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ABSTRACT

In this article, we investigate the Kenmotsu manifold when
applied to a Dy-homothetic deformation. Then, given a sub-
manifold in a D,-homothetically deformed Kenmotsu mani-
fold, we derive the generalized Wintgen inequality. Addition-
ally, we find this inequality for submanifolds such as slant,

invariant, and anti-invariant in the same ambient space.

RESUMEN

En este articulo estudiamos la variedad de Kenmotsu
cuando se aplica a una deformaciéon D,-homotética. Luego,
dada una subvariedad en una variedad de Kenmotsu D,-
homotéticamente deformada, derivamos la desigualdad de
Wintgen generalizada. Adicionalmente, encontramos esta
desigualdad para subvariedades tales como oblicuas, inva-

riantes y anti-invariantes en el mismo espacio ambiente.
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1 Introduction

The Wintgen inequality is a sharp geometric inequality for surfaces in a 4-dimensional Euclidean
]E4 . 1 . G K . . . . . 1 d

space involving Gauss curvature K (intrinsic invariants), normal curvature and square mean

curvature (extrinsic invariants). The intrinsic and extrinsic curvature of a surface can be combined

in the second fundamental form. This is a quadratic form in the tangent plane to the surface at a

point.

Quadratic forms occupy a central place in various branches of mathematics, including number
theory, linear algebra, group theory (orthogonal groups), differential geometry (the Riemannian
metric, the second fundamental form), differential topology (intersection forms of four-manifolds),
Lie theory (the Killing form), and statistics (where the exponent of a zero-mean multivariate

normal distribution has the quadratic form x" 3™ 'x).

P. Wintgen [25], proved that the Gauss curvature K, the normal curvature K+ and the squared

mean curvature ||H||? for any surface M? in E* satisfy the following inequality [1]:
1#]]* > K + K|

and the equality holds if and only if the ellipse of curvature of M2 in E? is a circle. Later, it was
extended by I. V. Guadalupe et al. [12] for arbitrary codimension m in real space forms M(™+2)(c)

as

IH]]* + > K + K.

In 1999, De Smet et al. conjectured the generalized Wintgen inequality for submanifolds in real
space form. The conjecture is known as DDVV conjecture. It has been proved by Zhiqin Lu
in [16] and Jianquan Ge-Zizhou Tang in [11], independently and differently. Ion Mihai [17, 18]
established such inequality for Lagrangian submanifold in complex space form and for Legendrian
submanifolds in Sasakian space forms. Since then numerous authors studied such inequality for

several kinds of submanifolds in different ambient space forms (for example, see [3,12,19-22]).

In 1971, Kenmotsu investigated a class of contact Riemannian manifolds, named Kenmostu man-
ifolds, which satisfy some special conditions [15]. After that Kenmotsu manifolds have been dis-

cussed by Jun et al. [14] and many authors.

In 1968 Tanno [24] introduced the notion of D-homothetic deformation (for more details see [23]).
In [8] Carriazo and Martin-Molina studied D-homothetic deformation of generalized (k, u)-space

forms. De and Ghosh studied D-homothetic deformation of almost contact metric manifolds [10].

In the present article, we obtain the generalized Wintgen inequalities for submanifolds of a D-
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homothetically deformed Kenmotsu manifold. We also discuss such inequality for various slant

submanifolds as an application of the inequality obtained.

2 Preliminaries

An odd dimensional (2n + 1) smooth manifold (M, g) is said to be an almost contact metric
manifold [5], if it admits a (1,1)-tensor field ¢, a structure vector field ¢, a 1-form n and a

Riemannian metric g such that [26]

©’E = —E +1(E)C, (2.1)
Q) =1, ¢()=0, noyp=0, (2.2)
n(E) = g(E, Q), (2.3)
9(pE, oF) = g(E, F) —n(E)n(F), (2.4)
for any vector fields E, F on M.
If a contact metric manifold satisfies
(VeQ)F = —g(E,¢F)¢ — n(F)¢E, (2.5)

where V denotes the Levi-Civita connection with respect to g, then M is called a Kenmotsu
manifold [15].

An almost contact metric manifold is Kenmotsu manifold if and only if
Vi = E—n(E)C. (2.6)

Moreover, we suppose that the Riemannian curvature tensor R, the Ricci tensor S of type (0,2)

in Kenmotsu manifold M with respect to V satisfy [15]

(Ven)F = g(pE,oF) = g(E,F) — n(E)n(F), (2.7)
(Ven)F =0, (2.8)

R(E,F)¢ =n(E)F —n(F)E, (2.9)
R(¢,E)F =n(F)E — g(E, F)(, (2.10)

R(¢,E)¢ = —R(E, ()¢ =E —n(E), (2.11)
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n(R(E, F)G) = g(E,G)n(F) — g(F,G)n(E), (212)
S(E,¢) = —2nm(E), (2.13)
S(pE,pF) = S(E, F) + 2nn(E)n(F). (2.14)

An odd dimensional Kenmotsu manifold /\;l(ap, ¢,m,g) is said to be n-Einstein manifold if S is of

the form

S=ag+bn®n,
where a and b are smooth functions on M.

Definition 2.1 ([24]). If an (2n+ 1)-dimensional contact metric manifold M with almost contact
metric structure (@, ,n,g) is transformed into (%, C* 0, g*), where

1
ot =, C’j:EC, =an g¢=ag+tala—1)nen (2.15)

and « is a positive constant, then the transformation is called a D,-homothetic deformation.

The relation between the Levi-Civita connection V of ¢ and the Levi-Civita connection V* of gf
is given by [2]
~ a—1
Vi F =VpF + ——9(pB.pF) (2.16)

for all vector fields E, F on M.

3 Curvature tensor on Kenmotsu manifold under a D, ,-homo-

thetic deformation

Let M be Kenmotsu manifold of dimension (2n +1). The curvature tensor RF of M under a

D,-homothetic deformation V* is defined by [13]

RYE,F)G = VgV rG — V pVi G — Vi g 1 G. (3.1)

In the work by Blaga [4], the curvature tensors of forms (1,3) and (0,4), along with the Ricci

curvature tensor and scalar curvature are presented.

RY(E,F,G,H) = R(E,F,G,H) + aT_l[g(wR ©G)g(E,H) — g(¢E, pG)g(F, H)], (3.2)
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Ru(E’Fa GvH) = aR(E’F’G’H) + (a - 1){7](G)[77(E)9(F7H) - U(F)Q(EaH)]

—9(E,G)lg(F, H) = n(F)n(H)] + g(F,G)[g(E, H) — n(E)n(H)] } (3-3)

- —1
SHE.F) = S(5.F) + 20 (“ 1) oloB. P, (3.4
where S and S indicate Ricci curvature tensors with respect to V¥ and V. Also, the scalar

curvatures 7! and 7 with respect to V# and V are related by

N 2n(2n + 12)(Oz - 1).

1

et 3.5
S - (3.5)
Thus, we have the following result:

Proposition 3.1. In an n-Einstein Kenmotsu manifold of dimension (2n + 1), the Ricci tensor

is given by

s(e.7) = |52 atmpy 4 [ = s ) - e,

for any vector fields E, F on M. Here Q is the Ricci operator defined by 5’(E, F)= g(QE,F).

By equation (3.4) and Proposition 3.1, we have

Theorem 3.2. Let M(g,(,n,9) be a (2n + 1)-dimensional n-Einstein Kenmotsu manifold. Then
the manifold /\;l(cpﬁ, ¢t ot g%) is again an n-Einstein manifold under a Do-homothetic deformation
with

T+ 2 -1
T+ n+2n0z

SYE,F) =

- ]g(E,F)+ {in —

for all E,F € T(M).

4 Wintgen inequality for submanifolds in Kenmotsu manifold

under D, -homothetic deformation

The present section deals with the derivation of generalized Wintgen inequalities for submanifolds

in Dy-homothetically deformed Kenmotsu manifold.

Let M be m-dimensional submanifold of (2n + 1)-dimensional D,-homothetically deformed Ken-
motsu manifolds M. Let V and V* represent the induced connections on the tangent bundle

TM and T+M of M, respectively and denote by h the second fundamental form of M for all
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E,F € T(TM) and N € I'(T+ M), recall the Gauss and Weingarten formulas by
VeF =VgF +h(E,F),

and

VeN = —ANE + VN,

where Ay is used for notation of the shape operator of M with respect to N. The following

equation is well known

g(ANE,F) = g(h(E,F),N), forall E,FecT(TM), NecTI(T*M).

Let R is the Riemannian curvature tensor of M. Then we recall the equation of Gauss given by

R(E,F,G,H) = R(E, F,G,H) — g(h(E, H), l(F, G)) + g(h(E, G), h(F, H)), (4.1)

for all E, F,G,H € T'(TM).

On combining (3.2) and (4.1), we arrive at

RYE,F,G,H)=R(E,F,G,H) — g(h(E,H),h(F,G)) + g(h(E,G), h(F, H))

* aT_l[g(g’Fv ¢G)g(E, H) — g(¢E,¢G)g(F, H)],

which gives

R(E,F,G,H)=RYE,F,G,H)+ g(h(E,H),hF,Q)) — g(h(E,G), h(F, H))

- (aa 1) [9(pF, ¢G)g(E, H) — g(¢E,¢G)g(F, H)]. (4.2)

Assume that {e1,..., e} and {€m,41,. .., €2,41} represent local orthonormal tangent frame of the
tangent bundle T M of M and a local orthonormal normal frame of the normal bundle T+M of

M in M. Define the mean curvature vector H of M by
i1 "
and squared norm of second fundamental form by

1812 =" g(hlei e;), hles )’ (4.4)

i,7=1
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Here we note that a submanifold M in M is called minimal if H = 0.

We write the scalar curvature 7 of M at p € M as

T= Z R(ei,ej,€;5,€;) (4.5)

1<i<j<m

and define the normalized scalar curvature p of M by

pm e 2 S Kleiney), (4.6)

m(im—1) m(m-—1) < TFem

where K is the sectional curvature function on M.

The scalar normal curvature IC,, in terms of the components of the second fundamental form by

the following expression [17]:

m 2
ICnor = Z Z ( h;khfk - h:khjk> . (47)
k=1

1<r<s<2n—m+11<i<j<m

We also have the following relation for the normalized scalar normal curvature [17]

2
Prnor = ——7 -~V ’Cnor- (48)

m(m — 1)

Now, we prove the generalized Wintgen inequality for submanifolds of D,-homothetically deformed

Kenmotsu manifold M.

Theorem 4.1. Let M be an m-dimensional submanifold of a Dy-homothetically deformed Ken-

motsu manifold M of dimension (2n +1). Then

m—1 a—1

(07

where p* denotes the normalized scalar curvature with respect to V¥.

Moreover, the equality case holds uniformly in (4.9) if and only if the shape operators A,, r =

{1,...,2n —m + 1} take the following forms with the suitable orthonormal frames:
prop 0 00
w0 ... 0

A= 0o 0 m ... 0 |, (4.10)

0 0 0 ... m
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fo + 0 0o ... 0
0 pe—p 0 ... 0
Ay = 0 0 pz ... 0 |, (4.11)
0 0 0 Lo
0 U3 0 0
A3: 0 0 M3 .. 0 s 144:~-~:142n,7ﬂ+1:07 (412)
0 0 0 143

for some suitable orthonormal basis {e1,...,em} of TpM and {En,..., Esyp_mi1} of T;'M. Here

1, o, 3, and p are real numbers.

Proof. Assume that {e1,...,en} and {emy1,...,e2,41 = ¢} denote the local orthonormal tangent

frame and local orthonormal normal frame on M respectively. Then, in view of (4.2), we have

T = Z R(ei,ej,ej,ei)

1<i<j<m
= > {Rﬁ(%ejvejvevt)+g(h(%6z’)7h(ejv€j))g(h(eivej)ah(ejvei))
1<i<j<m
a—1
o g(wej, pej)glei, ei) — glpei, pej)gle;, ei)

2n—m-+1

=t (m— 1) (“2@1) + Z [iihs, — ()2 (4.13)

=1 1<i<j<m

On the other hand, we note that

2n—m-+1 m
mAHIE = > (Yo n)?
r=1 =1

2n—m+1 2n—m-+1

2
1 T T 2m T T
e (’%‘hﬂ> e D DD DU
1<i<j<m

r=1 r=1 1<i<j<m
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But from [16], it is known
2n—m+1 2n—m+1

Z > (b= h5)? +2m Z >

= 1<i<j<m = 1<i<j<m

> 2m > > (Z (h;khfk—h;kh;kD . (4.15)

1<r<s<2n—-m 1<i<j<m \k=1

On combining (4.14), (4.15) and (4.7), we have

2n—m-—+1
At > 2SS (- 06

=1 1<i<j<m
_ nfr_”l{vfu(ml)?(%;l)]. (4.16)
Hence, by substituting (4.8), (4.13) into (4.16), we arrive
IHI® = pror = p = p* + (m_l) (a — 1>,
m «
whereby proving the inequality (4.9). O

An immediate consequence of the Theorem 4.1 yields the following:

Corollary 4.2. Let M be a minimal m-dimensional submanifold in a D, -homothetically deformed

Kenmotsu manifold M of dimension (2n + 1). Then
-1 -1
p—pﬁ+pnor+<m )(a ><0~
m et

5 Wintgen inequality for #-slant submanifolds in Kenmotsu

manifold under D,-homothetic deformation

Let M be a submanifold of a D,-homothetically deformed Kenmotsu manifold M. For each
nonzero vector U tangent to M at any point p if the slant angle between T'M and U is independent
of the choice of p € M, then M is said to be slant submanifold. Observe that submanifold M
becomes p-invariant and e-anti-invariant if the slant angle 6 = 0 and 6 = 7, respectively. A slant
submanifold which is neither invariant nor anti-invariant is called proper slant (or @-slant proper)

submanifold.

Recall the results of [6,7,9] the following properties of slant submanifolds in an almost contact

metric manifolds holds.
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Theorem 5.1 ([7]). Let M be a submanifold of an almost contact metric manifold (M, ¢,n,(,g)
such that ¢ € '(TM). Then

(1) M is slant if and only if there exists a constant § € [0,1] such that P* = —6(I —n ® ().
Furthermore, if the 0 is the slant angle of M, then 6§ = cos? 6

(2) g(PU, PV) = cos? 0[g(U, V) — n(U)n(V)], for any U,V € T(TM).

Now, we prove the generalized Wintgen inequality for #-slant submnaifolds of D,-homothetically

deformed Kenmotsu manifold M.

Theorem 5.2. Let M be an m-dimensional 0-slant submanifold of a D,-homothetically deformed

Kenmotsu manifold M of dimension (2n +1). Then

m—1 a—1
pron+p— < |H|2—cos29(m)( ) (5.1)

«

Proof. Suppose that the local orthonormal tangent frame field on M is as follows: {ej,eq =
secOPey, ... ,em_2,em_1 =secOPe, o, e, = (} and the local orthonormal normal frame field on

M is given by {€m11,...,eant+1}- Then we have

T = Z R(ei,ej,ej,ei)

1<i<j<m
= > {Rﬁ(ez"emewei) + g(h(ei, ), hej, e5)) — g(hlei, e;), hlej, €;))
1<i<j<m
a—1
- ( - ) [9(Pej, Pej)g(ei, e;) _Q(Peiapeﬂg(ejaei)}}

2n—m-+1
— 7t (m — 1)2 cos? 9(0‘ — 1) + Y [h; - (h;)?] (5.2)

2a —
r=1 1<i<j<m

By using similar arguments as in the proof of Theorem 4.1 and (5.2), we get the desired inequality

(5.1). O

Remark 5.3. In case of an m-dimensional 0-slant submanifold M of a Dy-homothetically de-
formed Kenmotsu manifold M of dimension (2n 4+ 1). The equality case holds uniformly if and
only if the shape operators take the following forms with the suitable orthonormal frames as in

Theorem 4.1.

Now, we classify the geometrical bearing of invariant and anti-invariant submanifolds a Dg-
homothetically deformed Kenmotsu manifold M of dimension (2n + 1) in terms of slant angle

0 and in light of Theorem 5.2.

If M is an invariant submanifold, then # = 0. Then we turn up
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Corollary 5.4. Let M be an m-dimensional invariant submanifold of a Dy-homothetically de-

formed Kenmotsu manifold M of dimension (2n +1). Then

0= < P - () (S5 (5.3)

m «
If M is an ant-invariant submanifold, then § = 7. Then we have

Corollary 5.5. Let M be an m-dimensional anti-invariant submanifold of a D,-homothetically

deformed Kenmotsu manifold M of dimension (2n+1). Then
pnor"‘p_pji < HHH2 (5.4)

Remark 5.6. The equality case holds uniformly if and only if the shape operators take the following

forms with the suitable orthonormal frames as in Theorem 4.1.
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1 Introduction

In the last few decades, many researchers paid attention on impulsive differential equations, because
the models subject to abrupt changes are not described by classical models, so such type equations
simulated in term of impulsive models. In the nature, there are lots of systems in which the
time evolution of the state variable depends on the past history in some arbitrary way subject to
abrupt changes are modeled in impulsive functional differential equations, see [12-14,16,19,41,43|
for update. These equations arise in several fields of science and engineering which describe the
evolution processes. The impulsive effects may be instantaneous or non-instantaneous (more details
[2,25,37]) which is shown in many biological phenomena involving thresholds, optimal control

models in economics, etc.

The reason of receiving great attention of fractional calculus is that it describes the memory and
hereditary property. Due to this property fractional mathematical models give the more realistic
and practical results than the ordinary models. For the fractional calculus and its applications
see the monographs and papers [7,30,31, 34,38-40] and references therein. Further, more specific
type of functional differential equations are state dependent delay equations which arise in applied
model when traditional simplifications are abandoned. For recent development theory of functional
differential equations with state dependent delay reader can see the papers [1,6,8,17,18,21] and

references therein.

In additional, fractional differential inclusion is the generalization of fractional differential equa-
tion; therefore, all problems which contain the property of solution such as existence, uniqueness,
stability, periodicity and controllability are presented in the theory of inclusion. A differential
inclusion usually has many solutions which start from a given point and pass through others. It is
recently seen that new issue appear in the differential inclusion for the investigation of topological
properties of the set of solution, and selection of solutions. One can see the articles [9, 10, 15] for

more info about this hot topic.

In this appraise, we describe the existence of solution for fractional order case. Feckan et al. [19]
gave the suitable definition of solution for impulsive nonlinear fractional differential equation of
order @ € (0,1), and Wang [43] extended the problem considered in [19] for the order « € (1, 2).
Wang et al. [41] defined the mild solution using the probability density function for impulsive
fractional evolution equations of order o € (0,1), and motivated by [41] authors [16] extended the
definition of mild solution for neutral impulsive fractional functional differential equation with order
a € (0,1) using analytic operator theory. Shu et al. [40] determined the definition of mild solution
for fractional differential equations with nonlocal conditions to order o € (1,2) without impulse.
The existence results of mild solution for impulsive fractional differential inclusions with nonlocal
conditions investigated by Wang et al. [42] when the linear part is a fractional sectorial operator

for convex and nonconvex of nonlinear term. Liu and Ahmad [32] analyzed an impulsive multi-
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term fractional differential equations with single and multiple base points for Caputo’s fractional
derivative. Recently, Feckan et al. [20] proposed two type Caputo’s fractional derivative named as
generalized Caputo’s derivative for single base point with the lower bound at zero and classical

Caputo’s derivative for multiple base points with lower bounded at non-zero.

Controllability is one of the contemplated properties of fractional dynamical systems (FDSs) that
confirm the steering of a FDS from an arbitrary initial state to a desired arbitrary final state via a
set of certain admissible control. In 1963, Kalman [28], first time gave the notion of controllability.
Based on the available literature, we found that there are various concepts of controllability, some

like

e approximate controllability (any state vector may be steered arbitrarily close to another state

vector)
e exact controllability (any pair of state vectors may be connected by a trajectory)
e the null controllability (any state vector may be steered to 0)

e T —controllability (we look for a control which steers the system along a prescribed trajectory

rather than a control steering a given initial state to desired final state.)

It is obvious that T —controllability is a stronger notion than other controllability notions. For
example: To launch a rocket in space sometimes it may be desirable a precise path along with
desired destination for cost effectiveness and so on, which is based on T —controllability notation.

For more details on T —controllability one can see the papers [11,23,27,35] and reference therein.

We found that there is no literature available on existence of mild solution for instantaneous and
non-instantaneous impulsive fractional differential inclusion of order o € (1,2). By inspiration of
works [11, 16,19, 23,27,29, 33, 35, 36,40, 41,43-45], we consider the following fractional functional

differential inclusion with instantaneous and non-instantaneous impulsive effects.

First, we obtain the sufficient conditions of existence of mild solution for the following problem

with instantaneous impulse

§Du(t) € Au(t)+ f(tupru,)), 0<t<T, t#ty, k=12,...,m, (1.1)
w(t) = o), te(—o00,0; u(0)=uy€X, (1.2)
Au(te) = I(u(ty)); Au'(te) = Ji(ulty)), (1.3)

where §'D§ denotes the generalized Caputo’s fractional derivative of order a € (1,2) for the state
u(t) belong to complex Banach space X and A : D(A) C X — X is the closed linear densely defined
operator of sectorial type defined on X. The functions f : [0,T] X B, — F(X); p:[0,T] x B, —
(=00, T); &(t) : (—o0,0] — X satisfy some assumptions, and ¢(¢) in to a abstract phase space B..
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The notation (0, T'] denotes operational interval such that 0 < tp < t1 < -+ <ty < tpmy1 < T < 00.
The history function wu; : (—o00,0] — X defined by u;(0) = u(t+6), 6 € (—o0,0] belongs to B, and
u’(t) denotes the ordinary derivative of u(t). The jump functions Iy, J, € C(X, X), k=1,2,...,m,
are bounded and Au(ty) = u(t]) —u(t; ) where u(t}) and u(t, ) represent the right-hand and left-
hand limits of u(t)att = ¢, with u(t;) = u(tx). Also, we have Au'(t) = o/ () — u'(t;;) where
u'(t) and u/(t;) represent the right-hand and left-hand limits of u'(t)att = t, also we take

u'(t, ) = u'(t) respectively.

Second, we give the sufficient conditions for problem with non-instantaneous impulsive fractional

functional differential equation

§ D u(t) = Aut) + f(t, Up(turys Bptun))s t € (sivtisr) € (0,T], i=0,1,...,N, (1.4)
u(t) = gi(t,u(t)), u'(t)=qt,u®), te(tys], i=1,2,...,N, (1.5)
u(t) + G(u) = ¢(t), te (—00,0] u(0)=u; € X, (1.6)

where § D§ is classical Caputo’s fractional derivative. f : [0,7] x B, x B, — X,G : X — X
are given functions and satisfy some assumptions and the term Bu,( ) is given by Bu, ) =
fot K(t,5)(up(s,u,)) ds where K € C(D,R") is the set of all positive functions which are continuous
onD={(ts)eR?:0<s<t<T}and B* = SUPyeo,¢] ng(t,s)ds < 0o. Here 0 =) = 59 <
t1 <81 <ty < - <ty < sy <tyy1 =T are pre-fixed numbers, and g;, ¢; € C((t;, s;] x X; X) for
all i = 1,2,..., N. The nonlocal condition G(u) defined as G(u) = Y_;_; cpu(ty), where ¢;, k =

1,...,r, are given constants and 0 < t; <t < --- < t, < T respectively.

Finally, we consider nonlinear fractional delay differential equation with non-local condition and

provide some sufficient conditions for 7 —controllability for the equation of the form:

ng‘u(t) = Au(t) + B (t) + f(t, upt,ur), BUpuy)), t € (si,tip1] € (0,T], i =0,1,...,N,(1.7)
uw(t) = gi(t,u(t), u'(t)=q(t,u®), te(t,s], i=12,...,N, (1.8)
u(t) + G(u) = ¢(t), te(—o00,0] u(0)=u; € X, (1.9)

The linear operator B : U(Banach space) — X is a bounded operator and w(t) € L2(J,U) is a

control function of the system.

Moreover, a strong motivation to study the model problem (1.1), (1.4) and, (1.7) with aftereffect
and subject to impulsive conditions (1.3), (1.5) and (1.9) comes from physics because this model
represents the inverse heat condition problem. In this paper, we have used the standard fixed point
technique taking generalized and classical Caputo’s fractional derivative in abstract phase space

to established the results.

Further, motivation is that in dynamical models, generally we assume that the linear or non-linear
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terms are smooth or continuous functions. However, in many modern models, the underlying
dynamical models are not necessarily even continuous. For examples, models of friction and Low
dimensional climate models do not belong to above models so to remove the restriction or for non-
smooth systems with the discontinuous terms are frequently remodeled as a differential inclusion.

This is the advantage to study the qualitative analysis of this paper.

A strong motivation to prove the existence results that the knowledge of existence does not prove
the uniqueness of solutions also. For example, we have some fractional differential equation model
like OCDtl/Qx(t) = 2'/2(t) with initial condition z(0) = 0 for ¢ € [0,T] has a trivial solution 2 = 0
and non trivial solution x(t) = Ft. This shows that the solution obviously exists and is not unique
because it fails to satisfy the Lipschitz continuity condition. Hence, in a differential equation,
solution can exist and can be not unique. In other words, the knowledge of existence does not

ensure the uniqueness of the solution.

Further information about this work, it has five sections. Section 2 provides some basic definitions,
theorems, notations and lemmas. Section 3 is equipped with existence results of the mild solution
for the considered problems (1.1)-(1.6). Section 4 contributes to the Trajectory controllability
results for the considered fractional delay differential equation. In Section 5 examples are provided

to illustrate our results.

2 Preliminaries

Let X be a arbitrary complex Banach space with norm || - || x and L(X) denotes the Banach space
of bounded linear operators from X into X with norm | - ||z (x) and both are equipped with its
natural topology. Let C([0,T], X) be the space of all real valued (or complex valued) continuous

functions from [0, 7] into X with the sup norm

lulle o,y x) = sup {[lu(t)|lx : we C([0,T], X)}.
t€[0,T]

is a Banach space.

For the general setting of abstract phase space 8., B/, with impulse effects we refer the work [16,24]
and for further notations like ¢ D¢ (Caputo’s derivative), ,J (Riemann-Liouville integral) and
E, 5(-) (Mittag-Leffler function) we refer [34,38]. For A : D(A) C X — X (Sectorial operator)
see [40], and for S, (t), T, (t) (Operators) [40] particular case of W, g(t) (Operator functions) we
refer [22] respectively.

Let T be the set of all functions ¥(-) € B/, defined on J = [0, 7] such that ¥(0) = ¢(0), ¥ (0) = w1
and 9(T) = ¢r, ¥'(T) = ur for all t € J and the fractional derivative © D&J(t) exist almost

everywhere. The set T is called the set of all feasible trajectories for the fractional dynamical



368 G. R. Gautam, S. Pinelas, M. Kumar, N. Arya & J. Bishnoi CUBO

25, 3 (2023)

system.

Lemma 2.1 ([24]). Letu : (—oo,T] = X be a function such thatuo = ¢, u | (1, t,,,1€ C?((tr, tesa], X),
then for all t € (tg,tg41], the following conditions hold:

(C1) ut € Be.

(C2) Nlu®)lx < Hllulss, -

(C3) Nuells, < K(t)sup{|lu(s)]]:0<s <t} + M(t)||¢|ws,, where H > 0 is constant; K, M :
[0,00) — [0,00), K(-) is continuous, M(-) is locally bounded and K, M are independent of

u(t).

(Cy) The function t— ¢y is well defined and continuous from the set

R(p™) = {p(s,9) : (s,4) € [0,T] x B}
into B, and there exists a continuous and bounded function J? : R(p~) — (0,00) such that
e, < J2(O)lIglls, for every t € R(p™).

Lemma 2.2 ([8]). Letu : (—o0,T] — X be function such thatug = ¢, u |z, ¢,,11€ C*((tk, trg1), X)
and if (Cy) hold, then

luslls, < (Me + J?)[élls, + Kesup {[u(@)]; 0 € [0,max{0,s}]}, s € R(p™) U (th, tra,
where J¢ = SUDteR(p-) Jo(t), M, = supseio,r) M(s) and Ke = sup,ejo ) K (s).

To use the multi-valued analysis that is discussed in reference [9], we have some properties which
are required to prove our main result. Denote by F(X) = {Y € X : Y # 0},Fa(X) =
{Y ¢ F(X) : Y isclosed}, F(X) = {Y € F(X) : Y is bounded}, Fo,, (X) = {Y C F(X) :
Y is convex}, Fep,(X) = {Y C F(X) : Y is compact}.

A multi-valued map G : X — F(X) is convex (closed) valued if G(x) is convex (closed) for all
x € X. G is bounded on bounded sets if G(B) = U,epG(z) is bounded in X for any bounded set
B of F(X) (i-e. sup,ep{sup{[lyll : y € G(x)}} < o0).

A multi-valued map G : [0,7] — P, (X) is said to be measurable if for each y € X the function
Y :[0,7] — R defined by

Y(t) = d(y, G(1)) = inf{ly — 2| : 2 € G(1)},

belongs to L([0, T],R).
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Definition 2.3 ([9]). A multi-valued map F : [0,T] x X — F(X) is Carathesdory if

(i) t — F(t,u) is measurable for each v € X, and

(1) u— F(t,u) is upper semi continuous (u.s.c.) for almost all t € [0,T].
For each y € C([0,T], X), define the set of selections for F by

Sp, = {v e L'([0,T],X) : v(t) € F(t,y(t)) for a.e. t € [0,T]}.

Let (X, d) be a metric space induced by the norm space (X, ||-||x). Consider Hyq : F(X)x F(X) —
R} U oo given by

H,(A, B) = max { sup d(a, B),sup d(A, b)}7
acA beB

where d(A,b) = inf,ec 4 d(a,b) and d(a, B) = infyep d(a,b). Then (Fp o (X), Hq) is a metric space

and (Fq(X), Hyg) is a generalized metric space.

Definition 2.4 ([9]). A multi-valued operator N : X — Fo(X) is called:
(i) v—Lipschitz if there exists v > 0 such that

Ha(N(x), N(y)) < yd(z,y) for all z,y € X;

(it) a contraction if it is vy-Lipschitz with v < 1.

Lemma 2.5 (|9]). Let (X,d) be a complete metric space. If N : X — Fo(X) is a contraction,
then Fiz N # (.

Lemma 2.6 ([9]). Let f satisfy the uniform Holder condition with exponent § € (0,1] and A is
a sectorial operator of the type (M, 0, a, ). Consider differential equation of order a € (1,2) with

instantaneous impulse

§Dfu(t) = Ay(t)+ f(t), te[0,T], t+#t, (2.1)
uw0) = weX; u(0)=u €X, (2.2)
Au(ty) = In(u(ty)); Au'(tr) = Je(u(ty)), t#te, k=1,2,....m. (2.3)

and with non-instantaneous impulse

ED?u(t) = Au(t)+f(t)7 te(si,ti+l] CJ:(CL’T]’ GZ(), Z.:0317'~-3Na (24)
uo € X; u'(a) =u € X, (2.5)

=
Q

~
Il

<
—

~
=

gi(t,u(t));  u'(t) = qi(t,u(t)), te(tis)], i=1,2,...,N. (2.6)
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Then a function u(t) € PC(]0,T),X) is a solution of the system (2.1)-(2.3) if it satisfies following

integral equation

Sa(t)uo + ur fot Sa(s)ds + f(f To(t — s)f(s)ds, t e (0,t]
u(t) = § Sa(thuo +ur [ Sa(s)ds + XK Salt — 1) L(ult;)) (2.7)
+Zi=1 Ji(u(t;) fti Sa(s —t;)ds + fo (t—s)f(s)ds, te (ty, tps1],

and a function u(t) € PC([a,T],X) is a solution of system (2.4)-(2.6) if it satisfies the following

integral equation

u(t) = So(t —a)ug +uy [, Sa(s —a)ds + [, To(t — s)f(s)ds t € (a,ty], 2.8)

Sa(t = si)gi(si,u(s:)) + qi(si,u(s)) [{, Sals —ti)ds + [1 Ta(t —s)f(s)ds t € (si,ti1]

Remark 2.7. The a-resolvent family T, (t) associated with solution operator S, (t) can be defined
as

t
/ Sa()xdf = 0 T1Sa(0)xdd; To(t)x =0T 'Sa(@)xdd, zcX, tel0,T].
0

For the special case when o — 2, we get following results

(1) To(t) is the cosine function C(t) and S, (t) is the sine function S(t) defined as
¢
(t)x :/ C@)xdd, zeX, te][0,T]
0

(2) Solution of system (2.1)-(2.3) fort € (0,T] can be reduced as

C(t)uo + S(t)us + fo (t—s)f(s)ds t € (0,t1]
u(t) = C(tyug + S(t)uy + Zi;l Ot = ti)Li(u(t;))
+Z7 1St —t)J; +f0 (t—s)f(s)ds te€ (tr,tri1],

which is the same as Definition 2.1 in [26].

(3) Solution of system (2.4)-(2.6) for t € (a,T] can be reduced as

C(t — a)ug +ur [, S(s — a)ds + ft S(t —s)f(s)ds t € (a,ty],

u(t) =
C(t = s0)gilsisuls:)) + alsisulsi)) fy, S(s = ti)ds + [1 S(t = 8)f(s)ds € (si,tir]

which is the same as Definition 2.1 in [25].
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Definition 2.8. A function u : (—00,T] — X such that uw € B, is called a mild solution of
problem (1.1)-(1.3) if u(0) = ¢(0) and it satisfies the following integral equation

Sa(t)(0) +uo [y Sa(s)ds + [ Tul(t — 5) (5, Up(s ) )ds, te (0t
u(t) = § Sa(t)$(0) +uofO ds+21 L Salt =)L (u(t)
+ Zl 1 ft ;)ds + fO (t—s)f(s, up(87us))ds, t € (t, thy1]-

Definition 2.9. A function v : (—o0,T] — X such that u € B, is called a mild solution of the
problem (1.4)-(1.6) if u(0) = #(0) — G(u) and satisfies the following integral equation

(¢(0) = G(u))Sa(t) + w1 fy Sals)ds

u(t) _ +f0tTa(t)f(Saup(9u )vBup(su )dS te (O,tl],
gi(siu(s:))Sa(t — s1) + qi(si,u(s:)) [, S ds
+ fst Ta(t = 8)f (s, tp(s,u,): Buﬂ(s,us))dsv t € (siytit1l,

fori=1,2,...,N.

Definition 2.10. The system (1.1) is said to be T —controllable if for any u(-) € T there exists
a control function w(t) € L2(J,U) such that the corresponding solution u(-) of Eq. (1.1) satisfies

u(t) = 9(t) almost everywhere.

Definition 2.11. A function u : (—o0,T] — X such that u € B, is called a mild solution of the
problem (1.7)-(1.9) if u(0) = ¢(0) — G(u) and satisfies the following integral equation

(0(0) — ( )Sa(t) + 1 [y Sa

+ fo Ta(t — 8)[Bao(s) + f(5,wp(s,u,), Bu (5 us))}ds t€(0,t],
gi(si,u(si))Sa( si) + qi(si,u(s;) ft i)ds

+ L Ta(t = 8)[Bw(s) + (5, tp(s a0 Bup(s us))]ds, t € (sirtiza],

3 Existence result of mild solution

In this section, we shall establish the existence result of solution for the problems (1.1)-(1.6) for
the both case of impulsive effects and also prove the continuous dependent of solution on initial
conditions. Further, if A is a sectorial operator then strongly continuous functions are bounded -
i.e.,

[Sa@llLx) < M [[Ta(b)lLx) < M.
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3.1 Instantaneous case

In this case, we prove the existence of mild solution for problem (1.1)-(1.3) with a non-convex

valued right-hand side. Due to this analysis we can make the following assumptions:
(H1) f:]0,T]xB. — Fep(X) is Caratheddory and has the property that f(-,4) : [0,T] — Fep(X)
is measurable, for each ¢ € B,.

(Hy) There exists [ € L'([0,7],RT) such that

Hy(f(t,9), f(t,€)) <U@)[¢ =€l for every  ¢,& € B

and

d(0, f(¢,0)) <I(t) ae. tel0,T].

Our result is based on contraction multi-valued fixed point theorem given by Covitz and Nadler [15].

Theorem 3.1. Let the assumptions (Hy) and (Hs) hold. Then problem (1.1)-(1.3) has at least

one mild solution u(t) on [0,T)].

Proof. Consider the space B. = {u € B, : u(0) = ¢(0)} and y(t) = ¢(t) for t € (—o0, 0] endowed
with the uniform convergence topology. We shall show that P has fixed points, where the multi-

valued operator P : B! — F(B) defined as P(u) = {e € B!} with

Sa(t)(0) + ug fot Sa(s)ds + fot To(t — s)v(s)ds, t € (0,t1],
e(t) = | Sa(t)$(0) + uo fo s)ds + 3y Salt — i) Li(u(t;))
+ T ft i)ds + [T To(t — s)v(s)ds, t€ (ty, i),

where v(s) € Sfa,,,., for t € [0,7] and @ : (=00, T] — X is such that u(0) = ¢#(0) and u = u
n [0,7]. We shall show that P has fixed points. Let P(u) € Fu(BY) for all v € BY. Let
{tn}n>0 € P(u) be such that u,, — u € B,’. Then there exists v,, € Stti,a,, such that, for each

t € (t, tpt1l],

Sa(t)$(0) + uo fo $)ds + Y1y Salt — ti)Li(un(t))
+Zl 1 ft ti)derfO To(t — s)v,(s)ds.

un(t) =

Using the fact that f has compact values, we may pass to a subsequence if necessary to obtain

that v, converges to v in L'([0,T], X) and hence v € S.q,,, , - Thus, for each t € (ty,tx11]

Sa(t)$(0) + o fy Sals)ds + X1y Salt — ti)Li(u(t;))
+ Zi:l Ji(u(t;)) fh Sa(s —t;)ds + fo/ To(t — s)v(s)ds,

un(t) = u(t) =
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which implies that u € P(u).

There exist v < 1 such that
Hy(f(u), f(uz)) < vlluy — uglwe for all  uy,us € B.

Let uy,up € B, and € € P(u). Then there exists v(t) € f(t,Up,a,)) such that, for each t €
(tkvtk+1]a

Salt)$(0) +uo fy Sals)ds + X1y Salt — ti)Ti(u(t;))
+ Zi:l Ji(u(t;)) ft Sa(s —t;)ds + fo T (t — s)v(s)ds.

et) =

From (H>) it follows that
Ha(f (1t F (6 U2p(t,,))) < UE)|lur — uz s
Hence, there exists w € f(t, U,(¢,g,)) such that
v —wlley <1@)[lur — uz||sy-
Consider U : [0,T] — F(X) given by
Ut) ={we X : lv—wl| <I{)[ur — uallsy}-

Since the multi-valued operator V(t) = U(t) N f(t, U2p(t,z,)) is measurable [10], there exists a
function vy(t) which is a measurable selection for V. Thus, 0(t) € f(t, U2, (t,u,)) and for each
t € (i trtal,

vu(t) = o(t) < U(t)llur — uzlssy-

For each t € (ty,tr+1] we define

Sa(t)$(0) +uofo (s)ds + 31y Salt — )Ii(u(t;))
+3 )) [ Sa(s — ti)ds + [y Tu(t — 5)(s)ds.

Then, we have

IN

o)) = el < [ ITale = Maollos) — olds <31 [ 1(5)us — ualis

IN

1
/ [(5)[Jur — usllds < =™ Jluy — us sy,
0 T
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where 7 > 1, L(t) = fot MI(s)ds and || - ||s» is the Bielecki-type norm on 9B; defined by
lullsy = supfe™ ™ Ju(t)]| - t € 0,71}

Therefore

1
let) — e(t) sy < s — ol

Obtained by interchanging of u; and ug, and by an analogous relation, it follows that
1
Hg(P(u1), P(u2)) < —llur — uzllsy,

which implies that P is a contraction, and thus, by Lemma 2.5 there exists a fixed point u(t) € B,
which is a mild solution to the problem (1.1)-(1.3). This completes the proof. O

3.2 Non-instantaneous Case

In this case, we shall establish the existence result of solution for the problem (1.4)-(1.6). Now,

we introduce the following assumption.

H3) The function f is jointly continuous and there exist positive constants L1, L o such that
J ! f

||f(t77/%lt) - f(t7§7V)||X < Lf1||¢ 75”‘1% +Lf2||:u‘7 IjH%e? Vi/),f,,u,l/ € %6'

(H4) The functions g;,¢; and G are continuous and there exist positive constants Lg,, Ly, and Lg

such that

lgi(t,z) — gi(t,y)llx < Ly, Iz —yllx;  Na:(t,z) — qi(t, )| x < Ly, llz — yllx;

1G(z) = G(y)lx < Lelle —yllx,

for all x,y € X, ¢t € (¢;,s;] and each i =1,2,...,N.

Theorem 3.2. If the assumptions (Hs) and (Hy) hold and constant

A= ((5 + TMKG(Lfl + B*sz)) <1,

where 6 = max{LgM, Ly, M + Ly, MT} fori=1,...,N. Then there exists a unique mild solution
u(t) of the problem (1.4)-(1.6) on [0,T].
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Proof. Consider the space B’ as given in Theorem 3.1 and we define an operator P : B” — B/ as

(¢(0) = G(w)Sa(t) + w1 fy Sals)ds

t — _
+ Tati ) sﬁwaB ERTN d7 te O,t s
Pu(t) = Jo 7( 8)F (85 Up(s,.) ufi( is)) ts (0,4] 3.1)
9i(si, (i) Sa(t — i) + qi(si,u(s:)) [, Sa(s —t;)ds
+ fi T, (t - S)f(57 ap(sﬁs)a Bap(s,ﬂs))ds7 te (Si, ti+1],

where @ : (—o0,T] — X is such that u(0) = ¢(0) — G(@), u/(0) = u; and @ = u on [0, 7). We shall
show that the operator P has a fixed point. So let u(t),u*(t) € B, for ¢t € (0,11], we get

t
[Pu—Pulls, < [G(@)—G@)Sa®lLex +/0 1 Ta(t = s)llLex)
XHf(Saﬂp(s,ﬁs)a Bap(s,ﬁs)) - f(svﬂ:(s,ﬂj)rBa;(s,ﬁ;‘))”)ﬁ'dsv

||'PU—'PU*HX {L(;M—I—TMKe(Lﬂ —|—B*Lf2)}Hu—u*HX.

IN

For t € (s;,t;+1], we have

[Pu—Pu*lls, < |lgi(si,a(si)) — gi(si, w” (s:)) | x [|Sa(t = 8)[lLx)
t
+||qz‘(8iaﬁ(8z‘))—qz‘(Sivﬁ*(Si))HX/o [Sa(t — 8)llLx)ds
t
+ ||Ta(t - S)”L(X)”f(saap(s,ﬂs)v Bap(s,ﬁs)) - f(saa;(s,ﬂ;)a Bﬂ,t(s,a;))HXdS’
[Pu—"Pu'llx < (LgM+ LgMT +TMEKc(Ls1+ B"Lya))llu— v x.

Let 0 = max{LgM, Ly, M + Lo, MT}, then for all ¢ € [0,T], we obtain
[Pu—Pu*||x < (0 +TMKc(Lfi + B*Lys))|u—u*|x.
We have
[Pu—-Pulx < Alu—ux.

Since A < 1, which implies that P is a contraction map and there exists a unique fixed point u(t)

which is the mild solution of system (1.4)-(1.6) on [0, 7. O
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3.3 Continuous Dependence of Mild Solutions

This section is concerned with continuous dependence of mild solutions consider the system (1.4)-

(1.6).

Theorem 3.3. Suppose that the assumptions (Hs) and (Hy) are satisfied and the following con-
dition hold:

[max{MLg, MLy, + MTLy,} + MT(Ly, + Ly, B*)(M, + J%)] < 1.

Then for each ¢,¢*, let u,u* be the corresponding mild solutions of the system (1.4)-(1.6), then
the following inequalities hold:

< MT(M+Lf1 + Ly, B*)

- 1—[MLg+MT(Lf1+Lf2B*)(Me+J¢)]
< ]\4T(]\/[-|—Lf1 +szB*)

- 1—[MLy, +MTL, +MT(Ly, +szB*)(Me+J¢)}

¢ — ™|, te(0,t],

Ju — ™| x

lu—u*|x ¢ — o[, te (sitipal,

fori=1,2,... N.

Proof. The proof is similar as Theorem 3.2. O

4 'Trajectory Controllability

This section deals with the 7 —controllability results of the considered nonlinear fractional delay

differential equation with non-local condition and non-instantaneous impulses.

Theorem 4.1. Let the assumption (Hs) and (Hy) hold, then problem (1.7)-(1.9) is T —controllable
on [0,T).

Proof. Let 9(t) be any given trajectory in 7 and we choose the feedback control w(t) given as
w(t) = Bil[gD:‘l’&(t) - A’ﬂ(t) - f(ta ﬁp(tﬂ?t)v B’ﬂp(tﬂ?t))}? te (Si7 ti+1] g (07 T} (41)

Plugging the control w(¢) from Eq. (4.1) in Eq. (1.7) and we get

OCD?U(LL) = Au(t) + f(tv Up(t,ug)s Bup(t,ut)) +OC D?ﬂ(t) - Aﬂ(t) - f(ta ﬂp(t,ﬁt% Bﬂp(tﬂ9t))7
te (Si,ti—i-l] - (O,T]
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OCD? [u(t) - ﬂ(t)] = A[U,(t) - 19(2‘:)} + f(ta Up(t,ug)s Bup(t,ut)) - f(ta ﬁp(t,’&t)7 Bﬂp(t,l?t))7
t € (si,tiy1] C (0, 7).

Again, if we choose x(t) = u(t) — 9(t), without loss of generality, then our original problem (1.7)-
(1.9) is modified as follows:

6 DIx(t) = AX(E) + F(t Uit Bupa) = (60000, BOpo,)s (4.2)
t€ (sitia] C(0,T], i=0,1,...,N,

X(t) = gi(tu®) —g(t.9(), X'(t)=altul)—atI), (4.3)

te(tis], i=1,2,...,N, (4.4)

xt) = —-Gu)+GW), te(—o00,0], x'(0)=0. (4.5)

The mild solution of the problem (4.2)-(4.5) is given by

(=G (u) + GW)Sa(t) + o Tat = $)F (5 ps.) Btps.) = 15, 0p(s0.) BUp(sn,))lds,
t e (0,t1]7
x(t) =
Salt = s)[gi(t, u(t)) = gi(t, 9(0)] + J,, Sals — t:)ds[as(t, u(t)) — ai(t, 9(1))]
=+ fsti Ta(t - S)[f(S, Up(s,us)s Bup(s,us)) - f(sa ﬂp(sﬂs)a Bﬁp(s,ﬂg))]dsa te (Si7 ti+1]?
For the trajectory control, we will show that ||x(¢)|| = 0. Now, without loss of generality, we

consider the subinterval (s;,t;11], to estimate

(LM + Ly MT + TME (L1 + B*Lpa)) u — | .

A

IX@I < [15a(t = si)llllgit, u(t)) — gi(t, I(t) H+/IIS i)lldsllqi(t, u(t)) — a:(t, ()|

t
+/ ||T(l(t - S)””f(svup(s,us)a Bup(s,us)) - f(Svﬁp(s,ﬁs)v Bﬂp(s,ﬂs))”dsv

IA

t t
Lo, M{X(0)]| + Ly, M / X(®)lds + ME.(Lyy + B*Lya) / Ix(®)]1ds
ti ti

t
= Ly M{x(O| + [LgM + MK(Lyy + B"Ly2)] | [Ix(8)llds

t;

= @I+ ¥ [ (sl

where ® = Ly, M, ¥ = [Ly,M + MK.(Ls; + B*Ly5)] are constants. Now, applying Gronwall’s
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inequality, we get

x(t) =0.

Hence u(t) = 9(t) almost everywhere. Thus, the control problem (1.7)-(1.9) is 7 —controllable. [

5 Examples

This section contains examples to validate the derived results (existence and T —controllability) of

the considered systems.

5.1 Example

To prove the theoretical existence result, we shall consider the following impulsive fractional order

partial differential inclusion of the form

5a15§;: x) c 822(;2, x) n /too e2(5=1) cog (U(S — Pl(sl)g2(||u|);x)> ds, t+# %, (5.1)
u(t,0) = w(t,m)=0; ' (t,0)=4(t,7)=0, >0, (5.2)
u(t,r) = oé(t,x); u(0,)=ug, t€(—00,0], ze€]l0,7], (5-3)

Au|t:% = /2 g (; s> u(s, x) ds; Au'|t:% = /2 q <; s) u(s,x)ds, (5.4)

are fixed numbers and ¢(t) € B.. Let X = L?[0, 7] and define the operator A : D(A) C X — X
by Aw = w” with the domain D(A) := {w € X : w,w’ are absolutely continuous, w” € X,
w(0) = 0 = w(m)}. Then
Aw = Zn2(w,wn)wn, w € D(A),
n=1
where wy,(z) = \/% sin(nx), n € N is the orthogonal set of eigenvectors of A. It is well known that
A is the infinitesimal generator of an analytic semigroup (T'(t));>0 in X and is given by

T(t)w = Z e*”Qt(w,wn)wn, forallw € X, and everyt > 0.

n=1

Let h(s) = €%, s <0 then = fi) h(s)ds = % < oo, for t € (—00,0] and define

oo

0
1], = / h(s) sup [6(6)]|zds.
0€(s,0]

—00

Hence for (¢, ¢) € [0,1] x B, where ¢(0)(z) = ¢(6,z), (6,z) € (—o0,0] x [0, 7]. We assume that

pi :[0,00) = [0,00), i = 1,2, are continuous functions.
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Set u(t)(x) = ult,z), and p(t, §) = p1(H)pa([$(0)]]) we have

0
[t 9)(x) = / ) cos (¢) ds.
oo 16
Then with above setting the problem (5.1)-(5.4) can be written in the abstract form of equation
(1.1)-(1.3). Further, we can estimate

[[{L k() -t} o]

AN 2 13
16[/0 {/_0062(8)(||¢—¢||L2)ds} d:c] s{—gnqs—sou%e.

This shows that the multivalued map f follows the assumption Hs. This implies that there exists

1f(t, @) () = f(t,0)(2)l| >

IN

at least one mild solution of problem (5.1)-(5.4).

5.2 Example

Consider the following fractional order functional differential equation

a t
Pt = Dty [ eeotzollln,
t &
N A L I
+ /0005( s)/_oce o vds
(t,x) € ULy [si,tiga] x [0, 7], (5.5)
u(t,0) = wu(t,m)=0, t>0, (5.6)
u(t,z) + chu(skax) = ¢(t,z), te€ (—00,0; ul(tax) =0, z€[0,n], (5.7)
k=1
u(ta :C) = Gl(tay)7 U/(t,ZL') = Hz(tvy)a te (tiv Si]v (58)

are fixed numbers and ¢ € B.. Setting u(t)(z) = u(t, x), and

p(t,¢) =t —o([6(0)), (t,¢)€[0,T]x B,

we have
B e ¢ ' O ) @ dvd
f(t, 0, Bo) [me o V—|—/O cos(t S)[me 55 vds,

r

gi(t,y) = Gi(t,y); ai(t,y) = Hi(t,y), G(y) = ZCkU(Sk,I)-
k=1
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Then the above equations (5.5)-(5.8) can be written in the abstract form as (1.4)-(1.6). Further-
more, we can see that for (¢, ¢, Bg), (t,v, By) € [0,T] x B, x B., may verify that

T 0 2
26 |2 _ ¥
IRV - S T
T t 0
+/0 {‘/0 cos(t—s)/ 62(V)%—%dVdS

— 00

™ 1 0 2
<[z [ _eoswlo-vlas} a
0 —00
- 1 0 2 1/2
[ g [ swlo - v dy]
0 —oo

VT VT
< ﬂ”éﬁ—l?” + 75||¢—¢||-

||f(t7¢aB¢)_f(tv/vaw)HL? <

o

Hence, function f satisfies (H3). Similarly, we can show that the functions g;, g;, h(y) satisfy (Hy).
All the condition of Theorem 3.2 have fulfilled, so we deduced that the system (5.5)-(5.8) has a

unique mild solution on [0, T7.

5.3 Example

Consider the following example for fractional functional ordinary differential equation

Cpou(t) = u<t)+€;i(;(f(“ff()izt;)2+ /0 sin(t — s)u(s — o(u(s))ds, t € (0,1], (5.9)

u(t) + icku(sk)zé, te (=000, u(t)=0, (5.10)
k=1

at) = —M0 oDy (5.11)

25(1 +u(t))’

where § D¢ is classical Caputo’s fractional derivative of order a € (1,2),0 =ty = 59 < t; = 1 <

s1 = 2 are prefixed numbers and % € B.. Setting

p(t,(ﬁ) = tf()'((p(O)),
f(t,o,Bp) = elf_:;f —O—A sin(t — s)p ds,
_ ut) __u(d) N
9i(t,y) = M7 a(t,y) = 25(1 + u(?))’ Gy) = ;cku(sk),

then the problem (5.9)-(5.11) can be written in the abstract form as (1.4)-(1.6), which implies that
the system (5.9)-(5.11) has a unique mild solution on [0, 2].
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5.4 Example

Consider the following control system

()a () ¢ 4 U(V - (7(||U||) l‘)
—ul(t = —u(t e (v—t) 2\7  ZAINPI ) t
9!0 ’LL( 7.’,17) 9 2U( ,JJ) / > dv + 14@( ,{17) (512)

t 3 _

+ / sin(t — s)/ 64(”75)%!;@”)’@ dvds, (t,x) € UN [si tis1] x [0, 7],
0 —0oo

with initial, history and impulsive conditions given as (5.6)-(5.8). With these settings as given in

example 5.2, the problem (5.12) with conditions (5.6)-(5.8) can be written in the abstract form of

equation (1.7)-(1.9). Therefore the problem (5.12) is 7 —controllable on J.

Thus, examples provided in this paper demonstrate the authenticity of our results. In first ex-
ample, we considered fractional order partial differential inclusion with instantaneous impulsive
and showed that considered problem has least one mild solution. Non-instantaneous impulse with
partial derivative and nonlocal condition is taken in second examples and proved that there exists
a unique mild solution for it. In third example, we considered the functional ordinary differential

equation with infinite delay and demonstrate the uniqueness of mild solution for the system.

6 Conclusion

In this investigation, we observed that the Definition 2.8 is more reasonable and suitable by using
the generalized Caputo’s derivative in compare to classical and it is generalized form. Furthermore,
we have proved the existence, uniqueness and continuous dependence results of mild solutions for
fractional differential inclusion and equations with state dependent delay subject to instantaneous
and non-instantaneous impulse. We showed T —controllability. Also, we have illustrated the exis-

tence and 7 —controllability theory from some examples.
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1 Introduction

In the present paper, we are interested in the existence of solutions for the following problem

M (Ty) (—Ap(.v.))s u+ w(x)|u\p(‘”’”)_2u = Aa(m)\u|q(”)_2u — Eb(x)\u|7'(l')_2u in Q, (PM)
A,
u=0 mRM\Q,

where @ C RY is a bounded smooth domain, p : @ x Q — (1,+c0), ¢,r : Q — (1,+00) are
continuous functions, s € (0,1) with N > sp(z,y) for all (z,y) € Q, \,e > 0 are parameters,
a,b,w € L*(Q), M models a Kirchhoff coefficient,

— p(z,y)
T, — / |u(z) — u(y)| iz dy
rev P(x,y)|z — y[NHep@y)

and (—A,.)" is the fractional p(-, -)-Laplacian defined as

s |u(z) — u(y) P2 (u(z) — u(y))
(_Ap(w,-)) u(z) = p.v. /RN & — y [N T ) dy, ze€RY,

where p.v. is used as abbreviation in the principal value sense.

In the past few decades, nonlinear problems involving nonlocal and pseudo-differential operators
have gained considerable popularity and importance. The interest in investigating such problems
is stimulated by their applications in numerous fields of applied sciences, such as the description
of some phenomena in physics and engineering, population dynamics, finance, chemical reaction
design, optimization, minimal surfaces and game theory (see [12,29,32,38]). Moreover, differential
equations and variational problems with variable exponent have a strong physical motivation. As
can be seen in [5,22,35], they emerge from the mathematical description of the dynamics fluids
like the electrorhelogical and the thermorheological. They also appear in elastic mechanics, image
restoration and biology (see [14,16,37,43]). Some recent results on p(-, -)-Laplacian problems can

be found in [1,4,6,13,15,19,25,27,30, 36, 42).

Recently, great attention has been focused in extending some results on p(-, -)-Laplacian problems
to the fractional case. For example, we cite [11,26]. In [26] Kaufmann et al. introduced the
fractional Sobolev space with variable exponent, and established the existence and uniqueness of

solutions for the fractional p(-,-)-Laplacian problem

(~p) w1920 = () i ©
u=20 on Of.

Bahrouni et al. [11] established some results on the following fractional p(-,-)-Laplacian equation
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with the nonlocal Robin boundary condition

(pr(w))SUwL lu[P®®) =2y = f(z,u) in Q

Nop(yut @)™ 2u=g(z)  on RVM\Q,

where /\/'Sﬁp(_’i) is the nonlinear modification of the following Neumann boundary condition

/‘ |N+29dy, € RM\Q,

which was first introduced by Dipierro et al. in [17]. The latter nonlocal normal derivative is used
in [18] to describe the diffusion of a biological population living in an ecological niche and subject

to both local and nonlocal dispersals.
We also refer the reader to [9,10,23,24] for more information.

Problem (Pf\we) is a fractional version related to the following hyperbolic equation

0%u po  FE 2 0%u
Porm (h 3L v ) 52 =

which was initially introduced by Kirchhoff [28] as a generalization of the classical D’Alembert

“lou
or

wave equation taking into consideration the change in length of the strings produced by transverse
vibrations. For additional discussions and physical phenomena described by nonlinear vibration
theory, we mention [31]. It was mainly after the work [21], where Fiscella and Valdinoci proposed a
stationary fractional Kirchhoff model, that the existence and multiplicity of solutions for Kirchhoft-
type fractional p-Laplacian and p(-, -)-Laplacian problems were well investigated by many authors,

one can see [8,34,39,41,44]. In particular, Zhang et al. [41] studied the following problem

M (T,) (pr(,,‘))Su = f(z,u) in Q

(1.1)
u=0 in RM\Q.

By means of variational methods and mountain pass theorem, they proved the existence of at
least one nontrivial solution for (1.1). In [2], Akkoyunlu and Ayazoglu considered the following

fractional p-Kirchhoff problem with potential
M([[ul[?) (=A)pu + V(@) [ulP"*u) = f(z,u) nRY, (1.2)

where
[u(x) — u(y)|” /
ul|? = —r———7" dxdy + V(z)|ulPdz.
I = [, e dedv+ [ V@

By using the variational approach, (S;) mapping theory and Krasnoselskii’s genus theory, the

authors have established the existence of infinitely many nontrivial weak solutions. After that,
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the equation (1.2) was generalized by Ayazoglu et al. in [7] considering the following fractional

Schrédinger-Kirchhoff equation
M(As,q(.)_’p(.,i)(u)) ((—A);(,’.)u + V(x)|u|q(9c)—2u) — f(a;7 w) in ]RN’

where o)
lu(z) — u(y)[P=? / V(z)
Ag gy (1) = dz d —|uli®) g
$,q(),p(-s )(U) /]RzN p(m, y)|x _ y|N+Sp(ac7y) T dy + RN q(l‘) |u‘ €Z,

N > 2, M : (0,+c0) — (1,00) is a continuous and monotone Kirchhoff function, f : RY x

R — R is a Carathéodory function and V is a potential function. They obtained the existence
and multiplicity of solutions by applying the variational approach combined with Mountain Pass

Theorem and Krasnoselskii’s genus theory.

Inspired by the above cited papers, we will consider problem (Pf\ws) with sub-supercritical non-
linearities, and prove the existence of solutions via the variational methods combined with the
fibering method that was introduced by Pohozaev [33]. We also give the behavior of the solution
for problem (Pj ), and so of the energy functional associated, as ¢ — 0. The Pohozaev’s fibering
method is centered on representing solutions in the form u = tv, where t is a real number (¢ # 0),

and v € X \ {0}, satisfying the condition:

%f(t,v) = 0. (1.3)

Here, ® denotes a functional defined on R x X. Consequently, the fundamental concept of the
Pohozaev’s fibering method involves embedding the space X of the original problem within the
larger space R x X and subsequently exploring the new problem of conditional solvability within

the R x X space, subject to the condition (1.3).

2 Preliminaries

At first, we give some useful notations and basic results on variable exponent Lebesgue spaces that

will be used in proving the main theorems (see [20]). We denote by C (£2) the set of all continuous

functions ¢ :  — (1, 00). For ¢ € C (Q2), we write
¢t :=maxq(r) and ¢ := ming(z).
€N zeQ

Define the variable exponent Lebesgue space as follows:

L1O(Q) = {u : 0 — R measurable : / u|1®) dz < oo} .
)
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L) (Q) endowed with the norm

(z)
ullgy =inf 7 >0 L de <1;.
q(*)
Q'T

is a separable and reflexive Banach space. Let Lq/(‘)(Q) be the conjugate space of L)(Q) with

ﬁ + le) = 1. Then the following Holder-type inequality holds.

Lemma 2.1 ([20]). Let u € LYO(Q) and v € LY (Q). Then

1 1
wolde < | — + —— | [lullzal|vllor .y
/Q| | (q_ (q,>_)|| sl

On the space L10)(Q), we consider the modular function given by

P (1) = / |u| 1) da.
Q
Lemma 2.2 ([20]). For any u € L1°)(Q), we have

. - + - +
min (J[ull? )l ) < pay () < max (J[ull? llull?)

Lemma 2.3 ([20]). Let u € LO(Q) and {u,} C LIO(Q). Then the following properties are

equivalent:

(1) limlun — ully0y = 0

(2) lim pgey(up —u) = 0.

n—oo
_ ()
Lemma 2.4 ([3]). Let q,r € C(Q) with q(z) < r(z) in Q andu € L™(Q). Then |u|?) € L0 (Q)
and
Oy < mae (el el ) -
Next, we define the convenient variable exponent fractional Sobolev space to supply a variational
structure for handling our problems. Let p: Q x © — (1,00) be as mentioned above and put

p(r) = p(z,z) forall z¢€Q.

Let W*P()(Q) be the variable exponent fractional Sobolev space defined as follows:

|u(x) — u(y) [P
wq EP@Y) |z — y|N+sp(w:y)

W= WPt (Q) = {u e LPO(Q) : / dz dy < oo, for some & > 0} .
Q

Equip W with the norm

(lullw = [ulw + [Jull5.),
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where

[u]y = inf {g >0 /Q [u(x) —u(@)PY dy < 1} .

«Q gp(l"y)ky — y‘N+sp(:r,y)

Then (W, ||ul|lw) is a Banach space. For any v € W, we set

|u(:1:) — u(y)|p(w’y) / D
Pppl) = dz dy + p(@) g
P,P(u) />< ‘]9‘ y‘N+5p(m,y) T ay |u| 4

|u||p,p=inf{s S0 pr (‘g) < 1}.

The norm ||-||, 5 is equivalent to ||-||w. Furthermore, from [41, Lemma 2.2], (W, || - ||w) is uniformly

and

convex and hence W is a reflexive Banach space. The following lemma states the compactness of

the embedding W into the variable exponent Lebesgue spaces.

Lemma 2.5 ([40,41]). Let Q C RY be a smooth bounded domain and s € (0,1). Assume that
p:QxQ— (1,00) is continuous and symmetric (i.e. p(z,y) = p(y,x)) with sp(x,y) < N for all
z,y € Q. Let ¢ € C4(Q) such that

Np(x)

—_— Q.
N = sp(@) forall x €

q(z) < pi(x) =
Then, there exists C = C(N, s, p,q,) such that
l[ullgy < Cllullw  for all uweW.

Therefore, the space W is continuously embedded into L) (Q). Moreover, this embedding is com-

pact.

Due to the presence of the Dirichlet boundary condition u = 0 in R\, we need to encode this

condition in the weak formulation of (P}) and (P ). For this, let us define the new space

— (z,y)
— xS () — J 4 RN () lu(z) — u(y)P
X=X Q) {u RY -2 R, ulge L (Q),/Q e e dx dy < oo, for some £ >0,

where @ = RY x R\ (¢ x Q°). Endow X with the norm

lullx = [ulx + [lulls.),

where o)
_ , u(z) — u(y)["™?
[u]x = inf {§ >0: /Q £7G) 3 — y N TrE) dedy <1;.
In the same way (X, || - ||x) is a separable reflexive Banach space.

Since the variable exponent p, p and g are continuous, we can extend p to RY x RY and P, ¢ to
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RY continuously with conditions given in Lemma 2.5. Let X, be the linear space:
Xo={ueX:u=0 ae in RV\Q}

equipped with the norm

Tl — . Ju(z) — u(y)[P=)
l|ul|x, = [u]x = inf {f >0: /RQN e P e dedy <15;.

Obviously, (Xo, || - ||x,) is a reflexive Banach space. Set

_ |u(z) — u(y)[P)
po(u) = /}Rw 7 — ) drdy for all u € Xg.

Lemma 2.6 ([41]). For all u,u, € X, the following properties hold true:
- +
(D) flullxe > 1 = [Jull, < po(u) < [[ullf,;
" _
2) llullx, <1 = |lullg, < po(u) < |lullf,;

(3) |lun —ullx, = 0 <= po(un —u) = 0.

Lemma 2.7 ([41]). Let Q@ C RYN be a smooth bounded domain and s € (0,1). Assume that p :
Qx Q — (1,00) is continuous and symmetric with sp(x,y) < N for all z,y € Q. Let ¢ € C(Q)

such that
Np(x)
N — sp(x)

Then, there exists C = C(N,s,p,q,Q) > 0 such that

q(z) < pi(x) = for all z €.

|ullgey < Cllullx, for all w € X.

Therefore, the space X is continuously embedded into L) (Q). Moreover, this embedding is com-

pact.

Remark 2.8. Since 1 < p(x) = p(z,z) < pi(z) for all z € Q, by Lemma 2.7, the norms || - ||x,

and || - ||x are equivalent in Xg.

We look for solutions of problems (P/{VIE) and (Py,) in the separable reflexive Banach space X =

Xo N L7 (Q) which is equipped with the norm

Jullx = [Jullx + [|ull)-



394 A. Azghay & M. Massar CUBO

25, 3 (2023)

3 Hypotheses and main results

Before stating what we believe that are the main contributions, we first list some assumptions on
the data of (P{L). Concerning the Kirchhoff function M : Rt — R*, we use the following two
assumptions:

(Mo) M is a C*' nondecreasing function;

(M;) M is a continuous function such that M (t) > mg > 0 for all ¢ > 0.
For the functions a, b, w, p, ¢ and r, we make the following hypotheses:

(Hy) q,7 : Q — (1,00) and p : Q x Q — (1,00) are continuous such that sp(x,y) < N, p(z,y) =
p(y,z) and g(z) < p(x) < r~ :=minr(z) for all (z,y) € Q x Q, where
€Q

xTE

Np(z, )

ps(a) = 5 p(n.7)

(Hs) a,b,w € L*>®(Q) with b and w are nonnegative and |QF| > 0, where QF = {x € Q : a(z) > 0};

(Hs) ab™ ¥ € L7700 (O );

. “pt(¢T—p~ “(r—p—
(H1) ¢ (r~ —q") <p™(r~ —p7) and r* < min {p*(r‘qu‘gqfq‘zgr‘)*qﬂ’ ’ q(+fp£ )};

The main results can be stated as follows.

Theorem 3.1. Assume that (My) — (M) and (Hy) — (Ha) hold. If ¢t < p~, then problem (Pf\”e)

admits at least one nontrivial solution.

Theorem 3.2. Assume that (My) and (Hy) — (Hz) hold. If p* < q~, a(z) > 0 for a.e. x € Q and
b(z) > by > 0 for a.e. © € Q, then for all e > 0 there exists \c > 0 such that problem (Pf\‘/fs) has

no nontrivial solution for all A € (0, ).

The following two theorems concern problem (P)]\WE) with M =1, that is,

(—Ap(_,.))s u + w(z)[ulP@®) 2y = Aa(z) [u|4®) 20 — eb(z)|u]"®2u in Q

P)\,s
u=0 in RM\Q. (Pre)

Theorem 3.3. Assume that (Hy) — (Hy) hold. If q(-) = q is constant with p™ < q or p(-) and r(-)
are constants, then for all € > 0 there exists A; > 0 such that problem (Py.) admits at least one

nontrivial solution provided A > A%.

Theorem 3.4. Assume that (Hy) — (Hy) hold and q(-) = q is constant with p* < q or p(-) and
r(-) are constants. Let eg > 0 and A > X! . Then, there ewists e1 € (0,e0) such that for all
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e € (0,e1), problem (Py.) admits at least one nontrivial solution u. verifying ||us||x — +oo and

. (ue) = —o0 as € — 0, where I, is the associated energy functional to (Pac).
Remark 3.5. The conclusions of Theorems 3.1 and 3.2 also hold for problem (Pj.).

4 Proof of theorems

Proof of Theorem 3.1. It is well known that the weak solution of (P/{WE) corresponds to the

critical point of the energy functional defined on X by

T.(u) = M‘(/Rw p(|U(x) — u(y)[P=) de dy) +/Qw(x)|up($)dx

z, )| — y|Nrep@y) p(z)
a(z) b(z)
—/\/ = 1) g —|—€/ = u|" @) dg, 4.1
o d@) " or@ " (1

where ]\/J\(t) = f(f M (7)dr. By standard arguments, one can verify that Z. € C'(X,R). For any
(t,v) € (0,00) x X, we define

¢€(t7’u) = Is(tv)
([ e B
R2N P

z,y)|x — y|Ntspl@y) o P()

b
4/ Mtqw‘v‘q(z)dxﬁ/ BE) @) @) i,
o q(x) or(@)

€

ot

Observe that if u = tv is a nontrivial critical of Z., then (t,v) = 0. Moreover, if for each

v € X \ {0}, there is a unique t = t(v) satisfying

0P,
ot

(t,v) =0 (4.2)

and ¢ : v — t(v) is continuously differentiable on X \ {0}, we can infer that

is a well-defined C' functional. The following result plays a key role in the proof of our main

theorem.

Lemma 4.1 (|33]). Let ¥ : X — R be a functional of class C* on X\{0} verifying

(U'(v),v) #0 if P(v)=1.

If v is a conditional critical point 0fI~6 under the constraint W(v) = 1, then u := t(v)v is a critical

point of L.



396 A. Azghay & M. Massar CUBO

25, 3 (2023)

Consider the functional ¥, : X — R given by

V() = M </RN p(lv(o:) —v(y) [Py dxdy)/R o) ol

roy)fe =y ) o Jo— g HE)

+/ w(x)|v|ﬁ<$>dx+g/ b(z)|v|" @ da. (4.3)
Q Q

It is obvious that W, satisfies hypotheses of Lemma 4.1, therefore the problem of finding solutions

of (P)]\Ws) will be reduced to that of locating the critical points of I. on the set
U. ={ve X :T.(v) =1}
Note that (4.2) is equivalent to

(@) — ACHY) — p(z,y)
ou(t) = M (/ [v(z) — v(y)| da dy> /2N () lv(z) —v(y)]| dz dy
R R

v p(,y)lo — y[Nrery) |z — y| N Fep(@y)

+/ tﬁ(x)w(x)|v|§(x)dx+5/ tr(x)b(x)|v|r(x)dx—)\/ 1@ g (2)]0|1®) dz:
Q Q Q
= 0. (4.4)

Let
O, = {U e X: / a(z)|v]| " dx > O} .
Q

Claim 4.2. For any v € O, equation (4.4) admits a unique positive solution t(v). Moreover,

0y (t) <0 for all t < t(v) and p,(t) >0 for all t > t(v).

Indeed, by (My), for all t > 1,

o (t) > P M </R lu(z) — v(y)|P=Y) de dy) /R lu(z) — v(y)[PEY) dody

av p(,y)|z — y|NFsp(@y) on |z — y|NFsp(@y)

+t”7/w(m)\v|ﬁ(”)dw+st’ﬁ/b(m)|v|r(’f)dx—)\tq+/a(x)\v|q<z)dx
Q Q )

and for all 0 <t <1,

_ v(z) = v(y)|PE:y) v(z) = v(y)|PEv)
ooll) < M(/Rmp(l (z) —v(y)| )dmdy)/R v(z) —v(y)| dr dy

2yl — gV R e

o / w(@) o da + et / b o @ da — a7 / a(2)]o]"® dz
Q Q Q

Since ¢ < p~, we can choose to, > 1 such that ¢, (t) > 0 and by (Hs), we can find 0 < to < 1
satisfying ¢, (t9) < 0. Therefore, by virtue of the continuity of ¢, , equation (4.4) has at least one
solution ¢(v) > 0. The uniqueness of t(v) follows from (Hs) and using the fact that ¢© < p~ and
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M is nondecreasing. Furthermore, for all ¢ < t(v),

p(z,y) — p(z,y) p(z.y)
R R2N

o pla y)lw — yN D FETEy

+/ ) () [oP m>dx+a/tf“(r)b(x)w(f)da:
<A / 11 g () [0]1®) dz (4.5)
Q

and for all ¢ > t(v),

p(z,y) _ p(z,y) p(z,y)
([ D P ) [ e M,
R ]R2N

ox ple, )l — NI [z — IV

+/ 170 () o P m)daﬂ—e/tr(z)b(x)|v|’”(m)da:
Q

> /\/ 1@ a(z) 0|1 de. (4.6)

Then, the function ¢ : v — t(v) is well defined, and by applying the implicit function theorem, we
deduce that t(-) € C* (X \ {0}, (0,4+)). If v € U. N O, and t(v) > 1, it holds from (H;), the
nondecreasing of M and (4.4) that

tw)? = t)’ V. (v)

|o(z) — v(y)[P) / - |v(z) — v(y)[P=Y)
= M dzd t(v)P dzd
(/sz p(e, )l — y[Feren TV fa (v)  — y[N+spl@y) W
+t(v)P / w(z) [P de + et(v)P / b(x)|o|" @ da
Q Q
_ p(z,y) lv(z) — v(y ) |Py)
(/]RzN (®) P(ﬂf,y)|$—y|N+S”(w=y) v R2N ) |z — |N+SP z,y) ray
+ / t(0)P@w () |oP P dz + / H(0)"@b(z) o] dz
Q Q
- A/ Ho)" a(w)o|"") dx
Q
At(v)4" / a(z)|v|9®) dz,
Q

IN

IN

thus

t(v)ff—fr < )\/ a(z)|v|1® dz.
Q

This shows that ¢(-) is bounded in U, NO,. Since M is nondecreasing, ]\/J\(T) < 7M(T) forall 7 > 0.
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Then, by (H;) and (4.4) for any v € U. N ©,, we have

L) < —um pay @ =@y o 0@ =0
= - R2N p(z,y) |z — y|Nt+sp(@y) R2N |z — y|N+sp(z.y)

1 5(z > , s A , ©
—i—i/ tp(‘)w(x)w\p(x)dx—i—%/ tr(i)b(x)\vr(”)dx—j/ 9@ () |v]9®) dx
b Ja rJa at Ja

(- L[ e PR ) [ el s
pm gt R2N p(a, )|z — y|[Nterey) R2N |z — y|NHep(ey)
1 1 5 = 1 1
+(——-— /tp(m)wx vp(z)dx—l—e(—)/tr(r)bx o|"@) dz
(== %) [Pl o) [ e
0

Then

Qg = Uebitlslrg@a I.(v) <0.

Let {v,} C U N O, be a sequence such E(vn) — «ap. From (M;), we have

[on (%) — va ()P
rey |z — y|N+sp(@y)

1= (v,) >mg dzx dy,

thus from Lemma 2.6, we deduce that {v,} is bounded in Xg. Therefore, up to a subsequence, we

may assume that

v, — vg in X,
U — vg in LPO(Q) and LI (Q), (4.7)
U, — Vg a.e. in Q.

We may also assume that t(v,) — to, since {t(v,)} is bounded. Then

M — p(=y) — _ p(z,y)
M / ) [vo(z) — vo(y)] drdy ) < liminf M / H)PY) [un () — v (y)]
R2N p(x,y)|z — y|N+splzw) Pl .

20 . () )
lim t(Un) w(x)|vn\1’(”dx — / toiw(m)wo‘p(m)dx’
n=+oo Jo p(z) o P

t(vp q(x) tq(f)
lim 7(7) ) a(x)|vn|q(“5)dx:/ 0 2 (a§$)|voqw)daﬂ
Q

nstoo Jo  q(x) e
and () t(v,)"@)b()
/ Ly da < liminf/ Ron) = L), 7@ dz.
o 1) n—+oo Jq r(z)
Therefore
T (tovo) < lggliglg(t(vn)vn) = nglfgfa(vn) —a <0, (4.8)

from which, we deduce that vg # 0 and ¢ty > 0. Recall that the pair (¢(vy,), vy, ) verifies (4.4), so by

dx dy

Pyl = y[VHre xdy)

)
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sending n to +oo and using (4.7), we arrive at

— p(z,y) . p(z,y)
M / tg(r,y) [vo(2) = vo(y)] da dy / tg(m,y) [vo (@) — vo(y)| dz dy (4.9)
R2N p(.’L‘, y)|$ - y|N+Sp($’y) R2N |1‘ — y|N+SP(937y)

+ / B w () oo P @ dar + / 5 () o] ") dx (4.10)
Q Q

< A/ £ a(2) v ") dv, (4.11)
Q

Thus [, a(x)|tove|?® dx > 0. Furthermore, tovg € L™()(Q), and hence tovy € X. In view of Claim
4.2 and (4.9), we have ¢y < t(vy). Suppose by contradiction that tg < t(vg). Let )y, : t — Zo(tvo).
Then t1;, (t) = py,(t), therefore by Claim 4.2, t1);, (t) < 0 for all 0 < ¢ < t(vg), which yields that
the function 1, is decreasing on [0, t(vg)]. It follows from (4.8) that

IE(U()) = Ie(t(’Uo)’Uo) < Ig(to’tlo) < og. (412)

By definition of ¢(-), for any 7 > 0, we have

M / t(Tv)P "V |7 (vo () — vo(y)) [P¥) dz dy / ()P ) |7 (vo(x) — vo(y))|P®¥) dz dy
R2N pla,y)le — y[NFory) R2N |z — y|NFsp(ay)

—|—/ t(TUO)ﬁ(z)w(a:)|TU0|§(I)da€—|—5/ t(rvo)r(m)b(x)|T110|T(I)da:
Q Q
= /t(Tvo)q(r)a(a:)|Tvo|q(z)d3:,

Q

so that

v ([ Tl ) SO gy ) [ g OO 0@,
R2N p(z,y)|z — y|N+S”(m’y) R2N |x — y|N+5P(f7y)

+ /Q(Tt(TvO))E(l')w(x)\Uo|77(‘”)dw +e /Q(Tt(Tvo))’"(w)b(x)wo\7'(‘”)dx
— ) /Q (t(rv0)) @ a() [u] 1) da.
Hence, by the uniqueness of the solution #(vg) of equation (4.4), we have
Tt(TVg) = t(Vp). (4.13)

We next choose 7 > 0 such that vy € U.. From (4.12) and (4.13), we obtain

IE(T’U()) = Ie(t(T’Uo)T’Uo) = Is(t(’l)o)’l)()) = Is(’l)o) < o,

which contradicts the definition of ag, and consequently ¢y = t(vy). By (4.8) and (4.13), we have

(7)) S :zg(T’Uo) = Is(t(TvO)TUO) = Ig(t(’()())’l)()) = IE(U()) S o,
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thus i(vg) = ag. Hence vy is a conditional critical point of 7?5. Applying Lemma 4.1, we conclude

that u := t(vp)vg is a solution of (PAME) The proof of Theorem 3.1 is finished.

Proof of Theorem 3.2. Suppose that problem (Pf\”s) has a nontrivial solution u. Then, taking

u as a test function,

ua) = u(y) P [ o) st
M dzd dz d
([}pN p(z,y)|z — y|N+sp(z.y) Tay R2N |7 — y‘N-&-sp(x,y) €T ay

+/ w(x)|u|ﬁ<w>dx+s/ b(x)|u|"® dx = /\/ a(z)|u|!® dzx (4.14)
Q Q Q

Since b(x) > by > 0, for a.e. x € Q, by Young’s inequality, we can write

. — __—al@) _ r(z) q(x)
A / a(z)|ul1®de < & / qgaj;b(:c)|u|’“(“)d:r+ / ME"W)(‘IW) (Na(z)) @9 b(z) 7@ d
Q (oA Q

r(x)
+ + _ g —q(x r(z ©
<=0 [ b@ulr e + T [ S (o) S b(a) T da
r Q r Q
+ T —q r(2)
< T [ b @dr + L cmae)ja)L, / b(a) @ dr,
r Q r Q
where
L if e<1 i A<
K= _ 0=
S if e>1, T_T_+Q+ it A>1
and
v = T+T7+q7 1f HG‘HOO < 1

It holds then from (4.14) that

M |u($) - u(y)|p(x,y) da d |u(x) — u(y)|p(x,y) drd
won pla, g)lo — gV Toren) CY ) foon e — g NG y

+ - + _ r(x)
< Lf)/ b(z)|ul"® dz + %E_HAQHGHZO/ b(z) 7@ @ da:
r Q r Q

+ g r(2)
T =9 —rxeljall2, / b(z) @0 da, (4.15)
Q

IN

since ¢* < r~. On the other hand, by Lemmas 2.2, 2.6 and 2.7, for some Cy > 0, we have

- p(z,y) v
Q R2

| — y|N+sp(@y)
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where
Z—; if  ||ullg@) <1 and ||ullx, <1
g ) i il > 1and [Jullx, <1
= A ullg@) <1 and [Jullx, > 1
i fully > 1 and [Julx, > 1.

Note that ¢ > 1, since p* < ¢~. From (M), (4.14) and (4.16), we get

1
! 7 lu(z) — u(y)|P@y)
— a(z) g < M / ey
mo (C0||a||C>O /Qa(a:)|u\ :r:) < ( o Pl )1y Vo)
|u(z) — u(y) Py
8 /Rzzv |:L‘ — y|N+sp(w,y) dx dy (4.17)
< /\/ a(m)|u|q(ﬂﬁ)dx7
Q
which implies
9 =1 s
- <m, _— alx)|lu q dx . 418
<>‘00||a||oo) = 0(00|a|oo ; ()]u (4.18)

Combining (4.15), (4.17) and (4.18), we obtain

1
9 v—1 + - »
(mo) Sl VIR / b() T i,
<2 Q

ACollallso
hence
_9 9(1919:11)4-1
r=efmd !
A> A\ = proEnED . ;
CT T alle ™"+ — ) fy bla) BT da

and the proof of Theorem 3.2 is completed.

Proof of Theorem 3.3. Assume ¢(-) = ¢ is constant. For v € ©, and ¢ > 0, we set

Jpan B @ @ g gy [ P =ty () 0P diz + € [, 17 0b(z) o] da

|$_y‘N+SZJ(m>y)

T.,(t) =
ew(?) fQ z)|v|9dx ’
v(z)—v p(z,y) =
Fv) = Jren |\T )y|N(+y371‘7(£ o drdy + fo w(@)|oPdx

' Jo alx)lv]adz

and
H(v) := e Jo b(@)|o|" ") dz
’ Jo alx)lv]adz

Then

IR (v) + 7 “TH(v) < Yoo(t) < 2 9F(v) + 7 ~9H(v) if t>1 (419)
. .

P IR (v) + 17 TIH () < Yoo(t) <P TIF(0) + 17 “TH(v) if ¢ < 1.
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Having in mind that p™ < g < r~, it follows that

lim Y. ,(t) = lim T.,(t) = +oo. (4.20)

t—0t t—+oo

On the other hand, it is not difficult to see that the function Y., admits a global minimum ¢*(v),

which is a unique solution of the equation

/ (¢ —p(z, ) 'V ]o(z) — v(y)[P*v)
R2N

_5 p() p()
P L dedy+ [ (9= p(a)) 7)o da

o ) — ) @b o] .
— [ (@) = ) b(a)ol (4.21)

By (4.20), for A > 0 large enough, there are exactly two positive reals ¢1(v) < t*(v) < ta(v)
such that Y. ,(t1(v)) = Tco(t2(v)) = A Clearly t1(v) and to(v) satisty (4.4) with M = 1, and

t(v) := ta(v) increases as A increases or £ decreases. Let
OS(N)={v e, : A>T, ,(t"(v)}

Then, for A sufficiently large, ©¢()) # 0. By (4.21), for v € ©%()), we have

)t (v)P(EY) _ p(z,y) _ _
p(z, y)t* (v) v(z) —v(y)] dedy+ | pla)t* (0)PDw(z)|v|P®) da
RN |z — y|N+sp(y) Q

+E/ r(z)t* (v)"@b(z) o] d < )\qt*(v)q/ a(z)|v|%dx,
Q Q

it holds then

1
A a(z)|v|?dz rT—q . *
(ar—qffsb(z)lvv(“)dm) it ¢*(v) 21

1
Aq [, a(z)|v|?dz —q . «
(Er-qub@)ww)dw) it (v) < 1.

t*(v) < (4.22)

Claim 4.3. Ifv € U NO5(N), then

0
1< 5/ b(z)|v|" @ de + 8 (/ b(x)v|7"(’”)dsc> .
Q Q

for some B >0 and

e )
Q(: ::’()rfqu()q p) o gf l|[v]lg <1 and t*(v) > 1,
g.—d if  lly <1 and t*(v) < 1,
2 p o ) e fl, 2 1 and £(0) < 1,

r~—p )—rt(qg—p~ . N
W) ol 2 1 and #(0) 2 1.

We just prove the case ||v]|q < 1 and t*(v) > 1, since others cases can be treated similarly. In fact,
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we have Y. ,(t*(v)) < A, thus

[ et e
R2N

*()P(@) (=) * ()2 a
PR EER d:z:der/Qt (V)PP w(z)|v|P de < At*(v) /a(z)|v| dz,

Q
(4.23)
which yields

B _ p(z,y) _
£ (v)P / (@) = v gy +/ w(@)|off@dz | < At*(v)q/ a(z)|v|%de.  (4.24)
ren |z — y[NFep(@y) Q Q
Taking into account that ¥.(v) = 1, from (4.3) with M =1 and (4.24), we get
1- 5/ b(z)|v|" @ de < X+ (v)?7P / a(x)|v|?dx
Q Q

and hence in view of (4.22),

T —p—

e | b)) @ de = 1—¢ [ b(z)o["@dz <<Ti_)::£' A a(@)vleda) T
Q Q Q

(4.25)

By Lemmas 2.1, 2.4 and (Hj3), we can find Cy > 0 such that

/Q a(z)o|"dz < Cy ( /Q b(z)|v|r(x)dx>rq+. (4.26)

Combining this inequality with (4.25), we deduce

ar——p)—rt(g—p7)
i —q
1< e/ b(z) o' @dz + 3 (/ b(x)|v|”(”)dx> o
Q Q

and the claim follows. Therefore, for some Cy > 0,

/ b(z)[v["Pdx > Cy for all v e OF(N).
Q

So, according to (4.22) and (4.26), the set {t(v): v € U NO5(N)} is bounded above. Let vy be
fixed in U.. Then, v; € O5(A) for all A > AL := T, (¢*(v1)). From (4.4) with M = 1, we have

7 — p(z,y)
I.(v1) < (1 _ 1> / t(vy)P@Y) v (@) — v (y)] dz dy
R2N

P r— |z — y|N+sp(@y)
1 1 B(z) B(z) 1 1
+|—=-— t(v))PPw(x) o [P de — N | - — — t(v1)%a(x)|v1|?dx. (4.27)
p r Q q T Q

Recalling that A — #x(vy) := t(v1) increases as X increases and p~ < pt < g < r~, we choose

A2 > 0 large enough such that for all A > X2, Z.(v;) < 0. Hence, for all A > X* := max(\l, A2),

(=R €

o = uin(f) o Z.(v) < 0. Now, we show that the minimum of Z is achieved in U N ©%(\) with
vEU.NO;
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A > A*. Indeed, let {v,} C U. NO%(A) such that Z.(v,) — . Since {v,,} is bounded in X, going
to a subsequence if necessary, there exists vg € Xq satisfying (4.7). As previously argued in the
proof of Theorem 3.1, we deduce that vy # 0, vg € L") (Q) and {t(v,)} converges to ty = t(vg) > 0
with

Z.(vo) = Z.(t(vo)vo) = - (tovo) < 1. (4.28)
Since {t*(v,,)} is also bounded, up to a subsequence, t*(v,,) — 3. By (4.19) and direct computation,

we obtain

Teo(t'(0a)) = min (8 1F(vo) + ¢ ~H(w))

>0
g—p \T o (a-p T =g o
= F -~ H r=-p= if ¢ >1
<r‘—q) +<r‘—q) (vo) 7= Hipo) =" i £"(vn) 2
+ +
* > : pt—q rt—q
Tewo®(0a)) = min (#70F(vo) + ¢ ~1H (vo) )
B pt—q rt—g
= q _p+ e —+ 4 _p+ A F('U )r++—_p?" H(U )T?F_pp+ lf t (U ) < 1
r+— q r+— q 0 0 n .

Therefore, passing to the limit as n — 400, we get Y. 4, (t5) > 0, thus ¢ > 0. On the other hand,
by (4.7) and Fatou’s lemma, we entail A > Y., (t§) > Yeu, (t*(v0)). Suppose by contradiction
that A = T, ., (t*(v0)). We have A = Y., (¢t(v,,)), thus

t(v,,)P(*:Y) — p(z,y) _ _
/ (U z,) |’Un(1') Un(y)| dxdy—i—/ t(l}n)p(z)UJ(x)|'Un|p(m)d$
R2N Q

|w _ |N+sp(w7y)

Jre/ﬂt( 2)"@b(2)|vn|"® dz = Mt (v, )? /Qa(:c)\vn|qd:£,

and so, by (4.7),

t(vo)P™9)vg () — vo(y)[P=¥) B(x) Bx)
/Rzzv |l‘ — y|N+sp(I7y) du dy * /Q t(UO) w<x>|v0| e

+e [ Hon) )l < M(ao)? [ ala)fuolda,
which means that Y. ., (t*(vo)) = A > Ye 4, (t(vo)). Therefore,
t*(vo) = t(vo) = to. (4.29)
From (4.21), we have

~ £* (v0)P(®¥) [vg () — o (y)[P®Y) ‘(0 \B(@) B()
(q —-Pp ) (/R?N = y|N+sp(:c,y) drdy + Kzt (vo) w(@)lvol de

> (r~—q)e /Q t*(v0)" @ b(z)|vo|"® dzz. (4.30)
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By virtue of (4.4) with M =1, (4.29)-(4.30) and (Hy), we get

ap = nli)Y_‘T_looIs(t(Un)vn) > T (t(vo)vo) = Ze(t* (vo)vo)
E (q7p+)(r77Q) 7T+7q *( r(x) 2o r(x) T
=g < pt(g—p7) rt ) /Qt (o) =z w0l
_ € (qp+(q —pi) —rt [p+(717 - Q) — Q(Ti - Q)]) *(0 r(zx) )l r(x) -
- ey [ # 0 @@ ol
> 07

which contradicts a; < 0. Then A > Y., (t*(vg)), and consequently vy € ©%(\). We choose
7 > 0 such that 7vy € U.. Using the uniqueness of the solution ¢*(vg) of equation (4.21), we
infer 7t*(Tvg) = t*(vo). Therefore Y. 1, (t*(Tv0)) = Yo, (t*(v0)) < A, thus Tvy € O5(N). Hence
Ty € U: NOE(A). Tt holds from (4.13) and (4.28) that

o1 < T (1vg) = L (t(1vo)Tv0) = Lo (t(vo)vo) = L (v0) < a1,

thus Z (vo) = a;. Thanks again to Lemma 4.1, we see that u := ¢(vg)vo is a solution of (Pyre).

Suppose now that p(x,y) = p, r(z) = r are constant and ¢(z) varies. Let
Ty(t) := A(v) +et"PB(v) — )\/ 1) g () |v] 1) ~Pdg,
Q

where

@)l S
“W’A —————d@+A(NId

an o —y|Ntep

and

B(v) ::/Qb(x)|v|rdw.

Then T',, is continuous, I',(0) = A(v) > 0 and T',(t) — +00 as t — +o0, since p < g(x) < r for all
x € Q. On the other hand, for A large enough, we have t1r>1£ I',(t) < 0. Therefore, by (Ha), there
are exactly two positive reals ¢;(v) < ta2(v) such that T',(¢1(v)) = T'y(t2(v)) = 0. So, by using the

same arguments as above, we obtain a solution of (Py ). The proof of Theorem 3.3 is completed.

Proof of Theorem 3.4. Let ¢y > 0. In view of Theorem 3.3, for A > )\:0, problem (P ) with
e = go admits a solution u., = t(ve, )ve, With v, € ©2°(X). In the case g(x) = ¢, for all ¢ € (0, £¢),

problem (P ) has a solution u. = t(ve)ve. In fact, from (4.19), we have

q—p+ rlf%z)q* q—pJr rr:ﬁ rt—q
Teult*(@) < ( ) +< ) F(o)

rt—q rt—q

+

o b@) o @da\ T gt
(BEE) e e
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and

P_—q r_—q

o) < ((FL) 4 (E) T | ro

T —q

b r(ac)d % q—p_
o [ Jab@o"de er i (*(v) < 1.
Jo a(@)v|1dz

Since p~ < pt < g <77, Teo(t*(v)) L 0 as e L 0. Thus A > Ye o, (t*(ve,)) for any e € (0,¢0).
Hence v, € ©%()). By (4.21), we have

- + —p(x Ve, () — Ve p(zy)
win (200 (e2(0)”) [ IR T I g1y

< e max ((t;(%))r

(0 [ 0@ = 9bae, e,

which yields

1 / (= P(2,y) [vey () = ve (P a0y
€ Jren |x — y|N+SP($7y)

< max((tZ(vaU))”‘p’,t:(vgo)”—f’*) /Q (r(z) — q) b(z)|ve, |" ™ du.

It holds that ¢*(v.,) — 400 as € — 0, since p™ < r~. Noting that t*(v.,) < t:(ve,), we deduce
that t.(ve,) — 400 as ¢ — 0. Therefore, in view of (4.27), for some g; € (0,29) small enough,
Z.(vz,) < 0 for all e € (0,e1). Let 7 > 0 such that 7v., € U NOE(N). Since Z.(Tvz,) = L. (vs,) < 0,

inf Z.(v) <0 forall ¢ (0,e).

veuglrrwleg(,\) - (v) orall €€ (0,e1)
Through a similar reasoning to that of Theorem 3.1, we can show that for any € € (0,&1), problem
(Py ) has a solution ue = t.(v:)ve, with ve € U N OF(N). Moreover, Z. (u:) = fg(vg) — —00 as
e = 0. By (4.1) with M = 1 and (4.16), we conclude that ||u.||x — +oc0 as e — 0. The proof of

Theorem 3.4 is completed.
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RESUMEN

Presentamos aproximaciones multivariadas cuantitativas de
funciones multivariadas continuas con valores en un espa-
cio de Banach definidas en una caja o en RY, N € N, a
través de operadores de redes neuronales multivariados nor-
malizados, de cuasi-interpolacion, de tipo Kantorovich y de
tipo cuadratura. También tratamos el caso de aproximacion
usando operadores iterados de los ultimos cuatro tipos. Estas
aproximaciones se derivan estableciendo desigualdades mul-
tidimensionales de tipo Jackson que involucran el moédulo
de continuidad multivariado de la funciéon comprometida o
sus derivadas de Fréchet de alto orden. Nuestros operadores
multivariados son definidos usando una funcién de densidad
multidimensional inducida por varias funciones sigmoidales
generales diferentes entre si. Esto se hace con el propésito de
activar la mayor cantidad de neuronas posible. Las aproxi-
maciones son puntutales y uniformes. La red neuronal preali-
mentada relacionada tiene un nivel oculto. Concluimos con

aproximaciones L, relacionadas.

Keywords and Phrases: General sigmoid functions, multivariate neural network approximation, quasi-interpola-

tion operator, Kantorovich type operator, quadrature type operator, multivariate modulus of continuity, abstract

approximation, iterated approximation, L, approximation.
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1 Introduction

The author in [2, 3], see chapters 2-5, was the first to establish neural network approximations to
continuous functions with rates by very specifically defined neural network operators of Cardaliaguet-
Euvrard and “Squashing” types, by employing the modulus of continuity of the engaged function or
its high order derivative, and producing very tight Jackson type inequalities. He treats there both
the univariate and multivariate cases. The defining these operators “bell-shaped” and “squashing”
functions are assumed to be of compact support. Also in [3] he gives the Nth order asymptotic
expansion for the error of weak approximation of these two operators to a special natural class of

smooth functions, see chapters 4-5 there.

For this article the author is motivated by the article [14] of Z. Chen and F. Cao, also by [4-12,
15, 16].

The author here performs multivariate multiple general sigmoid functions based neural network
approximations to continuous functions over boxes or over the whole RV, N € N. Also he does
iterated and L, approximations. All convergences here are with rates expressed via the multivariate
modulus of continuity of the involved function or its high order Fréchet derivative and given by

very tight multidimensional Jackson type inequalities.

The author here comes up with the “right” precisely defined multivariate normalized, quasi-
interpolation neural network operators related to boxes or RV, as well as Kantorovich type and
quadrature type related operators on RV, Our boxes are not necessarily symmetric to the origin.
In preparation to prove our results we establish important properties of the basic multivariate

density functions induced by multiple general sigmoid functions and defining our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type of networks we deal

with in this article, are mathematically expressed as
n
Ny (z) = cha(<aj z)+bj), 2R’ seN,
j=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection weights, ¢; € R
are the coefficients, (a; - ) is the inner product of a; and z, and ¢ is the activation function of
the network. In many fundamental network models, the activation function is a general sigmoid
function, but here we use a multiple number of them simultaneously for the first time, so we can

activate a maximum number of neurons. About neural networks read [17-19].
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2 Basics

Let i =1,...,N € Nand h; : R — [—1,1] be a general sigmoid function, such that it is strictly
increasing, h; (0) = 0, h; (—x) = —h; (x), h; (+00) = 1, h; (—o0) = —1. Also h; is strictly convex
over (—o0, 0] and striclty concave over [0, +00), with hEQ) e C(R,[-1,1]).

We consider the activation function

bi(z) =~ (hi(@+1)—hi(x—1)), z€R, i=1,...,N. (2.1)

e

As in [11, p. 285], we get that 1; (—z) = 9; (z), thus ¥; is an even function. Since z +1 >z — 1,
then h; (x +1) > h; (x — 1), and ¢; () > 0, all z € R.

We see that

Let > 1, we have that
1
U@) = (0 (4 1)~ (2 — 1) <0,
by R} being strictly decreasing over [0, +00).

Let now 0 < z < 1,then 1—z >0and 0 <1 -2 < 1+x. It holds hl(z—1)=hl(1—2z) >
R} (x4 1), so that again ¢} (x) < 0. Consequently 1); is strictly decreasing on (0, +00).

Clearly, 1; is strictly increasing on (—o0,0), and ¢, (0) = 0.

See that
1
i i () = 5 (he (+00) — i (+00)) = 0, (2.3)
and
i i () = ¢ (hi (=00) — i (~00)) = 0 (2.4)

That is the x-axis is the horizontal asymptote on ;.

Conclusion, 1 is a bell symmetric function with maximum

~ hi (1)
vi(0) = =2,
We need
Theorem 2.1. We have that
o0
Y piw—i)=1, VeeR, i=1,..,N. (2.5)

Proof. As exactly the same as in [11, p. 286], is omitted. O
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Theorem 2.2. It holds
o0
/ Y (r)de=1, i=1,...,N. (2.6)
—oo

Proof. Similar to [11, p. 287]. It is omitted. O

Thus ; (z) is a density function on R, i =1,..., N.

We give

Theorem 2.3. Let 0 < a < 1, and n € N with n'=® > 2. It holds

0 1 l—a _ 9
Z wi(nz—k)<( hl(z )), i=1,...,N. (2.7)
|nmﬁi\720:1’a
Notice that W (pla
T G 1 _2)):0, i=1,...,N

n—-+oo 2

for some x — 1 < &<z + 1.
Since h} is strictly decreasing we obtain h} (§) < h} (x — 1) and

B (x — 1)

¥ (z) < 5 , Vz>1 (2.9)
Therefore we have
o0 o0 1 o0
Y. titw—k= > Wilne—k)<g5 D> h(lnw—k-1)
k=—o0 k=—o0 k=—o0
|nz—k|>nt=2 [na—k|>n'=" [nz—k|>n'~"
1 [t -
< 2/<n1—a_1) Bi(w—1d@—1)=3 (hi (x—1) Tnm_l))
1 1
3 [hi (+00) — h; (n'~* = 2)] = 3 (1—h; ('™ =2)) (2.10)
The claim is proved. O

Denote by |-] the integral part of the number and by [-] the ceiling of the number.

We further give
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Theorem 2.4. Let x € [a,b] CR and n € N so that [na] < [nb|. It holds

Z,ETHM] 1/111 e ) < %1(1), Vaé€lab, i=1,...,N. (2.11)
Proof. As similar to [11, p. 289] is omitted. O
Remark 2.5. We have that
Lnb)
lim > wilnw—k)#£1, i=1,...,N, (2.12)

k=[na]

for at least some x € [a, b].

See [11, p. 290/, same reasoning.

Note 2.6. For large enough n we always obtain [na] < |nb|. Alsoa < £ <b, iff [na] <k < |nb].
In general it holds (by (2.5))

[nb]

> gi(ne—k)y<1, i=1,...,N. (2.13)
k=[na]
We make
Remark 2.7. We define
N
Z(x1,...,xNn) = Z(x) = Hwi (z;), x=(21,...,25y) €ERY, NeN (2.14)
i=1
It has the properties:
(4)
Z(x) >0, VreRN, (2.15)
(iz)
o Z@-ky= > Y - > Z(m—ky,...,an —ky) =
k=—o0 k}l—*OO kz:*OO szfoo
e’} e} o] N N o] 2.5)
DD DR H%(in—kz’):H( > %(xi—ki)) =1
k1=—00 ko=—00 kny=—o01t=1 =1 \k;=—o00
Hence -
Y Z@-k) =1 (2.16)
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That is

Y Zmz-k)=1, VzeRY, neN. (2.17)

k=—o0

and

/RN Z (x)dr = /RN (1]__\[[ i (m)) dey---dey = lj__v[ (/_Z Wy (mi)dxi> (26) 1, (2.18)

thus

/ Z(x)dx =1, (2.19)
RN

that is Z is a multivariate density function.

Here denote ||z||, = max{|z1],...,|zn|}, = € RY, also set oo := (00,...,00), —00 :=
(—00,...,—00) upon the multivariate context, and
[nal = ([na1], ..., [nan])

where a := (a1,...,an), b:=(b1,...,bn).

We obuviously see that

[nb] [nb] N [nb1] [nbn | N

k=[na] k=[na] \t=1 ki=[na1] kEn=[nan] \i=1

N [nb;]

= H Z ’Lpi (n.’lﬁl - kjl) . (2'20)

i=1 k,L:"TLaJ
For0< B <1andn €N, a firedx € RN, we have that

[nb) Lnb) (b
Z Z (nx —k) = Z Z (nx — k) + Z Z (nx —k). (2.21)

k=[na] k=[na] k=[na]
%=l <75 1% ==l o> 75

n

In the last two sums the counting is over disjoint vector sets of k’s, because the condition

H% — xHoo > n% implies that there exists at least one k—nT — xT’ > n—lg, where r € {1,...,N}.
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(v) We notice that

[nb] [nb1] [nbn | N
Y. Zma-k)= Y o Y (Hwi(n:viki)>
k=[na] ki=[na1] kn=[nan] \i=1

Eog| >
R | N g

N (e [ner
< H < Z wi (nxl - kl)) Z ’(/}r (nxr - kr)
z;l ki=—o0 kr=[na,]
i#r %_wT‘>%
| nb, |
= > e (na —ky) (2.22)
kr=[na,]
—7—3:r‘>,’ 3
) %)
< Z wv (n'Tr - k'r) = Z 1/)7‘ (TL.Z‘T - kr)
kr.=—00 k,.=—00
|k7f—1'r|>n% |nw,\—kr\>n175
@7 1—h, (=7 -2) 1—h; (n'=F —2)
< < max ,
2 i€{l,...,N} 2

where 0 < B < 1.

That is we get:

[nb] 1—
Z Z (nx —k) < max (1_hi(n 5_2)>, (2.23)

ie{l,...,N} 2

0< B <1, withnEN:nlfﬂ>2,Vw€HfV:1[ai,bi].

(vi) It is clear that

i Z(nz—k) < max (1 —hi (070 2)> , (2.24)

i€{l,...,N} 2

O<B<1,nGN:nl_B>2,Vmenij\;1[ai,bi].
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(vit) By Theorem 2.4 we get that

1 1 1
0< =

n b = )
St Z (= k) L (S 0 (e — k) TLL 0 ()

thus

1 1
0< < (2.25)

Vaoe (Hf\il [ai,bi]), n € N.

Furthermore it holds

[nb]| N [nb; |
nh_)rr;o k; W Z (nx —k) = nlgr;o 1:[1 ) rz . i (nx; — k) (2.26)

N [nbi]
H nh_)rrgo Z ¥; (nx; — k) | # 1,

1=1 ki= f”ﬂq-\
for at least some = € (Hil [@;, bJ)

We state

Definition 2.8. We denote by

b (18—
N (B,n) = max <1 hi( 5 2)> : (2.27)

ie{l,...,N}
where 0 < 8 < 1.

We make
Remark 2.9. Here (X, HH,y) is a Banach space.

Let f € C’(H2 1 [al,bl],X), x = (x1,...,2N) € vazl [ai,b;], n € N such that [na;] < [nb;],
1=1,...,N.

We introduce and define the following multivariate linear normalized neural network operator (x :=

(21, o) € (T faisbi]) )

Sy £ (£) Z (nz — k)
A (fo21se s an) = An (fr2) = I
' " Z,Lg meﬂ (nx — k)

|nb1] |nb2 | [nbn | k k N
an [nai] Zlm:z(naﬂ Zkz\f N(naN] ( nl 1 TN) (Hi:l i (an - kl))

(2.28)
nb;
Hz‘lil ( JEFHMJ Vi (nw; — kz))
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For large enough n € N we always obtain [na;] < |nb;|, i = 1,...,N. Also a; < 5 < b;, iff
[na;] <k; < |nb;],i=1,...,N.

When g € C (Hz 1 lai, b1]> we define the companion operator

e ZlEanna—\ 9 ( ) Z (na: - k)

A, (g,z) = - (2.29)
S Z (nw = k)
Clearly /Nln is a positive linear operator. We have that
N N
A, (1) =1, Vze (H [ai,bi]> :
i=1
Notice that A, (f) € C (Hl . lai, bi] ,X) and A, (¢) € C (HZ as, bJ) .
Furthermore it holds
E a1 ()11, 2 (n = k)
k na 5
|4 (£, )], < =2 = A (111, 2) (2.30)
> keina] Z (nz — k)
N
Vo e IT, [as,bi). Clearly |I£1], € C (T, lai,bi])
So, we have that
l4n (£, < A (111, 2) (2:31)
Vo eI, fabl, ¥ ne NV f e C (T, faibi], X ).
Let ce X and ge C (Hl 1 lai, b; }) then cg € C (HZ 1 lai, by ,X) .
Furthermore it holds
A, (cg, ) = cA, (g,x), Vxe H a;i, b . (2.32)
Since A, (1) = 1, we get that
Ap(c)=¢, VecelX. (2.33)

We call gn the companion operator of A,,.

For convenience we call

[nb]

k=[na]
L’nle Lnsz LnbNJ

DD f(kl T) (ﬁ[lwi(mi—ki)) (2.34)

klzfnaﬂ kz:[nag] k}N ]'naN‘\
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Ve (njil ai.bi])

That is 4 (f.2)
A (f,2) = : , 2.35
(f ) Z;Enbr{,a] — (2.35)
Vae (Hf\il [ai,bi]>, n € N.
Hence
tothe)— iy = D =10 (S 2 02— 0) (2.36)
n(fox)—f(z)= . .
Z[Enb[jna_‘ (’I’L{I? . k)
Consequently we derive
595 -1 nb)
[An (f,2) = f (@), S (Hw ) A (fa)=f@) D Zne—k)| , (2.37)
k=[na]

~

Ve (Hf\il [a,‘,biD .
We will estimate the right hand side of (2.37).

For the last and others we need

Definition 2.10 ([11, p. 274]). Let M be a convex and compact subset of (RN, ||'Hp>, p € [1, 0],
and (X7 ||H7) be a Banach space. Let f € C (M, X). We define the first modulus of continuity of

f as
wi (f,0) = sup |f(z)—fWI,, 0<d<diam(M). (2.38)

z,yeM
le—yll, <6

If 6 > diam (M), then
w1 (f,0) = wy (f,diam (M)). (2.39)

Notice wy (f,0) is increasing in 6 > 0. For f € Cp (M, X) (continuous and bounded functions)
w1 (f,9) is defined similarly.

Lemma 2.11 ([11, p. 274]). We have w; (f,d) = 0 as d | 0, iff f € C(M,X), where M is a
convexr compact subset of (RN, H-||p), p € [1,00].

Clearly we have also: f € Cy (RN, X) (uniformly continuous functions), iff wy (f,0) — 0 as d | 0,
where wy is defined similarly to (2.38). The space Cp (RN , X ) denotes the continuous and bounded

functions on RY.
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When f € Cp (RN,X) we define,

By (f,2) = By (fy1, .. ) i= i f (i) Z (nx — k)

k=—oc0

N

k1=—00 ko=—0c0 kn=—0c0

n €N,V z € RN, N €N, the multivariate quasi-interpolation neural network operator.

Also for f € C (RN, X) we define the multivariate Kantorovich type neural network operator

Co (f,2) 1= Cy (fi1,...,o5) = fj <nN/ 0, dt) Z(nz — k) = (2.41)
k=—o0 n
k1+1 ko+1 kEn+1 N
" ’ f(t,...,t )dt Lo.odt )( ’(/Jz(l‘l—k‘l)>,
12—200 kQZ—OO szoo < / /kn2 /cvjzv ' " ' " 11;[1 !

neN, VaeRV,

Again for f € Cp (IR{N , X ) , N € N, we define the multivariate neural network operator of quadra-
ture type D, (f,x), n € N, as follows.

0

Let 0 = (01,...,0n) € NN r = (rq,...,7y) € Z& Wy = Wy ry....ry > 0, such that > w, =
r=0

0, 0y Oy

Z Z o Z Wry,rg,...ry = 1; ke ZN and

r1=07r2=0 rN=0

5nk (f) = 6n Jk1,ko,.. ok Zw7 ( )

_ii Zw f kl T R T (2.42)
725N nel’n ndy’ ' n nly /)’ '

r1=07r2=0 ry=0

where § := (%,%7 7%)
We set
Dy (f,z) == Dy (fi 215, 7N) = Z Onk (f) Z (nx — k) (2.43)
k=—c0
Z Z Z On ki ks .. (sz n%—k’ ) , vr e RV,
k1=—o00 ka=—o00 kny=—o0

In this article we study the approximation properties of A, B, C,, D, neural network operators
and as well of their iterates. That is, the quantitative pointwise and uniform convergence of these

operators to the unit operator I.
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3 Multivariate general sigmoid neural network approxima-
tions

Here we present several vectorial neural network approximations to Banach space valued functions

given with rates.
We give
Theorem 3.1. Let f € C(HN [ai,bi],X), 0<B<1lace (vazl [ai,bi]), N,n € N with

i=1
n'=f > 2. Then

1)

N -1
1
140 ()~ S @), < (wa,(l)) 1 (£z ) + 28w @ 71, || =20 0,
i=1
(3.1)
and
2)
[0 ) =11, <2 ). (3.2)
We notice that 1i_>m Ay () “iw f, pointwise and uniformly.
n o0
Above wy is with respect to p = oo and the speed of convergence is max (niﬁ, on (B, n))
Proof. As similar to [12] is omitted. Use of (2.37). O
We make

Remark 3.2 ([11, pp. 263-266]). Let (RN, ||||p), N € N; where |||, is the Ly-norm, 1 < p < oo.
RY is a Banach space, and (RN)j denotes the j-fold product space RN x --- x RN endowed with

— — NI
the maz-norm ||z gryi = 12&&;2 2all,, where x == (21,...,2;) € (RM)".

Let (X, ””'v) be a general Banach space. Then the space L; :== L; ((RN)j ;X) of all j-multilinear

continuous maps g : (]RN)j = X,j=1,...,m, is a Banach space with norm
llg ()l
lgll:=1llgll,, == sup g ()], = sup . (3.3)
L K all, -~ llzll,

HafH(RN)J':l

Let M be a non-empty convex and compact subset of RF and xo € M is fized.

Let O be an open subset of RN : M C O. Let f : O — X be a continuous function, whose Fréchet
derivatives (see [20]) f9) : O — L; = L; ((RN)j ;X> exist and are continuous for 1 < j < m,
m € N.
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Call (z — x0) = (x — 20,..., 0 — x0) € (RN)j,xEM.
We will work with f|pr.

Then, by Taylor’s formula [13], [20, p. 124] , we get

f(z) = Em: 1Y (xO)j(f” —20) | R (@,00), allze M, (3.4)
=0 '

where the remainder is the Riemann integral

R, (x,x0) := /0 % (f(m) (zo +u(z — ) — f() (x0)> (x — z0)" du, (3.5)

here we set f© (z0) (z — 20)° = f (o).

We consider

w = wi (f(m), h) = sup Hf(m) (z) — £ ()|, (3.6)
z,yeM
le—yll,<h
h > 0.
We obtain
| (70 (o - u (e = 20) = £ (@0) (= 20)"| <
Hf(m) (zo +u(z —z)) — f( (%)H Nz = ol < wllz — ol V o ;L xo”ﬂ ’ (3.7)

by [1, Lemma 7.1.1, p. 208], where [-] is the ceiling.

Therefore for all x € M (see [1, pp. 121-122]):

w Tl = ol ] (1 -y
o @zl < wlhe =l [ |50 | Ot w, (o= aoll,)  (38)

by a change of variable, where

lt - g _ st
P (1) ::A H (|t(|m—)1)!ds - % (

S (=T, VteR, (3.9)
§=0
is a (polynomial) spline function, see [1, p. 210-211].

Also from there we get

(b < |t|m+1 ‘t|m h|t‘7n—1 Vt R 310
mO S\ G T aml Tsemo1y ) ER (8.10)
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with equality true only at t = 0.

Therefore it holds

B (5r20)], < w0 (ux S A e ) xo|;"‘1> CveeM. (1D
(m+1)lh 2m]! 8(m —1)!
We have found that
£ (@) — é f9 (ivo)j(!if — z0)’ < (f(m), h) (Hx(n: iol)%l: N |z ;:;H;n N h ||§(;if)|lz):_l>
vy
< 00, (3.12)
Vx,x9 € M.

Here 0 < wy (f(m), h) < 00, by M being compact and f™) being continuous on M.

One can rewrite (3.12) as follows:

m f(j) (fo) ( - xo)j (m) ” _ onerl H _ ggOHm h H — ;UOHmﬂ
f(.)_jg() 4! Sw <f ’h> (m—i—l])olh + 2m! =+ 8(m—1p)! ’

! (3.13)

Vzg € M, a pointwise functional inequality on M.
Here (- — o)’ maps M into (RN)j and it is continuous, also f\9) (xo) maps (RN)j into X and it

is continuous. Hence their composition fO) (z¢) (- — zo)’ is continuous from M into X.

Clearly f (-) = >0, W € C(M,X), hence Hf () =20 WHW eC(M).

Let {EN} be a sequence of positive linear operators mapping C (M) into C (M) .
NeN

Therefore we obtain

~ ™) () (- — z0)
Ly Hf(‘)zf (O).( 0) (z0) <

=0 Jt .
T L m+1 T T C—zall™ T T - m—1 .
o () (Z~ (1 (mj||11;!h))<o>+(LN (I 2W;lp))<o>+h(LN(||8 <mi”f); )) (o)

(3.14)
VNeN,Vxye M.

N - ~
Clearly (3.14) is valid when M = [] [as, b;] and L,, = A,, see (2.29).
i=1
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All the above is preparation for the following theorem, where we assume Fréchet differentiability

of functions.

This will be a direct application of Theorem 10.2 in [11, pp. 268-270]. The operators A,, A, fulfil
its assumptions, see (2.28), (2.29), (2.31), (2.32) and (2.33).

We present the following high order approximation results.

N
Theorem 3.3. Let O open subset of (RN, H'Hp), p € [1,00], such that [] [a;,b;] € O C RV,
i=1

and let (X, ||||7) be a general Banach space. Let m € N and f € C™ (0, X), the space of m-

times continuously Fréchet differentiable functions from O into X. We study the approximation of

f|i1i_7[1[a7:7bi}. Let o € (f{l (@i, bz]) and r > 0. Then
1)
wﬂu»uw—ééﬁ(A(ﬂ”@@(—xwﬂ)uw <
wn (5,0 (G (I = 20ll*)) () ™ .
Gy Gl 7)) ) ) (& (1= 2l)) )
[(m11)+;+nf]’ (3.15)

2) additionally if f9) (z¢) =0, j=1,...,m, we have

14w () (20) — £ (o), <

w1 (f(m),r (( (H ~ 2 ||m+1>> (a:o))’"lﬂ)

— ((An (1 = wolly*")) (xo))(’"“) (3.16)

m

(4 (- ”3||m+1))(xo))("”“) (3.17)
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4)
et -1, _ o _;jl' ’H(A (79 o) ¢ = w0)') ) o) o
1 (f(m)7r H (ﬁn (” - $0H;n+1>) (xO)H:}::oE l]_V[ [ai,bi])
+ rm/! -
G st ) ol g [ o5 5] o
We need

~ N
Lemma 3.4. The function (An (|| — a:0||;")) (@) s continuous in xg € (H [a;, Z]), m € N.
i=1

Proof. By Lemma 10.3, [11, p. 272]. O

‘We make

Remark 3.5. By [11, Remark 10.4, p. 273/, we get that

(2 Q= woll)) ol <G - 0”"““))<$°>\£;f:e)iﬁ1[ai,m’ (3.19)
forallk=1,...,m
We give
Corollary 3.6 (to Theorem 3.3, case of m = 1). Then
1
(A () o) = 1 (o)l < || (4n (SO o) (- = 20)) ) (o)
rn (100 (A (1= o012)) @) ) (B (1 = 0l2)) a0))* [0+ 2]
(3.20)
2
s on-fl s =l @) el | s

1
2
N
00,20€ [] [ai,bi]
i=1

= (f“%ru@ () o
2

1
~ 2 2 T
N Gy ) N [y AT )
i=1
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Remark 3.7. We estimate (0 < a <1, m,n € N:nl=* > 2),
S 15 = o[ 2 (no —
e m k na Lo nxo )
o (I = w0l (o) = =A=lalTe
Zk [na] (nl'() - k)
B [nb] m+1
(2 25) k
(H ¥; (1 ) > ‘ —2ol  Z(nwo—k) (3.22)
k=[na] el

N -t Lnb) i me1

= (H Uy (1)) Z Hn — Zo Z (nxo — k)
=1 k=[na] 0
*—wol|  <7w
[nb] k m+1

+ Z H’I’) — X0 A (’rL{Eo — k)

k=[na] ) o0

%*Zo” >n%
. 23) !
1 m
(H vi (1 ) {na(m+1) +on (a,n) 1o~ alloo“} ;o (323)
(where b—a = (by —aq,...,by —an)).

N
We have proved that (V xo € [] [ai, bi])

i=1

A (I = 2ol (@o) < (fw <1>>_ {

O<a<l,mneN:nl=>2)

FonGan b= a2 =) G20

And, consequently it holds

N -1
~ 1
m—+1 ) _ m+1
[ (1 = oz ) ol < (1:[1 n (1)) {na<m+1> T 6 (ayn) b — a]™ }
i=1 -
=p1(n) =0, asn— +oo. (3.25)

So, we have that 1 (n) — 0, as n — +oo. Thus, when p € [1,00], from Theorem 3.3 we have the

convergence to zero in the right hand sides of parts (1), (2).

Next we estimate H (Zn (f(j) (o) (- — xo)j)) (SUO)H

Y
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i 19 o) (5 —0) 2 = 1)

(3 (1 =) oy - L0 G 2 =
When p =00, j=1,...,m, we obtain
J J
| 9 (o) (’f _ xo) ‘ < (79 @ H: 2 (3.27)
~ o0
We further have that
. 2.2
H( (fu) o) _xo);)) (20) W 2.25)

N Lnbj k j
(H ¥i (1 > F9 (o) ( - 330) Z (nxo — k) | <

i=1 k= Wﬂ ¥

N [nb] k j

(H P; (1 > Z Hf(” xo)H Hn —xzo|| Z(nzo—k)| = (3.28)

i=1 k=[na] 0

N
(fw) Joo o ( 5 4] #0m-) -
i=1 k=[na]
-t Lnb) i j
<H¢v(1)> Hf o H Z Hn —xo|| Z(nxo— k)
k=[na]
[ % —wol| <7
[nb] j
+ Y Hfb — g ’ Z (nzo — k) (2;3) (3.29)
k=[na] oo

k 1
|15 =wol| >

(ﬂ%‘(l ) Hf(j) xo H {—1—51\7 (a,m) ||b—a||] }—)O7 as n — oo.
i=1

That is
| (Au (£ (@0) (- = 20)')) (xO)Hw 50, asn - oo,
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Therefore when p = oo, for j =1,...,m, we have proved:

H (Avn (f(j) (o) (- — $0)j)) (o)

- (ﬂ”’" <1)> 19 @[ {55 + b (o o= el }
=

(Hwi <1>> [

i=1

=!2j (Tl) < 00, (330)

IN

1 j
s rovanio- o}

and converges to zero, as n — 0.

We conclude:

In Theorem 3.3, the right hand sides of (3.26) and (3.18) converge to zero as n — oo, for any
p € [1,00].

Also in Corollary 3.6, the right hand sides of (3.20) and (3.21) converge to zero as n — oo, for any

p € [l,00].

Conclusion 3.8. We have proved that the left hand sides of (3.15), (3.16), (3.17), (3.18) and
(3.20), (3.21) converge to zero as n — oo, for p € [1,00]. Consequently A, — I (unit operator)
pointwise and uniformly, as n — oo, where p € [1,00]. In the presence of initial conditions we

achieve a higher speed of convergence, see (3.16). Higher speed of convergence happens also to the
left hand side of (3.15).

We give

N
Corollary 3.9 (to Theorem 3.3). Let O open subset of (RN, ||-[|.), such that I [a;,b;] € O C RY,
i=1

and let (X, ||||A/> be a general Banach space. Let m € N and f € C™ (0,X), the space of m-

times continuously Fréchet differentiable functions from O into X. We study the approzimation of

N
/] Nl Let xo € <H [ai,bi]) and r > 0. Here @1 (n) as in (3.24) and 25 (n) as in (3.30),
ai,b; i=1
=1
wheren € N:n'=@*>2 0<a<1,j=1,...,m. Then

1

Y
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2) additionally, if fO) (29) =0, j =1,...,m, we have

wr (1,1 (o () ™)

b ) o0 = e, < SR o ) [ ]
(3.32)
3)
" i (n) @1 (f(m)m (o1 (n))ﬁ) "
14 <f>—f||7HmﬁM DI — (1 (m))(757)

1 2
. [ ++} =:p3(n) =0, asn—oo. (3.33)

‘We continue with

Theorem 3.10. Let f € Cp (RN,X), 0<pB<1,zeRY NneNwithn' =" >2 w isfor
p=o0. Then

1)
1
1B () = £ @, < (15 ) 2w G UL = de ). (33)
2)
[1B2 () =111, _ <22 (). (3.35)
Given that [ € (CU (RN,X) NCg (RN,X)), we obtain lim B, (f) = f, uniformly. The
n— oo
speed of convergence above is max (n%, 6y (B,n)).
Proof. As similar to [12] is omitted. O
We give

Theorem 3.11. Let f € Cp (RN,X), 0<p<1,2zeRY, NnéeNuwithn' =P > 2 w isfor
p=o0. Then

1
ICn (f.0) = £ @), <o (£ + 35 ) + 28w (8, 171,

=:A3(n), (3.36)

oo

([=NGESTN PO (3.37)

Given that f € (CU (RN, X) NCp (RN, X)) , we obtain li_)m Cn (f) = f, uniformly.

Proof. As similar to [12] is omitted. O



CUBO

432 G. A. Anastassiou

25, 3 (2023)

We also present

Theorem 3.12. Let f € Cp (]RN,X)7 0<p<1,2zeRY, NneNuwithn' =P > 2 w isfor

p=o0. Then
1)
1 1
namﬂm—fumysM(ﬂn+,ﬁ)+%Nwmmeww=Aum, (3.39)
2)
1D (5) = £, | < Aa ). (3.39)
Given that f € (CU (RN, X) NCp (RN, X)) , we obtain lim D, (f) = f, uniformly.
n— oo
Proof. As similar to [12] is omitted. O

We make

Definition 3.13. Let f € Cp (RY,X), N € N, where (X, H||7) is a Banach space. We define

the general neural network operator

o B’n,(fax)y Zflnk(f):f(%)v
Fo(fox)i= Y bu(f)Zmz—k) =S Co(f,2), if lux (f) =0V S @)t (3.40)
h=mee n (fv .23) ) Zf lnk (f) = 5nk (f) .

Clearly I,y (f) is an X-valued bounded linear functional such that ||l (f)l., < H Hf”’VH .

Hence F, (f) is a bounded linear operator with HHFn (f)”'YH < HHf”'VH .

We need

Theorem 3.14. Let f € Cp (RN, X), N > 1. Then F, (f) € Cp (RY, X).

Proof. Very lengthy and as similar to [12] is omitted. O
Remark 3.15. By (2.28) it is obvious that H||An NI,

N N
C (H [ai, bi] 7X), given that f € C (H [ai, bi] ,X)

i=1 i=1
Call L,, any of the operators A,, By, Cy, Dy,.

<
= s

< oo, and A, (f) €

Clearly then

N2z L] = 1 0| < 0w o] <fien]_. @an

etc.
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Therefore we get
lzs ol < i) veen (3.42)
the contraction property.
Also we see that
Nzt D) < it o s < imon]_ <) e
Here Lk are bounded linear operators.
Notation 3.16. Here N € N, 0 < 8 < 1. Denote by
N -1
i (1 y ‘ Ln = Ana
CN = (inlw ( )> v (3.44)
1, ifL,=B,,Cpn, Dy,
L» Zf L, = Ana Bna
v (n) = 71’[1 ) ' (3.45)
H+n77 Zan:CnaDnv
1 A
C ai7biaX ’ ZL7: s
Q= (El[ ] ) f L ' (3.46)
C'B RN,X)a Zf Ln:Bnacran?
and
1 A
ai,bi s ] Ln: ns
Y = 11;[1 [ )i (3.47)
RN: Zf L, = ancnaDn'
We give the condensed
Theorem 3.17. Let f € Q,0< <1, z€Y;n, N € N withn'# > 2. Then
(2)
1Ln (£.2) = £ @), < ex w1 (frp ) + 208 B |IF1L | _] =7 (349)
where wy 18 for p = oo,
(i)
(10 (5 = 71, <700 =0, as 0= 0. (3.49)

For f uniformly continuous and in  we obtain

lim Ly, (f) = f,

n—oo

pointwise and uniformly.
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Proof. By Theorems 3.1, 3.10, 3.11, 3.12. O

Next we do iterated neural network approximation (see also [9]).

We make

Remark 3.18. Let r € N and L, as above. We observe that
Lof—f=(Lhf =Ly )+ (L7 f =Ly f) +

(L2_2f_L:1_3f)++(L3‘f_Lnf)+(Lnf_f)

Then

ns =11, < 1zar = 2ol + {ear = 22|+

lza2r = Lol |+ 12f = Zad L |+ |12as = 11| =
ezt @or = pll ||+ {12e2 @ar = plL|| + |26 @t = D]

oot 1L Laf = DI+ [120f = 11| <r|iEas =11 350)

That is
[zes = s < efizas =1, - (3.51)

We give

Theorem 3.19. All here as in Theorem 3.17 and r € N, 7 (n) as in (3.48). Then

lizas =11 <vrm). (3.52)

So that the speed of convergence to the unit operator of L} is not worse than of L.

Proof. By (3.51) and (3.49). O
‘We make
Remark 3.20. Let my,...,m, € N:m; < my < - < m,, 0 < 8 <1, f e Q. Then

o (my) > @ (ma) > >p(m,), ¢ as in (3.45).
Therefore
wi (f, 0 (m1)) = wi (frp(m2)) = -+ Zwi (f, 0 (my)). (3.53)

Assume further that mz_ﬁ >2,9=1,...,r. Then

On (Bymy) > 0n (B,m2) > -+ > 0n (B, my). (3.54)
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Let L,,, as above, i =1,...,7, all of the same kind.

We write

Lun, (L, —y (o Liny (Liny f))) = f =
Lo, (Lo, (o Ling (Lony £))) = Loy (Liny (o« Loy £)) +
Lony (Linyy (o Ling £)) = Luny, (Lo (o Ling ) +
Lo, (L, (o Ly £)) = Ly, (Linyy (oo Ly f)) + -+ 4 (3.55)
L, (L, f) = Lin, f + Ln, f = f =
Lo, (Linyy (- Liny)) Loy f = f) + Lon, (Linyy (- Ling)) (Lo f — f) +
L, (Liny_y (- Liny)) Long f — f) + 4 Lin, (Liny_y f — f) + Lo, f — f-

Hence by the triangle inequality property of HHHVH we get
oo

HHLmr (Lmr—l ( m2( mlf _fH"/HOOS HHLmr (Lm7,71 ( ) mlf_f H H
+H||Lmr Loy s (o Lny)) Lona f — )| H
+HHL (Lo s (- L ) Lunsf ~ £ H
ot 1 Cof = DI+ 0w = 10
(repeatedly applying (3.41))
< W2t = £\ [12mef = 21+ [1Emaf = 11
T Y N I [ 2 o [ (EET™
i=1
That is, we proved
12, (Eon, s o Lo (Lo £0) = 11| <ZHIIL NEF(N e (3.57)

We give

Theorem 3.21. Let f € Q; N, my,mo,....,m, € N:m; <mg < - < m,, 0 < f < 1;
miP > 2 i=1,....r,x €Y, and let (Linys s Lim,.) as (Apy, .oy Am,.) or (Bmy,...,Bm,) or

?

(Cryy---3Cm,) or (Dpyy-.oy D, ), p = 00. Then

|Zm, (Lo o By B D) (@) = £ @) < 12, (B o o L ) = ]|
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St = 11| < e 3 [ (oo o) + 26 (B 111, ]
i=1 i=1
< rew [wn (fp m) + 20w Bom) JUSIL]| |- 359)

Clearly, we notice that the speed of convergence to the unit operator of the multiply iterated operator

is not worse than the speed of Ly, .
Proof. Using (3.57), (3.53), (3.54) and (3.48), (3.49). O

We continue with

Theorem 3.22. Let all as in Corollary 3.9, and r € N. Here 3 (n) is as in (3.33). Then

[hans = s1|| < v |ldnr = 1L |_ < res . (3.59)
Proof. By (3.51) and (3.33). O

Next we present some L, , p1 > 1, approximation related results.

N
Theorem 3.23. Letpy > 1, f € C (H [ai,bi],X>, 0< B <1; N,neN withn'=# > 2, and

i=1

A1 (n) as in (3.1), wy is for p=oco. Then

N P1
HHAn (f) = fHVH N <M | J]®i—a)) - (3.60)
P1-,i1;[1[t17:,b7‘,] i
We notice that lim H”A" H—=f » =0.
n—00 pl,’_l;[l[ai,bi]
Proof. Obvious, by integrating (3.1), etc. O

It follows

Theorem 3.24. Letpy > 1, f € Cp (RN,X), 0<B<1;N,neNwithn'=? > 2, and w; is for
p=00; X2 (n) as in (3.34) and K a compact subset of RN. Then

[ =11, | < 2o 175 (3.61)

where | K| < 0o, is the Lebesgue measure of K.

We notice that HILH;O HHBn (f) — f||,prl’K =0, for f € (Cy (RN, X)nCg (RY, X)).

Proof. By integrating (3.34), etc. O
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Next come

Proof. By (3.36).
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Theorem 3.25. All as in Theorem 3.24, but now we use Az (n) of (3.36). Then
1
lew ey =s1L ] <2 () K55 (3.62)
p1,K
We have that Tim ||ICo (f) = I, =0, for f € (Cu (RY,X) N Cs (RN, X)).
n—o00 th
O
Theorem 3.26. All as in Theorem 3.24, but now we use Ay (n) of (3.38). Then
1
1D (5= 11| < A o) 1K (3.63)
p1, K
We have that lim 1D, (f) = fIL,|| =0, for f € (Cu (RY,X) NCp (RY, X))
n— oo P1,
O

Proof. By (3.38).

Application 3.27. A typical application of all of our results is when (X, ||||A/> = (C,||), where

C are the complexr numbers.
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1 An integral operator

The solution to Problem 12340 in [1, p. 686] tells us that for ¢ : [0,1] — R continuous,

1
1
limﬁ/Lz)dz:Eg — . (L.1)
We shall prove the following additional properties:

loc

Proposition 1.1. Let f € L}, .(R) and for t >0 and x € [0,1], let

ke(z) ==

11 4t
m 2tat + (1 — )t

Then

0 ifz#1/2

(i) flim k() =
el oo ifx=1/2.

1
(i) lim ki(z) de = 1.

t—o0 0

! 1
(i) flim / ke(x) f <s ~3 + x) dx = f(s) for each continuity point s of f.
L o0 0

(o9} 1
(iv) tlim / K (y —s+ 2) f(y) dy = f(s) for each continuity point s of f, where K; coincides
—00 J_

with ki extended outside [0,1] by 0.

Thus we may call k(t,z) := k;(z) a shifted asymptotic reproducing kernel for L]0, 1] or C0,1] for

example (see also at the end of this note).

Proof. (i) is evident

(ii) We show, more generally, that for any continuous function g on [0, 1] we have

lim ki(x)g(x) de = g(1/2). (1.2)

t—o0 0

Note that (1.1) is just the discrete version of (1.2) by taking t = n !. So, to prove (1.2), we

split the integral into two parts and use two different changes of variables. Let ¢ > 1. Then

1This was submitted by myself and Rudolf Rupp as solution to the Monthly problem above.



A nice asymptotic reproducing kernel

443

Lo L@t @)
2t Jo  axt+(1—x) 2t Jijp 2t + (1 — )t
r=th g r=thtg
ot G- 5) ldHt/t 9G+5) 1
2o G-g) G 2 2 GG

Note that ¢ — (1 + %)t is increasing; so the integrand is dominated for s > 1 by

llgllo 2
—— < cods™ .
Hence, as t — o0,
lim 1, 12 (1/2)/OO L d
im = = _—
t—o0 ¢ 2 g 0 €_S+65 5
oo es
= 1/2 —— ds
012 [ 5
= g(1/2)[arctanes]go
T m
972 (5 -7
s
= —g(1/2).
19(1/2)

If we take g = 1, we finally obtain (ii):

! 4
0 ™

(iii) Let f € L[0,1] and suppose that 1/2 is a continuity point of f. Given e > 0, choose § > 0 so
that | f(z) — f(1/2)] < efor [x—1/2| <d. For 0 <z <1landt>1,let h(z) =2t + (1 —2)t.

Then h is a convex function with minimum at @ = 1/2. Hence, whenever 0 < § < 1/2, the

condition |z — 1/2] > ¢ with 0 < 2 < 1 implies that
ot (1—2)t > (1/2+8)" + (1/2 - 6)".

Thus, as § # 0,

t 1 t
— <
9 2t + (1—x) = (1+20)f+ (1— 20)

t::mt—>0 as t — oo.
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/Olkt(l“ da:—/ ko(2)f(1/2) d
</m1/2|>5 +/w_1/2§5> ke(2)| f(z) = f(1/2)] da

0<z<1

[ N [ s

T et |lz—1/2|<6

(1l +1£1/2)) + e / k()

<2 fort>ty.

Consequently

IN

4mt

IN

4mt

IN

! 1 1 y
As tlggj/o ke(z)f <2> de = f <2) by (ii), we deduce that

1
. 1
Jim ; ki(x) f(x) dx = f <2) :
If f € L},.(R) satisfies the assumptions above, we put F(z) := f(s—1+x). Then F € L'[0,1]

and 1/2 is a continuity point of F. Hence

1

lim ki(z)F(z)dx = F(1/2) = f(s).

t—o0 0

(iv) is obtained from (iii) by a linear change of the variable. O

We may ask what happens if s is a jump point. Do we have a similar behaviour as in the Dirichlet-

Jordan Theorem for Fourier series?

It is interesting to discuss the relations that exist between our shifted asymptotic reproducing
kernel k:(x) = k(t,x) and the so-called “summability kernels" in [2, p. 9], respectively “good
kernels" in [3, p. 48], the most prominent examples being the Fejér kernel and the Poisson kernel
for L'(T) concerning 2m-periodic functions. In fact, using suitable transformations, in particular

the new variable y = 27 (z — ) equivalently z = = —|— we get the following relations (we restrict

2m?

w.l.o.g. to the discrete case): let I, fo n(2)dx and

1

Ki(y) = 1" (2+2y7r>7 —m<y<m,

and extend this function 27-periodically. Then K is continuous on R as

K!(—m) = lim K (y)=kn(0) =k, (1) = lim K (y) = K ().

y——T Yy
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Observe that for |y| <,

dnpgnt

P (m ety ()

Moreover, K > 0,
1 (" .

—T

and, by the proof of (iii) and (ii),
/ K!(y)dy -0 asn— oo
o<|y|<m
for every § > 0, 0 small. Hence, according to [3, p. 48], (K}) is a family of good kernels.

Consequently, by [3, Theorem 4.1, p. 49],

(FeE@ =5 [ fe -y - 1)

for every continuity point x of f € Lj,.(R), f 2m-periodic.

Readers having a good command of the Chinese language (unfortunately I don’t), may also consult

the classroom survey [4] for studies on summability/good kernels.
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1 Introduction

Along this paper space means a simply connected CW-complex X of finite type, i.e., dim H"(X;Q)
< oo for all n. A space X is called rationally elliptic if both the graded vector spaces H*(X; Q) and
7.(X) ® Q are finite dimensional. Furthermore, if H°(X;Q) = 0, then X is called an Fy-space.
For instance, products of even spheres, complex Grassmannian manifolds and homogeneous spaces

G/H such that rank G = rank H are Fy-spaces.

Given a rationally elliptic space X. For any positive integer n, let X[ denote the n-Postnikov
section of X and X" its n-skeleton. The aim of this paper is to characterize an Fy-space in terms of
the homotopy groups of its skeletons and the rational cohomology of its Postnikov sections. More
precisely, let:

Io(X) =ker(m, (XM ®Q — 1, (X" X" HeQ), n>2.

By exploiting the properties of the Whitehead exact sequences associated respectively with the

Sullivan model and the Quillen model of X, we prove the following result

Theorem 1.1. Let X be a rationally elliptic space. If Teyen(X) ® Q # 0, then the following

statements are equivalent.

(1) X is an Fy-space.
(2) T3 (X) =0 for alln > 1.

(8) H¥H(XE1;Q) = 0 for alln > 1.

Note that if X is a (non-trivial) rationally elliptic space such that Teyen (X) ® Q = 0, then X

cannot be an Fy-space as it is mentioned in Remark 3.3.

We show our results using standard tools of rational homotopy theory by working algebraically
on the models of Quillen and Sullivan of X. We refer to [8] for a general introduction to these
techniques. We recall some of the notation here. By a Sullivan algebra we mean a free graded
commutative algebra AV, for some finite-type graded vector space V = (V22), i.e., dim V" < oo
for all n > 2, together with a differential 0 of degree +1 that is decomposable, i.e., satisfies
0 :V — AZ2V. Here AZ2V denotes the graded vector space spanned by all the monomials

v1 - - - v, such that vy,...,v, € V and r > 2.

Every space X has a corresponding Sullivan algebra called the Sullivan model of X, unique up
to isomorphism, that encodes the rational homotopy of X. In particular, we have the following

identifications valid for every n > 2,

H"(X;Q) = H"(AV), V"= Hom(m,(X)®Q,Q). (1.1)
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Dually, by a free differential graded Lie algebra (IL(WW), d) (DGL for short), we mean a free graded
Lie algebra L(W), for some finite-type vector space W = (W>1), together with a decomposable
differential ¢ of degree —1, i.e., (W) — L22(W). Here L=2(W) denotes the graded vector space
spanned by all the brackets of lengths > 2.

Every space X has a corresponding DGL, called the Quillen model of X, unique up to isomorphism,
and which determines completely the rational homotopy type of X. In particular, we have the

following identifications valid for every n > 2,

Tu(X) ® Q= Hy y(L(W)), Hn(X;Q) = Wy_y. (1.2)

2 Whitehead exact sequences in rational homotopy theory

2.1 Whitehead exact sequence of a DGL

Let (L(W), ) be a DGL. For any positive integer n, we define the linear maps
Jn Hn(]L(WSn)) = Wy, bp: Wy — Hn—l(L(WSn—l))a
by setting
Jn(fw+y]) = w,  bu(w) = [5(w)], (2.1)

were [0(w)] denotes the homology class of §(w) in the sub-Lie algebra L, _1(W<,—1). Recall that
if x € H,(L(W<y,)), then z = [w + y], where w € W,,, y € L,,(W<,,—1) and é(w +y) = 0.

To every DGL (IL(W), ), we can assign (see [2,6,7]| for more details) the following long exact

sequence
o Wt ST, s Hy (LOW)) L2 W7, 2o (2.2)
called the Whitehead exact sequence of (IL(WW), ), where
Ty, =ker(jy, : Ho(L(W<y,)) = Wy), Vn. (2.3)

Remark 2.1. If (L(W),0) is the Quillen model of a space X, then by the properties of this model,
the DGL (L(W<y,),0) can be chosen as the Quillen model of the (n + 1)-skeleton X" . Thus, we

derive the following identification
Iy (X)=r,, vm>1 (2.4)

where

Tpi1(X) =ker(m,1 (X" @ Q — 7,01 (X" X™) @ Q). (2.5)
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2.2 Whitehead exact sequence of a Sullivan algebra

Likewise, let (AV,0) be a Sullivan algebra. In [1,4,5], it is shown that with (AV,d), we can

associate the following long exact sequence

oy Y gl py Sy gl Ay syt U (2.6)

called the Whitehead exact sequence of (AV, 9). Recall that the linear map b” is defined by setting
b (v) = [0(v)]. Here [0(v)] denotes the cohomology class of d(v) € AV="~1.

Remark 2.2. If (AV,9) is the Sullivan minimal of a given space X, then by virtue of the properties
of this model, (A\V=""19) can be chosen as the Sullivan model of the (n — 1)-Postnikov section

X[=1" Thus, we derive the following identification
H Y (xI1Q) = A HY (AVERTY)) vn > 2. (2.7)

Proposition 2.3. If (AV,0) is the Sullivan model of a space X and (L(W),6) its Quillen model,
then we have

I, = H"T2(AVS"),  Vn > 2. (2.8)

where Ty, is defined in (2.3).

Proof. Applying the exact functor Hom(-, Q) to the exact sequence (2.2) we obtain

bn

-+ Hom(W,41,Q) < Hom(T',, Q) +— Hom(H,(L(W)),Q) + Hom(W,,Q) < (2.9)

Taking into account that by virtues of the Quillen and Sullivan models we have

e Any vector space involved in this paper is of finite dimension which implies that it has the

same dimension as its dual.
e Hom(W,,,Q) = H" 1(AV) = H" 1(X;Q) for all n > 1.
e Hom(H,(L(W));Q) 2Vl 27, 1 (X)®Q for all n > 1.

e The two maps H"™(AV) — V™! and Hom(W,,Q) — Hom(H,(L(W)),Q) appearing in
(2.6) and (2.9) are the same linear map because they can be identified with the following

linear map
Hom(H,,+1(X;Q); Q) = H"(X;Q) — Hom(m,41(X) ® Q; Q),

which is the dual of the Hurewicz homomorphism 7,41 (X) @ Q — H,4+1(X;Q). Here we use

the well-known universal coefficient theorem.
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Finally, by comparing the sequences (2.6), (2.9) we get (2.8). O

Corollary 2.4. If X is a given space, then
Dot (X) 2 H"P2(XIM:Q),  as vector spaces, Vn > 1. (2.10)

Proof. Tt suffices to apply the identifications (2.4), (2.7) and Proposition 2.3 to the Sullivan model
and the Quillen model of the space X. O

3 The main result

As it is stated in the introduction, a space X is called rationally elliptic if both the graded vector
spaces H*(X;Q) and 7,(X) ® Q are finite dimensional.

Proposition 3.1 ([8, Proposition 32.10]). If X is a rationally elliptic space and (AV,0) its Sul-
livan model, then dim H®*"(AV) > dim H°I4(AV). Furthermore, the following statements are

equivalent

(1) X is an Fy-space.

(2) dim Vever = dim Vodd and (AV, ) is pure, i.e., (V) =0 and 9(V°Id) C AVeven,

Using the identification (1.1) and (1.2), we can translate the above Proposition in terms of the

Model of the Quillen. Thus, we have the following result.

Proposition 3.2. If (L(W),0) is the Quillen model of a rationally elliptic space X, then dim Wygqq >

dim Weyen. Moreover, the following statements are equivalent
(1) X is an Fy-space.
(2) Weven = 0.
(3) Heven(IL(W)) = Heyen (IL(W)).

Subsequently, we need the following obvious remark.

Remark 3.3. Let (L(W),0) be the Quillen model of a rationally elliptic space X .

(1) If Woaa = 0, then X is rationally trivial. Indeed, Since X is a rationally elliptic space,
using Proposition 3.1, it follows that dim Wyqq > dim Weyen. Hence, if Woqq = 0, then
W = Woad ® Weven = 0 implying that X is rationally trivial.
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(2) If X is a (non-trivial) rationally elliptic space such that Teyen(X) ® Q = 0, then X cannot

be an Fy-space. Indeed, if so, then we must have
dim Treyen (X) @ Q = dim 7o44(X) ® Q.

Therefore, dim 7, (X) ® Q = dim Teyen(X) ® Q + dim 7ogq(X) ® Q = 0. As a result, X is

rationally trivial.

Proposition 3.4. Let (L(W),d) be the Quillen model of a rationally elliptic space such that
Hodd(L(W)) 7é 0. If Fodd = O, then Weven =0.

Proof. Assume by contradiction that Weyen # 0 and let wg € Weyen such that
lwo| = max{|w|, w € Weven}. (3.1)

Let us consider the Whitehead exact sequence (2.2) of (IL(W), ). Since I'oqq = 0, it follows that
bjwo|(wo) = 0 and from the relation (2.1) there exists a decomposable element in go € (1) such

that §(wo + go) = 0.

Next, as Hoqa(L(W)) # 0, there exists a non-trivial homology class {w + y} € Hap41(L(W)),

where w € Wa,,,11 and y is a decomposable element in L, 1 (W), for a certain m € N.

Therefore, the bracket [wo + go, w + y] is a decomposable cycle of degree |wg| + 2m — 1 providing

a homology class in the vector space

Lwol+2m+1 C Hywgl42m+1(LW<jwg | +2m11))-

It is worth noting that as |wg| is even, then |wg| + 2m + 1 is odd and by taking into account
the relation (3.1), the cycle [wo + qo,w + y] cannot be a boundary in I'|,|42m+1 implying that
I'oaq # 0. Contradiction. O

Corollary 3.5. Let X be a rationally elliptic space such that Teyen(X) ® Q # 0 and let T (X) as
n (2.5). If Toyen(X) =0, then X is an Fy-space.

Proof. Working algebraically, let (L(1V),d) be the Quillen model of X. Since Teyen(X) = 0, the
identifications (2.4) implies that I'vgqq = 0. Next, by applying Proposition 3.4, it follows that
Weven = 0 and by the identifications (1.2), we deduce that H®V**(X;Q) = 0. Hence, X is an
Fy-space. O

Corollary 3.5 implies the following result which gives a characterization of an Fy-space X in terms

of the homotopy groups of its skeletons.
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Corollary 3.6. Let X be a rationally elliptic space such that Teyen(X) @ Q # 0. If
Ton(X?")®Q =0, VYn>1, (3.2)
then X is an Fy-space.

Proof. First, according to (2.5), we know that 'y, (X) C 72, (X?") ® Q for all n > 1. Therefore,
the relation (3.2) implies that Teyen(X) = 0. Then, it suffices to apply Corollary 3.5. O

The next result gives characterization of an Fy-space X in terms of the rational cohomology of its

Postnikov sections.

Corollary 3.7. Let X be a rationally elliptic space such that Teven(X) ® Q £ 0. If
g (xEelQ) =0, vnx1,
then X is an Fy-space.

Proof. First, by Corollary 2.4, if H?"+1(XPP"=1,Q) = 0 for all n, then Teyen(X) = 0. Next, it
suffices to apply Corollary 3.6. O

Proposition 3.8. If X is an Fy-space, then T'a,(X) =0, Vn >1.
Proof. Let (AV, ) be the Sullivan model of X. By (2.6), the Whitehead exact sequence of (AV, )
can be written as

NN V2" ﬂ) H2n+1 (Avg2n71) SN H2n+1(Av) N V2n+1 bﬂl

As X is an Fy-space, then by Proposition 3.1, the Sullivan model (AV, 9) of X satisfies H°d9 (AV) =
0 and 9(Vever ) = 0, it follows that the maps b°V*" = 0. Consequently, H>"T1(AV=2""1) = ( for
every n > 1. Hence, the result follows from the formula (2.10). O

Proof of Theorem 1.1. 1t follows from Corollaries 3.5, 3.7 and Proposition 3.8 after taking Remark

3.3 into account. O
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1 Introduction

In all that follows, R always denotes an associative ring with center Z(R) and C is the extended
centroid of R (we refer the reader to [3] for more information about these objects). As usual, the
symbols [s, t] and sot denote the commutator st —ts and the anticommutator st + ts, respectively.
Recall that a ring R is prime if ¥Ry = {0} implies x = 0 or y = 0, and R is semiprime if zRx = {0}

implies x = 0.

A map D: R — R is called a multiplicative derivation if D(xy) = D(x)y + 2D(y) for all z,y € R,

if D is also additive, we say that D is a derivation of R.

The study of commutativity preserving mappings has been an active research area in matrix
theory, operator theory, and ring theory (see [8,19] for references). According to [5], let S be a
subset of R. A map ¢ : R — R is said to be strongly commutativity preserving (SCP) on S
if [p(x), o(y)] = [z,y] for all z,y € S. In [4], Bell and Daif investigated commutativity in rings
admitting a derivation which is SCP on a nonzero right ideal. In particular, they proved that if a
semiprime ring R admits a derivation D satisfying [D(z), D(y)] = [z, y] for all ,y in a right ideal
I of R, then I C Z(R) (see [9] for more information). In particular, R is commutative if I = R.
Later, Deng and Ashraf [10] proved that if there exists a derivation D of a semiprime ring R and
amap ¢ : I — R defined on a non-zero ideal I of R such that [p(z), D(y)] = [z, y] for all z,y € I,
then R contains a non-zero central ideal. In particular, they showed that R is commutative if
I = R. Recently, this result was extended to Lie ideals and symmetric elements of prime rings by
Lin and Liu in [12] and [13]. There is also a growing literature on strong commutativity preserving
(SCP) maps and derivations (for references see [4,8,16], etc.) In [1], Ali et al. showed that
if R is a semiprime ring and f is an endomorphism that is a strong commutativity preserving
(simple, SCP) map on a non-zero ideal U of R, then f commutes on U. In [18], Samman proved
that an epimorphism of a semiprime ring is strongly commutativity preserving if and only if it
is centralizing. Derivations and SCP mappings have been extensively studied in the context of
operator algebras, prime rings, and semiprime rings. Many related generalizations of these results

can be found in the literature (see for example [8,11,14,15,17]).

In this paper, we discuss the notion of a derivation that satisfies one of the following conditions:
(i) [D(z),D(y)] + H([z,y]) € P, for all z,y € R,
(i7) D(z)oD(y)+ H(xoy) € P, for all z,y € R,

(i5i) [D(x),F(y)]+ H(zoy) € P, for all x,y € R,

(iv) D(x)oD(y)+ H([z,y]) € P, for all x,y € R,

where P is a prime ideal of R, D is a derivation, and H is a multiplier of R.
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2 Results

In this section, we discuss some well-known results in the rings theory, which will be used in the

following sections.

(@) [z, yz] = ylz, 2] + [z, y]2.

(1) [ry, 2] = [, 2]y + =[y, 2].
(idi) xyoz = (xo2)y+ [y, 2] = x(yoz) — [z, 2]y.
(iv) zoyz =y(ro2) + [z,y]z = (xoy)z +ylz,2].

Lemma 2.1 ([2], Lemma 2.1). Let R be a ring, P be a prime ideal of R, and D a derivation of
R. If [D(x),x] € P for all x € R, then D(R) C P or R/P is commutative.

Lemma 2.2 ([6]). Let R be a prime ring. If functions F: R - R and G : R — R are such that
F(x)yG(z) = G(x)yF(z) for allx,y,z € R, and F # 0, then there exists A in the extended centroid
of R such that G(x) = \F(x) for all z € R.

The following two Lemmas are also used to prove our theorems. The primary goal is to establish

a connection between the commutativity of rings R/P and the behavior of their derivations.

Lemma 2.3. Let R be a ring and P be a prime ideal of R. If R admits a derivation D such that

R satisfies one of the following assertions:

(i) [#,D(y)] € P for all z,y € R,

(i1) xoD(y) € P for all z,y € R,
then D(R) C P or R/P is commutative.

Proof. (i) Suppose that
[,D(y)] € P for all z,y € R. (2.1)

Replacing y by yt in (2.1), we obtain
D(y)lz,t] + [z, D()]t + y[z, D(t)] + [z, y|D(t) € P forall =z,y,t €R.
Using (2.1), we get

D(y)[z,t] + [z,y]D(t) + y[z,D(t)] € P for all =z,y,t € R. (2.2)
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For x =t in (2.2), it follows that
[t,y]D(t) + y[t, D)) € P forall y,teR. (2.3)
Taking ry instead of y in (2.3) and using (2.3), we conclude that
[t,r]yD(t) € P forall ry,t€R.

Equivalently,
[t,r]RD(t) C P forall r,teR.

By primeness of P, we arrive at
[t,r]e P or D(t)e P forall riteR. (2.4)

If there exists tg € R such that D(tg) € P, then (2.3) implies that y[tg, D(to)] € P for all
y € R which implies that [to, D(to)]y[to, D(to)] € P for all y € R. Since P is prime, then
[to, D(to)] € P. So, (2.4) becomes [t,D(t)] € P for all ¢t € P, in this case Lemma 2.1 forces
that D(R) C P or R/P is commutative.

(#4) Using the same techniques as those used in the proof of (i) with minor modifications, we can

easily arrive at our result. O

Lemma 2.4. Let R be a ring and P be a prime ideal of R. If R admits a derivation D such that

R satisfies any of the following assertions:

(1) [z,D(x)] € P for all x € R,

(i) xoD(x) € P forallz € R,
then D(R) C P or R/P is commutative.

Proof. (i) Assuming that
[z,D(z)] € P forall zeR. (2.5)

Linearizing Eq. (2.5), we obtain
[, D(y)] + [y,D(z)] € P forall z,yeR. (2.6)
Replacing y by yz in (2.6), and using it with (2.5) we obtain

ylx, D(x)] + [z,y]|D(x) € P for all z,y € R. (2.7)
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Putting yz instead of y in (2.7), where z € R and using it again, we get
[z,y]zD(z) € P forall z,y,z€ R.
Since P is prime ideal of R, we arrive at
[z,y € P or D(z)e P foral z,yeR. (2.8)

Suppose that D(R) ¢ P. There exists z € R such that D(z) ¢ P. By (2.8), we get [z,y] € P
for all y € R which implies that & € Z(R/P). Let z € R such that z ¢ Z(R/P). Then,
there exists yo € R such that [z,y0] ¢ P. Therefore, from (2.8), we find that D(z) € P. On
the other hand, since D(x) ¢ P, we can derive D(x + z) ¢ P. Using (2.8) again, the last
expression gives [z + z,y] € P for all y € R, which forces that [z,y] € P for all y € R, a

contradiction.

(#9) Suppose that
zoD(z)e P foral zeR. (2.9)

Linearizing (2.9), we get
zoD(y)+yoD(x)e P foral z,yeR. (2.10)
Substituting yx for y in (2.10), and using it again, we find that
y(xoD(x)) + [x,y|D(x) + y[z,D(x)] € P forall z,yeR. (2.11)
Replacing y by yz in (2.11), where z € R and using it again, we obtain
[z,y]zD(x) € P forall z,y,z€R. (2.12)

Continuing with the same techniques as used in (i), and we get the required result. O

Corollary 2.5. Let R be a prime ring. If R admits a nonzero derivation D, then the following

assertions are equivalent:

(i) [z, D(x)] =0 for all z € R.
(i1) R is commutative.

Corollary 2.6. Let R be a prime ring. If R admits a nonzero derivation D then the following

assertions are equivalent:

(1) zoD(x) =0 for allxz € R.
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(#9) R is commutative of characteristic equal 2.

Proof. By Lemma 2.4 we get that R is commutative. In this case, our identity becomes 2zD(z) = 0
for all z,y € R. Linearizing the last equation, we find 2zD(y) + 2yD(z) = 0 for all z,y € R.
Replacing y by yx, we obtain 2z D(yx) = 0 for all z,y € R. This implies that 2zD(y)z = 0 for all
x,y € R. Replacing yt with y and using the last expression, we get 2eRyRD(¢t)Rxz = {0} for all
xz,y € R. Since D # 0, we conclude that 2z = 0 for all z € R. O

Theorem 2.7. Let R be a ring and P a prime ideal of R. Suppose that R admits a multiplier H
and a derivation D of R such that D(P) C P. If [D(z), D(y)] + H([z,y]) € P for all z,y € R, then

one of the following assertions holds:

(i) H(R) C P.

(ii) There exists X € C such that D— X maps R into P with (\>+ H)([x,y]) € P for all z,y € R.

(i#i) R/P is a commutative ring.

Proof. Suppose that R/P is not a commutative ring and
[D(z),D(y)] + H([z,y]) € P forall z,yeR. (2.13)
Replacing « by zt in (2.13) and using it, we conclude that
D(2)[t, D(y)] + z[D(t), D(y)] + [z, D(y)|D(t) + H(x)[t,y] € P for all =z,y,t € R. (2.14)
Substituting uz for z in (2.14), we find that

D(u)x[t, D(y)]+uD(z)[t, D(y)] +uz[D(t), D(y)] +ulz, D(y)|D(t) + [u, D(y)|xD(t) +uH (x)[t,y] € P.
(2.15)
Left-multiplying (2.14) by v and comparing it with (2.15), we get

(D(u)x — uD(x))[t, D(y)] + uD(x)[t,D(y)] + [u, D(y)]aD(t) € P for all z,y,u,t €R. (2.16)

Taking t = D(y) in (2.16), we obtain [u, D(y)]RD(D(y)) C P for all u,y € R.

By primeness of P, it follows that for each y in R either [u, D(y)] € P for allu € R or D(D(y)) € P.
Let A={y e R | [u,D(y)] € Pforallu € R} and B = {y € R | D(D(y)) € P}. Clearly, A and
B are additive subgroups of R such that AU B = R. The fact that a group cannot be a union of

two of its proper subgroups, forces us to conclude that either R = A or R = B.
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Assume that R = A. Then by Lemma 2.3 (i) and our hypothesis, we get D(R) C P. In the latter

case, from our assumption we get

[u, D(yw)] = D(y)[u, w] + [u, D(y)]w + [u, yD(w)] € P for all y,u,w € R.

Since [u, D(yw)] € P and [u, D(y)] € P for all w,u,y € P, it is easy to notice that D(y)[u,w] € P
for all y,u,w € R. From this, we can easily arrive at D(y)R[u,w] C P for all u,w,y € R. Hence,
it follows that D(R) C P. From our initial hypothesis (2.13), we get

H([z,y]) e P forall z,y€eR. (2.17)

In (2.17), replacing = by zt and using it again, we find that [x,y]H(t) € P for all x,y,t € R.
Replacing y by yr, where r € R, we get [z, y]rH(t) € P for all z,y,r,t € R, which implies that by
the primeness of P that H(R) C P.

Next, we consider the case R = B, it follows that D(D(y)) € P for all y € R. It implies that for
each x,y € R, we have D([D(z), D(y)]) € P. Applying d to equation (2.13) and using the condition
d(P) C P, we get

D(H([z,y])) € P forall z,y€eR. (2.18)

Replacing x by zy in (2.18) and using it, we find that

H([z,y))D(y) € P forall z,ye€R.

Replacing « by «t and using it, we find H([z,y])tD(y) € P for all z,y,t € R. Therefore, either
H([R,R]) C Por D(R) C P. If H([R,R]) C P, then as in (2.17) we have H(R) C P. Let us
suppose that D(R) C P, from (2.16) we have (D(u)x — uD(z))[t,D(y)] € P for all x,y,t,u € R,
which means that (D(u)z — uD(z)) € P for all z,u € R or [t,D(y)] € P for all y,t € R (the
second case is already discussed above). So, we assume that D(u)z — uD(x) € P for all u,z € R.

Replacing u by uy, we get

D(uw)ylr(z) = Ir(w)yD(z) forall z,y,u € R,

where I is the identity map of R.

Using Lemma 2.2, there exists A € C such that D(x) = Az for all z € R. It implies that D(x)—\z €
P for all z € R. Hence,

{D = AHa) AP + Ay)l € P.

In view of our hypothesis, we get (A\? + H)([z,y]) € P for all z,y € R. O
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In the same way, we can get the following result:

Theorem 2.8. Let R be a ring and P a prime ideal of R. If R admits a multiplier H and a
derivation D with D(P) C P, such that any one of the following assertions holds:

(a) D(x)oD(y) + H([x,y]) € P for all z,y € R,
(b) D(z)oD(y)+ H(zoy) € P forall z,y € R,

(¢) [D(z),D(y)]+ H(xoy) € P for all z,y € R,
then one of the following holds:
(i) HR) C P.
(ii) There exists X € C such that D— X maps R into P with (\2+ H)([z,y]) € P for allz,y € R.
(7ii) R/P is a commutative ring.
Proof. (a) By our assumption
D(z) oD(y) + H([z,y]) € P forall z,ye€R.
Replacing = by «t in the above expression and using it, we conclude that
D(x)[t, D(y)] + (x o D(y))D(t) + 2[D(t), D(y)] + H(2)[t, y] € P. (2.19)
Substituting uz for z in (2.19), we find that

D(u)x[t, D(y)] + uD(x)[t, D(y)] + u(z o D(y))D(t) — [u, D(y)lzD(t)
+uz[D(t), D(y)] + uH (z)[t,y] € P for all z,y,t,u € R.

(2.20)

From the Left multiplying (2.19) by v and comparing with (2.20), we get
(D(u)z —uD(x))[t, D(y)] + uD(z)[t, D(y)] — [u, D(y)]zD(t) € P forall z,y,t,u e R. (2.21)

We process using the same approach as in Theorem 2.7, and finally, we arrive at our result. We
can reach the conclusions of (b) and (c¢) by using similar techniques as before, with the necessary

variations of (c). O

It is easy to prove that the maps Ix and —Ix are multipliers of R. We get the following results
by replacing H with FIg:
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Corollary 2.9. Let R be a ring and P be a proper prime ideal of R. If R admits a derivation D
with D(P) C P, such that R satisfies one of the following assertions:

(a) [D(x),D(y)] £ [z,y] € P for all z,y € R,
(b) D(x)oD(y)x[x,y] € P for all x,y € R,
(¢) D(x)oD(y) £ (xoy) € P foralxz,yeR,
(d) [D(z),D(y)] £ (xoy) € P foralz,yeR,
then one of the following holds:
(i) there exists A € C such that D — X maps R into P with (\> F I)([x,y]) € P for all z,y € R;
(i1) R/P is a commutative ring.

Replacing H by —Ix in the Theorem 2.7 and P by {0}, we get the following corollary:

Corollary 2.10. If R is a prime ring admitting a strong commutativity preserving (SCP) deriva-

tion D, then one of the following assertions holds:

(1) There exists A € C such that D(z) = Az for all x € R with \*> = 1;

(2) R is a commutative ring.

Replacing H by —I in the Theorem 2.8 and P by {0}, we obtain the following corollary:

Corollary 2.11. Let R be a prime ring. If R admits a derivation D, such that any one of the

following assertions hold:

(a) D(x)oD(y) =[x,y for all x,y € R,
(b) D(x)oD(y)=zoy for al z,y € R,

() [D(x),D(y)] =zoy forallz,y €R,
then one of the following holds:

(i) There exists A € C such that D(x) = Az for all x € R with \? = 1;

(#9) R is a commutative ring.
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ABSTRACT

In this work, we investigate the existence of a mild solution

and the approximate controllability of non-instantaneous im-

pulsive stochastic integrodifferential equations driven by the

Rosenblatt process in Hilbert space with the Hurst parame-

ter H € (1/2,1). We achieve the result using the semigroup

theory of bounded linear operators, Grimmer’s resolvent op-

erator theory, and stochastic analysis. Using Krasnoselskii’s

and Schauder’s fixed point theorems, we demonstrate the ex-

istence of mild solutions and the approximate controllability

of the system. Finally, an example shows the potential for

significant results.

RESUMEN

En este trabajo investigamos la existencia de una solucién

mild y la controlabilidad aproximada de ecuaciones integro-

diferenciales estocéasticas no-instantaneas impulsivas dirigi-

das por el proceso de Rosenblatt en espacios de Hilbert con

el parametro de Hurst H € (1/2,1). Logramos este resultado

usando la teoria de semigrupos de operadores lineales acota-

dos, la teoria del operador resolvente de Grimmer y anélisis

estocéstico. Usando los teoremas de punto fijo de Krasnosel-

skii y Schauder, demostramos la existencia de soluciones mild

y la controlabilidad aproximada del sistema. Finalmente, un

ejemplo muestra el potencial para resultados significativos.

Keywords and Phrases: Approximate controllability, fixed point theorem, Rosenblatt process, stochastic inte-

grodifferential equations, resolvent operator, non-instantaneous impulses.
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1 Introduction

Stochastic differential equations have become an active field of study because of their various ap-
plications in fields such as electrical engineering, mechanics, medical biology, economic systems,
etc. For more information, see [2,11,18,29]. The mathematical description of the phenomenon
under investigation must account for randomness since many real-world events, such as stock
prices, heat conduction in memory materials, and rising population, are unpredictable or noisy.
It has been demonstrated that stochastic differential systems are especially powerful methods for
describing and understanding this kind of event. Stochastic differential systems theory has been
applied to model various phenomena in this life. Numerous authors have also investigated the ex-
istence, uniqueness, stability, controllability, approximate controllability, and other qualitative and
quantitative properties of SDEs and stochastic integrodifferential equations (SIEs) using stochastic
analysis, the fixed point approach, and the concept of resolvent operators in the case of SIEs. See
for example, [6,9,15,17]. In the last decades the theory of impulsive partial equations or inclusions
seems to be a natural description of many real processes that are exposed to some disturbances,
the duration of which is insignificant in comparison to the duration of the process. In addition
to impulsive effects, stochastic effects also exist in real systems. Thus, impulsive stochastic dif-
ferential equations describing these dynamical systems subject to both impulsive and stochastic
changes have attracted significant attention. In particular, the papers [3,26,40] have studied the
existence of smooth solutions for certain impulsive neutral stochastic functional integrodifferential

equations with infinite delay in Hilbert spaces.
Let us consider ({,)nez a stationary Gaussian sequence with correlation function holds R(n) =
2H—2

E(¢o¢n) =n"* Z(n), with H € (3,1) and & — oco. Let & denote the Hermite function of rank
H. Also, if € admits the following,

Z(o) = S cHip), ¢ = %E(?(@H@om

J=0

2

- 2 g, e . . :
then H = min{j|c; # 0} > 1. H;(p) = (—1)’e=z 88—;_6_7, where H;(p) is the Hermite polynomial

of degree j. Then by the Non-central Limit Theorem, Zf;]l Z((;) converges as n — oo in the
sense of finite-dimensional distributions to the process
H T ~( IR
Rk(p) = c(H, K)/ / [[E-92" <" | aw@,)---dw(vk), (1.1)
rRJo \;
j=1

The (1.1) is a Wiener integral of order K with respect to the standard Brownian motion (W (¥))yecr
and c¢(H, K) is normalizing constant depends on H and K. The process (R (p)),>0 is known as the

Hermite process.
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o If K =1, the process (1.1) is the fractional Brownian motion with Hurst index H € (%, 1).

o If K =2, the process given by (1.1) is called the Rosenblatt process, and it is not a Gaussian

process, see [36,37].

Fractional Brownian motion is a Gaussian stochastic process, which depends on a parameter H €
(0,1) called the Hurst index established by Kolmogorov [24]. For further reference on fractional
Brownian motion, we refer the reader to [28]. There is another process like Rosenblatt’s process
with a non-Gaussian character, which contributes to the other properties for H > 1/2, the long
memory property. Self-similar processes with long-range dependence are seen in a variety of fields,
including econometrics, internet traffic, hydrology, turbulence, and finance. The Rosenblatt process
is a self-similar process with stationary increments that occurs as the limit of long-range-dependent
stationary series. Still, it is not a Gaussian process, however, in real situations when the Gaussianity
is not plausible for the model, one can use the Rosenblatt process. Comparatively, Rosenblatt
process gains its interest due to its convolution of the dependence structures and the property of
non-Gaussianity. Therefore, it seems stimulating to establish the SDEs with Rosenblatt process.
Observations of stock price processes suggest that they are not self-similar. In particular, in [5,22],
the authors established the existence and uniqueness of mild solutions for stochastic differential
equations driven by the Rosenblatt process with finite delay. Recently, in [7,8, 34, 35, 38], the
authors analyzed the stability and controllability of the stochastic functional differential equation
driven by the Rosenblatt process. Also, many real-life phenomena and processes are characterized
by abrupt changes in their state variable. These changes can be classified into two types: (i) In the
first type, the changes take place over a relatively short period compared to the overall duration of
the whole process, known as instantaneous impulses. (ii) In the second type, these changes start
impulsively at certain times and remain active for certain intervals, known as non-instantaneous
impulses. A well-known application of non-instantaneous impulses is the introduction of insulin
into the bloodstream, which is an abrupt change. The resulting absorption is gradual because it
remains active for a finite time interval. Models of this situation are created using differential and

integrodifferential equations of non-instantaneous pulses detailed in [21,23].

Approximate controllability refers to moving a system from an arbitrary initial state to a state
arbitrarily close to a final state using only certain admissible controls. Recently, many authors have
established results on the approximate controllability of first, second, and fractional-order differen-
tial equations with impulses; [1,14,32], and the references cited there. In references [12,16,39|, the
authors studied the approximate controllability of fractional stochastic Hilfer integrodifferential

equations.

Motivated by this consideration, in this paper, we investigate the existence of mild solutions and

approximate controllability of non-instantaneous impulsive stochastic integrodifferential equations
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driven by the Rosenblatt process having the following form:

as(p) = 140(p) + | "D(p— s)9(s)ds + Bu(p) + F(p, 9(0)))dp + Gp,9(p))dR" (o),

e UL iy i )
P 7,—0(8 p+1) (12)

I(p) = pilp,9(p; ), p € ULyi(pissil,
9(0) = o,

where 0 = pg = 9 < p1 < -+ < Sm < pm41 = b, T = [0,b], ¥(-) takes values in the separable
Hilbert space H with inner product (-,-) and norm [|-||. A: D(A) C H — H and T'(p) : D(T'(p)) C
H — H are closed linear unbounded operators with D(I'(p)) D D(A). {Ru(p)},>0 is Q-Rosenblatt
process with Hurst index H € (1,1) defined in a complete probability space (€2, ,F,{F,},>0;P)
with values in a Hilbert space K. The functions p;(p, 9(p; )) represent non-instantaneous impulses
in the intervals (p;, s;],% = 1,2,...,m, and the functions F : [0,b] x H — H, G : [0,b] x H —
L3(K,H) are appropriate functions wich will be specified later. The control function u(-) is given
in La-p([(), b], {1) of admissible control functions, where L;-p([(), b, ) is the Hilbert space of all F,-
adopted, square integrable processes; 4 is a Hilbert space; B is a bounded linear operator from 4

into H.

More specifically, our work focuses on developing a set of new, good criteria for the existence of
mild solutions and approximate controllability of non-instantaneous impulsive stochastic integro-

differential equations driven by the Rosenblatt process having the following abstract form (1.2).

The main contributions of our work, in particular, are summarized in the three aspects listed

below:

A new class of non-instantaneous impulsive partial stochastic integrodifferential equations

driven by the Rosenblatt process in Hilbert spaces is formulated.

e Initially, we establish the existence and uniqueness of mild solutions of the system above using
stochastic analysis theory and the fixed point technique combined with resolvent operator

theory.
e In comparison to [6,17,23], we enhance the approach and ease the conditions.

e Non-instantaneous impulsive partial stochastic integrodifferential equations driven by the
Rosenblatt process in Hilbert spaces have received little attention in the literature. In order

to bridge this gap, we have looked into the approximate controllability of (1.2).

This paper is organized as follows. In Section 2, we give some preliminaries, basic definitions, and
results, which will be used in the sequel. In Section 3, the existence and approximate controllability

outcomes of the considered system (1.2) are discussed. Section 4 illustrates the derived theoretical
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results through an example. Section 5 presents the conclusion and future direction of works in the

last part of this work.

2 Preliminaries

Throughout this paper, X, Y, H represent the real separable Hilbert spaces and (2, F, {F,},>0;P)
be a complete probability space with natural filtration (F,),>0, where F,,, the Random variables
generate o-algebra {BH(S),W(S),S € [O,p]} and P-null sets. We denote by L%—p([O, b], H) the
space of all square integrable and F,-adapted process from [0,b] to H and £(X,H), £(Y,H) are
respectively, the space of bounded linear operators from X to H and Y to H. For convenience, the
same notation ||| is used to denote the norms in X, H, Y, £(X,H) and £(Y,H) and the inner
product of X, H, Y is denoted by (-, -).

Let C([0,b], L*(2,H)) be the space of all continuous F,-adapted measurable processes from [0, b]

to L?(Q, H) that satisfy sup E|9(p)|* < co. Then, it is easy to see that (C([O, b},L%Q,H)) isa
p€[0,b]
Banach space equipped with the following norm :

1

2

[9llc = ( sup IE||19(p)||2> : (2.1)
p€[0,b]

Let
Vo= {9 eC(0,b], 2@ 1) : |93 <a}. (2.2)

2.1 Rosenblatt process

Consider a time interval [0, b] with arbitrary fixed horizon b and {R"(p), p € [0,b]} the one dimen-
sional Rosenblatt process with parameter H € (%, 1), R" has the following integral representation

137]

p P P H’ H’
Ruto) =at) [ | M O W) )| AW O (02), (23)

where K"(p, s) is given by

P
K" (p,s) = CHS%*H/ (u—s)H 3201120y, for p>s,

S

B H(2H — 1)
HTNBR-2HH- D)

with
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B(-,-) denotes the Beta function, K"(p,s) = 0 when p < s, {Wi(p),p € [0,b]} is a Brownian
motion, H = % and ¢g(H) = H#Hﬂ /% is a normalizing constant. The covariance of the
Rosenblatt process {Ry(p), p € [0,b]} satisfies

(82H +,02H _ |S_p|2H)

N =

E(Ru(p)Ru(s)) =

and this structure of {Rn(p)},e[o,b] allows us to represent it as a Wiener integral.

Let Rg (p) be a K-valued Rosenblatt process with covariance Q as

RQ( Z \/>£n en7 p=>0.

Next, we introduce the space L (K, H) of all Q-Hilbert-Schmidt operators ¥ : K — H. Recall that
¥ e L(K,H) is called a @-Hilbert-Schmidt operator if

W] = IVonWen|* < oo,
n=1

oo

and that the space L3 equipped with the inner product < ¢, >r2= S < den, e, >, is a
n=1

Hilbert space.

Let p: [0,b] = L?*(Q'/?K,H) such that

D I (pQ 2 en) | L2 (jo,b1im) < oo (2.4)

n=1

Definition 2.1 (Tudor [37]). Let x(1) : [0,b] — L?(QY?*K,H) satisfy (2.4). In that case, the

stochastic integral of k with respect to the Rosenblatt process Rg(p) is defined for p > 0 as follows

/Op D)dRY (1) Z/ ()0 2endR, Z/ / (8 (5O 20, )) (91 0) IV (9, )WV (0).

n=1

Lemma 2.2 ([34]). For any x : [0,b] — L*(Q'/?K,H) such that 3>, ||5Q1/2en\|L1/H([07b];V) < o0
holds, and for any «, B € [0,b] with § > «, we have

8 2
B| [ rlo)dRo(p)

<CH 2H IZ/ Q1/2€ Hde

If, in addition,

Z |K(p)QY eyl is uniformly convergent for p € [0,b],
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then, it holds that

B
E < en(B — )M / T Ap—s

[e3

B
JRECLA0

For further references, we refer to [19,37].

2.2 Integrodifferential equations in Banach spaces

We recall some knowledge of partial integrodifferential equations and the related resolvent opera-

tors. Let D be the Banach space D(A) equipped with the graph norm defined by
[9]lp := [|AY|| + [|9| for ¥ € D.

We denote by C(R™T, D), the space of all functions from R™ into D which are continuous. Let us

consider the following system for further purposes:

V(p) = Ad(p) + /Opr(p —s)¥(s)ds for p>0
19(0) = Yy €D.

(2.5)

Definition 2.3 ([20]). A resolvent operator for equation (2.5) is a bounded linear operator valued

function U(p) € L(H) for p > 0, having the following properties :

(i) W(0) = I (the identity map of H) and ||¥(p)|| < NeP? for some constants N > 0 and 3 € R.
(i3) For each ¥ € H, W(p)d is strongly continuous for p > 0.

(iii) For ¥ € H,¥(-)9 € C1(R*;H) N C(R*; D) and

U'(p)d = A¥(p)d + /Opf(p —5)U(s)dds = ¥(p)Ad + /Oﬂ U(p—s)L(s)dds, forpe[0,b].

Next, we assume A and (I'(p)),>0 satisfy the following conditions:

(R1) The operator A is the infinitesimal generator of a strongly continuous semigroup (T(p)),>0

on H.

(R2) For all p > 0, the operator I'(p) is closed and linear from D(A) to Y and I'(p) € L(B,H).
For any ¢ € H, the map p — I'(p)¥ is bounded, differentiable and the derivative p — I (p)d

is bounded and uniformly continuous for p > 0.

Theorem 2.4 ([20]). Assume that (R1)-(Rz) hold. Then, there exists a unique resolvent operator
of the Cauchy problem (2.5).
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We have the following useful results.

Theorem 2.5 ([13]). Let the assumptions (Ri1) and (Rz) be satisfied. Let the Cy-semigroup
(T(p))p>0 generated by A be compact for p > 0. Then the corresponding resolvent operator
(¥(p))p>0 of equation (1.2) is also compact for p > 0.

Lemma 2.6 ([13]). Let the assumptions (R1) and (Ra) be satisfied. Then, there exists a constant

L = L(b) such that

19(p+ ) — WEW(p) | o) < L(e), Jor0<e<p<hb.

Based on these, we have the following Theorem establishing the equivalence between operator-norm
continuity of the semigroup generated by A and the resolvent operator (¥(p)),>o corresponding

to the linear equation (2.5).

Theorem 2.7 ([25]). Let A be the infinitesimal generator of a Co-semigroup (T(p)),>0 and let
(T'(p))p>0 satisfy (Rz). Then the resolvent operator (V(p)),>o0 for Eq. (2.5) is operator-norm
continuous (or continuous in the uniform operator topology) for p > 0 if and only if (T(p))p>o0 is

operator-norm continuous for p > 0.
Now, we introduce the space C, = PC([0, b], L*(Q2, H)) formed by all H—valued stochastic processes

{9(p), p € [0,b] such that J|;, € C(I;,H) for all w € Q,i=0,1,...,m, and there exist

I(p;) and I(p]),i = 1,2,...,m with 9(p; ) = V(p;) and SUD pe[0,b] E[[9(p)||? < oo}
endowed with the norm

1/2
[9]lpc = < sup Ellﬂ(p)Hz) , (2.6)
p€l0,
where I, = (p;, pit1], 1 =0,1,...,m.

Now, we define the mild solution of Eq. (1.2) expressed by the resolvent operator ¥(p) as follows.

Definition 2.8. A H-valued stochastic process 9 € C([0,b], L*(Q,H)) is called a mild solution of
the stochastic problem (1.2), if

(1) ¥(p) is F,—adapted and measurable for each p > 0.

(2) 9(p) has cadlag paths on p € [0,b] a.s. and for each p € [0,b],9(p) satisfies V(p) =
pi(p, ¥ (p;)) for all p € (pi,si], @ = 1,2,...,m and 9(p) is the solution of the following

integral equations
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05) = (o) -+ [ (o~ ) Fls0(e)) dsot [ (o ) Bu(s)

+ [[ 0o - 960, 06N R ) b5, for p e 0.1, 27)
01p) = (o = i1 ) + | jw— ) Fls,(s)) ds + pr— ) Bu(s) ds
+ /Sp U(p—5)G(s,9(s))dRM (s)ds, for p € [siypiv1), i=1,2,...,m.

Let us denote the state value of the system (1.2) at the time p by ¥, = ¥(p; Jo, u) with respect to
initial value ¥y and the control function u. The set of all final states is known as reachable set of

the system (1.2) and defined as (b, Jg,u) = {ﬁb = 9(b; g, u) : u € L2([0, b],ﬂ)}.

Definition 2.9. Eq. (1.2) is said to be approzimately controllable on the interval [0,b], if
M(b, Vo, u) = L*(Q, H),

that is, for arbitrary € > 0, it is possible to steer the state from the point ¥¢ to within a distance €

from all points in the state space L?(Q,H) at time b.
To discuss the approximate controllability of system (1.2) we introduce the following operators.

(1) The controllability Grammian IT5 is defined by:

Pi+1
g = / U(pit1 — s)BB*" U (piy1 — s)ds,

where B* and ¥*(p) denote the adjoint of the operators B and ¥(p).

(2) W(y, IIEH) = (y1d + I~
In the sequel we assume that the operator W (v, IT5 ") satisfies
(Ho) YW (v, II5*") =0 as ~ — 0% in the strong operator topology.

The above condition (Hy) is equivalent to the approximate controllability of the linear system.

——= = Ad(p) + /Opr(p — $)Y(s)ds + Bu(p), p € [0,b], 28)
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In fact, we have that

Theorem 2.10 ([4,10]). The following statements are equivalent:

(i) The control system (2.8) is approximately controllable on [0,b].
(13) B*T*(p)d = 0 for all p € [0,b] imply 9 = 0.
(7i1) The condition (Hgy) holds.

Lemma 2.11 ([27]). Foranyd,,.,
Pi+1
such that ¥,,,, =Ed,,,, + / ®,(s)dRM(s).

k3

pit1r

Our results are based on the following Krasnoselskii’s and Schauder’s fixed point theorem.

Theorem 2.12 (Krasnoselskii’s theorem [32]). Let B be a closed, bounded and convex subset of a
Banach space H, and let @1, P2 be maps of B into H such that ®191 + P2 € B, for all 91,95 € B.
If @1 is a contraction and Po is continuous and compact, then the equation ¥ = ®19 + ®2v has a

solution on B.

Theorem 2.13 (Schauder’s theorem [33]). If B is a closed, bounded and convex subset of a Banach
space H and F : B — B is completely continuous, then F has a fized point in B.

3 Approximate controllability results

This section proves the approximate controllability of the stochastic control system (1.2). Let

M = sup,cio,p [[¥(p)||- In order to establish the results, we impose the following hypotheses.
(Cy) T(p) is compact for p > 0.
(C3) The maps p; : b; x HH — H, b; = [ps, si], i = 1,2, ..., m are continuous functions and satisfy
(a) There exist constants Dy, > 0,7 =1,2,...,m, such that
Ellpi(p, 9)||> < Dy, (1 +E|[9]|?), V¥p€b; and 9 € H.
(b) There exist constants Ry, > 0,7 =1,2,...,m, such that

Ellpi(p,91) — pi(p, 92)|I” < Ry, El[91 — 92>, Vp € b; and 9,9, € H.

(C3) The map F: by x H — H, by = U [si, pi+1] 1s & continuous function and satisfies
=0

€ L?(0, F,,,,, H), there exist ®; € L*(Q; L*([si, pi+1); LS(Y, H))),
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(a) There exists a constant Mt > 0 such that
E||F(p,9)|> < Me(1 +E||9]|?), Vp € by and ¥ € H.
(b) There exists a constant Rr > 0 such that
E||F(p,91) — F(p,92)||> < REE|¥1 — 92]|?, Vp € by and 91,95 € H.

(C4) The map G : by x H — LY, is a continuous function and satisfies

(a) There exists a constant Mg > 0 such that
E||G(p,9)||? < Me(1 +E|0]?), Vp€byand v e H.
(b) There exists a constant Rg > 0 such that
E|G(p,91) — G(p,92)||*> < RGE|[91 — 02|, Vp € by and 91,79, € H.

(Cs5) The following inequalities hold

(a) max N; <1,
0<i<m

(b) max Dy, <1,

() max {M?|B|[* Ru,pt, Rp,, 2 (M* Ry, + M?|B* Ru,p’y1) } < 1.

(Cs) The linear control system (2.8) is approximately controllable on [0, b].
For any v > 0, we define the operator SO : C([0, b], L?(Q, H)) — C([0,b], L*(Q2, H)) by
P P
(SD0)(p) = V)0 + [ W(p—5) Fls 0s)) ds+ [ 0o~ ) Bu (5,0) ds
0 0
P
+ [ 0o 965, 9)dRN ), o € 0.1
0

and

(SD9)(p) = Wp— s Vo) + [ Wlp =) Fls,006)) s+ [ 0o =) BUD 5.0) s

p
+/ U(p—5)G(s,9(s))dR(s), Vp € [si,pir1], i =1,2,...,m,

i
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where,

Pit1
u(s,9) = B*U* (pigy — 5)(71d + IZ+) {E Vpisa + / ;(s)dR" (s) = W(b — s:)pi(si; 19(/)7;))}

i

Pit+1
BV i =) [ (M) Wi~ 5) Fls. 06) ds

Si

Pi+1
— B ¥ (pit1 — 3)/ (YId + TIZ) 10 (pig1 — 5) G(s,9(5))dR" (s)

and Jo(o, ) = 1907 ﬁ(ﬂm+1) = ﬂpm+1 = ﬁb'

Lemma 3.1. There exist positive constants Ry, and R, i = 0,1,...,m, such that for all V1,9 €

Cp, we have

El[u™(p,91) — u™ (p,92)||* < Ru, |01 — V2llpe, (3.1)
El[u® (p,9)|* < Ru,, (3.2)
where
Bl|2M4
Ry, =3 ”H72 {Rp, + (pis1 — si)*Re + 2Reen(pipr — s:)°" } (3.3)
4||B||2 M4
Rvi = ”’|y2 [E”’&Pwﬂ ||2 + Dpi(l + Qﬁ) + (pi+1 - Si)2 DF(l + Sﬁ)
+ cnlpivs — )" De(1+M)],  [[9]pe < M. (3.4)

Proof. Let 91,74 € Cy

EJu (s, d2) — u (5, 9) |

<E|B*U*(pis1 — s)(yId + T2+ "W (b — ;) [pi(si, 91(p; ) — pilsi, 92(p; )] }

B (=) [ (TR i — 8) [Fls.01() — Fls,0a()] s

2

B pia =) [ I T i ) [Gls, 01 (5)) — Glo, vafe)) JaRY )
AR ar2 o 01 0) = s 020 D

Pi+1

M2 (pigs — 1) / E|[F(s, 91(5)) — F(5,9a(s))|? ds

84

M2 en(pign — ) / " EG(s, 91(s)) — Gls, Ba(s))|P ds}

i

[B|I* M*
2

B2 M4
N I8l

Pi+1 5
. / E[[92(s) — 01 (s)]? ds

v i

B 2M4 Pi+1
2H1”|72/ E||92(s) — d1(s)||* ds

Ry, E[[92 — 91> + 3(pi1 — i) Rr

IN

+ 6 RGCH(PH—I - Si)
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B> M* 2 2H 2
S35 {Ro, + (pi+1 — 51)” Re + 2 Rocn(pivr — 50)™ } |92 — V1[[pe. (3.5)

Hence,

E[[u) (s,92) — uP(s,0))||” < R,

¥ — V1[|Pe-

The proof of inequality (3.2) is

B[l (s, 2)]2 < E\

B*U* (pis1 — s)(YId + T2+ ) {0, — (b —s:)pi(si, 9(p; )}

Pit+1
BV i =) [ (T Wi~ 5) Fls. ) ds

Pi+1 2
-—B*W*0%+1—3)/‘ (YId 4+ T2+ ) " W (pi g1 — 5) G(s,9(s))dR" (s)

i

4|BIPM T 2 2 Pt 2
< T M=D,, (1 +E|9*) + M=(pit1 — si) De(1 4+ EJ||9]|*) ds

i

Pi+1
1en(pis— s [ Dot 4 R0l ds}
S

Si

4|BJ|2M*

< |f92 [Dp, (1 +E[19]*) + (pis1 — 5:)* De(1 +E[[9]|*)
cn(pir1 — si)™ Dg(1+E|9]?) ]
4||B||PM*

< |,|J2 [EHﬁpiﬂ ||2 + Dpi(l + Dﬁ) + (pi-i-l - Si)2 DF(l + i)ﬁ)

c(pit1 — 5i)*" Do(1+9M) |.

Hence,

E[u®(s,9)[* < R, O

Let the constant 90 satisfy the inequality

Qo Dy, Q;
> d )
m_lglizgfn{l—]\fo’ 1_Dpi7 1—N; |’ (3.6)

where
162, ,||B|[* M4 4||BJ[* M4 p2

@=ﬁylEMM“¢*”M2“[W%MMW%%+%ﬂMm¢
Dy, =0,

4||B||*M* p?
A@:<1+72+1 {4M? Dy, + 4M?p?, | M + denpy MPDMe }

4/|B 4M4 2
No=<1+””¢z/h>{MW%@mF+4wp?ﬂﬂmk}

16p%||B||*M*
0 = 1G0l1B

2 4HB||4M4P% 2 2 2 2 2H 7 r2
El[9,, [I° + 14-444—954447 [AMZE|[ 9> + 4AM>p3ME + depp?™ M2Mg].



480 E. Kpizim, B. Dehigbe, R. Kasinathan, R. Kasinathan & M. A. Diop CUBO

25, 3 (2023)

Theorem 3.2. Assume that hypotheses (C1)—(Cs) hold. Then the system (1.2) has at least one

mild solution on [0, b].
Proof. First, we define two operators ®; and ®5 on

Son = {0 € G : [9]}3e < M} < G

as follows
W(p)io+ [ Wp— )8 (s, 0)ds, pe(0,p1),
0
(@19)(p) = 4 pi(p,V(p; ), p € (pi sil,
W(p — s)pils 007 )) + [ Wlp— )BT (s,0)ds p € (s1pinal
and

/ "W 5)F(s, 9(s))ds + / "W(p— 5)G(s, 0(s))dRM(s) p € [0.p1],
(®29)(p) =<0 p € (pi, sil,
/ B(p — $)F (s, 9(s))ds + / T(p — $)G(s,0())dRM(s)  p € (50, pia].

The set Soy is a bounded closed and convex set in C},. Next, we prove that the operators ®; and
®, satisfy all the conditions of Krasnoselskii’s theorem. For the sake of convenience, we split the

proof into several steps.
Step 1. We prove that ®19; + ®315 € Sop for any 91,92 € Son.

For any ¢, € Son and p € [0, p1], we have

P 2
1 (@101)(5) + (@202) ()] < 45100l + 48 | [ (o~ )8 (5, 0)ds

2 2

+4E‘

/Op U(p — s)F(s,9(s))ds

+4E‘

/0/’ U(p—s)G(s,0(s))dR"(s)

P
< AMPE|[9|? + 4M2|B|%p / E [l (s, 9)[? ds
0
P P
LA / E||F(s, 0(s))]|? ds + 4M2epp™ ! / E|[|G(s, 9(s))|? ds
0 0

< AMZE|9o +

4/|1B 4M4 2
”,y2p1 |:4E||1901”2 + 4M2]E||790||2 + 4M2p% DF(]. + f.)ﬁ)

+4M?cpqpt Dg(1 + ivt)} +4M?p? De(1 + M) + 4M2eppt Dg(1 + M)
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4RI14 174
< 1691HBQ|| M

4||B||*M*p3
E[[9, 12 + (1 + AEE A

x {4MPE|9o|* + 4M>pI M (1 + M) + deupt M2 Me(1+ M)} .

Hence,

E[[(@191)(p) + (@202)(p)]I> < Qo + NoM < M. (3.7)

For any 1,92 € Son, and p € (p;, si], i = 1,2,...,m, we have
E[[(®101)(p) + (P202)(0)[I* = Ellpi(p, 1 (p; ))|I* < Dp, (1 + El[01 ).

Hence,
E[[(®191)(p) + (P202)(p)|* < Dp, (1 +9) < M. (3.8)
For any 1,902 € Son, and p € (s, pi+1], ¢ = 1,2,...,m, we have

E[[(2191)(p) + (R202)(p)|* < AMZE|[pi(si,9(p; ))II* + 4E‘

/p U(p— s)Bu?(s,9)ds

i

2 2

+4E‘

[ w0 =olFG.0s)as

Sq

+4E’

/p W(p — 5)G(s, 9(s))dR" (s)

i

3|B||4M4ﬂf+1>
72

1602, B[ *M*
< = Bl P (1

x {4M?D,, (1 + M) + 4M?p7 M (1 + M) + deppit, M>M (1 + M) }

16p3,,(/B|* M
S +—2EH19P1’+1”2

4||B||A M4 p?
n (1 n W) [4M? Dy, + 4M?p7 Mg + denpty MPDMG]
4||B||*M*p?
+ (1 + W) {4M2 Dy, + 4M?p2, | e + denp?, M2DNG ) M.
Hence,

E[[(@191)(p) + (@202) (p)[|> < Qi + N; 9 < M. (3.9)

Equations (3.7)-(3.9) implies that
[ @171 + Pota e < M.

Hence, @191 + $2195 € Son.
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Step 2. ¥, is continuous on Son. Let {U,}52; be a sequence such that ¥,, — ¥ in Son.
For any p € (si, pi+1], 1 =0,1,...,m, we have

EW¢w%J@)*C%ﬁXMH2S2Nﬂpw1/fEHH&ﬂn@D**F@ﬂ%ﬁﬂﬁds

Si

P
T e M2 / E[[G(s, 9 (s) — G(s, 9(s))|2gds

Si

< [2M*Rppiyy +4cnM?pP ] 00 — Ol

Hence, E||(®29,,)(p) — (®29)(p)||> — 0 as n — oo, thus, @, is continuous on Sgy.

Step 3. We show {(®29)(p) : ¥ € Son} is equicontinuous.
For any 71,72 € (84, pi+1], 1 =0,1,...,m, 71 < 79 and ¥ € Spy, we obtain

E[[(®20)(72) + (@29) (r)||” < 497, / " ) — Wl — )P0+ M

i

+ 4M29ﬁp(1 + Dﬁ)(TQ — 7'1)2

T1
+ 8ch§E;1£mG/ ¥ (2 —s) — U(ry — s)||2(1 + M)ds

Si

+ 8Menpl Mo (2 — 7). (3.10)

We conclude that E||(®29)(m2) — (®29)(m1)||> — 0 as 72 — 71, since the operator ¥(p) is
compact, which implies the continuity of the operator ¥(p). Hence {(®29)(p) : ¥ € Son} is
equicontinuous. Also, clearly {(®29)(p) : ¥ € Son} is bounded.

Step 4. We show that Z(p) = {(®29)(p) : ¥ € Son} is relatively compact in H.

Clearly, Z(0) = {0} is compact. Let € be a real number and p € (s;, pi+1], ¢ =0,1,...,m be
fixed with 0 < € < p. For any ¥ € Son, we define

p—e

/ " (o e — )15, 0(s))ds + | wo—e =60 aR ) pe ool
(@59)(p) = { 0 p e (pirsil,

[ v R a0ds + [T 0o - = )60, 06NARS)  p (sispinal,
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we) [ - e - R 5

) [1 W 2= 9605, 0N g€ 0,01
@50)() = { 0 o€ (piysil,
w(e) [ Wl e 0(s)s

0(e) [ W(p— e = 65 INIRN) o (sispiral:

By Lemma 2.6 and using the compactness of (¥(e)) we deduce that the set Z¢(p) =

e>0’
{(®59)(p) : ¥ € Son} is precompact in H for every e, 0 < & < p. Moreover, by Lemma 2.6

and Holder’s inequality, for every p € (0, p1], we obtain:

E[(250)(p) — (®5°9) (p)|1?
‘\II(E) /OP_E W(p— 5 — )F (s, 0(s))ds — /OH W(p — 5)F(s, 0(s))ds

2
<2E

p—e

+ ZEH\II(e) /P*E U(p—s—e)G(s, ﬁ(s))ng(s) - / U(p — s)G(s, ﬁ(s))ng(s)
0 0

2

—25

[ @ s - - wo - 9] Fis. o) ds

2

+2E /Of"a [(e)P(p— 5 —) = W(p — 5)]G(s,9(s))dRe) (s)

p—e
§2E/ 12T (o — s — &) — W(p— )||*|[F(s, 9(s)| *ds
0
p—e
+2u<:/ 12T (p— s — &) — T(p— )||*[|Gls, 9(s))| 2R (s)
0
p—e p—
§2L(€)2p/ ]E|]F(s,z(s))||2ds+2L(s)2/ E||G(s, 9(s)) || dRE (s)
0 0

pP—E€ p—e
< 3L(5)2/ IME(1 + [|9(s)]*)ds + 3L(g)%eyb® ! Me(1+ ||9(s)]|)ds
0 0

< 3L()b* M (1 + M) + L (e)*cub™ M (1 + M) — 0.
e—
So the set Z%(p) = {(P59)(p) : ¥ € Son} is precompact in H by using the total boundedness.

Using this idea again, we obtain

2

E(229)(0) — (50)(0) > < 3EH [ vt sFsonas— [ v 9FGso)as

2
+3E‘

[ v - 966 o6 N R - [ 0o - 606, v aRE

0
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2

gS]EH/p U(p — s)F(s, 9(s))ds 2+3IEH/: U(p — 5)G(s,9(s))dRY (s)

< 3M2e[/p:E|F(s,19(s))2ds+2cH52H_1/p E||G(s,19(s))||2ds]

p—e

< 2MZEPME(1 + M) + 2M e Me(1 + M) — 0 as e — 0.

Similarly, for any p € (e;, pi+1] withi =1,...,m. Let ¢; < p < s < p;+1 be fixed and let € be

a real number satisfying 0 < ¢ < p. If we use Lemma 2.6 and compactness of (\Il(s)) we

e>0’
deduce that the set Z¢(p) is precompact in H for every e, 0 < & < p. Moreover, by Lemma

2.6 and Holder’s inequality, for every ¢ € Sgn we have:

E[|(®50)(p) — (2579) () [I*

< mee) [ s —aReanas— [* wo- R o)

2

2

+ 2]EH\I!( )/p_€ U(p—s— E)G(sﬁ(s))ng(s) — /ﬂ—e U(p— S)G(s,ﬂ(s))ng(s)

Sq
p—e

BIF(s 905D + b

S

[ ElG(s,ﬂ(s»%zs}
[ Me(1 + M) +CHb2“9ﬁG(1+zm)}

So the set Z¢(p) = {(P59)(p) : ¥ € Son} is precompact in H by using the total boundedness.

Using this idea again, we obtain

2
+2E‘

B1(@20)(5) ~ (@30)(o)1? < 28] [* W~ )R (s 0000 [ - 96Rs

< 2MZEPME(1 + M) + 2M e M (1 +9M) — 0 as € — 0.

Therefore, as e — 0, there are precompact sets arbitrarily close to the set Z(p) = {(®29)(p) :
¥ € Sop}. Thus, the set Z(p) = {(P29)(p) : ¥ € S} is precompact in H. Finally, by the

Arzela-Ascoli theorem, we can conclude that the operator @, is continuous and compact.

Step 5. ®; is a contraction.

For any ¢, € Sor and p € [0, p1], we have
E[[(®191)(p) — (P102)(p) | < M? Ry, p3[|02 — 01 [[3c- (3.11)
For any ¢, € Son and p € (p;, si], 1 = 1,2,...,m, we have

E[(®191)(p) — (2192)(p)[I* = Ellpi(p,91(p; ) — pilp, 92(p; )II? < Ry, |92 — V1[1pe. (3.12)
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For any 1,92 € Son and p € (s;, piy1], ¢ = 1,2,...,m, we have

E[[(®101)(p) — (P102)(p)[|* < 2M> Ry, |92 — D1 + 2M?|[B||* Ry, p 41 [[V2 — V11 pe
=2M? (RPi + ||B||2Ru7zp22+1) [|U2 — 191||2’PC~ (3.13)

Equations (3.11)-(3.13) and hypothesis (Cs) imply that ®; is a contraction. The operators
®q, O, satisfy all the conditions of Theorem 2.12, then there exists a fixed point ¢ on Soy.
Therefore, the system (1.2) has at least on mild solution on [0, b]. O

Theorem 3.3. Assume that hypotheses (C1)—(Cg) hold and the functions F,G are uniformly

bounded on their respective domains. Then the system (1.2) is approximately controllable on [0, b].

Proof. Let 97 be a fixed point of ®; + ®5. By using the stochastic Fubini theorem, we obtain

19@) (Pi+1> = 199i+1 - ’7(7Id + Hg:Jrl)il{Eﬁpul - \I/(p1;+1 - Si)pi(s’ia 19(/)1_))}

b

Pit1

_y / (1 + TI20) 71, ()dRM () + / (V1A + TI2H ) 1 (s — ) F(s, 9(s)) ds
Si 0
Pi+1

+y / (VI + T2 ) W (py g — 8) Gls, D()dRYs), i=0.1,2,..m.  (3.14)

Moreover, hypotheses F and G are uniformly bounded. Then there are subsequences, still denoted
by F(s,97) and G(s,9?), which converge weakly to say F(s) and G(s) respectively in H and L9.

From the above equation, we obtain

C— 2
EHﬁ(V) (pi+1) - 19Pi+1 ”2 <T7E H’}/(’}/Id + H§:+1) 1E19Pi+1 H
Pit1 2
+7E ‘7/ (7Id + II2+1) 1@, (s)dR" ()

k3

+ TR ||y (71 + TE+) 710 (i1 — s3)pa(s6, ()|
2

b
+7E 'y/ (yId + TI2 Y 10 (p; 41 — 5) F(s) ds
0

Pi+1 2
+ 7E 7/ (YId + TIZ1) 7 W (piy g — ) G(s)dR" (s)

k3

2

b

+7E 7/ (YId + TIZHY) =10 (g1 — 5) F(s,97(s)) ds
0

2

Pit+1
+7E ||y / (V1d + TE2+) "W (pry — ) G(s, 97 (s))dR™ (s)

k3

It follows from (Hy), for all 0 < s < b the operator y(yId + II5 )"t — 0 as v — 0", and
|(7Id + TS )~1||2 < 1 and by using the Arzela-Ascoli theorem, one can prove that the operator
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_ Pit1 _
) — / U(- — s)l(s)ds is compact, we obtain

EHﬁ(ﬂ{) (pi+1) - ﬂpi+1 ||2 — 0 as Y — O+'
This gives the approximate controllability of system (1.2) on [0, b]. O

Now, we are going to prove the approximate controllability of the stochastic system (1.2) by using
another method, namely Schauder’s fixed point theorem with some other hypotheses, which are
different from hypotheses of the Theorems 3.2 and 3.3. In order to establish the approximate

controllability results, we impose the following hypotheses.

(C7) T(p) is compact for p > 0.
(Cs) The function F : J x H — H satisfy the following conditions

(a) for each p € J the function F(p,-) : H — H is continuous for each ¥ € H the function
F(-,9) : J — H is strongly measurable,

(b) for each positive number M, there exists uop € L'(J,RT) such that

sup  E|[F(p,9)||* < pan(p)
E[l9)2<om

and there exists a A; > 0 such that

P
| wen(s)an
lim 2%

=A < .
M —> 00 m !

(Cy) The function G : J x LY satisfies the following conditions

a) for each p € J the function G(p,-) : H — L3 is continuous for each ¥ € H the function
p P 2
G(-,9) : J — LY is strongly measurable,
(b) for each positive number 9, there exists voy € LY(J,RT) such that

sup _ E||G(p,9)[12 < von(p)
E[[9][2<om

and there exists a Ay > 0 such that

P
/ v (s)dp
lim Jo

= Ay < 0.
M — 00 m 2
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Theorem 3.4. Assume that hypotheses (Ca) and (C7)—(Cg) hold. Then, the system (1.2) has at

least one mild solution on [0,b], provided that
4)|B||* M b2
max {Dpi (””72> (AM? Dy, 4+ 4M?bAy + 8M2cyb™ 1 Ay) | < 1. (3.15)
Proof. Consider a set
Sop = {0 € Cp : [|0]|pc <M} C G,

where 91 is constant. The set Sgy is a bounded closed and convex set in Cj,.

Now, we define an operator F on C}, by

U(p)do + /P U(p —s)Bu?(s,d)ds
+ [[ 0 - Fs s + [ W= )65 9)IRYG). e 0.l
0 0

(FI)(p) = < pilp,D(p; ), p € (pi,sil,

W(p =)ol 0(p)) + [ Wo = 5)B7(5,0)ds

+ /P U(p — s)F(s,9(s))ds + /P U(p—5)G(s,9(s))dR(s), p € (i, pir1]-

Next, we prove that the operator F satisfies all Schauder’s fixed point theorem conditions.

Now, we prove that there exists 0 > 0 such that F(Sg;) C Sgy. If we assume that this assertion is
false, then for any 9% > 0, we can choose 9™ € S}, and p € [0, b] such that E||F(97)(p)|* > M.

For any p € [0, p1], we have
16]BJ M7 4B M}
M < EJF0™)(p)|* < TlEHﬁm 12+ (1+ Tl AMPE|9o|?
p P
—|—4M2p1/ o (s)ds +8M2ch%H71/ v (s)ds ;.

0 0

For any p € (p;,8:],4=1,2,...,m, we have

M < E|F @) (0)1* = Ellpi(p, 9™ (0, )II> < Dp, (1 +M).

Similarly, for p € (s, pi+1], i =1,2,...,m, we have
om o _ 16][B[*M*p7 2 4||B||4M4P?+1 2
M <E[F@T) ()" < TEHﬁmH + |1+ — 4M* Dy, (1 +90)

P P
+4M2Pi+1/0 [Lgn(S)dS+8M2pi2_':1_l/O Uzm(s)ds}
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From the above equations we have for p € [0, b]

4||B||*M*b?
M < E[[(FI™)(0)|> < Q + Dy, M + (1 n W) {4M2D,,,;m

P P
+4M2b/ Mm(S)dS+8M26Hb2H_1/ vgm(s)ds},
0 0
where

Q = max

1<i<m

MQEﬁ 24 02 E|Y 2] 4+ deo MPE|| 9|12 + Dy, + 4¢; M2D
5 P1ENGp, 17 + pip 1 Bl |I7] + 4o 100l + Dy, + 4c; pil -

Dividing both sides of above by 9t and taking 9t — oo, we obtain

4(|B||* M*b?
T

1<Dpi+<1
v

> (AM? Dy, 4+ 4M?bAy + 8M2cyb®™ 1 A,) .

This contradicts (3.15). Hence, there exists 9 > 0 such that F(S);) € Shy.

Adopting the method used in the Theorem 3.1 of the paper [31], one can easily show that F is
a continuous operator. Hence, operator F satisfies all the conditions of the Theorem 2.13, then

there exists a fixed point ¥ on Sj;. Therefore, the system (1.2) has at least one mild solution on
[0, b]. O

Theorem 3.5. Assume that hypotheses (Cz), (Cr7)—(Cyg) hold and the functions F, G are uniformly
bounded on their respective domains. Then the stochastic system (1.2) is approxzimately controllable
on [0, b].

Proof. Using the same arguments as in the Theorem 3.3, one can prove the approximate control-

lability of stochastic system (1.2). O

Remark 3.6. We can see that the hypotheses of the Theorem (1.2) and Theorem (3.5) are sufficient

conditions but not necessary to prove the approximate controllability of the stochastic system (1.2).
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4 Application

For an illustration of the obtained theory, we consider the following stochastic integrodifferential

system

d:(p.6) = [MMH / " o= T2 4k b o 20 6) + u(pn)

0¢? g2
dRH
+g1(p, 2(p; €)) dp(p)}d/)’ 0<&<m, pe(2,2i+1], i=0,1,...,m,

z(p,0) =z(p,m)=0, p=>0, (4.1)

z(p, &) =sinit.z((2¢ —1)7,¢8), pe(2i—1,2i], i=1,2,...,m,

2(0,5) 220(5)7 §€ [077T]'

where 0 =59 =pog < p1 < $1 <+ < S < P41 =b < oo with p1 =1, s, =24, p; =21 — 1, RH is
a Rosenblatt process. The functions f1, g1 and v will be described below.
Let H =Y = U = L?([0,7]) with the norm || - ||. Define A : D(A) C H — H by AY = 9" with
domain

D(A) = H*(0,7) N H} (0, ).

The spectrum of A consists of the eigenvalues —n? for n € N*, with associated eigenvectors
€y 1= \/%sin(nﬂ), (n=1,2,3,...). Furthermore, the set {e, : n € N*} is an orthogonal basis in
H. Then -
Ay = Z —n?(V,en)en, U €H.
n=1

It is well known that A is the infinitesimal generator of a strongly continuous semigroup {T(p)},>0

on H, which is compact and is given by

e*”2p<19, en)en, U €H.

NE

T(p)d =

n=1

In order to define the operator @ : Y — Y, we choose a sequence {v, },>1 C RT, set Qe,, = vne,

and assume that Tr(Q) = Y.~ | v/Un < oc. Define the process Rg(s) by

RG(s) =D VouBi(p)en

where H € (%7 1) and {B},.en is a sequence of mutually independent two-sided one-dimensional

fBm and an infinite dimensional space.
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Let I' : D(A) C H — H be the operator defined by
L(p)(2) =~v(p)AZ for p>0 and Ze D(A).
In order to rewrite system (4.1) in an abstract form in H, we introduce the following notations

Hp) = z(p,§) for p>0 and ¢€[0,m],
9(0) = 2(0,§) for €07,

and the bounded linear operator B : L2([0, «]) — L?([0,7]) as

Bu(p)(f) = U(p,f)7 JAS [07 b]7 §€ [0771—]'

Next, we define the functions F : by x H — H and G : by x H — Lo (X, H) as

Flp,9(p)(&) = filp,9(p)(&), JeH, &el0,7], (4.2)
G(p,0)() = 9i(p,9(p))(E), VeH, ¢el0,n]. (4.3)

The functions p; : b; x H — H are given by p;(p,9(t;))(§) = sinit.z((2¢ — 1)7,§). From the
above choices of the functions and operator I'(p) with B = Id, the system (4.1) takes the following

abstract form

P H
49(p) = AD(p) + / T(p— 8)9(s)ds + F(p.9(p)) + Bu(p) + G(s, 9(s) dep(p), pe Ul o(sipis).

I(p) = pi(p,9(p; ), p € UL (pissil,

¥(0) = Jo.
(4.4)
Moreover, T'(p) satisfies (Rg) and hence, by Theorem 2.4, Eq. (2.5) has a resolvent operator
(¥(p)),5o on H. In particular, if we take F(p,9(p))(€) = %ﬂ(p)(f), and G(p, 9)(€) =
9(p)(€)

O ter)’ we see that, F and G satisfy assumptions (Cy) and (Cz). Therefore all conditions of
e e

Theorem 3.2 are satisfied. Since the semigroup T(p) is compact for p > 0, it is clear from Theorem
2.5 that the resolvent operator ¥(p) is compact for all p > 0. Therefore, the associated linear

system of (4.1) can not be exactly controllable but may be approximately controllable.

It remains now to verify that (Hp) is fulfilled. To this end, we have the following result:

Lemma 4.1 ([30]). Let v(p) € LY(RT) N CY(RT) with primitive O(p) € L} (RT) such that O(p)

loc

is non-positive, non-decreasing and QO(0) = —1. If operator A is self-adjoint and positive semi-

definite, then the resolvent operator W(p) associated to (2.5) is self-adjoint as well.
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By Lemma 4.1 above, the resolvent operator ¥(p) of (2.5) is self-adjoint. Thus

V(p)y =¥(p)y, yeH

If U*(p)y =0, for all p € J, thus

U (p)y =¥(p)y=0, peJ.

It follows from the fact ¥(0) = Id that y = 0, so by virtue of Theorem 2.10, (Hg) holds. Therefore,
in view of Theorem 3.2 and Theorem 3.3, the stochastic integrodifferential system (4.4) is approx-

imately controllable on J.

1
Remark 4.2. In this above example, if we choose F(p,¥) = Twsinﬁ, we observe that F(p,)
does not satisfy the Lipschitz condition (C3) — b near 0, but it satisfies the hypotheses (Cg) (see
[36]). With this setting, Theorem 3.2 can not be applied to the system (4.4), but we can apply the

Theorem 3.3 to the (4.4).

5 Conclusion

In this research, we investigated the approximate controllability for a class of non-instantaneous
impulsive integrodifferential equations driven by the Rosenblatt process. The proposed results
have been carried out using Grimmer resolvent operator, stochastic analysis theory, and fixed
point techniques (Krasnoselskii’s and Schauder’s fixed point theorem). Finally, an example is
provided to illustrate the applicability of our results. We believe our study can open new research
routes in stochastic integrodifferential systems with state-dependent delay and fractional cases.

This article will initiate future work in the above categories.
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ABSTRACT

In this article, we have mainly focused on the uniqueness prob-
lem of an L-function £ with an L-function or a meromorphic
function f under the condition of sharing the sets, generated
from the zero set of some strong uniqueness polynomials. We
have introduced two new definitions, which extend two exist-
ing important definitions of URSM and UPM in the literature
and the same have been used to prove one of our main results.
As an application of the result, we have exhibited a much im-
proved and extended version of a recent result of Khoai-An-
Phuong [13]. Our remaining results are about the uniqueness
of L-function under weighted sharing of sets generated from
the zeros of a suitable strong uniqueness polynomial, which

improve and extend some results in [12].
RESUMEN

En este ariculo nos hemos enfocado principalmente en el
problema de unicidad de una L-funcién £ con una L-funcién
o una funcién meromorfa f bajo la condicién de compartir
los conjuntos, generados a partir del conjunto de ceros de
algunos polinomios de unicidad fuerte. Hemos introducido
dos definiciones nuevas, que extienden dos importantes defini-
ciones existentes en la literatura de URSM y UPM, y las mis-
mas han sido usadas para probar uno de nuestros resultados
principales. Como una aplicaciéon del resultado, exhibimos
una version mejorada y extendida de un resultado reciente
de Khoai-An-Phuong [13]. Nuestros resultados restantes son
sobre la unicidad de una L-funcién bajo la condicién de com-
partir conjuntos pesados generados a partir de los ceros de un
polinomio de unicidad fuerte apropiado, que mejora y extiende

algunos resultados en [12].
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1 Introduction

Riemann hypothesis can be generalized by replacing Riemann’s zeta function by the formally

similar, but much more general L-functions. Considering ¢(s) = > o | ==

as a prototype in 1989,

Selberg defined a rather general class S of convergent Dirichlet series L(s) = > -7 o) which

n=1 ns

are absolutely convergent for Re(s) > 1. In the meantime, this so-called Selberg class L-function
became important object of research as it plays a pivotal role in analytic number theory. An
L-function in S need to satisfy the following axioms (see [18]):

(1) Ramanujan hypothesis: a(n) < n¢ for every € > 0.

(i) Analytic continuation: There is a non-negative integer k such that (s — 1)*£(s) is an entire

function of finite order.

(#4i) Functional equation: L satisfies a functional equation of type
Ar(s) =wAc(1-3),

where

K
Ac(s) = L()Q° [[T (s +vy)

j=1

with positive real numbers @), A; and complex numbers v;,w with Re v; > 0 and |w| = 1.

(iv) Euler product hypothesis: £ can be written over prime as

L(s) =[] exp <Z b(ﬁ’“)/p’”)
P k=1

with suitable coefficients b(p*) satisfying b(p*) < p*? for some 6 < 1/2, where the product

is taken over all prime numbers p. The degree d, of an L-function £ is defined to be

K
de =2\,
j=1

where \; and K are respectively the positive real number and the positive integer as in axiom

(#i1) above.

In this paper we are going to discuss some results under the periphery of value distribution of
L-functions in §. Throughout this paper by an L-function we will mean an L-function of non-zero
degree with the normalized condition a(1) = 1. On the other hand, by meromorphic function f
we mean meromorphic function in the whole complex plane C. Let C = C U {c}, C* = C\ {0}

and N = N U {0}, where C and N denote the set of all complex numbers and natural numbers
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respectively and by Z we denote the set of all integers. Before entering into the detail literature,
let us assume M(C) as the field of meromorphic functions over C and assume f, g be two non-
constant meromorphic functions in M(C). The proofs of the theorems of the paper are heavily
depending on Nevanlinna theory and we assume that the readers are familiar with the standard
notations like the characteristic function T'(r, f), the proximity function m(r, f), counting (reduced
counting) function N(r, f) (N(r, f)) that are also explained in [9,20]. By S(r, f) we mean any
quantity that satisfies S(r, f) = O(log(rT'(r, f))) when r — oo, except possibly on a set of finite
Lebesgue measure. When f has finite order, then S(r, f) = O(logr) for all r. For any f € M(C),
the order of f is defined as

logT
p(f) :=limsup oeL\nJ) (r.f) .
00 logr

2 Definitions

Before proceeding further, we require the following definitions.

Definition 2.1. For some a € CU {oo}, we define E¢(S) = Uses{z : f(z) —a = 0}, where
each point is counted according to its multiplicity. If we do not count the multiplicity then the set
Uaes{z : f(z) —a = 0} is denoted by E¢(S). If Ef(S) = E4(S), then we say f and g share the set
S Counting Multiplicity (CM). On the other hand, if E¢(S) = E,(S) then we say f and g share
the set S Ignoring Multiplicity (IM).

The following definition is more generalized than Definition 2.1 and somehow been inspired from

the idea in [11].

Definition 2.2. Let S1, Sz C C and if Ef(S1) = E4(S2) (E(S1) = E,4(S2)) holds then we say that
f, g have the same inverse image with respect to the sets S1 and S respectively, counting multiplic-

ity (ignoring multiplicity) and abbreviated it as IICM {(S1)(f), (S2)(g) } (IIIM{(S1)(f), (S2)(g9)}).

Definition 2.3 ([14]). Let k be a positive integer, b € C and Ey(0; f — b) be the set of all zeros
of f — b, where a zero of multiplicity p is counted p times if p < k, and k + 1 times if p > k. If
Ei(0; f—b) = Ex(0; g—b), we say that f —b, g—b share the 0 with weight k and we write it as f —b
and g—0b share (0,k) or f and g share (b, k). For S C CU{oo}, we define E¢(S, k) = UsesEx(a; f),
where k is a non-negative integer or infinity. Clearly E¢(S) = Ef(S,00). In particular, E¢(S, k) =
E,(S,k) and Ef({a}, k) = E;({a}, k) implies f and g share the set S and the value a with weight
k.

Definition 2.4 ([14]). Let b € C, by N(r,b; f |> s) (N(r,b; f |< s)) we denote the counting
function of those zeros of f —b of multiplicity > s (< s). Also N(r,b; f |>s) (N(r,b; f |< s)) are
defined analogously.
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Definition 2.5 ([21]). If for some set S C C, E¢(S) = E4(S) implies f = g, then we will say S

unique range set of meromorphic function and denote it as URSM.

Definition 2.6. If for two sets S1,52 C C, E;(S1) = E4(S2) tmplies f = g, then we will say
{81, 52} belong to the extended class unique range set of meromorphic function and we denote it

by ECURSM. Similarly we can define extended class unique range set of L-function and denote it
as ECURSL.

Definition 2.7 ([4]). A set S C C is called a unique range set for meromorphic (entire) functions
with weight k if for any two non-constant meromorphic (entire) functions f and g, Ef(S,k) =
Ey(S, k) implies f = g. We write S is URSMk (URSEE) in short. In case of L-function it is
reasonable to write it as URSLEk.

Definition 2.8 ([1]). For a non-zero constant c, if P(f) = cP(g) implies f = g then P is called

a strong uniqueness polynomial for meromorphic function and denote it by SUPM.

Definition 2.9 ([15]). A polynomial P is called a uniqueness polynomial for meromorphic func-

tions if P(f) = P(g) implies f = g and we denote it as UPM.

Definition 2.10. Let P, Q be two polynomials of same degree. Now if f = g for all f, g satisfying
P(f) = Q(g) then, then we call {P,Q} belong to the the extended class of uniqueness polynomial
of meromorphic function and denote it as ECUPM. Similarly we can define extended class of

uniqueness polynomial of L-function and denote it as ECUPL.

Definition 2.11 ([4]). Let P(z) be a polynomial of derivative index k, i.e., P (z) has mutually
k distinct zeros given by dy,da, ..., dy with multiplicities qi1,qa, ..., qx respectively. Then P(z) is
said to satisfy the critical injection property if P(d;) # P(d;) for i # j, where i,j € {1,2,...,k}.

3 Background and main results

Recently the value distributions of L-functions have been studied exhaustively by many researchers
([10,16,19], etc.). The value distribution of L-function is all about the roots of L£(s) = ¢. In 2007,
regarding uniqueness problem of two £ functions, Steuding [19] proved that the number of shared
values can be reduced significantly than that happens in case of ordinary meromorphic function.

Below we invoke the result.
Theorem 3.1 ([19]). Let £y and Lo be two non-constant L-functions and ¢ € C. If E¢, (c) =

Er,(c) holds, then L1 = Ls.

Since L-functions possess meromorphic continuations, it will be interesting to investigate under

which conditions an L-function can share a set with an arbitrary meromorphic function. Inspired
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by the question of Gross [8] for meromorphic functions, Yuan-Li-Yi [22] proposed the analogous
question for a meromorphic function f and an L-function £ sharing one or two finite sets. Yuan-

Li-Yi [22] answered the question by themselves by proving the following uniqueness result.

Theorem 3.2 ([22]). Let f be a meromorphic function having finitely many poles in C and let
L €S be a non-constant L-function. Let us consider the set S = {w : w™ + aw™ + b = 0}, where

(n,m)=1,n>2m+4. If E¢(S) = E(S), then we will have f = L.

Motivated by the results of [22], Khoai-An-Phuong [13] considered a different polynomial, whose
zero set is not same with the set as in Theorem 3.2. Under the CM sharing of this set, they [13]
obtained a uniqueness relation between an L-function and an arbitrary meromorphic function. In

their paper, Khoai-An-Phuong ([13]) consider the polynomial.

P(2) = (m+n+1) (Z (m) (‘”m++> 1, (3.1)

‘ it/ m+n+1—1
1=0

and (m+n+1) (Z?:o <72n % a™tmtl £ 1 -2 Then P'(z) = (n+m+1)2"(z — a)™.

In their recent paper, Khoai-An-Phuong ([13]) obtained the following result.

Theorem 3.3 ([13]). Let f be a non-constant meromorphic function, L be an L-function, P(z)
be defined as in (3.1) and S ={z: P(2) =0}. If n > 2, m > 2, n+m > 8§, then E;(S) = E.(5)
implies f = L.

Now from Theorem 3.3, the following questions are inevitable:

(1) The considered set in Theorem 3.3 is a particular one and it is clear by Example 6.1 given in
the application part afterwards, that the set is actually a zero set of a particular SUPM. So
it is obvious to explore, whether the set can be generalized by the set of zeros of an arbitrary

SUPM.

(2) In Theorem 3.3, to obtain the uniqueness result between f and L, the authors considered

CM sharing of the set. So is it possible to relax the CM sharing of the set?

(3) The minimum cardinality of the set in Theorem 3.3 is nine. Is it possible to decrease the

cardinality of the set?

In this article, inspired by Theorem 3.3, we have tried to explore and provide the best possible

answer of the above questions. Before going to the result, let us consider the following polynomial,
P(2) = ap+ a1z + agz® + - + a2, (3.2)

of simple zeros with P'(z) = (z — d1)% (2 — d2)® - - - (z — d;)%*, satisfying the following properties:
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(i) P(z) is a critically injective polynomial of degree ¢t > 5 with simple zeros and the derivative

index of it is k > 2 and for k = 2, min{q;, g2} > 2.
(73) P(z) be a SUPM.

Theorem 3.4. Let f be a non-constant meromorphic function, L be a non-constant L-function,
and P(z) be defined as in (3.2) satisfying properties (i) and (i) such that S = {z : P(z) = 0}.
Now if E¢(S,2) = E£(S,2) and t > 2k + 4, then we have f = L.

In the application part of this article in Example 6.1 , we have considered a more general version
of polynomial (3.1) and by means of Example 6.1 , we have shown that our result Theorem 3.4
improves Theorem 3.3. Also in [12], the authors explored the things in a new direction. They found
some sufficient conditions for a general polynomial to be a uniqueness polynomial for L-function
and found a general unique range sets for L-functions as well. The following result extends the

perimeter of unique range sets for L-functions.

Theorem 3.5 ([12]). Let P(z) be a uniqueness polynomial for L-functions. Suppose that P(z)
has no multiple zeros, and P(1) # 0. Then the set S = {z : P(z) = 0}, is a unique range set for

L-functions, counting multiplicities.

From the statement of Theorem 3.5, it will be interesting to ponder over the answer of the following

question:

Question 3.1. What happens in Theorem 3.5, if P(1) =07¢

In the following theorem, we will deal with the answer of the above question. In fact, in view of
Definition 2.6 and Definition 2.10, we will re-investigate Theorem 3.5 under a broader perspective,
so that the same theorem will automatically be included in our result and at the same time the
question will be answered. Now for the next theorem let us consider Z~(£) to denote the set of

trivial zeros of L in the negative half plane, where each zero is counted according to its multiplicity.
Theorem 3.6. Let S} = {z : P,(2) = 0} and S2 = {z : Q,(z) = 0} where P, be a uniqueness
polynomial of L-function and Q, = k1P, + ko and having no multiple zeros. If

(1) k2 =0 and either P,(1) # 0 or P,(0) # 0 together with Z—(L1) = Z~ (L2),

(i1) ko 0 and Z~(Ly) = Z7(L2), P,(1) # P,(0). Also either P,(1)Q,(1) # 0 or P,(0)Q,(0) #

0; then {P,,Q,} belong to ECUPL and {S1,S2} belong to ECURSL.

Clearly in the above theorem, when ko = 0 and P,(1) # 0, then Theorem 3.6 is actually Theorem

3.5. Hence this result is an extension of Theorem 3.5.

Considering the IM sharing of set, in [12] the following result was obtained.
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Theorem 3.7 ([12]). Let P(z) be a strong uniqueness polynomial for L-functions, and assume
that P(z) has no multiple zeros, and the degree q, the derivative index k of P salisfy inequality

q > 2k+6. Then the zero set of P(2) is a unique range set, ignoring multiplicities, for L-functions.

As usual it will be interesting to further reduce the cardinality of the set. In the next theorem, we
will show that with the help of weighted sharing of weight two the cardinality of the range set can
significantly be reduced.

Theorem 3.8. Let P(z) be a strong uniqueness polynomial for L-functions with simple zeros, of

degree t and of derivative index k such that t > 2k+3. Then the set S = {z : P(z) = 0} is URSL2.

4 Lemma
Next, we present some lemmas that will be needed in the sequel. Henceforth, we denote by H, the
1 / 1 /
I £ _ 2F G _ 2G ’
F' F [eNe]
Lemma 4.1 ([5]). Let F = P(f) and G = P(g) be non-constant meromorphic functions where
P(z) is defined same as in (3.2). Also let F', G share (0,m) Then,

following function :

N}E)(T,O;F) < N(r,o0; H) 4+ S(r, F) + S(r, G).

Lemma 4.2. Let F and G be defined same as in Lemma 4.1 and share (0,m). Then,

N(r,o0; H) < Nu(r,0; F,G) + N(r,00; f) + N(r,00;9) + Y N(r,ai; f)+ Y N(r,aisg

H'Mw
H'M»

+ No(r,0; f') + No(r,0;g') + S(r, f) + S(r, g),

where No(r,0; f') is the reduced counting function of those zeros of F' where FHle(f —a;) #0
and No(r,0;g") is similarly defined and o; ,i =1,2,...,k are distinct zeros of P'(2).

Proof. Here we are not giving the proof as the similar proof can be found in [14]. O

Lemma 4.3 ([3]). Let F and G be non-constant meromorphic functions and let F', G share (0,m).

Then,

N(r,0; F) + N(r,0;G) — (r 0; F)+ <m>N (r,0; F,G) < =[N(r,0; F) + N(r,0; G)].

| =

Proof. Here we are not giving the proof as the similar proof can be found in [3]. O
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Lemma 4.4 ([6]). Let P(z) be a polynomial defined as in (3.2) with property (i). Also assume f

and g be two mon-constant meromorphic functions such that,

1 _C()

P Plg T

cog # 0. Then we will have ¢y = 0.

Lemma 4.5 ([7]). Let P(z) be a polynomial defined as in (3.2) with property (i). Then P(z) will
be a UPM if and only if

k
> agm >
=1

1<l<m<k

In particular, the above inequality is always satisfied whenever k > 4. When k = 3 and max{q1, g2, q3} >
2 or when k =2, min{q1,q2} > 2 and q1 + g2 > 5, then also the above inequality holds.

Lemma 4.6 ([17]). Let f be a non-constant meromorphic function and let

> anf*
R(f) = "5—.

be an irreducible rational function in f with constant coefficients {ar} and {b;}, where a, # 0 and
b # 0. Then
T(r,R(f)) = dT(r, )+ S(r, f),

where d = max{n, m}.

Lemma 4.7 ([20]). Let f, g € M(C) and let p(f), p(g) be the order of f and g, respectively. Then

p(f - g) <max{p(f),p(g)}

Lemma 4.8. Let £1 and Lo be two non-constant L-functions and for some A > 0, in o < —A,
Z7(L1) = Z7(Ls). Then we can find a infinite sequence of zeros in the same half plane of both
Lii=1,2.

Proof. Tt is given that in 0 < —A, Z7(£1) = Z~ (L2). From axiom (4i7), let us assume

L;(s) = xi(s)Li(1 —73), where

Xi(s) = w Q™% IT52, T (L = s) + 755)

- , fori=1,2.
[T T(Nijs + vig)
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In particular, in ¢ < —A, the poles of Hflzl I'(A1js+11;) and Hfil I'(A2j5+12;) must match, also
the poles of H;“:l I'(A;(1 —s) +715) and Hfil I'(A2;(1 — s) + 72;) must match in ¢ > A. Also in
—A <o <0, H;“:l I'(A1js +14;) and H;”:l I'(Agj8 + v2;) can have finitely many poles. It follows

that % is a meromorphic function with finitely many poles and zeros. So here we can write it as

x1(s) —
x2(s)

have,

R(s)e*®, where R is a rational function and a is a complex constant. Therefore here we

L1(s) = xa(s)L1(1 = 3),
Lo(s) = x1(s)R(s)e* La(1 —3).

_ntry
)\1]'

fixed j, of zeros of x1(s), which are also zeros of £;(s) and L;(1 —3) never vanish in o > B for

Then in some o < —B, where B > A, it is possible to find a sequence {s, (= )} for some

i =1,2. Also it can be seen that Re(s,) — —oo as n — oo. O

5 Proofs of the theorems

Proof of Theorem 3.4. Let us consider the following cases.

Case 1: First assume H = 0. Then integrating we have,

1 c
R o)

where ¢ (# 0),d are constants. Clearly from Lemma 4.4 we have, d = 0. As from the

hypothesis of the theorem we know P(z) is a SUPM, from P(f) = ¢P(L), we have f = L.

Case 2: Next assume H # 0. Using the Second Fundamental Theorem we have,

(t—1)T(r,£) < N(r,0; P(L)) + N(r,00; L) + S(r, L) (5.2)
< N(r,0; P(f)) + O(logr) + S(r, L)

nT(r, f)+ S(r, L).

IA

Similarly, we can have,

(t—2)T(r, f) <nT(r,L) + S(r, f). (5.3)

Clearly (5.2) and (5.3) we have, p(f) = p(£) = 1 and hence S(r, f) = S(r, L) = S(r) (say).
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Using the Second Fundamental theorem we have,
(t+k—1)(T(r, f) +T(r,£)) < N(r,0; P(f)) + N(r,0; P(L)) + N(r,00; ) + N(r,00; L)
k

+ D (N(r,i; ) + N(r, a5 £)) = No(r, 05 f') = No(r,0; £') + S(r).

i=1

1.€.,

(t=DT(r, L) + (t = 2)T(r, f) < N(r,0; P(f))N(r,0; P(L)) = No(r,0: f)  (5.4)
— No(r,0; L") + S(r).

Using Lemmas 4.3, 4.1, 4.2 and 4.6, from (5.4) we have,
(t = DI(r,£) + (t = 2T(r, f) < SAT( ) + T, L)} + N(r,00: f) + N(r00: £)

k
+ Z(N(Ta Qg f) +N(’I‘, (67%) £)) + S(T)v

1.€.,

(t — 2k — 6)T(r, ) + (£ — 2 — 26)T(r, £) < S(r). (5.5)
Using (5.2) we have
(t— 2% — 6)%%, L)+ (t—2— 2T (r, L) < S(r). (5.6)

From (5.6) for t > 2k + 4 we arrive at a contradiction. O

Proof of Theorem 3.8. Let us consider two non-constant L-functions £1 and Lo such that E¢, (S,2) =

Er,(S,2) where S is the zero set of strong uniqueness polynomial for L-function. Also assume,

F = P(ﬁl) and G = P(ﬁg)

If H = 0, then from Case 1 of Theorem 3.4 we will have, £; = L,. If H # 0, then proceeding

similarly as done in (5.4), (5.5) we will have a contradiction for ¢ > 2k + 3. Hence finally we will

have £, = Ls. O
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Proof of Theorem 3.6. Let us assume for two non-constant L-functions, L1, L£o; Er, (S1) = Ez,(S2).

Clearly then we can set the auxiliary function

_ Po(‘cl)
QO(EQ)

G = (s—1)ler(®), (5.7)

for some integer ! and from Lemma 4.7 we will have p;(s) = as+ b, for some complex constants a,

b. Now let us consider the following cases.

Case 1: First let ko =0, i.e., Q, = k1 P,.

Subcase 1.1: P,(1) # 0. Then,

= (El —0[1)(£1 _OQ)“.(El _at) — s — leas-‘rb
“= (Lo —a1) (Lo —ag) - (Lo — ) =ki(s—1) ’ (5.8)

from (5.8) taking limit o — +o00 we have,

lim k(s —1)lett =1,
o——+oo
which implies @ = [ = 0 and then simply ke = 1. Finally we have, FPoll1) — 1 and

P,(L2)
hence L1 = L.

Subcase 1.2: Let us assume P,(1) = 0 but P,(0) # 0. Without loss of generality assume

oo ai(n)
n=1 ns >

1,2, absolutely convergent for o > 1, where a;(1) = 1. Also let nj,ng be two integers

such that n;, = min{n (> 2) : a;(n) #0, i =1,2}. So,

a1 = 1. Again £; can be represented by a Dirichlet series, i.e., £;(s) = i=

-1 qp(aa(m) + 3505, ai(n)()°) <n2
L=1 L (m(m) + Do, a2(n)(2))

where,

ai(ni) +32,%,, a1(n)("1)°

o) = ) + 5, aa(m) (22

By the construction of Go(s) we note that lim,_, o Go(s) = % In view of (5.7),

let us consider the following function
(£1—a2)~--(£1 —Ozt) _ [:1 -1 .qs. (£1 —042)~'-(£1 —Oét) (5 10)
(ACQ*OLQ)"'(,CQ*OQ) EQ*]. (£27a2)~~~(£27at) '
s(Lr—1)(L1 —ag) -~ (L1 — o)
(£2 — 1)(£2 — 042) cee (LQ - at)

Gl = Go(S) .

=q =¢°G =kig*(s — 1)le™*?,

. ’ . .
for some ¢ = Z—;(E Q*). We can write ¢ = el°89 = 9 then we can write it as,
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G = k1g®(s — 1)le® 1t = k(s — 1)le(@+@)s+b — k) (s — 1)le?’sH0 where o/ = ¢/ + a. Let
us consider a’ = aj + ias and b = by + iby. With respect to the first equality of (5.10),
taking limit ¢ — +o00, we have lim,_, ;. G1 = C1, for some constant C; € C*. Next
from the second and last equality of (5.10), taking limit o — 400, we have

J(Li—1) (L —og)-(Ly — o)

i . — = [ -1 ! a's+l;
o—ﬁlr}rloo 1 (La—1) (La—ag) (Lo —ay) €1l o'~1>r~IFloo (s )e |

= Constant = lim |0 — 1 + 4t|'emo a2+t
o——+oo

Therefore we must have a; = 0 = [, otherwise lim,_, { o |00 — 1 +it|le® 722t +b1 = o0 or
0 according as a; > or < 0 and with the same argument it can be shown that [ = 0.

Also,

lim e %2!t0r —|Cy], V¢ R,

o——+o0

implies ags = 0. Hence we have a = a1 + ias = 0 and [ = 0. Therefore, G; = kie® and

from the last equality of (5.10), we get G = ¢~ k1€’, i.e., from (5.8) we have

G @ e T -

Now from Lemma 4.8, it is possible to find a sequence s,, of trivial zeros in ¢ < —A,

whose real part diverges, i.e., Re(s,) — —o0, as n — co. From (5.11) putting s = s,

Re(=sn)||efte(®) = 1, taking limit as n — oo we will have ¢¢(=*n) — 0o or

we have ¢
0, according as ¢ > 1 or < 1. So we must have ¢ = 1 and hence k;e® = 1. Therefore

Po(ﬁl) = PO(£2) = L= Ls.
Case 2: Next let ko # 0. Then we can write G as,

— Py(L41) (L) (L —ag) (L —ap) e
“= kiP,(L2) + ks (Lo—B1)(Ly—Bo) - (L2 —Br) (s — 1)'e® ™. (5.12)

Subcase 2.1: Let us assume P,(1).Q,(1) # 0. From (5.11) taking o — 400, we will have,
G = C = non-zero constant. Hence we have, P,(L1) = k| P,(L2) + kb. In view of
Lemma 4.8, Putting s = s, we have, k5 = P,(0)(1 — k}).

Subcase 2.1.1: First let P,(0) = 0, then k4 = 0. Using the fact P,(1) # 0, with the
same argument as in Subcase 1.1 we will have, P,(£;) = P,(£2) and hence £; = Ls.
Subcase 2.1.2: Next let P,(0) # 0. Then we have P,(£1)—P,(0) = k1 (P,(L2)—P,(0)).
Taking o — 400 and noting that P,(0) # P,(1), we have, k; = 1 and hence &} = 0.

And the from Subcase 1.1 we will have the result.
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Subcase 2.2: Assume P,(1)Q,(1) = 0 but P,(0)Q,(0) # 0.

Subcase 2.2.1: Let us assume P,(1) = 0 = Q,(1). Without loss of generality assume

a1 = p1 = 1. Then proceeding similarly as done in Subcase 1.2 we will have

S:((g)) = constant. Noting that P,(0) # 0, like Subcase 2.1 we can show that the

constant is 1 and so we have £ = L.

Subcase 2.2.2: Next let P,(1) =0 but Q,(1) # 0. Then let o; = 1 and we can have,

Ly —1= % (al(nl) + i ai(n) (7;1)';> _ isGl(S)’

1 n>ni

where G (s) = n5(£1—1) = a1(n1)+3_0%,, a1(n)(52)° and lim, 1 oo G1 = a1 (na).

ow ¢ L= DL —az) - (Li—an) o \astd
oW, G = B (Ls— Pa) (L f) & T

Let us set a function

(L1 —ag) - (L1—ap)
(L2 = B1)(L2 = Pa) -+ (L2 — Bn)
_ s L1 = DLy —az) - (L1 —an)
TN (L2 = B)(Ly — Ba) -+ (L2 — Bn)

Gy =G (5.13)

=niG = (s — 1)'nje P,

Therefore we can write, G = (s — 1)16“”561’, where o = a + logn;. Next the
first equality of (5.13) implies, lim, 4o G2 = Constant. But lim,_ 1o |(s —
1)le?”"st| = 0 or oo, according as Re(a”) < or > 0, it follows that Re(a”) = 0.
Since the limit is independent of ¢, we will have Im(a”) = 0. With similar argu-
ments we will have [ = 0. Therefore a” = 0 = [ and we will have from the last
equality of (5.13),

Gy =¢" = G =ny%

i.e.,
(L1 =Dy —az) (L —an) _ s
(L2 = B1) (L2 —Ba) -~ (L2—Ba) 1
Proceeding similarly as in (5.11) we will have, n; = 1 and then we have G = e® =

Constant. With the help of Subcase 2.1 we will have £; = L.

Subcase 2.2.3: Next let P,(1) # 0 but Q,(1) = 0, proceeding in a same way as done
in Subcase 2.2.2 and then using Subcase 2.1 we will have £, = L.
Hence {P,,Q,} belong to ECUPL and {5}, S2} belong to ECURSL. O
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6 Application

In this section, we show the application of Theorem 3.4. Not only that, next we are going to show
that the much improved version of Theorem 3.3 falls under a special case of our Theorem 3.4.

Below we explain this fact via the following example.

Example 6.1. We are going to consider a new polynomial of degree m +n+ 1 recently introduced

in [2] as follows:
_ — (n m4n+1—j 7 1
Z()m+n+1—jz a (6.1)

+Z§ ( >( >m+7(f+1)1+_ 2T Y = Q)

where a and b be distinct such that a,b € C, ¢ # 0, Q(a),Q(b) and m > n+2 and n > 2. It is
easy to verify that,
P(z)=(z—a)"(z—b)™.

Clearly from the choice of ¢, P(z) has only simple zeros. First we will show that (6.1) is critically
injective, strong uniqueness polynomial with derivative index 2 with m > n + 2 and n > 2. From
Remark 1 [2, p. 506] it can be shown that P(z) is critically injective polynomial. Next, let us
assume for some constant A # 0 and for two non-constant meromorphic functions f, g with finitely

many poles we have
P(f) = AP(g). (6.2)
By Lemma 4.4, we get,
T(r,f)=T(r g)+ O(1). (6.3)

Also here, N(r,o00; f) = S(r, f) = N(r,00;9) = S(r, g).

Now, consider the cases,
Case 1: Suppose A # 1. Then
P(f)+c=A(P(g) +¢) —c(A-1), (6.4)

1.€.,

Q) = AQ(g) —c(A - 1) = Q(f) = Q(b) = AQ(g) — (Q(b) + c(A - 1)).

Recall that the only zeros of Q'(z) are a and b. So only possible multiple zeros of ¢(z) =
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AQ(z) — (Q(b) + ¢(A — 1)) could be a and b. First assume b is one multiple zero of ¢(z).
Thus ¢(b) =0, i.e.,

AQ(6) — Q) +c(A-1)) =0 = (Q(b) —c)(A-1) =0 = Q(b) =

a contradiction as Q(b) # c.

Next assume a is the multiple zero of ¢(z). It is easy to see that ¢(z) = (z — a)"1¢1(2),
where ¢1(a) # 0 and all zeros of ¢1(z) are simple, namely p;, j = 1,2,...,m. Notice that
Q(2) — Q(b) = (2 — b)™H1ga(z), where ¢a(b) # 0 and all zeros of ¢2(2) are simple, namely
vj,j=1,2,...,n. From (6.4) we have,

m

N(r,b; f) Z (r,v;; f) = N(r,a; ) Z (ryp39 (6.5)

Now using the Second Fundamental Theorem we have,

mT(r,g) < N(r,a;9) + > N(r,115.9) + N(r,00:9) + S(r, )
=1

_N(T,bLf)+ZN(T7Vj;f)+S(rag)

i=1

<(n+DT(r, f) = (n+1)T(r, 9) + S(r,9),

this contradicts the fact m > n + 2.

Hence we see neither a nor b be the multiple zeros of ¢(z) and hence all the zeros of ¢(z) are
simple, say d;, j =1,2,...,m +n+ 1. From (6.4) we have,
m+n—+1

(m+n)T(r,g) < Z N(r,65;9) + N(r,00;9) + S(r, g)

N(r,b; f) Z (ryvjs )+ 8(r, g)
<(n+D)T(r, f)=(n+1)T(r,g9) + S(r,9),
a contradiction as m > n + 2 and n > 2.

Case 2: Assume A = 1.

Now the zeros of P’(z) has multiplicities m > 4, n > 2 and m + n > 6. Hence from Lemma

4.5 we have from above, f = g. Now if we take m = 5, n = 2, then P(z) becomes a
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polynomial of degree 8. So clearly from the above discussion if f be a meromorphic function
and £ be an L-function satisfying Ef(S,2) = E.(S,2) such that the degree of P(z) becomes
m—+n+1 > 8, then by Theorem 3.4, we have f = £. As putting b =0 in (6.1), we obtain the
polynomial (3.1), for m +n > 7, the result in Theorem 3.3 holds as well. Clearly Theorem

3.4 is a three step improvements of Theorem 3.3:

(1) In Theorem 3.4, we have considered the zero set of an arbitrary SUPM satisfying prop-
erties (i) and (ii). By means of Example 6.1 we know that the polynomial (3.1) is itself
a critically injective SUPM, so in terms of choice of SUPM, Theorem 3.4 is quite a

generalization of Theorem 3.3.
(2) In the light of relaxation of sharing of the zero set Theorem 3.4 improves Theorem 3.3.

(3) Most importantly, it can be verified that the minimum cardinality of the considered set
in Theorem 3.3 is nine, where as we have been able to show that in Theorem 3.3 still
holds for the cardinality of the range set as n +m + 1 > 8. That is the cardinality of

the range set in Theorem 3.3 can further be diminished.

Again since £ can be analytically continued as a meromorphic function with only one pole,
then from the above discussion it can be observed that if £; and L5 share the zero set S of
the polynomial (6.1) with weight two, i.e., Ez, (S,2) = Er,(S,2) where n+m +1 > 7, then

according to Theorem 3.8 we will have £, = L.
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1 Introduction

Let p(z) 1= > j_ga;2’, where a; € C be a polynomial with complex coefficients. If we plot the
zeros of a polynomial p(z) and the zeros of its derivative p/(z) (the critical points of p(z)) in the
complex plane, there are interesting geometric relations between the two sets of points. To start
with they have the same centroid. We also have the Gauss-Lucas Theorem which states that the
critical points of a polynomial p lie in the convex hull of its zeros. Regarding the distribution of

critical points of p within the convex hull of its zeros the well known Sendov’s Conjecture asserts:

“If all the zeros of a polynomial p lie in |z| < 1 and if zq is any zero of p(z), then there is a critical

point of p in the disk |z — zo| < 1.7

The conjecture was posed by Bulgarian mathematician Blagovest Sendov in 1958, but is often
attributed to Ilieff because of a reference in Hayman’s Research Problems in Function Theory [6]
in 1967. A large number of papers have been published on this conjecture (for details see [9])
but the general conjecture remains open. Rubinstein [10] in 1968 proved the conjecture for all
polynomials of degree 3 and 4. In 1969 Schmeisser [11] showed that, if the convex hull containing
all zeros of p has its vertices on |z| = 1, then p satisfies the conjecture (for the proof see [9, Theorem
7.3.4]). Later Schmeisser [12] also proved the conjecture for the Cauchy class of polynomials. In
1996 Borcea [2| showed that the conjecture holds true for polynomials with atmost six distinct
zeros and in 1999 Brown and Xiang [3] proved the conjecture for polynomials of degree up to
eight. Dégot [5] proved that for every zero (say) zo of a polynomial p there exists lower bound
Ny depending upon the modulus of zy such that |z — zp| < 1 contains a critical point of p if
deg(p) > Ny. Chalebgwa [4] gave an explicit formula for such a Ny. More recent work in this area
includes that of Kumar [7], Sofi, Ahanger and Gardner [14], and Sofi and Shah [13]. As for the
latest, Terence Tao [15] following on the work of Dégot [5], proved that the Sendov’s conjecture
holds for polynomials with sufficiently high degree.

In this paper we prove an interesting connection between the geometric structure of the zeros of a

polynomial and Sendov’s conjecture.

2 Statement and proof of the theorem

Theorem 2.1. Letp(z) := E;:O a;jzl be a polynomial of degree n > 2 with all its zeros z1, 22, . . ., 2

lying inside the closed unit disk. Suppose that for all j =1,2,...,n

n

>

i=1,i#j

2 n

>

i=1,i#]

1 2

Zj — %4

1

Z5 — 2

1—

then |z — z;| <1 contains some critical point of p, that is, Sendov’s conjecture holds for p.
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[One prime (but not the only) example of polynomials satisfying the hypotheses of Theorem 2.1

are the polynomials whose zeros lie on a circle within the closed unit disk. In this case we may

assume without loss of generality that |z;| = |z;| for all 1 < 4,5 < n and that for a fixed but

arbitrary 1 <j <n,0<z; <1. Hence forall1 <i<n

2 = (25 = DI < [zil + [z = U = [z +1 =25 =1

and the required condition

n 2 n 2
1 1
> - < >
= 2 — % R &
i=1,i#j i=1,i#j
is satisfied.]
Proof. Let (1,(s...,(,—1 be the critical points of p and assume to the contrary. Then there exists

a zero of p say z; such that |z — | > 1 for 1 <7 <n—1. We note that z; cannot be a repeated

zero of p and hence z; — z; # 0 for all i =2,3,...,n and
1 .
—— <1 foralll<i<n-1.
21 = Gil
Also we can write )
p'(2) = na, H(z —¢)
i=1

so that

This gives

Hence

That is

Now suppose

This gives

G
= ~ — n—
P'(z1) oG -Gl
/!
p/(zl)<n—l.
p'(21)
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so that

Also
p'(z1) =q(z1) and p"(z1) =2¢'(z1).

Therefore from (2.2), we obtain

2 ! 1/
‘ ¢ (=) _ p/(zl) I
q(z1) p'(21)
and hence
q(z1) n—1
q(z1) 2
Thus
"1 -1
3 r (2.3)
— 21 — %4 2
=2
Now

for all i = 2,3,...,n. This gives

” 1 n—1 <~1—|z—2—17
m =
Z ¢ (Zl Zi> 2 +Z 2|Zl 7Zi|2

=2 =2
n—1 1/[< 1 P &Kla—zm—1)
2 +2<;2 Z21 — % 7; 21— % ‘
n—1 1 n 1 2 n 1 2
= 4= _ 1—
2 2 =l -z = 21— %
Now from (2.1)
n 1 2 n 1 2
s 21 — %4 i 21 — %
Therefore
"1 ~ 1 n—1
R R >
and hence
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which contradicts (2.3) and the contradiction proves the result. O
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