, y,, & P
and z4, ¢ P for some nonunit elements xg,,Yyq,, Zg, in h(R), where g1,92,93 € G. Let
g Ygs Mg, # 0. Then there exists mgy, € Mgy, such that x4 ys,mg, # 0. This gives
(0,0) # (2g,,0)(Ygs,0)(2g5, Mgs) = (0,24,yg,mgs) € P x M for some nonunits (x4 ,0),
(Ygs,0), (2g5,Mg,) € R(R x M) and P x M is a graded weakly 1-absorbing prime ideal, we
have (24,,0)(¥g,,0) = (24,Yg,,0) € P X M or (244, mg,) € P x M. This gives x4,y,4, € P or
zg, € P, a contradiction. Hence, x4, yg, My, = 0. Similar argument shows that x4, 24, My, =

YgaZgs3 Mgl =0.

(#9) = (¢) : By [17, Theorem 3.3], P x M is a graded ideal of R x M. Assume that (0,0) #
(@g,, Mg, ) (Ygar Mgs) (295 Mgs) = (T, Ygo Zgs> T gy Ygo Mgy T T gy 295 Mgy +Yga Zgy Mg, ) € P x M for
some nonunits (x4, , Mg, ), (Ygas Mgz )s (Zg5 Mgy ) in A(R x M). Then we get x4, yg,24, € P for

some NONUNIts Zg, , Yg,, 2gs € h(R).

Case 1: Assume that zg,yg,29, = 0. If 24,y4, € P and zy, ¢ P, we have x4,y4, My, =
Ty, 2gs Mg, = Yg,29; Mg, = 0. This implies that x4, yg, Mgy + g, 2g:Mgy + Ygo2gsMg, =0
and so (zg,, Mg, ) (Ygss Mgy ) (Zg5.Mygs) = (0,0) giving a contradiction. Hence, we must
have xg,y4, € P or z4, € P. This gives (zg,,Mg,)(Ygs, Mgs) € P X M or (2g,, mg,) €
P x M.

Case 2: Now, assume that x4, yg4, 24, 7# 0. This gives x4,y4, € P or 24, € P since P is graded
weakly 1-absorbing prime ideal. Then we conclude that (x4, , mg, )(yg,, Mg,) € P X M or

(2gg>Mgy) € P x M which completes the proof. O
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ABSTRACT

Let ¥ be a variety related to the second row of the
Freudenthal-Tits Magic square in N-dimensional projective
space over an arbitrary field. We show that there exist
M < N quadrics intersecting precisely in ¥ if and only if
there exists a subspace of projective dimension N — M in the
secant variety disjoint from the Severi variety. We present
some examples of such subspaces of relatively large dimen-
sion. In particular, over the real numbers we show that the
Cartan variety (related to the exceptional group E¢(R)) is
the set-theoretic intersection of 15 quadrics.

RESUMEN

Sea ¥ una variedad relacionada a la segunda fila del
cuadrado Mégico de Freudenthal-Tits en el espacio proyec-
tivo N-dimensional sobre un cuerpo arbitrario. Mostramos
que existen M < N cuédricas intersectandose precisamente
en ¥ siy solo si existe un subespacio de dimensién proyec-
tiva N — M en la variedad secante disjunta de la variedad
de Severi. Presentamos algunos ejemplos de tales subespa-
cios de dimension relativamente grande. En particular, sobre
los nimeros reales, mostramos que la variedad de Cartan
(relacionada al grupo excepcional Es(R)) es la interseccién

conjuntista de 15 cuddricas.
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1 Introduction

It is well known that the Grassmannians of the (split) spherical buildings related to semi-simple
algebraic groups over algebraically closed fields can be described as the intersection of a number
of quadrics, see [7] for the complex case, and [3] and [10] for the more general case. In this paper,
we consider the Grassmannians (or “varieties”) related to the second row of the Freudenthal-Tits
Magic square. Over the complex numbers, these are the so-called “Severi varieties”. However,
these can be considered over any field K (not necessarily algebraically closed anymore), and these
geometries will be also called Severi varieties. A Severi variety lives in a projective space of
dimension N = 5, 8, 14 or 26 and is the set-theoretic and scheme-theoretic intersection of N + 1
quadrics, the equations of which carry a particularly elegant combinatorics, see [11]. The question
we’d like to put forward in this paper is whether we can describe the Severi varieties set-theoretically
with fewer quadrics, and ultimately try to find the minimum number of quadrics the intersection
of which is precisely the given Severi variety. Our motivation is entirely curiosity and beauty; the

latter under the form of a rather unexpected connection we found.

We will show that the N 4 1 quadrics referred to above are linearly independent from each other.
Also, every quadric containing the given Severi variety is a linear combination of these N + 1
quadrics. These two facts point, in our opinion, to the conjecture that no set of N quadrics can
intersect precisely in the Severi variety. However, the quadric Veronese surface (the case N =5
Severi variety) over fields of characteristic 2 is the set-theoretic intersection of three quadrics, see
Lemma 4.20 in [6]. Moreover, it was stated in [2], however without proof, that in the case N = 8,
the Severi variety is the set-theoretic intersection of only 6 quadrics. Hence the above conjecture

is false. In general, we will show the following equivalence:

Main Result. There exist M < N quadrics intersecting precisely in the given Severi variety <=
there exists a subspace of projective dimension N — M in the secant variety disjoint from the Severi

variety.

A more detailed and precise statement will be provided in Section 3. In fact, that statement and
its proof allow one, in principle, to describe all equivalence classes of systems of M < N quadratic
equations exactly describing a given Severi variety. As an application, we will do this explicitly
in the simplest case, N = 5. For the other cases we content ourselves with giving examples for
relatively small M. In particular we will exhibit the real Cartan variety (the Grassmanian of
type Eg,1 in 26-dimensional real projective space) as the intersection of only 15 quadrics (whereas
initially, we had 27 of them). It would require additional methods and ideas to pin down the

minimal M for each case and each field, so we consider that to be out of the scope of this paper.

About the method of our proof: Usually, the equations of the N + 1 initial quadrics are partial

derivatives of a cubic form (which has to be taken for granted). In the present paper, we start
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with the combinatorics of the equations of the quadrics and derive the cubic form from that. This
enables us to make a few geometric observations and interpretations which lead to a proof of the

Main Result.

Since the secant variety of a Severi variety always contains at least one point outside the variety,
we recover in our special case of Severi variety already the general result of Kronecker saying that
any projective variety in P¥ is a set theoretic intersection of (at most) N hypersurfaces (in our
case quadrics), see Corollary 2 in [5]. One could also ask the equivalent question for the scheme-
theoretic intersection of quadrics, but we did not consider that. It seems to us that the answer we
give in the present paper for the Segre variety is also valid in the scheme-theoretic sense, but the

minimal examples for the line Grassmannian and the Cartan variety are not.

2 Preliminaries

2.1 The varieties

The main objects in this paper are the quadric Veronese surface ¥3(K) over any field K, the
Segre variety #2.2(K) corresponding to the product of two projective planes over K, the line
Grassmannian % ¢(K) of projective 5-space over K, and the Cartan variety &s(K) associated to
the 27-dimensional module of the (split) exceptional group of Lie type Eg over the field K. These
varieties can be defined as intersections of quadrics (and we will do so in Subsection 4.1 below),
but it might be insightful to also have the classical definition, which we now present. In what
follows, K is an arbitrary field and ]P’]{(Y or PV denotes the N-dimensional projective space over K,
which we suppose to be coordinatized with homogeneous coordinates from K after an arbitrary

choice of a basis.

The quadric Veronese surface ¥;(K)—This is the image of the Veronese map v : P2 — P° :

(z,y,2) = (22,92, 2%, yz, 23, 7).

The Segre variety % »(K)—This is the image of the Segre map P2 xP? — P8 : (z,y, 2;u, v,w)

(zu, yu, zu, TV, Yu, 20, TW, YW, ZW).

We may view the set of 3 x 3 matrices over K as a 9-dimensional vector space, and the set of
symmetric 3 x 3 matrices as a 6-dimensional subspace. Then we may consider the corresponding
projective spaces of (projective) dimension 8 and 5, respectively, in the classical way by considering
the 1-spaces as the points. In this way, the Segre variety .75 2(K) corresponds exactly with the

rank 1 matrices; explicitly

U Yu  2u
K(zu, yu, zu, zv, yv, 2v, 2w, yw, zw) <> K| zv yv  2v

TW Yyw 2w
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Similarly, the quadric Veronese surface ¥#3(K) corresponds exactly with the rank 1 symmetric
matrices; explicitly
2 yr 2o
K(z?, 92, 22, yz, 2z, 2y) < K zy Y2 zy

vz yz 22

In particular, ¥(K) is a subvariety of .# o(K) obtained by intersecting with a 5-dimensional

subspace.

There exist other Segre varieties; in general ., ,,,(K) is defined as the image in P"™~! of the map
(@i, Yj)1<i<n1<j<m + (TiYj)1<i<n,1<j<m. The images of the marginal maps defined by either
fixing the x;, 1 <14 < n, or the y;, 1 < j < m, are called the generators of the variety (in case of

72 2(K) the generators are 2-dimensional projective subspaces).

The line Grassmannian % ¢(K)—Denote the set of lines of P, or equivalently, the set of 2-
spaces of Kb by (g) Then % ¢(K) is the image of the Pliicker map

KG
(KQ) = P (21,22, 26)- (Y1, Y2, - -, ¥6)) = (@35 — T3y 1<i<j<6-

Denote the coordinate of P'* corresponding to the entry z;y; — x;v; by pij, 1 <i < j < 6. By
restricting to y1 = y2 = y3 = x4 = x5 = g = 0, we see that .7 2(K) is a subvariety of % ¢(K)
obtained by intersecting with an 8-dimensional projective subspace with equation pio = pi13 =
P23 = Pas = Pas = P56 = 0.

The Cartan variety &5(K)—This variety is traditionally defined using a trilinear or cubic form,
and we postpone this to Subsection 4.1. It is an exceptional variety in the sense that it cannot be

defined, using classical notions like Pliicker or Grassmann coordinates, from a projective space.

The above varieties share the following properties, see [9]. Set N = 2+3M, with M = 1,2,4,8. Let
7 be one of the varieties %2(K), .72.2(K), % 6(K) or &(K), in PV, with M = 1,2, 4, 8, respectively.

Then there exists a unique set 5 of (M + 1)-dimensional subspaces, called host spaces, satisfying

(1) every pair of points of ¥ is contained in at least one host space;

(2) the intersection of ¥ with any host space is a non-degenerate quadric of maximal Witt index

in the host space.

Borrowing some terminology from the theory of parapolar spaces, we shall refer to the quadrics in
(2) as symps. Also, we shall call two points of the variety collinear when all points of the joining

projective line belong to the variety.

If we specialize K = C, then ¥ is sometimes called a Severi variety; these are the only complex
varieties with the property that their secant varieties are not the whole projective space, but

the secant variety of every variety of the same dimension in a lower dimensional projective space
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coincides with the ambient space. So we will also refer to these varieties over an arbitrary field as

the Severi varieties.

2.2 A generalized quadrangle

The introduction of an appropriate cubic form and explicit descriptions using coordinates will be
greatly facilitated by using the language of finite generalized quadrangles. A finite generalized
quadrangle (of order (s,t)) is an incidence system I' = (£,.%) of finitely many points (£?) and
lines (.¥), where each line is a subset of &2, such that each line contains s + 1 points, through
each point pass ¢ + 1 lines, and for each point p and each line L with p ¢ L, there exists a unique
point-line pair (¢, M) such that p € M and ¢ € L N M. We are only interested in generalized
quadrangles of order (2,¢), and then, by 1.2.2 and 1.2.3 of [8], necessarily ¢ € {1,2,4}. Moreover,
by 5.2.3 and 5.3.2 of [8], for each t € {1,2,4}, there is a unique generalized quadrangle GQ(2,t) of
order (2,t) and GQ(2,1) is contained in GQ(2,2) as a subgeometry, and GQ(2,2) is contained in
GQ(2,4) as a subgeometry.

In the rest of this paper, we denote by I' = (,.%) the generalized quadrangle GQ(2,4). An
explicit construction of T' runs as follows, see Section 6.1 of [8]. Let 42’ be the set of all 2-subsets

of the 6-set {1,2,3,4,5,6, }, and define
P =2"0U{1,2,3,4,5,6}U {1',2/,3' 4" 5 6'}.

Denote briefly the 2-subset {i,;} by ij, for all appropriate ,j. Let £’ be the set of partitions of
{1,2,3,4,5,6} into 2-subsets and define

L =2"U{{i,j'ij} | 4,5 €{1,2,3,4,5,6},i# j}.

Then I' = (£,.%) is a model of GQ(2,4). The subgeometry I'' = (27, Z”) is a model of GQ(2, 2).
Further restriction to

2" ={ij|ie{1,2,3},j € {4,5,6}},

with induced line set
L = {{14,25,36}, {15, 26,34}, {16, 24, 35}, {14, 26, 35}, {15, 24, 36}, {16, 25, 34} },

produces a model I = (", £") of GQ(2,1), which we sometimes refer to as a 3 x 3 grid.

The sets {1,2,3,4,5,6} and {1’,2/,3',4’,5',6'} have the property that they both do not contain
any pair of collinear points, and that non-collinearity is a paring between the two sets. Such a pair

of 6-sets is usually called a double siz.

Finally, we need the notion of a partial spread, which is just a set of disjoint lines. A spread is a
partial spread that partitions the point set. Every generalized quadrangle of order (2,t),t = 1,2, 4,
satisfies the following property (again, see Section 6.1 of [8]):
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(%) Fwvery pair of disjoint lines is contained in a unique generalized subquadrangle of order (2,1)

Three mutually disjoint lines of a subquadrangle of order (2,1) will be called a regulus. Property
() can be reformulated as “every pair of disjoint lines is contained in a unique regulus”. A partial
spread which is closed under taking reguli of pairs of its members is called regular. The GQ(2,4)
contains regular spreads; a maximum regular partial spread of GQ(2,2) has size 3, and obviously
the GQ(2,1) contains exactly two regular spreads. In this paper, we will fix the following regular

spread . of T', which induces maximum regular partial spreads in IV and T":
& = {{14,25,36}, {15, 26,34}, {16,24, 35}, {12,2,1'}, {23,3,2'}, {13,1,3'},
{45,4,5'},{56,5,6'}, {46,6,4'}} .

The lines {14, 25,36}, {15, 26,34}, {16,24, 35} form a maximum regular partial spread in both T"
and I'”.

3 Main result

In this paper, we prove the following connection between the minimum number of quadrics needed
to describe a Severi variety and the largest dimension of a projective subspace in the secant variety

disjoint from the variety itself.

Theorem 3.1. Let ¥ be either the quadratic Veronese surface ¥2(K), the Segre variety 2 2(K),
the line Grassmannian % ¢(K), or the Cartan variety &(K), in N-dimensional projective space
PN over K, with N = 5,8,14, 26, respectively. Then ¥ is the intersection of N — d quadrics and
no less, where d is the dimension of a maximum dimensional projective subspace of PV entirely
consisting of points lying on a secant of ¥, or in the nucleus plane if ¥ = ¥3(K) with charK = 2,
but not on ¥'. More precisely, the equivalence classes of the systems of N —d linearly independent
quadrics intersecting precisely in ¥ are in natural bijective correspondence with the d-dimensional
projective subspaces of PN entirely consisting of points lying on a secant of ¥, or in the nucleus

plane if ¥ = ¥5(K) with char K = 2, but not on V.

To fix the ideas, we provide a full proof for the variety &s(K). The other cases are completely

similar. We comment on them along the way, if differences arise.

4 Proof of Theorem 3.1

4.1 A cubic form

The Cartan variety &5(K) is the intersection of 27 well chosen degenerate quadrics. The equations

of these quadrics can be described as follows. Let K27 be the vector space underlying P26 and denote
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by (v) the point of P?¢ corresponding to the nonzero vector v € K27. Recall that I' = (£, .%)
is the generalized quadrangle of order (2,4) and . is a regular spread of I". Label the standard
basis vectors of K27 with the points of T; so the standard basis is {e, : p € £}. Each point p € &

defines a unique quadratic form @, given in coordinates by

QP(U) = X¢I1X¢I2 - E XT1XT27

{p,r1,m2}eL\S

where {p,q1,q2} € . Now define the map ¢ : K — K27 : v — (Qp(v))pew. Our basic

observation is the following identity.

Observation 4.1. For all v € K?” we have ¢(¢(v)) = C(v)v, where

Cv) = E X, X, X, — E XpX, X,

{p,g;r}es {p,q,r}e\7

Also, ¢(v) = VC(v) (the gradient in the classical sense).

Proof. The last assertion is obvious. We show the first one. We have to prove the following identity

for each point p € Z:

QuQu) — Y QumQnl) = CL)X, (41)

{p,r1,m2}€L\S

where {p,q1,q2} € ¥ and v = (X;)4e2. Since each Qq4(v), ¢ € £, has five terms of degree 2 in
the coordinates of v, the above sum has 125 terms of degree 4. Since each Q4(v) has a unique term
containing X, there are five terms containing X, and another 40 containing X,, but not X2. The

terms with Xg are easily seen to be

X2 Xg Xq, — Z X2 X, X, (4.2)

{p,r1,r2}€L\S
For each line {q¢1, s, s’} € .Z, we have the combined terms X, X,, of Qg,(v) and —X ;X of Qg, (v),
resulting in a term — X, X, XX, in the left hand side of Equation (4.1). Note that {¢1,s,s'} ¢ .&.
Similarly for the lines through g2. We conclude that the terms of @4, @4, containing X, but not

2 .
X, are given by

2
- ) XX XX (4.3)

i=1 {q;,s,8' }€L\S
Now let r € £ be collinear to p but distinct from ¢; and go. Let {r,s,s'} € £, with p ¢ {s,s'}.
First suppose that {r,s,s'} € . Let ' € & be such that {p,r,r'} € £\ . Then have the
combined terms —X, X, of @,/ (v) and X; X of Qg (v), resulting in a term —X,X, X, X, in the
left hand side of Equation (4.1). If {r,s,s'} € £\ .7, then we obtain the same term, but with
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the opposite sign. These terms, together with those of Expressions (4.2) and (4.3) already provide
the full right hand side of Equality (4.1). The remaining 125 — 5 — 40 = 80 terms in the left
hand side of Equality (4.1) should now cancel pairwise. Disregarding the signs, they are all of the
form X, X X5, Xy, where {r;,s;,s;} € £, i=1,2, with {p,r1,72} € £. These three lines are

contained in a unique grid

p 7
/
g s1 sz |, forsomegq,q €2,
/ / /
q S1 S2

where the rows and columns correspond to lines of I'. Hence in the term Q,(v)Q4 (v) also appears a
term X, X, X X, up to sign. We now have to see that the signs are opposite. If {p,r1,m2} € 7,
then both signs are +, but the terms nevertheless cancel since Qq(v)Q4 (v) appears with a minus
sign in Equality (4.1). Note that it does not make any difference whether {q, s1, s2} € . or not,
since, by the regularity property of . we have {q, s1, s2} € . if and only if {¢, s}, s5} € 7.

Now suppose {p,r1,72} € £\ . We may also assume that {p,q,q'} € £\ &, as otherwise we
are back in the previous case by interchanging the roles of {ri,m2} and {q,¢'}. If exactly one of
the other lines of the grid belongs to the spread %, then the signs are opposite. The regularity
of . implies that at most one other line belongs to .#; we now claim that every 3 x 3 grid of "
contains at least one spread line. Indeed, we count 12 grids with three spread lines and 9-12 = 108
grids with a unique spread line. In total there are 45 lines, each in 16 grids, but each also counted

6 times. Hence there are 120 3 x 3 grids in total, which shows our claim and the observation. O
Comments on the other cases.

(¢) The Grassmannian variety % ¢(K) arises from the Cartan variety above by setting X, = 0
for all points p in a double six. Indeed, the analogue of the construction above considers I"
in place of T" and a maximal regular partial spread .’ in place of . (%’ consists just of
three disjoint lines of a grid). That this works can be seen through the model of T',T” and
. given in Subsection 2.2. Since % ¢(K) is the intersection of all quadrics with equation
DijPke + PikDej + Piepjk = 0 (as follows from Theorem 3.8 in [6]), it suffices to make a choice
between each p;; and pj; in order to get the signs lined up with the above rule and the choice
of ', But this can simply be done by retaining p;; for ¢ € {1,2,3} and j € {4,5,6}, and
(i7) € {(12),(23), (31), (45), (56), (64)}, as an elementary calculation shows.

(i7) The Segre variety .5 2(K) arises from the Cartan variety by setting X, = 0 for all points
outside a regulus of spread lines. This can easily be seen through the construction in Sub-
section 2.1, denoting the point of the grid associated to the entry (i,j) in the 3 x 3 ma-
trix by ¢;; and the corresponding coordinate by z;;, we let the grid be defined by the
lines {qij, qre, @mn} with {i,k,m} = {j,¢,n} = {1,2,3}. If we choose the spread lines as
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{a11, 922, g33}, {a12, 923,931} and {q13, 32, g21}, then we see that @, is exactly the co-factor
of the entry corresponding to p in the matrix (z;;)1<; j<3. This indeed defines .# 5(K) as

can be deduced from Theorem 4.94 in [6], or from [2].

(#3¢) The quadric Veronese variety %5(K) arises from the Cartan variety by setting X, = 0 for
all points outside a regulus {L1, Lo, L3} of spread lines and X,, = X,, for collinear points
p; € L;, i = 1,2. Indeed, in the previous paragraph, choosing L3z = {q11, ¢22, ¢33}, collinear
points outside this line correspond to symmetric entries of the matrix. Here, the gradient
is not identical to ¢; the last three coordinates of the gradient are twice the last three

coordinates of ¢, hence there is special behaviour in characteristic 2.

Denoting by v.w the ordinary dot product of v and w in K27, we observe the following.

Observation 4.2. For arbitrary v,w € K?7 and t € K, we have
Cv+tw) = C(v) + top(v).w + t?v.¢p(w) + *C(w). (4.4)

Proof. Tt is clear that the coefficient of t* and 3 are C'(v) and C(w), respectively. It remains to
explain the coefficient of ¢, as the one of ¢? is obtained by switching the roles of v and w. Now,
obviously, the coefficient of ¢ is linear in w, hence if suffices to set w = e, for p € &?. Then we see
that the coefficient of ¢ in C(v+te,) is equal to %C—)gz)ep = Qp(v)e,. Now Identity (4.4) follows. O
Hence we deduce that the adjoint square v* in the sense of Aschbacher [1], is, up to reordering
the coordinates, exactly equal to ¢(v). Hence C(v) is the cubic form related to &s(K) and the
Chevalley group Eg(K) acts on P?® with three orbits, which are easily seen to be defined as

(i) the points of the variety &5(K), namely those corresponding to the vectors v with ¢(v) = 4.

These points are the white points;

(#3) the points off the variety &5(K) corresponding to the vectors v with C(v) = 0. These points

are the grey points;

(#4¢) the points corresponding to vectors v with C'(v) # 0. These points are the black points.

We have taken the notions of white, grey and black from Aschbacher [1]. See also Cohen [4] for a

very comprehensive introduction.

Comments on the other cases. For the quadric Veronese variety ¥3(K) the group has more
than three orbits; in this case, and if char K = 2, the grey points also comprise all points of the

nucleus plane.

It now follows from (i), (#¢) and Identity (4.4) that the projective null set of the cubic form C' is

exactly the secant variety of &5(K).
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Observation 4.3. Let v be a nonzero vector of K27.

(1) The point (v) is a white point if and only if ¢p(v) = &;
(1) the point (v) is grey if and only if $(v) # & and the point (p(v)) is white;

(#i1) the point (v) is black if and only if (p(v)) is a black point.

Proof. (i) This follows immediately from the definition of white points above.

(#4) By definition, the point (v) is grey if and only if ¢(v) # 0 and C(v) = 0. The latter is
equivalent to ¢(¢(v)) = 0, which is equivalent to ¢(v) being white by (7).

(#4¢) Suppose (v) is black. If {¢(v)) is white or grey, then C(¢(v)) = 0, implying ¢(¢(d(v))) = 0.
But the left hand side is equal to ¢(C(v)v) = C(v)?¢(v) # 0, a contradiction. Now suppose
¢(v) is black. Then ¢(¢(¢(v))) is a non-zero multiple of ¢(v), and so ¢(¢(v)) cannot be equal
to 0, implying C(v) # 0 and (v) is black. O

It follows from the previous observation that (¢(v)) is never a grey point. We record this for further

reference.

Corollary 4.4. For each v € K27, (¢(v)) is never a grey point.

We also observe that transitivity of the automorphism group of &s(K) implies the following.

Observation 4.5. Let v be a nonzero vector of K27. Then (v) is a white point if and only if there

exists a grey point (w) with ($p(w)) = (v).

Proof. If (w) is grey, then by Observation 4.3 (ii), (¢(w)) is white. Now let (v) be a white point.
Let (wg) be a grey point (for instance the point (e, + e,) with p and ¢ collinear points of I'). Then
by Observation 4.3 (ii), {(¢(wo)) is white. Let g be an automorphism of &s(K) mapping (¢(wo)) to
(v). Then (wf) is grey and ($(wg)) = (p(wn)? = (v). 0

Observation 4.6. For every white point (v), the set {(w) | 6 # ¢p(w) € (v)} is the set of grey
points of a (9-dimensional) host space of P2 (hence generated by the points of some fized symp).

Proof. Let p € & be arbitrary. Let (w) be a grey point belonging to the host space U, := (eq |
p L g€ ). Then clearly ¢(w) is a nonzero multiple of e,. By transitivity of the automorphism
group, we thus see that for every white point (v), the set {(w) | 0 # ¢(w) € (v)} is the set of grey
points of a union of host spaces of P26, Suppose that we have the union of at least two host spaces.
By transitivity, we may assume that two of these host spaces are U, and U,, with p,q € &. But
we already know that these map to (e,) and (e,), respectively, which are distinct. The assertion

now follows. O
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4.2 A lemma

Lemma 4.7. Let Q be a quadratic form whose null set contains &5(K). Then @ is a linear

combination (with constant coefficients in K) of the Q,, p € &.

Proof. Let @ be given by the polynomial

Q(v) = Z a{p,q} XpXq:
{p.g}co
with agp, o1 € K. Since all points corresponding to the standard basis vectors belong to &5(K), we
have ag,y = 0, for all p € &. Now let p,q € & be distinct but non-collinear in I'. Then one easily
checks that (e, + e;) € 65(KK). Hence the coefficient ay, ;1 of X, X, in Q(v) is also 0.

Now consider a line L € ¥ and aline M € £\ .7 with LN M = {p},pe Z. Let L = {p,q1,q2}

and M = {p,r1,72}. Then clearly the point (e4, + €4, + €r, + €r,) belongs to &s(K). This implies

that agg, .} = =0, r} = ap. Now it is clear that Q(v) = Zapr(v), proving the lemma. O
pEP

Noting that, for collinear points ¢i,q2 € &, the vector eq, + €4, belongs to the null set of each

quadratic form @, p € &, except for the unique point p with {p, ¢1,¢2} € -Z, we see that

Observation 4.8. The set {Q, : p € P} is a linearly independent set of quadratic forms and no

proper subset of it intersects precisely in &5(K).

Comments on the other cases. Care has to be taken for the case #3(K), not only since the
automorphism group can have more than three orbits on the points (and on the hyperplanes) of
the surrounding projective space, but also since this case behaves in an exceptional way for small
fields. Let us provide some quick details. With respect to the representation given as definition in

Subsection 2.1, we have

¢($17$2,$3,$237$31,$12) =

2 2 2
(I25C3 — X93,X3T1 — T31,T1T2 — T19,T31T12 — T1T23,T12L23 — L2X31, L23X31 — 5635612),

and

2 2 2
0(561, T2,T3,T23,T31, 51712) = X1T2%3 + 2T12723%31 — T1T33 — T2T3] — T3To.

Observations 4.5 and 4.6 need an alternative proof, since the group does not act transitively on

the grey points. However, one calculates easily that
$(0,0,0,k, —£,0) = (=k* —¢*,0,0,0, —kl) = —v(k, £,0)

and

#(1,1,a* + b*, —b, —a,0) = (a*,b*1,b,a,ab) = v(a,b, 1),
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which covers all points of #2(K). This shows the nontrivial direction of Observation 4.5. Obser-
vation 4.6 follows from a similar calculation and is left to the reader. Lemma 4.7 only holds for
fields with at least four elements. To prove this, one just expresses that a generic point v(z,y, z)
satisfies a quadratic equation, and one argues that, if the field has at least 4 elements, then the
corresponding quadratic form is a linear combination of the X; X; — ij, ij € {12,23,31}, and the
XXk — X Xij, 17k € {123,231, 312}. For |K| < 3, all points of ¥5(K) satisfy X7 X235 — X2X023 =0
since x = 23 for all z € K, and this is not a linear combination of the basic quadratic equations.

Finally, Observation 4.8 is false, see Subsection 5.2 below.

4.3 Reducing the number of quadrics—End of the proof

Lemma 4.7 and Observation 4.8 indicate that we need all 27 quadratic forms to describe &5(K) as
the intersection of quadrics. However, making suitable linear combinations, we can actually reduce
the number of quadrics. To do this, let U be a subspace of K27 such that all its non-zero vectors
correspond to grey points, and we use the same notation U for the corresponding subspace of P26,
Let {H; : i € I} be a minimal set of hyperplanes of K2” whose intersection is exactly U (then

|[I| + dim U = 27, where dim U is the vector dimension of U). For each
H; < Zal(f)Xp =0, i€l
peEP
define the quadratic form @; given by
Qi(w) =Y _allQy(v).
peEP
Note that for a vector v € K27 we have Q;(v) = 0 if and only if ¢(v) € H;.
Clearly, the null set of each @; contains the vectors corresponding to &5(K). Conversely, suppose

some nonzero vector v belongs to the null set of each Q;, i € I. Then, by construction, (¢(v)) € U.

If ¢(v) # 0, this would mean that (¢(v)) is a grey point, contradicting Corollary 4.4.

Conversely, suppose &5(K) is the intersection of the null sets of a number of quadratic forms Q;,

i € I. By Lemma 4.7, each quadratic form @); is a linear combination of the @, p € &2, say
Qi(v) = Zag)Qp(v), ag) e K.
pEP
For i € I, let the hyperplane H; be given by the equation
Hi Y al)X, =0.
peEP

Suppose there is a white or black point (v) contained in each hyperplane H;, ¢ € I. Then Lemma 4.5
and the definition of C(v) implies that there exists w € K27 with ¢(w) = v and with (w) grey or
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black. It follows that w is in the null set of each @, i € I, contradicting the fact that (w) is not

white. This actually shows the last claim of Theorem 3.1, and the first claim also follows.

Hence the minimum number of quadrics completely describing &5(K) as their intersection is equal
to 27 — d’, where d' = d + 1 is the dimension of a maximum dimensional subspace containing no

vectors corresponding to white or black points.

5 Examples and applications

In this section, we determine the exact value of d for some specific cases. Our results will show
that d strongly depends on the field K and therefore the determination of d for every field K is
beyond the scope of this paper.

We begin with some general observations.

5.1 General observations

To ease notation, we will identify the projective version of ¢ with ¢, i.e., we will write (¢(v))
as ¢((v)). This projective version is then not defined on the points of &5(K), and it induces an

involutive bijection from the set of black points onto itself.

In this section, let U be a subspace of P26 entirely consisting of grey points; we will briefly call this
a grey subspace. Then ¢(U) corresponds to a set of points of &3(K). We prove some properties of
o(U).

Lemma 5.1. Let p,q € U, p # q. Denote the line joining p and q by L, and note that L C U.
Then

(i) If ¢(p) = ¢(q), then #(L) = ¢(p);

(13) if &(p) and ¢(q) are collinear on &(K), then ¢ is bijective on L and ¢(L) is a conic on &5(K)

which is contained in a singular plane of &(K);

(i31) if ¢(p) and ¢(q) are not collinear on &(K), then ¢ is bijective on L and ¢(L) is a conic on

&6(K) which is not contained in a singular plane of &3(K).

Proof. Define the cross product v X w as the linearization of ¢, i.e., v x w = d(v+w) — d(v) — p(w).
Denote the projective version also by X, i.e., (v) x {(w) = (v x w). Then one calculates that, for

all \, p € K,

(A0 + ) = N(0) + Mi(v x w) + 129(w). (5.1)
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If v x w is linearly dependent on ¢(v) and ¢(w), then also ¢(v + w) is a linear combination of
¢(v) and ¢(w). Suppose first that ¢(v) and ¢(w) are not collinear on &(K). Then, since the only
points of &5(K) on the line (v, w) are (v) and (w), and since {¢(v + w)) is by assumption a point
of &s(K), we deduce without loss of generality ¢({(v + w)) = ¢((v)). Hence (v) and (v + w) are
contained in the same host space, implying (w) is also, and we are in Situation (¢), a contradiction.

Hence Equation (5.1) defines a conic.

Now suppose that ¢(v) and ¢(w) are collinear on &5(K). Let £ and ¢ be the symplecta the host
spaces of which contain (v) and (w), respectively. Let U = £N(. Select maximal singular subspaces
V C ¢ and W C ( disjoint from U. Then simple dimension arguments show that every point of V'
is collinear to a unique point of W. Moreover (V, W) N &(K) is a Segre variety . isomorphic to
71.4(K), and every 4-dimensional generator of that Segre variety is contained in a unique symp
also containing U. This follows from the similar but easy to check fact for . 2(K) and the fact
that %% 2(K) is amply contained in &(K) (by [11]). Now v = v1 + ve, with (v1) € U and vy € V,
and w = wy +ws, with (w1) € U and (we) € W. Notice that px ¢ = ¢(p+q) for points p, g € &(K).
If (v2) and (we) are not contained in the same 1-dimensional generator of ., then (v 4 w2) is not
contained in . and hence ¢(vy + w2) is not contained in a symplecton through U (as each host

space through U intersects (¥} in a 4-dimensional generator of .#). Consequently in that case,
VX W =01 X Wwe + vy X wy +v2 X wy = P(v1 + wa) + P(va + w1) + ¢(va + wa)

is linearly independent from ¢(v) and ¢(w) (since ¢(ve + wy) is a (possibly trivial) multiple of
o((v)) and ¢(v; + we) a multiple of ¢p(w)). So in this case, (i) holds.

So we may assume that (ve) and (ws) are collinear on &5(K), i.e., va X we = &. It then follows that
there exists a unique point p on the line through (v1) and (w1) collinear with both (vs) and (ws) (if
some point ¢ on that line were collinear to (v2) but not to {(ws), then ¢ would be determined by (ws)
and ¢ and would contain (vg)). Hence there exists £ € K* with vy x (v1 +4w1) = 0 = wa X (v1 +Lwy).

Then, using the bilinearity of the cross-product, we calculate
VX W =0 X Wy +vy X wy = —bw; X wy — £ vy X vg = —Lp(w) — £ (v).
Hence, substituting this in Equation (5.1), we obtain
P + pw) = (N = L7 M\ d(v) + (1 — Lap)p(w). (5.2)

which becomes ¢ for = ¢\, a contradiction.

The lemma now follows. O

We call lines of type (i) short, lines of type (i) flat and lines of type (iii) conical. We now have

the following result.
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Proposition 5.2. Set d = dim(U), where we use projective dimensions.

(1) If all lines of U are short, then ¢p(U) is a point.

(2) If only all lines in a hyperplane of U are short, then either all other lines are flat, or all other
lines are conical. In both cases ¢(U) is a quadric of Witt index 1 spanning a (d+1)-dimensional
space in P25, which is singular in the flat case, and in the conical case the quadric is contained

n a symp as a subquadric.

(3) In all cases ¢(U) is the quotient (or projection) of a Veronese variety ¥4(K), where the image of
a conic is either a conic, or a single point. If U does not contain short lines, then dim{(¢(U)) >

d.

(4) If U contains two disjoint planes containing only short lines, then every line intersecting both

planes is conical.
For %, ¢(K), the last statement becomes:

(4") If U contains two disjoint short lines, then every line intersecting both lines is conical.

Proof. We start with noting that (1) is obvious: all points of U are contained in the same host

space.

Let eg,...,eq be a (vector) basis of U. Then, using the definition of the cross product and the

bilinearity of it, we calculate that ¢(U) is the image of the map

YD »—)Zz\ngez—l—ZZ/\/\ (e; X €;), (5.3)

i=0 j=i+1
which is a Veronese variety ¥4(K) if all ¢(e;) and e; x e; are linearly independent. But if not, then
this is just an obvious quotient of ¥4(K). If ¢(U) does not contain short lines, then no point of the
subspace from which one projects lies on a tangent, and since tangents at one point fill the whole

tangent space, the latter are isomorphically projected. Hence (3).

To show (2), we may assume that all lines of the subspace H := (eq, ..., eq) are short. Hence there
exist constants ki, . .., kq—1 such that ¢(e;) = kid(eq), ks € K, i =1,...,d—1. Then ¢(e; +¢;) isa
multiple of ¢(eq), 7,5 € {1,...,d}, i # j, and so we may write e; X e; = {;;6(eq), i, € {1,...,d},
i < j, for some ¢ € K. The mapping (5.3) becomes

d
Aoy -5 Ad) — A2o(eq) Zk A2 4 Z Z Cighidi | dlea) + ) Modileo x ei).  (5.4)

1=1 j=i+1 =1

If ¢(eo), d(eq) and all eg X e;, ¢ = 1,...,d, are linearly independent from each other, then, with
respect to that basis, and denoting the coordinate corresponding to eg x e; by X;, the one corre-

sponding to ¢(eg) by X and the one corresponding to ¢(eq) by X441, it is an elementary exercise to
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calculate that a point is in the image of the map (5.4) if and only if its coordinates (Xo, ..., X4+1)

satisty

d -1 d
XoXaqp1 = ZkzXf + Z Z 0 X X (5.5)
i=1 i=1 j=i+1

Note that the right hand side of Equation (5.5) is an anisotropic quadratic form; indeed, suppose
there exist z; € K, i = 1,...,d, such that Zle kix? + Zf;ll Z?:H_l lijx;x; = 0. Then setting
Ao = 0 and \; = x;, we see that the right hand side of the map in (5.4) becomes 0, a contradiction,

as this would yield a white point in U.

Hence Equation (5.5) defines a quadric @ of Witt index 1. If ¢(ep), ¢(eq) and all egxe;, i = 1,...,d,
are not linearly independent from each other, then ¢(S) is a projection of . However, considering a
point p in (@) in the subspace from which we project, we can select a plane « through p containing
two points of ¢(U), and then « contains a conic, which is either not projected bijectively, or
projected into a line, both of which are contradictions to Lemma 5.1. Hence ¢(U) spans a space

of dimension d + 1.

If some line L of U is flat, then, for each point p € L\ H, ¢(p) and ¢(L N H) are collinear on &5(K).
But ¢(LN H) = ¢(H) = ¢(q), for each ¢ € H. Hence all lines of U intersecting L in some point
not in H are flat. Replacing L with each such a line, we obtain that all lines of U not contained

in H are flat.

This completes the proof of (2). We now address (4). Suppose that « and 8 are two disjoint planes
all of whose lines are short, and suppose for a contradiction that there is a flat line L intersecting
a and § in some point (v) and (w), respectively. Then ¢(a) = ¢((v)) and ¢(8) = ¢({w)) are
collinear on &(K). We now use the same notation as in the proof of Lemma 5.1 (ii). So £ and
¢ are the symplecta with o C (¢) and 8 C (¢), and U = €N {. Also, V and W are maximal
singular subspaces of ¢ and (, respectively, disjoint from U. Let as and S2 be the projection of «
and (3, respectively, from U onto V and W, respectively. Since (V, W) N &s(K) is a Segre variety, a
dimension argument implies that some point (vs) of as is collinear on &5(K) with some point (ws)
of 8. But, as one can read in the last part of the proof of Lemma 5.1, this leads to a contradiction.

a

Corollary 5.3. With the above notation, if U intersects the space spanned by a symp £ in a
subspace of dimension 1, 2 or 4 in the cases ¥ = S 2(K), % 6(K) or &(K), respectively, then
either U is contained in (§), or ¥ = % ¢(K) and all lines of U that intersect (§) are flat.

Proof. Set d = dimU. Without loss of generality, we may assume that U N (£) is a hyperplane of
U. Then Proposition 5.2 implies that ¢(U) is contained in a subspace W of P%¢=% of dimension
d+1 = 3,4,6 for the respective cases. So W can only be a singular subspace of ¥ if ¥ = % 4(K).

If W is not singular, then ¢(U) is quadric of Witt index 1 arising as the intersection of a symp
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with a subspace of dimension 3, 4 and 6, respectively. But such subspaces always have lines in
common with the symp, since they intersect each maximal singular subspace of the symp in a line,

by an obvious dimension argument, a contradiction. O

Now we consider the separate varieties in turn. Notice first that, since ¥2(K) C %% 2(K) C
%.6(K) C &5(K), each example for a certain variety carries over to the next variety, as ordered in

the inclusions just given.

5.2 The quadric Veronesean 7;(K)

Recall that #5(K) is given by the image of the Veronese map
P2 = P5: (2,9, 2) — (22,42, 2%, yz, 22, 2y).

The line given by the points (0,0, 0, k, £,0) entirely consists of grey points, hence in general, 6 —
2 = 4 quadrics suffice to describe #3(K). After a little calculation, ordering the coordinates like
(X1, X2, X3, Xa3, X31, X12), these turn out to be X1 Xy = X%, X3X; = X2, XoX3 = X2,, and
any one of X1 Xo3 = X31X19, XoX31 = X12Xo3 or X3X12 = Xo3X31. In characteristic 2, the
whole nucleus plane consists of grey points and hence the first three equations suffice (see also
Lemma 4.20 in Hirschfeld & Thas [6]). This somehow reflects the property of the gradient being

identically zero in the last three coordinates.

We now determine all grey planes, showing in particular that in characteristic not equal to 2 there
do not exist such planes, and in characteristic 2 only the nucleus plane is a grey plane, except if
the underling field is Fo. We are grateful to J. Thas for hinting the use of conic bundles in the

below argument (our original proof consisted merely of boring calculations).

So suppose 7 is a grey plane containing at least one point p contained in a secant L. Obviously there
are no flat lines. Then Corollary 5.3 implies that 7 only contains conical lines. Proposition 5.2(3)
now implies that ¢ is bijective from 7 onto ¥53(K). Hence the map p mapping each point p € 7
to the unique conic C' on ¥ (K) with p € (C) is a bijection. Let L N #(K) = {z,y}. Consider
the bundle % of conics of P? defined by intersecting #3(K) with all hyperplanes containing the
solid (m, L). By the bijectivity of p, each conic D on ¥2(K) containing x generates, together with
7 and L, a hyperplane Hp. Hence Hp N #3(K) is a degenerate conic in P2, which also contains
y. Soif y ¢ D, then Hp N ¥ (K) contains a conic of ¥53(K) through y. It follows that 2 consists
solely of degenerate conics. But an arbitrary pair of members of % not containing the line of P2
corresponding to the conic of #3(K) containing x and y generates a bundle containing exactly three
degenerate members. Hence |K| = 2. In this case one can easily check that = is the unique plane
in a solid spanned by the complement in #3(FF3) of a conic (a conic corresponding to a line of ]P’]%2).

Hence there are seven such planes. Each such plane intersects the nucleus plane in a unique point,



324 H. V. Maldeghem & M. Victoor

namely the unique point of the solid not lying in a plane spanned by any three of the four points

of #(FF3) it contains.

5.3 The Segre variety ./ »(K)

This is the only case with a uniform answer for arbitrary fields. Indeed, we will show that there

always exists a grey plane 7, and never a grey solid.

First, if we represent . 2(K) as the 3 x 3 rank 1 matrices, up to a scalar, then we can define 7 as
the plane containing all skew-symmetric matrices (with 0 on every diagonal entry). It is easy to see
that a skew-symmetric matrix, which always has determinant 0, has rank 1 if and only if it is the
O-matrix. Here every line of 7 is conical and ¢(7) is a Veronesean isomorphic to #2(K) embedded
in %% 2(K). It follows that the following system of equations in the unknowns Xy, . .., Xoo defines
S 2(K):

X11 X902 = X12X01

XooX22 = Xo2X20

XooX11 = X01X10

X10Xo2 + Xo1X20 = (X12 + X21)Xoo

Xo1X12 + X10X21 = (Xo2 + X20) X131

X02Xo1 + X20X12 = (Xo1 + X10) X22

In characteristic 2, the plane 7 is the nucleus plane of the Veronese surface contained in .7 (K)

obtained by restricting .%5 2(K) to the symmetric (rank 1) 3 x 3 matrices.

Now suppose there exists a grey solid S. If S contains a short line, then considering any plane
in S containing that short line, Corollary 5.3 leads to a contradiction. If S contains only conical
lines, then let Ly and Lo be two non-intersecting lines of S. Let &; be the symp containing ¢(L;),
i = 1,2. Clearly & # & as otherwise every point of ¢(L;) is collinear to two points of ¢(Lz),
yielding flat lines. Hence & and & intersect nontrivially and since ¢(L1) is an ovoid of &, some
point 21 € ¢(L1) is collinear to a point of the intersection & N &;. Then x4 is collinear to a line of
&2, and since ¢(L2) is an ovoid of &2, 27 is collinear to some point x2 € ¢(Ls), a contradiction (as
(x1,x2) is then the image under ¢ of a flat line of S). Hence there is at least one flat line L C S. Let
7 be the plane spanned by ¢(L). If ¢(S) C 7, then S only contains flat lines. By Lemma 5.2 (3) the
dimension of 7 is at least 3, a contradiction. Hence there is some point p € S with ¢(p) ¢ 7. Since
there is a unique point in 7 collinear to ¢(p), we can pick two points z1,x2 € L such that ¢(x;) is
not collinear to ¢(p), i = 1,2. Let & be the symp determined by ¢(z;) and ¢(p), i = 1,2. Then
&1 N & is obviously equal to the line through ¢(p) intersecting 7. The argument above shows that
for each point ¢; on the line (z1, p), the point ¢(g1) is collinear in . 2(K) to a unique point ¢(gz),
with ga € (xa,p). But clearly ¢({q1,¢2)) is contained in a plane disjoint from m, contradicting the

fact that (p, L) is a projective plane in S. So we ruled out all possibilities for S to exist.
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24, 22)

Nevertheless one can sometimes find other grey planes. For instance, if P? admits a linear
collineation without fixed points, then one can find such a plane in the span of two disjoint singular
planes of .%% 2(K). Such a plane only has flat lines. As an example suppose K is a field admitting
a cubic extension L; let the corresponding cubic polynomial be given by x® — T2? + Qx — N, with

T,Q,N € K. The plane containing the points

m Ek—Qm —/{
{—Tm Nm k Jk,lom e K,
0 0 0

is grey, as one can calculate (in the calculations one might need the fact that also the polynomial
23 4+ Q22 + TNz + N? is irreducible; its roots in the cubic extension IL are the opposites of the

pairwise products of the roots of the original polynomial). Applying ¢ we obtain that the mapping

0 0 0
(k,l,m) — 0 0 0 :
k2 + Ném — Qkm 2 —Tlm+km (N —QT)m? — 10+ Tkm+ Qlm

k, ¢, m € K, induces a bijection from P? onto a singular plane of .5 »(K), where each line is mapped
to a conic. In fact, these conics form the net of all conics passing through three given conjugate

points in the plane over the cubic extension L.

Remark 5.4. One might wonder how the net of conics in P2 of the last example can be a projection
of the quadric Veronese surface, as required by Proposition 5.2 (3). To see this directly, one
considers the above net of conics in P2, take its image under the Veronese map, and project the
Veronese surface from the intersection of the hyperplanes spanned by the image of three linearly

independent members of the net. This intersection is a plane consisting merely of black points.

5.4 The line Grassmannian % ¢(K)

By the previous subsection, there always exists a grey plane. But we can do better for certain
fields, in particular, if the field K admits a quadratic extension (separable or not). We will see
that in this case we can find a grey 5-dimensional subspace of P!4. But we start with a curious

example in the case that P? admits a linear collineation without fixed elements.

Example 5.5 (Dimension 3). Therefore, we consider a point p € % ¢(K) and the subspace U, C
P generated by all singular lines on p. Then dimU, = 8 and % ¢(K) N U, is a cone with vertex
p and base % 3(K) (the latter is indeed the residue at p). Consider any base space W; that is, a
7-dimensional subspace of U, not containing p. Then & = W N % (K) = 1 3(K). Take two
singular solids S1,Se of #. The mapping 0 : S1 — Sy : 1 — xo defined by (x1,22) C 7 is a

(linear) collineation from Sy to Sa. Now let ¢ be a linear collineation of Sy without fized elements.
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Then let &' = .7 5(K) be the Segre variety with as set of mazimal singular 1-dimensional subspaces
the set of lines {(p,p??)}, and select a 3-dimensional singular subspace S’ of .7 distinct from Sy
and Sy. We claim that S' N = 0. Indeed, each point in S’ is on a unique line intersecting both
Sy and Sz, and if that line would belong to .7 and intersect S; in x;, i = 1,2, then 2§ = x5 = x?“p,

implying x2 is a fized point of ¢, a contradiction.

Suppose now that two points p', ¢’ € S’ are contained in a common host space of some symplecton
€ of %6(K). Then it is easy to see that €N S; = L; is a line, i = 1,2. In the solid (L1, La) there
is a unique line L' containing p’ and intersecting L; in some point p;; then p?“p = po. Likewise,
there is a unique line M’ containing ¢’ and intersecting L; in some point q;; then qf‘p = qo. Hence
L‘f‘p = (p1,q1)% = (pa2,q2) = Lo. But the latter also coincides with LY (as Ly, Ly is contained in

a hyperbolic quadric completely contained in % ). Hence ¢ fixes La, a contradiction.

We conclude that ¢(S’) is the bijective projection of a Veronese variety ¥3(K) into a hyperbolic
quadric in some 5-dimensional projective space (that quadric corresponds to the point p; it consists
of the images under ¢ of the symplecta passing through p). This is a rather remarkable situation.
But that inclusion can abstractly be seen directly by sending a point x of So to the image of the line
(x,x%) under the Klein correspondence. We deduce that every plane of the Klein quadric contains

a unique conic of that image.

If, in the above, v has no fized points, but does admit fized lines, then we can still find S’ and
it is still a grey solid. But ¢(S") is the union of elliptic quadratic surfaces (in 3-dimensional
subspaces). An extreme situation is that the fized lines of ¢ form a spread of S’, in which case
@(S") coincides with one such elliptic quadric. It is clear that this situation arises if and only if K
admits a quadratic extension. But in this case we can extend S’ to a 5-dimensional grey subspace,

as evidenced by the next example.

Example 5.6 (Dimension 5). Let 22 — Tx + N be an irreducible quadratic polynomial over K
(with coefficients in K), defining the quadratic extension I of K. Let p1,pa,ps be three points on
a line of the quadrangle T of order (2,2), and suppose {p1,p2,ps} is a spread line. Let {p;,q;,7i}
and {p;, si,t;} be the other two lines passing through p;, i = 1,2,3. We may choose this notation
such that {q1, q2,q3} and {ri, 72,73} are the other two spread lines in T, and the other six lines of
I are {s1,q2,t3}, {s1,t2,73} and cyclic permutations of the indices. (For an explicit realization

inside the model given in Subsection 2.2, see Example 5.8.) Define the following subspace:

0 = X, i=1,2,3,
0 = XTi+X¢Ii5 i:15273a
0 = X, +NX,, +TX,, i=123.

Since we have nine linearly independent equations, this defines a 5-dimensional projective subspace
U. In order to apply ¢ we write a generic point of U with coordinates X,, = 0, i = 1,2,3, the

coordinates X4, and X, are considered as running parameters, i = 1,2,3, and the coordinates
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Xy, and Xy, linearly depend on these parameters as given above, namely X,, = —X,, and X;, =
—NX,,—TX,. We denote the coordinate vector of such a generic point by VX, X gy Xagi Xy Xag, Xeg s

or simply v in the sequel. Calculating ¢(v) we obtain a vector with p;-coordinate equal to
X2 +TXq X, + NXZ, i=1,23.

Clearly, such coordinate is 0 if and only if X, = X, = 0, showing that no point of U is white.
Calculating C(v), we simply obtain 0, showing that U is a grey space.

One now sees that the short lines in U form a regular spread; they are the point set of a projective
plane P? the lines of which are the 3-dimensional subspaces of U generated by two distinct short
lines. This is the spread representation of P2. We now claim that ¢ transforms this representation
into the corresponding Hermitian Veronesean of P?. Indeed, let § be one of the roots in L of the
polynomial x> — Tz + N, and let © — T be the corresponding Galois involution of L. Note that
a+bd=a+Tb—bd, a,b e K. Denoting the p-coordinate of p(v) by Yy, p € P, a straightforward

calculation reveals:

(Xgo + X6,0)(Xgy + Xoi0) = Yy +Y4,6,
(Xg + X6, 0)(Xgy + X5,0) = Yy,

Y,, = NYi,

Y, = Y., -TY,

and the same equation for cyclic permutations of the indices, which shows that ¢(U) is projectively

equivalent to the point set
{(X1X1, X2 Xo, X3X3, X0 X3, X3X1, X1 Xo) | X1, Xo, X3 € L},

where the first three coordinates are considered to belong to K, and the last three to K x K via the

obvious identification a + bd — (a,b). This shows our claim.

5.5 The Cartan variety &;(K)

By the previous subsections, there always exists a grey plane, and if K admits a quadratic extension,
there is always a grey 5-space. We can slightly generalise the latter, and we can also give an example
of a grey 11-dimensional space if K is the centre of a quaternion division algebra, or charK = 2
and K admits a degree 4 inseparable field extension. Also, we will show that there always exists a

grey 4-space, whatever the field.

Example 5.7 (Dimensions 4 and 5). LetT" = (£',.%") be a subquadrangle of T' = (£,.Z) of order
(2,2). Let W be the 12-dimensional vector subspace of K*7 generated by the e, not belonging to I".
The points outside &' form a double six {p1,...,p6,q1,---,q6}, where {p1,...,p6} and {q1,...,q6}
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are cocliques and p; is collinear to g; if and only if i # j, for alli,j € {1,...,6}. Let w € W have
coordinates (xp)pc (with x, = 0 if p € P'). Then ¢(w) = 0 if and only if xp, x4, = Fxp,24,,
for alli,5 € {1,...,6} with i # j, and where each sign depends on the position of the spread ..
However, changing the sign of the coordinates related to the points of one single six collinear to
the points of one single three with respect to the grid in I” defined by intersecting £’ with 7,
we see that all signs become positive. This means that, denoting the projective subspace defined
by W also by W, the intersection W N &s(K) is a Segre variety 1 5(K). As before, given a fized
point free linear collineation of P°, one can select a 5-dimensional subspace U of W disjoint from
&6(K), which is automatically a grey subspace. If K admits a separable quadratic extension, then
we may choose W such that it contains a regular spread of short lines, and ¢(U) is a Hermitian
Veronesean variety on 63(K), as in Example 5.6. However, note that in the inseparable case, the
corresponding spread is elementwise fived only by the identity. We hence conjecture that also in
the separable case, the current 5-space is not projectively equivalent to the one of Erample 5.6
(meaning the current subspace U is not contained in the space spanned by any subvariety of &s(K)

isomorphic to % ¢(K)).

Now let K be arbitrary and let M be a 6 x 6 upper triangular matriz with entries in K, with 1s on
the diagonal and such that M — I (with I the identity matriz) has rank 5. Then the corresponding
linear collineation 0 of P° has a unique fized point. Let U’ be a 5-space in W constructed as above
from 0; then U’ N &5(K) is a point p corresponding to the unique fized point of 6. Hence any

hyperplane of U' not containing p is a grey 4-space.

Example 5.8 (Dimension 11). Let 2% — Tx129 + Na3 — €x3 + (Tx3zy — (N3 be the norm form
of a quaternion division algebra H over K, with ¢,T,N € K, or with T = 0 and charK = 2, and

then we assume it is just an inseparable field extension of degree 4.

It is convenient to work with the explicit description of I' and . given in Subsection 2.2. The

current example will extend FExample 5.6 with

(p1,p2,p3) = (25,14,36),
(¢1,q2,93) = (34,26,15),
(r1,72,73) = (16,35,24),
(s1,82,83) = (46,56,45),
(t1,ta,t3) = (13,23,12).

The subspace U we want to define can be described by a system of fifteen equations, nine of which are
given in Example 5.6 (using the above identification). The other six read (denoting the coordinate

corresponding to the point i by X, and the one corresponding to i’ by X[, i=1,...,6):

0 = Xz/ _gXﬁ (17.7) = (275)7 (174)7 (376)7
0 = Xll - ENXJ - éTXZv (Za.]) = (572)3 (47 1)a (673)
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In completely the same way as in Example 5.6, one checks that U is a grey 11-dimensional subspace,

and that its image under ¢ is the corresponding quaternion Veronesean of P%.

As a corollary of the last example, we obtain that every quaternion Veronese variety of the plane
P%, with H a quaternion division algebra over the field K, or a degree 4 inseparable field extension

in characteristic 2, is a projection of the Veronese variety #11(K).

Over the real numbers, we can choose —¢ = N =1 and T = 0. It follows that in this case &5(R)
has a particularly nice description as the intersection of fifteen quadrics, whose forms can be given
as follows. Choose a fixed spread line L of .. Three of the forms are (), with p € L. The other
twelve forms are all of shape Q, + Qp, where {a,b,p} € Z is a line of T with p € L.

5.6 Conclusion

We conclude by noting that we gave a full answer for the minimality of the number of quadrics
describing a Severi variety in the cases of #3(K) and .%5 2(K). For the two other case, we were only
able to give some examples (yielding bounds) over fields with certain properties. Since we think

that some of the dimensions we obtained are pretty high, we conjecture that

(C1) If K admits a quadratic extension, then the maximum projective dimension of a grey subspace

for 4 ¢(K) is 5.

(C2) If K admits a quaternion division algebra, or a degree 4 inseparable field extension in char-

acteristic 2, then the maximum projective dimension of a grey subspace for &5(K) is 11.

Remark 5.9. We note that the minimum number of quadrics found in the present paper for
a certain variety, is exactly equal to the dimension of the vector space related to the variety of
the previous case, ranking the cases in increasing dimension, and adding o trivial variety in the
beginning consisting of three spanning points in a projective plane (three 1-spaces generating a
3-dimensional vector space; this is the line-residue of the long root geometry of type Dy which is
sometimes added as zeroth column in the fourth row of the Freudenthal-Tits magic square; the
Severi varieties are the line-residues of the other varieties of the fourth column). We do not think

this is a coincidence; further research should give evidence for this.

Finally, one could wonder which quadrics one can obtain by linearly combining the 27 basic quadrics
in the case &s(K), or 9 and 15 basic quadrics in the cases %3 2(K) and % 6(K), respectively.
It is proved in a yet unpublished manuscript of A. De Schepper and M. Victoor that there are
exactly three possibilities (corresponding to the “duals” of the white, grey and black points): For
&6(K), these are non-degenerate parabolic quadrics (hence of mazximal Witt index) and degenerate

quadrics with an 8- or 16-dimensional radical (projective dimension) and hyperbolic base. Similarly,
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for % ¢(K), we have non-degenerate parabolic quadrics and degenerate quadrics with a 4- or 8-
dimensional radical and hyperbolic base; for 75 2(K), we have non-degenerate parabolic quadrics

and degenerate quadrics with a 2- or 4-dimensional radical and hyperbolic base.
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1 Introduction

The idea of relating a commutative ring to a graph was introduced by Istvan Beck [3]. He introduced
a graph, I'(R), whose vertices are the elements of R and two distinct vertices « and y are adjacent
if and only if zy = 0. In [1], Anderson and Livingston modified the definition of Beck to introduce
the zero-divisor graph, I'*(R), and investigated many of its properties. I'*(R) is the subgraph of
I'(R) induced by the set of non-zero zero-divisors of R. Cherian Thomas introduced many graph

structures for R in [10] and obtained many interesting results.

Throughout the paper, the word ‘ring’ shall mean a commutative ring with 1 # 0 which is not a
field. We denote the Jacobson radical of a ring R by J(R) and the set of all maximal ideals by

max R.
For the basic concepts from graph theory refer [4, 9]; for commutative ring theory, see [2].
We give two ideal based graphs, I'1 (R) and I's(R), introduced in [10].

The graph I';(R) has all ideals of R as vertices and two distinct vertices a and b are adjacent if

and only if ab = 0.

The graph I';(R) has the same vertex set as that of I'1(R) and two distinct vertices a and b are
adjacent if and only if a + b = R.

In [5], the authors have studied the subgraph I'f(R) of I'; (R) induced by all the non-zero proper
ideals of R.

We state the following result:

Theorem 1.1 ([5]). Let R be an Artin ring. I'i (R) is complete if and only if one of the following
holds:

(i) R = Fy ® Fy where F1 and F» are fields.

(i1) R is local with mazimal ideal m having index of nilpotency 2.

(iii) R is local with principal mazimal ideal m having index of nilpotency 3.

In [8], S. C. Mathew has introduced and studied some basic properties of I'5(R) which is the
subgraph of I'y(R) induced by the set of all non-zero proper ideals of R. In this paper we include
those results, for the sake of completeness. We compare the graphs I'; (R) and I'5(R) and find the
clique number and domination number of T'5(R). Also we investigate the properties of rings for

which ' (R) is split.
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2 The graph I';(R) and its properties

In this section we define the graph I';(R) and investigate some properties of the graph.

Definition 2.1. Let R be a ring. We associate a graph I';(R) to R whose vertex set is the set
of all non-zero proper ideals of R and for distinct ideals a and b, the corresponding vertices are

adjacent if and only if a + b = R.
Remark 2.2. T (R) is totally disconnected if and only if R is local.
Remark 2.3. T5(R) = K; if and only if (R, m) is local with m principal and m? = 0.

Theorem 2.4. Let R be a non-local ring. Then T'5(R) is connected if and only if J(R) = 0.

Proof. (=): Assume I'5(R) is connected. If J(R) # 0, then J(R) is an isolated vertex in I's(R).

(«<): Assume that J(R) = 0. Now, max R induces a complete subgraph in I'5(R). Let a be any
proper non-zero non maximal ideal. Since J(R) = 0, there exists a maximal ideal m such

that a ¢ m. Thus a is adjacent to m and hence I';(R) is connected. O
Corollary 2.5. IfT'5(R) is connected, diamT'5(R) < 3.

Remark 2.6. a is an isolated vertex of I';(R) if and only if a C J(R).

Next result follows from the proof of Theorem 2.4 and Remark 2.6.

Theorem 2.7. T5(R) is connected except for isolated vertices. That is, T'5(R) has at most one

component different from K.

Theorem 2.8. T'5(R) = Ky if and only if R is a direct sum of two fields.

Proof. (=): Let R = Fy @ F» where F} and F; are fields. Then the ideals of R are F; &0, 06 Fs,
0®0 and F1 D FQ. Then, F;(R) = KQ.

(«<): Suppose I'5(R) = Ks. Then R is non-local. Also, R cannot have more than two maximal
ideals. Therefore R has exactly two maximal ideals, say m; and my with m; Nmy = 0. This

R R
implies R &~ — @ —, a direct sum of two fields. O
my mo

Theorem 2.9. The only triangle free connected graphs that can be realized as T'5(R) are K
and K.

Proof. Let G be a triangle free connected graph. Since G is triangle free R can have at most two

maximal ideals. Also since G is connected the result follows. O

Theorem 2.10. I'5(R) is complete if and only if either R is a direct sum of two fields or R is

local with principal mazimal ideal having index of nilpotency 2.
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Proof. (=): If I'5(R) is complete, R can have at most two maximal ideals. For, assume R has 3
maximal ideals say, my, my and m3. Then myms = 0; otherwise mymsy is a vertex of T'5(R) and
will not be adjacent to m; and mg. For the same reason, myms = 0. Then my(mg +m3) = 0.
This implies m; = 0 which is not possible. Now assume that R has exactly 2 maximal ideals
say, m; and my. Then J(R) = myme = {0}. Thus R is a direct sum of 2 fields. Now, if R
is local with maximal ideal m, since I'5(R) is complete, m must be principal with index of

nilpotency 2.

(«<): If R is a direct sum of two fields, I'5(R) & K> and if R is local with principal maximal ideal
having index of nilpotency 2, I's(R) = Kj. O

The following corollary is immediate.

Corollary 2.11. The only complete graphs that can be realized as T5(R) are K1 and K.

3 Comparison between I'j(R) and I5(R)

Theorem 3.1. Assume diamT'5(R) = 2. Then any two vertices in T'5(R) which are not adjacent

are also not adjacent in T3 (R). That is, T (R) is a subgraph of T5(R).

Proof. Let diamT'5(R) = 2. Suppose a and b are not adjacent in I'5(R). Then, there exists a
maximal ideal m such that a + m = R = b + m. Therefore, (a + m)(b + m) = R. That is,
ab+am + bm +m? = R.

But, ab + am + bm + m? C ab + m. Therefore, ab 4+ m = R. This implies, in particular, ab # 0.
Thus, a and b are not adjacent in I'f (R). O

Remark 3.2. Suppose a and b are adjacent in I'5(R). Then, a + b = R. This implies ab =anNb.
Hence a is adjacent to b in T'j(R) if and only if aN'b = 0. This must hold for every pair of

comaximal ideals a and b.
Theorem 3.3. Let R be a non-local ring. Then, I'5(R) is a subgraph of T5(R) if and only if R is

a direct sum of two fields; and hence T5(R) = T'5(R) only when R is a direct sum of two fields.

Proof. (=): T5(R) is a subgraph of I'{ (R) if and only if for any pair of comaximal ideals a and b
of R, ab = 0. So, if T'5(R) is a subgraph of I'; (R), in particular, m;ms = 0 where m; and my

are two maximal ideals of R. Hence, R = m% &) m%.
(«): If R is a direct sum of two fields, T'j(R) =T'5(R) = Ka. O

Theorem 3.4. If R is a finite direct sum of fields, T'1(R) 2 T'5(R).
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Proof. Let R = Fy @& F> @ --- @ F,, where F;’s are fields. Thus, an ideal a of R is of the form,

aPasP---Pa, where, a; =0 or F;.

Define ¢ : V(I'f(R)) = V(I'5(R)) by p(a1 ®as @ --- P a,) =b1 &by P --- P b, where

Fi if a; = (0)
0, ifa;=F,.

Clearly, ¢ is a bijection.

Suppose a and b are adjacent in T'f (R). Thus b must contain 0 at the positions in which a contains
F;’s. Therefore, ¢(b) contains F;’s at the positions where ¢(a) contains 0. Then, ¢(a) is adjacent
to (b).

Similarly, if ¢(a) and ¢(b) are adjacent in I'5(R) then, a and b are adjacent in I'f(R). Thus, ¢ is
a graph isomorphism. That is, T'j(R) 2 T'5(R). O

Remark 3.5. In the context of Theorem 3.4, we can explicitly determine T'i(R) and T3(R) by
identifying the vertex set with the power set P(X)\ {X,@} where X = {1,2,...,n} and A C X
with @,c 4 Fi. Then A and B are adjacent in T'7(R) if and only if ANB = @ and A and B are
adjacent in I'5(R) if and only if AUB = X.

Theorem 3.6. I';(R) and I'5(R) are edge disjoint if and only if R has no non-trivial idempotents.

Proof. (=): Suppose that R contains a non-trivial idempotent e. Then, R = Re ® R(1 —e). This
implies, Re + R(1 —e) = R and ReN R(1 —e) = ReR(1 — e) = 0. That is, T'f(R) and T'5(R)

are not edge disjoint.

(«<):  Assume that I';(R) and I';(R) are not edge disjoint and then there exist two ideals a and b
such that a+b = R and anb = ab = 0. Then, R = a®b and hence, a = Re and b = R(1 —e¢)
for some idempotent e. Since a and b are non-zero proper ideals, e must be non-trivial. [

Theorem 3.7. Let R be a non-local ring. If T'5(R) =T'5(R), R is not semi-local.

Proof. Assume that R is semi-local with maximal ideals my, ms,...,m,. Then, there are the

following possibilities.

Case (I): T'5(R) is connected.

This assumption implies mymg - - - m,, = 0, by Theorem 2.4. Therefore, (my - --m,_1), m,, are

adjacent in I'f (R) as well as in I'5(R), which means I'; (R) # I's(R).

Case (II): T'5(R) is disconnected.

This implies mymy - - -m,, = J(R) # 0. We subdivide this case into two.
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Case (II)(a): J(R) is nilpotent.
Then there exist least positive integers ki, ks, . . ., k, such that m]flmgz oombr = 0 with

at least one k; > 1 for 1 < j <, say k, > 1.

If k, > 2, we have (m;---m,) +m, # R and (my---my)m, # 0. That is, Tj(R) #
T3 (R).

Now cousider the case when k,, = 2. If k; > 1 for some i # n, (my---m,)+m, # R and
(my---mp)m, #0. If ki = 1Vi #n, (my---my_ymyyq---m2) +m; = R where [ # n.

But, (mq---my_ymy4q---m2)m; = 0. So, I'1(R) # I3(R).
Case (II)(b): J(R) is not nilpotent.
In this case we have (my---m,) +my; # R and (my ---m,)my # 0.

Thus, if T (R) =T4(R), R cannot be semi-local. O

Theorem 3.8. Let (R,m) be an Artin local ring. Then, I'i(R) = I's(R) if and only if either m

has index of nilpotency 2 or m is principal with index of nilpotency 3.

Proof. Follows from Remark 2.2 and Theorem 1.1. O

4 Some parameters of I'}(R)

In this section we find the clique number and the domination number of I'5(R).

Theorem 4.1. c[(T5(R)) = |max R|.

Proof. Clearly max R induces a complete subgraph. Let a be any non-zero non-maximal proper
ideal of R. Then a is contained in a maximal ideal. That is, there exists a maximal ideal m such

that a is not adjacent to m. Thus, max R induces a maximal complete subgraph.

Now suppose S = {a; : i € A}, where A is an index set, induces a complete subgraph in I';(R).
Then one maximal ideal can contain at most one a; € S. That is, there exists an injective map

from S to max R. This implies, |S| < |max R|. Thus, cl(T'5(R)) = | max R)|. O

Theorem 4.2. Let R be a semi local ring with |max R| = n > 2. Then, v(I'3(R)) = |max R| +

Number of isolated vertices in T'5(R).

Proof. Let I';*(R) be the connected component of I';(R) induced by the non-isolated vertices of
I';(R). Now, by Theorem 2.7, it is enough to show that v(I's*(R)) = | max R).

Let max R = {my, mg,...,m,}. Clearly max R is a dominating set for I';*(R). Now consider,
S ={mg---m,,mmg---my,..., myms---m,_1}, which is an independent set in I';*(R). Note

that any ideal a ¢ S can be adjacent only to at most one element of S. So every dominating set
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in I'5*(R) must contain at least n elements. Thus, v(I'5*(R)) = n = |max R|. Hence the result

follows. O

Remark 4.3. If R is a semi-local ring with | max R| = 2 then, the above result is not true. For

example, if R is a direct sum of two fields, y(T'5(R)) = v(K2) = 1 but |max R| = 2.

5 Splitness

A graph (V, E) is said to be a split graph if V is the disjoint union of two sets K and S where
K induces a complete subgraph and S is an independent set. Then, we can assume either K is
a clique or S is a maximal independent set. In [6] & [7], the authors have carried out a detailed
study on splitness of some graphs associated with a ring. In this section we continue the study in

the case of T'5(R).
Lemma 5.1. Let R = Ry X Ry X R3 be a ring. If T5(R) is split, each R; must be a field.

Proof. Suppose R; is not a field. Then there exists a proper non-zero ideal I of R;. Then,
{I x Ry X R3,R1 X Ry x 0,0 X Ry X R3, Ry X 0 x 0} induces a Cy4 in T'5(R), a contradiction. O

Lemma 5.2. If F; (1 <i<3) are fields and R = Fy x Fy x F5 then I'5(R) 1s split.

Proof. V(T'5(R)) can be partitioned into K = {F} x F» x 0, F; x 0 X F5,0 x Fy x F3} and S =
{F1 x0x0,0x Fyx0,0x0x F3} where K induces a complete subgraph and S is an independent
set. O

Lemma 5.3. Let F be a field and Ry a local ring. Let R = Ry x F. Then I'5(R) is split.

Proof. Let {I; : j € J} be the collection of non-zero proper ideals of R;. Then {I; x F': j €
JYU{I; x0:j € J}is an independent set and {0 x F, Ry x 0} is a K5. This forms a partition of
V(T5(R)). Thus, I's(R) is split. O

Lemma 5.4. Suppose R has exactly n mazimal ideals m; (1 < i < n) with each m; being generated
by an idempotent e;. Then R =2 HE where each F; = R/m;, a field.

=1

Proof. Let e = []_,e;. Then e € J(R). Therefore, 1 — e is a unit (and an idempotent). So,
1—e=1=e=0. Then by the Chinese Remainder Theorem,

2

R R " R
Hi:l Re; ﬂi:l Re; 1_[1 Re;
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Theorem 5.5. Let R be a ring. T'5(R) is a split graph if and only if one of the following conditions

holds:

(i) R is local.

(ii) R= Ry x F where Ry is a local ring and F is a field.

(ii) R = Fy X Fy x F3 where F;’s are fields.

Proof. First we note that I'5(R) is split if and only if T'(R) is split. Also, if R is local, T'5(R)

is split. Sufficiency of other conditions follows from the lemmas. To prove the necessity of the

conditions, we assume that R is not local and V(I'y(R)) is the disjoint union of two sets K and S

where K induces a complete subgraph and S is an independent set. We assume that K and S are

non-empty. Also, S can contain at most one maximal ideal.

Case

Case

(I): S contains a maximal ideal, say m;.

In this case, R can have only one maximal ideal other than m;. For, if ms and mj3 are distinct
maximal ideals other than my, then my and ms are in K. Then, momz € .S, m; € S. Clearly,
my + momg = R, a contradiction. Thus, R contains only one maximal ideal other than myq,
say mg which belongs to K. Let z; € m; (i = 1,2) withx14+22 = 1. Asm3+m; =R, m3 € K
which implies m2 = my. Similarly, as Rzy +m; = R, Rry € K which implies my = Rzs.
Then, ms is a finitely generated maximal ideal which is idempotent. Hence, my is generated
by an idempotent. So, R & R; x F where F is a field and ms is isomorphic to the ideal
R; x {0}. Further, R; must be local.

(IT): S contains no maximal ideal.

In this case, R can have at most three maximal ideals, for, if my, mo, m3 and my are distinct
maximal ideals, myms and msmy are in S which leads to a contradiction. If R has only two
maximal ideals, say, m; and ma, then my,my € K. Since, m? +m; # R (i = 1,2), we have
m?, m3 € S. But m + m3 = R. So, to avoid a contradiction we have to assume m? = m; or
m% =my. That is, R = Ry X F where F' is a field and R; is a local ring. So, let us assume
R has exactly 3 maximal ideals m;, my and ms. Note that m; € K (i = 1,2,3). Then, as
m; + momg = R, there exists 1 € my such that Rx; + moms = R which implies Rz, € K
and hence, Rr; = my. Similarly arguing with m% + momsg = R, we get my = m%. Then my
is generated by an idempotent. Similarly each m; (j = 2,3) is generated by an idempotent.

Then by the Lemma 5.4, R = Fy X Fy x F3 where F; (1 <1 < 3) are fields. O
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1 Introduction

The usual metric space has been generalized and enhanced in many different directions, one of such
generalizations is a b-metric space which was first coined by Czerwik in [16] and is also known as
metric type space (Khamsi and Hussain [35] used recently the term “metric type space”)‘. Indeed,
in some papers it is considered that this concept has been introduced by Bourbaki [14] in 1974, or
that it has been introduced by Bakhtin [12] in 1989, or by Czerwik [16] in 1993 or even by Czerwik
[17] in 1998. After extensive searches in zbMATH and Mathematical Reviews, it appears that the
first fixed point theorem in a quasimetric space (b-metric spaces) has been established in 1981 by
Vulpe et al. [55], who transposed the Picard-Banach contraction mapping principle from metric
spaces to the framework of a quasimetric space. Some important information on the introduction
of a b-metric spaces can be found from the article “The early developments in fixed point theory on
b-metric spaces: a brief survey and some important related aspects” by Berinde and Pacurar [13].
Later, a series of papers have been dedicated to the improvement of fixed point results for single
valued and multi-valued operators on b-metric spaces by following various topological properties,

some of such are from [1, 3, 6, 5, 9, 20, 22, 28, 29, 30, 32, 34, 36, 39, 40, 41, 43, 53].

The concept of coupled fixed points for certain mappings in ordered spaces was first introduced by
Bhaskar et al. [23] and applied their results to study the existence and uniqueness of the solutions
for boundary valued problems. While the concept of coupled coincidence and coupled common
fixed point theorems for nonlinear contractive mappings with monotone property in complete
partially ordered metric spaces was first introduced by Lakshmikantham et al. [37]. Since then,
several authors have carried out further generalizations and improvements in various spaces (see
[10, 18, 21, 24, 44, 48]). Aghajani et al. [2] proved some coupled coincidence and coupled fixed
point results for mappings satisfying generalized (¢, ¢, #)-contractive conditions in partially ordered
complete b-metric spaces. Later, the results of [2] have been improved and generalized by Huaping
Huang et al. [27] in the same space. More works on coupled coincidence and coupled fixed point
results for generalized contraction mappings in ordered spaces can be seen from [4, 7, 8, 11, 15,
19, 25, 26, 31, 38, 42, 45, 46, 47, 49, 50, 51, 52]. Recently, some results on fixed point, coincidence
point and coupled coincidence points for the mappings satisfying generalized weak contraction
contractions in partially ordered b-metric spaces have been discussed by Belay Mituku et al. [39],

Seshagiri Rao et al. [53, 54] and Kalyani et al. [33].

The aim of this work is to provide some results on fixed point and coincidence point, coupled
coincidence point for the mappings satisfying generalized (¢, ¥)-contractive conditions in an ordered
b-metric space. Our results are the variations and the generalizations of the results of [25, 26, 31,
38, 42, 45, 52| and several comparable results in the existing literature. A few numerical examples

are illustrated to support the findings.
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2 Mathematical Preliminaries

The following definitions and results will be needed in what follows.
Definition 2.1 ([39, 53|). A mapping d: P x P — [0,+00), where P is a non-empty set is said to
be a b-metric, if it satisfies the properties given below for any v, &, u € P and for some real number
s>1,

(a) d(v,&) =0 if and only if v =¢,

(b) d(v,§) = d(§,v),

(c) d(v,§) < s(d(v, p) +d(p,§)).
Then (P, d, s) is known as a b-metric space. If (P, <) is still a partially ordered set, then (P,d, s, <)
s called a partially ordered b-metric space.

Definition 2.2 ([39, 53]). Let (P,d,s) be a b-metric space. Then

(1) a sequence {v,} is said to converge to v, if lim d(v,,v) =0 and written as lim v, =v.
n—-+oo n—-+oo

(2) {vn} is said to be a Cauchy sequence in P, if lim+ d(vp, Um) = 0.
n,m——+oo

(8) (P,d) is said to be complete, if every Cauchy sequence in it is convergent.

Definition 2.3. If the metric d is complete then (P, d,s, =) is called complete partially ordered

b-metric space.

Definition 2.4 ([39]). Let (P, =) be a partially ordered set and let £, g : P — P be two mappings.
Then

(1) g is called monotone non-decreasing, if gv = g& for all v, € P with v < &.

(2) an element v € P is called a coincidence (common fized) point of £ and g, if fv = gv (fv =
gu=").
(8) £ and g are called commuting, if fqv = gfv, for allv € P.

(4) £ and g are called compatible, if any sequence {v,} with lim fv, = lim gv, =

n—-+o0o n—-+oo

W, for u € P then liIJIrl d(g fon, fgus) = 0.
n—-+0oo

(5) a pair of self maps (£, q) is called weakly compatible, if fguv = gfv, when gv = fv for

some v € P.

(6) g is called monotone f-non-decreasing, if

fv R fE implies guv = g€, for any v, & € P.
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(7) a non empty set P is called well ordered set, if every two elements of it are comparable i.e.,

v=3€oré v, forv,&eP.

Definition 2.5 (]2, 37]). Let (P,=<) be a partially ordered set and, let 4 : P x P — P and
£ P — P be two mappings. Then

(1) % has the mized £-monotone property, if % is non-decreasing f£-monotone in its first argu-

ment and is non-increasing f£-monotone in its second argument, that is for any v,§ € P
v1,U2 € P, fur X fug implies % (v1,&) X A(ve,€) and
§1,&2 € P, f& 2 f& implies 7%(v,&1) = (v, &2).

Suppose, if £ is the identity mapping then 7% is said to have the mized monotone property.

(2) an element (v,€) € P x P is called a coupled coincidence point of % and £, if % (v,&) = fv
and % (&§,v) = f£€. Note that, if £ is the identity mapping then (v,§) is said to be a coupled
fized point of /.

(8) an element v € P is called a common fized point of % and £, if %(v,v) = fv = .
(4) 7% and £ are commutative, if for all v,€ € P, #(fv, £€) = f(hv, AE).

(5) % and £ are said to be compatible, if

lim d(/£(%(vn,&n))s 2(fvn, £En)) =0 and ngr}rloo d(£(%(Ensvn))s %(fén, fun)) =0,

n—-+oo

whenever {v,} and {&,} are any two sequences in P such that lim /%4 (v,,&,) = lim fu, =
n—-+oo n—-+o0o

vand lm A&, v,) = lim f&, =&, for anyv,£ € P.
n—-+oo n—-+oo

We know that a b-metric is not continuous and then we use frequently the following lemma in the

proof of our results for the convergence of sequences in b-metric spaces.

Lemma 2.6 ([2]). Let (P,d,s, =) be a b-metric space with s > 1 and suppose that {v,} and {&,}

are b-convergent to v and & respectively. Then we have

1 . . 2
S—2d(v,§) < lim infd(v,, &) < ngl}rloo sup d(vn, &,) < s7d(v, §).

n—-+oo

In particular, if v =&, then liIJIrl d(vn,&n) = 0. Moreover, for each 7 € P, we have
n—-+0oo

1
—d(v,7) < lim infd(v,,7) < lim supd(v,,7) < sd(v, 7).
s

n—-+o0o n—-+o0o
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3 Main Results

The following distance functions are used throughout the paper.

A self mapping ¢ defined on [0, +00) is said to be an altering distance function, if it satisfies the

following conditions:
(i) ¢ is non-decreasing and continuous function,
(iii) ¢(t) =0 if and only if ¢ = 0.

Let us denote the set of all altering distance functions on [0, +00) by ®.

Similarly, ¥ denotes the set of all functions 1 : [0, +00) — [0, +00) satisfying the following condi-

tions:

(i) v is lower semi-continuous,

(i) ¢(t) =0 if and only if ¢ = 0.

Let (P,d, s, <) be a partially ordered b-metric space with parameter s > 1 and, let ¢ : P — P be
a mapping. Set

_ d(§,g&) [1 +d(v,gv)]  d(v,gv) d(v,g§)
Mw &) = max{ T+ d0€  Trdw, g6+ d(&gv)’d(”’g)} B
and
N(v,€§) = max { (&, g?—ild—(’—viig’ 2v)] ,d(v, 5)} : (3.2)

Let ¢ € ® and ¢ € . The mapping g is a generalized (¢, ¢)-contraction mapping if it satisfies

the following condition

(b(Sd(ng gg)) < ¢(M(U7§)) - ¢(N(U7§))a (33)

for any v, & € P with v < ¢ and M, N are same as above.

Now, we prove some results for the existence of fixed point, coincidence point, coupled coincidence
point and coupled common fixed point of the mappings satisfying a generalized (¢, ¥)-contraction
condition in the context of partially ordered b-metric space. We begin with the following fixed

point theorem in this paper.

Theorem 3.1. Suppose that (P,d,s, =) is a complete partially ordered b-metric space with pa-
rameter s > 1. Let g : P — P be a generalized (¢,)-contractive mapping, and be continuous,
non-decreasing mapping with respect to <. If there exists vg € P with vy X guvg, then g has a

fixed point in P.
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Proof. For some vy € P such that gvg = vg, then we have the result. Assume that vy < guvo,
then construct a sequence {v,} C P by v,41 = gup, for n > 0. Since g is non-decreasing, then

by induction we obtain that

UO<QU0:U1j"'jvnjgvnzanrlj"'- (34)

If for some ng € N such that v,, = vpy41 then from (3.4), vy, is a fixed point of ¢ and we have
nothing to prove. Suppose that v,, # v,41, for all n > 1. Since v,, > v, _1 for all n > 1 and then

by condition (3.3), we have

(d(Vn, Vnt1)) = d(d(gvn—1,gvn)) < ¢(sd(gvn—1,gvn))

(3.5)
< (b(M(Unflv Un)) - 1/)(N(Unf1, Un))
From (3.5), we get
1
d(Un, Uny1) = d(gvn—1,gvn) < M (vn—1,0n), (3.6)
where
M (0p_1,vy) = max { d(vn, gvn) [1+ d(vn—1,gvn-1)] d(vn—1,gVn—1) d(Vn_1,gvn)
o 1+ d(vn-1,vn) "1+ d(vp_1,gvn) + d(Vn, gUn_1)’
d(Un—l ) Un)} (3 7)
d(Un—lu Un) d(Un—l ) Un-i—l) '
- d ny ¥n I 7d n—1y%n
Inax{ (Uny Upt1) T (Un—1,Un)
< maX{d(Una Un-l—l)u d(Un—l ) Un)}
If max{d(vn,Unt1),d(Un_1,vn)} = d(Un,Un41) for some n > 1, then from (3.6) follows
1
d(vmanrl) < gd(vnaanrl)v (3-8)

which is a contradiction. This means that max{d(v,, Un41), d(Un—1,0n)} = d(Vn—1,v,) for n > 1.

Hence, we obtain from (3.6) that

[

d(Up, Uny1) < =d(Up—1,Un). (3.9)

V)

Since, % € (0,1) then the sequence {v,} is a Cauchy sequence by [1, 6, 41, 22]. But P is complete,
then there exists p € P such that v, — p.

Also, the continuity of ¢ implies that

gu=g( lim v,)= lim guv, = hIJIrl Unt1 = M (3.10)
n—-+0oo

n—-+o0o n—-+o0o
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Therefore, p is a fixed point of g in P. O

Last result is still valid for ¢ not necessarily continuous, assuming an additional hypothesis on P.

Theorem 3.2. In Theorem 3.1 assume that P satisfies,

if a non-decreasing sequence {v,} — u in P, then v, < pu for alln € N i.e., u = supv,.

Then a non-decreasing mapping ¢ has a fixed point in P.

Proof. From Theorem 3.1, we take the same sequence {v,} in P such that vg < v; <X -+ =<

Up =S Upy1 = ---, that is, {v,} is non-decreasing and converges to some p € P. Thus from the

hypotheses, we have v,, < p, for any n € N, implies that y = supv,,.

Next, we prove that u is a fixed point of ¢ in P, that is gu = u. Suppose that gu # u. Let

M(Unv '[L) = max { d(lu7 ﬁlu) [1 + d(Un7 ﬁvn)] d(’Un7 Q’Un) d(Un7 ﬁlu) ) 5 d(Una ,u)} ’ (311)

1+ d(vn, 1) "1+ d(vn, gp) + d(p, oy
and
d(p, gp) [1 + d(vn, gvn)] }
N(vp, ) = ,d(vp, ) 3.12
(v 12) max{ o (0o 1) (3.12)

Letting n — +o00 and from the fact that lim v, = pu, we get
n—-+oo

Jm M (vn, p) = max{d(p, gu), 0,0} = d(u, gp), (3.13)
and
Jm N (vn, p) = max{d(n, gn), 0} = d(k, gp). (3.14)

We know that v, = pu for all n, then from contraction condition (3.3), we get

P(d(vn+1,21)) = d(d(gvn, gp) < d(sd(gvn, gpn) < ¢(M(vn, 1)) — (N (vn, p1)). (3.15)

Letting n — 400 and use of (3.13) and (3.14), we get

d(d(p,gp)) < p(d(p, gp)) — v(d(p, gp) < old(p, gp)), (3.16)

which is a contradiction under (3.16). Thus, gu = p, that is ¢ has a fixed point p in P. [l

Now we give a sufficient condition for the uniqueness of the fixed point that exists in Theorem 3.1

and Theorem 3.2.

every pair of elements has a lower bound or an upper bound. (3.17)
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This condition is equivalent to,
for every v, ¢ € P, there exists w € P which is comparable to v and &.

Theorem 3.3. In addition to the hypotheses of Theorem 3.1 (or Theorem 3.2), condition (3.17)

provides the uniqueness of a fized point of g in P.

Proof. From Theorem 3.1 (or Theorem 3.2), we conclude that g has a nonempty set of fixed
points. Suppose that v* and £* be two fixed points of g then, we claim that v* = £*. Suppose
that v* #£ £*, then from the hypotheses we have

Pd(gv™, g&")) < d(sd(gv®, ¢€7)) < ¢(M(v7,£%)) — (N (v™, 7). (3.18)

Consequently, we get

—_

d(v*, &) = d(gv®, g&") < -M(v", &), (3.19)

V)

where

A&, &) L +d(w", gvT)] _ dv”, gv") d(v*, g€")

M(v*, €)= max{ ),d(ﬁv*aﬁé*)}

A e) T Ed(o, g€ + e, gor
CfdEe e det, )] dwtet) dtE)
‘max{ T+ d(o,€%) ’1+d<v*,s*>+d<f*,v*>’d(“’“} (3.20)
= max{0,0,d(v*,£*)}
— d(v",€).

From (3.19), we obtain that

1
d(v*,&") < ;d(v*,g*) < d(v*, &%), (3.21)
which is a contradiction. Hence, v* = £*. This completes the proof. O

Let (P,d, s, <) be a partially ordered b-metric space with parameter s > 1, and let ¢,/ : P — P
be two mappings. Set

d(£€,g8)[1 +d(fv,gv)]  d(fv,gv) d(fv,g§)
L+ d(fv, £§) "1 d(fv, g€) +d(£8, gv)

My (v,&) = max{ ,d(fv, /’f)} ;o (322)

and

(€, ¢ [1 + d(£v, gv)
L+ d(£v, £€)

N/(0,€) = max { ! ,d</v,/s>}. (3.23)
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Now, we introduce the following definition.

Definition 3.4. Let (P, d, s, <X) be a partially ordered b-metric space with s > 1. The mapping
g : P — P is called a generalized (¢,1)-contraction mapping with respect to £ : P — P for some
pedandyp eV, if

¢(sd(gv, g§)) < ¢(My(v,€)) = P(Ny(v,€)), (3.24)
for any v,§ € P with fv = &, where My(v,€) and Ny(v,&) are given by (3.22) and (3.23)

respectively.

Theorem 3.5. Suppose that (P,d, s, =) is a complete partially ordered b-metric space with s > 1.
Let g : P — P be a generalized (¢,1))-contractive mapping with respect to £ : P — P and, g and
£ are continuous such that g is a monotone f-non-decreasing mapping, compatible with £ and

gP C f£P. If for some vy € P such that fvy = gug, then g and £ have a coincidence point in P.

Proof. By following the proof of Theorem 2.2 in [§], we construct two sequences {vy,} and {&,} in
P such that
&n = gqUn = fUpy1 forallm >0, (3.25)

for which

fuoo = for = 2 fon 2 fungr 2o (3.26)

Again from (8], we have to show that

d(fn,€n+1) S /\d(gnflagn); (327)

for all n > 1 and where A € [0,1). Now from (3.24) and using (3.25) and (3.26), we get

P(5d(En;Ent1)) = d(sd(gUn, gUn+1))

(3.28)
< (b(M/(Unv Uny1)) — w(N/(Um Unt1)),
where
M (0, tns1) = max {d(/vn+1,gvn+1)[1+d(/’vn,gvn)] d(fVn, gUn) d(fVn, gUns1)
AT T 1+d(/€vn7/€vn+1) ’ 1+d(/Umgvn+l) +d(/Un+1,gZUn)’
d(/)vna/)anrl)}
_ x d(fnagnJrl) [1 + d(gnflagn)] d(fnflvfn) d(fnflv&ﬂrl)
- { 1+ d(fnflv fn) ! + d(én,l, €n+1) + d(én, fn) ’ d(gn_h gn)}

= max{d(&n—1,&n), d(&n,&nt1)}
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and

d n ) n 1 d ns n
Ny (n, Unt1) Zmax{ (fv +11ivd€r,;3;£ ;—vn(is Zvn)]

_ d(gna §n+1) [1 + d(gn—l ’ gn)]
- max{ 1+ d(En1,60)

= max{d(fn_h §n)a d(Sn, §n+l)}'

7d(/’Un7 /Un-i-l)}

s d(&n-1, §n)}

Therefore from equation (3.28), we get

¢(Sd(§na §n+1)) < ¢(max{d(§n_1, gn)v d(§n7 §n+1)}) - ¢(max{d(§n—lu gn)v d(§n7 §n+1)}) (3-29)

If 0 < d(&n-1,&n) < d(&n,Ent1) for some n € N; then from (3.29) we get

D(5d(&ns Env1)) < A(d(&n, Ent1)) — Y(d(Ens Env1)) < G(d(6n, Ent1)), (3.30)

or equivalently

Sd(é.nagnJrl) S d(fnagnJrl)- (331)

This is a contradiction. Hence from (3.29) we obtain that

Sd(§n7§n+1) S d(gn—lagn)- (332)

Thus equation (3.27) holds, where A € [0,1). Therefore from (3.27) and Lemma 3.1 of [32], we
conclude that {&,} = {gvn} = {fvn+1} is a Cauchy sequence in P and then converges to some

w € P as P is complete such that

lim gv, = lim Avu,41 = p.
n—-+oo n—-+oo

Thus by the compatibility of ¢ and £, we obtain that

lim d(£(gvn), 2(fvn)) =0, (3.33)

n—-+oo

and from the continuity of ¢ and £, we have

lim /(gva.) = £, lim g(fvn) =gp. (3.34)

n—-+oo n—-+oo

Further, from the triangular inequality of a b-metric and, from equations (3.33) and (3.34) , we get

%d(gu, £1) < d(gp, g(fon)) + sd(g(fon), £(gun)) + sd(£(gvn), £11). (3.35)

Finally, we arrive at d(gv, £v) = 0 as n — 400 in (3.35). Therefore, v is a coincidence point of ¢
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and £ in P. O

Relaxing the continuity of the mappings £ and ¢ in Theorem 3.5, we obtain the following result.

Theorem 3.6. In Theorem 3.5, assume that P satisfies

for any non-decreasing sequence {fv,} C P with lir_{} fun = fvin £P, where fP
n——+0oo
is a closed subset of P implies that fv, =< fv, fv =< £(fv) for n € N.
If there exists vg € P such that fvg X guvg, then the weakly compatible mappings ¢ and £ have a

coincidence point in P. Furthermore, ¢ and £ have a common fized point, if g and £ commute

at their coincidence points.

Proof. The sequence, {&,} = {gvn} = {fvn+1} is a Cauchy sequence from the proof of Theorem
3.5. Since /P is closed, then there is some p € P such that

lim g, = Hm_ fuas = fp.
n—-+oo n—-+oo

Thus from the hypotheses, we have fv,, < fu for all n € N. Now, we have to prove that u is a

coincidence point of ¢ and £.

From equation (3.24), we have

P(sd(gun, gv)) < ¢(My(vn,v)) = P(Ng(vn, v)), (3.36)
where
_ d(fp,gp) [+ d(fvn, gvn)]  d(f0n, gvn) d(fvn, gp1)
My (vn, p) = Inax{ T3 d(Zon, 71) T dZon. g +d(/u,ﬁvn)7d(/)vm/)m}
— max{d(/p, ¢p),0,0}
=d(fp,gn) asn— +oo,
and
o) = o { AN 0, 7))
— max{d(£u, gp), 0}
=d(fp,gn) asn— +oo.
Therefore equation (3.36) becomes
¢(s lim d(guvn, gv)) < o(d(£n, gn)) — (A1, gp)) < o(d(fp, gpm))- (3.37)

n—-+oo
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Consequently, we get

. 1
lim d(guvn,gv) < gd(/u,gu). (3.38)

n—-+oo

Further by triangular inequality, we have

éd(ﬁu, gn) < d(£p, gun) + d(gon, gn), (3.39)

then (3.38) and (3.39) lead to contradiction, if £u # gu. Hence, £ = gu. Let fu = gu = p,

that is g and £ commute at p, then gp = g(fu) = £(gp) = £p. Since fu= £(fp) = £p, then
by equation (3.36) with £u = gp and £p = gp, we get

P(sd(gp, gp)) < ¢(Mg (1, p)) — V(Ng(p, p)) < d(d(gp, gp)), (3.40)

or equivalently,

sd(gu, gp) < d(gp, gp),

which is a contradiction, if gu # gp. Thus, gu = gp = p. Hence, gu = £p = p, that is p is a
common fixed point of g and £. O

Definition 3.7. Let (P,d, s, =) be a complete partially ordered b-metric space with s > 1, ¢ € @
and ) € U. A mapping % : P x P — P is said to be a generalized (¢, 1))-contractive mapping with
respect to £ : P — P such that

$(s"d(4(v,€), £(p,7))) < ¢(My(v,&p,7)) = (N£(0,€,p, 7)), (3.41)
for allv, &, p, 7 € P with fv X fp and £€ = f71, k> 2 where

(L0, Ap. 7)) [+ d(fv, A, )] d(fv, A(v,€)) d(£v, A(p,7))
T+ (/0. /9) TH (70, (o, 7)) + d(fp, A(0,€))

d

d(/v,/p)},

and

d(£p %(p, 7)) [L + d(fv, %(v,§))]
L+d(fv, £p)

Theorem 3.8. Let (P,d, s, =) be a complete partially ordered b-metric space with s > 1. Suppose

N;(v,{,p,T)—max{ ,d(/’v,/’p)}.

that % : P x P — P be a generalized (¢,1)- contractive mapping with respect to £ : P — P and,
/% and £ are continuous functions such that % has the mized £-monotone property and commutes
with £. Also assume that (P x P) C £(P). Then % and £ have a coupled coincidence point in
P, if there exists (vg,&y) € P x P such that fvg < %(vg, &) and £& = %(&o, Vo).
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Proof. From the hypotheses and following the proof of Theorem 2.2 of [8], we construct two
sequences {v,} and {&,} in P such that

funt1 = % (0n,&n)y  fény1 = %#(&n,vn), forallm > 0.

In particular, {£v,} is non-decreasing and {£¢,} is non-increasing sequences in P. Now from

(3.41) by replacing v = vy, & =&, p = Uny1, T = Ent1, We get

(b(skd(/fvn-i-lv /Un-l-?)) = (b(Skd(ﬁ(Un, gn)a ﬁ(vn+17 §n+1)))

(3.42)
< (b(M/(Una §n= Un+1, §n+1)) - "/J(N/’(Um gna Un+1, §n+1))7
where
M/(Um Eny Unt1, §nt1) < max{d(fvn, £Un+1), d(fVnt1, fUn2)} (3.43)
and
N/(Unu 577,7 Un+1, §n+l) = ma'x{d(/vna /’Un-l-l)u d(/’un-l-la /’Un-i-Z)}' (344)
Therefore from (3.42), we have
¢(Skd()fvn+lu /Un+2)) < ¢(max{d(/vnu /Un-l-l)v d(/Uﬂ-l-l? /Un-‘r?)}) (3 45)
= Y(max{d(£vn, £Vn+1), d(£fVn+1, fUnt2)})-
Similarly by taking v = &,41,£ = Un41,p = U, T = Uy, in (3.41), we get
O(Fd(£€nt1, Fent2)) < dmax{d(£&n, £Ent1), A(£ént1, Fénta)}) (3.46)

— Y(max{d(£&n, fént1) A(fént1, Fénta)})-

From the fact that max{¢(c), #(d)} = ¢{max{c,d}} for all ¢,d € [0, +00). Then combining (3.45)
and (3.46), we get

¢(Sk6n) S (b(max{d()fvna /'Un-i-l)a d(/“n—i—lu /Un+2)7 d(/fn, /571-!—1)7 d(/§n+17 /571-1—2)})
- w(max{d()fvnu /Un+l)7 d()fvn-i—lu /Un+2)7 d(/é-nu /571-{-1)7 d(/§n+l7 /5714—2)})7

(3.47)

where

6 = max{d(£ 1, Fons2)s d(flnit, Fénsa)). (3.48)

Let us denote,

Ay, = max{d(fvn, fVn+1), Ad(fVns1, fUns2), d(£&n, £bnt1), A(fénv1s Fént2) ) (3.49)
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Hence from equations (3.45)-(3.48), we obtain

s¥6, < A,. (3.50)
Next, we prove that

571 < /\611—17 (351)

for all n > 1 and where A = &% € [0,1).

Suppose that if A, = §, then from (3.50), we get s*6,, < J,, which leads to 6, = 0 as s > 1
and hence (3.51) holds. If A,, = max{d(£vn, fn+1),d(f&n, fEnt1)}, i-€., Ay = 1 then (3.50)
follows (3.51).

Now from (3.50), we obtain that 4, < A\"dy and hence,

d(fVnt1, fons2) < X0 and d(£&ny1, fénya) < A'0o. (3.52)

Therefore from Lemma 3.1 of [32], the sequences {fv,} and {£&,} are Cauchy sequences in P.
Hence, by following the remaining proof of Theorem 2.2 of [2], we can show that % and £ have a

coincidence point in P. [l

Corollary 3.9. Let (P,d,s, <) be a complete partially ordered b-metric space with s > 1, and
% : P x P — P be a continuous mapping such that % has a mized monotone property. Suppose
there exists ¢ € ® and v € ¥ such that

¢(Skd(ﬁ(’u7 5)7 ﬁ(p, T))) < ¢(M/(Ua & p, T)) - w(N/)(Ua & p, T)),

forallv,& p, 7 € P withv X p and £ = 7, k > 2 where

AT L+ (o, A6 d(w, A(0,8)) d(w, A(p, 7))
My (0:6:p.7) = 1+ d(v, ) S i e iy T RS
and
o = LA A0y, ),

Then % has a coupled fized point in P, if there exists (vo,&) € P x P such that vo = %(vg,&o)
and fo t ﬁ(&),vo).

Proof. Set ¢ = Ip in Theorem 3.8. (|

Corollary 3.10. Let (P,d,s, <) be a complete partially ordered b-metric space with s > 1, and

/% : P x P — P be a continuous mapping such that % has a mized monotone property. Suppose
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there exists ¢ € ¥ such that

AR (0. €), 5 (p,7)) < My (0,60p.7) = (N (06,9, 7)),

forallv,&, p, 7 € P withv X p and £ = 7, k > 2 where

oA DL+ A0 AE) o H0,0) o o)y, ),

M/(Uagvva) _max{ 1+d(v,p) ’ 1—l—d(v,ﬁ(pﬂ'))+d(Paﬁ(Ua§))7

and

d(p, 2(p, 7)) [1 + d(v, % (v, €))]
1+ d(v,p) ,d(v,p)} '

If there exists (vg, &) € P X P such that vg < %(vo, &) and & = %(&o,vo), then % has a coupled
fized point in P.

Ny(v, & p,7) = max{

Theorem 3.11. In addition to Theorem 3.8, if for all (v,£),(r,s) € P x P, there exists (¢*,d*) €
P x P such that (%(c*,d*), A(d*,c*)) is comparable to (%4(v,§),%(E,v)) and to (%(r,s),%(s,r)),

then % and £ have a unique coupled common fixed point in P X P.

Proof. From Theorem 3.8, we know that there exists at least one coupled coincidence point in P
for # and £. Assume that (v,£) and (r,s) are two coupled coincidence points of % and /£, i.e.,
(v, &) = fu, A(E,v,) = £€ and A(r,s) = fr, #(s,r) = £s. Now, we have to prove that fv = f£r
and £&€ = /s.
From the hypotheses, there exists (¢*,d*) € P x P such that (£(c*,d*), A(d*,c*)) is comparable
to (4 (v,€),%(&,v)) and to (%(r,s), %(s,r)). Suppose that

(% (v,8), 2 (& v)) < (A(c",d"), £(d",c")) and (% (r,s),A(s,r)) < (£(c*,d"), A(d",c")).
Let ¢ = ¢* and dfj = d* and then choose (c},d}) € P x P as

fci = 7A(ch, dy), fdy = A(dg, ) (n>1).

By repeating the same procedure above, we can obtain two sequences {£c} and {£d%} in P such

that
fen = 7(cy,dy), fdyy =%(dy,c,) (n>0).

Similarly, define the sequences {fv,}, {£&n} and {£7n}, {£sn} as above in P by setting vy = v,

& =& and rg = r, so = s. Further, we have that
LUn = B(0,8), f&n — B (E,0), fro — %(r,8), fsn— A(s,7) (n>1). (3.53)

Since, (%(v,&), £(&,v)) = (fv, £€) = (fu1, £&1) is comparable to (% (c*,d*), A(d*, c*)) = (fc*, fd*) =
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(fcr, £di) and hence we get (fu1, £&1) < (£cf, £d7). Thus, by induction we obtain that

(fvn, £&n) < (£, fdy)  (n20).
Therefore from (3.41), we have

(£, £¢511)) < P d(f0, feni)) = G(s"d(A (v, €), £ (e, dy)))
< (b(M/(’Uv 57 C:;, d:;)) - ’L/J(N/(U, 57 Crm d/:z))u

where
My (v,€,¢;, ) = max { dife, fﬂli;g/[} %f)’u Aw.9)
d(£v, 4 (0,)) d(fv, A(ch,d) *
1+d(fo, )%(C:w d;‘l)) + d(/c;kw %#(v,€)) ) d(/“u /Cn)}
= max{0,0,d(fv, £c})}
— d(fv, £¢5)
and

{d(/’cq’;, 7 (ch, dy)) [1+ d(#v, £(v,8))]

I+ d(/v,7c) et CZ)}

= d(/)va /)C:;)

Thus from (3.55),
P(d(fv, feny1) < dld(fv, fey)) —v(d(fu, fey)).

As by the similar process, we can prove that
O(d(£E, Fdpir)) < d(d(£E, £dy)) — Y(d(£E, £dy)).

From (3.56) and (3.57), we have

¢(max{d(/U7/C;+1)’ d(/ﬁv/drﬂrl)}) S ¢(max{d(/v, /C;)’ d(/&a/d:;)})
— p(max{d(fv, £c,), d(£E, £dy)})
< ¢p(max{d(fv, fc;,),d(£€, £d},)}).

Hence by the property of ¢, we get

Inax{d(/v, /C:Hrl)v d(/)é.v /)d:erl)} < max{d(/’v, /)Crz)a d(/év /d;)}a

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

which shows that max{d(£v, £c), d(£&, £d})} is a decreasing sequence and by a result there exists



~ > 0 such that

Consequently, we get

By similar argument, we get
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i max{d(fv, £e;),d(£E £d3)) =7
From (3.58) taking upper limit as n — 400, we get
o(y) < o(y) —¢(7), (3.59)
from which we get ¥(v) = 0, implies that v = 0. Thus,
i max{d(£v, £65), (£, £d5)} =0
nll)rfoo d(fv, fc;) =0 and nll)rfoo d(£€, £dr) = 0. (3.60)
ngr}rloo d(fr,fc:)=0 and nEIJIrloo d(f£s, fdy) = 0. (3.61)
Therefore from (3.60) and (3.61), we get fv = fr and £ = fs. Since fv = A(v,§) and
£& = 7%(&,v), then by the commutativity of £ and £, we have
£(fv) = f(A(0,8) = 7#(fv, £§) and  [(£§) = £(£(Ev)) = A(£E, fv). (3.62)
Let fv =a* and ££ = b* then (3.62) becomes
£(a*)=#A(a*,b") and £(b") = %A(b",a"), (3.63)
which shows that (a*, b*) is a coupled coincidence point of Z and £. It follows that £(a*) = £r and

£(b*) = fs that is £(a*) = a* and £(b*) = b*. Thus from (3.63), we get a* = £(a*) = %(a*,b*)
and b* = £(b*) = %A(b*,a*). Therefore, (a*,b*) is a coupled common fixed point of # and £.

For the uniqueness, let (u*,v*) be another coupled common fixed point of Z and £, then we have

u* = fu* = A(u,v*) and v* = fov* = A(v*,u*). Since (u*,v*) is a coupled common fixed point

of # and £, then we get fu* = fv = a* and fv* = ££ = b*. Thus, u* = fu* = fa* = a™ and

v* = fv* = £b* = b*. Hence the result.

O

Theorem 3.12. In addition to the hypotheses of Theorem 3.11, if fvy and £& are comparable,

then % and £ have a unique common fixed point in P.
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Proof. From Theorem 3.11, # and £ have a unique coupled common fixed point (v,&) € P. Now,
it is enough to prove that v = £. From the hypotheses, we have fvg and £&y are comparable then
we assume that fvg <X £&. Hence by induction we get fv, = £&, for all n > 0, where {fv,}
and {£&,} are from Theorem 3.8.

Now by use of Lemma 2.6, we get

n—

20, ) = 0 () ) <l 6"t Euv0)

= lim Sup(b(Skd(ﬁ/(Unagn)aﬁ/(gnavn)))

n—-+o0o
< ngr}rloo sup (b(M/(Unv &ns&ns Un)) - nEIJIrloo 1ﬂf1/)(N/’(Um §ns&ns Un))
< 3(d(0,€)) = Tim_inf (N (00, &n, n, 00)
< ¢(d(v,§)),
which is a contradiction. Thus, v = ¢, i.e., Z and £ have a common fixed point in P. O

Remark 3.13. [t is well known that b-metric space is a metric space when s = 1. So, from the

result of Jachymski [31], the condition

P(d(%(v,€), %(p, 7)) < dp(max{d(fv, £p), d(£E, £7)}) — p(max{d(fv, £p),d(£E, £T)})

is equivalent to,

d(%(v,€), %(p, 7)) < p(max{d(£v, £p),d(£E, £T)}),

where ¢ € ©, 1 € ¥ and ¢ : [0,400) — [0,+00) is continuous, p(t) < t for all t > 0 and
o(t) =0 if and only if t = 0. So, in view of above our results generalize and extend the results of

[15, 28, 25, 31, 37, 38] and several other comparable results.

Corollary 3.14. Suppose (P,d, s, =) be a complete partially ordered b-metric space with parameter
s>1. Let g : P — P be a continuous, non-decreasing mapping with regards to = such that there

exists vg € P with vy X gvg. Suppose that

¢(sd(gv, g§)) < ¢(M(v,8)) — (M (v,£)), (3.64)

where M (v, &) and the conditions upon ¢, are same as in Theorem 3.1. Then g has a fized point

mn P.

Proof. Set N(v,&) = M(v,€) in a contraction condition (3.3) and apply Theorem 3.1, we have the
required proof. O
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Note 1. Similarly by removing the continuity of a non-decreasing mapping ¢ and taking a non-
decreasing sequence {vy,} as above in Theorem 8.2, we can obtain a fixed point for g in P. Also
one can obtain the uniqueness of a fized point of g by using condition (3.17) in P as by following

the proof of Theorem 3.3.

Note 2. By following the proofs of Theorems 8.5 - 3.6, we can find the coincidence point for the
mappings g and £ in P. Similarly, from Theorem 3.8, Theorem 3.11 and Theorem 3.12, one
can obtain a coupled coincidence point and its uniqueness, and a unique common fized point for
the mappings % and £ in P X P and on P satisfying an almost generalized contraction condition
(3.64), where M(v,&), My(v,§), My (v,&, p,7) and the conditions upon ¢, are same as above
defined.

Corollary 3.15. Suppose that (P,d, s, <) be a complete partially ordered b-metric space with s > 1.
Let g : P — P be a continuous, non-decreasing mapping with regards to <. If there exists k € [0,1)
and for any v,& € P with v X £ such that

d(§,g&) [1 +d(v,gv)]  d(v,gv) d(v,gf)
1+d(v,€) "1+ d(v,g€) +d(& gv

k
d(gv, g€) < 5 max { ] ,d(v, {)} ) (3.65)

If there exists vg € P with vy X gvg, then g has a fized point in P.

Proof. Set ¢(t) =t and ¥(t) = (1 — k)t, for all t € (0, +0o0) in Corollary 3.14. O

Note 3. Relazing the continuity of a map g in Corollary 3.15, one can obtains a fized point for

g on taking a non-decreasing sequence {v,} in P by following the proof of Theorem 3.2.

Example 3.16. Define a metric d : P x P — P as below and < is an usual order on P, where
P=1{1,2,3,4,5,6}

d(v,€) = d(&,v) =0, if v,€ =1,2,3,4,5,6 and v = &,
d(v,€) = d(&,v) =3, ifv,€ =1,2,3,4,5 and v # &,
d(v,€) = d(€,v) =12, if v=1,2,3,4 and £ =6,
d(v,€) = d(€,v) =20, if v=">5 and & = 6.

Define a map g : P — P by gl = g2 = g3 = g4 =g5=1,46 =2 and let ¢(t) = £, (t) =
fort € [0,400). Then g has a fized point in P.

ENES

Proof. Tt is apparent that, (P, d,s, <) is a complete partially ordered b-metric space for s = 2.

Consider the possible cases for v, ¢ in P:

Case 1 Suppose v, € € {1,2,3,4,5}, v < £ then d(gv, g&) = d(1,1) = 0. Hence,
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Case 2 Suppose that v € {1,2,3,4,5} and £ = 6, then d(gv, g€&) = d(1,2) =3, M(6,5) = 20 and
M(v,6) =12, for v € {1,2,3,4}. Therefore, we have the following inequality,

M(v, )
4

¢(2d(gv, g¢)) < = ¢(M(v,§)) = (M (v,§)).

Thus, condition (3.64) of Corollary 3.14 holds. Furthermore, the remaining assumptions in Corol-
lary 3.14 are fulfilled. Hence, g has a fixed point in P as Corollary 3.14 is appropriate to g, ¢, ¥
and (P, d, s, <). O
Example 3.17. A metricd: P x P — P, where P = {0,1, %, %, %, . %, ... } with usual order <
is defined as follows

0, ifo=¢
1 ; 0
do.e) = 4" ifv#£€{0,1}
lv—¢&l, if v, €{0, 55, g in#Fm =1}
3, otherwise.

A map g : P — P be such that g0 = O,g% = ﬁ for alln > 1 and let ¢(t) = t, ¥(t) = % for

t €10,400). Then, g has a fized point in P.

Proof. It is obvious that for s = 1—52, (P,d, s, =) is a complete partially ordered b-metric space and
also by definition, d is discontinuous b-metric space. Now for v, € P with v < &, we have the
following cases:

Case 1 If v = 0 and £ = %, n > 1, then d(gv,¢€) = d(0,3-) = 13- and M(v,§) = % or

n’ » 12n 12n

M(v,&) = {1, 3}. Therefore, we have

o (Batgv.0)) < 2L~ 40100,9) - w(00,6)).

Case 2 va:%and{:%withm>n21,then

d(gv, g§) =d <ﬁ ﬁ) and M (v,&) > % - % or M(v,§) =3
Therefore,
¢ (1—52d(gv,g§)> < M(;J’g) = (M (v,&)) —w(M(v,§)).

Hence, condition (3.64) of Corollary 3.14 and remaining assumptions are satisfied. Thus, ¢ has a

fixed point in P. O
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Example 3.18. Let P = Cla,b] be the set of all continuous functions. Let us define a b-metric d
on P by

d(61,602) = sup {|61(t) — 62(t)*}
teCla,b]

for all 01,605 € P with partial order < defined by 01 < 02 if a < 01(t) < 02(t) <b, for all t € [a,b],
0<a<b. Letg:P — P be a mapping defined by g0 = %,6‘ € P and the two altering distance
functions by ¢(t) =t, P(t) = %, for any t € [0,4+00]. Then g has a unique fized point in P.

Proof. From the hypotheses, it is clear that (P,d,s, <) is a complete partially ordered b-metric
space with parameter s = 2 and fulfill all the conditions of Corollary 3.14 and Note 1. Furthermore
for any 61,60, € P, the function min(f,62)(t) = min{6:(¢),02(t)} is also continuous and the
conditions of Corollary 3.14 and Note 1 are satisfied. Hence, ¢ has a unique fixed point § = 0 in
P. ([l
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