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Some observations on a clopen version of the
Rothberger property

MANOJ BHARDWAJ!
ABSTRACT
ALEXANDER V. Osipovh =

In this paper, we prove that a clopen version Si(Co,Co)

! Krasovskii Institute of Mathematics of the Rothberger property and Borel strong measure ze-
and Mechanics, Ural Federal University, roness are independent. For a zero-dimensional metric space
Yekaterinburg, Russia. (X,d), X satisfies S1(Co,Co) if, and only if, X has Borel
manojmnj276gmail.com strong measure zero with respect to each metric which has
0ab@list.ru™ the same topology as d has. In a zero-dimensional space, the

game G1 (0, O) is equivalent to the game G1(Co,Co) and the
point-open game is equivalent to the point-clopen game. Us-
ing reflections, we obtain that the game G1(Co,Co) and the
point-clopen game are strategically and Markov dual. An
example is given for a space on which the game G1(Co,Co)

is undetermined.

RESUMEN

En este articulo, probamos que una versiéon clopen
51(Co,Co) de la propiedad de Rothberger y la nulidad de
la medida fuerte de Borel son independientes. Para un espa-
cio métrico (X, d) cero-dimensional, X satisface S1(Co,Co)
si, y s6lo si, X tiene una medida Borel fuerte cero con res-
pecto a cada métrica que tenga la misma topologia que d
tiene. En un espacio cero-dimensional, el juego G1(O, O)
es equivalente al juego G1(Co,Co) y el juego punto-abierto
es equivalente al juego punto-cerrado. Usando reflexiones,
obtenemos que el juego G1(Co,Co) y el juego punto-clopen
son estratégicamente y Markov duales. Se entrega un ejem-
plo de un espacio para el cual el juego G1(Co,Co) es inde-
terminado
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1 Introduction

In 1938, Rothberger [12] (see also [9]) introduced covering property in topological spaces. A space
X is said to have Rothberger property if for each sequence (U,, : n € w) of open covers of X there
is a sequence (V,, : n € w) such that for each n, V;, is an element of U,, and each z € X belongs to

V,, for some n. This property is stronger than Lindel6f and preserved under continuous images.

Usually, each selection principle S (A, B) can be associated with some topological game G1 (A, B).
So the Rothberger property S1(O, O) is associated with the Rothberger game G1(0, O).

Let X be a topological space. The Rothberger game G1(O, O) played on X is a game with two
players Alice and Bob.

1st round: Alice chooses an open cover U; of X. Bob chooses a set U; € U;.
2nd round: Alice chooses an open cover Us of X. Bob chooses a set Uy € Us.

etc.

If the family {U,, : n € w} is a cover of the space X then Bob wins the game G1(O, Q). Otherwise,

Alice wins.

A topological space is Rothberger if, and only if, Alice has no winning strategy in the game

G1(0,0) [11].

In [8] Galvin proved that for a first-countable space X Bob has a winning strategy in G1(O, O) if,

and only if, X is countable.

In this paper, we continue to study the mildly Rothberger-type properties, started in papers [2, 3, 4],
and, we define a new game - the mildly Rothberger game G1(Co,Co). In a zero-dimensional space,
the Rothberger game is equivalent to the mildly Rothberger game. Using reflections, we obtained

that G1(Co,Co) and the point-clopen game are strategically and Markov dual.

2 Preliminaries

Let (X,7) or X be a topological space. If a set is open and closed in a topological space, then it
is called clopen. Let w be the first infinite cardinal and w; the first uncountable cardinal. For the

terms and symbols that we do not define, follow [7].
Let A and B be collections of open covers of a topological space X.

The symbol S;(A, B) denotes the selection hypothesis that for each sequence (U, : n € w) of
elements of A there exists a sequence (U, : n € w) such that for each n, U,, € U,, and {U,, : n €

w} € B, [13].
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In this paper A and B will be collections of the following open covers of a space X:

O: the collection of all open covers of X.

Co: the collection of all clopen covers of X.

Clearly, X has the Rothberger property if, and only if, X satisfies S1(O, O).

A space X is said to have the mildly Rothberger property if it satisfies the selection principles
51(Co,Co).

It can be noted that S1(0, O) = 51(Co,Co) and also every connected space must satisfy S1(Co,Co).

Then the set of real numbers with usual topology satisfies S1(Co,Co) but it does not satisfy
S1(0,0).

Let (X, 7) be a topological space and Tx = 7 \ {0} be a topology without empty set.

Let Tx » ={U € Tx : € U} be the local point-base at = € X.

Let Px = {Tx,s : © € X} be the collection of local point-bases of X.

Let Cr, ={U € Tx : U is a clopen set in X, x € U}.

Let Cx = {Crx, 1w € X}.

3 Results on S1(Co,Co)

3.1 51(Co,Co) and Borel strong measure zeroness are independent

Recall that a set of reals X is null (or has measure zero) if for each positive € there exists a cover

{I }new of X such that X, diam(I,) < e.

To restrict the notion of measure zero or null set, in 1919, Borel [1] defined a notion stronger than

measure zeroness. Now this notion is known as strong measure zeroness or strongly null set.

Borel strong measure zero: Y is Borel strong measure zero if there is for each sequence (e, : n € w)
of positive real numbers a sequence (J, : n € w) of subsets of Y such that each J,, is of diameter

< €p, and Y is covered by {J, : n € w}.

But Borel was unable to construct a nontrivial (that is, an uncountable) example of a Borel strong

measure zero set. He therefore conjectured that there exists no such examples.

In 1928, Sierpinski observed that every Luzin set is Borel strong measure zero, thus the Continuum

Hypothesis implies that Borel’s Conjecture is false.
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Sierpinski asked whether the property of being Borel strong measure zero is preserved under taking

homeomorphic (or even continuous) images.

In 1941, the answer given by Rothberger is negative under the Continuum Hypothesis. This lead
Rothberger to introduce the following topological version of Borel strong measure zero (which is

preserved under taking continuous images).

In 1988, Miller and Fremlin [10] proved that a space Y has the Rothberger property (S1(O,0))
if, and only if, it has Borel strong measure zero with respect to each metric on Y which generates

the topology of Y.

Recall that a space X is zero-dimensional if it has a base consisting clopen sets. Now we show that
S1(Co,Co) and Borel strong measure zeroness are independent to each other. Since the set of real
numbers does not have measure zero, it does not have Borel strong measure zero but it satisfies
S1(Co,Co). Since every metric space with Borel strong measure zero must be zero-dimensional
and separable, S1(Co,Co) is equivalent to S1 (O, O) (see below Theorem 3.1). So by Theorem 6(c)

in [10], there is a subset of reals with Borel strong measure zero but it does not satisfy S1(Co,Co).

The proof of the following result easily follows from replacing the open sets with sets of a clopen

base of the topological space.

Theorem 3.1. For a zero-dimensional space X, S1(Co,Co) is equivalent to S1(O, O).

From Theorem 1 in [10], we obtain the following corollary.

Corollary 3.2. For a zero-dimensional metric space (X, d) the following statements are equivalent:

(1) X satisfies S1(O,0);
(2) X satisfies S1(Co,Co);

(3) X has Borel strong measure zero with respect to every metric which generates the original

topology;

(4) every continuous image of X in Baire space w* with usual metric has Borel strong measure

ZEro.

3.2 Dual selection games

The selection game G1(A, B) is an w-length game for two players, Alice and Bob. During round
n, Alice choose A, € A, followed by Bob choosing B,, € A,,. Player Bob wins in the case that
{Bn :n < w} € B, and Player Alice wins otherwise.

We consider the following strategies:
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o A strategy for player Alice in G1(A, B) is a function o : (|JA)<¥ — A. A strategy o for
Alice is called winning if whenever z,, € o(z; : i < n) for all n < w, {z, : n € w} & B. If

player Alice has a winning strategy, we write Alice T G1(A, B).

o A strategy for player Bob in G1(A, B) is a function 7 : A<¥ — | JA. A strategy 7 for Bob is
winning if A, € Afor all n <w, {7(4og,...,An) :n <w} €B.

o A predetermined strategy for Alice is a strategy which only considers the current turn number.

Formally it is a function o : w — A. If Alice has a winning predetermined strategy, we write
Alice ! G1(A,B).

pre

o A Markov strategy for Bob is a strategy which only considers the most recent move of player
Alice and the current turn number. Formally it is a function 7 : A x w — |J.A. If Bob has a

winning Markov strategy, we write BobmlrkGl(A, B).

Note that, Bob, ! G1(A,B) = Bob?1 G1(A,B) = Alice ¥ G1(A,B) = Alice ! G1(A, B).
It is worth noting that Alicepze G1(A, B) is equivalent to the selection principle S (A, B).

Two games G; and G5 are said to be strategically dual provided that the following two hold:

o Alice + Gy iff Bob1 G

o Alice T Go iff Bob 1 G.
Two games (G; and G are said to be Markov dual provided that the following two hold:

o Alice ! Gy iff Bob, [ Gy

mark
o Alice ! Gy iff Bob, [ Gi.
Two games GG; and G5 are said to be dual provided that they are both strategically dual and

Markov dual.

For aset X, let C(X) = {f € (JX)X : 2 € X = f(z) € z} be the collection of all choice functions
on X.

Write X <Y if X is coinitial in Y with respect to C; that is, X C Y, and for all y € Y, there
exists x € X such that z C y.

In the context of selection games, A’ is a selection basis for A when A" < A [6].

Definition 3.3 ([6]). The set R is said to be a reflection of the set A if {range(f): f € C(R)}

is a selection basis for A.

Let Gl(.A, _‘B) = Gl(A,P(U .A) \B)
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Theorem 3.4 ([6], Corollary 26). If R is a reflection of A, then G1(A,B) and G1(R,—B) are
dual.

The point-open game PO(X) is a game where Alice chooses points of X, Bob chooses an open

neighborhood of each chosen point, and Alice wins if Bob’s choices are a cover.

Theorem 3.5 ([8]). The game G1(O, Q) is strategically dual to the point-open game on each

topological space.

Theorem 3.6 ([5]). The game G1(0O, O) is Markov dual to the point-open game on each topological

space.

Corollary 3.7. The game G1(0, Q) is dual to the point-open game on each topological space.
Recall that two games G and G are equivalent (isomorphic) if

(1) Alice t G iff Alice 1 G .
(2) Bob*t G iff Bobt G .
Since Px is a reflection of O [6, Proposition 28], the Rothberger game G1(0, O) and G1(Px,~0)

are dual [6, Corollary 29|. It is well known that the game G (Px,—0O) is equivalent to the point-

open game.

3.3 The point-clopen and quasi-component-clopen games

The point-clopen game PC(X) on a space X is played according to the following rules:

In each inning n € w, Alice picks a point z,, € X, and then Bob chooses a clopen set U,, C X with

Ty € U,. At the end of the play
Zo, UO;xla Ulva; U27 -3 T,y U’ru DRI

the winner is Alice if X = U,, and Bob otherwise.

new

We denote the collection of all non-empty clopen subsets of a space X by 7. and the collection of

all finite subsets of 7. by 7¢.
A strategy for Alice in the point-clopen game on a space X is a function ¢ : 75¢ — X.

A strategy for Bob in the point-clopen game on a space X is a function v : X <% — 7, such that,
for all (zo,z1,...,2,) € X<¥\ {()}, we have z,, € ¥({xg,...,zpn)) = Up.

A strategy ¢ : 7% — X for Alice in the point-clopen game on a space X is a winning strategy

for Alice if, for every sequence (U, : n € w) of clopen subsets of a space X such that Vn € w,
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(xn, = e((Uy,Uy,...,Up—1)) € Uyp), we have X =

point-clopen game on a space X, we write Alicet PC(X).

U,. If Alice has a winning strategy in the

new

A strategy ¢ : X<% — 7. for Bob in the point-clopen game on a space X is a winning strategy
{U,:U, =
Y({zo,21,...,25))}. If Bob has a winning strategy in the point-clopen game on a space X, we

write BobTPC(X).

for Bob if, for every sequence (z,, : n € w) of points of a space X, we have X = J,,,,

The game G1(Co,Cp) is a game for two players, Alice and Bob, with an inning per each natural
number n. In each inning, Alice picks a clopen cover of the space and Bob selects one member
from this cover. Bob wins if the sets he selected throughout the game cover the space. If this is

not the case, Alice wins.

The intersection of all clopen sets containing a component is called a quasi-component of the
space [7].

The quasi-component-clopen game QC(X) on a space X is played according to the following rules:

In each inning n € w, Alice picks a quasi-component A,, of X, and then Bob chooses a clopen set

U, € X with A,, C U,. At the end of the play
A07U07A13 U17A27 U25 R aAna Un7 DR

the winner is Alice if X =, . Uy, and Bob otherwise.

new
We denote the collection of all quasi-components of a space X by Qx and the collection of all

finite subsets of Qx by Q.
A strategy for Alice in the quasi-component-clopen game on a space X is a function ¢ : 7% — Qx.

A strategy for Bob in the quasi-component-clopen game on a space X is a function ¢ : Q5 — 7,

such that, for all (Ag, A1,...,4,) € Q3 \ {()}, we have 4,, C ¥((Ao,...,An)) = U,.

A strategy ¢ : 759 — Qx for Alice in the quasi-component-clopen game on a space X is a winning
strategy for Alice if, for every sequence (U, : n € w) of clopen subsets of a space X such that
Vn € w, (A, = Uy, Ur,...,Un—1)) C U,), we have X =

strategy in the quasi-component-clopen game on a space X, we write Alice?QC(X).

new Un- If Alice has a winning

A strategy ¢ : Q%Y — 7. for Bob in the quasi-component-clopen game on a space X is a winning
strategy for Bob if, for every sequence (A, : n € w) of quasi-components of a space X, we
have X = U, .. {Un : Un = ¥({(4o, A1,...,An))}. If Bob has a winning strategy in the quasi-

component-clopen game on a space X, we write BobTQC(X).

new

Proposition 3.8. The point-clopen game is equivalent to the quasi-component-clopen game.

Proof. Let ¢ : 75 — X be a winning strategy for Alice in the point-clopen game on a space
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X. Then the function ¢ : 5% — Qx such that Y ((Uy, Uy, ..., Un—1)) = Qlp((Uo, U1, ..., Upn-1))]
(Q[z] is the quasi-component of z) for every sequence (U, : n € w) of clopen subsets of a space X
and n € w, is a winning strategy for Alice in the quasi-component-clopen game. This follows from

the fact that z,, = @((Uy, Uy, ..., Upn_1)) € Qlz,] C U,.

Let ¢ : 75¥ — Qx be a winning strategy for Alice in the quasi-component-clopen game on a space
X. Then the function ¢ : 7°% — X such that ¥((Uy, Uy, ..., Us—1)) € ©({(Uo,Uy,...,U,—1)) for
every sequence (U, : n € w) of clopen subsets of a space X and n € w, is a winning strategy for

Alice in the point-clopen game.

Let ¢ : X<% — 7. be a winning strategy for Bob in the point-clopen game on X. Then the function
p: Q%Y — Te such that p((Aog, A1,..., An)) = ¥((zo, 21, ..., 2,)) for every sequence (A, : n € w)
of quasi-components of a space X and some xq, ..., 2, that A; = Q[z;] for each i =0,...,n,is a

winning strategy for Bob in the quasi-component-clopen game.

Let ¢ : Q%Y — 7. be a winning strategy for Bob in the quasi-component-clopen game on X. Then
the function p : X<% — 7. such that p((zo,21,...,2n)) = ¥({Ag, A1, ..., A,)) for every sequence
(x5, : n € w) of points of a space X where A; = Q[x;] for each i = 0,...,n, is a winning strategy

for Bob in the point-clopen-clopen game. O

Proposition 3.9. Cx is a reflection of Co.

Proof. For every clopen cover U, the corresponding choice function f € C(Cx) is simply the witness

that z € f(Cry,) €U. O

By Theorem 3.4, we get the following result.

Corollary 3.10. G1(Co,Co) and G1(Cx,—Co) are dual.

Note that PC(X) and G1(Cx,—Cp) are the same game.

By Proposition 3.8, PC(X) and QC(X) are equivalent, hence, we get the following result.
Proposition 3.11. The game G1(Cx,—Cp) is equivalent to the quasi-component-clopen game.

Corollary 3.12. If a space X is a union of countable number of quasi-components, then Bob

1 G1(Co,Co).



Some observations on a clopen version of the Rothberger property 169

The following chain of implications always holds:

X is a union of countable number of quasi-components

)
Bob 1 G1(Co,Co)

4
Alice VGl(C(/), Co)

0

X has mildly Rothberger property.
The proof of the following result easily follows from replacing the open sets with sets of a clopen
base of the topological space.

Theorem 3.13. For a zero-dimensional space, the following statements hold:

(1) The game G1(Co,Co) is equivalent to the game G1(O, O).

(2) The point-clopen game is equivalent to the point-open game.

From [11] and [?], we have the following result.

Theorem 3.14. For a space X, the following statements hold:

(1) [11] X satisfies S1(O, O) iff Alice ¥ G1(O, O).
(2) [?] X satisfies S1(Co,Co) iff Alice ¥ G1(Co,Co).

Corollary 3.15. For a space X, the following statements are equivalent:

(1) X satisfies S1(Co,Co); (6) Bob?¥ PC(X);

o ¥ .
(2) AlzcepreGl(Co,Co), (7) Bob ¥ QC(X):
(3) Alice VGl(CO,CO);

(8) Bob, ¥ PC(X);

(4) Bob ¥ G1(Cx,~Co);

(5) Bob,,”  G1(Cx,~Co); (9) Bob, ¥ QC(X).

mark mar

Corollary 3.16. For a zero-dimensional space X, the following statements are equivalent:
(1) X satisfies S1(0,0); (4) Alice V,G1(0,0);
(2) X satisfies S1(Co,Co); (5) Alice ¥ G1(0,0);

(3) Alice ! G1(Co,Co); (6) Alice ¥ G1(Co,Co);
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(7) Bob ¥ G1(Px,-0); (11) Bob ¥ QC(X);
(8) Bob ¥ G1(Cx,—Co); (12) Bob, T, PO(X);
(9) Bob¥ PO(X); (13) Bob 7 PC(X);
(10) Bob ¥ PC(X); (14) Bob 7 QC(X).

In [8], Galvin and Telgarsky in [14, Theorem 6.3] prove: If X is a Lindel6f space in which each
element is G, then Bob has a winning strategy in G1(O, O) if, and only if, X is countable.

Theorem 3.17. Let X be a space in which each quasi-component is an intersection of countably
many clopen sets, then Bob 1 G1(Co,Co) if, and only if, X is a union of countably many quasi-

components.

Proof. Let Bob have a winning strategy in the game G1(Co,Cp) on X. Since the game G1(Co,Co)
and the point-clopen game are dual and, by Proposition 3.8, the point-clopen game and the quasi-

component-clopen game are equivalent.

Let Alice have a winning strategy in the quasi-component-clopen game. Let ¢ be a winning
strategy of Alice in the quasi-component-clopen game on X. For every quasi-component @), there

is a sequence (V4 : k € w) of clopen sets such that Q@ =, Vi-
So we restrict the move of Bob from {Vj, : k € w} for Q played by Alice.

Let Alice start the play of the point-clopen game by quasi-component ¢(()) = Q. Then Bob

replies with a clopen set of the form Vj, « for some kg € w.

Alice’s next move in the play is a quasi-component ©((Vi,,¢y)) = Qk,)- Then Bob replies with a

clopen set of the form Vj, (4, for some k1 € w.

Now Alice’s next move in the play is a quasi-component o ((Vi, y, Vi, (ko)) = @ ko, kr)- Then Bob

replies with a clopen set of the form Vj, (g, r,) for some kz € w and so on.

Similarly we are defining (Qs : s € w<*) by setting Q(, = ¢(()) and for each s € w<“ and for each
k € w, defining

Qs = P((Ve(0),5100 Va),st1s - - 5 Va(m—1),s1(m—1)> Vi,s))s

where m = dom(s). From this we construct a countable collection {Qs : s € w<}.

Now to show that [ J{Qs : s € w<¥“} = X. If possible suppose that |J{Qs : s € w<¥} # X, then
there is y € X \ {Qs : s € w<¥}. Then y ¢ Qs for any s € w<¥. For each Q,, € {Q; : s € w<¥},
there is some k,, such that y ¢ Vj, . Then Alice loses the following play of the quasi-component-

clopen game
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<Q07 ng,Ov Q17 Vkl,lv sy Qn; an,na .. >

in which Alice uses the strategy ¢ since y ¢ |J Vi, n, a contradiction.

necw

The converse follows from Corollary 3.12. O

3.4 Determinacy and G;(Cp,Co) game

A game G played between two players Alice and Bob is determined if either Alice has a winning

strategy in game G or Bob has a winning strategy in game G. Otherwise G is undetermined.

It can be observed that the game G1(Co,Co) is determined for every countable space. But in
a mildly Rothberger space in which each quasi-component is an intersection of countably many
clopen sets with uncountable many quasi-components, none of the players Alice and Bob have a
winning strategy. So G1(Co,Co) is undetermined for a mildly Rothberger space in which each
quasi-component is an intersection of countably many clopen sets with uncountable many quasi-
components. Thus every uncountable zero-dimensional mildly Rothberger metric space is unde-

termined.

Recall that an uncountable set L of reals is a Luzin set if for each meager set M, LN M is countable.
The Continuum Hypothesis implies the existence of a Luzin set. A Luzin set is an example of a

space for which the game G1(Co,Cp) is undetermined.
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ABSTRACT

In this paper, we consider the following (n + 1)st order bvp

on the half line with a ¢—Laplacian operator

(B(u™)) (t) = f(t, ut),...,u™ (), ae.,te]0,400),
n € N\ {0},
uD0)=A;,i=0,...,n—2,

™1 (0) + au'™(0) = B,

u(™ (+00) = C.

The existence of solutions is obtained by applying Schaefer’s
fixed point theorem under a one-sided Nagumo condition
with nonordered lower and upper solutions method where f

is a L'-Carathéodory function.

RESUMEN

En este articulo, consideramos el siguiente pvf en la semi-

recta de orden (n + 1) con un operador ¢—Laplaciano

(P(u™)) (t) = f(t, u),...,u'™ (), ae.,te]0,400),
n € N\ {0},
uD(0)=A;,i=0,...,n—2,

u™V(0) + au™ (0) = B,

u™ (+00) = C.

Se obtiene la existencia de soluciones aplicando el teorema
de punto fijo de Schaefer bajo una condicién unilateral de
Nagumo con un método de soluciones inferiores y superiores

no-ordenadas donde f es una funcién L*-Carathéodory.

Keywords and Phrases: Boundary value problem, One-sided Nagumo condition, Lower and upper solutions, A

priori estimates.
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1 Introduction

Differential equations of nth order were studied in many works, with different boundary value
conditions by using different methods on bounded and unbounded domains, we quote [5, 6, 8, 9, 10]

and references therein.

In this paper we consider the following ¢—Laplacian ordinary differential equation of order n + 1
given by

(G™)) (1) = F(t,ut), .., u™ (D), ae., t € [0,+00), (1.1)
where n € N\ {0}, ¢ is an increasing homeomorphism satisfying ¢(0) = 0 and ¢(R) = R.

Concerning the nonlinearity, we suppose that f : [0,4+00) x R — R is a L!-Carathéodory

function.

This equation is subject to the following Sturm-Liouville type boundary conditions:

uD(0)=A4;,i=0,...,n—2,
w1 (0) + au™(0) = B, (1.2)
u(™ (+00) = C,

where a < 0,B,C € R, A; €R,i=0,1,...,n — 2 and u™ (+00) = lim u™(t).

t—+4o0
To prove the existence of solutions for this problem we use Scheafer’s fixed point theorem combined

with the upper and lower solutions method with a one-sided Nagumo condition.

The upper and lower solutions method have witnessed qualitative progress in recent years by

providing various results, following some papers that use this method [2, 3, 4, 7, 11, 12, 14, 15, 16].

In [12] and [7], the authors study the existence of solutions to the following two problems using the
Schauder fixed point theorem with upper and lower solutions method with a one-sided Nagumo

condition. The first problem is given by

u"'(t) = f(tut),u (t),u"(t),t €[0,+00),

u(0) = A, av/(0) + bu”’(0) = B, u”(+00) = C, with f : [0, +00) x R® — R is a L' — Carathéodory
function, a > 0, b < 0, A, B,C' € R. The second problem is

uD(t) = f (¢ ut), ' (t), " (t),w"(t), tel0,400),

where f:[0,4+00) x R* - R is a L'-Carathéodory function, and the boundary conditions are of
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Sturm-Liouville type,
uw(0) = A,/ (0) = B, ”"(0)+au"(0)=C, " (+00)=D,

A,B,C,D€R, a<0andu"(+00) := lim u”(t).

t——+o0
In the present paper, we have obtained the same results as in [12] and [7], but for a more general
problem, where we combine an nth order ordinary differential equation with a ¢—Laplacian oper-
ator on the half line using non-ordered upper and lower solutions and to compensate the lack of

compactness of the interval [0, 4+00) we invoke the Corduneanu lemma (see Lemma 2.6).

This problem has many applications with regards to higher order problems defined on unbounded
intervals. We quote, e.g., [14] for n = 2. In the case where ¢(t) = ¢, we cite [12] and [7] for the

third and fourth order, respectively.

The paper is divided into four sections. Section 2 is devoted to some preliminary definitions and
the proof of technical lemmas. In Section 3, we prove the main result and in Section 4, we propose

an example where we show the applicability of the main result.

2 Definitions and preliminary results

Let
X = {u € C"[0,400) : lim u(™ (t) exists in R}
t—+o0
and define the norm ||ul|x := max{||ulo, |[¢|1, [[u”|2, ..., [|u(™],}, where
) () (¢
|u®|; = sup ui() ,1=0,1,2,...,n.
0<t<too | L+

Lemma 2.1. For each fived n € N\ {0}, let u € C™([0,400)). If lim u(™(t) = ¢, then

t——+o0

(@)
lim u™(t) = (n—1i)! lim )

M t—>+ooW7 fO?" 1€ {0,17,774_1}

Proof. Let n be fixed in N* and u € C"(]0, +-00)) such that lim (™ (t) = £. We have

t—+o0

lim w™(t) —£4+1=1.

t—+oo

So,
lim w™ V() —lt+t+dp_y = 400

t—+oo
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where d,,_1 is a real constant. By using L’Hospital’s rule, we deduce that

uV) — 4t + dy g

; - 1 (n) () —
Hence,
(n=1)(¢) w1 (t)
m u™@ = hm O ol @)
Jim ut(t) = lim (n—(n - lim ' ———r 75
u(n—2)
In this case, i = n — 1. To evaluate lim ———, we repeat the formula twice:
t—foo 1+ 12
lim w™ V() — bt +t+dp_y = +00.
t—+oo
Then,
. (n—2) t2 2
tgglmu (t) — 65 + 5 +dp_1t+dy—o = +00.

Using L’Hospital’s rule twice, we get

um D) — L2+ L2t dy it + dpo u=D(t) = 0t +t+dyy

lim = lim
t—+o00 1+1¢2 t—+o00 2t
() ¢
.
Ao ety
Then,
(n—2) t (n—2) t
lim «™(t) = lim 2l ®) =(n—(n—2))! lim “ (*)

t——o0 t—+oo 142 totoo 1 + t(n—(n=2))"

Here i =n — 2 and d,,_1,d,,_o are real constants. At the order i,

ul®(t) 14 1
im - — - -
to+oo 1 +t7=t  (n—14)!  (n—1)!
(2) _ 4 n—i 1 n—i 1 n—i—1 . . .
T Ol e A e A 7 LA L
t——+o0 14—t

~ lim u(™ (t) ¢ N 1
Tt (=9 (n—9)! " (n—q)

In conclusion,

(4) t)
™) = (n— ) lim )
t—lggloo u (t) (71 Z)' ti}?oo 1+ tn—i ’ 0

By this Lemma, (X, || - ||x) is a Banach space.

The following definition establishes the assumptions assumed on the nonlinearity.
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Definition 2.2. A function f : [0,+00) x R"*1 — R is called a L'-Carathéodory function if it

satisfies:
(i) for each (xg,1,...,2,) € R™ t s f(t,m0,21,...,7,) is measurable on [0, +00);
n) for almost every t € |0, +00), (X0, T1,...,%n) , X0, XL1,...,Ty) 1S CONLINUOUS 1N 5
/i Imost telo t ' ti in R7T1

(iii) ¥p >0, Jp, € L0, +c), Vo € X
lzllx < p=|f(t,z(t),2'(t),... ,x(")(t))\ < @,(t), a.e., te]0,+00).
Lemma 2.3. Let n € L'[0,+00). The linear boundary value problem
(p(u™) () +n(t) =0, ae., tel0,+00), (2.1)

with boundary conditions (1.2), has a unique solution in X. Moreover, this solution can be ex-

pressed as

Apn_2 -2 B—a¢p~! (¢(O) + fo+oo n(s) ds) i
(n —2)! (n—1)! (2.2)

o[ () e (w0 [ amar)

Proof. We integrate (2.1) from ¢ to +oo,

u(t) =Ag + At + - +

+oo
H(u™ (1)) = 6(C) + / n(r) dr

to get N

u™(t) = ¢! (d)(C’) +/t h n(T) dT) . (2.3)
So,

u™(0) = ¢! <¢(C) + /O+°0 n(T) dT) . (2.4)

By integrating (2.3) on (0,¢] and using (1.2) with (2.4),

u" V() =B —ap! <¢(C) + /0 - n(s) ds) + /O t ¢t ((;s(c*) - / = n(T) dT> ds.  (2.5)

Integrating (2.5) on (0, t], we get

400
u(n—Z)(t) :An—2 + Bt — a¢—1 (¢(C’) _|_/ n(s) dS) t
0

+/0t (t—s)o~! (¢(C)+/s+oo o) dT) N (2.6)
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By integrating (2.6) on (0, 1],

B—as (9(0) + [ ns)ds)

u(n—3)<t) = Ap_3+ Ap_ot +

2
t t— 2 400
s [ (s [ aemar)as
0 s
Integrating again over (0,t], we find for i = 0,1,...,n — 1,
k=n—2 .
. A ) tn 1—i o0 tn—l—z
() (4) = k__yk—i _
W00 = N Gt B e (¢< [ aea) m .
¢ n—l—i +oo ’
(t—s)
+ ; (n—l—i)! )+ ds.

By (2.7),

A, B—ap7 (¢ —|—f n(sds o
e ((n—l). )t 1

i /ot (%) o (‘MO) T /;OO n(7) dr) ds. .

Now, we need to have an a priori estimate for (™, for this let v;,T; € C[0, +00), v(t) < Ty(t),

n—1(1 Tt
izO,LZ,...,n—l,withsupM < 400 andsupM
t>0 1+ t>0 1

U(t) :A() +A1t+ R

< +00. Define the set

E={(t,xo,z1,  ,my) € [0,+00) x R""! 1 ~;(t) < a; <Ty(t),i=0,1,2,...,n— 1}.

Definition 2.4. A function f : F — R is said to satisfy the one-sided Nagumo type growth

condition in FE if it satisfies either

ft,zo, 21, ... xn) < Y@®)h(zn]), Y zo,21,...,2,) € E, (2.8)
or
ft,xo, 1, ... xn) > =) h(|za]), VYt x0,21,...,2,) € E, (2.9)

for some positive continuous functions v, h, and some v > 1, such that

sup  Y(t)(1+1t)” < +oo, /+OO () ds = +o00, /+OO (b_ —5)

ds = —o00. (2.10
0<t< 400 (S) ( )

=s))

Next lemma provides an a priori bound.
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Lemma 2.5. Let f : [0,+00) x R" — R be a L'-Carathéodory function satisfying (2.8) with
(2.10), or (2.9) with (2.10). Then there exists R > 0 such that every solution u of (1.1)- (1.2)
satisfying

yi(t) <u®(t) <Ty(t), i=0,...,n—1 (2.11)

for t € [0,400) is such that |[u'™]|, < R where R does not depend on the solution u.

Proof. Let u be a solution of (1.1)-(1.2) such that (2.11) holds. Consider r > 0 such that

r>max{‘B_Fnl(0)',

a

B —~,-1(0
-1 )’,C|}. (2.12)
a

With this inequality we cannot have |u(™ (t)| > r for all ¢ € [0, 4+00), because

B - 7(:—1(0) ’} < (2.13)

u0(0)] = [0 < e | B O

)

and |u(™ (+00)| = |C| < 7.

In the case where |u(™ ()| < r for all t € [0, +00), it is enough to consider R > r/2 to complete
the proof:

[ul™ ], = sup
0<t<+o0

If there exists ¢t € (0, +00) such that [u(™ (t)| > r, then by (2.10), we can take R > r such that

Y §1(s) Tur(t)] v
— Y _ds>M{ M + R
/¢<T> ho1(s) { P e L1t V_l}

and

#(=r) - _
/ ¢ 1(5) dS<M{—M1+ inf |’7n—l(t)| v }

o(—r) Mo~ (s)]) 0<t<too 14+t wv-—1

. Pnfl(t) . 'anl(t)
with M := su t)(1+1¢)Y and M; := su — in .
oo PO+ VTS A este (T3 1)

Assume that the growth condition (2.8) holds. By (2.12), suppose that there exist t,, t+ € (0, +00)
such that u(™(t,) = r and u(™ () > r for all t € (t,,t,]. Then

Sl (t4)) ¢ 1(5) ty u(”)(s)
ds = _ - 7/ (n)y\y/ d
/¢<u<n><t*)) h(e=(s) /t h ($(u™))(s) ds

<
e f(S»U(S)»U’(S),U”(SLU”’(S),---7u(”)(8))u(n) o
-/ A () ()

<[ 9(s) u <M / u(s
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o () ) o
gy (u("_ N(ty)  u™D(t) +[ + pu=(s) ds)

T+t )y (L4t (1+s)1+v

Tho1(t)] [T
SM(Ml—i- sup T 1()|/ v ds)
0<t<too 1+t Jo (14s8)

Y oM s)
</¢m R(o3(s) ™

So u(™(t,) < R and as t,,t, are arbitrary in (0, 400), we have u(™ (t) < R for all t € [0, +00).

By the same technique using (2.12), and considering ¢_ and ¢, such that u(™ (t,) = —r, u("(t) <
—r for all t € [t_,t,), it can be proved that u(™(t) > —R for all t € [0, +00), therefore |[u(™|, <
R/2 <R.

If f satisfies (2.9), following similar arguments we get the same conclusion. O

We also need a compactness criterion.

Lemma 2.6 ([1]). A set M C X is relatively compact if the following three conditions hold:

(1) all functions from M are uniformly bounded;
(2) all functions from M are equicontinuous on any compact interval of [0, +00);

(3) all functions from M are equiconvergent at infinity, that is, for any given € > 0, there exists
a te > 0 such that
(@) (¢ (@) (¢
ui()_ — lim ui() <e forallt >te,ue M andi=0,1,2,3,...,n.
14+tn="  t=+tool + 00
To end this section, we present the Schaefer Fixed Point Theorem with the definition of lower and

upper solutions for our problem (1.1)-(1.2).

Theorem 2.7 ([13]). Let E be a Banach space andT : E — E be a completely continuous operator.
If the set
{reE: z=Xlz for Ae(0,1)}

is bounded, then T has at least one fixed point.
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Definition 2.8. A function o € X is said to be a lower solution of problem (1.1)-(1.2) if ¢(a(™) €
AC|0, +00) such that

(@(@™))(t) = f(t,a(t), (1), ...,a" (1)), a.c., t € [0,+00),
and
aM(0) <A, i=1,...,n—2,
a"=D(0) + aal™(0) < B, (2.14)
o™ (+00) < C,
where ¢ <0, B,C €R, 4, €R,i=0,...,n—2 and @(t) := a(t) — a(0) + Ao.

A function 8 € X where ¢(8(™) € AC|0,+o0) is an upper solution if it satisfies the reversed
inequalities with 3(t) := B(t) — B(0) + Ay.

3 Main existence result

Theorem 3.1. Let f : [0,4+00) x R"™ — R be a L'-Carathéodory function, ¢ an increasing
homeomorphism satisfying ¢(0) = 0, and «, 8 lower and upper solutions of (1.1)-(1.2), respectively,
such that

oY) < BTN, VE € [0,400). (3.1)

If f satisfies the one-sided Nagumo condition (2.8), or (2.9), on the set

E, = {(t, L0, &1, - -, @n) € [0, +00) x RML: a(t) < o < B(E), & (t) < 21 < B @), ..,

" D(t) S wyr < BV (1))
and

fta®), o t),....,a" " 2@t), zn_1,20) > ft, 20, .., xp)

_ (3.2)
> F(t,B1),B'(4), ..., 80 D), 2, x),

for (t,xn_1,x,) fived and @(t) < xzo < B(t), &/ (t) <z < B(1),..., a2 (t) < xp,_o < B2 (1),
then problem (1.1)-(1.2) has at least a solution u € X with ¢(u™) € AC[0,+00) and there exists
R > 0 such that

a(t) <u(t) < Bt), o’ (t) <u'(t) < B(1),...,am V(@) <u V(1) < g1,
—R<u™(t) <R, Vtel0,+x).
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Remark 3.2. « and 8 are almost-ordered. In fact, & and § can be chosen such that o £ [ but
we have necessary that @ < f5.

Indeed, from condition (3.1), for all t € [0, +00), we have "~V (t) < A1 (t). As a(*~2)(0) <
Ap_o < B™=2)(0), integrating on [0, +o0)

t t
a(n—2) (t) _ a(n—Q) (0) :/ a(n—l)(s) ds S/ ﬁ(n—l)(s) ds = B(n—Q)(t) _ B(n_Q)(O).

0 0

As
a2 (1) — oD (0) + Ao < B (1) = BD(0) + Ao,

then
oD (1) < g (1),

By the same technique, one shows that a® < 80| fori=1,2,...,n— 3, then

a(t) — a(0) :/0 o (s) ds g/o B (s)ds = B(t) — B(0),

So,
a(t) < B(t), Vtel0,+00).

Proof. Consider the j-modified equation for j = 1,2

(&™) (1) = f(t,0(t,u(t)), ., bpr (8, u™ D (1)), 8ns(t, ™ (1))
1 D) = G (t,u (1)) (3.3)

. ae., tel0, ,
+ 14+421+ |u(n71)(t) _ 5n—1(t,u("71)(t))\ a.e [0, +00)

where the functions d;, 6,; : [0,4+00) xR =R, ¢=0,1,2,3,...,n— 1 and j = 1,2 are given by

B(t), x> pB(t),
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where N > max{ sup \Oé(") (t)], sup |5(n) (t)|} , and

0<t<4o0 0<t<+0o0

Ono(t,w) = w.

For convenience, the proof is divided into three principal steps.

Step 1: Every solution of (3.3)-(1.2), satisfies a("1(¢) < ugn_l)(t) < B=U(t) for all t €
[0,+00), j = 1,2. Let u; be a solution of the j-modified problem (3.3)-(1.2), j = 1,2
and suppose, by contradiction, that there exists t € (0, +00) such that a(*~1(t) > u;"_l)(t),
j = 1,2. Therefore

inf (uj(vn_l)(t) - a("*l)(t)) <0, j=1,2.

0<t<+0c0

By (2.14) this infimum cannot be attained at +oco. In fact,

inf (ug.”’l)(t) - a(”_l)(t)) = 1" (+00) — al" D (400) < 0

0<t<+o0

and

u§n)(+oo) — o™ (400) <0.

We reach the following contradiction
0> ul" (+00) — al™ (+00) > C — C = 0.

If

. (n—l) _ (n—-1) — (‘"_1) +) _ 4=t | =
Ogggm(uj 1) —a (t)). uDOF) —am D (0F) <0, j=1,2.

Then we have the following contradiction for j = 1,2
n—1
B-u"(0) o DO)-B _ 1, 4

() o+ n)n+ n—1
0 <uy”(07) —a™(0%) < - + ” —=(u (0) — a™1(0)) < 0.

If there is t, € (0,400), we can define for j = 1,2

. (n=1) 4y _ _(n—1) o, (n=1) _ o1
| min (uj ) —a (t)). u" D () — a1 <0,

with u§")(t*) = a(™(t,). Then there exists t > t,, such that

W) — V() <0, u{M(t) —a™ ()20, forall te(t.7).



184 A. Zerki, K. Bachouche & K. Ait-Mahiout CUBO

25, 2 (2023)

Therefore by (3.2) and Definition 2.8, we get a contradiction for j = 1,2

(&™) (1) = (6(a™))'(t) = F(tS0(t, s (1)), 6 (1, u§”‘”< )l i (1))
1" 1)(t)—5n 1t a0 (1))

L8214 6 D) = G0 ("0 (1))

— F(t,50(t, uj<t>>, bl ui-”’”@)% o (1), o (1))
1 () (n— 1)(t)

1+t21+| -1 (t) a=1(t)|

(n 1) _ . (n—1)
1 U t « t B
< 5 — (n_(l)) ) <0, ae te (t,1).
T2 1 4 [l V() — a1 (1))

— (@(a™))'(2)

— (@(a™))'(t)

So, the function ¢(u§-n)(t)) — ¢(al™(t)) is decreasing for all ¢ € (t,,1). If t € (t., 1),

0 = ¢(u{™ (t.)) — (@™ (t.)) > ¢(ul™ (2)) — $(a™ (1))

and u(-n)(t) —a™(t) < 0. Therefore u;nfl)(t) — " 1(t) is decreasing in (t,,t), which is a
contradiction. So u(" V() > a=1(t), Vt € [0,400), j = 1,2. In the same way, we show
that u{" " (¢) < BV (1), ¥t € [0, +00), j = 1,2.

As o772 (0) < A,,_o < B=2)(0) and u(n 2)(0) = A, _o, integrating on [0, +o0) for j = 1,2,
¢ ¢
a2 (1) — a"=(0) = / oV (s)ds < / ul" " (s)ds = ul" "I (t) = Ays
0 0
t
< / B(n—l)(s) ds = ﬁ(n—Q) (t) _ B(n_Q)(O)
0

As

a(an)(t) — ar2) (0) + A, o < u(” 2)( ) < 6(7172)(15) _ 6(7172)(0) + Ao,

then
") < u" () < B (1),

By the same technique, one shows that o(?) < u;i) < B9 fori=1,2,....,.n—3,j=1,2,
then
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Step 2: By Lemma 2.5, if u is a solution of the 2-modified problem (3.3)-(1.2), then there exists
R; > 0, not depending on u, such that

[u™ |, < Ry
Now, we need to consider N = Nj, where

N1>max{2R1, sup  |a™(t)], sup |,B(”)(t)|}.
0<t<+oo 0<t<+oo

If the 1-modified problem (3.3)-(1.2) has a solution u, then u is a solution of problem (1.1)-
(1.2), where
(n) M
|, < Ry < 5 < Ny.

Step 3: Problem (3.3)-(1.2) for j = 1 has at least one solution. Let us define the operator
T:X — X by

Ao ., B=aom(6(0) + [ Flu(s) ds)
CEP 1)

*/Ot <(t(n_5):),l) ¢! <¢(C) +/:Oo F(u(T))d7-> ds.

Tu(t) ZAO + Alt —+ -4 tn—l

with

F(u(s)) := = f(5,80(s,u(s)), -, 6n1(5,u" " (s)), 61 (5,ul™ (5)))
1 w1 (5) = 6,1 (s, u* D (s)) )
14821+ um=1(s) = 6,_1(s,um=1(s))]

From Lemma 2.3, one can see that the fixed points of T are solutions of the 1-modified
(3.3)-(1.2) problem. So it is sufficient to prove that T has a fixed point in X. For this aim,
it is enough to prove that the operator T satisfies the condition of the Schaefer fixed point

theorem 2.7. The proof is split into three steps.

(1) T: X — X is well defined. Let u € X. As f is a L'-Carathéodory function, so, for
p > max{N, [allo, [Blo} U {la® i, 8D, i = 1,2,...,n — 1},

we obtain

< /+OO 1 |u(”71) (5) - 5n—1(57u(n71)(‘9))| ds
0

Pp(s) + L+ 5214 [ur=D(s) — dp_1(s, ur=D(s))] (3.4)

+oo 1
< — _Nds= M, < +o0,
< [ (oot ) ds =y < oo
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this means that F' is also a L!-Carathéodory function. Then,

+o0 (n—1)
i M) — lim -1 L (T (@)
A 0= 07 (000 [ ) -0 P
(n—2) (n—3)
=2! lim Mzg,! lim M:...:n!(TU)(U
t—+oo 1+ t2 t—o+oo 1+ t3 14t

Therefore, Tu € X.

(2) T is continuous. Let (un,) C X, such that w,, — v in X. There exists » > 0 such that

m——+oo

luml|x < 7, ¥Ym € N. We have to prove that ||Tu,, — Tul|lx ~— 0. To this end, we

can see that

[Tt — Tullo =570, | (Tum) — (Tu) |1 "= 0, ||(Tum)" — (Tu)"|2 "=570, ...

1(Tum)™ = (Tw)™]],, "=5 0.
We have,

sup [ ¢((Tum)™)(t) — ¢((Tw)™)(#)| =  sup
0<t<+o0 0<t<+o0

< | P 0) — Pl du < 234, < +x.

/ " P () s~ / - Pluli) do

From Lebesgue Dominated Convergence Theorem, F'(u,(t)) converges to F(u(t)) a.e.,

t € [0,+00), as m — +00, because F is L!-Carathéodory function, so

+oo
| [Pt = Peute]an o

as m — +o00, then,

(T e)™ = (Tw) ™| — 0,

as m — +o00. Moreover, we have that for : =0,1,2,...,n—1,

67 (6(0) + f; Flum(s))ds)  pnoica
14—t (n—i—1)!

Tu,,)® @
wp [T @) TwO@)|
0§t<+oo 1+tn—z 1+tn—z

sup
0<t<+o00

Jy e = )" 717 ($(C) + [ Flum())dr ) ds
* A+t )(n—i—1)
¢! (d’(c) + f0+°° F(u(s))ds) n—i—1
14trn—t (n—i—1)!
Syt =)ot ((C) + [ F(u(r)dr) ds
- A+t (n—i— 1)

—a

+a
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tn—i—l

+oo
<,z mrme e (40 [ o)
+oo
~ag™ <<z><c> - F(um<s>>ds)
1 t n—i—1
O T T )| / (t=2)

O (¢>(C) + / = F(um(r))dr)

=0 (o) + [ Flatryar)

< sup 2|a|tnii71
0<t<+oo (1 + t”*’i)(n — 17— 1)'

t 2(t— S)n—i—l
4+  su / . - Tum)™ = (Tw) ™ ||,.ds
o [ i) - )|

< 2fal[[(Tum)™ = (Tw)™ [l + 20/ (Twm)™ = (Tw) ™| = 0,

ds

1(Tem)™ = (Tw) ™|

as m — +o0.

(3) T is compact. Let
L, = max {¢™(|6(C)| + M,), |7 (~[6(C)| = M,)[} -

Let U C X be any bounded subset, i.e., there is 7 > 0 such that ||u||x < r for allu € U.

For each v € U, one has for i =0,1,...,n— 1.
pone? A gkl gL g ( R dS) T
H(Tu)(i)”i — sup k=i (k—i)! (n—1—i)! (n—1—i)!
0<t<+oo 14t
t t—g n—1—1i _ +oo
+/0 (n 7(1 — i))!(l +t”*i)¢ ! (¢(C) -i-/5 F(u(T))dT) ds
k=n—2
|Ak| |B| + |a|L, L,
<
= I; s [ e TR o) I
and
1 1 +oo
™= sw |07t (s0)+ [ Futn) | <1, < .
<t<+oo t
So,

ITul|x <|Ag| +|A1]| + |A2| + -+ |Ap—2| + |B| + (Ja| + 1)L, < +o0.

That is, TU is uniformly bounded.
In order to prove that T'U is equicontinuous, let L > 0 and ¢1,t5 € [0, L] with ¢; < t.

We have
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+o0 too
[6((Tw)™) (t2) — S((Tw)™)(11)] = |6(C) + / F(u(r))dr — §(C) — / F(u(r))dr
+oo ’ +oo 1
— /t Flu(r))dr - /t F(u(r))dr|

- /j Flu(r)dr| 0,

as t1 — tg. Also,

B —a¢™" (6(C) + [, F(u(s))ds)
(14t2)

B—a¢ ! (¢>(C’) + f0+°° F(u(s))ds)
(1+41t1)

B —a¢? (¢(C) + f0+°° F(u(s))ds)
(1+1t2)

(Tw)" D(t2) _ (Tw)" " V(ta)| _

1—|—t2 1+t1

<

B—a¢™ (6(C) + [, Flu(s))ds)

(1+t1)
t1
+Lp/
0

to
LP /
tq

as t; — to. Moreover, we have that for i =0,1,..., n—2

1 1
—_— = ds
1+t 1+t

1 ds — 0,
1+ ts

k=n—2 n—1—i

Ax k=i _ (q¢~! 0 Fu(s))ds) — L
(Tw)(t2) _ (Tw)@(t)| _ kz:: wpth = (067! (O + I Flalodas) - B) sy

145" 140" 1+t07°

k=n—2

ﬁtlfﬂ. - (adfl (925(0) + f0+oo F(u(s))ds) — B) %

k=1

L+t

+ /;2 ( (tz —s)" 17" )(;571 (¢(C) + /:oo F(u(T))dT) ds

n—1—9)(1437"

_/0“ : (b —s)" )¢—1 (¢(0)+/jw F(u(f))df) ds

n—1—i)(1+t7"
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k=n—2 .
A ki _ t'n,—l—?,
Z . (fw ( )+ o ds) - B) =
< | A= :
- 1+t57"
k=n_-2 gn—1—i
Ay g k—i
Z (kfi)!tlf - (‘w ( )+ f F(u(s) ) - B) <n1717¢>!
k=i _
14+
/ t2 _ S)n 1—1 3 (tl _ S)n—l—i
m=1-=)A+t5 (n—1=i)A 47779
_ n 1—1
/ (t2 = 5) ds — 0,
b0 | (n—1—=i 4379

as t1 — to.

Furthermore, TU C X is equiconvergent at infinity. We use that F' is L'-Carathéodory

function and the continuity of ¢~'. From Lemma 2.1, we have that for all u € U,

Tu)"=9(t) C
lim (Tu)™(t) = C, then, lim ™) . () = —forie{l,...,n}. So,
t——+o0 t— 400 14+t 7!

“+oo

i) - | = ot (o0)+ [ Flumyau) - c| >0,

t

as t — 400. Regarding the next derivative, we have

lim ‘W_l)(t)—c’: lim 1<B—a¢—1 <¢(C)+/O+OOF(u(s))ds)

t—+oc0 14+t t—4oo |1+t

+/; ¢! <¢(C) + /:oo F(u(T))dT) ds> - c‘

< dim | (B-aot (s0r+ [ Finas) )]

1

t +oo
+ dim 1o i ¢t <¢(C)+/s F(u(T))dT> ds—C‘

~ i | (B w0 (v + | +°° Flu(s)ds) )|

+ lim |¢! (¢(O) + /;OO F(u(7))d7-> - c‘ =0.

t——+oo

By the same technique, one can show that

(n—1)
T _C|
14t 1!

ast — 400,11 =2,3,...,n. So, by Lemma 2.6, the set TU is relatively compact.

Moreover, the set

{fueX: u=ATu, A€ (0,1)}
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is bounded, as
INTu||x <|Ao|+ |A1| +|A2| + -+ |An—2| + |B| + (Ja] + 1)L, < +00, YA € (0,1).
By Theorem 2.7, T has at least one fixed point u € X such that

a(t) <u(t) < B@), o/ ) <u'(t) <B(t),...,a" V() <u V(1) < gD,

—2R; < u™(t) < 2Ry, Vte[0,+00). O

Remark 3.3. If n =1, problem (1.1)-(1.2) is written as

(¢(u)'(t) = f(t,u(t), u'(t)), a.e. t€[0,+00),
u(0) + au’(0) = B,

u'(+00) = C.

In this case, we cannot consider the functions @ and 3. Moreover, in Theorem 3.1, we do not need

to suppose the condition (3.2) and the upper and lower solutions are automatically ordered.

4 Example

Consider the (n + 1)st order differential equation for a fixed n € N\ {0,1}
(™) (t) = flt,u(t),u'(t),...,u™(t), ae., t>0, (4.1)

with the boundary conditions

u(0) = 2,
uD(0)=0,i=1,...,n—2,
1 1 (4.2)

(n—1) _ (n) ——

u (0) RN 0) =3,
|

(n) _n

ul™ (+00) 5

where

Tpog —nlt— (=D (2o +2) — (1 + 22+ -+ Tp_2) xn—n!’

flt,xo, 21, ... ) = (ESOICENTE . (4.3)

Moreover, the functions a(t) = 2 and B(t) = t" +t"~1 + ... +t + 1 are respectively, non-ordered
lower and upper solutions for (4.1)-(4.2), with @(t) = 2 and B(t) = t" +¢"~1 + ...+t + 2. As,
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i=1,...,n—2,0=0a(+00) < & < " (+00) = n! and

B B (0) n!

IR Ty

a™(0)

O CESNE

= % >0=0al""1(0) -

Also, f=D(t) = nlt + (n — 1)), B™@) = n!, ((a™)3)(t) = 0 and ((8™)3)(t) = 0, then,
ft,at),a'(t),...,a™t)) =0 and f(t,B(t),B(t),...,8M(t)) =0 for all t > 0. The nonlinearity

f satisfies the one-sided Nagumo condition (2.8) with

1

on the set

Ey = {(t,xo,xl, ey @n) € [0,400) x R @(t) < 2o < Bt), () < 21 < B'(t),

0(t) < 0> < B'(0), 0" (1) < wa < BV ()],

and satisfies the assumptions of Theorem 3.1.

Therefore, there is at least a nontrivial solution u of (4.1)-(4.2), and R > 0, such that

a(t) <u(t) < Bt), o’ (t) <u'(t) < B(),...,a™ V(@) <u V(1) < g1,

—~R<u™(t) <R, Vtel0,+00).

From this, we see that u is a nonnegative function and its derivatives u(? are nonnegative for

i €{1,...,n— 1} and nondecreasing for i € {1,...,n — 2}.
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ABSTRACT

For a continuous and positive function w (), A > 0 and p a
positive measure on (0, co) we consider the following integral

transform
D) (@)= [T w A+ D) (),

where the integral is assumed to exist for 1" a postive oper-
ator on a complex Hilbert space H.

We show among others that, if 5> A > a > 0, B > 0 with
M > B — A >m > 0 for some constants «, 8, m, M, then

M

0< 25 (D (w, 1) (8) = D (w, 1) (M + B)]
< 22D (w, 1) (B) = D (w, 1) (M + B)] (B~ A)
= % [D (w, u) (@) — D (w, p) (m + a)] (B - A)~"
S 3 [D (w, i) (o) = D (w, ) (m + )] .

Some examples for operator monotone and operator convex
functions as well as for integral transforms D (-, -) related to

the exponential and logarithmic functions are also provided.
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RESUMEN

Para una funcién continua y positiva w (A), A > 0 y p una
medida positiva sobre (0, c0) consideramos la siguiente trans-

formada integral
D) (@)= [ TwA+D) (),

donde se asume que la integral existe para un operador posi-
tivo T', sobre el espacio complejo de Hilbert H.

Mostramos, entre otras cosas, quesi § > A >a >0, B>0
con M > B — A > m > 0 para algunas constantes «, 3, m,

M, entonces

M

0< 75 [P (w. ) (8) =D (w, 1) (M + B)]

< ™D () (8) — D (w, ) (M + B)} (B — )
<D () (4) ~ D ) (B)

< 21D (w, 1) (@) ~ D w0, 1) (m+ )] (B — 4)”
< M1 (1) () = () 0]

También se proporcionan algunos ejemplos para las funciones
operador mondtono y operador convexo, asi como de trans-
formadas integrales D (-, -) relacionadas con las funciones ex-

ponencial y logaritmica.

Keywords and Phrases: Operator monotone functions, Operator convex functions, Operator inequalities, Lowner-

Heinz inequality, Logarithmic operator inequalities.
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1 Introduction

Consider a complex Hilbert space (H,(-,-)). An operator T is said to be positive (denoted by
T > 0) if (Tz,z) > 0 for all z € H and also an operator T is said to be strictly positive (denoted
by T > 0) if T is positive and invertible. A real valued continuous function f on (0, c0) is said to
be operator monotone if f(A) > f(B) holds for any A > B > 0.

We have the following representation of operator monotone functions [6], see for instance [1, p.

144-145):

Theorem 1.1. A function f : [0,00) — R is operator monotone in [0,00) if and only if it has the

representation
A
t)=f(0)+ bt ——dp (A 1.1
ICEIURE s v AeT (11)
where b > 0 and a positive measure p on [0,00) such that
/mid (A\) < o0 (1.2)
o 1+A a ' '

A real valued continuous function f on an interval I is said to be operator convex (operator concave)
on [ if

fA=XNA+AB) < (2)(1=A) f(A) +Af(B) (0C)

in the operator order, for all A € [0,1] and for every selfadjoint operator A and B on a Hilbert
space H whose spectra are contained in I. Notice that a function f is operator concave if —f is

operator convex. We have the following representation of operator convex functions [1, p. 147]:

Theorem 1.2. A function f : [0,00) = R is operator convex in [0, 00) with f7 (0) € R if and only

if it has the representation

f(t):f(0)+f’+(0)t+ct2+/oo A dp (\), (1.3)

o L+

where ¢ > 0 and a positive measure p on [0,00) such that (1.2) holds.

We have the following integral representation for the power function when ¢ > 0, r € (0, 1], see for

instance [1, p. 145]
: o) )\r—l
pro1 = Sin(rm) d\. (1.4)

Observe that for ¢ > 0, t # 1, we have

“ X Int 1 u-tt
= 1 for all 0
/0 A+t) (A +1) t—1+1—tn(u+1>7 or all u >

By taking the limit over u — oo in this equality, we derive

Int _/°° dX
t—1  Jo A+t)(A+1)
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which gives the representation for the logarithm

o dA

Motivated by these representations, we introduce, for a continuous and positive function w (),

A > 0, the following integral transform

w (N)

—d t 1.
L. >0, (16)

Dw) ()= [

where p is a positive measure on (0,00) and the integral (1.6) exists for all ¢ > 0. For p the

Lebesgue usual measure, we put

D (w) (£) = /OOO ;”sz A\, >0, (1.7)

If we take p to be the usual Lebesgue measure and the kernel w,. (A\) = A""1, r € (0, 1], then

ot = SO s @), s o, (1.8)

7r
For the same measure, if we take the kernel wy, (A) = (A+1)"", ¢ > 0, we have the representation

Int = (t—1)D (ww) (), t>0. (1.9)

Assume that T" > 0, then by the continuous functional calculus for selfadjoint operators, we can

define the positive operator
D) ()= [ w0+ T) du ), (1.10)
where w and u are as above. Also, when p is the usual Lebesgue measure, then
D (w) (T) = /Ooow()\) A+T)"ldN, for T > 0. (1.11)

From (1.8) we have the representation

D (w,) (T) (1.12)
where T' > 0 and from (1.9)

(T—1)""'InT =D (wn) (T) (1.13)
provided T' > 0 and T" — 1 is invertible.

In what follows, if A is an operator and a is a real number, then by A > a we understand A > al,

where [ is the identity operator.
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In this paper we show among others that, if 5> A>a >0, B> 0with M > B—A>m >0 for

some constants «, 3, m, M, then

(™)

0< 57z [P (w.n) (8) =D (w,p) (M + )]
< ™D a1 (8) — D ) (M + 8)) (B~ 4)”
<D 0, ) (4) D (1) (B)
< M D w, ) (0) ~ D () (4 )} (B )
< M w1 (0) = D () (. + ).

Some examples for operator monotone and operator convex functions as well as for integral trans-

forms D (-, ) related to the exponential and logarithmic functions are also provided.

2 Main results

In the following, whenever we write D (w, ) we mean that the integral from (1.6) exists and is

finite for all ¢t > 0.

Theorem 2.1. For all A, B > 0 with B — A > 0 we have the representation
0< (B - A)"*[D(w,p) (A) - D (w,u) (B)] (B - A)"/* (2.1)
- /OOO </01 [(B — APt sB+(1—s5)A)" (B_A)Wrds) x w(\) dp (V) .
Proof. Observe that, for all A, B > 0
D (w, 1) (B) = D (w, 1) (A) = / Te [+ B) T -0 ) du (). (22)

Let T,S > 0. The function f(t) = —t~! is operator monotone on (0,00), operator Géteaux

differentiable and the Gateaux derivative is given by

Vfr(S) := lim [f(THS) — f(T)} =T77'8T~, forT,8 >0 (2.3)

t—0 t

Consider the continuous function f defined on an interval I for which the corresponding operator
function is Gateaux differentiable on the segment [C, D] : {(1—-t)C +tD, t €[0,1]} for C, D

selfadjoint operators with spectra in I. We consider the auxiliary function defined on [0, 1] by
fep(t):=f(1—-t)C+tD), tel0,1].

Then we have, by the properties of the Bochner integral, that

FD)=1©) = [ Zler®)dt= [ Viupeun (D=0t (24)
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If we write this equality for the function f (¢) = Land C, D > 0, then we get the representation

c-1_p-1— /1 (1—=t)C+tD)" " (D—-C)((1—t)C +tD) " dt.
0

(2.5)
Now, if we take in (2.5) C = A+ B, D = A+ A, then

A+B) ' —(+A)!

/01 (L= +B) +tOA+A) (A= B) x (1) A+ B)+t(A+ A dt (2.6)

:/1()\—1—(1—t)B—i—tA)_l(A—B)(/\—i-(l—t)B—i-tA)_ldt
0

and by (2.2) we derive
D (w,p) (A) =D (w, n) (B)
:/Oow(/\) </1 A+ (1 —t)B+tA)  (B-A) ><()\+(1—t)B+tA)_1dt) du(\)  (2.7)
0 0

—/Oow(/\) (/1(/\+SB+(1—S)A)_1(B—A) X (A 8B+ (1— ) 4) 7 ds) du (V)
0 0

for all A, B > 0, where for the last equality we used the change of variable s =1 —¢, ¢ € [0,1]

Now, since B — A > 0, hence by multiplying both sides with (B — A)l/ % we get

(B - A>”2 [D (w, 1) (A) — D (w, ) (B)] (B — A)"/?
= (/lB )2(A+sB+(1-5)A)"H(B-A)
0
(
B

A
(/\—i—sB—i-l A)NB - A)l/gds)du(/\)
A)

1 (2.8)
</ V2N 4 sB+(1-s)A) " (B=A)Y?
0

( A2+ sB+(1—s)A) " (B - A)? ds) dp ()

_/OOOM(A)X (/0 [(B—A)l/z(/\—i—sB—i—(1—s)A)_1(B—A)1/2]2ds> du (N,

which proves the identity in (2.1). Since

[(B — A2 (A +sB+(1-s)A) (B- A)l/“‘}2 >0

then by integrating over s on [0, 1], multiplying by w()\) > 0 and integrating over du (\), we
deduce the inequality in (2.1).

O
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The case of operator monotone functions is as follows:

Corollary 2.2. Assume that f is operator monotone on [0,00), then all A, B > 0 with B—A >0

we have the equality

o

<(B-AV[fA)A - (BB (B-A)V
—fF0)(B= A2 (A1 =B ) (B - A)/? (2.9)

e8] 1 9
i (/O (B= )" (A sB+(1-5)4)7" (B - 4)"] ds) A (M)
for some positive measure (1 (X). If f(0) =0, then

0< (B-A)2[f(A)A - f(B) B (B-4)"

— /OOO (/01 [(B — AP A +sB+(1—s)A) " (B- A)l/Qr ds> x Ndp (N). (210
Proof. From (1.1) we have the representation
M —b=D () (1), (2.11)
with £(A) = A, for some positive measure 1 (A) and nonnegative number b. Since
D (0, 11) (A) =D (6 0) (B) = [f (A) = (O] AT = [f (B) = f(0)] B~
=f (M)A = (BB~ f(0) (A7 = BTY),
hence by (2.1) we get (2.9). m

The case of operator convex functions is as follows:

Corollary 2.3. Assume that f is operator convex on [0,00), then all A, B > 0 with B— A >0
we have that
0<(B-A)[[(HA2 - [(B)B?](B-4)"
~FLOB-A) (AT =BT (B- )
— f(0)(B—A)"?(A72 = B2) (B—A)'

- (/ (B =) s (=9 ) (5= )] ds) s rdn (),

(2.12)

for some positive measure 1 (X). If f(0) =0, then

0< (B—A)"2[f(A)A2-f(B) B2 (B-4)"
—JL0)(B-A) (AT - BT (B 4)'? (2.13)

/Ooo </01 [(B—A)l/2 (/\—i—SB—l—(l—s)A)1(B_A)1/2rd8> CAdi (N
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Proof. From (1.3) we have that

f#)—£0) = fL (Ot
t2

c=D(p)(t),
for t > 0. Then for A, B > 0,

D (l,11) (A) =D (4 ) (B) = fF(A) AT = fL0) AT = f(0) A = f(A) B2+ fL(0) B~" + £ (0) B~
=f(A)AT?—f(B)B~fL(0) (AT =B™) - f(0)(A7* - B7?)

and by (2.1) we derive (2.13). O

When more conditions are imposed on the operators A and B we have the following refinements

and reverses of the inequality
0< D(waﬂ) (A) - D(wa:u') (B)
that hold for B — A > 0.

Theorem 2.4. If 6> A>a >0, B >0 with M >B—A>m >0 for some constants c, 3, m,
M, then

(&)

0< 572 [P (w. ) (8) =D (w,p) (M + )
< ™D (o 1) (9) — D (o, ) (M + )] (B~ 4)”
<D (w,) (4) ~ D (w10 (B) 214
< M2 D () 0) = D o ) (-] (B 4)”
<MD (1) 0) D () (m + ).

Proof. For s € [0,1] we have
A+sB+(1—-s)A=X+s(B—A)+ A
We have
As(B-=A)+A>A+sm+A>A+sm+a=A+(1-s)a+s(m+a),
s €[0,1] and A > 0, which implies that
A+sB+(1—5)A) "<+ (1—s)at+s(m+a) "

and, by multiplying both sides by (B — A)l/2 >0,

(B-—A"*A+sB+(1—s)A) ' B-A*<A+1=s)a+sm+a) " (B-A)

<SMMA+0—s)a+s(m+a)".
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Furthermore,

[(B-A)2 (A4 sB+(1-5)4) (B~ A)1/2]2 < M2+ (1—s)atsm+a)?,

for s € [0,1] and A > 0, which implies by integration that
o0 1 2
/ w(N) (/ (B-2)"2 (At 5B+ (1-5) 407" (B-4)"] ds> du ()
0 0

<o [T (/01[A+<1—s>a+s<m+a>]st>du<x>

—E/Omwm (/01[A+<1—s>a+s<m+a>11<m+a—a>

m
XA+ (1 —s)a+s(m+a)t ds) du(\)  (and by (2.7))
M2
= — [D(w,p) (@) =D (w,p) (m + a)].
Using (2.8) we get
1/2 12 _ M?

(B~ A D (w, 1) (4) = D (w, w) (B (B~ 4)"* < T [D (w, p) (@) — D (w, ) m + )]
Multiplying both sides with (B — A)fl/ * we deduce the fourth inequality in (2.14). We also have
A+s(B-—A)+A<A+sM+A<A+sM+B=A+(1—-5)f+s(M+p),

which implies that
A+sB+(1—s)A) " >N+ 1—s)f+s(M+p8)"

and, by multiplying both sides by (B — A)1/2 >0,

(B=A)" A+sB+(1-5)A) " (B-A)Y2>N+1—-s)B+s(M+p)] " (B-A)
>mA+(1—s)B+s(M+p8)] ",

for s € [0,1] and A > 0. By taking the square, we get
2
[(B—A)W A+sB+(1—5)A) " (B4 >m? A+ (1—s)B+s(M+B) 7,
for s € [0,1] and A > 0. By taking the integrals in this inequality we obtain
0o 1
/ w(\) (/ [(B—4)"2(\+sB+(1—5)4)" (B~ ,4)1/2}2 ds) d ()
0 0
00 1
_m2/ w (A) (/ /\+(1—s)ﬁ+s(M+B)]_2ds> dp (M)
/ V([ - sesore s 0res-5)
(1-

$)B+s(M+8)] " ds) du(N)  (and by (27))

:@f :|3

[D (w, 1) (B) = D (w, p) (M + )]
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Using (2.8) we get
m2
(B—A)'""2 D (w, ) (A) = D (w, ) (B)] (B— A)"/* > a7 [P (1) (B) =D (w,p) (M + 5)].

Multiplying both sides with (B — A)_l/ % we deduce the second inequality in (2.14). The rest of

the inequalities are obvious. [l

It is well known that, if P > 0, then
(Pa,y)|” < (Pa,x) (Py,y),
for all x, y € H. Therefore, if T' > 0, then
0< (z,2)2 = (T7'Ta,2)* = (T, T"'2)”* < (T, ) (TT "2, T &) = (T, ) (2, T 'z,
forallz € H.If x € H, ||z|| = 1, then

1< (Ta,z) (x, T 'z) < (Tx,z) sup (z,T 'z) = (Tz,x) HT71

llzll=1

which implies the following operator inequality
7Y~ <. (2.15)

Remark 2.5. If A > 0 and B — A > 0, then obviously ||A|| > A > HA_lH_l and ||B — A||
1 B
B—-A2> H(B —A)_lH . So, if we take B = ||Al|l, a = |47} YoM = I|IB— Al and m

Y

-1
H(B - A)le in (2.14), then we get

D (u,12) (JA]) = D (w, ) (1B = A] + [} A])
1B -4 -7

_ D) (JA1) =D (w, ) (1B — A +]}A])

18- 4 |3 -7

0<

(B-4)"

< D (w, ) (A) — D (w, ) (B)

18— AP B4 (2.16)

IN

X

2w () =2 ) (8- )] - )

IN

18— 4l |8 -4

[Pt (Ja ) = 2w ([ =7 a7
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Corollary 2.6. Assume that f is operator monotone on [0,00). If 8 > A > « > 0, B > 0 with
M > B—A>m >0 for some constants o, 3, m, M, then

§ [f(ﬁ)_f(M+ﬁ)_ M

5 M+ ﬂ<M+ﬁ>f<0)}

m [fB) fM+p M o
<3 |55 P ﬁ(M+ﬂ>f(0)] .
< FA) AT = ()BT - [ (0) (A7 - BY) (2.17)
M? fla) f(m+a) m -1
SH{ o  m+ta _a(m—i—a)f(o)}(B_A)
M2 [f(a) f(m+a) m
SW{ a m+«a oz(m—i—oz)f(o)}

W (8 FOM+8)]_ w2 [f(B) f(M+5) :
R Y I R V ]Sﬁ[ 5 Mip }(B_A)l
<rwat—rmpr< L[S )5 (2.18)

M2 [ f(a) _f(m+a)].

m? | « m+
The proof follows by (2.14) and the representation (2.11).

Remark 2.7. If A> 0 and B— A > 0, then for f an operator monotone function on [0,00) with
f(0) =0, we obtain from (2.18) some similar inequalities to the ones in Remark 2.5. We omit the

details.

The case of operator convex functions is as follows:

Corollary 2.8. Assume that f is operator convex on [0,00). If § > A > a >0, B > 0 with
M > B—A>m>0 for some constants o, 8, m, M, then

[ g e

< [fﬁ@ ) 1 O g~ O S < (B4

< FAA™ (BB L) (A7 - B - 0) (47 - B 219)
e A U RO e ARG

<X [f o AR AUE e SO
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If f(0) =0, then

0< 2 [fﬂ(f) TR A UET e
<™ [fgf) SR R0 g B0
<F(A)A2— [(B)B™2 = [, (0) (A" = B (2.20)
<M

Remark 2.9. If A > 0 and B — A > 0, then for [ an operator convex function on [0,00) with
f(0) =0, we obtain from (2.20) some similar inequalities to the ones in Remark 2.5. We omit the

details.

3 Some examples

The function f(t) = t", r € (0,1] is operator monotone on [0,00) and by (2.18) we obtain the

power inequalities

0< Tl — e < I [ - e 8 (B 4)
<Al _prl< %2 [arﬂ _ (m+a)r—1:| (B—A)"! (3.1)
< ]\Tr/L[_j [arq _ (m_i_a)r—l} 7

provided that 8 > A > a >0, B> 0 with M > B — A > m > 0 for some constants «, 3, m, M.
The function f (¢) = In (¢ 4 1) is operator monotone on [0, 00) and by (2.18) we get

O<m_2 _1n(ﬁ+1)_1n(M—|—ﬁ+1)} <m_2 {ln(ﬁ—i—l)_ln(]\/[—i-ﬂ—i-l)} (B 4)!

- M? | 154 M+p - M 154 M+ 3

A (A1) - B (B 1) < M ln(a+1)—1n(m+a+1)](B—A)1 (3.2)
m e} m+ «

< M? [In(a+1) ln(m—i—a—i—l)}

m? | o m+«

provided that 6 > A >« >0, B> 0 with M > B— A > m > 0 for some constants «, 8, m, M.
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The function f (t) = —In (¢t + 1) is operator convex, and by (2.20) we obtain

O<m_2 1n(M+B+1)_1n(ﬁ+1)+ M
T M2 (M +p)? B2 B (M +p)
m? |m(M+8+1) kIn(8+1) M 1
— - —A
= Ml (M + B B Taarve | fY
<B?Im(B+1)-A Im(A+1)+A ' -B! (3.3)
M? |ln(m+a+1) In(a+1) m 1
= [ (m+a)? o +a(m+a) (B=4)

<

)
m

Man(m—i—a—i—l) ln(a+1)+ m

2 (m+ a)? a a? a(m+ «)

provided that 8 > A >« >0, B > 0 with M > B— A > m > 0 for some constants «, 3, m, M.
Consider the kernel e_g (A) := exp (—aX), A > 0 and a > 0. Then

Dle_a) (t) = /OOO %_;A) d\ = Ey (at)exp (at), >0,

where

u

B (1) ::/ € du, t>0. (3.4)
t

For a = 1 we have

D(e_1) () := /OOO exff;) d\= By (t)exp(t), t>0.

Let > A>a>0,B>0with M >B—A>m >0 for some constants «, 3, m, M. Then by
(2.14) we have

0 < 75 [E1 (af) exp (aB) — B (a (M + B)) exp (a (M + 5))]

< 77 (B (aB)exp (af) — Ex (a (M + B)) exp (a (M + B))] (B — A

< E; (aA)exp (aA) — E; (aB) exp (aB) (3.5)

< MW [E) (ac) exp (acr) — By (a (m + a)) exp (a (m + a))] (B — A) ™

< —5 [Ex (aa) exp (aa) — By (a(m + o)) exp (a (m + a))],

for a > 0. For ¢ = 1 we have

0< I 1B (B)exp ()~ Ex (M + B)exp (M + 5)
< %2 By (B)exp () — B (M + B) exp (M + B)] (B~ 4)~
< E1 (A)exp (A) — E) (B) exp (B) (3.6)
< M2 (5 () exp (@)~ By 0m -+ ) exp (m )] (B - 4)”
o

< 3 [E1 () exp (o) — By (m + ) exp (m + )] .
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More examples of such transforms are

oo 1 7t — 2aln(t/a)
(wl/(é2+a2)) (t) A (t+\) ()\2 + a2) 2a (t2 + a2) ’ =0
and
s A wa + 2tIn(t/a)
D t) = = t=
(wé/(éz-ﬁ-az)) (t) /0 (t+ /\) ()\2 + a?) 2a (t2 +a?) ’ =0,

for a > 0. The interested reader may state other similar results by employing the examples of

monotone operator functions provided in [2, 3, 4, 7] and [8].
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1 Introduction

A model to represent the system with the occurrence of a sudden change in state at some time
points is provided by impulsive differential equations. Differential equations (DEs) with fixed time
impulses have been studied by many authors [7, 15, 22]. However, in the real world, impulses
frequently occur at unpredictable times. Wu and Meng [21] introduced the generic DEs with
random impulses, where the impulsive moments are random variables and any solution of the
equations is a stochastic process, to better depict this phenomenon in reality. Examples of integer-
order DEs with random impulses that have moderate solutions have been mentioned in [9, 18, 19].
The stochastic differential equations (SDEs) with random impulse involving fractional derivatives

also have been studied in [10, 20, 24].

Poisson jumps are now a common modelling element in the fields of physics, biology, medicine,
economics, and finance. A jump term must naturally be included in the SDEs. Furthermore,
many real-world systems (such those that experience abrupt price changes or jumps as a result of
stock market crashes, earthquakes, epidemics, etc.) could experience some jump-type stochastic
disturbances. Since these system’s sample pathways are not continuous, stochastic processes with
jumps are a better fit for describing these models. These jump models typically come from Poisson
random measurements. Such system’s sample pathways (abbreviated c’adl’ag) are right continuous

and have left limits. For more details, see the monographs [1, 23| and references therein.

On the other hand, impulsive differential equations also caught the interest of researchers see
[2, 11, 12, 13]. Differential equations with fixed moments of impulses have become a natural
framework for modeling processes in economics, physics, and population dynamics. The impulses
usually exist at deterministic or random points. The properties of fixed-type random impulses
are investigated in many articles [18, 19]. A. Anguraj et al. [4] established the existence and HU
stability of random impulsive stochastic functional integrodifferential equations with finite delays.
Moreover, Lang, Wenxuan, et al. [16] investigated the existence and HU stability of solutions
for SDEs with random impulses. D. Chalishajar et al. [6] studied the existence, uniqueness, and
stability of non-local random impulsive neutral stochastic differential equations with Poisson jumps.
Recently, D. Baleanu, et al. [5] discussed the existence and stability results of mild solutions for
random impulsive stochastic integro-differential equations (RISIDEs) with noncompact semigroups
and resolvent operators in Hilbert spaces. R. Kasinathan et al. [14] investigated the existence and

stability results of mild solutions for RISIDEs with noncompact semigroups via resolvent operators.

In A. Anguraj et al. [3] have been studied the existence and UH stability of SDEs with random

impulse driven by Poisson jumps of the type
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d(z(t)) = f(t,z)+ g(t, z)dW(t) —|—/ h(t, 2z, 2)K(ds,dz), t>tg, t#tg
st
2(oq) = bg(dg)z(0,), ¢=1,2,...

2z, = o={0(0): =6 <0 <0}

Motivated by the above works, this paper aims to fill this gap by investigating the existence, sta-
bility and HU stability of non-local random impulsive neutral stochastic integrodifferential delayed

equations (NRINSIDEs) and Poisson jumps.

The considered following NRINSIDEs with Poisson jumps of the type

dz(t) + h(t, z)] = {f(h 2t) —|—/0 k(t,s, zs) ds] dt + g(t, z) dW () (1.1)

+/P(t,zt,z)f((ds,dz), t>ty, t#t,,
)1t

z(oq) = bq((Sq)z(oq_)7 g=1,2,..., (1.2)

zty +1(2) =20 =0={c(0) : =6 <0 <0}, (1.3)

where J, is a random variable defined from € to D, def (0,dq) for ¢ =1,2,..., where 0 < dy < o0.
Moreover, suppose that J, and J, are independent of each other as 2 # j for 1,7 = 1,2... Here

filto, TIXx€ =R h:ftg, TI x € =R, g:[tg, T] x €x — RX™ L [tg, T] X [to, T] x € = RY,
r: € — Cand by : Dy — R4 are Borel measurable functions, and z; is R?valued stochastic
process such that

ze={z2(t+0): =6 <0 <0}, 2z cRe

We assume that o9 = ¢y and o, = o4—1 + J§,; for ¢ = 1,2,... Obviously, {o,} is a process
with independent increments. The impulsive moments o, from a strictly increasing sequence, ¢.e.
oc=09<0; <0y << lim o, =00, and z(0,) = lim z(t). Denote by {G(t),t > 0} the
k—o0 t—o,—0
simple counting process generated by {o,}, and {K(¢),t > 0} is a given m-dimensional Wiener
process, and denote &'El) the o-algebra generated by {G;,t > 0}, and denote 39) the o-algebra
generated by {K;,t > 0}. We assume that S(o?, 35,? and o are mutually independent. In (1.1)-(1.3),
K(dt,dz) = K(dt,dz) — dtv(du) denotes the compensated Poisson measure independent of W (t)

and K (dt, dz) represents the Poisson counting measure associated with a characteristic measure v.
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Highlights:
(1) This work extends the work of A. Anguraj et al. [3].

(2) Time delay of NRINSIDEs and Poisson jumps is taken care of by the prescribed phase
space B.

The structure of this article is as follows: In section 2, we mention some concepts and principles.
Section 3 is devoted to studying the existence of mild solutions of the system (1.1)-(1.3). In
section 4, the stability of the mild solution of the equations (1.1)-(1.3) is studied. In section 5, we
investigate the HU stability of the system (1.1)-(1.3). An example is given to illustrate the theory

in section 6. At the end, the last section deals with the conclusion and acknowledgement.

2 Preliminaries

Suppose that (Q2, 5, P) is a probability space with filtration {F,}, ¢ > 0 fulfilling §; = El) U gf).
Let £7 = (2, R%) be the collection of all strongly measurable, p integrable, §; measurable, R?-
random variables in z with the norm | z[| ¢, = (E[|z/|?)'/?. Let 6 > 0 and denote the Banach space
of all piecewise continuous R%valued stochastic process {o(t), t € [d,0]} by €([-6,0], £(Q, R%))
equipped with the norm

1/p
||w||¢:( sup Enw(e)nf) .
—6<0<0

The initial data
2ty +1(2) =20 =0={c(f): =6 <6 <0}, (2.1)

is an §;, measurable, [—4, 0] to R?-valued random variable such that E|/c||? < oo.

2.1 Poisson jump process

Let (p(t))¢>0 be an H-valued, o-finite stationary §;-adapted Poisson point process on (£2, §, (&), P).

The counting random measure K defined by

K((ti,ta] x (w) = Y Tu(p(s)(w)),

t1<s<ts

for any 4 € B,(H) is called the Poisson random measure associated to the Poisson point process

p. This measure v is said to be a Levy measure. Then the measure K is defined by

RK((0,4] x ) = K((0,4] x $1) — tw(sL).
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This measure K (dt,du) is called the compensated Poisson random measure, and dt v(8l) is called

the compensator.

Definition 2.1. For a given T € (tg,00), a R¥-valued stochastic process z(t) ontg — 8 <t < T
is called the solution to equation (1.1)-(1.3) with the initial data (2.1), if for each to <t < T,
2ty = 0, {21, ho<t<T 18 Fi-adapted and

q

Hbz r(2) + h(0,0) — Hbz(é )h(t, z)

1=1

Hba

2(t) =

—

M- 10

fszsder/fszs
1156

/
! / / (s,s,2¢) d<d3+// (s,s,2c) dsds
[IbG) [ oz ami+ / gls,22) AW (s)
.

/ S,Zs,U dS du / / S, 25, U dS du) I[O'q,o'q+1)(t)

q
[15:6,
q
where Hb](dj) = 0g(0q)bg—1(0g—1) - - b,(8,), and I.(.) is the index function, i.e.,

@
Il

—_
<
-

_|_
iM-

_|_
i1

+
M=

1

~

J=

<

1 if tel,
0 if té¢L.

Ip(t) =

Definition 2.2 (HU stability). Suppose that w(t) is a R*-valued stochastic process. If there evists
a real number N > 0, such that for arbitrary ¢ > 0, satisfying

H Z[Hb r(z) +h(0,0) — H tzt+ZHb /fszs

q=0 ~2=1 =1 1=1 3=1

t

—|—/ f(s,25) ds—i—ZHb / / (8,6, 2¢ dgds+/ / (s,6,2.)ds ds
1=1 j=1

g q .
S TIn) [ otz awis + / (s, 2) W (3

1=1 =1 aq

P

—|—ZHb / /P s, zg,u) K (ds, du) + / / s, zg,u) K (ds du)] lioy o) (@) <e

1=1 3= O2—1 9q

For each solution z(t) with the initial value z;, = wy, = o, if there exists a solution z(t) of equations
(1.1)-(1.3) with
E|lw(t) — z(t)|| < Ne, Vit (to—7,T).
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Then equation (1.1)-(1.3) has the HU stability.

Lemma 2.3 ([8]). Let 9,1 € &([a,b], R?) be two functions. We suppose that 9(t) is nondecreasing.
If 2(t) € €([a,b], R?) is a solution of the following inequality

+ /atw(s)z(s) ds, te€]a,b],
then, =() < 9(t) exp ( / " o(s) ds) .

Lemma 2.4 ([17]). For any p > 1 and for any predictable process z € £7
holds,

= [0, 7] the inequality

dxm

t p/2
wﬂz@M@WfW%wnwﬂémmmwm@ te0,T).

3 Main results

In order to derive the existence and uniqueness of the system (1.1)-(1.3), we shall impose the

following assumptions:

(A1): The functions h : [ty, T] x € — R f: [tg,T] x € = R? and g : [tg, T] x € — R¥>*™. There
exist positive constant L, > 0, Ly > 0 and L, > 0 such that,

E|[A(t,¢1) — h(t, ¢
E|\h(t,)|[P < LyE||s|5.

El[f(t, 1) — f(t,2)||P < LyE[[¢1 — ¥2lle,

)7 < LBl — o,
)
)
Ell (& )" < LE[Y |-
)
)

Ellg(t, ¥)[I” < LeE|lyfe,

for all ¢ € [tg, T] and 91,9 and ¢ € €.

(A2): The function k : [tg, T] X [to, T] x € — R?, there exists a positive constant Ly > 0 such
that,

t
/O E[|k(t, s, 1) — k(t, 5, 02) [P < LiEllvor — va]2
t
Aﬁmm&wwsumw%

for all ¢ € [to, T] and 11,12 and ¢ € €.
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(A3): The condition max { IT 115, (Tj)”} < o0o. That is to say, there exists a constant C' > 0 such

E <rr117%x {H ||bZ(T])||}> <C.

(A4): The function P : [tg, T] x € x f — R, there exists a positive constant Lp > 0 such that,

that

/ E|P(t, $1,u) — P(t, 4, 0[P dz < LoEllgs — ol
S
/ E|P(t,s,9)|v dz < LpE[$|2
s

for all ¢ € [tg, T] and 11,19 and ¢ € €.
(A5): The function r : € — € is continuous and there exists some constant L, > 0 such that,
El|r(t,41) = r(t, 2) P < LeE[[¢r — ol
Ellr(t, p)IIP < LeEl[¢ ],
for all ¢ € [tg, T| and 11,19 and ¢ € €.

Theorem 3.1. Assume that the assumptions (A1)-(A5) are satisfied. Then the system (1.1)-(1.3)

has a unique solution in B.

Proof. Let B be the phase space B = &([tg — 4, T], £P(©2,R?)) endowed with the norm

2l = sup [zl
tE[to,T]
where ||z¢[le = sup_s<,<; El|2||P. Denote B,, = {z € B, ||z|l)3 < m}, which is the closed ball with
center z and radius m > 0. For any initial value (¢, z0,) with ¢y > 0 and 2y € B,,, we define the

operator S : B — B by

o(t) —r(t), t € (o0, to]
> [Hbz(él)a(O) —7(t) + h(0,0) = [ [ b[(8)N(t, 2)
q=0 bL1=1 =1

q o, o, s
+ Hb](T])/ (s, 2s d8+/ f(s,zs ds—i—ZHb / / k(s,s,2¢)dsds
o o,-1 Y0

z:l]: 1—1 1=1 3=1

+/: k(s,s, 2 d§+ZHb / (s, 25)dW () ‘*‘/: g(s, z5)dW (s)

1=1 g=1 - q

—1—21__[6 / /Pszs, K (ds,du)
Op—1
/P s, zs,u) K (ds du)}]aqﬂqﬂ)(t), t € [to, T].
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Now we have to prove that S maps B into itself.

IS = i[Hb (1) + h(0,0)] - f[lbz@)h(t,zo
{iﬁm / fszéds—&-/fsza y
STt [ [ i [ [ Ko
+:§ﬁb]<a]>/ oo, ) W o)+ [ gto.2 ) v
[STIb0 [ [ re ks [ [ 2k a0,

[lo(0) = r(2) + h(0,0)|"]

—=
=
<
—
&
~—

E||Sz(t)||? < 4°7'E |:max
q

—e
&
-~
o
N

ii

<
M ——
- . 7,

+ 4P7'E| max

@
]
<

r q r t p
478 max {1 TR | [ 1706020105 Ty )]
1=y <4 LtJ%t
1 B q 1Pr t s P
o (LTI || [ k6620 dsds Ty, 0)]
L » 1=y 4 LJtg
. r q pr P
+8[ma (LTI | [ tote2a () s, 0]
1=
) r q P17 p
LR n}%x{l,HHbJ(éJ)H} /t /||Ps 2o u)K (ds, du) | ds Iy, (,qﬂ)(t)}
L v d 0

s
Il
~

< 4" CElo(0)|I” + L, El|2|"] + 477 CLaE|o|” + 4" CLE|| =g

t t
+4p71max{1,C}(t—to)pflLf/ EstH’éds+4p71max{1,C’}(t—to)pflLk/ E|jzs||e ds

to to

¢ t
44771 max{l,C}(t—to)p/Q_ngLp/ IEstHIéds+4p_1max{l,C}(t—to)p/Qchp/ Elzs||% ds.
to to
Thus

sup  E|Sz(0)||P < 4 ICE[o(0)| + LiE|oll?] + {47 C(Ly + Ly)(t — to) 2
SE[t—T,t]

+ 4P max{1,C}H(t — to)P 'Ly + (t — to)P " Ly + (t — to)”/* 'Ly L,

+ (¢ = to)*ep(Lp + L/ *)] }(t — to) s Ellzs e
se|t—9,t

Therefore S maps B into itself.
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Now, we have to prove that S is a contraction mapping.
p
Bl($2)(0) - (Su)(OIF <3 E [max { [T DI 176D = 1)l 0

+37'E :maX{HHb }th(t,a)—h(t,wt)lll[aq,aﬁn(t)r

~

&
—
=
kx

pr t P
L3R LTI | [ 156,200 - f(s,ws>||dsf[gq,oq+1><t>]
LJtg

@
Il
<

—=
=
Q

t s P
5l / / ||k<s,<,zg>—k(s,<,zg>||d<dsf[aq,0q+l)<t>}
L 0

s
Il
<

—=
=
&v

r pr P
+ 3R HzlaX 1, 0]l / llg(s, zs) — g(s, ws)||dW (s )dsl[oqygqﬂ)(t)]

s
Il
<

max{
+ 377K max {1,

o1
o1
o1}
o1

—=
=
Q

+3°7'E|m ax 1,

pr ~ P
/ /HP S, zs,u) — P(s, zs,u )||K(ds,du)I[aq,Uﬁl)(t)}

s
Il
<

< 3" ICE|r(z) — r(w)|” + 3" CE[|A(t, z¢) — h(t, we)||”

3 max(1,CY0 - Ly x [ CENf (5, 22) — Fls,w0)|Pds

to

t s
+3p71max{170}(t—to)ka/ / E|lk(s,s,zs) — k(s, s, we)||"dsds
to Jo

t
+3" max{1, C}(t — t0)"* L, Ly / Ellg(s, zs) — g(s,ws)[[PdW (s)

to
t

+ 37 ' max{1,C}(t — to)pchP/ E||P(s,zs,u) — P(s,z2s,u)||"ds

to
< 3PT'CLE|z — w|? + 3P ' CLLE|z — w|?
+ 37" " max{1, C}(t — to)" LsE| 25 — ws]|/5ds
+ 37"  max{1, C}(t — to)? LyE||zs — ws|/2ds
+ 37" max{1, C}(t — to)?/? Ly, LyE||zs — ws||hds
+ 37" max{1, C}(t — to) cp(Lp + Lp/Q)IEHzS — ws|Rds
< {3"7'C(Lr + Ln) + 3" max{1, C}[(t — to)" Ly + (t — to)" L

+(t—to)"PLyLy + (t — to)Pep(Lp + LY*)]} sup E|lz(t+0) —w(t + 0)[%
0c[—46,0]
< {3"7'C(Ly + Ly) + 3"~ " max{1,C}[(t — to)" Ly + (t — to)" Ly

+(t—to)"*LyLg + (t — to) ey (Lp + LY?)]} sup. Eu (s) — w(s)|%-

sE[t—

Taking the supremum over ¢, we get
1(52)(t) = (Sw)(®)[I5 < UTIE[z — wl,
with

A(T) = 3" C(Ly + Lp) + 3° " max{1, C}[(t — to)"(Ls + Ly, + ¢,(Lp + L3?)) + (t — to)?/> L, L,].
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By taking a suitable 0 < 7; < 7 sufficient small such that 2(7) < 1. Hence S is a contraction on
Br,. Sz = z is a unique solution of equation (1.1)-(1.3) by the Banach fixed point theorem. O

4 Stability

The stability through continuous dependence of solutions on the initial condition is investigated.

Definition 4.1 ([4]). A mild solution z(t) of the system (1.1) and (1.2) with initial condition o
satisfying (2.1) is said to be stable in the mean square if for all e > 0, there exist, § > 0 such that,

Elz —w|! <e€, whenever,

EHUl — CTQHP < 6, fO’f‘ all te [to,T],

where w(t) is another mild solution of the system (1.1) and (1.2) with initial value o defined in

(1.3).

Theorem 4.2. Let z(t) and w(t) be mild solutions of the system (1.1)-(1.3) with initial values oq
and oy respectively. If the hypotheses of theorem 3.1 are fulfilled, the mean solution of the system
(1.1)- (1.3) is stable in the mean square.

Proof. Under assumptions, z(t) and w(t) be two mild solutions of the system (1.1)-(1.3) with initial

values o1 and o9 respectively.

2(t) - fﬁ [Hb or — 2] + [r(z)—r(w)]ﬂh(o,m)—h<o,az>]+ﬁlbl<52>[h<t,zt>—h(t,wtn
- ZHb / 5, 2) ~ 15,0 ds+/ /(5,2 —f(s,w.gnds}
S TIbe [ [[bnm-rnciaans [ [ s -t el
v ZHb ) otz =t aW )+ [ o) =gt ) W o)
+ ZHb / 1/[1»8 vt — Pl wa ) K (ds, )

+/Jq /u[P S, zs,u) — P(s,ws,u )]f((dS,du)”I[gq,qu)(t).
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Then,

E||z(t) — w(t)||P < 4P~ C(1 + Lp)E|loy — o2||P + 427 CL,E|z — w||? + 4P~ CPLLE||2(t) — w(t)|?

¢
+4P_1max{1,0}(t—to)p_lLf/ E|z(s) —w(s)||Pds
to

+ 4P~ max{1, C}(t fto)”*lLk/ Ellz(s) — w(s)|[ds

to

t
+ 47 max{1,C}(t — to)p/2_1Lng/ Ellz(s) — w(s)|[ds

to

t
+ 4P~  max{1, C}(t — to)p/QLPcp/ El[z(s) — w(s)|[Pds.

to

Furthermore,

sup E|z(t) —w(t)||P <4P7'C(1 + Lp)E|oy — oa||P + 4P C(L, + L) sup E|z(t) — w(t)|P
sE[t—T,t] teft—r,t]
t
+ 4P~ max{1, C}(t — to)p_lLf / sup  E[[z(s) — w(s)|ds
to s€[t—,t]
t
F  max(LCY o) e [ sup Bla(s) - w(s)|Pds
to SE[t—T,t]
t
+ 4P~ max{1, C}(t — to)p/Q_ngLp/ sup  E[[z(s) — w(s)|[Pds
to sE€[t—T,t]
t

+ 4P~ max{1, C}(t — tO)p_lLPcp/ sup  El|z(s) — w(s)||"ds.

to SE[t—T,t]
Thus,
sup  E[[2(t) — w(t)[|” < 1E[o1 — o2,
SE[t—T,t]
where,
477101+ L)
Y

L= [4971C(L, + Ly) + 47 max{L, O} (t — to)?[(Ly + Li) + (t — to) P> Ly Ly + cp(Lp + LY)]]

Given € > 0, choose § = £ such that E[o1 — 02[[" < . Then,
Iz —wllz <.

This completes the proof. O]
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5 HU stability

In this section, we investigate the HU stability of equations (1.1)-(1.3) under the assumptions (A1)-
(A5). We have the following HU stability theorem.

Theorem 5.1. Under the assumptions (A1)-(A5). Then equations (1.1)-(1.3) has the HU stability.

Proof.

4&=§jh1wmwm—<>+mow—Ipw>mam

1=1 1=1

7 q
+2Hb] / f(s,25) der/fszS

1=1 3=1

q K © &
+ZHbJ6)/ / k(s,g,zg)dgds—i—/ / k(s,s,z.)dsds

=1 =1 o,-1 40 oq J0

ﬁwmfzwwmm [@%mw>
z::f[ /(r 1/ s, 25, u) K (ds, du) + /al/ s, zg,u) K (ds, du) Iy 00i1) Q).

It follows from the condition that
q

H i {ﬁb (2) + h(0,0) = [[bu()R(t, 2)

1=1
4 q
—&—ZHb] / (s, z5) ds+/fszs
1=1 3=1
7 q
+2Hbj / / (8,6, 2¢ dgder// (s,6,2c)ds ds
1=1 g=1 Ogq

a 4q
3 1156, / @mm«>/<mmm>
1=1 j=1 9q
p
+ZHb / / S, Zg, U ds du) + / / s, zs,u) K (ds du)]l[aq,gqﬂ)(t) <e.
1=1 3= Ou—1 Tq
When t € [ty — 0, 19], we get E||w(t) — z(¢)||” = 0. And when ¢ € [0, T], we get
oo q q
() - 201 < 25w - 3 [ T[5.6)0(0) = r(:) + 1(0.0) = [[ 8 0tt.)
q=0 ~21=1 2=1

K3

—|—ZHb 7 / (s, zs ds+/ f(s,zs ds—l—ZHb /:il /Osk(s,g,zc)dcds

1=1 y=1 - 1=1 3=1
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+/UZ /OS k(s, s, 2 dcds+ZHb (05) / B (3>Zs)dW(5)+/: g(s, 25) AW (s)

=1 1=1 q

a 4 s
—|—ZHb3(6J)/ /P(s,zs, K(ds,du) + / /P s, zs,u) K (ds, du)} Iioy.oq41) (1)
O,—1 Tq

1=1 y=1

+2°7'E i {ZHb / [f(s,zs) — f(s,ws)] ds—|—/t [f(s,25) — f(s,ws)] ds}
" _ZHb / JRCCESSERIERES) dsds+ [ 50520 = ks o)
+ _ZHb / 9(s.20) = 95w OV(s) + [ Tgls,z2) = g(s,0.)] (o)
+ ZH() / / (s,2s,u) (s, ws, uw)| K (ds, du)
/ / (s, 2s, (s, ws, )]f((ds,du)} I[quf’q+1)(t) ’
< 2P te4 9PTIN,
where
oo q q o, ot
_ p-ig Z [ZHbJ / (F(sv20) = Fls,wlds + [ [£s.22) - f<s,ws>]ds}
=0 -1=1 y=2 O1—1 9q
r 4 q o, S s
+ _;Eb, / 1/0 [k(s,s,2c) — k(s,g,wg)]dgds—i—/l:]/o [k(s,s,2) — k(s,g,wg)]dg]
r 4 q o, t
+ 1 2 TT0, / (s, 25) — g(s,ws)]dW (s) +/ [9(s, 25) —g(vas)]dW(S)}
=1 g=2 - 9q
+ b s, U sy U )]K(d od )
;]1_11 /a 1/ (s, 2 P(s,w s, du

p

/ / S, 25, U 5 , Ws, U )}f((d‘sadu):HI[oq,aq+1)(t)
<4 YA+ B+C+D).

P

Hb](fsj) /01 [f(s, Zs) - f(S,wg)} ds +/ [f(s’ ZS) - f(S, ws)] d5:| I[Uqa0q+1)(t)

7 72— q

<(CP+1)(T —to)P ™! / E|f(s,20) = f(s,ws)||"ds

to

<(cr+ 1)(T—t())p_1/ E||f(s,25) = f(s,w,)||ds

to

t
<@+ DLAT — 10 [z = w2
to
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By (A2), we have

oo

B=E

[z H b,(6,) /01 [k(s,<, 2c) — k(s,<,w)]ds ds

/ / (s,6,2¢) — (s,g,wg)] dcds]f[aq,oq“)(t)

< (CP 4 1)(T — 1) / E|[k(s, <. 2) — k(s, 5, w,)] deds

to

P

t
<@+ LT — 0 [z = i
to

Using Lemma 2.4, we have

(oo}

q=0 "1=1 =2

P

+ [ o2 —g(s,wsﬂdW(s)]f[aq,w(t)

q

< (O + 1) (plp — 1)/2)(T — to)P=2/2 / E|lg(s, z:) — g(sw,)|[Pds

<+ DL = /DT = 10 [z~ s,

By (A4), we have

=E Zq:ﬁb /G / s, zg,u) — P(s,wg, w)| K (ds, du)

/aq/ (s, 25,u) = P(s, w5, u )]f((ds,du)] Ioyogin) ()
< @+ De(T to>“[ / /u E|[P(s, 25, u) = Ps,ws,u)|[Pv(dz) ds

(/ [ EIPG. z0) = P, )||p/2v(dz)d5>l/2]

t
< (CP +1)cp(Lp + LY?)(T — to)P~? / |25 — ws[gds
to

p

Therefore,
t
FzH/ [|2(s) —w(s)H[éds, with
to

H = 4" (CP+1)(T—Go)?* 7 [L (T —t0)?/ >+ Li(T — o) >+ Ly (p(p—1)/2)" >+ (Lp+ LY *) (T —t0)"'?].

Then, we get that

t
Bla(t) -~ w(®)] <2 e+ 207 [ fus) - () fads.
to



Considering,

Notice that, when t € [t — T, o],

Therefore,

So, we get

By Lemma 2.3, we have

On stability of nonlocal neutral stochastic integro differential... 225
t t
[ lwts) = =ofeds = [ swp Eluts+0) 205 +0)ds
to to 0€[—7,0]
t
= sup / E|lw(s +60) — z(s + 0)||Pds
0e[—7,0] J<¢o
t+6
= sup / E|lw(I) — z(I)||PdI.
0c[—7,0] Jto+0
E|lw(I) — z(I)||PdI = 0.
t46 t
/ |ws — ZSH¢CZS— sup / E|lw(I) —Z(I)deI:/ E|lw(I) — z(I)||PdI.
[—7,0] to
t
Elw(t) — z(t)||PF <2 te + 227 H [ E|jw(I) — 2(I)||PdI.
to
E|lw(t) — z(t)||P < 2P~ 'e + 2P~ L exp(2P~ 1 H).
Therefore, there exists N = 2P~ exp(2P~ 1K) such that
E|lw(t) — z(t)||]P < Ne.
O

Thus the proof gets completed.

6 An application

The considered NRINSIDEs with Poisson jumps is of the form

d{(z(()—&—/_oaul(e)z(c—i—e)}:[/ HC10)+ /_a/ us(6 c+9} dc

+[/ <><<+9>] W)

Ua/“f’ C+9]~(ds,du), t>to, t#C
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Let @ > 0, z is R-valued stochastic process, o € €([—9,0], £2(Q,R)). §, is defined from © to
D, def (0,dq) for all ¢ =1,2,... Suppose that 7, follow Erlang distribution and let 4, and ¢, are
independent of every other as 1 # jfore,)=1,2,..., (o =090 <01 <02 <--- and oy =04-1+ 7,
for g =1,2,... Let W(t) € R be a one-dimensional Brownian motion, where b is a function of g.
u1,uz,u3 : [—5,0] — R are continuous functions. Define h : [(y,T] x € = R, f: [¢o, T] x € — RE,
g:[Co, T x €= RXM p: @€ & k:[C,T]x[C,T]x€E—=REP: [, T] x €xuU— R and

by : Dy — R4 by

0 0

B(C,2(O)() = / w(0)2(C +0)do(),  F(C.2(O))() = / us(6)=(C + 0) dB(.),
0 0
K(C2(O)(0) = / us(8)2(C +6)d6(),  g(C.=(0))(.) = / ws (8)=(C + 6) d6(.).

0

PG = [ ua®)2(¢+0) o).

-«

For z(t + 6) € €, we suppose that the following conditions hold:

(1) rrzlzx {HE||bz(§l)||2} < 00,

(2) /0 u1(0)%d6, ' ug(0)?do, ' uz(0)?do < /0 ug(0)?d6 < /0 us(0)2df < oo.

—x —x —Q —Q —

Suppose the conditions (1) and (2) are fulfilled. Then the assumptions (A1)-(A5) holds. The
system (1.1)-(1.3) has a unique mild solution z and is HU stable.

Lemma 6.1. If P = 0in (1.1)-(1.3), then the system behaves as NRINSIDEs of the form:

dlz(t) + h(t, z)] = [f(t, ) +/Otk(t,s,zs)ds]dt—&-g(tzt)dW(t), t>ty, tF#t,,

2(0q) = by(0g)2(0,), q¢=1,2,...,

By applying Theorem 3.1 under the assumptions (A1)-(A5), then the above guarantees the exis-

tence of the mild solution.
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7 Conclusion

This article is devoted to discuss the existence and HU stability. First, we used the Banach fixed
point theorem to demonstrate the existence of mild solutions to the equations (1.1)-(1.3). Then,
we examined the stability via the continuous dependence of solutions on the initial value. Next,
we investigated the HU stability results under the Lipschitz condition on a bounded and closed
interval. In addition, this result could be extended to investigate the controllability of random im-
pulsive neutral stochastic differential equations finite/infinite state-dependent delay in the future.
The fractional order of NRINSDEs with Poisson jumps would be quite interesting. This will be

the focus of future research.
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RESUMEN
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1 Introduction

In recent years, the theory of fractional differential equations has been extensively developed
by many authors. For a detailed account of the subject, we refer the reader to [1, 3, 4, 33].
Hernandez and O’Regan initiated the theory of abstract impulsive differential equations with non-
instantaneous impulses in [21]. Later, the authors studied instantaneous and non-instantaneous

impulsive integrodifferential equations in Banach spaces in [2].

The controllability of linear and nonlinear differential systems in finite dimensional spaces received
considerable attention, for example, see [8, 9, 10|, while some interesting results on the controllabil-
ity of such systems in infinite-dimensional Banach spaces with unbounded operators can be found
in the monographs [10, 12, 23, 31]. For more details on the subject, see the papers [5, 13, 19, 20, 32]
and the references cited therein. Lasiecka and Triggiani [22] discussed the exact controllability of
semilinear abstract systems with application to waves and plates boundary control problems. For

some results on evolution equations, for instance, see [1, 11, 28, 29].

Recently, in [15], the authors used Schauder’s fixed point theorem to study the existence of mild
solutions by considering two cases of the resolvent operators for the following integrodifferential

problem:

5’(t)=‘111£(t)+/0 Wy(t = 0)§(0) db + o (t,£(t), (HE)(E)) ;s if ¢ € [0, al,
£(0) = g(&) + &o-

Motivated by the works [2, 15|, we will investigate the existence and controllability of mild solutions

to the following impulsive integrodifferential equations via resolvent operators:

t

E’(t):\Iflﬁ(t)+@(t,€(t),(H€)(t))+/0 Uy(t—0)E(0)do; ifteO; j=0,1,...,
) =w; (LE()): ifted;, j=12..., (1.1)
£(0) = &o,

where g = [0, t1],0; := (0;,t;41] and ©; = (t;,0;] with 0 =0y < t; <0 <ty < --- < Op1 <
te < 0p < tppqg < --- < 400, Uy 1 D(P;) C E — E is the infinitesimal generator of a strongly
continuous semigroup {7'(t) };>0, Y2(t) is a closed linear operator with domain D(¥q) C D(¥s(t)),
the operator H is defined by

(HE)(t) = /0 (1,0, £(0)) db,

fora >0, Dy = {(t,6) € R? ; 0 < 0 <t < a}and h : Dy x Z — =. The nonlinear term
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P:O;xEXE =25 j=0,..., wj :0; xE = &; j=1,2,..., are given functions, where

© = [0,400), and (Z, || - ||) is a Banach space, & € =.

We emphasize that the novelty of our work includes the investigation of problem (1.1) under a
diverse set of conditions. Specifically, we incorporated non-instantaneous impulses in the integrod-
ifferential system on an unbounded domain to broaden its scope, in contrast to previous research
efforts. The controllability of the given integrodifferential problem with non-instantaneous impulses

is also studied. Our results generalize the ones presented in the articles [2, 15].

The rest of this paper is organized as follows. In Section 2, we recall some preliminary results and
definitions related to our study. In Section 3, we will present the existence result by using the
technique of measures of noncompactness in conjunction with the Darbo’s fixed point theorem.
We will also study the controllability for the given problem. An example is given to illustrate the

applicability of the abstract results.

2 Preliminaries

Let us begin this section with some preliminary concepts related to the study of the problem at
hand. Let C(©,Z) be the space of continuous functions from © := [0;+00) into = and B(E)

denotes the space of all bounded linear operators from = into = equipped with the norm
1Tl 5=) = sup{IT ) = gl =1}

A measurable function £ : [0;4+00) — = is Bochner integrable if and only if [|£|| is Lebesgue

integrable. For the properties of the Bochner integral, for instance, see [30].

Let L'(]0; +00),Z) denote the Banach space of measurable functions ¢ : [0; +00) — = which are
Bochner integrable, with the norm
—+o0
lele = [ el ar

We consider the following Cauchy problem

t

E(t) = U&(t) +/ Uo(t — 0)E(0) d, for t >0, 2.1)
0 .

£0)=¢& eE.

The existence and properties of the resolvent operator have been discussed in [18]. In what follows,

we suppose the following assumptions:

(R1) Uy is the infinitesimal generator of a uniformly continuous semigroup {7'(t)}+>o;
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(R2) Forallt > 0,WUy(¢)is a closed linear operator from D(¥1) to E and Uy (t) € Uo(D(V4),Z). For
any £ € D(Uy), the map t — Wy (t)¢ is bounded, differentiable and the derivative t — o' (t)¢

is bounded and uniformly continuous on R+.

Theorem 2.1 ([18]). If the assumptions (R1) and (R2) are satisfied, then the problem (2.1) has

a unique resolvent operator.
Let {t;}5°, be the sequence of real numbers such that

O:t0<t1<t2<~~-,and lim t¢; = +o0.

i—+00
Let PC(R™,Z) be the Banach space defined by

PCO(RT,Z) = {5 RT - = §|éj =wj;j=1,....,¢, §|(—),» ;5 =0,...,£, are continuous

§(07), €(07), €(t7) and € () exist with & (1) =€ (1) |,
endowed with the family of seminorms:

||| = supq{||z(t)|| : t€[0,t,]}, n=1,2,...

Define by § = C (0, Z) the Fréchet space of continuous functions & from R into Z, with the norm

18]l = sup [S@, ©n:=[0,n], neN,

teO,
and the distance
— 27"[|€ = Sl -
d(&,3) = — £33 eC(RL,TD).
€9 =2 e, ®+5)

Let x represent the Kuratowski measure of noncompactness in =. The properties of y can be found
in [6].

Definition 2.2 ([16]). Let Iz be the family of all nonempty and bounded subsets of a Fréchet
space §. A family of functions {xn},cn, where xn = Iz — [0,00) is a family of measures of
noncompactness in the real Fréchet space §, if for all Q,Q1 and Qg € 1z, the following conditions

are satisfied:
(C1) {Xn}nen is full, that is x,(2) = 0 for n € N if and only if Q is precompact;
(C2) xn (1) < xn (22), for Q1 C Qg and n € N;

(C3) xn(ConvQ) = xn(R), forn e N;
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(Cy) If {4} is a sequence of closed sets from Iz, such that Q11 C Qi =1,..., and lim x, () =

71— 00
0, for each n € N, then the intersection set Qoo = ;o Qi is nonempty.

Example 2.3. For Q € Iz, 2 € Q, n € N and € > 0, let us denote by B™(x,€) for n € N, the

modulus of continuity of the function x on the interval ©,, defined by
B"(x,€) = sup{|a(t) — z(6)] ; 1,0 € O, [t —6] <e}.
Further, let us set
5'(9,0) = sup{8"(x¢) ; 2 € O}, BHO) = lim (¢

and

an(Q) = B (2) + sup x(2(t))-
teO,

If the family of mappings {c, }nen, where o, : Iz — O, satisfies the conditions (Cy)—~(Cy), then
the family of maps {au, }nen defined above is a family of measures of noncompactness in the Fréchet

space §.

Definition 2.4 (|27]). A nonempty subset Q C § is bounded if, for n € N, there exists 1, > 0,
such that
€Il < 3, for each & € Q.

Lemma 2.5 ([16]). If M is a bounded subset of a Banach space Z, then for each € > 0, there is a
sequence {fy};i1 C M such that

x@m) < 2x ({6152,) +

Lemma 2.6 ([24]). If {&}52, C L' is uniformly integrable, then the function t — a({&;(t)}52)

is measurable and

x({ /Otﬁj(e)dG}:oO) < 2/Otx<{§j(9) ;?io>d9, fort€©,, neN.

For more details about measures of noncompactness, see |7, 16, 17].
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3 Main results

In this subsection, we discuss the existence of mild solutions for the problem (1.1).

3.1 Existence of mild solutions

Definition 3.1. A function £ € PC (RT,Z) is called a mild solution to the problem (1.1) if it

satisfies
R+ | Rt~ 0)(6,£0), (HE)(©) db: if t < O,
60 =13 R(t—0;) [w,(0. (07 /Rt— 0.£(0), (HE)(0)) db; if t € O,
@;(t,E(t))); ift €6,
where j =1,2,...

In the sequel, we need the following hypotheses.

(A1) (i) p: O x = x = — Zis a Carathéodory function and there exist a function p € L'(©,RT)

and a continuous nondecreasing function 1 : © — (0,400), such that
ot & Ol < p@)w (g + 11D, for &, £ € E.

(i) There exists a function I, € L'(©,R") such that for any bounded set B C Z and t € O,

we have
x(p(t, B, H(B))) < lo(t)x(B).
(A2) The function h: Dy x 2 x E — = is continuous and there exists ¢; > 0 such that,
I1(t,0,€) — h(t, 0,€)] < c1ll€ —€ll,  for each (t,0) € Dy and €, € € E,

with

h* = sup{||A(t,0,0)I , (t,0) € Dy} < oo.

(A3) w; : (:)j X E — E are continuous and there exist positive constants L;,j € N and 7 > 1
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such that

L.
ij(vf) _wj(W%)H < Tjng_%"? for all g,% € E7 ]: 1727"'

(A4) Assume that (R1) — (R2) hold, and there exist Jgp > 1 and b > 0, such that

|R(®)|pz) < Ire ™.

Using the methods employed in [25, 26], we can verify that the following example contains a family

of measures of noncompactness in PC (RT, Z):

xn(I1) = r%axzb’o (v7,1I) 4+ sup {e_TC(t)X(H(t))} ; p=0,1,2and £=0,1,...,
IR teé’!b

with 47 a partition of R*. In particular,
@0; lfp:(), EZO,

=< Oy ifp=1,0=1,2,...,
O ifp=2 0(=1,2,..

s

Ml

and C(t) = /t C(0)do, ¢(t) = 4Igl(t), 7> 1, where TI(t) = {n(t) € F; n €I}, t € O,,.

0
Moreover, if the set II is equicontinuous, then Sy (77, II) = 0.

Theorem 3.2. If the conditions (A1) — (A4) are satisfied and
jRij <T,
then the system (1.1) has at least one mild solution.

Proof. Transform the problem (1.1) into a fixed point problem by introducing an operator XN :
PC(RT,Z) - PC(RT,E) as

§0+/ R(t - 0)p(0,£(0), (HE)(60)) do; if t € O,
RE() = R(t—0,) [, (0.6} /Rt— 0.£(0). (HE)(0)) db: it t € O,
@ (t.6(t): ifte 6,

where j = 1,2,... Clearly, the fixed points of the operator N are mild solutions to the problem
(1.1). Next, we verify that the operator X satisfies the hypothesis of Darbo’s fixed point theorem
[16].
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Let 6, > 0 and D5, = {¢ € PC(RT,2); |¢]|n < 0pn}, where

] K;
me{:Ruma|+¢mK§)x R‘f“ﬁjﬁ@?”)}fgam

T

and
K:skn = ((Cl + 1>6n + a'h*) ||pHL1'

Notice that the set Ds_ is bounded, closed and convex.

Step 1: N(Ds, ) C D, .

e Case 1: Foranyn e N, £ € Dy, t € ©gN O, it follows by (A1) that

n?

IRED < Irlll +JR/O V(IO + | HEO))p(0) db
Irlléoll +ArY((c1 + 1)dn + ah™)||p]| L1

IN

Then we have

el < :Rh@+w«m+4wn+amﬂmul.

e Case 2: Fort € ©;N©,, and for each £ € Ds, , by (A1), (A2) and (A3), we have

o5 (L ECDI < 22260 + =m0
and

Lo, .
IRl < Tr | =00 + @0 + ¥((e2 + 1) + ah) [p]l 11

e Case 3: For t € ©; N6, and for each ¢ € D, by (A3), we have

n?

INE[ln < =26, + wo.
T
Thus,
IRE[[ < O

Step 2: N is continuous.

Let & be a sequence such that £, — £, in =. We complete the proof in several steps.
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e Case 1: For t € ©,N O, we have

(R () — (R&H (D) < JR/Q, 190, §0(0), HE(0)) — (6, £.(0), HE.(0))]] d.
It follows by continuity of & and g that
h(t,0,80(0)) — h(t,0,£.(0)) as £ — +oo,

and

I7(t,6,£0(0)) — h(t, 0,8(0)]| < call§e — &I

By the Lebesgue dominated convergence theorem, we obtain
t t
/ h(t,8,&(0))do —>/ R(t,0,£.(0))d, as{— +oo.
0 0
Then, by (A1), we get
9(9754(9)’ Hfg(@)) — p(97§*(9>7 H@(Q)), as { — —+00,

which implies that
|(NE) — (N )| — 0, as £ — +o0.

e Case 2: Let t € ©; N ©,,. Then we have

IRE) () = REND < rllw;(05,Ee(05)) — @5((0;,£-(07)))]
+3R/0 l9(6,€e(0), HE(0)) — (0, £..(0), HEL(0)) ] dO.

As argued in case 1, by the continuity of %, p and w;, we get
I(REp) — (RE) ||l — 0, as € — +oo.
e Case 3: For t € (:)j N ©,,, we obtain

[(RE) (1) = RE)D < e (5, €e(t5)) — 5 ((E5, & (D,
which, in view of the continuity of @, implies that

I(R€e) — (RE) [ — 0, as £ — +oo.

Thus, N is continuous.
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Step 3 Since we have RX(D;, ) C Ds, , therefore, X(Ds, ) is bounded.

Step 4 Let II be a bounded equicontinuous subset of Dy, , then {X(II)} is equicontinuous, which
implies that (g (77, R(IT)) = 0. Now, for any o > 0, there exists a sequence {£,}32, C IT and

we complete the proof of this part in certain steps.

e Case 1: Let t € Oy N O,,. Setting Oyv(9) = ©(0,£(0), HE(0)), we have

t
X{/O R(t —H)Ofv(g)dtg ; £ € H} < 2)({/ R(t— G)Of& g)de ¢ e H} + 0
< / Jrly( I1(0)})d6 + o
< / qC 0))dd + o
< / EOe=mC O (0)(T1(0))d0 + 0
0
t N _
< [ Ot sup TEONT@)d0 + 0
0 0€[0,t]
b/ erCO)\
< Xn(H)/ < )d0+9
0 T
emC(®)
< Xn(I1) + o,
which implies that
emC(t)
XRADE) < ——xa() +e.
Since g is arbitrary, so
emC(t)
XRADE)) < ——xa(1),
and hence
1

e Case 2: Fort € ©; N 0,,, we proceed as in the proof of Case 1 to obtain

R0
X)) < Ir x({m(0,(6;)): € € ) + ——xa(I1) + 0

eTE(t)j Lo +1
< Qnle, )Xn(H)+Q-

T

A
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Therefore, we get

(ArLw; +1)
o) < B,
e Case 3: Let t € ©; N O,,. By (A3), the set {wj(t,gj_)}?:l is equicontinuous, and that
Bo (), G(M)) = 0, with {Gv(t)} = {w;(t, &)}

On the other hand, we have

|

Loy ey -

T

125 (,£(.) — =5 (8, (DI <

Ol

which yields

_ _ Lo,z =
e W oy 1, €(87)) — 5 (1,68 < “Ze W e(t) — €.

Hence, we get

which shows that N is contraction (in terms of a measure of noncompactness), since Jg L, +
1 < 7. Therefore, by Darbo’s fixed point theorem [16], we deduce that X has at least one
fixed point which is a mild solution to the problem (1.1). O

3.2 Controllability of the system

In this subsection, we discuss the controllability for the system:

i) = %(tt)E(t)+p(t,5(t)7(H§)(t))
+ [ Wa(t—0)E(0)do + Cu(t); ifte©;, j=0,1,...,
0 (3.1)
) = @ (LE(ty)); ifte®;, j=12...,
5(0) = 603

where u € L?(0, &) is the control function, & is the Banach space of admissible control functions
and C is a bounded linear operator from & into =. Before proceeding further, we define the

solution for the problem (3.1).

Definition 3.3. The system (3.1) is said to be controllable on the interval O, if for every initial
function & = £(0) € E and € € B, there is some control u € L*([0;n]; E) for some n > 0, such that

the mild solution £(-) of the system (3.1) satisfies the terminal condition &(n) = €.

To obtain the controllability of mild solutions of (3.1), we assume the following conditions.
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(A5) There exists a positive constant p,, such that

J
T

o

p. P,

maX{@p@Qa L. } < Pns
where

8 = {3n ol + 00063, Dl + eseo ( 52 + ol + 00265, s ) |

Lw' * n *
5 = 31n| == pu + w0 + WU )pllze + eses | % + 6ol + 0 (&L )Pl ) | ¢
T Jr

and

(A6) (i) For each n, the linear operator W : L%(O,, &) — F, defined by
W = / R(n — 6)Cu(6) db,
0
has a pseudo inverse operator W=, which takes values in L?(0,,, &)\ ker(W).
(7) There exist positive constants cs, cg, such that

IC] < es and [[W| < cs.
(i74) There exist p, € L'(0,RT), ke > 0, and for any bounded sets Vi C =, Vo C &,
X(W™V)(1) < pu®x(V1),  x((CVa)(1) < kex(Va(t)).

Theorem 3.4. Suppose that the hypotheses (A1) — (A5) hold. Then the problem (3.1) is control-
lable.

Proof. For n € N, we define a family of measures of non compactness in PC(0,§) as

Xn(ll) = max o (7], 1) + sup {e*Tg(t)x(H(t))}, p=0,1,2 and£=0,1,...,
1=0,..., ted,,

t
where 3(t) = / x(0)df, s(t) = 43r(l,(t) + kc(Ar|lo|")Pw(t)), T > 1. Using (A5), we define
0

the control:
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W1 |e(n) — R(n)éo — / " R(n— 0)0(0,0), (HE)0) do]; if 1 € O,

we(t) = A W |Em) — B(n — 0;) [0, (6; )]

—/n R(t — 0)@(0,5(0),(H§)(0))d9] ; ifteo;, j=1,2,...
)

i
Using the above control, it will be shown that the operator defined by

R(t)6 + / R(t— 0)p(6,£(6), (HE)(6)) db + / R(t — 6)Cug(0)db; ift € O,
0 + 0
Rt~ 0;) [m;(0.£(67))] + / Rt — 0)p(0,£(0), (HE)(0)) do
Tg(t): t Gj
+/ R(t—0)Cuc(0)do; ifte®,, j=12...,
0

J

w;(t,E(t7)); ifte®;, j=1.2...,

has a fixed point which is a mild solution to the system (3.1), and hence the system is controllable.
By (A4), we define a closed, bounded and convex subset B, for any n € N as follows: B,, =

B(0,pn) ={x € PC : ||z|ln < pn}. We establish the proof in several steps.

Step 1: N(B,,) C B,,. For any { € B, , we accomplish the following cases by using the assump-
tions (A1), (A4) and (A5).

e Case 1: Let t € N O,,. For anyneN, € B, ,t€6yN 0,,, it follows by (A1) that

€@l

IA

Ir (||€o +((er + 1)pn + al®)||pl| Lt + CBCG(% + llSoll + ¢(K;n)||PL1)>
Pn-

IN

e Case 2: Fort € ©;NO,, and for each ¢ € B, , by (A1), (A2) and (A3), we obtain

Ly, .
YOI < Ia[Z2p, 4 0+ 0((ca + D+ )

plor) |

e Case 3: Let t € ©,NO,,. Then, for each ¢ € B, , it follows by (A3) that

tescs <§R Lol + B(E)

Pn-

IN

L,
ITE@I < =Zpn+ 0 < pu.
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Thus, we get
[TEln < P

which implies that Y(B,,) C B,, and Y(B,,) is bounded.

Step 2: T is continuous on B,,,. Let &, be a sequence such that &, — &, in B,,,. Since p, h, @w;,C

are continuous, therefore, it follows by the Lebesgue dominated convergence theorem that

t t
/ R(t —0)Cug, (0)do — / R(t — 6)Cue,(0) db,
0 0
which yields
I(Y&) — (Ye) ||l — 0, asn — +oo.
Thus, we deduce that YT is continuous.

Step 3: Let II be a bounded equicontinuous subset of B, , then {Y(II)} is equicontinuous, and
that 5o (77, Y(I)) = 0. Now, for any ¢ > 0, there exists a sequence {{;}32, C II. Then we

complete the proof for several cases.

e Case 1: For t € ©,N O,,, we have

x(TI)(2))

IN

o ({ [ 0t - 0)(610.6,0). 1, @)+ ue, @) a0 s e 1))+

IN

4 / Tr(0(8) + ke (allly |} )pw (0)) X ({TI(6)}) d6 + o
67’74(15)

IN

X (II) + 0.

Since p is arbitrary, we have

e'rL(t) ~
X (10),

x(T(IN(2)) <

and hence

Xu(X(ID) < 1 %,(1T).

e Case 2: Lett € O; N O,,. Then, as in the proof of Case 1, we get

x(T(ID)(2))

IN

ot :l -
[ 3000(0) + keIl Dpo E)XATIONA + o+ 2= ({11 )

7MW (IgLe. + 1)
€ Rligg ~
S T . X"L(H) Jr g'

Since p is arbitrary, we obtain
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e Case 3: Let t € éj N©,,. Then, by (A3), the set {wj(t, zj_)}jzl is equicontinuous, and
that 8y (7, G(IT)) = 0, with {Gz(t)} = {=;(t, z;)} On the other hand, we have

Lw]' —_
o5 (2, 2(.)) = @ (&, Z()I < —1=() = Z0)ll,
which implies that

.z - o Le, _.z o
e 7O le; (¢, 2(t; )) =@t 2(t;))l < —¢ COz(t5) = =2(t)].

Therefore, we have

) < T,

which shows that T is contraction in view of the assumption
JRij +1<T.

Hence, by Darbo’s fixed point theorem [16], the operator T has a fixed point, which

implies that the given system is controllable. O

4 An example

Consider the following impulsive integro-differential equations:

500) == gat) = matto) =~ [ 1=0) (a0n) + mi0.0)) a9
lv(t, )| 2 o =1 @
+m + (1 +3sin®(t))  sin {/0 cos?(0t)|v(6, z)| dﬂ]
+Cu(t,z), ifte®©;, ze€(0,1), (4.1)

lv(25~ — 1, 2)| 2 . ~
t,x) = - , ifteo;, € (0,1),
M) = T Lol vy €9 w01

v(t,0) =~(t,1) =0, teR*,
/-Y(O’I) = 6x’ I e (07 1)7

where Qg = (0,1], ©; = (25;2j +1],j = 0,1,..., ©; = (2j — 1;2j],5 = 1,2,... Set § = L2(0,1)

and let ¥y be defined by
d
(Vae)(a) = - (o ol) + () ),

and
D(W) ={p € L*(0,1) / ¢, T1p € L*(0,1) ; ¢(0) = ¢(1) = 0}.
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The operator ¥ is the infinitesimal generator of a Cp-semigroup on § with domain D(¥;). Now,

we define the operator Uy(t) : § — F as follows:

Us(t)z =T(t)P12, fort>0, ze€ D(¥).

—7rot e—rgt

,and ') < —5—
1

As argued in [14], for some 7 > r1 > 0, it follows that ||T'(¢)] <
From [18], we have that the resolvent operator (R(t));>o exists on § which is norm continuous and
IR < ("1 =Dt Therefore, the assumption (A4) holds with Jg =1 and b =1 — r;*. Now, we
define

V() () = (¢ @),

p(t,~v(t), Hy(t))(z) = % +(1+ 3 sin2(t))*1 sin [/O“ COSQ(Bt)|7(9,m)| do|,

H~(t)(z) = /Oa cos?(0t)|v(6, )| db,

and ‘
_ (25~ —1,2)]|r2
L+ 17([7(25~ = 1,2)[|z2 +1)

W (tv ’Y(tj* ) I))

Case 01: Cu=0. With the above setting, the system (4.1) can be expressed in the following

abstract form:

t

Y (t) = Wiy(t) + o (,7(2), (HY)(1)) +/0 ot —0)v(0)do, ifte O,
V(t)=w; (ty(t;)), ifted;,
7(0) = 70-

On the other hand, we have
o670, 720)] < (14 50) ™ (0] + pa0)] +1)
Also, for any bounded set ¥ C §, we have
X(p(t, %, H(X))) < (1+t7sin(t)) " x (%)

So
p(t) = (1 +t3sin?(t)) ™!, which certainly belongs to L'(©,RT),

and ¥(t) = 1+t is a continuous nondecreasing function from © to [1,+00). Moreover, we

have the estimates:

1(t,0,71) = h(t, 0,72)ll5 < allv —2ll5,
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and

1
@) —@i(r2)lls < 178”71 —72ll3-

For Jr < 3, all the assumptions of Theorem 3.2 are satisfied. Hence, the problem (4.1) has

at least one mild solution defined on RY.

Case 02 : Cu = su(t,y) for s > 0. Let the operator C' : L?(0,1) — L?(0,1) be defined by
Cu = scu(t,~y). Then, the system (4.1) takes the form:

V() = Cr1y(t) + o (t, (), (Hy)(¢) +/O Wt —0)v(0) do + Cult), ifte Oy,
V(t)=w; (ty(t;)), ifted;,
7(0) = 7.

(4.3)

As argued in Case 01, we can easily verify the assumptions (A1) — (A45). If we assume that
the operator W given by Wu = / R(n—0)su(0) db, satisfies (A6), then all the assumptions

0
given in Theorem 3.4 are verified. Therefore, the problem (4.1) is controllable.

5 Conclusions

In this research, we investigated existence of mild solutions for a non-instantaneous integrodiffer-
ential equation via resolvent operators in the sense of Grimmer in a Fréchet space. We applied
Darbo’s fixed point theorem in conjunction with the technique of measures of noncompactness
to establish the desired results. The controllability of the given problem is also discussed. An
example is presented for illustrating the application of our key findings. Our results are novel in
the given configuration and contribute significantly to the literature on the topic. We believe that
the present study can lead to new avenues for research, such as coupled systems, problems with
infinite delays, and their fractional counterparts. Thus, this article will serve as a starting point

for future endeavors in aforementioned areas.
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ABSTRACT

It has been shown that, under suitable hypotheses, boundary
value problems of the form, Ly + Ay = f, BCy = 0 where L
is a linear ordinary or partial differential operator and BC
denotes a linear boundary operator, then there exists A > 0
such that f > 0 implies Ay > 0 for X\ € [—A, A] \ {0}, where
y is the unique solution of Ly + Ay = f, BCy = 0. So, the
boundary value problem satisfies a maximum principle for
A € [—A,0) and the boundary value problem satisfies an anti-
maximum principle for A € (0, A]. In an abstract result, we
shall provide suitable hypotheses such that boundary value
problems of the form, Dfy + BDg‘fly = f, BCy = 0 where
D§ is a Riemann-Liouville fractional differentiable operator
of order a, 1 < a < 2, and BC' denotes a linear boundary
operator, then there exists B > 0 such that f > 0 implies
BDy 'y > 0 for B € [-B,B]\ {0}, where y is the unique
solution of DS‘y—i—ﬁDS‘_ly = f, BCy = 0. Two examples are
provided in which the hypotheses of the abstract theorem
are satisfied to obtain the sign property of ,BD(‘)*’ly. The
boundary conditions are chosen so that with further analysis
a sign property of By is also obtained. One application of
monotone methods is developed to illustrate the utility of

the abstract result.
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RESUMEN

Se ha demostrado que, bajo hipétesis apropiadas, problemas
de valor en la frontera de la forma Ly + Ay = f, BCy = 0,
donde L es un operador diferencial lineal ordinario o parcial
y BC denota un operador lineal de frontera, entonces existe
A > 0 tal que f > 0 implica Ay > 0 para A € [—A, A] \ {0},
donde y es la tnica solucion de Ly + Ay = f, BCy = 0.
Asi, el problema de valor en la frontera satisface un prin-
cipio del maximo para A € [—A,0) y el problema de valor
en la frontera satisface un anti-principio del méaximo para
A € (0,A]. En un resultado abstracto, entregaremos hipote-
sis apropiadas tales que los problemas de valor en la fron-
tera de la forma D§y + SDg ™'y = f, BCy = 0 donde D§
es un operador diferencial fraccionario de Riemann-Liouville
de orden «, 1 < a < 2, y BC denota un operador lineal
de frontera, entonces existe B > 0 tal que f > 0 implica
BDy 'y > 0 para B € [-B,B] \ {0}, donde y es la tnica
solucién de Dgy + ﬁDg_ly = f, BCy = 0. Se entregan dos
ejemplos en los cuales las hipotesis del teorema abstracto se
satisfacen para obtener la propiedad de signo de BDg‘fly.
Las condiciones de frontera se eligen de tal forma de obtener
también una propiedad de signo para Sy con un analisis adi-
cional. Se desarrolla una aplicaciéon de métodos mono6tonos

para ilustrar la utilidad del resultado abstracto.

Keywords and Phrases: Maximum principle, anti-maximum principle, Riemann-Liouville fractional differential

equation, boundary value problem, monotone methods, upper and lower solution.
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1 Introduction
For v > 0, y € L[0, 1], the space of Lebesgue integrable functions, the expression
t -1
t— s)7
Igy(t) = / ﬁy(s) ds, 0<t<1,
0

denotes a Riemann-Liouville fractional integral of y of order v, where I' denotes the special gamma

function. For v = 0, I{ is defined to be the identity operator.

Let n denote a positive integer and assume n —1 < a < n. Then D§y(t) = D" *y(t), where
mn

D" = o and if this expression exists, denotes a Riemann-Liouville fractional derivative of y of

order a. So, if 1 < a < 2, D§y(t) = —2 /t 7@ 8)1 (s)ds if the right hand side exists. In

rder «. S0, 1 ) s)as 1 righ side exists.
0Y 12 0 F(Q ) Yy

the case « is a positive integer, we may write DSy(t) = D%y(t) or I§y(t) = I*y(t) since the
Riemann-Liouville derivative or integral agrees with the classical derivative or integral if « is a

positive integer.

For authoritative accounts on the development of fractional calculus, we refer to the monographs
[11, 16, 20]. For the sake of self-containment, we state properties that we shall employ in this study.
It is well-know that the Riemann-Liouville fractional integrals commute; that is if v1,v2 > 0, and
y € L]0, 1], then

Iy () = I Py(e) = 12 1 ().

A power rule is valid for the Riemann-Liouville fractional integral; if § > —1 and v > 0, then

rgog+1
Igt(s - Ig(t - 0)6 - Mt5+7.

A power rule is valid for the Riemann-Liouville fractional derivative; if § > —1 and v > 0 then

T(5+1)

d—r
To+1—7)

DJt’ =

Since the gamma function is unbounded at 0, it is the convention that if § + 1 — v = 0, then

DJt? = 0. Note that if 1 < « < 2, and if D§y(t) exists, then D§ 'y(t) exists and
Diy(t) = D*I;y(t) = DDI;~ " Vy(t) = DDG "y (o)
In [12], a boundary value problem,

Dgy(t) = f(t,y(t), 0<t<1, (1.1)
y(0) =0, D~ 'y(0) = D5~ y(1), (1.2)
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where 1 < a < 2, was studied. This is an example of a boundary value problem at resonance
since < t*~! >, the linear span of t*~!, denotes the solution space of the homogeneous problem,

&y = 0, with homogeneous boundary conditions, (1.2). In [12], the purpose of that article was
to consider an equivalent shifted equation, D§y(t) — K2y(t) = f(t,y(t)) — K?y(t), 0 < t < 1,
and apply the method of quasilinearization to the shifted boundary value problem. The method
of quasilinearization is ideally suited when the boundary value problem, in this case the shifted
boundary value problem, satisfies a maximum principle [19]. In particular, in [12], a nonpositive
Green’s function for the shifted boundary value problem was explicitly constructed. Not surpris-
ingly, Mittag-Lefler functions were key to the construction and signing of the Green’s function.

The case, Dyy(t) + K2y(t) = f(t,y(t)) + K?y(t), 0 < t < 1, was not addressed in [12].

The maximum principle is well-known and is an important tool in the qualitative study of dif-
ferential equations; we refer the reader to the well-known monograph [19] for many applications.
In recent years, the maximum principle has become an important tool in the study of boundary
value problems for fractional differential equations. Early applications appear in [24] and [3] where
explicit Green’s functions, expressed in terms of power functions, where constructed and sign prop-
erties were analyzed so that fixed point theorems could be applied. Many authors have continued
the strategy to construct and analyze explicit Green’s functions and apply fixed point theory to

nonlinear boundary value problems for fractional differential equations.

In the example, y” 4+ Ay = f, with Neumann boundary conditions, y'(0) = 0, ¢'(1) =0, if A <0,
then this boundary value problem satisfies a maximum principle. In particular, for f € L]0, 1],
the boundary value problem is uniquely solvable and f nonnegative implies y is nonpositive where
y is the unique solution associated with f. Clément and Peletier [9] were the first to discover an
anti-maximum principle. They were primarily interested in partial differential equations, but they
illustrated the anti-maximum principle with the the same boundary value problem, 3" + Ay = f,

2

y'(0) = 0, (1) = 0, but now, 0 < A < . For this particular boundary value problem, if

0 <A< %2 and if f € L£[0,1], then the boundary value problem is uniquely solvable and f
nonnegative implies y is nonnegative where y is the unique solution associated with f. At A =0,
the boundary value problem is at resonance, and more precisely, A = 0 denotes a simple eigenvalue
of the linear problem. So there has been a change in the sign property, maximum principle or
anti-maximum principle, through the simple eigenvalue A = 0. Since the publication of [9] there
have been many studies of boundary value problems with parameter and the change of behavior
from maximum to anti-maximum principles as a function of the parameter. In the case of partial

differential equations, we refer to [1, 2, 8, 10, 14, 17, 18, 21]|. In the case of ordinary differential
equations we refer to [4, 5, 6, 7, 13, 22].

In this article, we intend to study this change in behavior for a boundary value problem for a

Riemann-Liouville fractional differential equation. We shall modify the methods developed in [§],
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where in [8], those authors began with an ordinary differential equation

y'(6) + A y(t) = (1), te[0,1], (1.3)

and considered either periodic boundary conditions or Neumann boundary conditions. Key to
their argument is that for f = 0, at A = 0, the boundary value problem, (1.3) with periodic or
Neumann boundary conditions, is at resonance since constant functions are nontrivial solutions.
That is, A = 0 is a simple eigenvalue for the problem, (1.3) with periodic or Neumann boundary
conditions, and the eigenspace is < 1 >, where < 1 > denotes the linear span of the 1 function.
Rewriting the boundary value problem as an abstract equation and employing the resolvent, the
inverse of (D?+ \Z) for A # 0, under the imposed boundary conditions, if it exists, and the partial
resolvent for A = 0, then under the assumption that f > 0 (with f € £[0,1]), the authors in [§]
exhibited sufficient conditions for the existence of A > 0, and a constant K > 0, independent of f,
such that
Ay(t) = K[fl, Ae[-AA\N{0}, 0<t<1,

where y is the unique solution of the boundary value problem associated with (1.3) and |f|; =
fol |f(s)| ds. With this one inequality the authors showed that for —A < A < 0 the boundary value
problem, (1.3) with periodic or Neumann boundary conditions, satisfies a maximum principle and
for 0 < A < A, the boundary value problem (1.3) with periodic or Neumann boundary conditions,
satisfies an anti-maximum principle. They referred to this principle as a maximum principle (we
shall take the liberty to refer to it as a signed maximum principle in y) and then proceeded to

produce many nice examples.

Recently, [13], the arguments developed in [8] were adapted to study boundary value problems for

the ordinary differential equation

y'() + By (1) = f(t), te[0,1]; (1.4)

sufficient conditions for a signed maximum principle in Dy, where Dy = 3’, were obtained. That
is, under the assumption that f > 0 (with f € £[0,1]), sufficient conditions were exhibited to

imply the existence of B > 0, and a constant K > 0, independent of f such that
BDy(t) = K|fl,, Ae[=B,B]\{0}, 0<t<1

Two examples of boundary value problems were presented in which if a solution y of the boundary
value problem is such that Dy = gy’ has constant sign on [0,1], then y has constant sign on
[0,1]. For one of the examples, an appropriate partial order in C1[0,1], depending on the sign of
3, was defined and the method of upper and lower solutions, coupled with monotone methods,

was employed to obtain sufficient conditions for the existence of solutions of the boundary value
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problem for a nonlinear differential equation,
y'(t) = ft,y(t),y' (1), telo,1].

Motivated by the work in [13], we shall adapt the methods developed in [8] and exhibit suffi-
cient conditions to obtain a signed maximum principle in Dé"_ly, for the boundary value problem

Dgy(t) + DS 'y(t) = f(t), with boundary conditions
BCy =0, Dg~'y(0) =Dy~ y(1), (1.5)

where BC' denotes a linear boundary operator mapping a function y to the reals. In particular,
we shall exhibit sufficient conditions that imply the existence of B > 0, and a constant K > 0,
independent of f, such that

BD5'y(t) = K|fli, Be[-BBI\{0}, 0<t<L. (1.6)

In two examples, the boundary condition BC' will be such that if y satisfies the boundary conditions
(1.5) and BD§'y(t) > 0 on [0, 1], then By(t) > 0 on (0, 1]. In one of the examples, an appropriate
partial order in a Banach space is defined and the method of upper and lower solutions, coupled
with monotone methods, is applied to obtain sufficient conditions for the existence of solutions of

the nonlinear differential equation

Dgy(t) = f(t,y(t), BDF'y(t), te(0,1],

satisfying the boundary conditions, (1.5).

In Section 2, following the lead of [8], we shall first define the concept of a signed maximum
principle in Doo‘fly. Then analogous to Lemma 1, Lemma 2 and Lemma 3 in [8], we shall prove the
main theorem and obtain sufficient conditions for (1.6) and hence, obtain sufficient conditions for
adherence to a signed maximum principle in Dg‘_ly. In Section 3, we shall exhibit two examples
that adhere to a strong signed maximum principle in Dy~ 'y and furthermore (1.6) implies By(t) > 0

n (0,1]. We shall close in Section 4 with an application of a monotone method applied to a
nonlinear problem related to one of the examples produced in Section 4. At S = 0, the problem is
at resonance. The problem is shifted [15] by ﬂDg‘_ly and 8 > 0 or 5 < 0 is chosen as a function
of the monotonicity properties of the nonlinear term f(t,y(t), BD5 ™ y(t)).
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2 The main theorem

As is standard, let C[0, 1] denote the Banach space of continuous functions defined on [0, 1] with
the supremum norm, | - |o, and let £[0, 1] denote the space of Lebesgue integrable functions with

the usual £ norm. Employing notation introduced in [23], assume 1 < a < 2 and define

t—0t

Co—2[0,1] = {y :(0,1] — R : y(t) is continuous for ¢ € (0,1], and lim 2~ “y(t) exists } .

It is clear that y € C,_2[0,1] if, and only if, there exists z € C[0, 1] such that y(t) = t*~22(t) for
t € (0,1]. Define |y|a—2 = |2]o and Cq_2]0, 1] with norm | - |,—2 is a Banach space.

Let X,_o denote the Banach space
Koo ={y:(0,1] = R:yecCyh[0,1],D5 'y € Cl0,1]},

with
lyll = max{|yla—2, DG 'ylo}-

The following definition is motivated by Definition 1 found in [§].

Definition 2.1. Assume A is a linear operator with Dom(A) C Xo_o and Im(A) C L£[0,1]. For
B € R\ {0}, the operator A+ BDy ™' satisfies a signed mazximum principle in Dy 'y if for
each f € L[0,1], the equation

(A+ 8D Ny =f, ye€ Dom(A),

has unique solution, y, and f(t) > 0,0 <t <1, implies BDS‘_ly(t) >0, 0 <t <1. The operator
A+ ﬂDS“l satisfies a strong signed maximum principle in Dg“_ly if fit) >0,0<¢t<1,
and f(t) # 0 a.e., implies DY 1y(t) > 0,0 <t < 1.

Remark 2.2. Throughout this article, the phrases “maximum principle” or “anti-maximum prin-
ciple” may be used loosely. If so, we mean the following. If f > 0 implies Dg‘_ly < 0 the phrase
mazimum principle may be used. This is precisely the case for the classical second order ordinary
differential equation with Dirichlet boundary conditions. If f > 0 implies Dg‘fly > 0 the phrase
anti-mazimum principle may be used. This is the case observed in [9] for a = 2, where the phrase

anti-mazimum principle was coined.

1 1
For f € £]0,1] (or f € C[0,1]), let |f|1 :/ |f(s)|ds and deﬁnef:/ f(t) dt. Define
0 0

Ccco1]={fecClo,1]:f=0}, LcL0,1]={feL0,1]:f=0}.
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Assume A : Dom(A) — L]0, 1] denotes a linear operator satisfying
Dom(A) C Xy, ker(A) =<t ' +ct* 2>, Im(A) =L, (2.1)

for some real constant ¢, where < t*~1 + ct®~2 > denotes the linear span of t*~! + ct*~2. Assume
further that for f € £, the problem Ay = f is uniquely solvable with solution y € Dom(.A) and
such that fol D§y(t) dt = (D§'y) = 0. In particular, define

Dom(A) = {y € Dom(A) : (D§ ™ 'y) = 0} ,

and then

A‘Dom(,&) : Dom(A) — L

is one to one and onto. Moreover, if Ag = f for f eLl,je Dom(./I), assume there exists a constant

M > 0 depending only on A such that

ID§ glo < M|f1. (2.2)

For f € L, define

which implies § € Dom(.A) since

D§~ () = Dg 'y — (Dg ).

Finally assume there exists A’ : Dom(A’) — £ such that A = A’D§~'. In this context, we rewrite
Ay + BDy 'y = f, y € Dom(A), (2.3)

as
(A'+BT)D§ 'y = f, Dg~'y € Dom(A). (2.4)

Define Dom(A’) = {v € Dom(A’) : 5= 0} C C[0,1] and it follows that

"4/|Dom(A/) : Dom(A/) - L
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~ - a—1
is one to one and onto. With the decompositions f = f — f and § =y — Dy~ Ly I‘ @ ), it follows

that f € £ and § € Dom(./i), or more appropriately, Doa_lgj € Dom(A'). So, equation (2.3) or

equation (2.4) decouples as follows:

A'DS g+ 8Dy g = (A + BT)DS g = (2.5)
)=

t
BD(QX—I <Da 1

e Dy ly =7 (2.6)

Denote the inverse of (A’ + 8Z), if it exists, by Rg and denote the inverse of A’ |D0m( A by Ro.-
So, Ro : £ — C[0,1] and

DY~ Y =Rof if, and only if, A/(DS™'g) = f. (2.7)
Note that (2.7) implies that since D~ '§ € Dom(A’), then

D§ g =RoA' DS 1. (2.8)

Since C C L, we can also consider Ry : C — C[0,1]. Let

HR0HC~—>(§ = |S‘11p ‘ROU‘Oa UvROU S C[Oa 1]7
v 0:1

and

l|Rollz,¢ = sup |Rovlo, v € L[0,1], Rov e C[0,1].

lvj1=1
Since D§™'§ € C then |RoD§ 'glo < [|RollgelD§ " dlo. Similarly, f € £ implies |Roflo <
HROH[E~>6|f‘1'

The following theorem is proved in [13] for the case @ = 2 and closely models the motivating lemmas

and proofs found in [8]. We supply the proof again for 1 < o < 2, for the sake of self-containment.

Theorem 2.3. Assume A: Dom(A) — L]0, 1] denotes a linear operator satisfying (2.1) and (2.2),
and assume that for f € £~, the problem Ay = f is uniquely solvable with solution y € Dom(A)
such thatm = 0. Further, assume there exists A" : Dom(A") — L]0, 1] such that A = A'Dy™*

Assume A/|D0m(A') : Dom(A') = L is one to one and onto. Then there exists By > 0 such if
0 < |B| < Bi, then R, the inverse of (A’ + BI), exists. Moreover, if f € L, if B1||Rol|s_e < 1,
where Ry denotes the inverse of A/|D0m(fi')> and if 0 < |8] < By, then

z IRoll7_,¢
Rofly < —ollise 7 2.9)
Rafl 1- Bl||730||c—>c| . (

Further, there exists B € (0, By) such that if 0 < |8] < B, then the operator (A + ﬁDS‘_l) satisfies
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a strong signed mazximum principle in Dg‘_ly.
Proof. Employ (2.8) and apply Ry to (2.5) to obtain
D§ '+ BRoD§ ™' = Rof.

Note that (2.2) implies that Rg : £ — C is continuous and hence, bounded. Assume |3|||Ro||s_¢ <
1. Then (Z 4 BRo) : C — C is invertible and

D§™'g = (I + BRo)'Rof.

So, assume 0 < B; < and assume |8| < Bj. Then Rg = (Z + BRo) 'Ry exists.

[Rolle_e
Moreover, -

1D§ ™ glo = Bil[Rolle¢|Dg ™ dlo < 1D5 " glo — BIIIRolle el D5~ ilo
<|(Z+ BRo)Dilo = [Roflo < |IRollzel Fh

and (2.9) is proved since Rz f = DS~ 'y c C[0,1].

Now assume f € £ and assume f > 0 a.e. Then f = |f|;. Let 0 < |3| < B; < , write

L ||RO||C~~>C~
f = f+ f and consider

BDG ™'y = BRsf = BRs(f + ).
Note that Rz f = f since (A’ + BI)f = Bf. So,

BD§ 'y = BRaf = BRs(f + f)
=f+BRsf > |fl1 — 1BIRsflo-

Continuing to assume that 0 < |5| < By, it now follows from (2.9) that

_ Roll ¢ :
Do 1 > _ || Oll2—=C )
805~y > Il ~ 18— et )17

Since f = f — f, and |f|1 < |f|1 + f = 2|f]1, the theorem is proved with

1-B _
B < min {B1, <—1HROHCHC)}.
2HR0||/3—>@

In particular, if 0 < |3] < B, then

po-1 K 2[Roll e
> = —_— .
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3 Two examples

This article is modeled after [13] and in [13] the conclusion of the theorem analogous to Theorem
2.3 is that the operator (A + BD) satisfies a strong signed maximum principle in Dy. So the
elementary observation that SDy > 0 on an interval implies that Sy is monotone increasing on
that interval is employed to consider boundary value problems for which 8Dy > 0 on [0, 1] implies
that Sy has constant sign on (0, 1). In the following lemma, we state and prove a modest extension

of this principle to the fractional Riemann-Liouville derivative of order y = a — 1,0 <~y < 1.

Lemma 3.1. Assume 0 < v < 1. Assume 8 # 0. Assume y € C,_1[0,1] and assume DJy(t) €
C[0,1]. Assume BDJy(t) > 0, 0 < t < 1, and assume Blim; o+ t'7y(t) > 0. Then By(t) > 0,
0<t<1.

Proof. If v = 1, then y can be extended continuously to [0, 1] and Sy(0) > 0. Then Sy is increasing

on [0,1] and the result is true.

So, assume 0 < v < 1 and define a = lim t'~7y(t). Thus, Ba > 0. Then [11, Theorem 2.23] or 23,

t—0t+
Proposition 6.1],

y(t) = at? P + IJDJy(t), 0<t<1,

and

By(t) = Bat’ ™t + IJBDJy(t), 0<t<1.

If a = 0, then I]BDJy(t) > 0if 0 < ¢ < 1 and the statement is proved. If Sa > 0, then both terms
Bat’~! and I]BDJy(t) are positive for ¢ € (0,1], and the statement is proved. O

Example 3.2. Let 1 < a < 2, and consider the linear boundary value problem

D§y(t) + BDG " y(t) = f(t), 0<t <1, (3.1)
y(0) =0, D§ 'y(0) = Dgty(1). (3.2)

For the boundary value problem (3.1), (3.2), A= Dy, A’ = D = 4, ker(A) =< t*~! > . We show
that the operators A and A’ satisfy the hypotheses of Theorem 2.3.

One can show directly that Im(A) = L. If f € Im(.A) then there exists a solution y of
Dgy(t) = f(t), 0<t<1, y(0)=0, D§ 'y(0)=D5 'y(1),

which implies

0= D3 ~1y(1) - DI~ 1y(0) = / Dgy(t)dt = / F(t) dt,
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and f € L. Likewise, if f € £, then

Y1) = g [ (= 9" 1(s) ds = 15 7(¢) € Dom(d) (3.3)
is a solution of
Dgy(t) = f(t), 0<t<1, y(0)=0, D 'y(0) = D§ly(1).

To see that y € Dom(A), note that
¢
Dg~ty(t) = Dy IG f(t) = DG T f(t) :/ f(s)ds.
0

So, Dg‘fly = f = 0. To see that the boundary conditions are satisfied, y(0) = I§y|s=0, and the
¢
condition y(0) = 0 is clear. Moreover, D§ I f(t) = / f(s)ds, which implies D§ 1§ f|i=0 =
. 0
Dg_lf()lfh:l =0 since f € L.

To argue that Ay = f is uniquely solvable with solution y € Dom(.A), (3.3) implies the solvability.
For uniqueness, if y; and 3, are two such solutions, then (y; —y2)(t) = ct®*~ and y; —y» € Dom(jl)

implies ¢ = 0.

Finally, (3.3) implies (2.2) is satisfied with M = 1 since

Dot = t d )
Dg (1) \/ F(s)ds| < If1s

Theorem 2.3 applies and there exists B > 0 such that if 0 < |3| < B then (A + 8D§ 'y) has
the strong maximum principle in Dg‘_ly. Thus, f > 0 implies BDS‘_ly > 0. To apply Lemma 3.1,
recall [11, Theorem 2.23| or [23, Theorem 6.8]|, that

D871y|t:0 tocfl

['(a)

Dy ylio
[(a)

Dy ylio
[(a)

= at D7 187Dy (1),

y(t) = at®2 + + I8 Dyy(t)

= a7 4 S e 923 /()

—qtle=D-1 ¢ to b+ 187D y(t) — DY yle—o)

where @ = lim t>~%y(t) = lim t*~(@*"VDy(¢). Since y(0) = 0 implies a = 0, Lemma 3.1 applies
t—0+ t—0+

with v = @ — 1 and Ba = 0. Thus, By(t) > 0, for 0 < ¢ < 1, and if |f|; > 0, then By(t) > 0, for

0<t<1.
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Hence, a natural partial order on X,,_s in which to apply the method of upper and lower solutions

and monotone methods to a nonlinear boundary value problem is
YEX, 2= 0= Py(t) >0, 0<t<1, and BDS 'y(t)>0, 0<t<1, (3.4)

and

YE X, o=0+=By(t)>0, 0<t<1, and BDF 'y(t)>0, 0<t<1.

In Section 4, we shall employ monotone methods with respect to this partial order and obtain
sufficient conditions for existence of maximal and minimal solutions of a nonlinear boundary value

problem
Dgy(t) = f(tay(t)ng_ly(t))a te (07 1]7

associated with the boundary conditions (3.2).
Example 3.3. For the second example, let 0 < i < 1, and consider a family of boundary conditions

lim >~ *y(t) = hy(1), D§~'y(0) = D5~ y(1). (3.5)

t—0+

Remark 3.4. Note that the boundary condition y(1) can be expressed as t>~“y(t)|=1 and so, if
h =1 in (3.5), we intend that these boundary conditions represent a Riemann-Liouville fractional

analogue of periodic boundary conditions. In this example however, we require that 0 < h < 1.

For the boundary value problem (3.1), (3.5), A= D§, A’ =D = 4 and

ker(A) = <to‘_1 + 1hhta_2> .

Precisely as in Example (3.2), Im(A) = £. Again, f € £ implies

Dom(A) = {y € Xy p: DS Ty = 0}.
Again, M in (2.2) can be computed since if f € £, then
~ o h o a—2
y(t) = Ig f(t) + 7= L5 f(1)t

1—-h

denotes the unique solution y € Dom(A) of the boundary value problem Dgy = f, (3.5). Thus,

Theorem 2.3 applies and there exists B > 0 such that if 0 < |3] < B then (A + D5 ") satisfies a

strong maximum principle in Dg_ly.

To determine a sign condition on By we appeal to Lemma 3.1. Let a = lim+ t2_ay(t). We first rule
t—0

out the case a = 0. Assume 0 < |3| < B, and 0 < h < 1. If a = 0, then y(t) = I§ "D y(t) and
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By(1) > 0. In particular, y(1) # 0. Since lim+ t27%(t) = a = 0, y does not satisfy the boundary
t—0
condition, lim #*~“y(t) = hy(1). Thus, a # 0.
t—0+

Now, continue to assume 0 < |8 < B, and assume 0 < h < 1. If D5 y(t) > 0, 0 < t < 1, we rule
out the case fa < 0. The condition 0 < h < 1, the boundary condition, lim+ t27%(t) = hy(1) and
t—0
the identity y(t) = at®=2 + I§~ DS~ y(t) imply that with a = lim t2=%y(t) = lim '~ Dy(4),
t—0+ t—0+
then
a

0< e e <1,
a+ 157D yli=1

or
a
< 04—16 a—1
Ba+ 1§ BDG™ yli=1

If Ba < 0, then Ba < ﬁa—i—Ig‘*lﬁDS*ly\t:l < 0 and |Ba| > ’ﬁa—i—]{fflﬁDg‘*lyh:l

0 <1

, which implies

Ba
Ba+ I~ BDG " yli=

> 1,

and so the condition 0 < h < 1 is contradicted. So, fa > 0 and Lemma 3.1 applies with v = o — 1.
Thus, if 0 < |3| < B and 0 < h < 1, then a natural partial order in which to apply the method of

upper and lower solutions and monotone methods to a nonlinear problem is
YE Xy 2= 0= By(t)>0, 0<t<1, and BDy 'y(t)>0, 0<t<1,

and

YE X, o=0+=By(t)>0, 0<t<1, and BDF 'y(t)>0, 0<t<1.

In particular, there is a transition from a maximum principle to an anti-maximum principle at

B =0.

Remark 3.5. The work in this article extends the work produced in [13], where o = 2. In [13],
it is shown if 1 < h, then ﬁDoa_ly(t) = BDy(t) > 0,0 <t <1, implies By(t) < 0,0 <t < 1.
In [13], the sign of the derivative implies monotonicity of the function. For the fractional case,

1 < a <2, the case 1 < h remains open.

4 A Monotone Method

Assume 1 < a < 2. Let f:[0,1] x R? — R be continuous. Consider the boundary value problem

Dgy(t) = f(t,y(t), D5 y(1)), 0<t<1, (4.1)
y(0) =0, D§ 'y(0) = D5 ty(1). (4.2)
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Assume that f satisfies the following monotonicity properties.

f(t»% Zl) < f(tvyv 22) for (ta y) € [07 1] X Rv z1 > Zg, (43)

f(taylvz) < f(t7y27z) for (t,Z) € [03 1] X Ra Y1 > Y23

that is, f is monotone decreasing in each of the third component and second component.

Note for y € C,,_2, one should initially consider the differential equation D§y(t) = f(t,y(t), D§ y(t))
on (0, 1]. The boundary condition y(0) = 0 implies the functions produced in the following iterative

schemes exist on [0,1] and so, we assume (4.1) on [0, 1].

Apply a shift [15] to (4.1) and consider the equivalent boundary value problem,
Dgy(t) + BD5~y(t) = f(t,y(t), D§~ y(t)) + DG~ 'y(t), 0<t<1,

with boundary conditions (4.2), where —B < 8 < 0 and B > 0 is shown to exist in Theorem 2.3.
Note that if g(t,y,2) = f(t,y,2) + Bz and [ satisfies (4.3), then g satisfies (4.3) if 3 < 0.

Assume the existence of solutions, wy,v; € X4_o, of the following boundary value problems for

fractional differential inequalities

Dgwi(t) > f(t,wi(t), Dg " wi(t), Dfvi(t) < f(t,oi(t), Dy oa(t), 0<t <1, (4.4)
wi(0) =0, D§ 'wy(0) =Dy twi(1),  v1(0) =0, Dy v1(0) = D§ ().

Assume further that
(vi(t) —wi(t)) >0, 0<t<1, (DY tvi(t)— Dy twi(t)) >0, 0<t<1. (4.5)
Motivated by (3.4) and noting that 8 < 0, define a partial order =g on X,_2 by
UE Xy o g0 0= u(t) <0, 0<t<1, and Dy 'u(t)<0, 0<t<1.

Then the assumption (4.5) implies w1 >=g<o V1.

Define iteratively, the sequences {vi}732, {wr}32,, where

D& (t) + BDY topia (t) = f(t,vp(t), DS ok (1)) + BDS top(t), 0<t <1, (4.6)
vk11(0) =0,  D§ 'or41(0) = DG ogga (1),
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and

D§wps1(8) + BDE win (t) = £t wa(t), D'y (8) + SDGwn(), 0<t<1, (A7)
wr11(0) =0,  D§  weg1(0) = D§ ™~ rwppa (1)

Theorem 2.3 implies the existence of each vg41, w41 since if |3| < B, the inverse of (A + D)

exists.

Theorem 4.1. Assume f :[0,1] x R? — R is continuous and assume f satisfies the monotonicity
properties (4.3). Assume the existence of functions vi,w; € Xa—o satisfying (4.4) and (4.5).
Define the sequences of iterates {vi}32 1, {wr}e2, by (4.6) and (4.7) respectively. Then, for each
ke N1,

Wg =<0 Wkt1 = B<0 Vk+1 =<0 Vk- (4.8)

Moreover, {v}32, converges in Xo_2 to a solution v of the boundary value problem (4.1), (4.2) and

{wy}72., converges in Xo_o to a solution w of the boundary value problem (4.1), (4.2) satisfying
Wk =<0 W1 ZB<0 W Z8<0 UV Z8<0 Vk+1 =<0 Vk- (4.9)
Proof. Since vy satisfies a differential inequality given in (4.5), then for 0 < ¢ < 1,
Dgua(t) + BDG valt) = F(tv1(8), DE ™ vr (1) + BDG ™ un (1) = Dgus (1) + DG ua (1),
Set u = vo — v1 and u satisfies a boundary value problem for a differential inequality,
Dgu(t) + BDS tu(t) >0, 0<t<1, u(0)=0, Dy 'u(0)=Dg 'u(l).

The signed maximum principle applies and u =3¢ 0; in particular, vo =g<o v1. Similarly, w1 >=g<o

wq. Now set u = wg — v and

Diu(t) + BDG " u(t) = (F(twi(t), DG~ wi(8)) — F(t,v1(6), DF ' un (1))
+ B(D§  wi(t) — D Moy (t), 0<t <1,
u(0) =0, Dy u(0) = D§ u(1).

Since f satisfies (4.3) and w1 =g<o v1, then
Dgu(t) + 8D tu(t) >0, 0<t<1,

and again the signed maximum principle applies and u =g<o 0. In particular, wy >=g<g v2. Thus,
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(4.8) is proved for k = 1. A straightforward induction implies that (4.8) is valid using the arguments

presented in this paragraph.

To obtain the existence of limiting solutions v and w satisfying (4.9), note that the sequence
{Dg v} is monotone decreasing and bounded below by {Dy *w;}. So the sequence {Dg vy}
is converging pointwise on [0, 1] to some function g defined on [0, 1]. Moreover, D§vy = DD§ ™ oy,

is uniformly bounded on
Q={(t,y,2) wi(t) <y <wi(t), DFMwn(t) <2 < DTl (t), 0<E <1,

and so the pointwise limit g is continuous on [0, 1]. Dini’s theorem applies and {D§'v;} is con-
verging uniformly to g on [0, 1]. Note a = 0, and so, we can define v (0) = 0 and extend v to a
continuous function on [0, 1]. The sequence {vy} is monotone decreasing and bounded below, and
so there exists v such that {v;} is converging pointwise to v on [0, 1]. Note that since v;(0) = 0,
then vy, = Ig‘_ng‘_lvk which converges uniformly Ig“_lg. Sowv = Ig“_lg which implies Dg_lv =g.
To summarize, vy, is converging to v in Cy_2 and {D§ vy} is converging to {D§ v} in C0, 1].
Finally, using D§vgy1(t) = f(t,vx(t), DS og(t)) + (DG up(t) — DS vy (1)), it now follows
that the sequence {Dgwvy} converges uniformly on [0,1] to f(t,v(t), Dy 'v(t)). Since D§vy =

D'Dy vy, we conclude that klim D§ v, = D§wv.
— 00

Similar details apply to {wy} and the theorem is proved. O

Suppose now f satisfies the “anti™inequalities to (4.3); that is suppose f satisfies

f(tvyv Zl) > f(t,yv 22) fOI' (ta y) € [07 1] X Ra 21 > 22, (410)

f(tayhz) > f(t7y27z) for (t,Z) € [03 1] X R7 Y1 > Y.

One can appeal to the signed maximum principle and apply a shift to (4.1) and consider the
equivalent boundary value problem, Dgy(t) + BD5 'y(t) = f(t,y(t), D§ y(t)) + DS y(t),0 <
t < 1, where 0 < § < B. Note, if f satisfies (4.10) and 8 > 0, then g(t,y,2) = f(t,y,2) + Bz
satisfies (4.10).

Now, assume the existence of solutions, wy,v; € X,_o, of the following differential inequalities

Dgwy(t) < f(t,wi(t), Dy twi(t), Dguvi(t) > f(t,v1(t), DF o (1), 0<t<1,  (4.11)
0

wi(0) =0, D& w(0) = Dy wi(1), v1(0) =0, Dy *v1(0) = D§ vy (1).

Assume further that

(v1(t) —wi(t)) >0, 0<t<1, (DS ui(t)—D§ twyi(t))>0, 0<t<1. (4.12)
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Noting that 5 > 0 define a partial order =g~ on X,_2 by
UE Xy 9 =ps0 0= u(t) >0, 0<t<1, and D§ 'u(t)>0, 0<t<I1.

In particular, in (4.12), assume vy >g>¢ w1.

Theorem 4.2. Assume f:[0,1] x R? — R be continuous and assume f satisfies the monotonicity
properties, (4.10). Assume the existence of wy,v1 € Xq_o satisfying (4.11) and (4.12). Define the
sequences of iterates {vi 52, {wr 32, by (4.6) and (4.7) respectively. Then, for each k € Ny,

Vk Z >0 Vk+1 28>0 Wi+1 Zp>0 Wk-

Moreover, {vy}32, converges in Xo_2 to a solution v of (4.1) and {wy}32, converges in Xo_o to

a solution w of (4.1) satisfying

Vk 78>0 Vk+1 =48>0 UV 28>0 W Z3>0 Wkt+1 = F>0 Wk-

We close the article with two corollaries of Theorem 4.2 in which upper and lower solutions, vq

and w; are explicitly produced.

Corollary 4.3. Let B be given by Theorem 2.3. Assume f : [0,1] x R? — R be continuous, assume

there exists 3 € (0,B] such that f(t,y,z) + Bz is bounded on [0,1] x R2, and assume g(t,y,z) =

f(t,y, 2) + Bz satisfies the monotonicity conditions (4.10). Then vy (t) = BT )to"l € Xy—2 and
e

wy(t) = —v1(t) € Xo—go satisfy (4.11) and (4.12) where M = sup |f(t,y, z) + Bz|; in particular,
[0,1]xR2
there exists a solution y € Xo—_2 of the boundary value problem (4.1), (4.2) satisfying

V1 ZB>0 Y Zp>0 W1

Remark 4.4. Remove the hypothesis that g satisfies (4.10), and the Schauder fixed point theorem
implies the existence of a solution of the boundary value problem (4.1), (4.2) in the case g is

bounded.

Corollary 4.5. Let B be given by Theorem 2.3. Assume f : [0,1] x R? — R be continuous, assume
there exists B € (0,B] such that g(t,y,z) = f(t,y,z) + Bz satisfies the monotonicity conditions

(4.10). Assume there exist o € C[0,1] and a nondecreasing function ¢ : R™ — R such that

l9(t,y.2)] <o)yl (t,y,2) € [0,1] x R,
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Moreover, assume there exists M > 0 such that

BM
|lofoy) (%)

Then there exists a solution of the boundary value problem (4.1), (4.2).

> 1.

M
Proof. Set vi(t) = @taﬂ € X,_2. Then

Divi(t) + DG i (t) = BM > |ofoy) (F](Vi )) > g(t,v1, DG~ Mor (1),

Set wy (t) = —v1(t) and vy (t), w1 (t) € Xq—2 satisfy (4.11) and (4.12). O
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RESUMEN

En este ariculo, introducimos el concepto de antiderivacion
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1 Introduction

A ternary Banach algebra is a complex Banach space A, endowed with a ternary product (z,y, z) —
[z,y, 2] of A% into A, which is C—linear in each variable, and associative in the sense that
[x,y, [z, w,v]] = [z,[w, z,y],v] = [[z,y, 2], w,v], and satisfies ||[z,y, z]]| < ||z| - |ly]| - ||z] for all

z,y,z,w,u € A.

If a ternary Banach algebra (A, [-,-,-]) has an unit, 7.e., an element e € A such that x = [z,e,€] =
[e,e,z] for all x € A, then it is routine to verify that A, endowed with z oy := [z,e,y] and
x* := [e, x, €], is a unital algebra. Conversely, if (A, o) is a unital algebra, then [z,y, 2] ;== xoy* oz

makes A into a ternary Banach algebra.

A C—linear mapping H : A — B is called a ternary homomorphism if H([z,y, z]) = [H(x), H(y), H(z)]
for all z,y,z € A. A C—linear mapping 6 : A — A is called a ternary derivation if

8([w,y, 2]) = [6(2), 9, 2] + [, 6(y), 2] + [, y,0(2)]

for all z,y,z € A.

We say that an equation is stable if any function satisfying the equation approximately is near to

an exact solution of the equation.

The stability problem of functional equations started from a question of Ulam, in 1940, on the
stability of group homomorphisms. In 1941, Hyers [17] gave an answer to the question of Ulam
in the context of Banach spaces in the case of additive mappings, that was an major step toward

further solutions in this field.

During the last two decades, a number of articles and research monographs have been published on
various generalizations and applications of the Hyers-Ulam stability to a number of functional equa-
tions and mappings, for example, Cauchy-Jensen mappings, k-additive mappings, multiplicative
mappings, bounded nth differences, Euler-Lagrange functional equations, differential equations,

and Navier-Stokes equations (see [1, 2, 4, 5, 19, 22, 25, 26, 27, 28, 29|).
Also, approximate generalized Lie derivations have been already established in [6, 7].

Ternary algebraic structures appear in various domains of theoretical and mathematical physics,
such as the quark model and Nambu mechanics [18, 21]. Today, many physical systems can be
modeled as a linear system. The principle of additivity has various applications in physics especially
in calculating the internal energy in thermodynamic and also the meaning of the superposition

principle.
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In recent years, the Hyers-Ulam stability of various (among others functional, differential and
integral) equations and other objects (for example in groups, Banach algebra, ternary Banach

algebras and C*—ternary algebras) has been intensively studied (see [8, 9, 10, 11, 15, 16, 30]).

Fixed-point theory has been studied by various methods. The study on fixed point theory provides
essential tools for solving problems arising in various fields of functional analysis, such as dynamical

systems, equilibrium problems and differential equations (see for instance [3, 14, 24]).
We recall a fundamental result in fixed point theory.

Definition 1.1 ([12]). Let X be a non-empty set and d : X x X — [0,00] a mapping such that
(1) d(z,y) =0 if and only if x =y,
(2) d(z,y) =d(y,z) for all z,y € X,
(3) d(z,z) < d(z,y)+d(y,2) for all x,y,z € X.

Then d is called a generalized metric and (X,d) is a generalized metric space.

Theorem 1.2 ([12]). Let (X,d) be a complete generalized metric space and T : X — X be a

strictly contractive mapping, that is,
d(Tz, Ty) < Ld(z,y)

for some L <1 and all z,y € X. Then for each given element x € X, either
d(T"z, T z) = 400

for alln >0 or
d(T"z, T"z) < 400, Vn > nyg,

for some positive integer ng. Moreover, if the second alternative holds, then

(i) the sequence {T™x} is convergent to a fixed point y* of T;
(ii) y* is the unique fized point of T in the set Y = {y € X,d(T™xz,y) < 400} and d(y,y*) <

1
ﬁd(y, Ty) forally €Y.

In this paper, we consider the following functional inequality

[Flx+y+2)—Fle+z)—Fly—z+2) - Flz -2
< la(Flz+y—2) + Flo—2) = F) + 1B(F(z — 2) + F(z) = F(2))| (1.1)

for all x,y,z € A, where o and  are fixed nonzero complex numbers with |a| + |8] < 2.
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Throughout this paper, assume that A is a ternary Banach algebra and « and /3 are fixed nonzero

complex numbers with |a| + |8] < 2.

The aim of the present paper is to establish the stability problem of ternary antiderivations in

complex ternary Banach algebras by using the fixed point method.

2 Stability of («, §)-functional inequality (1.1)

In this section, we prove the Hyers-Ulam stability of the additive (a, 8)-functional inequality (1.1)
by using the fixed point method.

Lemma 2.1. Let F: A — A be a mapping satisfying

[Fz+y+2) - Fletz) - Fly—z+2) - Flz -2
<la(F(z+y—2) + Fle—2) = F)l + 1B(F(z — 2) = F(z) + F(2))| (2.1)

for all x,y,z € A. Then the mapping F : A — A is additive.

Proof. Assume that F : A — A satisfies (2.1).

Putting z =y =z = 0 in (2.1), we have
2[F O < (el + [BDIF O]

and thus F(0) = 0, since |a| + |8] < 2.

Letting z = = in (2.1), we obtain
IF 2z +y) = F(2x) = F(y)| <0

and so F(2z +y) = F(2z) + F(y) for all z,y € A. Therefore F is additive. O

Theorem 2.2. Suppose that A : Ax Ax A — [0,00) is a function such that there exists an L < 1
with

Az, y,z) <

Sl

A2z, 2y,2z) (2.2)

forallz,y,z € A. Let F : A — A be a mapping satisfying

|[Flx+y+z2)—Flx+2)—Fly—x+2z)— Flx—2)| (2.3)
<lla(Fz+y—2)+Fle—2z) = F)ll + 18(F(z - 2) + F(z) = F(2)|l + Az, y, 2)
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for all x,y,z € A. Then there exists a unique additive mapping A : A — A such that

L T  x
17@) =A@ < 55558 (5003) (2.4)

for all x € A.
Proof. Setting x =y = 2z =0 in (2.3), we have

2|70 < (laf + [BDIIF(0)]] 4 A(0,0,0)
and thus F(0) = 0, since |a| 4 |3] < 2 and by (2.2) A(0,0,0) = 0.

Letting 2 = z = £ and y = ¢ in (2.3), we get

|F (@) — 27(1)] < A (;t ;) (25)

forallt € A.

Now, consider the set @ = {w: A — A:w(0) =0} and the mapping d defined on 2 x Q by
r oz
=1 : — < — —
d(0,w) 1nf{k ER; : |0(z) — w(a)|| < EA <2,x, 2) Vo e A} ,

where as usual, inf ) = +oco. d is a complete generalized metric on  (see [20]).

Now, let us consider the linear mapping 7 : 2 — € such that

To(x) =20 (g)

for all x € A. Thus d(d,w) = ¢ implies that

I6(a) — )] < e (%.2.2)

for all x € A. Hence

i et o (5) -2+ (3)] <2 5 5.5 =550 (503
for all x € A, that is d(J,w) = ¢ implies that d(Td(x), Tw(z)) < Le. This means that

d(Té(x), Tw(z)) < Ld(d,w)

for all §,w € Q.
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Next, from (2.5), we get

@ -2 (S <a(G55) < 54 (=3)

for all z € A, it follows that d(F, TF) < £.

Using the fixed point alternative we deduce the existence of a unique fixed point of 7, that is, the

existence of a mapping A : A — A such that

with the following property: there exists a k € (0, 00) satisfying

|F(@) — A@)] < kA (52, 5)

for all z € A.

Since limy, o d(T"F,A) =0,

for all z € A.
1

Al <
so, d(F,A) < 1 de

(F,TF) which implies

L r T
17@) - A@) < 5558 (50 3)

for all = € A. Tt follows from (2.2) and (2.3) that
Az +y+2)—Alz+2) —Aly —z+2) — Az — 2)||
]__<x+2gi+z) ]__(x;z> ]__<y2:i+z> ]__<a:2nz>H
(5o (5) )
(7 (57) 7 (50) -7 ()| + e a (e )

= lle(Alz +y —2) + Alz —2) = A))[ + [B(A(x — 2) + Az) — A2))]|

= lim 2"
n— o0

< lim 2"

T n—oo

+ lim 2"

n—oo

for all z,y, z € A. Therefore, by Lemma 2.1, the mapping A is additive. O
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Corollary 2.3. Let F: A— A be a mapping satisfying

[Fle+y+2)—Fle+z) - Fly—z+2) - Flr-2)
<la(F(z+y —2) + Flz—2) = F)l + [B(F(z - 2) + Flx) = F)Il + ll2,y, 2]l

for all x,y,z € A. Then there exists a unique additive mapping A : A — A such that
[F(x) = A)|| < I, =, 2]||
for all x € A.

Proof. The proof follows from Theorem 2.2 by taking L = § and A(z,y,z) = ||[z,y, 2]| for all
x,y,z € A. O

3 Stability of ternary antiderivations in ternary algebras

In this section we introduce the concept of ternary antiderivation in ternary Banach algebras and

prove the stability of ternary antiderivations associated to (1.1) in ternary Banach algebras.

Definition 3.1. Let A be a ternary Banach algebra. A C—linear mapping Z : A — A is called a

ternary antiderivation if it satisfies
[Z(2), Z(y), Z(2)] = Z[Z(x), y, 2] + L[z, Z(y), 2] + I[x,y, Z(2)]

for all x,y,z € A.

Example 3.2. The complex number set C with a ternary product [z, y, z] = xyz for all z,y, z € C,

is a ternary Banach algebra.

Define T :C — C by
Z(x) = 3z

for all x € C. Then T is a ternary antiderivation.

Definition 3.3 ([13]). Let A be a ternary Banach algebra. A double sequence {a, .} in A con-
verges to L € A and we write lm a, ,, = L if for every e > 0 there is an integer N such that

n,m—oo
for alln,m > N,
|anm — L| < e.

If no such number L exists, we say that {anm} diverges.
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Lemma 3.4 (|23]). Let A be complex Banach algebra and let f : A — A be an additive mapping
such that f(ux) = pf(z) for allp € T :={A € C: |A\| =1} and all x € A, then f is C—linear.

Theorem 3.5. Let A : A x Ax A — [0,00) be a function, and let there exists an L < 1 with
satisfying

oot~

A(z,y,z) < ZA(22,2y,22) (3.1)

for all x,y,z € A. Assume that F : A — A is a mapping such that

[F(u(z +y+2) = puF(z+2) = pFly -z +2) — pFle—2)| (3.2)
<la(Fle+y—2)+ Fle—2) = F)l + 18(F(z - 2) + F(z) - F(2)l| + Az, y, 2)

and

IF (@), F(y), F(2)] = FIF(2),y, 2] = Fla, Fy), 2l = Fla,y, FE < Az, y,2)  (3.3)

for all up € T' and all z,y, z € A. If F is continuous and in addition, F,(x) := 2" F (2%) converges

uniformly for all x € A, double sequences {2"T™F (]—'( - ) Y )} and {2”+m}"(l}" (QL))} are

on ) om on

convergent for all x,y € A, then there exists a unique continuous ternary antiderivationZ : A — A

such that

L r oz
17@) = 2@l < 58 (500 5)

for all x € A.
Proof. Assume that F : A — A satisfies (3.2).
Putting p=1and z =y =2z =0 in (3.2), we obtain
2[|FO) < (el + [BDIF (O + A(0,0,0)
and thus F(0) = 0, since |a| + |8| < 2 and by (3.1), A(0,0,0) = 0.

Letting z = z = % and y = ¢ in (3.2), we have

I72t) ~ 270l <4 (5.5 (3.0

for all p € T! and all ¢ € A.

Next, consider the set

Qi={w: A= A:w(0) =0}
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and define the generalized metric on 2
d(0,w) = inf {k € Rsg : [|0(z) — w(z)]| < kA (gx g) Vo € A} :

where as usual, inf ) = +oco. By [20, Lemma 1.2|, (€2, d) is a complete generalized metric space.

Now we define the linear mapping 7 : Q — € such that

TO(z) =20 (g)
forall z € A.

Let 0,w € Q be given such that d(f,w) = . Then

[0(z) —w(z)| <eA (%w %)

for all x € A. Hence

IT6G) ~ T = 20 (5) ~ 20 (5)] <228 (3.5.5) < Zen (3,0, 0)

for all z € A. So d(f,w) = ¢ implies that d(7T0(z), Tw(z)) < Le. Hence
d(TH(z), Tw(x)) <
for all §,w € Q. Tt follows from (3.4) that

@22 (S <a(G:55) <A (G 5)

for all z € A and so d(F,TF) < £.

Using the fixed point alternative we deduce the existence of a unique fixed point of 7, that is, the

existence of a mapping Z : A — A such that

with the following property: there exists a k € (0, 00) satisfying

|F(@) - Z@)| < kA (52,5

2
for all z € A.
Since nll)néo dT"F,I) =0,
Jm 277 () = 7
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for all x € A. Also, d(F,T) < ﬁd(}', TF) which implies

L r
17@) = 2@l < 58 (500 5)

for all z € A. Tt follows from (3.1) and (3.2) that

1T +y+2) — T+ )~ Ty — 5+ 2) — I = )
i [ (7 (257) -2 (55) - () - ()|
b () () )
w Jim 2 5 (7 (2 ) 47 () - 7 () )| + dm s (5 )

= e(Z(z +y — 2) + L(x — 2) = Z(y)) [ + [I1B(Z(x — 2) + Z(z) — Z(2))||

for all z,y,z € A. By Lemma 2.1, the mapping 7 is additive.

Letting 2 = z = £ and y = 0 in (3.2), we get

17t) - w70 < 4 (5.0.5)

for all 4 € T* and all t € A. Thus

[Z(pz) = pZ(z)|| = lim 2"

#(nge) ~ 7 ()
< i A (50 50) < i (5) 4 (50.5),

which tends to zero as n — oo and so Z(uz) = pZ(x) for all u € T! and all = € A. Therefore, by
Lemma 3.4, the mapping 7 is C—linear.

Since F is continuous and F,, converges uniformly, 7 is continuous. It follows from (3.1) and (3.3)

that

IZ(2),Z(y), Z(2)] = Z[Z(x),y, 2| — L[z, Z(y), 2] — L[, y, Z(2)]]|

=t 2|7 (5) 7 (52) 7 (55)] 22 |7 () ]
22 [r 7 (5) 2] - 22 [r0. 7 ()]
=l 2|7 (5) 7 (%) F ()] -7 17 () 2 )
f[zin f(2y> 2271}_F[2:i 2%1F(2in)]
<l (22 2) < fin LA
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for all 4 € T' and all 2,9, z € A. Since L < 1, the C—linear mapping 7 is a ternary antiderivation.
O

Corollary 3.6. Let F: A — A be a mapping satisfying

| F(u(a +y+ 2)) — pF(a+ 2) = pFly — ¢ + 2) — pFla - 2)|
< alF(@+y - 2) + Fla — 2) = F@)| + I1BF @ — 2) + Fla) = F)I| + 22,91, v, 2],

IF (@), F(y), F(2)] = FIF (@), y, 2] + Fla, Fy), 2] + Fla,y, FE < [z, 2, 9l y, 2|

forall x,y,z € A. If F is continuous and in addition, Fy,(x) := 2"F (2%) converges uniformly for
all z € A, double sequences {2" ™ F (F (&) %)} and {2"T™F (£ F (5%))} are convergent for
all x,y € A, then there exists a unique continuous ternary antiderivation Z : A — A such that

17 (@) - T(@)] < — o]

— 50
for all x € A.
Proof. The proof follows from Theorem 3.5 by taking L = 22 and A(z,y,z) = ||[[z,z,y], y, 2]|| for
all x,y,z € A. O

4 Stability of continuous ternary antiderivations in ternary

Banach algebras

In this section, we prove the stability of continuous ternary antiderivations in ternary Banach

algebras.

Theorem 4.1. Let A : Ax Ax A— [0,00) be a function. If there exists an L < 1 with satisfying

A(z,y,2) <

o

A(2z,2y,2z) (4.1)
for all x,y,z € A. Assume that F : A — A is a mapping satisfying

IF(u(x +y+2) — pF(r+2) - pFly —z+2) — pF(r—2)| (4.2)
<a(Flx+y—2)+Flx—2) = F)I +1B(F( —2) + F(x) = F2)| + Az, y, 2)

and (3.3) for all p with |p| < 1 (resp. |u| > 1). If F is continuous and in addition, F,(x) =

2"F (&) converges uniformly for all x € A, double sequences {2"™F (F (&) 4%)} and
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{ontmF (QL}' (QL))} are convergent for all z,y € A, then there exists a unique continuous ternary

antiderivation T : A — A such that

L T T
17@) = 2@ < 5= (500 5) (4.3)

for all x € A.
Proof. Let pn € T!. Then there exists a sequence {u, }5 ; with |p,| < 1 (vesp. |un| > 1) such that

lim p, = p.

n—o0

By (4.2) we get

| F (pn(x +y 4 2)) = pnF (x4 2) = pnF(y —  + 2) — poF(x — 2)||
<a(Flx+y—2)+Flx—2) = F)Il +1B(F( —2) + F(x) = F(2)| + Az, y, 2)

for all positive integers n, all p, with |u,| <1 (resp. |un]| > 1) and all z,y,z € A.

Passing to the limit as n — oo, and using the continuity of F and || - ||, we obtain

[Flu(z +y+2) —pF(z+2) —pFly —z+2) — pF(z—2)|
<a(Flx+y—2)+Flz—z) = F)l + 1B(F (@ —2) + F(z) = F(2)|| + Az, y, 2)

for all p € T and all z,y,2z € A

Therefore, by the same reasoning as in the proof of Theorem 3.5, there exists a unique ternary

antiderivation Z : A — A satisfying (4.3). O

Declarations

Availablity of data and materials

Not applicable.

Human and animal rights
We would like to mention that this article does not contain any studies with animals and does not

involve any studies over human being.

Conflict of interest

The authors declare that they have no competing interests.



CUBO

Maximum, anti-maximum principles 285

25, 2 (2023)

Fundings

The authors declare that there is no funding available for this paper.

Authors’ contributions
The authors equally conceived of the study, participated in its design and coordination, drafted the

manuscript, participated in the sequence alignment, and read and approved the final manuscript.
pt, p P q g s PP P

Acknowledgements
We would like to express our sincere gratitude to the anonymous referee for his/her helpful com-

ments that will help to improve the quality of the manuscript.



286 M. Dehghanian, C. Park & Y. Sayyari CUBO

25, 2 (2023)

References

[1] M. R. Abdollahpoura, R. Aghayaria and M. Th. Rassias, “Hyers-Ulam stability of associated
Laguerre differential equations in a subclass of analytic functions”, J. Math. Anal. Appl., vol.

437, no. 1, pp. 605-612, 2016. DOI: https://doi.org/10.1016/j.jmaa.2016.01.024.

[2] J. Brzdek, “On a method of proving the Hyers-Ulam stability of functional equations on
restricted domains”, Aust. J. Math. Anal. Appl., vol. 6, no. 1, Art. ID 4, 2009.

[3] J. Brzdek, L. Cadariu and K. Ciepliriski, “Fixed point theory and the Ulam stability”, J. Funct.
Spaces, vol. 2014, Article ID 829419, 2014. DOTI: https://doi.org/10.1155/2014/829419.

[4] J. Brzdek, L. Cadariu, K. Cieplinski, A. FoSner and Z. Lesniak, “Survey on recent Ulam
stability results concerning derivations”, J. Funct. Spaces, vol. 2016, Article ID 1235103, 2016.
DOI: https://doi.org/10.1155/2016,/1235103.

[5] J. Brzdek and K. Cieplinski, “Hyperstability and superstability”, Abstr. Appl. Anal., vol. 2013,
Art. ID 401756, 2013. DOI: https://doi.org/10.1155,/2013/401756.

[6] J. Brzdek and A. Fosner, “On approximate generalized Lie derivation”, Glas. Mat. Ser. III,
vol. 50, no. 1, pp. 77-99, 2015. DOI: https://doi.org/10.3336/gm.50.1.07.

[7] J. Brzdek, A. Foner and Z. Leéniak, “A note on asymptotically approximate generalized
Lie derivations”, J. Fized Point Theory Appl., vol. 22, no. 2, Art. ID 40, 2020. DOLI:
https://doi.org/10.1007/s11784-020-00775-8.

[8] M. Dehghanian and S. M. S. Modarres, “Ternary ~-homomorphisms and ternary -y-
derivations on ternary semigroups”, J. Inequal. Appl., vol. 2012, Art. ID 34, 2012. DOI:
https://doi.org/10.1186/1029-242X-2012-34.

[9] M. Dehghanian, S. M. S. Modarres, C. Park and D. Y. Shin, “C*-Ternary 3-derivations
on C*-ternary algebras”, J. Comput. Anal. Appl., vol. 2013, Art. ID 124, 2013. DOL:
https://doi.org/10.1186/1029-242X-2013-124.

[10] M. Dehghanian and C. Park, “C*-Ternary 3-homomorphisms on C*-ternary algebras”, Results
Math., vol. 66, no. 1-2, pp. 87-98, 2014. DOI: https://doi.org/10.1007/s00025-014-0365-7.

[11] M. Dehghanian, Y. Sayyari and C. Park, “Hadamard homomorphisms and Hadamard deriva-
tions on Banach algebras”, Miskolc Math. Notes, vol. 24, no. 1, pp. 129-137, 2023. DOL:
https://doi.org/10.18514/MMN.2023.3928.

[12] J. B. Diaz and B. Margolis, “A fixed point theorem of the alternative for contractions on a
generalized complete metric space”, Bull. Amer. Math. Soc., vol. 74, pp. 305-309, 1968. DOI:
https://doi.org,/10.1090/50002-9904-1968-11933-0.


https://doi.org/10.1016/j.jmaa.2016.01.024
https://doi.org/10.1155/2014/829419
https://doi.org/10.1155/2016/1235103
https://doi.org/10.1155/2013/401756
https://doi.org/10.3336/gm.50.1.07
https://doi.org/10.1007/s11784-020-00775-8
https://doi.org/10.1186/1029-242X-2012-34
https://doi.org/10.1186/1029-242X-2013-124
https://doi.org/10.1007/s00025-014-0365-7
https://doi.org/10.18514/MMN.2023.3928
https://doi.org/10.1090/S0002-9904-1968-11933-0

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

21]

[22]

[23]

[24]

Maximum, anti-maximum principles 287

E. D. Habil, “Double sequences and double series”, Islamic Univ. J. Ser. Nat. Stud. Eng., vol.
14, no. 1, pp. 1-32, 2006.

M. R. Haddadi and M. Dehghanian, “Existence and convergence theorems for equilibrium
problems and fixed point problem”, Southeast Asian Bull. Math., vol. 42, no. 4, pp. 559-568,
2018.

S. A. Hosseinioun, R. Farrokhzad and M. Eshaghi Gordj, “Nearly higher ternary derivations
in Banach ternary algebras: An alternative fixed point approach”, Int. J. Nonlinear Anal.

Appl., vol. 5, no. 2, pp. 7-15, 2014. DOI: https://doi.org/10.22075/IJNAA.2014.121.

V. Govindan, C. Park, S. Pinelas and Th. M. Rassias, “Hyers-Ulam stability of an
additive-quadratic functional equation”, Cubo, vol. 22, no. 2, pp. 233-255, 2020. DOI:
http://dx.doi.org/10.4067/S0719-06462020000200233.

D. H. Hyers, “On the stability of the linear functional equation”, Proc. Nat. Acad. Sci. U.S.A.,
vol. 27, pp. 222-224, 1941. DOTI: https://doi.org/10.1073 /pnas.27.4.222.

R. Kerner, “Ternary algebraic structures and their applications in physics”, Pierre et Marie
Curie University, Paris; Proc. BTLP, 23rd International Conference on Group Theoreti-
cal Methods in Physics, Dubna, Russia, 2000. DOIL: https://doi.org/10.48550/arXiv.math-
ph/0011023.

F. Li and H. Guo, “On meromorphic solutions of the Fermat-type functional equation
f)" + fz 4+ o)™ = e**t8” Mediterr. J. Math., vol. 19, no. 3, Art. ID 118, 2022. DOI:
https://doi.org/10.1007 /s00009-022-02054-x.

D. Mihet and V. Radu, “On the stability of the additive Cauchy functional equation in
random normed spaces”’, J. Math. Anal. Appl., vol. 343, no. 1, pp. 567-572, 2008. DOLI:
https://doi.org/10.1016/j.jmaa.2008.01.100.

Y. Nambu, “Generalized Hamiltonian mechanics”, Phys. Rev., vol. 7, no. 8, pp. 2405-2412,
1973. DOI: https://doi.org/10.1103/PhysRevD.7.2405.

S. Paokanta, M. Dehghanian, C. Park and Y. Sayyari, “A system of additive functional equa-
tions in complex Banach algebras”, Demonstr. Math., vol. 56, no. 1, Art. ID 20220165, 2023.
DOT: https://doi.org/10.1515/dema-2022-0165.

C. Park, “Homomorphisms between Poisson JC*-algebras”, Bull. Braz. Math. Soc. (N.S.), vol.
36, no. 1, pp. 79-97, 2005. DOI: https://doi.org/10.1007 /s00574-005-0029-z.

C. Park, “Fixed point method for set-valued functional equations”’, J. Fized Point Theory

Appl., vol. 19, no. 4, pp. 2297-2308, 2017. DOI: https://doi.org/10.1007 /s11784-017-0418-0.


https://doi.org/10.22075/IJNAA.2014.121
http://dx.doi.org/10.4067/S0719-06462020000200233
https://doi.org/10.1073/pnas.27.4.222
%20https://doi.org/10.48550/arXiv.math-ph/0011023
%20https://doi.org/10.48550/arXiv.math-ph/0011023
https://doi.org/10.1007/s00009-022-02054-x
https://doi.org/10.1016/j.jmaa.2008.01.100
https://doi.org/10.1103/PhysRevD.7.2405
https://doi.org/10.1515/dema-2022-0165
https://doi.org/10.1007/s00574-005-0029-z
https://doi.org/10.1007/s11784-017-0418-0

288

M. Dehghanian, C. Park & Y. Sayyari CUBO

25, 2 (2023)

[25]

[26]

[27]

28]

[29]

[30]

C. Park, “The stability of an additive (p1, p2)-functional inequality in Banach spaces”, J. Math.
Inequal., vol. 13, no. 1, pp. 95-104, 2019. DOI: https://doi.org/10.7153 /jmi-2019-13-07.

C. Park, “Derivation-homomorphism functional inequality”, J. Math. Inequal., vol. 15, no. 1,

pp. 95-105, 2021. DOI: https://doi.org/10.7153/jmi-2021-15-09.

Y. Sayyari, M. Dehghanian and Sh. Nasiri, “Solution of some irregular functional equa-
tions and their stability”, J. Linear Topol. Algebra, vol. 11, no. 4, pp. 271-277, 2022. DOI:
https://doi.org/10.30495/jlta.2023.699062.

Y. Sayyari, M. Dehghanian and C. Park, “A system of biadditive functional equations in
Banach algebras”, Appl. Math. Sci. Eng., vol. 31, no. 1, Art. ID 2176851, 2023. DOLI:
https://doi.org/10.1080/27690911.2023.2176851.

Y. Sayyari, M. Dehghanian, C. Park and J. Lee, “Stability of hyper homomorphisms and hyper
derivations in complex Banach algebras”, AIMS Math., vol. 7, no. 6, pp. 10700-10710, 2022.
DOT: https://doi.org/10.3934 /math.2022597.

N. Sirovnik, “On certain functional equation in semiprime rings and standard operator
algebras”, Cubo, vol. 16, no. 1, pp. 73-80, 2014. DOIL: http://dx.doi.org/10.4067/S0719-
06462014000100007.


https://doi.org/10.7153/jmi-2019-13-07
https://doi.org/10.7153/jmi-2021-15-09
https://doi.org/10.30495/jlta.2023.699062
https://doi.org/10.1080/27690911.2023.2176851
https://doi.org/10.3934/math.2022597
http://dx.doi.org/10.4067/S0719-06462014000100007
http://dx.doi.org/10.4067/S0719-06462014000100007

C b CUBO, A Mathematical Journal
u 0 Vol. 25, no. 2, pp. 289-320, August 2023
A Mathematical Journal DOL: 10.56754/0719-0646.2502.289

On generalized Hardy spaces associated with
singular partial differential operators

A. GHANDOURI! ABSTRACT
H. MEJJAOLI? We define and study the Hardy spaces associated with sin-
S. OMRIY ™ gular partial differential operators. Also, a characterization

by mean of atomic decomposition is investigated.

L Department of mathematics, faculty of
science of Tunis, Campus El Manar, RESUMEN
2092, Tunis, Tunisia.

amal.ghandouridfst.utm. tn Definimos y estudiamos los espacios de Hardy asociados a

slim.omri@fst.utm. tn operadores diferenciales parciales singulares. También inves-
tigamos una caracterizacién por medio de la descomposicién

2 Department of mathematics, Taibah atomica.

university, Saudi Arabia.

mejjaoli.hatem@yahoo. fr

Keywords and Phrases: Riemann-Liouville operator, Hardy spaces, Poisson maximal function, atomic decom-
position.

2020 AMS Mathematics Subject Classification: 42B10, 43A32.

(@) ov-ne |

Accepted: 18 July, 2023 (©2023 A. Ghandouri et al. This open access article is licensed under a Creative

Received: 13 June, 2022 Commons Attribution-NonCommercial 4.0 International License.


http://cubo.ufro.cl/
https://doi.org/10.56754/0719-0646.2502.289
https://orcid.org/0009-0006-1460-0041
https://orcid.org/0000-0001-8387-0033
https://orcid.org/0000-0002-3239-2518
mailto:amal.ghandouri@fst.utm.tn
mailto:slim.omri@fst.utm.tn
mailto:mejjaoli.hatem@yahoo.fr

290 A. Ghandouri, H. Mejjaoli & S. Omri

1 Introduction

The foundations of the real Hardy space HP(R"), p € [1,+oo], were started with the works of
C. Fefferman and E. M. Stein [10]. Hardy spaces were deeply developed later by R. Coifman
and G. Weiss [8]. The theory of Hardy spaces HP(R™), plays a very important role in harmonic
analysis and operator theory and it is shown that it has many interesting applications, for more
details we refer the reader to [20]. In the euclidean case, there are many equivalent definitions of
the Hardy spaces HP(R™) either by using the Poisson maximal function or by using the atomic
decomposition. Uchiyama [19] characterized also the Hardy spaces HP(R™) by means of Littlewood-
Paley g-function.

In [5], Baccar, Ben Hamadi and Rachdi have considered the following singular partial differential

operators
0
Ay =—
1 8557
0% 2 10 0?
Ay atlo (r,z) €]0,+o0[xR; «a >0,

~ o2 r or 012
and they associated to A; and A, the so called Riemann-Liouville operator &, defined on €, (RQ)

(The space of continuous functions on R?, even with respect to the first variable), by

1 1
g/ / f(?”sm,a: +rt)(1 — tz)o‘_%(l — ) ldtds, ifa>0,
T™J-1J-1
Rao(f)(r,x) =

1! — dt .
;[1f(r 17t2,$+7‘t)\/ﬁ, if o =0.

The Riemann-Liouville operator &, generalizes the spherical mean operator given by

1 2

Ro(f)(r,x) f(rsind,x 4 rcos9) do,

:%0

which plays an important role in image processing of the so-called synthetic aperture radar (SAR)
data, and in the linearized inverse scattering problem in acoustics, as well as in the interpretation

of many physical phenomena in quantum mechanics, see [9, 11, 12].
According to [5], the Fourier transform &%, associated with the Riemann-Liouville operator is

defined for every (s,y) € T, by

r2etldr dz

+oo .
Folf)(s,9) :/0 /Rf(r,ac)(%a (cos(s.)e™"¥") (r,x)m7

for a suitable integrable function, where T is a set that will be defined later.
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Many harmonic analysis results have been already proved by Baccar, Ben Hamadi, Rachdi, Rouz
and Omri for the Riemann-Liouville operator and its Fourier transform [3, 4, 5, 6, 7, 18]. Hleili,
Mejjaoli, Omri and Rachdi have also established several uncertainty principles for the same Fourier

transform %, [13, 15, 16, 17] .

Our purpose in this work is to define and study the Hardy’s spaces HE related to the Riemann-
Liouville operator and to characterize theses spaces for p € [1,+oo[ by using Poisson maximal

operator associated to %, and by using atomic decomposition as well.

The paper is organized as follows. In the second section, we give some classical harmonic analysis
results related to the Riemann-Liouville operator, the third section is devoted to the characteriza-
tion of the Hardy spaces related to %, by using its Poisson maximal function. In the last section,

we introduce the atomic decomposition which allows us to characterize H}..

2 Riemann-Liouville operator

In this section we give and develop some harmonic analysis results related to the Riemann-Liouville
operator that we will use later. For the proofs of these results we refer the reader to [5] and [7].

In [5] Baccar, Ben Hamadi and Rachdi considered the following system

ANqu = —idu(r, x)
Nou = —pPu(r, )
u(0,0)=1, 2%(0,z), VzeR

and showed that for all (u, \) € C2, this system admits a unique infinitely differentiable solution
given by

90#,)\(7"7 x) = jcx (T V /LQ + /\2> eii)\xa
where j, is the modified Bessel function of the first kind and index «, see [14, 21].

The function ¢,, » is bounded on [0, +0o[xR if and only if (x, A) belongs to the set
T =R?*U{(ir,z), (r,z) € xR?, |r| < ||}

In this case, we have

sup | (r, @) = 1.
(r,x)ER2

In the following we denote by
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e v, the measure defined on [0, +oo[xR by

T2a+1

dve(r,z) = m

dr dzx,

o LP(dv,), p € [1,+00], is the Lebesgue space of all measurable functions f on [0, +00[xR such
that || f|lp,v., < +o0, where

+oo %
i~ AL Lo n)” itpe e

esssup  |f(r,x)l, if p=+oo.
(r,z)€[0,+oo[ xR

e L} (dv,) the space of measurable functions on [0, +oo[xR that are locally integrable on

[0, +00[xR with respect to the measure v,.

According to [2], the eigenfunction ¢,, » satisfies the following product formula

TNa+1 4 . 2a
Cu(r,x)pur(s,y) = \/77(F(a+)1)/0 (@H)A(\/TQ + 52 + 2rscosf,x + y)) sin?* 6 df.
2

e (.|.)ois the inner product on the Hilbert space L?(dv,) defined by

oo = | m [ gtz dva (o).

This allows us to define the translation operators as follows.

Definition 2.1. For every (r,z) € [0, +00[XR, the translation operator T(r) associated with the
operator R, is defined on L' (dvy) by, for every (s,y) € [0, +oo[xR

Tira) () (5,y) = \/;r(l?(;—ll—)é)/o f (\/7"2 + 52 4+ 2rscosf,x + y) (sin §)*de,

whenever the integral on the right hand side is well defined.

Proposition 2.2. Let f be in L'(dv,), then for every (r,z) € [0, +0o[xR, we have

[ [Tewsmantsn = [ [ s,

Proposition 2.3. For every f € LP(dv,), 1 < p < 400, and for every (r,z) € [0,400[xR, the
function T o) (f) belongs to LP(dv,) and we have

”ﬁr,m) (f)

DyVo g ||f||P,Va' (2'1)
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Definition 2.4. The convolution product of two measurable functions f and g on [0, 4+00[xR is
defined on [0, +o00[xR, by

+oo
(f * g)(r,z) = / / Toreoy(F) (5, 9)9(5, ) dvin(s, ),

where f(s,y) = f(s,—y), whenever the integral an the right hand side is well defined.
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Theorem 2.5. Ifp,q,r € [1,+00| are such that %Jrl = %+% then, for every function f € LP(dv,,)
and g € LY (dv,,), [ * g belongs to L"(dv,) and we have the Young’s inequality

lg.va-

1f * gllr.ave < [1fllpvallg

Definition 2.6. The Fourier transform %, associated with the operator R, is defined for every

integrable function f on [0, +00[xR with respect to the measure v, by

N T F N = [ [ 100500 dnlr,0).
Proposition 2.7.
(i) Let f € L\(dva) and (r,z) € [0, +00[xR we have
V(i N) €Yy Fa(Tir—a) ()1, A) = @ (1, 2) Fa () (115 N)-
(it) Let f,g € L'(dv,), then we have

V(,U,,A) € T7 egoz(f *g)(ﬂ'?)‘) = ga(f)(lj‘ﬂ )‘)ga(g)(:u’v)‘)

In the following, we denote by
e T, the subspace of T given by

T, =0, +oo[xRU {(ir,z), (r,z) € [0, +o0[xR, 0 < 7 < |z[}.

e By, the o—algebra defined on T, by

By, = {671(B), B € Bor([0, +oo[xR)}

+

where Bor(]0, +00[xR) is the usual Borel o—algebra on [0, +0o[xR and @ is bijective function

defined by
0: T+ — [O, +OO[XR

(,A) — (\/M2+/\27/\>~

® 7, the mesure defined on By, by



Hardy spaces 295

o LP(dv,), p € [1,400] is the Lebesgue space of measurable functions f defined on T satisfying
I1f

pve < +00, where

" </T f(M,A)I”d%(u,A)> , ifp €[, +o0]
PYa +

ess sup |f(u, A, if p = +o0.
(1N ET 4

o S§.(R?) the space of infinitely differentiable functions on R?, rapidly decreassing together with

all their derivatives, even with respect the first variable.

The space S, (R?) is equipped with the topology associated to the countable family of norms

VmeN, pn(p)=  sup  (1+7r2+2)*DP(p)(r ).
ST

o J.(R?) the space of infinitely differentiable functions on R? with compact support, even with

respect the first variable.

Proposition 2.8. Let f € L'(dv,). For every (1, \) € T, we have

Fo() (1t A) = Fa(f) 0 0, A),

where

~ +m .
FNN = [ [ ralre N dva(r,a),
0 R
Theorem 2.9. Z, is an isomorphism from S.(R2) onto itself.

Proposition 2.10. For every f € L' (dvy) and for all (r,z), (11, \) € [0, +00[xR, we have
Fo(Tira) ) (1 X) = o (rp)e™ ™ Fo () (1, N).

Theorem 2.11 (Inversion formula for %,). Let f € L' (dv,) such that F,(f) belongs to L (dv,),
then for almost every (r,z) € [0, +00[xR,

f(Tv .%‘) = goc(f)(uv )‘)(PMJ\(T’ .”L') dYa (M7 )‘)'

Ty

Theorem 2.12 (Plancherel’s theorem). The Fourier transform %, can be extended to an isometric

isomorphism from L?(dv,) onto L*(dvs).
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3 Hardy space associated with the Riemann-Liouville oper-

ator

Definition 3.1. For every t > 0, the Poisson kernel p;, associated with the Riemann-Liouville

operator R, is defined on R? by
pi(r, x) =/T e VIR G W (rn) dya(s,y) = Fo ! (6_“ ‘2“'2) (r, ).
+

Lemma 3.2. For every t > 0, the Poisson kernel p; is given by

t
(t2 + 72 + g2)o+2’

Y(r,xz) € R2, pe(r,x) = 2a+%I‘(a +2)

Proof. See [2]. O

Definition 3.3 (Bounded distribution). Let v € S.(R?), we say that v is a bounded tempered
distribution, if

Vo € S.(R?), pxve€ L™(dv,)

and if the operator
by S(R?) —  L®(dvy)

© — @ *v

is bounded.

Proposition 3.4. Let v € 8/ (R?) be a bounded tempered distribution and f € L'(dvy). Then, for
every ¢ € S.(R?)

<f*v,<p>/OJFOO/Rcb*v(r,x)f(r,x)dua(r,m).

where J(r,x) = o(—r, —x), is well defined. Moreover, f x v is a tempered distribution.

Proof. Let v be a bounded tempered distribution. For all f € L(dv,) and ¢ € §.(R?), we have

+oo
/ / 1 % 0(r, 2| F(r, 2)] dva(r, 2) < [ % olloow | Fll1we < o0
0 R

and consequently, the integral

<f*v,<p):/0+OO/Rgb*v(nx)f(r,x)dz/a(r,a:)

is well defined.
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It is clear that f v is a linear operator. Now, for every ¢ € &.(R?), we have

+oo
\<f*v,so>\</0 /R\¢*v(h:v)l\f(nx)ldva(hx)

<& * vlloo,ava 1 Fll1ve < Com(@fll1v
< OHJC”l,duaPm(‘P)-

Then, f *v is a tempered distribution. O

Proposition 3.5. For every bounded tempered distribution v € S'(R?) and for every t > 0,
prxv € L®(dvy).

Proof. By Urysohn’s lemma, we know that there exits a function f € D.(R?) such that

1, on B(0,1/2)

f
f=0, on B°(0,1)
0< f<1.

/N

Let o = Z;1(f) then ¢ € §.(R2) and F(p) = f = 1 on B(0,1/2), hence for n = 1 — Fo(p),
we deduce that n € €X°(R?) and n = 0 on B(0,1/2). Finally, let g the function defined by
g(r,z) = e 1Dly(r, z) and o = F1(g), then for all ¢ > 0 and for all (r,z) € R2, we have
Falpe)(r,x) = eVt
= VT ()t ) + ()
= e VI Z (00) () + Fa (1) (1, @)
= Fa (o) (1, 2) Fa (1) (r,2) + Fa () (1, )

= «G/'ta(pt * pr + ) (1, x)

Consequently, by the fact that F is injective, we get

Dt = Pt * o + Uy
and therefore
De ¥V =Py x@p kU A+ Yy k0.

Since ¢; and 1); belongs to &.(R?), ¢; * v and v * v are bounded on R? and p; € L'(v,), then

Pt * ¢ * v is a bounded function and the same holds for p; *x v. O]



208 A. Ghandouri, H. Mejjaoli & S. Omuri CUBO

25, 2 (2023)

Definition 3.6. Let f € S'(R?) be a bounded tempered distribution. The Poisson mazimal function

Pt associated with the Riemann-Liouville operator Rq is defined on R? by
Py (r,x) = sup |p; * f(r, z)].
t>0

Definition 3.7 (Hardy space). For every p € [1,+o0[, the Hardy space HE associated with the

Riemann-Liouville operator is the space of all the bounded tempered distributions f on R? satisfying
Py € LP(dva).

We set
[ fllaz = 1IPFlp,va- (3.1)

Proposition 3.8. Let f € S'(R?) be a bounded tempered distribution. Then,
s _ . /(T2
limpe« f=f in S(RY).

Proof. Let n € S.(R?). First, we will show that }in%pt xn* f =mnxfin $'(R?), thus by using
—
Fubini’s theorem, we deduce that for every 1 € &.(R?), we have

“+oo
(pe % fB)a = / / (pe % F)(r, 2)ep(r, ) dvn(r, 2)

[T Tt am st udvats.) ) vt 2) doatr )
[T [ o wpt vt e s .0
[T [Tyt et} o sls.) dvats

-/ - e vtss e fs.8) a0

Using the dominated convergence theorem, we have

+oo
lim(py 7% £, ) = lim / / P (s, )0 % f(5,8) dva(s, 1)
/+OO/ hmpt x (s, 0)n * f(8,) dva(s,t)
R
+oo
— [ [t fsit dvasit
0 R

=n*f,Y)a-
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Then,

. _ : /(T2
}g%pt*n*f_n*f in & (R?). (3.2)

Now, we want to show that
tlgl(l) Fopi)(1 = Fa()Fa(f) = (1 = Fa(n)Fa(f) in Sé(RQ)'

Fuo(pt)(1 — Fo(n)) is a infinitely differentiable function on R?, then for any 1 € &.(R?), we have

m (Fo (p) (1 — Fa () Fa(f), )

t—0

1 (Fa (), Fa () (1~ Faln))1)e
(Falh),lim Fa(p)(1 = Fam)¥)

Fo(f), (1 = Fa(n))a

m
—0

[e3

=
(

= (1 = Fam)Fa(f) ¥)a
Hence,
lim Fo(p0) (1~ Fa () Fa(F) = (1~ Fal)Falf) i SIE?), (33)
Consequently,

W Fo(prx f —prxnxf)=Fa(f —n*f) in S/(R?),

t—0
which implies that
lim py s f —pesn* f=f—nxf.
t—0
Then,
limp, « f = limp, «n* f=f—n*f
From the Relation (3.2), we have
i py s f —nx f=f—n*f
t—0
Then,
limpy« f = f—n*f+nxf=F,
t—0
which achieves the proof. O

Definition 3.9 (Hardy-Littlewood maximal function). Let f € L}, .(dv,). The Hardy-Littlewood
mazimal function My(f) associated with the Riemann-Liouville operator R, is defined on

[0, +00[ xR, by

1 .
Ma(£)(r,2) = sup s /B o T ()5 9) o).
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Theorem 3.10 (The boundedness of M,). For every p €]1,4+00], the mazimal operator M, is of
strong type (p,p) from LP(dv,) into itself, that is for every p €]1,4o00[ there exists Cp, > 0 such
that for every f € LP(dv,)

[Ma()llpvea < Collfllp.ve

Proof. See [1]. O

Proposition 3.11. Let k be a nonnegative decreasing funtion on [0,4o00[ which is continuous

except possibly at finite number of points. We define the function K on [0, +o0o[xR by
K(r,x) =k (\/7’2 —|—x2> .

Then, for every locally integrable function f on [0, +oco[XR we have

igg(Ke | f1(r,2)) < N Kll1v, Ma(f)(r; @), (3-4)

1
where Ke(r,z) = 5= K (C, E) .
€ € €

Proof. First, we prove the relation (3.4), when K is continuous with compact support such that

supp(K) C B(0, R), where R > 0 and f € L}, (dv,). We will prove that

loc

1

e e OO (35)

00

KE*\f|(O,O):/O /R|f(s,x)|K€(s,z)d1/a(s,x)

+o0 X 82a+1 dsd
_A A|f(sv$)| 6(83$)2amr(a+1) S axr

too r3 ) 20041
= / / | f(rcos,rsind)|K,(r, O)r%drde,
0 -z 20427 (e + 1)

Let F' and G be the functions defined on [0, +oo[ by

F(r) = /_1 |f(rcosf,rsinf))|cos®* 9\?2%

dy

G(r) = /OT F(y)92a+2m-
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By integration by parts, we obtain

dr
20T (a+ 1)

dr
20T (a + 1)

+oo
K.+ |£](0,0) = /0 F(r) K. (r, 0)r20+2

eR
_ / F(r) K. (r, 0)r20+2
0

eR
— G(eR)K.(€R,0) — G(0)K.(0,0) — / G(r)dK.(r,0)
0

eR
= 7/0 G(r)dK(r,0)

+oo
=), GWd=K)r0),

where the last integrals are understood in the Lebesgue-Stieltjes sense.

On the other hand,

r y2a+2
G(r) :/0 F(y)mdy

r 5 ) y2a+2 cos
= rcosf,rsinf))|————d
/0 /g o ))|20‘\/27TF(O£+1)

- / £ (5,2)] dvals, )
{(S,I)E[O,+OO[><R: \/52+x2§r}

< Mo (£)(0,0)v, ({(sm) € [0, +oo[xR : v/s2 + a2 < r})
= M., (f)(0,0)v, ({(s,x) € [0, 4+oo[xR: 82+ a2 < 1}

2a+1 0
0 dy

Consequently, we use the integration by parts, we obtain
+oo

; G(r)d(=Kc) (r,0)

< Mo ()(0,0)v4 ({(s,x) € [0, +00[xR : /5% + 22 < 1}) (/Om 2034 (“K,) (r, 0)>
= (2a+ 3)M,(f)(0,0)v4 ({(s,x) € [0, +oo[xR : v/s2 + a2 < 1}) /+OC r2 2K (r,0) dr

0
Since,
2a41
Vg, ({(S,a:) €10, +oo[xR : /82 + 22 < 1}) = / S dsde
{(r2)€[0,+00[xR:vs2Fa2<1} 20V 2T MNa+1)

us
2

ERN |

1 Lors
—_— rcos )2y dr do
2027 T(a + 1) /0 /_ ( )

1

= cos?t1 9 do.
2027 T (a+ 1) /_ 200+ 3

st
2
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Then,
+oo
[ cma-r0.0)
<00 [ | g oottt 0)dr do
= Mo (f)(0,0)[| Kcll1,v,
= Mo (f)(0,0)[K]|1,v, -

For the general case, let us consider an integrable function K on [0, +oo[xR. We know that C.(R) is
dense in L' (R). Then, for every K € L'(dv,), there exists a sequence (K);en of radial, compactly

supported, continuous functions increase to K such that

lim K; = K

Jj—+oo

From the Relation (3.5), we have

1,vg -

lim sup (Kje [ f](0,0)) < lim M (f)(0,0)|K;
J—+00 >0 j—r+oo

Then,

sup (Ke* [£1(0,0)) < Ma(f)(0,0) | K]l1,v, -

Let f € L}, .(dv,) and (p, \) € [0, +00[xR, we denote by

9(x,y) = T, - (IF)(@,y),  V(z,y) € [0, +00[xR.

1
Ma(9)(0.0) = sup T2 607 )

o
=SUp ——— 19](s,y) dva(s,y)
n>0 Vo (B((0,0),7)) B((0,0),n)

1 ,
B SO0 S T 50003

= Ma(f) (1, A).

/ Tiowy (191)(5,9) dva(s, )
B((0,0),n)

Moreover, for all € > 0 we have

+o0 +oo
K, #1/(0,0) = / / Tioy (1) (5:9) Ko (5,2) dve(s, z) = / / 1915, 9) e (5, 2) dv (s, 2)

= Ks * ‘f|(’f’, l’)
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Using the Relation (3.5)

sup (K * | f|(r, ) < Mo (f)(r, 2) [ K |10 - O

e>0
Theorem 3.12. For every p €]1,+oo[, HE coincides with LP(dv,). Moreover, there exists a

constant Cp, > 0 such that for every f € HE, we have
1fllpwa < [[fll3z < Cpll fllp,ve-
Proof. Let f € HE. Using the Relation (3.1),

|pt * f('ra (E)| < P?(T‘, .’E), V(Tv ‘r) € Rz'

This implies that
Ipe * fllpv. < IIPF

lpva = [ fllag < +oo.

We deduce that the set {p; * f,t > 0} lies in the closed ball B(0, || f||z) of LP(dv,). Moreover,
LP?(dv,) is the dual space of L?(dv,), where ¢ is the conjugate exponent of p.

We define
O LP(dv,) — (Li(dva))*
—

f Dy

where,
Qs Li(dvy)

— C
g — /O+OO/Rf(r,x)g(r,x) dvg(r, ).

We know that for every f € LP(dv,),

[pva-

1941l (za(dvayy = IIf
Then,
1@pessll(Lagdva)y= = 1Pt * fllpwa < I fllz < +oc.
We deduce that the set {®,,.r,t > 0} lies in the closed ball B(0, || f|l3z) of LP(dv,). Hence, by

Banach-Alaoglu theorem, there exist a sequence (t;);en and fo € LP(dv,) such that

im @, ;= Pg,

t;—0

in the the weak* topology of L?(dv,). Then,

lim p,. *« f=fo in LP(dvy).
tj—)O 7
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By Proposition 3.8, we obtain that for every f € S’(R?) bounded tempered distribution
. _ . ! (T2
limpe f=f n S(RY).
Thus, f and fj coincides. We have (see [2])
lim {|p; * f = fllpv. = 0.

Moreover, we have

[fllpve < llpex f—f

Slpexf—f

pwa TP * fllpva
pva + P

DyVar

Then,
”f”p,va < ”P?”p,ua = Hf”"rtﬁ

Using Proposition 3.11 for the function p;, we have

sup [py * f| < Ma(f).
>0

Then,

p,o

[PFllpwe < 1Ma(f)

Thus,

[fll3z < [Ma(f)|

p,a:

Now, from Theorem 3.10 we know that M, is of strong type (p,p), p €]1,+0o0], we deduce that

there exists a constant C}, > 0 such that

[fll3z < IMa(Hllpva < Cpllfllpva
which achieves the proof. [

Throughout this paper C' denotes a positive constant that can change frome one line to next.
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4 Atomic Decomposition of Hardy Spaces
Definition 4.1 (Cube). A cube of [0, +00[xR is a subset of R? such that

Q = [ao, bo] % [a1,b1],

where by —ag = by —a; = L > 0.

Definition 4.2 (Atomic Decomposition). A measurable function f on R? even with respect to the
1

a’

first variable is called an L -atom for H_,, if there exists a cube Q satisfying

(i) Supp(f) C Q.
(1) | flloowa <

va(Q)
(iii) /Q £ 2)dva(r,2) = 0.

In the next we define the atomic space HS,pmic

Definition 4.3. The space H is defined as the vector space of all functions f € L*(dv,) for

gtomic
which there exists a sequence {fi}ien of L*-atoms of HY and a sequence (\;)ien € ¢*(N), such
that

—+o0
F=> Aifi
i=1
We set
+oo “+o0
11510 = mf{z Al f = zm} ~
i=1 i=1
Now we introduce the following notations

o 7l the set of functions ¢ € C'([0, +oo[xR,C) satisfying ¢(0,0) > 0 and for every (z,y) €

[0, +oo[xR.
m 0<p(z,y) < C
X P Y) X (1 +x2 +y2)a+2'
Oy Cz
< =X < .
m 0 X oz ($7y) (1 +$2 +y2)a+3
o Cy
< — < .
LU ay(x’y) S 122 4 y2)ats

Where C' a positive constant depending on .

e We define the function h on ]0, +00[x]0, 400 by

2a—1

NP~ if < 2ot

1
y2at2 if > 2ot



CUBO

306 A. Ghandouri, H. Mejjaoli & S. Omri

25, 2 (2023)

e For every v > 0 and for every ¢ € Z[®l, (r,z) €]0, +00[xR and (s,y) € [0, +oo[xR, we set

(I)’Y((T, 1’), (57 y)) = 77-(7“,37) (Qoh(r,’y))(*sv —y),

where @u)(1,2) = gt (i k)

. da((r,x),(s,y))max</r $20+1 g

e p((r,x),(s,y)) = max(|r — s|, | — y|), where (r,z), (s,y) € [0, +oo[xR.

Sz — y|> , where (r, ), (s,y) € [0, +00[xR.

e p'((r,z),(y,y')) = max(|r — s|ﬁ7 |z — yl|), where (r,z), (s,y) € [0, +00[XR.

Our goal now, is to prove that [[.[[31 and [.[[3e are equivalent. To do this, we need some

atomic

preparation.

Proposition 4.4. Let f € L'(dv,). For every A > 0 and (r,7), (s,y) € [0, +00[xR, we have

7—()\7‘,)@) (f)(Asv )\y) = )‘_2a_27—(r,1) (fA*l )(87 y)
Proof.

Dla+1)

T(,\r,,\z (f)(As, Ay) = \fl“(

) T / f (\/(/\r)2 T (\8)2 + 27275 cos 0, \x + /\y> sin?* 0 df

N(a+1) /7T in2
— =t MM/ r2 249 0, Nz + “0do
fl( l) f( \/7" ts 78080, (x y)) St
I +1)
f(oz / AT202f (/\\/r2 52 4+ 2rscos 0, Az +y)) sin®* 9 df
= )\"Zo2 7(r,z)(f)\_1)(87 y)-

Proposition 4.5. For every v, A > 0 and (r,z), (s,y) € [0, +oo[xXR, we have
(i) h(Az, \22F2~) = Ah(r, 7).
(ii) do((Ar, \20+22), (As, N20H2y)) = A22 24, ((r,2), (5, 9)).
(iii) ©7((Ar,Az), (s, ) = &> 1((r, 2), (5, 0)).

Proof. (i)

h()\x /\2a+27) _ )\2a+2,y()\1.)72a71; if )\2a+2,y < ()\x)2a+2’

)\’y2a1+2; if > 2?02,
Myz=2eLl if oy < p20t2)
Myt if > 2?0t2,

= Ah(r, 7).
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(i)

Ar
/ t2o¢+1dt
As
T
/ t2a+1dt‘ ’)\2a+2‘x o y|>
s

_ )\204-5-2da((7-7 {,C)7 (57 y))

do((Ar, X*F %), (X5, A2*F2y)) = max (

, |/\20¢+2JC _ /\2a+2y>

= max ()\20‘+2

(iii) Using Proposition 4.4, we get

(I)’Y(()‘Tv )\.’L’), ()\S, )\y)) = ’VﬁAr,Aac)(Qph(Ar,fy))(_Asv _)‘y)
= 77-7',1) (cp)\h(r,/\*m"*my))(*/\sv 7>‘y)
= )‘72047277‘@@) (@h(r,)\*m"*z’y))(_‘s; _y)

= T ((r,2), (s, y)). m

Lemma 4.6. There exist constants C > 0, § > 0 such that for every (r,x),(s,y),(t,z) €
[0, +oo[XR and v > 0 we have

mww,z»)ﬂ. (4.1

[@7((r; ), (s,9)) = @7((r, 2), (£, 2))| < C ( -

Proof. Tt is sufficient to prove the Relation (4.1) for do((s,y),(t,2)) < &, where C is a fixed

constant large enough.

First, we will show that

S zZ B
L:@waw»@w»—@waw»w@n<0(%““”@’”). (12)

r

L=Cr~ ’/ Ph(1,7) (\/ 1452 —2scosb,x — y) sin?* 0 do
0

_/0 (Ph(l,'y)( 1+t2—2t0089,w—2) sin2°‘9d6"

o /” V1+s2—2scost x—y
(h(1,7))2+2 v Mty HL)

2 _ —
B (p(\/l—&—t 2tcosf = —=z Sin2” 9 do

=C

h(1,7) "h(1,7)

Let f be a function defined by

g: [0,+c[xR — R
(s,1) — (91(5,t),gz(s,t)):<‘/m x—t)

h(1,7) " h(1,7)
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8(90 Og) (S,t) — ai(g(s’t))%(s,t) + aﬁ(g(sat))%(s’t)

Os ot
(5.0~ G a(5.0)

s —cosf Oy

~ h(1,9) (mas

8(%; 9) (s,t) = %(Q(SJ))%(S,Q i %(9(5715))%(5715)
1 9y
- 7h(1,7>a(9(5,t)).

Since ¢ € Zl°l, we use the mean value theorem , there exist (u, ') € [(s,%), (t, z)] such that

lpog(s,y) —pogt,z)| <I(s,y) — (£ 2)]l sup lld( o g)(u,w)]|
(u,u’)€[0,+00[ xR

:p((svy)v(tvz)) sup Hd(@og)(%w)H
(u,u’)€[0,+00[ xR

Then,

L<C / sup ld( 0 g)(u,u)|| sin®* 0 do
0

(u,u’)€[0,+00[xXR

(s, ()

oy
g 7171 \\9o~ 13 b 7 t7
O S, (1:2)
/” u — cos 0 Oy (\/1—|—u2—2ucosn9 x—u’)‘
X sup - ;
(uuyef0,+o0[xkJo | V1 +u2 —2ucosf s h(1,7) h(1,7)
dp (V14u? —2ucosf x—u
ot h(1,7) " h(1,7)

< Cy(h(1,7))*p((5,9), (¢, 2))

sin®* 6 do

+ 2

“ sup /" (lu — cosB| + 2|z — u|)
(wunelo,+oolxrJo  ((A(1,7))* + 1+ u? = 2ucosf + (z — u/)?)*+3

< Cy(h(1,7))?p((s,1), (t, 2))

« “u /‘Tr (1 —cosf) + |u— 1]+ 2|z —v|) Sin?® 0 do
(u,u’)E[O,I:»oo[XR 0 ((h(]'a’}/))Q +1+ u? — 2u cos + (‘7; - u/)2)a+3

sin®* 0 do

< Cy(h(1,7))*p((s, 1), (£, 2))

“u 4 (1 —cos ) + 3p((1, z), (u,u’))
. (u,u')e[oﬂoo[xme/o ((M(1,7))% + 1+ u? = 2ucos f + (x — u/)?)>*3
< Cy(h(1,7))*p((s, ), (¢, 2))

sup /7r (1 —cosb) + 3p((1,x), (u,u))
(u,u’)€[0,+0[xR JO ((h(lvfy))Q + (p((l, 17), (uvu/)))2 + 2”(1 — Cos 0))a+3

sin?* 0 do

sin®* 0 do
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Set

(1 —cos ) + 3p((1, z), (u,u'))
((R(1,7))? + (p((1,2), (u,u)))? + 2u(1 — cos ) ) +3"

E(’\/auv u,ae) =

Case 1 v > 1: we have h(1,v) = ryle
o If p((1,2), (u,u')) < yZa2. Then,

/ 2a+6 2a+45 _2a+5
E(y,u,u’,0) < (24 3y2+2 272 ) b = =37 b (v~ 77z +1) < 6y 2+2,

We have
p((s,y), (t,Z)) < (da((S,y), (t,Z)))ﬁ .
Then,
L < CryyZarzy™ §g+3p((y v, (2,2)) < Cw <cC <da((y,y’3, (z,z’))) 7o T2
~yZat2

o 1f p((1,2), (u,w')) > v7572. Then,

ru.u 1 +p((17 ) (uvu/)) p((l,x),(u,u )) — 2). (u. u —2a-5
B0 < 36w, w s <SG ), (e — O (00))
Thus,
LOw((sw), (6= swp (L), ()7
< P y);(taz))
72&+2
da((s,9), (t,2)) | 2*+2
co(stene)
Case 2 v < 1: h(l,y) =1.
p((1,2), (u,u)) > ;
, (1 — COSG) +3p((1, 2), (u,u))
By u,v,0) = (p((1, ), (u,u'))? + 2u(l — cosf))>t3
2+3p((17$) (u, "))
= (p((1,2), (w, w)))20+0
< U(p((1,2), (w,u))) 777
<4201

Then,

L < Cvpl(s,9), (1,2) < C ( )
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o If p((1,2), (u,u)) < % and p((1,2), (u,u’)) > T.
(u,u')))

)2a+6

de

’ 2
/p«l,z),(u,u D 0%%(% 1 3p((1,z)
0

L<CY’p((s,y), (t,2 sup ’
7P((59), ))(u,u’)€[0,+oc[><R (p((1,2), (u,u"))

" 6> (% +3p((1,2), (u, '
. (5 + 30,2, ),
P((1,2), (') 0
1,2), (u,u)) + 1
< Cy’p((s,y), (t, 2) sup P, @), (u,
((e:9) (0:2) | S0 s (L, @), (w, w))?
. 1) )
p((1,), (uu’)) 2
5 2

SOTPsn) (62) s (L), (e T (@), ()

1
< Cy’p((s,y), (t,2 sup
(( ) ( )) (u,u’)€[0,+o0[xXR (p((LSL‘), (u7 u/)))4

- o2l(5,9),(1,2))
~ ’Y .

o If p((1,2), (u,u')) < ¥

/7 0 (5 +2p((1,2), () o
g ,72a+6

L < C’ng((sv y)7 (t7 Z)) Sup
(u,u’)€[0,+00[xR

do + /W 6> (% + 2p((L, @), (u,w)) o

f2a+6

+/% 92@(%_’_2})((1,%),('“7”1)))
. f2a+6 b
2

< Cpl(5,): (1:2))
(g + 2D | 1 P00 gy,

X sup w

(u,u’)€[0,+o00[xXR

1
b
2

Using (ii) and (iii) of Proposition 4.5 and the Relation (4.2), we get

B
187 ((r, ), (5.)) — (1), (£, 2))| < C (M) -

Proposition 4.7. There exist constants A > 0 and 5 > 0 such that

(i) ®7((r,z),(r,z)) > %, v >0 and (r,z) € [0, +oo[xR.
—-1-8
(i1) 0 < @7((r,2), (5,9)) < A (1+ LD 5 5 0 and (1, 2), (5, ) € [0, +00[xR.

(iii) For every v > 0 and (r,x), (s,y), (t, 2) € [0, +0o[xR, such that

dal(5:0), (62)) < 571+ da((r,2), (5,1),
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we have

B —1-28
(). (5:) = () (12 < 4 (P B2 (g el lonl))

Proof. Let ¢ € Z1°

(i) First, we will show that there exists a constant A > 0 such that

Ve eR, @7((1,z),(1,x)) > %

We know that ©(0,0) > 0. Then, there exist constants a > 0 and b > 0 such that for every
0 < r < b we have

¢(r,0) > a. (4.3)
- If v < 1, then h(1,7v) =17.

(1)7((173;‘), (17$>) = '77-(1,35)(907)(_17 —CU)
Ia+1)

=Y = 1\ " — 5 20
_7\/7?1“(04+§)/0 Py (\/m,())bm 0 deo.

TM(a+1) /’T 1 2(1 — cos ) .5
= ,0 ] sin“® 6 d#.
Vrl(a+3) Jo 2t v ( Y -

By the Relation (4.3), there exists b’ such that for every 0 < 6 < b/, we have

2(1 — 0
¢<(7COS>’O>>“'

MNa+1) W o
Q7((1,2),(1,2)) > ﬁf(a—{—%)/o et sin?* 6 d#.

I(a+1 g
> Lletd) / asin* 9 df.
VTT(a+3) Jo

Then,

1

- If v > 1, then h(1,7) = yza+z.

@((1,2), (1,2)) = 1Tiwe) (@ 4y ) (-1, —)
Ia+1)

O S L " — - . 2a
_PY\/%F(OH-é)A P sats («/2(1 coa@),O)sm 6do

T(a+1) /“1 ( 2(1 — cos 0)
0

_ 1 0] sin?* 9.
YT+ 1) Jy v ’)m

1
f}/2cx+2
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T 2(1 —
_ F(Oé+1)1 / o ( 1cos@)’o <in2 0 do
val(a+3) Jo yZaF2

b/
> M/ asin®® 6 db.
0

~ Vrl(a+1)
Thus,

7 ((1,x),(1,z)) > %, Yz € R.

Let (r,z) €]0,4+o00o[xR. Using (iii) of Proposition 4.5 we have

Wl -0 (12) (12)) > &

For » = 0 is obvious .

(i) First, we have to show that

do((1,).(s.3)) )5 (1.40)

0< (L) (o)) < € (14 2102

Case 1 vy < 1: h(l,7) =1.

7((1,2), (5,9) = VT (1,0)(04) (=5, —¥)
Na+1 & T—Y\ . 2a
:’Y\/E(T-I-)%)/o ©ry (\/1+52—23c0s9,T> sin®* 6 dg

M(a+1) /7T 1 V1452 —2scosl z—y <in2® 0.d0
)Jo v

" AT+t ] 2a¥2 ¥ gl T
a0 2a44
<7 P(OH_l)l / ! i 3 2sin2°‘0d0
V(e +3) Jo 7?2 (¥ + 1+ —2scos0 + (x —y)?)ot

F(OL+1) /7r 1 - 2a
<’ 0.do.
K VrT(a+3) Jo (72 + (1 —8)2 425 —2scos0 + (x — y)2)2+2 s

o If 2 <[1—5] and%<s<2,then
da((1,2), (s,9)) ~p((1,2),(s,9)) .

In fact,
1

Joarill =8l <

/ t2°‘+1dt’ <22t — 4.
1

Then,

s (12), (5,9) < da ((1,2), (5,9)) < 224p ((1,2), (5,1).
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®7((1,2),(s,9))
< Mt /ﬂ 1
Val(a+3) Jo (2 + (p((1,2), (5,)))* + 2s(1 — cos§))*+2

p((1,2),(s,y)) ;20 7r ;2
<0 / sin“*(#) — d@—l—/ %d@
0 (p((laz)v(svy))) p((1,2),(s,y)) ¢

N CEoNE) p2e " p2a
con(] i [
0 (p ((15 33)7 (57 y)))2a+4 p((1,2),(s,y)) g2ata

5 1 1 1
<O <<p<<1,x>,<s,y>>>3 3w2+3<p<<1,m>,<s,y>>>3>
1

(P ((L,2), (s,9)))*

sin’® 0 do

<0y
Since, 3 < |1 —s| <p((1,2),(s,y)) then

Y —i—p((l,l‘), (Sv y)) < 3p((1,.’L‘), (Svy)) .
Then,

5 1
(v+p((1,2),(s,y)))?
= C»y3 (1 + w -
v

<c(1+da((1,j),(s,y)))3.

7((1,2), (s,9)) < Cv

e If 1< |1—s],lx—y/>1and |l —s|> 1, then

da((L,2), (5,9)) < 22 (p ((L,2), (5,9))** 2.

In fact, we have

1
92a+1

s
/ tMﬂdt‘ <1 =sllt=s** ™ < (p((1,2), (5,9)) "2,
1

and

|z — y| < |z —y[?*T2

(000 <70 | G

1
(p((1,), (s,y)))2>**

1
2a+4

(da((l,.’L‘), (3’ y)))2a+2

<A

<7
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—C <1 n W)lail

e If 2 <|1—s], |z —y|<1and |1—s|>%,then

s da((1,2), (5,9) < (0 ((1,2), (5,9))) ™.

In fact, we have

1
92a+1

S
/ t2a+ldt’ S |1 _ 3||1 _ 3|2a+1 < ‘1 _ S|20¢—‘,—27
1

and

2042
o=yl < (Jo—yl=m)"

i sin%® ¢
‘7J€ W (L2), (5, g)) 2o 2
c 1

<9 (

7((1,2), (5,)) <7°

p((L,2),(s,y)))>+*

1
< ’)/SC 2a+4

(da((1,2), (5,y))) 2252
1

(da((1,2), (s,9)) o5
1

(7 + do((1,2), (5, ) F ot

1

(v + da((L,2), (5,))) F
~ do((1,2), (s, )\ "7
_C(1+ g )

<0

1
<ytEEC

o If 2 > |1—s|and [z—y| < 7 then % <s< % and p((1,2),(s,y)) ~ da ((1,2),(s,y)) .

In fact, we have
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. Y o 2049 0 -2(19
$7((1,2), (4.4/)) <+°C </ &dw/ Smd&)
o 7 Jy

92@—1—4

3 ¥ 02& s 02(1
< v ¢ </0 7204-&-4 do +»/7 f2a+4 da)

<
5
Thus,
8 p((La),(sy)\"°
(1 1
27( + 2l .
Then

-3
37((1,2). (5.)) < C (1 N p<<1w><y>>)

<C<1+(JL¥((1,913),Q94;))>—3

~
o If 2 > |1 —s|and |z —y| > 3 then, we have

1 3
5 <s< 5 and p((l,x),(s,y)) < dOt ((1717)7(573/)) .

vy x S ° :
®7((1,2), (s,y)) < v (p((1,2),(s,9)))3

Since, 7 <p((1,2),(s,y)) then, we have

Y —i—p((l,l‘), (Sv y)) < 3p((17.%‘), (Sv Y)) -
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Then,

: 2«
< ﬁ‘ifﬁC 2 sin““ 0 do
0 (’ym + (p((]-vx)v (svy)))Q + 28(1 — COS 9))a+2

o If y7arz < |1 —s| and |z —y| > ~v7a72 | then s > 2 and

do((L,2), (5,9)) =7 ~p((L,2),(5,9)).

s
/ t2a+1dt‘
1

|z — y*** < o —y).

In fact, we have

‘1 _ S|2a+2 <

and

Then,
p((1,2), (5,9)* " < da((1,2), (5,9)).

20042 1
We use the fact that f(y) = (ylﬁ is a bounded function in [2, +oo[. Then,
y — (o3
/ t2“‘+1dt‘ < C|1 — s?ot? (4.5)
1

11—z < |1 — x>

Then,

((1,2), () <7 O L R
71‘ ) S?y 720 2
0 (p((]-vl.)v (Svy)))2a+4
2a+4 1
< y 2otz
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1

. If’y2a1+2 < |1 —s|and |z —y| < 'yTIJrZ , then s > 2 and |z — y| < |1 — s|. Using the
Relation (4.5), we get

/ tw‘“‘ < O - 5P < Cp((La). (5,9)) "
1

lz =yl <[1—s| < |1 — s> <p((1,2), (s,))** "

do((1,2), (5,9) 77 <p((1,2),(s,9)).

Thus, |
®((L,2), (s,)) < C (1 + W) =

o If v > |1 — s and v=7= > [z —y| , then

da((Lx)’ (5,9)) < 22a+2’7-

In fact,

< (’Y 2n1+2 + 1)7 < 2204—&-2,)/’

S
/ t2“+1dt‘ < (Y%7 +1)[1 - 5| < (Y77 + 1)y%r
1

and
o~y <97 <oy
2« _3
o 0 da 17 ) )
®7((1,2), (s,9)) <752C SH;QH <C<C (1 i MM) .
0 y2et2 Y

o If 72 > |1 — s and y%a72 < |z — y| , then

do((L,2), (5,9)) < (p((1,2), (5,9)))** .

In fact, we have

[1—s] <z -yl

This implies that
p((Lx)a (Sa y)) = ‘Z‘ - y‘

S
/ tz("“dt’ < (’yﬁ H+1)20H < 220y 4 1) 2201y < 220t g 202
1
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and

lz —y| < |z —y[**H?

or((1,2), (s,9) < C (1 4 W>_ o

From (4.4), we get
~1-8
0 @) sop) < € (14 LBDL0))

Now, we will prove (ii) of the Proposition 4.7. Assume that for every v > 0 and (r, ), (s,y), (t,2) €

[0, +00[xR, we have
1+ da((r,2), (s,9))

da((s,y), (,2)) <

4C
Then for every +' > 0, we have
do((r,2), (t,2))\ do((r,2), (s,y)\
(1 + w> < (1 + 7) . (4.6)
Using (i) and the Relation (4.6) , we have
s )\ P
187((r, ). (5,)) — ®((r.2), (1, 2))| < C (W) . (4.7)

Finally, using Lemma 4.1 and the Relation (4.8) we have

B —1-2p
(), (5) ~ #7(r0), ()] < € (UL () b))

Proposition 4.8. There exists a constant C > 0 such that for every f € L'(dv,) we have

< Ol fllag, - (4.8)

atomic

1
—_ 1 < a
C’”f||7"° (halE™

Proof. Tt is clear that p, € ZI*). Using Proposition 4.7, Corollary 1 of [19]. Thus, we have show
that (4.6) holds. O
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ABSTRACT

In this work, by combining Carlson-type and Nash-type in-
equalities for the Weinstein transform % on K = R4~! x
[0,00), we show Laeng-Morpurgo-type uncertainty inequali-
ties. We establish also local-type uncertainty inequalities for
the Weinstein transform %y, and we deduce a Heisenberg-

Pauli-Weyl-type inequality for this transform.

RESUMEN

En este trabajo, combinando desigualdades de tipo Carlson
y de tipo Nash para la transformada de Weinstein % en
K = R4 x [0,00), demostramos desigualdades de incer-
tidumbre de tipo Laeng-Morpurgo. Establecemos también
desigualdades de incertidumbre de tipo local para la trans-
formada de Weinstein Fw, y deducimos una desigualdad de

tipo Heisenberg-Pauli-Weyl para esta transformada.

Keywords and Phrases: Laeng-Morpurgo-type inequality; local-type inequality; Heisenberg-Pauli-Weyl-type

inequality.
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1 Introduction

Uncertainty principles are mathematical arguments that give limitations on the simultaneous con-
centration of a function and its Fourier transform. They have implications in quantum physics
and signal analysis. They also play an important role in harmonic analysis, many of them have
already been studied from several points of view for the Fourier transform, Heisenberg-Pauli-Weyl
inequality and local uncertainty [9, 10]. Laeng-Morpurgo and Morpurgo [4, 7] obtained Heisenberg

inequality involving a combination of L' and L? norms.

In this paper, we consider the Weinstein transform Fy [2, 5, 6] defined on L(K, 1) by

Fw(f)(©) = /K F@) e (@)dv(a), €= (€.60) €K,

22k
d
(A=D1 /22k+(@=1/2 (k1)

where K := R4™1 x [0, 00), dv(z) := dz’dz4 and

We(z) = e @) j(eala), @ = (¢ 24) €K

Here ji is the spherical Bessel function.

Many uncertainty principles have already been proved for the Weinstein transform %y, on K,
namely Mejjaoli and Salhi are the first that describe the uncertainty principles for the Wein-
stein transform [6]. Next, Ben Salem and Nasr obtained Heisenberg-type inequalities [3] for the
Weinstein transform Fy,. Saoudi [11] proved a variation of LP uncertainty principles for the We-
instein transform . In this work, by using Carlson-type inequality and Nash-type inequality
[2, 8] for the Weinstein transform F on L' N L2(K,vy); we deduce uncertainty inequalities of
Heisenberg-type for the Weinstein transform %y on L' N L?(K, ;). Next, due to a local uncer-
tainty inequality for the Weinstein transform %y on L?(K,v},), we show uncertainty inequality of

Heisenberg-Pauli-Weyl-type for the transform - on L?(K, vy,).

The analog uncertainty inequalities are also proved, for the Dunkl transform %, on R? by Soltani

12, 13].

This paper is organized as follows. In Section 2, we recall some results about the Weinstein
transform Fy on K. In Section 3, we prove uncertainty inequalities of Heisenberg-type for the
Weinstein transform Fy on L' N L2(K, v;). We show also uncertainty inequality of Heisenberg-
Pauli-Weyl-type for the transform %y on L2(K, v). In the last section, we summarize the obtained

results and describe the future work.
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2 Weinstein transform

In this section we recall some basic results related to the Weinstein analysis.

We consider the Weinstein operator Ay [1, 3, 8] defined on R?~! x (0, 00) by

d

0> 2%+1 0

i A AL d>2, k> —1/2,
Oz? xq Ozq d=1 7+ Lk = /

AW =
i=1
where Ag_; is the Laplacian operator in R4~! and Ly, is the Bessel operator with respect to the

variable x4 defined on (0, 00) by

0% 2k+1 0

Ly = —= _—
g Ox?i rq Oxg

The Weinstein operator (also called Laplace-Bessel operator) has several applications in pure and
applied mathematics. The harmonic analysis associated to this operator is studied in [1, 2, 3, 5, 6, 8]

and references therein.

Throughout this subsection, let & > —1/2 and K := R?! x [0,00). We denote by LP(K,v),

p € [1,00], the space of measurable functions f on K, such that

1/p
Ifllze @) = (/ |f($',fﬂd)|pdl/k(ff/»xd)> < oo, pe€ll,00),
K
||fHL°°(K,Vk) = €sssup |f(x/v$d)‘ < 00,
(z’,zq)€EK
where o
Ly

dz'dzg,

dvg(z) := dvg(2’, z4) = 7(d=1)/22k+(@=1)/2T (k + 1)

and dz’ = dayday - - - dzg_q.

Let r > 0, the measure v, satisfies [3]:
vp(Jz| < r) = er?, (2.1)

where

CcC =

1
———— and a=2k+d+1, 2.2
Y CEE B 22)
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For all ¢ € K, the system

Liyu(x) = —&Gu(x), W(z) =—&u(z), j=1,...,d-1,

ou ou

u(O):l, aixd( ): ’ 8:cj

admits a unique solution ¥¢(z), given by
Ve(x) = 67i<x’,£’>jk(xd§d)’ zeK,

where j; is the spherical Bessel function given by

. B 00 (_1)n T\ 2n
Jr(@) = P(k+1)7§mrm+k+1)(2) '

For all z,¢ € K, the Weinstein kernel W¢(z) satisfies
[We(a)] < 1.
The Weinstein (or Laplace-Bessel) transform Fy [2, 5, 6] is defined for f € L'(KK,v) by
Fw(1)©) = [ F¥e@)an). ek

The transform Fyy initially defined on L'NL%(K, v;,) extends uniquely to an isometric isomorphism

on L?(K,vy), that is,

1Fw () 2@ = If 2@, [ € LK, v). (2.3)

Moreover if f € L*(K,vy), then

1Fw (Al @) < I llLr - (2.4)

Finally, if f and Fy (f) are both in L'(K, 1), the inverse Weinstein transform is defined by

f@) = [ FwOV-c@) (). ae aek
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3 Heisenberg-type uncertainty principles

Similar results have been appeared in the literature by Soltani [13], he proved a Laeng-Morpurgo-
type uncertainty inequalities for the Dunkl transform %, on R?. In the following, we will give

Laeng-Morpurgo-type uncertainty inequalities for the Weinstein transform %y on K.

Proposition 3.1 (]2, §]).

(i) (Carlson-type inequality). Let a > 0. There exists a constant A(a,«) > 0 such that for every
feL'NL?(K,v), we have

_2a_
1l ) < Ala, NFN 2 Il 2] f||mz i) (3.1)

(ii) (Nash-type inequality). Let b > 0. There exists a constant B(b,a) > 0 such that for every
feL'NnL?(K,v), we have

_2b_
11122,y < B FIFTE 0 1 E1°Fw (f )Ilzz“ﬂi i) (3-2)

Thanks to the above proposition, by combining and multiplying the two relations (3.1) and (3.2)
we obtain the following uncertainty inequalities of Laeng-Morpurgo-type [4, 7] for the Weinstein

transform Fy on L' N L*(K, vy).

Theorem 3.2. Let a,b > 0. There exist three constants C(a,b,a) > 0, N(a,b,a) > 0 and
D(a,b,a) > 0 such that for every f € L' N L?(K,v), we have

() 1 FI532320 < Cla,b, )| el FII2h e | 6P T (DI,

(id) 1122 < N(a,b, ) el FIST2 o HEP T ()12
(iii) £330, IFIGE 20 ) < Diasb, )| 2l FIEH2E € Fw (F)I5E2E, .

By application of the two relations (3.1) and (3.2) we deduce also the following results which are

a local-type uncertainty inequalities for the Weinstein transform %y on L' N L3(K, vy).
Theorem 3.3. Let E be a measurable subset of K such that 0 < vi(E) < oo, and let a,b > 0. If
feL*NL*(K,vg), then

_2a _a
(i) 116Fw ()220 < Ala, &) (BN Y2 FIEE o I 12 FII 5 E ., where Ala, o) is the con-

stant given by Proposition 3.1 (i).

26 _a_
(ii) 116Fw ()l < Bl ENVIFIEE, NePFw (HIEE, |, where B(b,a) is
the constant given by Proposition 3.1 (ii).

Being 1g the characteristic function of the set E.
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Proof. Let f € L' N L?(K,v,) and a,b > 0.

(1) From (2.4) we have

1LeFw (N2 < @B 21w (Fllpe@m) < @EDY21F L w)-

The desired result follows from Proposition 3.1 (i).

(ii) From (2.3) we have
11 eFw ()l @m0 < @RE)21Fw ()20 < @E)21F 22 m)-
The desired result follows from Proposition 3.1 (ii). O
Soltani [12] proved a Heisenberg-Pauli-Weyl uncertainty principle for the Dunkl transform % on

R?. In the following, we will give Heisenberg-Pauli-Weyl uncertainty principle for the Weinstein

transform Fyy on L3(K, v).

Proposition 3.4. (local-type inequality). Let a > 0 and let f € L?>(K,v). If E be a measurable
subset of K such that 0 < v, (E) < oo, then

@ Fror a atza
1155w ()2 < Ala, ) (B) T IFIHE, I el IFE, . (33)

where A(a,a) is the constant given by Proposition 3.1 (i).

Proof. Let f € L*(K,v;) and a > 0. The inequality holds if || |#]® f|| L2(k,.,) = co. Assume that

| fll 22 (k1) < 00. For all 7 > 0, we have

1eFw (2w < 1eFwds ez + 1 12Fw (1 —18,) L2 v

we(E)Y21Fw A, )| L @) + 1Fw (1= 18,) )22k ,00)-

IN

Hence it follows from (2.3) and (2.4) that
I eFw (N2 < G(E)NY2I18, fllo @ + 11— 18.) fllL2@m)- (3.4)
On the other hand, by Hoélder’s inequality and (2.1), we obtain

115, £l @y < (er®) 2 £l L2, (3.5)

where ¢ is the constant given by (2.2).
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Moreover,

1= 1) flle2 @y <77 2l FllL2 @ om)- (3.6)

Combining the relations (3.4), (3.5) and (3.6), we deduce that

11 eFw (Hllr2@um < @eENY2er) 2 F 2 + el fllrz -

By choosing

_ <2a|| || fHL2(K Vi)

2| fll 2 )

a+2a _ 1
) ey
we obtain the desired inequality. O
We shall use the local uncertainty principle to obtain uncertainty principle of Heisenberg-Pauli-

Weyl-type for the Weinstein transform %y on L?(K, ). We note that the following theorem is

given in [3] but in the proof, the approach is not the same.

Theorem 3.5. Let a,b > 0. There exists a constant K(a,b,a) > 0 such that for every f €
L?(K,v), we have

15wy < K (@b, ) |21 11 (i ) IHEP Fow (P 250,

Proof. Let a,b > 0 and let r > 0. Then

£ 122 ) = 18, Fw (D22 ) + 10 = 1B,)Fw (DL 00 (3.7)
Firstly,
11 = 15,)Fw (N L2y < 2 NEPFw (N L2@un)- (3.8)

From (2.1) and (3.3), we get

o =29 ﬁ a %
11, Fr (D2 < (Al ) (™) E5 1152, el IS, (3.9)

where ¢ is the constant given by (2.2).

Combining the relations (3.7), (3.8) and (3.9), we obtain

112 .y < (Al @) (er )@*“Hfllfﬁé w2l fIIEJ&EVk r 2 EP Fw ()12 .-

By settin
y & a+2a
2aa+2b(a+2a)

ba+ 2a) || 1" Fw (N7 2,0,

270/ (14 a «@ a
ac(A(a, a))2ew¥5 || FEE el FIERE
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we get the inequality with

K(a,b,a) = (A(a, o))2ble-+2a) 2ab <b®é+2a)>m (1 N b(L

ac+b(a+2a)
ao a+ 2a) > '

This completes the proof of the theorem. O

4 Conclusion and perspective

The manuscript deals with some uncertainty inequalities associated with the Weinstein transform
Fw. Especially, we studied Laeng-Morpurgo type uncertainty inequalities for this transform. As
it is well known, uncertainty inequalities are of great interest in harmonic analysis, in applied
mathematics and in several areas of mathematical physics. The results given in Section 3 are
complements to those given in references [3, 6, 8] and others. They also represent our contribution
in the study of local-type uncertainty inequalities and the Heisenberg type inequality for the
Weinstein transform Fy,. Finally, in a future paper, we have the idea to study the Weinstein-
Stockwell transform &, g € L?(K,v,), in which we will prove some uncertainty inequalities for

this transform analogous to those proven for the Weinstein transform Fy in this paper.
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ABSTRACT

Let X C P" be an integral projective variety. We study
the dimensions of the joins of several copies of the osculating
varieties J (X, m) of X. Our methods are general, but we give
a full description in all cases only if X is a linearly normal
embedding of P! x P*. For these embeddings of P! x P* we
give several examples and then study the joins of one copy

of J(X,m) and an arbitrary number of copies of X.

RESUMEN

Sea X C P" una variedad proyectiva entera. Estudiamos
la dimensién de las adjunciones de varias copias de las va-
riedades osculantes J(X,m) de X. Nuestros métodos son
generales, pero damos una descripciéon completa en todos los
casos solo si X es un embebimiento linealmente normal de
P! x P!. Para estos embebimientos de P* x P' damos varios
ejemplos y luego estudiamos las adjunciones de una copia de

J(X,m) y un numero arbitrario de copias de X.
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1 Introduction

Let X C P" be an integral projective variety defined over a fixed algebraically closed field K such
that char(K) = 0. We consider the classical problem about the dimension of joins of varieties
related to X. Let J(X,m) C P", m > 0, denote the m-osculating variety of X, i.e. the closure
in P” of the union of all m-osculating spaces to the smooth points of X. With our convention of
m-~osculating linear spaces we have J(X,0) = X, while J(X, 1) is the tangential variety of X, i.e.
the with the convention and the dimension of the joins of several J(X,m;), ¢ varying in a finite
set. Our notation calls J(X, 1) the tangential variety 7(X) C P" of X, i.e. the closure in P” of the
union in P" of the tangent spaces T, X of X at all p € X,g. For us J(X, m) is the closure in P of
the union of the m-osculating spaces at all p in a non-empty open subset of X, at which these

m-osculating spaces have constant dimension.

Take integral varieties T,Y C P". The join J(T,Y) of T and Y is defined in the following way.
If T =Y and Y is a point, p, then J({p}, {p}) = {p}. In all other cases J(T,Y) is the closure
of the union of all lines spanned by a point of T and a different point of Y. The algebraic set
J(T,Y) is always an irreducible variety and dim(7,Y) < min{r,dim7T + dimY + 1} if dim T >
0. The integer min{r,dimT + dimY + 1} is the ezpected dimension of J(T,Y). One defines
inductively the join J(T1,...,Ts) of s > 3 integral varieties T; C P" by the formula J(T1,...,Ts) :=
JJ(T1, ..., Ts—1),Ts) ([1]). If dimTy; > 0 we have dim J(T4,...,Ts) < min{r,dimT} + --- +
dimTs+s—1}. Ifdim J(T7,...,T;) = min{r,dim T3 +- - -+dim Ty +s—1} we say that J(T1,...,T;)
has the expected dimension. The most famous and useful join is the case T; = T} for all 7, i.e., the
s-secant variety of T;. However, other cases appear. For instance when X is the Veronese variety
the join of the tangential variety J(X, 1) of X and s —1 copies of X is related to a certain additive

decomposition of forms ([4]).

By the Terracini lemma for joins ([1, Corollary 1.11]) to compute the dimension of the join of
s varieties J(X,m;), 1 < i < s, it is sufficient to compute the dimension of the linear span
of the tangent spaces Tg,J(X,m;) at a general Q; € J(X,m;). Obviously, we first need to
compute dim T, J(X,m;), but in all our examples these integers are known and hence the only
problem is to see how linearly independent are these linear spaces Tg,J(X,m;). Fix a general
Qi € J(X,m;) and let p; € X,eg the point of X,e, corresponding to Q;. A key property of the
osculating spaces T, J (X, m;), is that even for m > 1 there is a zero-dimensional scheme Z; C X
such that (Z;) = {p;} and T, J(X,m;) is the linear span of Z; (Remark 2.1). If m > 0 the scheme
is not unique, it is associated to the choice of a line of T,,, X containing p; (Remark 3.4). Fix a
general (p1,...,ps) € Xreg- For each i with m; > 0 choose a “general” Z;. As always in this type of
problems ([3, 6, 7, 8,9, 10, 11, 12]) it is sufficient to find the schemes Z; C X, 1 < i < s, and then
to prove that the dimension of the linear span of Z; U- - -UZ, is the expected one, > ._; deg(Z;)—1.
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Set n := dim X. For the joins of several copies of X it is sufficient to take as schemes the first
infinitesimal neighborhood 2p, p € X,eg, i.e. the closed subscheme of X with (Z,)? as its ideal
sheaf (this is the classical Terracini lemma for secant varieties [1, Corollary 1.11]); in this case the
scheme has degree n + 1. We call it the case m = 0. For the tangential variety the scheme Z;
has degree 2n + 1 and it was used in several papers ([3, 6, 7, 8, 10, 11, 12]), some of them also
considering the general case with any m; > 0. Contrary to the case m = 0 the schemes Z; C X,

are not uniquely determined by the point p € X,es such that (Z;) = {p}. For any m > 0 the

n+m
n

scheme W (m, p) associated to J(X,m) at p has degree n + ( ) and it is implicitly computed
in [6] (and by the classical algebraic geometers quoted in [5, 6]) and given in full generality in
[7, 8, 10] at least for the Veronese embeddings of projective spaces. It depends on the choice of

some p € X, and a line through p of the embedded tangent space of X at p (Remark 2.1).

Of course, to define the osculating spaces we also need to fix an embedding of X in a projective
space or, more generally, a line bundle £ on X and a linear subspace V. C H%(L). This set-up
was described in a modern language by R. Piene ([18]), first defining the bundles of principal parts
PR (L) of L and then considering an evaluation map Ox ® V' — P¢(L). Thus for a fixed m > 0
and a general p € X,.; we may choose an irreducible family of zero-dimensional schemes Z(m, p)
such that for each Z € Z(m, p) we have Z = {p} and deg(Z) = n+ ("}™). Moreover, for any s > 0
and any m; > 0, the join of J(X,m),...,J(X, m,) has dimension (W (my,p1)U---UW (ms,ps)),

where ( ) denote the linear span and (p1,...,ps) is general in X°.
The freedom in the choice to define W (m,p) for m > 0 will be used several times in our proofs.

We only consider the case X = P! x P! with all its Segre-Veronese embedding. We prove the

following result.

Theorem 1.1. Fiz integers ¢ >0, m >0 anda>b>m+3. Let W C X be a general union of
one element of Z(m) and c 2-points. Then either h®(Zy (a,b)) = 0 or h'(Zy (a, b)) = 0.

The following result may also be proved using the tools in [9, 12].

Proposition 1.2. Fiz integer ¢ > 0, m > 2 and a > b > m. Let W C X be a general union of
one m-point and ¢ 2-points. Then either h°(Zy (a,b)) = 0 or h*(Zw (a,b)) = 0, except in the case

m=2,b=2, a even and ¢ = a/2.

In section 3 (again with X = P! x P!) we give several examples of our tools and tricks to compute

the dimensions of several joins.
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2 General tools

In this section we collect the necessary tools lifted from the literature and add some remarks which

greatly improve their use to compute the dimensions of joins.

For all p € X and all integers m > 0 let mp denote the closed subscheme of X with (Z,)™ as its
ideal sheaf. For any Y C X and any p € Yieg N Xieg set (mp,Y) := mpNY. Since p is a smooth
point of both X and Y, (mp,Y) is the closed subscheme of Y whose ideal sheaf is (Z, y)™ C Oy.

Let X be an integral projective variety, £ a line bundle on X and V C H°(L) a linear subspace.
Let Z C W C X be a zero-dimensional scheme. Obviously if VN H*(Z; ® £) = 0, then V N
H%(Zw ® L) = 0. Since W is zero-dimensional, the restriction map H°(Ow ® £) — H°(Oz @ L)
is surjective. Thus h'(Zz ® £) < h'(Zw ® L).

Remark 2.1. Let X be an integral projective variety. Set n := dim(X). The schemes Z €
Z(X,m), m > 0, used to detect the tangent space ToJ(X,n) at a general @ € J(X,m) are
all schemes obtained in the following way. Set Z(X,0) := {2p}pex,.,. Now assume m > 0.
Set Z(X,m) := Upex,., Z(X,p,m), where each Z(X,p,m) is defined in the following way. Fix
D € Xieg. Any zero-dimensional scheme Z € Z(X,p,m) will have Z = {p} and hence to define
each element Z of Z(X,p,m) it is sufficient to define the ideal J of the local ring Ox p such that
Oz =O0x,/TJ. Let p be the mazimal ideal of Ox . The ideal J is constructed taking a germ at
p of a smooth curve contained in a neighborhood of p in X and containing p, i.e. taking a reqular
system of parameters ti,...,t, of the local ring Ox ,, i.e. any system of n generators ti,...,t, of
the mazimal ideal p of Ox ) and taking any germ of curve with (ta,...,t,) as its ideal in Ox p.
As ideal of Z we take pm™+? +t§”+1u. With obvious conventions (i.e. taking as Ly the germ of X
at p) this ideal gives the ideal p™ 2 if n =1, i.e. for n =1 it gives the correct answer J = p™*2.
The scheme Z is uniquely determined by the choice of a one-dimensional linear subspace of the
n-dimensional vector space p/u?, i.e. by the choice of a non-zero element of p/u?. We will say
that Z depends on the choice of a tangent vector Lz of X at p. Each Z € Z(X,m) has as its

reduction a unique p € X;ee. We have
+
(m+1pCZC(m+2)p, deg(Z)=n+deg((m+1)p)=n+ (mn n)

We say that Z is defined by p and the tangent vector Ly, because Ly is uniquely determined by a
connected degree 2 scheme E C X such that E = {p}.

We often write Z(m) (resp. Z(p,m)) instead of Z(X, m) (resp. Z(X,p,m)).

Remark 2.2. Let X be an integral projective variety and D an effective Cartier divisor of X. For
any zero-dimensional scheme Z C X the residual scheme Resp(Z) of Z with respect to D is the

closed zero-dimensional subscheme of X with Tz : Ip as its ideal scheme. We have Resp(Z) C Z,
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deg(Z) = deg(Resp(Z)) +deg(Z N D) and for every line bundle L on X there is an exact sequence
0_>IReSD(Z) ® L(—D) —>IZ®£—>IZQD,D®»C\D —0 (2.1)

For any Z and L we will say that (2.1) is the residual exact sequence of D. Fiz Z € Z(X,m),
m > 0, and set {p} := Z. Let Lz be the tangent vector of X at p defining Z and call t1,...,t,
a regular system of generators of the mazimal ideal of 1 of Ox ) such that Ly is defined by

to=---=1t,=0, t% = 0. Now assume p € Dieg.

(a) Assume that Lz is not contained in the tangent space of D atp. Then DNZ = ((m+1)p, D)
and hence deg(Resp(Z)) = n+ (™) — (™" = n+ (™71, Moreover, Resp(Z) €

n n—1 n

Z(X,m —1) and if m > 2 the scheme Resp(Z) is defined by the same tangent vector Ly.

(b) Assume that Lz is contained in the tangent space of D at p. Then DN Z € Z(D,m) and
hence deg(Resp(Z)) = n+ (") —n+1— (""" = 1+ ("), We have Resp(Z) D mp

and deg(Resp(Z)) = deg(mp) + 1. The scheme Resp(Z) is the union of mp and the scheme

t’1”+2:t2:~~:tn:0.

In both cases the scheme Z is vertically graded with respect to D in the sense of [2] and hence we

may apply the Differential Horace Horace Lemma to Z ([2]).

For any line bundle £ on X, any closed subscheme B of X and any vector space V C HY(L) set
V(-B):=VNHZp @ L).

We describe the case of 2-points of the Differential Horace Lemma ([2]). The reader will find in
that paper explicitly the case of points with higher multiplicities and the case (vertically graded
subschemes) sufficient to handle all Z € Z(m). Let X be an integral projective n-dimensional
variety, D an effective Cartier divisor of X, £ a line bundle on X, V' C H%(£) a linear subspace.
Let Vp be the image of V' by the restriction map p : H*(£) — H%(D, L|p). Set n := dim X. Let
V(=D) be the set of all f € H*(L(—D)) such that zf € V, where 2 € H*(Ox (D)) is the equation
of D. Take a general p € X,e5 N Dyeg. To prove that dim V(—Z —2¢) = max{0,dimV(-Z)—n—1}

for a general ¢ € X, it is sufficient to prove that one of the following sets of conditions is satisfied:
(a) dimVp(—ZND)<1and

dim V(—=D)(—Resp(Z) — (2p, D)) = max{0,dim W(— Resp(Z)) — n};

(b) dimVp(—=Z N D) > 0 and

dim V(=D)(—Resp(Z) — (2p, D)) = dim V(—=D)(—Resp(Z)) — n.



336 E. Ballico CUBO

25, 2 (2023)

Remark 2.3. Take any projective variety X, any line bundle L on X and any vector space
V C H°L). Fiz (u,v) € N2. Let B C X be a general union of u tangent vectors of Xyeg and v
points of X. By [14] we have dim V(—B) = max{0,dim V — 2u — v}.

Remark 2.3 is useful because it applies to non-complete linear systems, too. We will use this key

feature in the proof of the next lemma.

Lemma 2.4. Tuoke a projective variety X, a line bundle £ on X and an integral Cartier divisor
D c X. Assume h'(L) = h'(L(—D)) = h'(D,L;p) = 0. Fix (u,v) € N®. Let Z C X be a
zero-dimensional scheme. Let B C D be a general union of u tangent vectors of Dyeg and v points
of X. Assume h'(Zz ® £) = 0, h*(D,Zpnzp ® Lip) =0 and h(D,Zznp.p @ Lip) > 2u+v.
Then h°(Zzup @ L) = max{0,h°(Zz @ L) — 2u — v}.

Proof. Remark 2.3 applied to D, L|p, H°X,(Zz® L) and H(D,Iznp ® Lp) gives
h*(D, I zepyup,p ® Lip) = h°(D, Iz0p,0 ® Lp) — 2u — v.

Use twice the residual exact sequence of D, first with Z; ® £ in the middle and then with Z;,5® L
in the middle. Use that Resp(Z U B) = Resp(Z), because B C D (as schemes). O

If we take the set-up and assumptions of Lemma 2.4 except the inequality on h°(D,Zzup. p ®Lp)
and we have h°(D,Zzup,p ® Lp) < 2u+ v, then Remark 2.3 gives h%(D,Zznpyup,p @ L)p) = 0.
Thus the residual exact sequence of D gives h?(Zzup ® L) = h®(Tres,, (z) @ L(—D)).

Remark 2.5. Fix a line bundle £ on an integral projective variety X. Let Z1 C Zy be zero-
dimensional schemes. Note that h'(Zz, @ L) < hY(Zz,®L). If h%(Zz,@L) = h°(L) —deg(Z3), then
h%(Zz, @ L) = h°(L) —deg(Z1). Setn :=dim X. LetU (resp. V) be the set of all triples (e, f,g) €
N® such that h°(L) < e(n+(" 1))+ f(2n+1)+g(n+1) (resp. h°(L) > e(n+ (")) +f(2n+1)+g(n+
1)). Fiz (e, f,g) €U. Let Z C X be a general union of e elements of Z(2), f elements of Z(1) and
g 2-points. Suppose you want to prove that (T @ L) = h°(L)—e(n+ ("1?)) = f(2n+1)—g(n+1).
It is sufficient to show that h°(Zz ® L) = h°(L) — e(n + (":2)) —f@2n+1)—g¢'(n+1) for some
integer ¢’ > g, where Z' is the union of Z and ¢’ — g general 2-points. Thus to check for all
(e, f,9) € U that a general union of e elements of Z(2), f element of Z(1) and g 2-points imposes

independent conditions to h°(L) it is sufficient to check all (e, f,g) € N3 such that
2
hO(L’)—nSe(n—i-(n:; )>+f(2n+1)+g(n+l) (2.2)

Suppose you want to prove that h°(Tw @ L) = 0 for all (u,v,w) € V, where W is a general
union of u elements of Z(2), v elements of Z(1) and w 2-points. Decreasing if necessary the zero-

dimensional scheme, it is sufficient to check all (u,v,w) € N3 satisfying one of the following sets
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of conditions:

hO(L) < e <n+ <”Z2)> FfEn+1) +gn+1) <ROL) +n (2.3)
g=0, K(L) < e (n+ (”:2» +f2n+1) < hO(L) + 2n (2.4)

f=g=0, h°(£)§e<n+<n:2>>+f(2n+1)§h0(£)+n—1+<n+2) (2.5)

n

With minimal modifications the interested reader may state similar statements for general unions
of prescribed numbers of osculating spaces and multiple points with arbitrary multiplicities and for

m-points instead of just 2-points (see Remark 3.2).

Fiz a linear subspace V. C HY(L). Suppose dimV = 1. Thus V(—p) = 0 for a general p € X.
Hence V(—2p) = 0 for a general p € Xyeg. Suppose dimV = 2. By [14] V(—A) =0 for a general
tangent vector A of Xyeg. Thus V(—2p) = 0 for a general p € Xyeg. Thus in (2.3) it is not necessary
to check all cases with e > 0 and e(n+ ("7?)) + f2n+1) + g(n+1) € {h°(L) +n —1,h°(L) + n}
(Remark 3.2).

Remark 2.6. Let X be an integral projective variety, L a line bundle on X and V C HY(L).
Set n := dimX. Fiz a general p € Xiee. The function f : N — N defined by the formula
f(m) = dimV(—mp) is non-increasing. Since we take p general in X,es, the semicontinuity
theorem for cohomology shows that this function does not depend upon the choice of the general p.
Consider its first difference g : N — N, i.e. set g(0) := f(0) =dimV and g(m) = f(m—1)— f(m)
for all m > 0.

Observation 1: If f(m) # 0, then g(m + 1) > 0, i.e. f(m+1) < f(m), unless f(m) =0 ([13,
Proposition 2.3]).

Now we fix an arbitrary o € X,eq, set R := Ox,, and call 1 the mazimal ideal of the local ring

R. Thus R/p = K and, since X is smooth at o, the graded ring GR, := @5 p' /'™ (with

the convention u° = R) is isomorphic to a polynomial ring in n variables over K. Taking a
reqular system of parameters ti,...,t,, we may see each u™ /™t as the K-vector space of all
degree m homogeneous polynomials in the variables t1,...,t,. Thus dimg p™ /™t = (”;’f;l)

Set fo(m) := dim V(—mo) and go(m) := fo(m + 1) — fo(m). There is an evaluation map eom :
V(=m)/V(=(m + 1)o) — u™/u™" and g,(m) is the rank of the evaluation map e,m. For
a general o we write e, instead of eym. For any integer v such that 0 < v < ("ZT;l) let
G(v, u™/u™*Y) denote the Grassmannian of all v-dimensional linear subspaces of u™/u™*t. Call
T o™ — p™t the quotient map. Fiz v and W € G(v,u™/u™*1). Set Iy == 7 (o) C
R and Zw := Spec(R/Iw). Note that Zw is a connected degree 0 subscheme of X of degree
("t™) + dim W. The integer dimV (—Zw) is the number of conditions that Zy imposes to V.
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We have pk™t C I; C pk*1. The integer dim V (—Zw) depends on the integers g,(m) and dim W
and on the position of W with respect to the linear subspace Im(ep, o). Concerning the integer
dim V(—Zw) we only know the trivial inequalities coming from the Grassmann formula. Since
the Grassmannian is an irreducible variety, it makes sense to speak about the general element of
G (v, u™ /™ *). For such a general W we have dimV (—Zy) = dim V(—=mo) — min{v, g,(m)}.
For a general o we have g,,(0) > 0. In this case any W of positive dimension imposes at least
one condition to V(—mo). The m-spread sp,,(X,V) of (X,V) at its general point is the minimal
integer x such that 0 < x < n and there is an x-dimensional linear subspace E C K[t1, ..., t,] such
that Im(e,,) C S™(E). Obviously sp,,(X,V) < min{n,g(m)}. When g(m) < n the pair (X,V)
has a very particular behaviour ([5, Proposition 1]). We do not know (we lack an integrability

condition) if something similar is true just assuming sp,, (X, V) < n.

3 Examples

In this section we take X := P! x P'. As a warming up for the next section we give 2 cases
(Propositions 3.4 and 3.5) in which the congruence classes for some of the integer a, b of the line
bundle Ox (a,b) greatly help and then a case (Proposition 3.6) which shows how to use the lucky
cases to prove more general ones. We also show how to handle some zero-dimensional schemes

with a very particular shape (Lemmas 3.7 and 3.8 and Proposition 3.9).

Remark 3.1. Fiz integers a > b > 0. Let W C X be a general union of ¢ 2-points. Then
either h°(Zy (a,b)) = 0 or h'(Zw (a,b)) = 0, except in the case b = 2, a even and ¢ = a/2 + 1
(]10, 16, 17]). In the exceptional case h°(Zw (a,b)) = h'(Zw(a,b)) = 1 and |Zw(a,2)| = {2C}
where C 2 P! and {C} = |Zw(a/2,1)|.

The following observation simplifies many proofs and it is essential to do by computer in a cheap

way some small degrees cases to be used for inductive proofs for other joins.

Remark 3.2. Fix positive integers a, b and w and a zero-dimensional scheme W C X such that
deg(W) = w and h'(Zw (a,b)) > 0. To prove that for all integers ¢ € N a general union Z of
W and c 2-points satisfies either h*(Zz(a,b)) = 0 or h®(Ty (a,b)) = 0 it is sufficient to check the
integers c € {[((a+1)(b+1) —w)/3],[((a+1)(b+ 1) —w)/3]}. Hence it is sufficient to check all
c € N such that

(@+1)(b+1)—2<w+3c< (a+1)(b+1)+2 (3.1)

We can do better. Indeed, any 2-point at a generalp € X contains a general connected degree 2 zero-
dimensional scheme v. Thus for any V C H°(Ox (a,b)) we have dim V (—2p) < min{0, dim V —2}.

Thus it is sufficient to check all integers ¢ such that

(a+1)(b+1)—1<w+3c<(a+1)(b+1)+1 (3.2)
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Now assume w+ 3¢ = (a+1)(a+ 1) + 1 and that we know that h*(Zwyg(a,b)) =0 for all unions
of ¢ general 2-points with ¢ satisfying w4 3¢’ < (a+1)(b+1). Let E C X be a general union
of ¢ — 1 2-points. Thus h°(Zwug(a,b)) = 2. Thus a general union E' of E and a general 2-point
satisfies h®(Zy g (a,b)) = 0. Thus it is sufficient to check all integers ¢ such that

(@+1)(b+1)—1<w+3c< (a+1)(b+1) (3.3)

Thus it is sufficient to check the integer ¢ := |((a+1)(b+1) — w)/3].

Lemma 3.3. Fiz (a,b) € N2, L € |Ox(1,0)| and a zero-dimensional scheme W C X such
that h'(Zy (a,b)) = 0. Set u:=deg(W NL). Let E C L be a zero-dimensional scheme such that
ENW =0 and set z := deg(E). Assume h'(Ires, (wy(a—1,b)) < b+1—u. Then h'(Zwug(a,b)) =
max{0, h°(Zyw (a, b)) — z}.

Proof. First assume x = b+1—wu. Thus hi(L,ILm(WUE) (a,b)) =0,i=0,1. Hence h*(Zyyugr(a,b)) =
hi(IResL(W) (CL — 17 b)), = 0, 1.

If 2 < b+ 1 — u, then we reduce the proof to the case just proved taking instead of E the union of
FE and b+ 1 — u — = points.

Now assume x > b+1. Instead of E we use any subscheme E’ C E such that deg(E’) = b+1—u. O

Proposition 3.4. Fiz positive integers a and b such that a is odd and b = 4 (mod 5). Then for
all ¢ > 0 the join of ¢ copies of J(1) has the expected dimension min{(a + 1)(b+ 1) — 1,5¢ — 1}.

Proof. Let Z C X be a general union of ¢ elements of Z(1). It is sufficient to do the case
c¢=(a+1)(b+1)/5 and prove that hi(Zz(a,b)) =0, i =0,1. We fix L € |Ox(1,0)|. Let Z' ¢ X
be a general union of (a — 1)(b+ 1)/5 elements of Z(1) with the convention Z’ = ) if a = 1. Take
a general AU B C L such that #4 = #B = (b+1)/5 and AN B = ). Let W be the union of Z’
and the scheme Z” obtained in the following way. We degenerate (b+ 1)/5 connected components
of Z to elements of Z(p,1), p € A, with respect to a tangent vector not tangent to L and (b+1)/5
connected components of Z to elements of Z(p,1), p € B, with respect to the tangent vector of
L. Remark 2.2 gives deg(Z”" N L) = b+ 1 and deg(Res,(Z) N L) = b+ 1. Thus using twice the
residual exact sequence of L we get that it is sufficient to prove that h'(Zz (a —1,b)) =0, =0, 1.

This is true if a = 1 (and hence Z’ = (}), while if a > 3 we use induction on a. O

Proposition 3.5. Fiz positive integers a and b such that b =4 (mod 5) and a > 3. The join of
(b+1)/5 copies of J(2) and an arbitrary number, ¢, of copies of X has the expected dimension.

Proof. Let Z; be a general union of ¢ 2-points. Since each element of J(2) has degree 8, it is
sufficient to check the positive integers ¢ such that 8(b + 1)/5 + 3¢ < (a + 1)(b + 1) (Remark
3.2). Fix L € |Ox(1,0)|. For every p € L, let E(p) be an element of Z(p,2) with as tangent
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vector the one associated to L. We have deg(E(p) N L) = 4, deg(Resy(E(p)) N L) = 3 and
Resy (Resp(E(p))) = {p}. Set E :=J,c4 E(p). By semicontinuity to prove the proposition for
the integer c it is sufficient to prove that h?(Zgyz, (a,b)) = 0.

Take a general AU B C L such that #4 = #B = (b+ 1)/5 and AN B = ). Let E be the
union of all E(p), p € A. By semicontinuity to prove the proposition for the integer ¢ it is
sufficient to prove h'(Zguz, (a,b)) = 0. Let (2B, L) denote the union of all 2-points of L with
a point of B as their reduction. We apply the Differential Horace Lemma for 2-points at each
p € B. Since hi(L7IBU(EnL)(a,b)) = 0, i« = 0,1, the Differential Horace Lemma gives that to
prove that h'(Zgug:(a,b)) = 0 for a general union E’ of 2(b+1)/5 2-points, it is sufficient to prove
hl(IReSL(E)U(zB,L)(a —1,b)) = 0. Since deg((Resr(F)U (2B, L)) = b+ 1, it is sufficient to prove
h'(Za(a —2,b)) = 0. Since a > 2, we proved the case ¢ < 2(b+1)/5.

Now assume ¢ > 2(b+ 1)/5 and set z := ¢ —2(b+ 1)/5. Let W C X be a general union of x
2-points. Either h%(Zy (a — 2,b)) = 0 or h*(Zy(a —2,b)) = 0 or a and b are even, x = b+ 1 and
hY(Zw (a — 2,b)) = h®(Zyw (a — 2,b)) = 1 (Remark 3.1).

If h(Zw (a — 2,b)) < 1, then h®(Zguw (a,b)) = 0, concluding the proof in this case.

Now assume h*(Zy (a — 2,b)) = 0 and hence h°(Zy (a — 2,b)) = (a — 1)(b+ 1) — 3z. To prove this
case we need to prove that either h°(Zyua(a — 2,b)) = 0 or h'(Zwya(a — 2,b) = 0. Since W is
general, W N L = (). Since A is general in L and #A4 = (b+ 1)/5, it is sufficient to prove that
h(Zyw (a — 3,b)) < min{0, (a — 1)(b+1) — 3z — (b+1)/5}.

If a > 4, the inequality h°(Zw (a — 3,b)) < min{0, (a — 1)(b+ 1) — 3z — (b+1)/5} is true, because
either h°(Zy (a — 3,b)) = 0 or h*(Zw(a — 3,b)) = 0 or h°(Zyw (a — 3,b)) = W' (Tw(a — 3,b)) = 1
(Remark 3.1).

Now assume a = 3. We have h®(Zy (1,b)) = 2b+2 — 3z and h°(Zw (0,b)) = b+1 < h®(Zyw (1,b)) —
(b+1)/5. O

Fix the bidegree a, b of the line bundle Ox (a, b). Instead of a prescribed number of copies of J(2)
we may use an arbitrary, but small with respect to b, number of copies of J(2) as in the following

statement (taking all possible e < b — 2 with e =4 (mod 5)).

Proposition 3.6. Fiz positive integers a, e and b such that e =4 (mod 5), a > 3 and b > e + 4.
The join of (e +1)/5 copies of J(2) and an arbitrary number, ¢, of copies of X has the expected

dimension.
Proof. Let Z; be a general union of s 2-points. Since each element of J(2) has degree 8, it is
sufficient to check the positive integer ¢ such that 8(e +1)/5+ 3¢ < (a4 1)(b+ 1) (Remark 3.2).

Fix L € |Ox(1,0)|. For every p € L let E(p) be an element of Z(p, 2) with as tangent vector the one
associated to L. We have deg(E(p)NL) = 4, deg(Resy (E(p))NL) = 3 and Resy, (Resy (E(p))) = {p}.
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Set By := U,ca E(p). Set ex :=[(b—¢€)/2], fi:=b—e—2e1, e2:=[(b—e—e1 —2f1)/2] and
for=b—e—e1—f1—2f1. Notethat 0 < f; <land0 < fo < 1. Since b > e+2, (eq, f1) # (0,1) and
hence 2e; + f1 > e1 +2f1. Since b > e+4, we have e; +2f; > 2. Take a general AUBUFUF C L
such that #A = #B = (e 4+ 1)/10, #E = ey, #F = f; and the sets A, B, E and F are pairwise
disjoint. Let U be the union of all E(p), p € A. By semicontinuity to prove the proposition for the

integer c it is sufficient to prove h/ (Zyuz, (a, b)) = 0.

Let (2B, L) (resp. (2F, L), resp. (2F, L)) denote the union of all 2-points of L with a point of B
(resp. F') as their reduction. We apply the Differential Horace Lemma for 2-points at each p €
BUF, while add all 2-points 2p of X with p € E. Since hi(L,IBU(UQL)U(QEL)UF(CL, b)) =0,i=0,1,
the Differential Horace Lemma gives that to prove that h'(Zyup- (a, b)) = 0 for a general union U’ of
(e+1)/10+e1 + f1 2-points, it is sufficient to prove h'(Zres, (£,)u(2B,L)u(E,L)uFL) (@ —1,D)) = 0.
We have deg(Resr(E) N L) + deg((2B, L)) + deg((2F,L)) < b+ 1. Thus the intersection 7 of
Resr,(E)U (2B, L) U (E,L)U (2F, L) with L satisfies h'(L,Z.(a — 1,b)) = 0, while its residue is A.

Ifc<(e+1)/5+e1 + fi1, then we get that the join has the expected dimension e + 1 + 3¢ — 1.

Assume for the moment ¢ > (e+1)/54e1+ f1 +es+ fo. Fix a general GUH C L such that #G = e
and #H = fo < 1. We apply the Differential Horace Lemma to H (if fo = 1) and specialize ey
2-points to the 2-points 2p, p € G. Let Z; be a general union of ¢ — (e +1)/5 —e1 — f1 —ea — fa.
To prove that h*(Zyuz, (a,b)) = 0 it is sufficient to prove that h?(Zz,auruen,r)(a — 2,b)) = 0.
This is done as in the proof of Proposition 3.5, even if H # @), by Remark 2.3 applied to L or by

Lemma 3.3.

If (e+1)/54+e1+ fi<c<(e+1)/5+e1+ fi+ex+ fo (and hence ¢ < (e+1)/5+e1 + f1 +e2)
instead of G and H we take G’ with #G' =c—(e+1)/5—e1 — f1 —ez and H' = . O

We explain why a general union of 2 m-points (plus other objects) are easy to handle.

Lemma 3.7. Let Z C X be a general union of 2 m-points, m > 2. Then h*(Zz(m,m — 1)) = 0,
i=0,1.

Proof. Fix L € |0Ox(0,1)| and 0,0’ € L, 0 # o’. We take mo and apply the Differential Horace
Lemma with respect to L and o’. Thus on L we add {0}, at the first residual with respect to L
intersected with L we add (20, L) and so on. Thus the intersection with L of the union W of mo
with this virtual scheme has degree m + 1 and the same holds for the intersection of L with the

first m residual with respect to L. Thus we get the lemma taking several residual exact sequences

of L. O

In the same way we get the following result.

Lemma 3.8. Let Z C X be a general union of one m-point, m > 0, and one (m+ 1)-point. Then

h'(Zz(m,m)) =0, i=0,1.
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Proposition 3.9. Fiz integer m >3, ¢ >0, anda > b > m+ 3. Let Z C X be a general union
of 2 m-points and c 2-points. Then either h°(Zz(a,b)) = 0 or h*(Zz(a,b)) = 0.

Proof. Tt is sufficient to check the positive integers ¢ such that (m + 1)m + 3¢ < (a+ 1)(b+ 1)
(Remark 3.2). Fix L € |Ox(0,1)] and 0,0’ € L, 0 # o'. We take mo and apply the Differential
Horace Lemma with respect to L and o’. Thus on L we add {o}, at the first residual with respect
to L intersected with L we add (20, L) and so on. Thus the intersection with L of the union W of
mo with this virtual scheme has degree m + 1 and the same holds for the intersection of L with
the first m residual with respect to L. We call W this virtual degeneration of a general union
of 2 m-points. Recall (Lemma 3.7) that h*(Zy (m,m — 1)) = 0, i = 0,1. We set Wy := W and
for each ¢ > 1 define recursively the virtual scheme W; by the formula W; := Resr(W;_1). Thus
W; = 0 for all j > m and deg(W; N L) = m + 1 for all ¢ < m. The proof of Lemma 3.7 gives
W (@, (m,m — 1— ) =0,0 < j <m.

Set e := |(a —m)/2] and f := a—m — 2e. Fix a general AU B C L such that #4 =e, #B = f
and ANB = 0.

We call H;, 0 < ¢ < m, the assertion that a general union of W, and an arbitrary number of
2-points has the expected postulation with respect to Ox(a,b — i). The case i = m is true by
Remark 3.1. Since H proves the proposition for ¢, we prove all H; by descending induction on 4,

Thus (changing b and m) we may assume Hj.

Assume for the moment ¢ > e+ f. Let E C X be a general union of ¢ — e — f 2-points. We take
as e of the 2-points the 2-points 2p, p € A. If f # 0 we apply the Differential Horace Lemma to
F'. Since 2e+ f +deg(W N L) = a+ 1, the Differential Horace Lemma shows that to show that to

prove the proposition it is sufficient to prove that h7 (Zw,uruaur,L)(a,b—1)) = 0.

Claim 1: hl(leuE(a, b— 1)) =0.

Proof of Claim 1: By the inductive assumption either h*(Zw, sz (a,b—1)) = 0 or h®(Zw, ur(a, b—
1)) = 0. Since deg(W1 UE) —e —2f = deg(W) + 3¢ < (a + 1)(b+ 1), kY (Zw,uE(a,b— 1)) = 0.

Claim 1 gives h®(Zw,ur(a,b—1)) = (a+1)b—m(m +1) — 3(c — e — f). Claim 1 and Remark 2.3
applied to L or Lemma 3.3 show that to prove Hy it is sufficient to prove that h®(Zy,ug(a,b—2)) <
max{0, (a+1)b—m(m+1)—3(c—e—f)—e—2f}. Since 2e+f = a—mand f < 1,3e+3f+2 < 2(a+1).
Thus h°(Zyw,ue(a,b—2)) = 0.

In the case ¢ < e+ f (and hence ¢ < ¢) instead of A and B we take B = () and A with #4 =c. O
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4 The proofs

In this section we take X = P! x P!. Since dim X = 2, for each m > 0, any p € X and any
Z € Z(m) we have deg((m + 1)p) = ("}?) and deg(Z) =2 + ("}?).

Remark 4.1. Fiz integers a > b > 0 and z > 2. Fiz homogeneous coordinates xg,x1 and yo,y1 of
PL. The vector space H°(Ox(a,b)) is formed by all f € K[xo,z1,y0,y1] which are bihomogenous
of bidegree (a,b), i.e. homogenous of degree a with respect to xo,x1 and homogeneous of degree b
with respect to yo,y1. Thus H°(Ox(a,b)) has as a basis all monomials :cgoa:?lygoyfl such that
(ap,1,80,81) € N*, ag+a; = a and By + B1 = b. Fiz p € X and choose bihomogeneous
coordinates xq, x1, Yo, y1 such that p=((1:0),(1:0)). Set x := x1/x¢ and y := y1/yo. The vector
space H(Z,,(a,b)) is isomorphic to the subspace of the polynomial ring K[z, y] with as a bases all
monomials %y’ with u+v > 2, 0 <u <a and 0 < v < b. Since deg(O,,) = (2‘51) and a > b,
h'(Z.,(a,b)) =0 if and only if b> 2z —1. Ifa > b=z — 2, then h'(Z,,(a,z —2)) = 1.

Proposition 4.2. Fiz positive integers a > b and m.

(1) If b < m, then h*(Zz(a,b)) > 0 for all Z € Z(m).
(2) If b > m, then h'(Zz(a,b)) =0 for all Z € Z(m).
(3) If a > m, then h*(Zz(a,m)) = 0 for a general Z € Z(m).

(4) There is Z € Z(m) such that h'(Zz(a,m)) > 0.

Proof. Fix p € X. We consider Z € Z(p,m). Thus (m + 1)p C Z C (m + 2)p. Parts (1) and (2)

follow from Remark 4.1.

Let L denote the only element of |Ox(1,0)| passing through p.

(a) Now we prove part (4). Use L as Lz to define the scheme Z. Note that L = P! and
deg(Or(a,m)) = m. Thus h°(L,Or(a,m)) = m + 1. By part (b) of Remark 2.2 we have
deg(Z N L) =m+ 2 and hence h'(L,Zznr.(a,m)) = 1. Thus h'(Zz(a,m)) > 0.

(b) Now we prove part (3). Thus a > m. By the semicontinuity theorem for cohomology
it is sufficient to find one Z € Z(p,m) such that h'(Zz(a,m)) = 0. Take Z € Z(p,m)
whose tangent vector is not contained in L. We have deg(Z NL) = m + 1 and Resy(Z) €
Z(m — 1) (even if m = 1) by Remark 2.2. Use the residual exact sequence of L and that
hl(IRCSL(Z)(a —1,m)) =0, because a — 1 > m. O

Proof of Proposition 1.2: The case m = 2, i.e. the case of ¢+ 1 general 2-points is described in

Remark 3.1. Assume m > 2 and that the proposition is true for smaller multiplicities. In step (b)
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we check the case m = 3 and see that the exceptional case b = 2 and a even of the case m = 2

gives no problem for the inductive proof.

(a)

Fix L € |0Ox(0,1)|, p € L, and take mp. For any # € Z we have h°(Or(a,z)) = a + 1.
Note that deg(mp N L) = m and Resy(mp) = (m — 1)p. Since deg(mp) = (m + 1)m/2,
it is sufficient we may assume 3¢ < (a + 1)(b+ 1) — (m + 1)m/2. Thus we need to prove
that h'(Z,puc(a,b)) = 0 for a general union of ¢ 2-points. Set e := [(a + 1 —m)/2] and
f=a+1—m—2e. Thus 0 < f < 1. Assume for the moment ¢ > e+ f. Let E C X be a
general union of ¢ — e — f 2-points. Take a general AU B C L such that #4 =e, #B = f
and AN B = (. We degenerate e 2-points to the 2-points 2¢q, ¢ € A and, if f = 1, apply
the Differential Horace Lemma to F. Since m + 2e + f = a + 1, Resp(mp) = (m — 1)p
and Resy(¢) = {¢} for all ¢ € A, the Differential Horace Lemma shows that to prove
h*(Zmpuc(a,b)) = 0 it is sufficient to prove hl(z(mfl)puEUAu(QB’L) (a,b—1))=0.

Claim 1: h'(Z(;,_1)pur(a,b—1)) = 0.

Proof of Claim 1: Since b —1— (m — 1) = b — m, we may use the inductive assumption.
We have deg(mp) + deg(G) — deg((m — 1)p) — 2e + f = h%(Ox(a,b)) — h°(Ox(a,b — 1)).
Thus to prove Claim 1 it is sufficient to observe that e + 2f < 2e + f, which is true because
a+l—m>2and 0< f<1.

Claim 1 implies h°(Z(,,—1ypup(a, b — 1)) = (a 4+ 1)b —m(m — 1) /2 — 3(c — e — f). Note that
Resr,((m—1)p) = (m—2)p and that deg(AU (2B, L)) = e+ 2f. By Lemma 2.3 to prove that
W (Zim-1)puEuaves,n)(a,b—1)) = 0 it is sufficient to prove that h®(Z(,,—2),up(a,b—2)) <
max{0, (a + 1)b —m(m — 1)/2 — 3(c — e — f) — e — 2f}. Recall that (m + 1)m/2 + 3¢ <
(a+1)(b+1). We have deg((m — 1)p) + deg(E) — deg((m — 2)p) — deg(E) = m. We have
a+1—(m—1)—e—2f > 0, because e > 0, f < 1 and hence 2¢ + f > e + 2f. Since

m—2—b+2=m— 2, we may use the inductive assumption (or Remark 3.1 for m = 4 or

that h®(Z,uE(a,b —2)) = max{0, h°(Zg(a,b — 2)) — 1} for a general p € X if m = 3).

If c < e+ f (and hence ¢ < e) the proof works taking B = () and #A = c.

Assume m = 3. Take L, p, A, B and E as in step (a). We first check Claim 1. Taking a
general L and a general p € L and then taking a general E' we see that 2p U E is a general
union of ¢ —e — f + 1 2-points of X. We have a > b > 0 and deg(2pUE) = 3c+3 —3e — 3f
with 6 + 3¢ < (a+ 1)(b+ 1) and 2¢ + f = a — 2. To conclude the proof of Claim 1 it is
sufficient to use Remark 3.1 and that e + 2f > 2. By Claim 1 to conclude it is sufficient to
check that h°(Z,up(a,b—2)) < max{0,(a+1)b—3 —3(c—e— f) —e —2f}. The generality
of p gives h(Z,,r(a,b—2)) = max{0,h°(Zg(a,b—2)) —1}. Since m = 3, b—2 > 0. Remark
3.1 gives that either h°(Zg(a,b—2)) < 1or h°(Zg(a,b—2)) = (a+1)(b—1)=3(c—e—f). O
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Proof of Theorem 1.1: Since the case m = 0 is true by Remark 3.1, we may use induction on m
even if m = 1. Fix L € |Ox(0,1)| and o € L. Take U € Z(o,m) with L not as its tangent vector.
By (3.3) it is sufficient to take a positive integer ¢ such that (m;l) +2+3c<(a+1)(b+1) and
prove that h'(Zyuw (a,b)) = 0 for a general union W of ¢ 2-points. By part (a) of Remark 2.2
W := Resp(U) € Z(o,m — 1), L is not the tangent vector of W and deg(W N L) = m + 1. Set
e:=[(a—m)/2] and f =a—m —2e. We have 0 < f < 1. Since a > m + 2, e > 0 and hence
2e+ f>e+2f.

Claim 1: h'(Zgug(a,b—1)) = 0.

Proof of Claim 1: We have b—m = (b—1) — (m—1) and hence it is sufficient to use the inductive
assumption. We have deg(UUW) —deg(GUE) = m+1—3(e+ f) and h°(Ox (a, b)) —h°(Ox (a,b—
1)) =a+1. Since a+1=m+ 1+ 2e+ f, Claim 1 follows from the inductive assumption.

Claim 1 implies h°(Zgup(a,b—1)) = (a+1)b— () =2 —3(c — e — f). We have G’ = Res.(G) €
Z(o,m —2) if m > 2 and G’ = {o} if m = 1. We use Lemma 2.4 applied to the image of the
restriction map HO(IcuEuAU(QRL) (a,b—1)) — H°(Or(a,b—1)). To conclude the proof for m, c,
a and b using it is sufficient to prove that h%(Zgup(a,b—2)) < max{0, (a+1)b— () —2—3(c—e—
f)—e—2f} and that deg(G'UE) < (a+1)(b—1). The first inequality follows from the inductive
assumption, while the second one follows from the following facts: deg(U) + 3¢ < (a + 1)(b + 1),
deg(U) —deg(G') =2m+1,3c—deg(E) =3e+3f,m+1+2+ f=a+1and f <1.

If c < e+ f (and hence ¢ < e) the proof works taking B = () and #A4 = c. O
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