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ABSTRACT

In this article, we investigate the Kenmotsu manifold when
applied to a Dy-homothetic deformation. Then, given a sub-
manifold in a D,-homothetically deformed Kenmotsu mani-
fold, we derive the generalized Wintgen inequality. Addition-
ally, we find this inequality for submanifolds such as slant,

invariant, and anti-invariant in the same ambient space.

RESUMEN

En este articulo estudiamos la variedad de Kenmotsu
cuando se aplica a una deformaciéon D,-homotética. Luego,
dada una subvariedad en una variedad de Kenmotsu D,-
homotéticamente deformada, derivamos la desigualdad de
Wintgen generalizada. Adicionalmente, encontramos esta
desigualdad para subvariedades tales como oblicuas, inva-

riantes y anti-invariantes en el mismo espacio ambiente.
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1 Introduction

The Wintgen inequality is a sharp geometric inequality for surfaces in a 4-dimensional Euclidean
]E4 . 1 . G K . . . . . 1 d

space involving Gauss curvature K (intrinsic invariants), normal curvature and square mean

curvature (extrinsic invariants). The intrinsic and extrinsic curvature of a surface can be combined

in the second fundamental form. This is a quadratic form in the tangent plane to the surface at a

point.

Quadratic forms occupy a central place in various branches of mathematics, including number
theory, linear algebra, group theory (orthogonal groups), differential geometry (the Riemannian
metric, the second fundamental form), differential topology (intersection forms of four-manifolds),
Lie theory (the Killing form), and statistics (where the exponent of a zero-mean multivariate

normal distribution has the quadratic form x" 3™ 'x).

P. Wintgen [25], proved that the Gauss curvature K, the normal curvature K+ and the squared

mean curvature ||H||? for any surface M? in E* satisfy the following inequality [1]:
1#]]* > K + K|

and the equality holds if and only if the ellipse of curvature of M2 in E? is a circle. Later, it was
extended by I. V. Guadalupe et al. [12] for arbitrary codimension m in real space forms M(™+2)(c)

as

IH]]* + > K + K.

In 1999, De Smet et al. conjectured the generalized Wintgen inequality for submanifolds in real
space form. The conjecture is known as DDVV conjecture. It has been proved by Zhiqin Lu
in [16] and Jianquan Ge-Zizhou Tang in [11], independently and differently. Ion Mihai [17, 18]
established such inequality for Lagrangian submanifold in complex space form and for Legendrian
submanifolds in Sasakian space forms. Since then numerous authors studied such inequality for

several kinds of submanifolds in different ambient space forms (for example, see [3,12,19-22]).

In 1971, Kenmotsu investigated a class of contact Riemannian manifolds, named Kenmostu man-
ifolds, which satisfy some special conditions [15]. After that Kenmotsu manifolds have been dis-

cussed by Jun et al. [14] and many authors.

In 1968 Tanno [24] introduced the notion of D-homothetic deformation (for more details see [23]).
In [8] Carriazo and Martin-Molina studied D-homothetic deformation of generalized (k, u)-space

forms. De and Ghosh studied D-homothetic deformation of almost contact metric manifolds [10].

In the present article, we obtain the generalized Wintgen inequalities for submanifolds of a D-
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homothetically deformed Kenmotsu manifold. We also discuss such inequality for various slant

submanifolds as an application of the inequality obtained.

2 Preliminaries

An odd dimensional (2n + 1) smooth manifold (M, g) is said to be an almost contact metric
manifold [5], if it admits a (1,1)-tensor field ¢, a structure vector field ¢, a 1-form n and a

Riemannian metric g such that [26]

©’E = —E +1(E)C, (2.1)
Q) =1, ¢()=0, noyp=0, (2.2)
n(E) = g(E, Q), (2.3)
9(pE, oF) = g(E, F) —n(E)n(F), (2.4)
for any vector fields E, F on M.
If a contact metric manifold satisfies
(VeQ)F = —g(E,¢F)¢ — n(F)¢E, (2.5)

where V denotes the Levi-Civita connection with respect to g, then M is called a Kenmotsu
manifold [15].

An almost contact metric manifold is Kenmotsu manifold if and only if
Vi = E—n(E)C. (2.6)

Moreover, we suppose that the Riemannian curvature tensor R, the Ricci tensor S of type (0,2)

in Kenmotsu manifold M with respect to V satisfy [15]

(Ven)F = g(pE,oF) = g(E,F) — n(E)n(F), (2.7)
(Ven)F =0, (2.8)

R(E,F)¢ =n(E)F —n(F)E, (2.9)
R(¢,E)F =n(F)E — g(E, F)(, (2.10)

R(¢,E)¢ = —R(E, ()¢ =E —n(E), (2.11)
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n(R(E, F)G) = g(E,G)n(F) — g(F,G)n(E), (212)
S(E,¢) = —2nm(E), (2.13)
S(pE,pF) = S(E, F) + 2nn(E)n(F). (2.14)

An odd dimensional Kenmotsu manifold /\;l(ap, ¢,m,g) is said to be n-Einstein manifold if S is of

the form

S=ag+bn®n,
where a and b are smooth functions on M.

Definition 2.1 ([24]). If an (2n+ 1)-dimensional contact metric manifold M with almost contact
metric structure (@, ,n,g) is transformed into (%, C* 0, g*), where

1
ot =, C’j:EC, =an g¢=ag+tala—1)nen (2.15)

and « is a positive constant, then the transformation is called a D,-homothetic deformation.

The relation between the Levi-Civita connection V of ¢ and the Levi-Civita connection V* of gf
is given by [2]
~ a—1
Vi F =VpF + ——9(pB.pF) (2.16)

for all vector fields E, F on M.

3 Curvature tensor on Kenmotsu manifold under a D, ,-homo-

thetic deformation

Let M be Kenmotsu manifold of dimension (2n +1). The curvature tensor RF of M under a

D,-homothetic deformation V* is defined by [13]

RYE,F)G = VgV rG — V pVi G — Vi g 1 G. (3.1)

In the work by Blaga [4], the curvature tensors of forms (1,3) and (0,4), along with the Ricci

curvature tensor and scalar curvature are presented.

RY(E,F,G,H) = R(E,F,G,H) + aT_l[g(wR ©G)g(E,H) — g(¢E, pG)g(F, H)], (3.2)
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Ru(E’Fa GvH) = aR(E’F’G’H) + (a - 1){7](G)[77(E)9(F7H) - U(F)Q(EaH)]

—9(E,G)lg(F, H) = n(F)n(H)] + g(F,G)[g(E, H) — n(E)n(H)] } (3-3)

- —1
SHE.F) = S(5.F) + 20 (“ 1) oloB. P, (3.4
where S and S indicate Ricci curvature tensors with respect to V¥ and V. Also, the scalar

curvatures 7! and 7 with respect to V# and V are related by

N 2n(2n + 12)(Oz - 1).

1

et 3.5
S - (3.5)
Thus, we have the following result:

Proposition 3.1. In an n-Einstein Kenmotsu manifold of dimension (2n + 1), the Ricci tensor

is given by

s(e.7) = |52 atmpy 4 [ = s ) - e,

for any vector fields E, F on M. Here Q is the Ricci operator defined by 5’(E, F)= g(QE,F).

By equation (3.4) and Proposition 3.1, we have

Theorem 3.2. Let M(g,(,n,9) be a (2n + 1)-dimensional n-Einstein Kenmotsu manifold. Then
the manifold /\;l(cpﬁ, ¢t ot g%) is again an n-Einstein manifold under a Do-homothetic deformation
with

T+ 2 -1
T+ n+2n0z

SYE,F) =

- ]g(E,F)+ {in —

for all E,F € T(M).

4 Wintgen inequality for submanifolds in Kenmotsu manifold

under D, -homothetic deformation

The present section deals with the derivation of generalized Wintgen inequalities for submanifolds

in Dy-homothetically deformed Kenmotsu manifold.

Let M be m-dimensional submanifold of (2n + 1)-dimensional D,-homothetically deformed Ken-
motsu manifolds M. Let V and V* represent the induced connections on the tangent bundle

TM and T+M of M, respectively and denote by h the second fundamental form of M for all
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E,F € T(TM) and N € I'(T+ M), recall the Gauss and Weingarten formulas by
VeF =VgF +h(E,F),

and

VeN = —ANE + VN,

where Ay is used for notation of the shape operator of M with respect to N. The following

equation is well known

g(ANE,F) = g(h(E,F),N), forall E,FecT(TM), NecTI(T*M).

Let R is the Riemannian curvature tensor of M. Then we recall the equation of Gauss given by

R(E,F,G,H) = R(E, F,G,H) — g(h(E, H), l(F, G)) + g(h(E, G), h(F, H)), (4.1)

for all E, F,G,H € T'(TM).

On combining (3.2) and (4.1), we arrive at

RYE,F,G,H)=R(E,F,G,H) — g(h(E,H),h(F,G)) + g(h(E,G), h(F, H))

* aT_l[g(g’Fv ¢G)g(E, H) — g(¢E,¢G)g(F, H)],

which gives

R(E,F,G,H)=RYE,F,G,H)+ g(h(E,H),hF,Q)) — g(h(E,G), h(F, H))

- (aa 1) [9(pF, ¢G)g(E, H) — g(¢E,¢G)g(F, H)]. (4.2)

Assume that {e1,..., e} and {€m,41,. .., €2,41} represent local orthonormal tangent frame of the
tangent bundle T M of M and a local orthonormal normal frame of the normal bundle T+M of

M in M. Define the mean curvature vector H of M by
i1 "
and squared norm of second fundamental form by

1812 =" g(hlei e;), hles )’ (4.4)

i,7=1
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Here we note that a submanifold M in M is called minimal if H = 0.

We write the scalar curvature 7 of M at p € M as

T= Z R(ei,ej,€;5,€;) (4.5)

1<i<j<m

and define the normalized scalar curvature p of M by

pm e 2 S Kleiney), (4.6)

m(im—1) m(m-—1) < TFem

where K is the sectional curvature function on M.

The scalar normal curvature IC,, in terms of the components of the second fundamental form by

the following expression [17]:

m 2
ICnor = Z Z ( h;khfk - h:khjk> . (47)
k=1

1<r<s<2n—m+11<i<j<m

We also have the following relation for the normalized scalar normal curvature [17]

2
Prnor = ——7 -~V ’Cnor- (48)

m(m — 1)

Now, we prove the generalized Wintgen inequality for submanifolds of D,-homothetically deformed

Kenmotsu manifold M.

Theorem 4.1. Let M be an m-dimensional submanifold of a Dy-homothetically deformed Ken-

motsu manifold M of dimension (2n +1). Then

m—1 a—1

(07

where p* denotes the normalized scalar curvature with respect to V¥.

Moreover, the equality case holds uniformly in (4.9) if and only if the shape operators A,, r =

{1,...,2n —m + 1} take the following forms with the suitable orthonormal frames:
prop 0 00
w0 ... 0

A= 0o 0 m ... 0 |, (4.10)

0 0 0 ... m



356 M. D. Siddigi, A. N. Siddiqui, A. H. Hakami & M. Hasan CUBO

25, 3 (2023)

fo + 0 0o ... 0
0 pe—p 0 ... 0
Ay = 0 0 pz ... 0 |, (4.11)
0 0 0 Lo
0 U3 0 0
A3: 0 0 M3 .. 0 s 144:~-~:142n,7ﬂ+1:07 (412)
0 0 0 143

for some suitable orthonormal basis {e1,...,em} of TpM and {En,..., Esyp_mi1} of T;'M. Here

1, o, 3, and p are real numbers.

Proof. Assume that {e1,...,en} and {emy1,...,e2,41 = ¢} denote the local orthonormal tangent

frame and local orthonormal normal frame on M respectively. Then, in view of (4.2), we have

T = Z R(ei,ej,ej,ei)

1<i<j<m
= > {Rﬁ(%ejvejvevt)+g(h(%6z’)7h(ejv€j))g(h(eivej)ah(ejvei))
1<i<j<m
a—1
o g(wej, pej)glei, ei) — glpei, pej)gle;, ei)

2n—m-+1

=t (m— 1) (“2@1) + Z [iihs, — ()2 (4.13)

=1 1<i<j<m

On the other hand, we note that

2n—m-+1 m
mAHIE = > (Yo n)?
r=1 =1

2n—m+1 2n—m-+1

2
1 T T 2m T T
e (’%‘hﬂ> e D DD DU
1<i<j<m

r=1 r=1 1<i<j<m
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But from [16], it is known
2n—m+1 2n—m+1

Z > (b= h5)? +2m Z >

= 1<i<j<m = 1<i<j<m

> 2m > > (Z (h;khfk—h;kh;kD . (4.15)

1<r<s<2n—-m 1<i<j<m \k=1

On combining (4.14), (4.15) and (4.7), we have

2n—m-—+1
At > 2SS (- 06

=1 1<i<j<m
_ nfr_”l{vfu(ml)?(%;l)]. (4.16)
Hence, by substituting (4.8), (4.13) into (4.16), we arrive
IHI® = pror = p = p* + (m_l) (a — 1>,
m «
whereby proving the inequality (4.9). O

An immediate consequence of the Theorem 4.1 yields the following:

Corollary 4.2. Let M be a minimal m-dimensional submanifold in a D, -homothetically deformed

Kenmotsu manifold M of dimension (2n + 1). Then
-1 -1
p—pﬁ+pnor+<m )(a ><0~
m et

5 Wintgen inequality for #-slant submanifolds in Kenmotsu

manifold under D,-homothetic deformation

Let M be a submanifold of a D,-homothetically deformed Kenmotsu manifold M. For each
nonzero vector U tangent to M at any point p if the slant angle between T'M and U is independent
of the choice of p € M, then M is said to be slant submanifold. Observe that submanifold M
becomes p-invariant and e-anti-invariant if the slant angle 6 = 0 and 6 = 7, respectively. A slant
submanifold which is neither invariant nor anti-invariant is called proper slant (or @-slant proper)

submanifold.

Recall the results of [6,7,9] the following properties of slant submanifolds in an almost contact

metric manifolds holds.
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Theorem 5.1 ([7]). Let M be a submanifold of an almost contact metric manifold (M, ¢,n,(,g)
such that ¢ € '(TM). Then

(1) M is slant if and only if there exists a constant § € [0,1] such that P* = —6(I —n ® ().
Furthermore, if the 0 is the slant angle of M, then 6§ = cos? 6

(2) g(PU, PV) = cos? 0[g(U, V) — n(U)n(V)], for any U,V € T(TM).

Now, we prove the generalized Wintgen inequality for #-slant submnaifolds of D,-homothetically

deformed Kenmotsu manifold M.

Theorem 5.2. Let M be an m-dimensional 0-slant submanifold of a D,-homothetically deformed

Kenmotsu manifold M of dimension (2n +1). Then

m—1 a—1
pron+p— < |H|2—cos29(m)( ) (5.1)

«

Proof. Suppose that the local orthonormal tangent frame field on M is as follows: {ej,eq =
secOPey, ... ,em_2,em_1 =secOPe, o, e, = (} and the local orthonormal normal frame field on

M is given by {€m11,...,eant+1}- Then we have

T = Z R(ei,ej,ej,ei)

1<i<j<m
= > {Rﬁ(ez"emewei) + g(h(ei, ), hej, e5)) — g(hlei, e;), hlej, €;))
1<i<j<m
a—1
- ( - ) [9(Pej, Pej)g(ei, e;) _Q(Peiapeﬂg(ejaei)}}

2n—m-+1
— 7t (m — 1)2 cos? 9(0‘ — 1) + Y [h; - (h;)?] (5.2)

2a —
r=1 1<i<j<m

By using similar arguments as in the proof of Theorem 4.1 and (5.2), we get the desired inequality

(5.1). O

Remark 5.3. In case of an m-dimensional 0-slant submanifold M of a Dy-homothetically de-
formed Kenmotsu manifold M of dimension (2n 4+ 1). The equality case holds uniformly if and
only if the shape operators take the following forms with the suitable orthonormal frames as in

Theorem 4.1.

Now, we classify the geometrical bearing of invariant and anti-invariant submanifolds a Dg-
homothetically deformed Kenmotsu manifold M of dimension (2n + 1) in terms of slant angle

0 and in light of Theorem 5.2.

If M is an invariant submanifold, then # = 0. Then we turn up
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Corollary 5.4. Let M be an m-dimensional invariant submanifold of a Dy-homothetically de-

formed Kenmotsu manifold M of dimension (2n +1). Then

0= < P - () (S5 (5.3)

m «
If M is an ant-invariant submanifold, then § = 7. Then we have

Corollary 5.5. Let M be an m-dimensional anti-invariant submanifold of a D,-homothetically

deformed Kenmotsu manifold M of dimension (2n+1). Then
pnor"‘p_pji < HHH2 (5.4)

Remark 5.6. The equality case holds uniformly if and only if the shape operators take the following

forms with the suitable orthonormal frames as in Theorem 4.1.
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1 Introduction

In the last few decades, many researchers paid attention on impulsive differential equations, because
the models subject to abrupt changes are not described by classical models, so such type equations
simulated in term of impulsive models. In the nature, there are lots of systems in which the
time evolution of the state variable depends on the past history in some arbitrary way subject to
abrupt changes are modeled in impulsive functional differential equations, see [12-14,16,19,41,43|
for update. These equations arise in several fields of science and engineering which describe the
evolution processes. The impulsive effects may be instantaneous or non-instantaneous (more details
[2,25,37]) which is shown in many biological phenomena involving thresholds, optimal control

models in economics, etc.

The reason of receiving great attention of fractional calculus is that it describes the memory and
hereditary property. Due to this property fractional mathematical models give the more realistic
and practical results than the ordinary models. For the fractional calculus and its applications
see the monographs and papers [7,30,31, 34,38-40] and references therein. Further, more specific
type of functional differential equations are state dependent delay equations which arise in applied
model when traditional simplifications are abandoned. For recent development theory of functional
differential equations with state dependent delay reader can see the papers [1,6,8,17,18,21] and

references therein.

In additional, fractional differential inclusion is the generalization of fractional differential equa-
tion; therefore, all problems which contain the property of solution such as existence, uniqueness,
stability, periodicity and controllability are presented in the theory of inclusion. A differential
inclusion usually has many solutions which start from a given point and pass through others. It is
recently seen that new issue appear in the differential inclusion for the investigation of topological
properties of the set of solution, and selection of solutions. One can see the articles [9, 10, 15] for

more info about this hot topic.

In this appraise, we describe the existence of solution for fractional order case. Feckan et al. [19]
gave the suitable definition of solution for impulsive nonlinear fractional differential equation of
order @ € (0,1), and Wang [43] extended the problem considered in [19] for the order « € (1, 2).
Wang et al. [41] defined the mild solution using the probability density function for impulsive
fractional evolution equations of order o € (0,1), and motivated by [41] authors [16] extended the
definition of mild solution for neutral impulsive fractional functional differential equation with order
a € (0,1) using analytic operator theory. Shu et al. [40] determined the definition of mild solution
for fractional differential equations with nonlocal conditions to order o € (1,2) without impulse.
The existence results of mild solution for impulsive fractional differential inclusions with nonlocal
conditions investigated by Wang et al. [42] when the linear part is a fractional sectorial operator

for convex and nonconvex of nonlinear term. Liu and Ahmad [32] analyzed an impulsive multi-
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term fractional differential equations with single and multiple base points for Caputo’s fractional
derivative. Recently, Feckan et al. [20] proposed two type Caputo’s fractional derivative named as
generalized Caputo’s derivative for single base point with the lower bound at zero and classical

Caputo’s derivative for multiple base points with lower bounded at non-zero.

Controllability is one of the contemplated properties of fractional dynamical systems (FDSs) that
confirm the steering of a FDS from an arbitrary initial state to a desired arbitrary final state via a
set of certain admissible control. In 1963, Kalman [28], first time gave the notion of controllability.
Based on the available literature, we found that there are various concepts of controllability, some

like

e approximate controllability (any state vector may be steered arbitrarily close to another state

vector)
e exact controllability (any pair of state vectors may be connected by a trajectory)
e the null controllability (any state vector may be steered to 0)

e T —controllability (we look for a control which steers the system along a prescribed trajectory

rather than a control steering a given initial state to desired final state.)

It is obvious that T —controllability is a stronger notion than other controllability notions. For
example: To launch a rocket in space sometimes it may be desirable a precise path along with
desired destination for cost effectiveness and so on, which is based on T —controllability notation.

For more details on T —controllability one can see the papers [11,23,27,35] and reference therein.

We found that there is no literature available on existence of mild solution for instantaneous and
non-instantaneous impulsive fractional differential inclusion of order o € (1,2). By inspiration of
works [11, 16,19, 23,27,29, 33, 35, 36,40, 41,43-45], we consider the following fractional functional

differential inclusion with instantaneous and non-instantaneous impulsive effects.

First, we obtain the sufficient conditions of existence of mild solution for the following problem

with instantaneous impulse

§Du(t) € Au(t)+ f(tupru,)), 0<t<T, t#ty, k=12,...,m, (1.1)
w(t) = o), te(—o00,0; u(0)=uy€X, (1.2)
Au(te) = I(u(ty)); Au'(te) = Ji(ulty)), (1.3)

where §'D§ denotes the generalized Caputo’s fractional derivative of order a € (1,2) for the state
u(t) belong to complex Banach space X and A : D(A) C X — X is the closed linear densely defined
operator of sectorial type defined on X. The functions f : [0,T] X B, — F(X); p:[0,T] x B, —
(=00, T); &(t) : (—o0,0] — X satisfy some assumptions, and ¢(¢) in to a abstract phase space B..
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The notation (0, T'] denotes operational interval such that 0 < tp < t1 < -+ <ty < tpmy1 < T < 00.
The history function wu; : (—o00,0] — X defined by u;(0) = u(t+6), 6 € (—o0,0] belongs to B, and
u’(t) denotes the ordinary derivative of u(t). The jump functions Iy, J, € C(X, X), k=1,2,...,m,
are bounded and Au(ty) = u(t]) —u(t; ) where u(t}) and u(t, ) represent the right-hand and left-
hand limits of u(t)att = ¢, with u(t;) = u(tx). Also, we have Au'(t) = o/ () — u'(t;;) where
u'(t) and u/(t;) represent the right-hand and left-hand limits of u'(t)att = t, also we take

u'(t, ) = u'(t) respectively.

Second, we give the sufficient conditions for problem with non-instantaneous impulsive fractional

functional differential equation

§ D u(t) = Aut) + f(t, Up(turys Bptun))s t € (sivtisr) € (0,T], i=0,1,...,N, (1.4)
u(t) = gi(t,u(t)), u'(t)=qt,u®), te(tys], i=1,2,...,N, (1.5)
u(t) + G(u) = ¢(t), te (—00,0] u(0)=u; € X, (1.6)

where § D§ is classical Caputo’s fractional derivative. f : [0,7] x B, x B, — X,G : X — X
are given functions and satisfy some assumptions and the term Bu,( ) is given by Bu, ) =
fot K(t,5)(up(s,u,)) ds where K € C(D,R") is the set of all positive functions which are continuous
onD={(ts)eR?:0<s<t<T}and B* = SUPyeo,¢] ng(t,s)ds < 0o. Here 0 =) = 59 <
t1 <81 <ty < - <ty < sy <tyy1 =T are pre-fixed numbers, and g;, ¢; € C((t;, s;] x X; X) for
all i = 1,2,..., N. The nonlocal condition G(u) defined as G(u) = Y_;_; cpu(ty), where ¢;, k =

1,...,r, are given constants and 0 < t; <t < --- < t, < T respectively.

Finally, we consider nonlinear fractional delay differential equation with non-local condition and

provide some sufficient conditions for 7 —controllability for the equation of the form:

ng‘u(t) = Au(t) + B (t) + f(t, upt,ur), BUpuy)), t € (si,tip1] € (0,T], i =0,1,...,N,(1.7)
uw(t) = gi(t,u(t), u'(t)=q(t,u®), te(t,s], i=12,...,N, (1.8)
u(t) + G(u) = ¢(t), te(—o00,0] u(0)=u; € X, (1.9)

The linear operator B : U(Banach space) — X is a bounded operator and w(t) € L2(J,U) is a

control function of the system.

Moreover, a strong motivation to study the model problem (1.1), (1.4) and, (1.7) with aftereffect
and subject to impulsive conditions (1.3), (1.5) and (1.9) comes from physics because this model
represents the inverse heat condition problem. In this paper, we have used the standard fixed point
technique taking generalized and classical Caputo’s fractional derivative in abstract phase space

to established the results.

Further, motivation is that in dynamical models, generally we assume that the linear or non-linear
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terms are smooth or continuous functions. However, in many modern models, the underlying
dynamical models are not necessarily even continuous. For examples, models of friction and Low
dimensional climate models do not belong to above models so to remove the restriction or for non-
smooth systems with the discontinuous terms are frequently remodeled as a differential inclusion.

This is the advantage to study the qualitative analysis of this paper.

A strong motivation to prove the existence results that the knowledge of existence does not prove
the uniqueness of solutions also. For example, we have some fractional differential equation model
like OCDtl/Qx(t) = 2'/2(t) with initial condition z(0) = 0 for ¢ € [0,T] has a trivial solution 2 = 0
and non trivial solution x(t) = Ft. This shows that the solution obviously exists and is not unique
because it fails to satisfy the Lipschitz continuity condition. Hence, in a differential equation,
solution can exist and can be not unique. In other words, the knowledge of existence does not

ensure the uniqueness of the solution.

Further information about this work, it has five sections. Section 2 provides some basic definitions,
theorems, notations and lemmas. Section 3 is equipped with existence results of the mild solution
for the considered problems (1.1)-(1.6). Section 4 contributes to the Trajectory controllability
results for the considered fractional delay differential equation. In Section 5 examples are provided

to illustrate our results.

2 Preliminaries

Let X be a arbitrary complex Banach space with norm || - || x and L(X) denotes the Banach space
of bounded linear operators from X into X with norm | - ||z (x) and both are equipped with its
natural topology. Let C([0,T], X) be the space of all real valued (or complex valued) continuous

functions from [0, 7] into X with the sup norm

lulle o,y x) = sup {[lu(t)|lx : we C([0,T], X)}.
t€[0,T]

is a Banach space.

For the general setting of abstract phase space 8., B/, with impulse effects we refer the work [16,24]
and for further notations like ¢ D¢ (Caputo’s derivative), ,J (Riemann-Liouville integral) and
E, 5(-) (Mittag-Leffler function) we refer [34,38]. For A : D(A) C X — X (Sectorial operator)
see [40], and for S, (t), T, (t) (Operators) [40] particular case of W, g(t) (Operator functions) we
refer [22] respectively.

Let T be the set of all functions ¥(-) € B/, defined on J = [0, 7] such that ¥(0) = ¢(0), ¥ (0) = w1
and 9(T) = ¢r, ¥'(T) = ur for all t € J and the fractional derivative © D&J(t) exist almost

everywhere. The set T is called the set of all feasible trajectories for the fractional dynamical
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system.

Lemma 2.1 ([24]). Letu : (—oo,T] = X be a function such thatuo = ¢, u | (1, t,,,1€ C?((tr, tesa], X),
then for all t € (tg,tg41], the following conditions hold:

(C1) ut € Be.

(C2) Nlu®)lx < Hllulss, -

(C3) Nuells, < K(t)sup{|lu(s)]]:0<s <t} + M(t)||¢|ws,, where H > 0 is constant; K, M :
[0,00) — [0,00), K(-) is continuous, M(-) is locally bounded and K, M are independent of

u(t).

(Cy) The function t— ¢y is well defined and continuous from the set

R(p™) = {p(s,9) : (s,4) € [0,T] x B}
into B, and there exists a continuous and bounded function J? : R(p~) — (0,00) such that
e, < J2(O)lIglls, for every t € R(p™).

Lemma 2.2 ([8]). Letu : (—o0,T] — X be function such thatug = ¢, u |z, ¢,,11€ C*((tk, trg1), X)
and if (Cy) hold, then

luslls, < (Me + J?)[élls, + Kesup {[u(@)]; 0 € [0,max{0,s}]}, s € R(p™) U (th, tra,
where J¢ = SUDteR(p-) Jo(t), M, = supseio,r) M(s) and Ke = sup,ejo ) K (s).

To use the multi-valued analysis that is discussed in reference [9], we have some properties which
are required to prove our main result. Denote by F(X) = {Y € X : Y # 0},Fa(X) =
{Y ¢ F(X) : Y isclosed}, F(X) = {Y € F(X) : Y is bounded}, Fo,, (X) = {Y C F(X) :
Y is convex}, Fep,(X) = {Y C F(X) : Y is compact}.

A multi-valued map G : X — F(X) is convex (closed) valued if G(x) is convex (closed) for all
x € X. G is bounded on bounded sets if G(B) = U,epG(z) is bounded in X for any bounded set
B of F(X) (i-e. sup,ep{sup{[lyll : y € G(x)}} < o0).

A multi-valued map G : [0,7] — P, (X) is said to be measurable if for each y € X the function
Y :[0,7] — R defined by

Y(t) = d(y, G(1)) = inf{ly — 2| : 2 € G(1)},

belongs to L([0, T],R).
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Definition 2.3 ([9]). A multi-valued map F : [0,T] x X — F(X) is Carathesdory if

(i) t — F(t,u) is measurable for each v € X, and

(1) u— F(t,u) is upper semi continuous (u.s.c.) for almost all t € [0,T].
For each y € C([0,T], X), define the set of selections for F by

Sp, = {v e L'([0,T],X) : v(t) € F(t,y(t)) for a.e. t € [0,T]}.

Let (X, d) be a metric space induced by the norm space (X, ||-||x). Consider Hyq : F(X)x F(X) —
R} U oo given by

H,(A, B) = max { sup d(a, B),sup d(A, b)}7
acA beB

where d(A,b) = inf,ec 4 d(a,b) and d(a, B) = infyep d(a,b). Then (Fp o (X), Hq) is a metric space

and (Fq(X), Hyg) is a generalized metric space.

Definition 2.4 ([9]). A multi-valued operator N : X — Fo(X) is called:
(i) v—Lipschitz if there exists v > 0 such that

Ha(N(x), N(y)) < yd(z,y) for all z,y € X;

(it) a contraction if it is vy-Lipschitz with v < 1.

Lemma 2.5 (|9]). Let (X,d) be a complete metric space. If N : X — Fo(X) is a contraction,
then Fiz N # (.

Lemma 2.6 ([9]). Let f satisfy the uniform Holder condition with exponent § € (0,1] and A is
a sectorial operator of the type (M, 0, a, ). Consider differential equation of order a € (1,2) with

instantaneous impulse

§Dfu(t) = Ay(t)+ f(t), te[0,T], t+#t, (2.1)
uw0) = weX; u(0)=u €X, (2.2)
Au(ty) = In(u(ty)); Au'(tr) = Je(u(ty)), t#te, k=1,2,....m. (2.3)

and with non-instantaneous impulse

ED?u(t) = Au(t)+f(t)7 te(si,ti+l] CJ:(CL’T]’ GZ(), Z.:0317'~-3Na (24)
uo € X; u'(a) =u € X, (2.5)

=
Q

~
Il

<
—

~
=

gi(t,u(t));  u'(t) = qi(t,u(t)), te(tis)], i=1,2,...,N. (2.6)
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Then a function u(t) € PC(]0,T),X) is a solution of the system (2.1)-(2.3) if it satisfies following

integral equation

Sa(t)uo + ur fot Sa(s)ds + f(f To(t — s)f(s)ds, t e (0,t]
u(t) = § Sa(thuo +ur [ Sa(s)ds + XK Salt — 1) L(ult;)) (2.7)
+Zi=1 Ji(u(t;) fti Sa(s —t;)ds + fo (t—s)f(s)ds, te (ty, tps1],

and a function u(t) € PC([a,T],X) is a solution of system (2.4)-(2.6) if it satisfies the following

integral equation

u(t) = So(t —a)ug +uy [, Sa(s —a)ds + [, To(t — s)f(s)ds t € (a,ty], 2.8)

Sa(t = si)gi(si,u(s:)) + qi(si,u(s)) [{, Sals —ti)ds + [1 Ta(t —s)f(s)ds t € (si,ti1]

Remark 2.7. The a-resolvent family T, (t) associated with solution operator S, (t) can be defined
as

t
/ Sa()xdf = 0 T1Sa(0)xdd; To(t)x =0T 'Sa(@)xdd, zcX, tel0,T].
0

For the special case when o — 2, we get following results

(1) To(t) is the cosine function C(t) and S, (t) is the sine function S(t) defined as
¢
(t)x :/ C@)xdd, zeX, te][0,T]
0

(2) Solution of system (2.1)-(2.3) fort € (0,T] can be reduced as

C(t)uo + S(t)us + fo (t—s)f(s)ds t € (0,t1]
u(t) = C(tyug + S(t)uy + Zi;l Ot = ti)Li(u(t;))
+Z7 1St —t)J; +f0 (t—s)f(s)ds te€ (tr,tri1],

which is the same as Definition 2.1 in [26].

(3) Solution of system (2.4)-(2.6) for t € (a,T] can be reduced as

C(t — a)ug +ur [, S(s — a)ds + ft S(t —s)f(s)ds t € (a,ty],

u(t) =
C(t = s0)gilsisuls:)) + alsisulsi)) fy, S(s = ti)ds + [1 S(t = 8)f(s)ds € (si,tir]

which is the same as Definition 2.1 in [25].
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Definition 2.8. A function u : (—00,T] — X such that uw € B, is called a mild solution of
problem (1.1)-(1.3) if u(0) = ¢(0) and it satisfies the following integral equation

Sa(t)(0) +uo [y Sa(s)ds + [ Tul(t — 5) (5, Up(s ) )ds, te (0t
u(t) = § Sa(t)$(0) +uofO ds+21 L Salt =)L (u(t)
+ Zl 1 ft ;)ds + fO (t—s)f(s, up(87us))ds, t € (t, thy1]-

Definition 2.9. A function v : (—o0,T] — X such that u € B, is called a mild solution of the
problem (1.4)-(1.6) if u(0) = #(0) — G(u) and satisfies the following integral equation

(¢(0) = G(u))Sa(t) + w1 fy Sals)ds

u(t) _ +f0tTa(t)f(Saup(9u )vBup(su )dS te (O,tl],
gi(siu(s:))Sa(t — s1) + qi(si,u(s:)) [, S ds
+ fst Ta(t = 8)f (s, tp(s,u,): Buﬂ(s,us))dsv t € (siytit1l,

fori=1,2,...,N.

Definition 2.10. The system (1.1) is said to be T —controllable if for any u(-) € T there exists
a control function w(t) € L2(J,U) such that the corresponding solution u(-) of Eq. (1.1) satisfies

u(t) = 9(t) almost everywhere.

Definition 2.11. A function u : (—o0,T] — X such that u € B, is called a mild solution of the
problem (1.7)-(1.9) if u(0) = ¢(0) — G(u) and satisfies the following integral equation

(0(0) — ( )Sa(t) + 1 [y Sa

+ fo Ta(t — 8)[Bao(s) + f(5,wp(s,u,), Bu (5 us))}ds t€(0,t],
gi(si,u(si))Sa( si) + qi(si,u(s;) ft i)ds

+ L Ta(t = 8)[Bw(s) + (5, tp(s a0 Bup(s us))]ds, t € (sirtiza],

3 Existence result of mild solution

In this section, we shall establish the existence result of solution for the problems (1.1)-(1.6) for
the both case of impulsive effects and also prove the continuous dependent of solution on initial
conditions. Further, if A is a sectorial operator then strongly continuous functions are bounded -
i.e.,

[Sa@llLx) < M [[Ta(b)lLx) < M.
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3.1 Instantaneous case

In this case, we prove the existence of mild solution for problem (1.1)-(1.3) with a non-convex

valued right-hand side. Due to this analysis we can make the following assumptions:
(H1) f:]0,T]xB. — Fep(X) is Caratheddory and has the property that f(-,4) : [0,T] — Fep(X)
is measurable, for each ¢ € B,.

(Hy) There exists [ € L'([0,7],RT) such that

Hy(f(t,9), f(t,€)) <U@)[¢ =€l for every  ¢,& € B

and

d(0, f(¢,0)) <I(t) ae. tel0,T].

Our result is based on contraction multi-valued fixed point theorem given by Covitz and Nadler [15].

Theorem 3.1. Let the assumptions (Hy) and (Hs) hold. Then problem (1.1)-(1.3) has at least

one mild solution u(t) on [0,T)].

Proof. Consider the space B. = {u € B, : u(0) = ¢(0)} and y(t) = ¢(t) for t € (—o0, 0] endowed
with the uniform convergence topology. We shall show that P has fixed points, where the multi-

valued operator P : B! — F(B) defined as P(u) = {e € B!} with

Sa(t)(0) + ug fot Sa(s)ds + fot To(t — s)v(s)ds, t € (0,t1],
e(t) = | Sa(t)$(0) + uo fo s)ds + 3y Salt — i) Li(u(t;))
+ T ft i)ds + [T To(t — s)v(s)ds, t€ (ty, i),

where v(s) € Sfa,,,., for t € [0,7] and @ : (=00, T] — X is such that u(0) = ¢#(0) and u = u
n [0,7]. We shall show that P has fixed points. Let P(u) € Fu(BY) for all v € BY. Let
{tn}n>0 € P(u) be such that u,, — u € B,’. Then there exists v,, € Stti,a,, such that, for each

t € (t, tpt1l],

Sa(t)$(0) + uo fo $)ds + Y1y Salt — ti)Li(un(t))
+Zl 1 ft ti)derfO To(t — s)v,(s)ds.

un(t) =

Using the fact that f has compact values, we may pass to a subsequence if necessary to obtain

that v, converges to v in L'([0,T], X) and hence v € S.q,,, , - Thus, for each t € (ty,tx11]

Sa(t)$(0) + o fy Sals)ds + X1y Salt — ti)Li(u(t;))
+ Zi:l Ji(u(t;)) fh Sa(s —t;)ds + fo/ To(t — s)v(s)ds,

un(t) = u(t) =
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which implies that u € P(u).

There exist v < 1 such that
Hy(f(u), f(uz)) < vlluy — uglwe for all  uy,us € B.

Let uy,up € B, and € € P(u). Then there exists v(t) € f(t,Up,a,)) such that, for each t €
(tkvtk+1]a

Salt)$(0) +uo fy Sals)ds + X1y Salt — ti)Ti(u(t;))
+ Zi:l Ji(u(t;)) ft Sa(s —t;)ds + fo T (t — s)v(s)ds.

et) =

From (H>) it follows that
Ha(f (1t F (6 U2p(t,,))) < UE)|lur — uz s
Hence, there exists w € f(t, U,(¢,g,)) such that
v —wlley <1@)[lur — uz||sy-
Consider U : [0,T] — F(X) given by
Ut) ={we X : lv—wl| <I{)[ur — uallsy}-

Since the multi-valued operator V(t) = U(t) N f(t, U2p(t,z,)) is measurable [10], there exists a
function vy(t) which is a measurable selection for V. Thus, 0(t) € f(t, U2, (t,u,)) and for each
t € (i trtal,

vu(t) = o(t) < U(t)llur — uzlssy-

For each t € (ty,tr+1] we define

Sa(t)$(0) +uofo (s)ds + 31y Salt — )Ii(u(t;))
+3 )) [ Sa(s — ti)ds + [y Tu(t — 5)(s)ds.

Then, we have

IN

o)) = el < [ ITale = Maollos) — olds <31 [ 1(5)us — ualis

IN

1
/ [(5)[Jur — usllds < =™ Jluy — us sy,
0 T
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where 7 > 1, L(t) = fot MI(s)ds and || - ||s» is the Bielecki-type norm on 9B; defined by
lullsy = supfe™ ™ Ju(t)]| - t € 0,71}

Therefore

1
let) — e(t) sy < s — ol

Obtained by interchanging of u; and ug, and by an analogous relation, it follows that
1
Hg(P(u1), P(u2)) < —llur — uzllsy,

which implies that P is a contraction, and thus, by Lemma 2.5 there exists a fixed point u(t) € B,
which is a mild solution to the problem (1.1)-(1.3). This completes the proof. O

3.2 Non-instantaneous Case

In this case, we shall establish the existence result of solution for the problem (1.4)-(1.6). Now,

we introduce the following assumption.

H3) The function f is jointly continuous and there exist positive constants L1, L o such that
J ! f

||f(t77/%lt) - f(t7§7V)||X < Lf1||¢ 75”‘1% +Lf2||:u‘7 IjH%e? Vi/),f,,u,l/ € %6'

(H4) The functions g;,¢; and G are continuous and there exist positive constants Lg,, Ly, and Lg

such that

lgi(t,z) — gi(t,y)llx < Ly, Iz —yllx;  Na:(t,z) — qi(t, )| x < Ly, llz — yllx;

1G(z) = G(y)lx < Lelle —yllx,

for all x,y € X, ¢t € (¢;,s;] and each i =1,2,...,N.

Theorem 3.2. If the assumptions (Hs) and (Hy) hold and constant

A= ((5 + TMKG(Lfl + B*sz)) <1,

where 6 = max{LgM, Ly, M + Ly, MT} fori=1,...,N. Then there exists a unique mild solution
u(t) of the problem (1.4)-(1.6) on [0,T].
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Proof. Consider the space B’ as given in Theorem 3.1 and we define an operator P : B” — B/ as

(¢(0) = G(w)Sa(t) + w1 fy Sals)ds

t — _
+ Tati ) sﬁwaB ERTN d7 te O,t s
Pu(t) = Jo 7( 8)F (85 Up(s,.) ufi( is)) ts (0,4] 3.1)
9i(si, (i) Sa(t — i) + qi(si,u(s:)) [, Sa(s —t;)ds
+ fi T, (t - S)f(57 ap(sﬁs)a Bap(s,ﬂs))ds7 te (Si, ti+1],

where @ : (—o0,T] — X is such that u(0) = ¢(0) — G(@), u/(0) = u; and @ = u on [0, 7). We shall
show that the operator P has a fixed point. So let u(t),u*(t) € B, for ¢t € (0,11], we get

t
[Pu—Pulls, < [G(@)—G@)Sa®lLex +/0 1 Ta(t = s)llLex)
XHf(Saﬂp(s,ﬁs)a Bap(s,ﬁs)) - f(svﬂ:(s,ﬂj)rBa;(s,ﬁ;‘))”)ﬁ'dsv

||'PU—'PU*HX {L(;M—I—TMKe(Lﬂ —|—B*Lf2)}Hu—u*HX.

IN

For t € (s;,t;+1], we have

[Pu—Pu*lls, < |lgi(si,a(si)) — gi(si, w” (s:)) | x [|Sa(t = 8)[lLx)
t
+||qz‘(8iaﬁ(8z‘))—qz‘(Sivﬁ*(Si))HX/o [Sa(t — 8)llLx)ds
t
+ ||Ta(t - S)”L(X)”f(saap(s,ﬂs)v Bap(s,ﬁs)) - f(saa;(s,ﬂ;)a Bﬂ,t(s,a;))HXdS’
[Pu—"Pu'llx < (LgM+ LgMT +TMEKc(Ls1+ B"Lya))llu— v x.

Let 0 = max{LgM, Ly, M + Lo, MT}, then for all ¢ € [0,T], we obtain
[Pu—Pu*||x < (0 +TMKc(Lfi + B*Lys))|u—u*|x.
We have
[Pu—-Pulx < Alu—ux.

Since A < 1, which implies that P is a contraction map and there exists a unique fixed point u(t)

which is the mild solution of system (1.4)-(1.6) on [0, 7. O
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3.3 Continuous Dependence of Mild Solutions

This section is concerned with continuous dependence of mild solutions consider the system (1.4)-

(1.6).

Theorem 3.3. Suppose that the assumptions (Hs) and (Hy) are satisfied and the following con-
dition hold:

[max{MLg, MLy, + MTLy,} + MT(Ly, + Ly, B*)(M, + J%)] < 1.

Then for each ¢,¢*, let u,u* be the corresponding mild solutions of the system (1.4)-(1.6), then
the following inequalities hold:

< MT(M+Lf1 + Ly, B*)

- 1—[MLg+MT(Lf1+Lf2B*)(Me+J¢)]
< ]\4T(]\/[-|—Lf1 +szB*)

- 1—[MLy, +MTL, +MT(Ly, +szB*)(Me+J¢)}

¢ — ™|, te(0,t],

Ju — ™| x

lu—u*|x ¢ — o[, te (sitipal,

fori=1,2,... N.

Proof. The proof is similar as Theorem 3.2. O

4 'Trajectory Controllability

This section deals with the 7 —controllability results of the considered nonlinear fractional delay

differential equation with non-local condition and non-instantaneous impulses.

Theorem 4.1. Let the assumption (Hs) and (Hy) hold, then problem (1.7)-(1.9) is T —controllable
on [0,T).

Proof. Let 9(t) be any given trajectory in 7 and we choose the feedback control w(t) given as
w(t) = Bil[gD:‘l’&(t) - A’ﬂ(t) - f(ta ﬁp(tﬂ?t)v B’ﬂp(tﬂ?t))}? te (Si7 ti+1] g (07 T} (41)

Plugging the control w(¢) from Eq. (4.1) in Eq. (1.7) and we get

OCD?U(LL) = Au(t) + f(tv Up(t,ug)s Bup(t,ut)) +OC D?ﬂ(t) - Aﬂ(t) - f(ta ﬂp(t,ﬁt% Bﬂp(tﬂ9t))7
te (Si,ti—i-l] - (O,T]
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OCD? [u(t) - ﬂ(t)] = A[U,(t) - 19(2‘:)} + f(ta Up(t,ug)s Bup(t,ut)) - f(ta ﬁp(t,’&t)7 Bﬂp(t,l?t))7
t € (si,tiy1] C (0, 7).

Again, if we choose x(t) = u(t) — 9(t), without loss of generality, then our original problem (1.7)-
(1.9) is modified as follows:

6 DIx(t) = AX(E) + F(t Uit Bupa) = (60000, BOpo,)s (4.2)
t€ (sitia] C(0,T], i=0,1,...,N,

X(t) = gi(tu®) —g(t.9(), X'(t)=altul)—atI), (4.3)

te(tis], i=1,2,...,N, (4.4)

xt) = —-Gu)+GW), te(—o00,0], x'(0)=0. (4.5)

The mild solution of the problem (4.2)-(4.5) is given by

(=G (u) + GW)Sa(t) + o Tat = $)F (5 ps.) Btps.) = 15, 0p(s0.) BUp(sn,))lds,
t e (0,t1]7
x(t) =
Salt = s)[gi(t, u(t)) = gi(t, 9(0)] + J,, Sals — t:)ds[as(t, u(t)) — ai(t, 9(1))]
=+ fsti Ta(t - S)[f(S, Up(s,us)s Bup(s,us)) - f(sa ﬂp(sﬂs)a Bﬁp(s,ﬂg))]dsa te (Si7 ti+1]?
For the trajectory control, we will show that ||x(¢)|| = 0. Now, without loss of generality, we

consider the subinterval (s;,t;11], to estimate

(LM + Ly MT + TME (L1 + B*Lpa)) u — | .

A

IX@I < [15a(t = si)llllgit, u(t)) — gi(t, I(t) H+/IIS i)lldsllqi(t, u(t)) — a:(t, ()|

t
+/ ||T(l(t - S)””f(svup(s,us)a Bup(s,us)) - f(Svﬁp(s,ﬁs)v Bﬂp(s,ﬂs))”dsv

IA

t t
Lo, M{X(0)]| + Ly, M / X(®)lds + ME.(Lyy + B*Lya) / Ix(®)]1ds
ti ti

t
= Ly M{x(O| + [LgM + MK(Lyy + B"Ly2)] | [Ix(8)llds

t;

= @I+ ¥ [ (sl

where ® = Ly, M, ¥ = [Ly,M + MK.(Ls; + B*Ly5)] are constants. Now, applying Gronwall’s
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inequality, we get

x(t) =0.

Hence u(t) = 9(t) almost everywhere. Thus, the control problem (1.7)-(1.9) is 7 —controllable. [

5 Examples

This section contains examples to validate the derived results (existence and T —controllability) of

the considered systems.

5.1 Example

To prove the theoretical existence result, we shall consider the following impulsive fractional order

partial differential inclusion of the form

5a15§;: x) c 822(;2, x) n /too e2(5=1) cog (U(S — Pl(sl)g2(||u|);x)> ds, t+# %, (5.1)
u(t,0) = w(t,m)=0; ' (t,0)=4(t,7)=0, >0, (5.2)
u(t,r) = oé(t,x); u(0,)=ug, t€(—00,0], ze€]l0,7], (5-3)

Au|t:% = /2 g (; s> u(s, x) ds; Au'|t:% = /2 q <; s) u(s,x)ds, (5.4)

are fixed numbers and ¢(t) € B.. Let X = L?[0, 7] and define the operator A : D(A) C X — X
by Aw = w” with the domain D(A) := {w € X : w,w’ are absolutely continuous, w” € X,
w(0) = 0 = w(m)}. Then
Aw = Zn2(w,wn)wn, w € D(A),
n=1
where wy,(z) = \/% sin(nx), n € N is the orthogonal set of eigenvectors of A. It is well known that
A is the infinitesimal generator of an analytic semigroup (T'(t));>0 in X and is given by

T(t)w = Z e*”Qt(w,wn)wn, forallw € X, and everyt > 0.

n=1

Let h(s) = €%, s <0 then = fi) h(s)ds = % < oo, for t € (—00,0] and define

oo

0
1], = / h(s) sup [6(6)]|zds.
0€(s,0]

—00

Hence for (¢, ¢) € [0,1] x B, where ¢(0)(z) = ¢(6,z), (6,z) € (—o0,0] x [0, 7]. We assume that

pi :[0,00) = [0,00), i = 1,2, are continuous functions.
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Set u(t)(x) = ult,z), and p(t, §) = p1(H)pa([$(0)]]) we have

0
[t 9)(x) = / ) cos (¢) ds.
oo 16
Then with above setting the problem (5.1)-(5.4) can be written in the abstract form of equation
(1.1)-(1.3). Further, we can estimate

[[{L k() -t} o]

AN 2 13
16[/0 {/_0062(8)(||¢—¢||L2)ds} d:c] s{—gnqs—sou%e.

This shows that the multivalued map f follows the assumption Hs. This implies that there exists

1f(t, @) () = f(t,0)(2)l| >

IN

at least one mild solution of problem (5.1)-(5.4).

5.2 Example

Consider the following fractional order functional differential equation

a t
Pt = Dty [ eeotzollln,
t &
N A L I
+ /0005( s)/_oce o vds
(t,x) € ULy [si,tiga] x [0, 7], (5.5)
u(t,0) = wu(t,m)=0, t>0, (5.6)
u(t,z) + chu(skax) = ¢(t,z), te€ (—00,0; ul(tax) =0, z€[0,n], (5.7)
k=1
u(ta :C) = Gl(tay)7 U/(t,ZL') = Hz(tvy)a te (tiv Si]v (58)

are fixed numbers and ¢ € B.. Setting u(t)(z) = u(t, x), and

p(t,¢) =t —o([6(0)), (t,¢)€[0,T]x B,

we have
B e ¢ ' O ) @ dvd
f(t, 0, Bo) [me o V—|—/O cos(t S)[me 55 vds,

r

gi(t,y) = Gi(t,y); ai(t,y) = Hi(t,y), G(y) = ZCkU(Sk,I)-
k=1
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Then the above equations (5.5)-(5.8) can be written in the abstract form as (1.4)-(1.6). Further-
more, we can see that for (¢, ¢, Bg), (t,v, By) € [0,T] x B, x B., may verify that

T 0 2
26 |2 _ ¥
IRV - S T
T t 0
+/0 {‘/0 cos(t—s)/ 62(V)%—%dVdS

— 00

™ 1 0 2
<[z [ _eoswlo-vlas} a
0 —00
- 1 0 2 1/2
[ g [ swlo - v dy]
0 —oo

VT VT
< ﬂ”éﬁ—l?” + 75||¢—¢||-

||f(t7¢aB¢)_f(tv/vaw)HL? <

o

Hence, function f satisfies (H3). Similarly, we can show that the functions g;, g;, h(y) satisfy (Hy).
All the condition of Theorem 3.2 have fulfilled, so we deduced that the system (5.5)-(5.8) has a

unique mild solution on [0, T7.

5.3 Example

Consider the following example for fractional functional ordinary differential equation

Cpou(t) = u<t)+€;i(;(f(“ff()izt;)2+ /0 sin(t — s)u(s — o(u(s))ds, t € (0,1], (5.9)

u(t) + icku(sk)zé, te (=000, u(t)=0, (5.10)
k=1

at) = —M0 oDy (5.11)

25(1 +u(t))’

where § D¢ is classical Caputo’s fractional derivative of order a € (1,2),0 =ty = 59 < t; = 1 <

s1 = 2 are prefixed numbers and % € B.. Setting

p(t,(ﬁ) = tf()'((p(O)),
f(t,o,Bp) = elf_:;f —O—A sin(t — s)p ds,
_ ut) __u(d) N
9i(t,y) = M7 a(t,y) = 25(1 + u(?))’ Gy) = ;cku(sk),

then the problem (5.9)-(5.11) can be written in the abstract form as (1.4)-(1.6), which implies that
the system (5.9)-(5.11) has a unique mild solution on [0, 2].
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5.4 Example

Consider the following control system

()a () ¢ 4 U(V - (7(||U||) l‘)
—ul(t = —u(t e (v—t) 2\7  ZAINPI ) t
9!0 ’LL( 7.’,17) 9 2U( ,JJ) / > dv + 14@( ,{17) (512)

t 3 _

+ / sin(t — s)/ 64(”75)%!;@”)’@ dvds, (t,x) € UN [si tis1] x [0, 7],
0 —0oo

with initial, history and impulsive conditions given as (5.6)-(5.8). With these settings as given in

example 5.2, the problem (5.12) with conditions (5.6)-(5.8) can be written in the abstract form of

equation (1.7)-(1.9). Therefore the problem (5.12) is 7 —controllable on J.

Thus, examples provided in this paper demonstrate the authenticity of our results. In first ex-
ample, we considered fractional order partial differential inclusion with instantaneous impulsive
and showed that considered problem has least one mild solution. Non-instantaneous impulse with
partial derivative and nonlocal condition is taken in second examples and proved that there exists
a unique mild solution for it. In third example, we considered the functional ordinary differential

equation with infinite delay and demonstrate the uniqueness of mild solution for the system.

6 Conclusion

In this investigation, we observed that the Definition 2.8 is more reasonable and suitable by using
the generalized Caputo’s derivative in compare to classical and it is generalized form. Furthermore,
we have proved the existence, uniqueness and continuous dependence results of mild solutions for
fractional differential inclusion and equations with state dependent delay subject to instantaneous
and non-instantaneous impulse. We showed T —controllability. Also, we have illustrated the exis-

tence and 7 —controllability theory from some examples.
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1 Introduction

In the present paper, we are interested in the existence of solutions for the following problem

M (Ty) (—Ap(.v.))s u+ w(x)|u\p(‘”’”)_2u = Aa(m)\u|q(”)_2u — Eb(x)\u|7'(l')_2u in Q, (PM)
A,
u=0 mRM\Q,

where @ C RY is a bounded smooth domain, p : @ x Q — (1,+c0), ¢,r : Q — (1,+00) are
continuous functions, s € (0,1) with N > sp(z,y) for all (z,y) € Q, \,e > 0 are parameters,
a,b,w € L*(Q), M models a Kirchhoff coefficient,

— p(z,y)
T, — / |u(z) — u(y)| iz dy
rev P(x,y)|z — y[NHep@y)

and (—A,.)" is the fractional p(-, -)-Laplacian defined as

s |u(z) — u(y) P2 (u(z) — u(y))
(_Ap(w,-)) u(z) = p.v. /RN & — y [N T ) dy, ze€RY,

where p.v. is used as abbreviation in the principal value sense.

In the past few decades, nonlinear problems involving nonlocal and pseudo-differential operators
have gained considerable popularity and importance. The interest in investigating such problems
is stimulated by their applications in numerous fields of applied sciences, such as the description
of some phenomena in physics and engineering, population dynamics, finance, chemical reaction
design, optimization, minimal surfaces and game theory (see [12,29,32,38]). Moreover, differential
equations and variational problems with variable exponent have a strong physical motivation. As
can be seen in [5,22,35], they emerge from the mathematical description of the dynamics fluids
like the electrorhelogical and the thermorheological. They also appear in elastic mechanics, image
restoration and biology (see [14,16,37,43]). Some recent results on p(-, -)-Laplacian problems can

be found in [1,4,6,13,15,19,25,27,30, 36, 42).

Recently, great attention has been focused in extending some results on p(-, -)-Laplacian problems
to the fractional case. For example, we cite [11,26]. In [26] Kaufmann et al. introduced the
fractional Sobolev space with variable exponent, and established the existence and uniqueness of

solutions for the fractional p(-,-)-Laplacian problem

(~p) w1920 = () i ©
u=20 on Of.

Bahrouni et al. [11] established some results on the following fractional p(-,-)-Laplacian equation
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with the nonlocal Robin boundary condition

(pr(w))SUwL lu[P®®) =2y = f(z,u) in Q

Nop(yut @)™ 2u=g(z)  on RVM\Q,

where /\/'Sﬁp(_’i) is the nonlinear modification of the following Neumann boundary condition

/‘ |N+29dy, € RM\Q,

which was first introduced by Dipierro et al. in [17]. The latter nonlocal normal derivative is used
in [18] to describe the diffusion of a biological population living in an ecological niche and subject

to both local and nonlocal dispersals.
We also refer the reader to [9,10,23,24] for more information.

Problem (Pf\we) is a fractional version related to the following hyperbolic equation

0%u po  FE 2 0%u
Porm (h 3L v ) 52 =

which was initially introduced by Kirchhoff [28] as a generalization of the classical D’Alembert

“lou
or

wave equation taking into consideration the change in length of the strings produced by transverse
vibrations. For additional discussions and physical phenomena described by nonlinear vibration
theory, we mention [31]. It was mainly after the work [21], where Fiscella and Valdinoci proposed a
stationary fractional Kirchhoff model, that the existence and multiplicity of solutions for Kirchhoft-
type fractional p-Laplacian and p(-, -)-Laplacian problems were well investigated by many authors,

one can see [8,34,39,41,44]. In particular, Zhang et al. [41] studied the following problem

M (T,) (pr(,,‘))Su = f(z,u) in Q

(1.1)
u=0 in RM\Q.

By means of variational methods and mountain pass theorem, they proved the existence of at
least one nontrivial solution for (1.1). In [2], Akkoyunlu and Ayazoglu considered the following

fractional p-Kirchhoff problem with potential
M([[ul[?) (=A)pu + V(@) [ulP"*u) = f(z,u) nRY, (1.2)

where
[u(x) — u(y)|” /
ul|? = —r———7" dxdy + V(z)|ulPdz.
I = [, e dedv+ [ V@

By using the variational approach, (S;) mapping theory and Krasnoselskii’s genus theory, the

authors have established the existence of infinitely many nontrivial weak solutions. After that,
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the equation (1.2) was generalized by Ayazoglu et al. in [7] considering the following fractional

Schrédinger-Kirchhoff equation
M(As,q(.)_’p(.,i)(u)) ((—A);(,’.)u + V(x)|u|q(9c)—2u) — f(a;7 w) in ]RN’

where o)
lu(z) — u(y)[P=? / V(z)
Ag gy (1) = dz d —|uli®) g
$,q(),p(-s )(U) /]RzN p(m, y)|x _ y|N+Sp(ac7y) T dy + RN q(l‘) |u‘ €Z,

N > 2, M : (0,+c0) — (1,00) is a continuous and monotone Kirchhoff function, f : RY x

R — R is a Carathéodory function and V is a potential function. They obtained the existence
and multiplicity of solutions by applying the variational approach combined with Mountain Pass

Theorem and Krasnoselskii’s genus theory.

Inspired by the above cited papers, we will consider problem (Pf\ws) with sub-supercritical non-
linearities, and prove the existence of solutions via the variational methods combined with the
fibering method that was introduced by Pohozaev [33]. We also give the behavior of the solution
for problem (Pj ), and so of the energy functional associated, as ¢ — 0. The Pohozaev’s fibering
method is centered on representing solutions in the form u = tv, where t is a real number (¢ # 0),

and v € X \ {0}, satisfying the condition:

%f(t,v) = 0. (1.3)

Here, ® denotes a functional defined on R x X. Consequently, the fundamental concept of the
Pohozaev’s fibering method involves embedding the space X of the original problem within the
larger space R x X and subsequently exploring the new problem of conditional solvability within

the R x X space, subject to the condition (1.3).

2 Preliminaries

At first, we give some useful notations and basic results on variable exponent Lebesgue spaces that

will be used in proving the main theorems (see [20]). We denote by C (£2) the set of all continuous

functions ¢ :  — (1, 00). For ¢ € C (Q2), we write
¢t :=maxq(r) and ¢ := ming(z).
€N zeQ

Define the variable exponent Lebesgue space as follows:

L1O(Q) = {u : 0 — R measurable : / u|1®) dz < oo} .
)
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L) (Q) endowed with the norm

(z)
ullgy =inf 7 >0 L de <1;.
q(*)
Q'T

is a separable and reflexive Banach space. Let Lq/(‘)(Q) be the conjugate space of L)(Q) with

ﬁ + le) = 1. Then the following Holder-type inequality holds.

Lemma 2.1 ([20]). Let u € LYO(Q) and v € LY (Q). Then

1 1
wolde < | — + —— | [lullzal|vllor .y
/Q| | (q_ (q,>_)|| sl

On the space L10)(Q), we consider the modular function given by

P (1) = / |u| 1) da.
Q
Lemma 2.2 ([20]). For any u € L1°)(Q), we have

. - + - +
min (J[ull? )l ) < pay () < max (J[ull? llull?)

Lemma 2.3 ([20]). Let u € LO(Q) and {u,} C LIO(Q). Then the following properties are

equivalent:

(1) limlun — ully0y = 0

(2) lim pgey(up —u) = 0.

n—oo
_ ()
Lemma 2.4 ([3]). Let q,r € C(Q) with q(z) < r(z) in Q andu € L™(Q). Then |u|?) € L0 (Q)
and
Oy < mae (el el ) -
Next, we define the convenient variable exponent fractional Sobolev space to supply a variational
structure for handling our problems. Let p: Q x © — (1,00) be as mentioned above and put

p(r) = p(z,z) forall z¢€Q.

Let W*P()(Q) be the variable exponent fractional Sobolev space defined as follows:

|u(x) — u(y) [P
wq EP@Y) |z — y|N+sp(w:y)

W= WPt (Q) = {u e LPO(Q) : / dz dy < oo, for some & > 0} .
Q

Equip W with the norm

(lullw = [ulw + [Jull5.),
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where

[u]y = inf {g >0 /Q [u(x) —u(@)PY dy < 1} .

«Q gp(l"y)ky — y‘N+sp(:r,y)

Then (W, ||ul|lw) is a Banach space. For any v € W, we set

|u(:1:) — u(y)|p(w’y) / D
Pppl) = dz dy + p(@) g
P,P(u) />< ‘]9‘ y‘N+5p(m,y) T ay |u| 4

|u||p,p=inf{s S0 pr (‘g) < 1}.

The norm ||-||, 5 is equivalent to ||-||w. Furthermore, from [41, Lemma 2.2], (W, || - ||w) is uniformly

and

convex and hence W is a reflexive Banach space. The following lemma states the compactness of

the embedding W into the variable exponent Lebesgue spaces.

Lemma 2.5 ([40,41]). Let Q C RY be a smooth bounded domain and s € (0,1). Assume that
p:QxQ— (1,00) is continuous and symmetric (i.e. p(z,y) = p(y,x)) with sp(x,y) < N for all
z,y € Q. Let ¢ € C4(Q) such that

Np(x)

—_— Q.
N = sp(@) forall x €

q(z) < pi(x) =
Then, there exists C = C(N, s, p,q,) such that
l[ullgy < Cllullw  for all uweW.

Therefore, the space W is continuously embedded into L) (Q). Moreover, this embedding is com-

pact.

Due to the presence of the Dirichlet boundary condition u = 0 in R\, we need to encode this

condition in the weak formulation of (P}) and (P ). For this, let us define the new space

— (z,y)
— xS () — J 4 RN () lu(z) — u(y)P
X=X Q) {u RY -2 R, ulge L (Q),/Q e e dx dy < oo, for some £ >0,

where @ = RY x R\ (¢ x Q°). Endow X with the norm

lullx = [ulx + [lulls.),

where o)
_ , u(z) — u(y)["™?
[u]x = inf {§ >0: /Q £7G) 3 — y N TrE) dedy <1;.
In the same way (X, || - ||x) is a separable reflexive Banach space.

Since the variable exponent p, p and g are continuous, we can extend p to RY x RY and P, ¢ to
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RY continuously with conditions given in Lemma 2.5. Let X, be the linear space:
Xo={ueX:u=0 ae in RV\Q}

equipped with the norm

Tl — . Ju(z) — u(y)[P=)
l|ul|x, = [u]x = inf {f >0: /RQN e P e dedy <15;.

Obviously, (Xo, || - ||x,) is a reflexive Banach space. Set

_ |u(z) — u(y)[P)
po(u) = /}Rw 7 — ) drdy for all u € Xg.

Lemma 2.6 ([41]). For all u,u, € X, the following properties hold true:
- +
(D) flullxe > 1 = [Jull, < po(u) < [[ullf,;
" _
2) llullx, <1 = |lullg, < po(u) < |lullf,;

(3) |lun —ullx, = 0 <= po(un —u) = 0.

Lemma 2.7 ([41]). Let Q@ C RYN be a smooth bounded domain and s € (0,1). Assume that p :
Qx Q — (1,00) is continuous and symmetric with sp(x,y) < N for all z,y € Q. Let ¢ € C(Q)

such that
Np(x)
N — sp(x)

Then, there exists C = C(N,s,p,q,Q) > 0 such that

q(z) < pi(x) = for all z €.

|ullgey < Cllullx, for all w € X.

Therefore, the space X is continuously embedded into L) (Q). Moreover, this embedding is com-

pact.

Remark 2.8. Since 1 < p(x) = p(z,z) < pi(z) for all z € Q, by Lemma 2.7, the norms || - ||x,

and || - ||x are equivalent in Xg.

We look for solutions of problems (P/{VIE) and (Py,) in the separable reflexive Banach space X =

Xo N L7 (Q) which is equipped with the norm

Jullx = [Jullx + [|ull)-
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3 Hypotheses and main results

Before stating what we believe that are the main contributions, we first list some assumptions on
the data of (P{L). Concerning the Kirchhoff function M : Rt — R*, we use the following two
assumptions:

(Mo) M is a C*' nondecreasing function;

(M;) M is a continuous function such that M (t) > mg > 0 for all ¢ > 0.
For the functions a, b, w, p, ¢ and r, we make the following hypotheses:

(Hy) q,7 : Q — (1,00) and p : Q x Q — (1,00) are continuous such that sp(x,y) < N, p(z,y) =
p(y,z) and g(z) < p(x) < r~ :=minr(z) for all (z,y) € Q x Q, where
€Q

xTE

Np(z, )

ps(a) = 5 p(n.7)

(Hs) a,b,w € L*>®(Q) with b and w are nonnegative and |QF| > 0, where QF = {x € Q : a(z) > 0};

(Hs) ab™ ¥ € L7700 (O );

. “pt(¢T—p~ “(r—p—
(H1) ¢ (r~ —q") <p™(r~ —p7) and r* < min {p*(r‘qu‘gqfq‘zgr‘)*qﬂ’ ’ q(+fp£ )};

The main results can be stated as follows.

Theorem 3.1. Assume that (My) — (M) and (Hy) — (Ha) hold. If ¢t < p~, then problem (Pf\”e)

admits at least one nontrivial solution.

Theorem 3.2. Assume that (My) and (Hy) — (Hz) hold. If p* < q~, a(z) > 0 for a.e. x € Q and
b(z) > by > 0 for a.e. © € Q, then for all e > 0 there exists \c > 0 such that problem (Pf\‘/fs) has

no nontrivial solution for all A € (0, ).

The following two theorems concern problem (P)]\WE) with M =1, that is,

(—Ap(_,.))s u + w(z)[ulP@®) 2y = Aa(z) [u|4®) 20 — eb(z)|u]"®2u in Q

P)\,s
u=0 in RM\Q. (Pre)

Theorem 3.3. Assume that (Hy) — (Hy) hold. If q(-) = q is constant with p™ < q or p(-) and r(-)
are constants, then for all € > 0 there exists A; > 0 such that problem (Py.) admits at least one

nontrivial solution provided A > A%.

Theorem 3.4. Assume that (Hy) — (Hy) hold and q(-) = q is constant with p* < q or p(-) and
r(-) are constants. Let eg > 0 and A > X! . Then, there ewists e1 € (0,e0) such that for all
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e € (0,e1), problem (Py.) admits at least one nontrivial solution u. verifying ||us||x — +oo and

. (ue) = —o0 as € — 0, where I, is the associated energy functional to (Pac).
Remark 3.5. The conclusions of Theorems 3.1 and 3.2 also hold for problem (Pj.).

4 Proof of theorems

Proof of Theorem 3.1. It is well known that the weak solution of (P/{WE) corresponds to the

critical point of the energy functional defined on X by

T.(u) = M‘(/Rw p(|U(x) — u(y)[P=) de dy) +/Qw(x)|up($)dx

z, )| — y|Nrep@y) p(z)
a(z) b(z)
—/\/ = 1) g —|—€/ = u|" @) dg, 4.1
o d@) " or@ " (1

where ]\/J\(t) = f(f M (7)dr. By standard arguments, one can verify that Z. € C'(X,R). For any
(t,v) € (0,00) x X, we define

¢€(t7’u) = Is(tv)
([ e B
R2N P

z,y)|x — y|Ntspl@y) o P()

b
4/ Mtqw‘v‘q(z)dxﬁ/ BE) @) @) i,
o q(x) or(@)

€

ot

Observe that if u = tv is a nontrivial critical of Z., then (t,v) = 0. Moreover, if for each

v € X \ {0}, there is a unique t = t(v) satisfying

0P,
ot

(t,v) =0 (4.2)

and ¢ : v — t(v) is continuously differentiable on X \ {0}, we can infer that

is a well-defined C' functional. The following result plays a key role in the proof of our main

theorem.

Lemma 4.1 (|33]). Let ¥ : X — R be a functional of class C* on X\{0} verifying

(U'(v),v) #0 if P(v)=1.

If v is a conditional critical point 0fI~6 under the constraint W(v) = 1, then u := t(v)v is a critical

point of L.
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Consider the functional ¥, : X — R given by

V() = M </RN p(lv(o:) —v(y) [Py dxdy)/R o) ol

roy)fe =y ) o Jo— g HE)

+/ w(x)|v|ﬁ<$>dx+g/ b(z)|v|" @ da. (4.3)
Q Q

It is obvious that W, satisfies hypotheses of Lemma 4.1, therefore the problem of finding solutions

of (P)]\Ws) will be reduced to that of locating the critical points of I. on the set
U. ={ve X :T.(v) =1}
Note that (4.2) is equivalent to

(@) — ACHY) — p(z,y)
ou(t) = M (/ [v(z) — v(y)| da dy> /2N () lv(z) —v(y)]| dz dy
R R

v p(,y)lo — y[Nrery) |z — y| N Fep(@y)

+/ tﬁ(x)w(x)|v|§(x)dx+5/ tr(x)b(x)|v|r(x)dx—)\/ 1@ g (2)]0|1®) dz:
Q Q Q
= 0. (4.4)

Let
O, = {U e X: / a(z)|v]| " dx > O} .
Q

Claim 4.2. For any v € O, equation (4.4) admits a unique positive solution t(v). Moreover,

0y (t) <0 for all t < t(v) and p,(t) >0 for all t > t(v).

Indeed, by (My), for all t > 1,

o (t) > P M </R lu(z) — v(y)|P=Y) de dy) /R lu(z) — v(y)[PEY) dody

av p(,y)|z — y|NFsp(@y) on |z — y|NFsp(@y)

+t”7/w(m)\v|ﬁ(”)dw+st’ﬁ/b(m)|v|r(’f)dx—)\tq+/a(x)\v|q<z)dx
Q Q )

and for all 0 <t <1,

_ v(z) = v(y)|PE:y) v(z) = v(y)|PEv)
ooll) < M(/Rmp(l (z) —v(y)| )dmdy)/R v(z) —v(y)| dr dy

2yl — gV R e

o / w(@) o da + et / b o @ da — a7 / a(2)]o]"® dz
Q Q Q

Since ¢ < p~, we can choose to, > 1 such that ¢, (t) > 0 and by (Hs), we can find 0 < to < 1
satisfying ¢, (t9) < 0. Therefore, by virtue of the continuity of ¢, , equation (4.4) has at least one
solution ¢(v) > 0. The uniqueness of t(v) follows from (Hs) and using the fact that ¢© < p~ and



A class of fractional p(-,-)—Laplacian problems 397

M is nondecreasing. Furthermore, for all ¢ < t(v),

p(z,y) — p(z,y) p(z.y)
R R2N

o pla y)lw — yN D FETEy

+/ ) () [oP m>dx+a/tf“(r)b(x)w(f)da:
<A / 11 g () [0]1®) dz (4.5)
Q

and for all ¢ > t(v),

p(z,y) _ p(z,y) p(z,y)
([ D P ) [ e M,
R ]R2N

ox ple, )l — NI [z — IV

+/ 170 () o P m)daﬂ—e/tr(z)b(x)|v|’”(m)da:
Q

> /\/ 1@ a(z) 0|1 de. (4.6)

Then, the function ¢ : v — t(v) is well defined, and by applying the implicit function theorem, we
deduce that t(-) € C* (X \ {0}, (0,4+)). If v € U. N O, and t(v) > 1, it holds from (H;), the
nondecreasing of M and (4.4) that

tw)? = t)’ V. (v)

|o(z) — v(y)[P) / - |v(z) — v(y)[P=Y)
= M dzd t(v)P dzd
(/sz p(e, )l — y[Feren TV fa (v)  — y[N+spl@y) W
+t(v)P / w(z) [P de + et(v)P / b(x)|o|" @ da
Q Q
_ p(z,y) lv(z) — v(y ) |Py)
(/]RzN (®) P(ﬂf,y)|$—y|N+S”(w=y) v R2N ) |z — |N+SP z,y) ray
+ / t(0)P@w () |oP P dz + / H(0)"@b(z) o] dz
Q Q
- A/ Ho)" a(w)o|"") dx
Q
At(v)4" / a(z)|v|9®) dz,
Q

IN

IN

thus

t(v)ff—fr < )\/ a(z)|v|1® dz.
Q

This shows that ¢(-) is bounded in U, NO,. Since M is nondecreasing, ]\/J\(T) < 7M(T) forall 7 > 0.
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Then, by (H;) and (4.4) for any v € U. N ©,, we have

L) < —um pay @ =@y o 0@ =0
= - R2N p(z,y) |z — y|Nt+sp(@y) R2N |z — y|N+sp(z.y)

1 5(z > , s A , ©
—i—i/ tp(‘)w(x)w\p(x)dx—i—%/ tr(i)b(x)\vr(”)dx—j/ 9@ () |v]9®) dx
b Ja rJa at Ja

(- L[ e PR ) [ el s
pm gt R2N p(a, )|z — y|[Nterey) R2N |z — y|NHep(ey)
1 1 5 = 1 1
+(——-— /tp(m)wx vp(z)dx—l—e(—)/tr(r)bx o|"@) dz
(== %) [Pl o) [ e
0

Then

Qg = Uebitlslrg@a I.(v) <0.

Let {v,} C U N O, be a sequence such E(vn) — «ap. From (M;), we have

[on (%) — va ()P
rey |z — y|N+sp(@y)

1= (v,) >mg dzx dy,

thus from Lemma 2.6, we deduce that {v,} is bounded in Xg. Therefore, up to a subsequence, we

may assume that

v, — vg in X,
U — vg in LPO(Q) and LI (Q), (4.7)
U, — Vg a.e. in Q.

We may also assume that t(v,) — to, since {t(v,)} is bounded. Then

M — p(=y) — _ p(z,y)
M / ) [vo(z) — vo(y)] drdy ) < liminf M / H)PY) [un () — v (y)]
R2N p(x,y)|z — y|N+splzw) Pl .

20 . () )
lim t(Un) w(x)|vn\1’(”dx — / toiw(m)wo‘p(m)dx’
n=+oo Jo p(z) o P

t(vp q(x) tq(f)
lim 7(7) ) a(x)|vn|q(“5)dx:/ 0 2 (a§$)|voqw)daﬂ
Q

nstoo Jo  q(x) e
and () t(v,)"@)b()
/ Ly da < liminf/ Ron) = L), 7@ dz.
o 1) n—+oo Jq r(z)
Therefore
T (tovo) < lggliglg(t(vn)vn) = nglfgfa(vn) —a <0, (4.8)

from which, we deduce that vg # 0 and ¢ty > 0. Recall that the pair (¢(vy,), vy, ) verifies (4.4), so by

dx dy

Pyl = y[VHre xdy)

)
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sending n to +oo and using (4.7), we arrive at

— p(z,y) . p(z,y)
M / tg(r,y) [vo(2) = vo(y)] da dy / tg(m,y) [vo (@) — vo(y)| dz dy (4.9)
R2N p(.’L‘, y)|$ - y|N+Sp($’y) R2N |1‘ — y|N+SP(937y)

+ / B w () oo P @ dar + / 5 () o] ") dx (4.10)
Q Q

< A/ £ a(2) v ") dv, (4.11)
Q

Thus [, a(x)|tove|?® dx > 0. Furthermore, tovg € L™()(Q), and hence tovy € X. In view of Claim
4.2 and (4.9), we have ¢y < t(vy). Suppose by contradiction that tg < t(vg). Let )y, : t — Zo(tvo).
Then t1;, (t) = py,(t), therefore by Claim 4.2, t1);, (t) < 0 for all 0 < ¢ < t(vg), which yields that
the function 1, is decreasing on [0, t(vg)]. It follows from (4.8) that

IE(U()) = Ie(t(’Uo)’Uo) < Ig(to’tlo) < og. (412)

By definition of ¢(-), for any 7 > 0, we have

M / t(Tv)P "V |7 (vo () — vo(y)) [P¥) dz dy / ()P ) |7 (vo(x) — vo(y))|P®¥) dz dy
R2N pla,y)le — y[NFory) R2N |z — y|NFsp(ay)

—|—/ t(TUO)ﬁ(z)w(a:)|TU0|§(I)da€—|—5/ t(rvo)r(m)b(x)|T110|T(I)da:
Q Q
= /t(Tvo)q(r)a(a:)|Tvo|q(z)d3:,

Q

so that

v ([ Tl ) SO gy ) [ g OO 0@,
R2N p(z,y)|z — y|N+S”(m’y) R2N |x — y|N+5P(f7y)

+ /Q(Tt(TvO))E(l')w(x)\Uo|77(‘”)dw +e /Q(Tt(Tvo))’"(w)b(x)wo\7'(‘”)dx
— ) /Q (t(rv0)) @ a() [u] 1) da.
Hence, by the uniqueness of the solution #(vg) of equation (4.4), we have
Tt(TVg) = t(Vp). (4.13)

We next choose 7 > 0 such that vy € U.. From (4.12) and (4.13), we obtain

IE(T’U()) = Ie(t(T’Uo)T’Uo) = Is(t(’l)o)’l)()) = Is(’l)o) < o,

which contradicts the definition of ag, and consequently ¢y = t(vy). By (4.8) and (4.13), we have

(7)) S :zg(T’Uo) = Is(t(TvO)TUO) = Ig(t(’()())’l)()) = IE(U()) S o,
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thus i(vg) = ag. Hence vy is a conditional critical point of 7?5. Applying Lemma 4.1, we conclude

that u := t(vp)vg is a solution of (PAME) The proof of Theorem 3.1 is finished.

Proof of Theorem 3.2. Suppose that problem (Pf\”s) has a nontrivial solution u. Then, taking

u as a test function,

ua) = u(y) P [ o) st
M dzd dz d
([}pN p(z,y)|z — y|N+sp(z.y) Tay R2N |7 — y‘N-&-sp(x,y) €T ay

+/ w(x)|u|ﬁ<w>dx+s/ b(x)|u|"® dx = /\/ a(z)|u|!® dzx (4.14)
Q Q Q

Since b(x) > by > 0, for a.e. x € Q, by Young’s inequality, we can write

. — __—al@) _ r(z) q(x)
A / a(z)|ul1®de < & / qgaj;b(:c)|u|’“(“)d:r+ / ME"W)(‘IW) (Na(z)) @9 b(z) 7@ d
Q (oA Q

r(x)
+ + _ g —q(x r(z ©
<=0 [ b@ulr e + T [ S (o) S b(a) T da
r Q r Q
+ T —q r(2)
< T [ b @dr + L cmae)ja)L, / b(a) @ dr,
r Q r Q
where
L if e<1 i A<
K= _ 0=
S if e>1, T_T_+Q+ it A>1
and
v = T+T7+q7 1f HG‘HOO < 1

It holds then from (4.14) that

M |u($) - u(y)|p(x,y) da d |u(x) — u(y)|p(x,y) drd
won pla, g)lo — gV Toren) CY ) foon e — g NG y

+ - + _ r(x)
< Lf)/ b(z)|ul"® dz + %E_HAQHGHZO/ b(z) 7@ @ da:
r Q r Q

+ g r(2)
T =9 —rxeljall2, / b(z) @0 da, (4.15)
Q

IN

since ¢* < r~. On the other hand, by Lemmas 2.2, 2.6 and 2.7, for some Cy > 0, we have

- p(z,y) v
Q R2

| — y|N+sp(@y)
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where
Z—; if  ||ullg@) <1 and ||ullx, <1
g ) i il > 1and [Jullx, <1
= A ullg@) <1 and [Jullx, > 1
i fully > 1 and [Julx, > 1.

Note that ¢ > 1, since p* < ¢~. From (M), (4.14) and (4.16), we get

1
! 7 lu(z) — u(y)|P@y)
— a(z) g < M / ey
mo (C0||a||C>O /Qa(a:)|u\ :r:) < ( o Pl )1y Vo)
|u(z) — u(y) Py
8 /Rzzv |:L‘ — y|N+sp(w,y) dx dy (4.17)
< /\/ a(m)|u|q(ﬂﬁ)dx7
Q
which implies
9 =1 s
- <m, _— alx)|lu q dx . 418
<>‘00||a||oo) = 0(00|a|oo ; ()]u (4.18)

Combining (4.15), (4.17) and (4.18), we obtain

1
9 v—1 + - »
(mo) Sl VIR / b() T i,
<2 Q

ACollallso
hence
_9 9(1919:11)4-1
r=efmd !
A> A\ = proEnED . ;
CT T alle ™"+ — ) fy bla) BT da

and the proof of Theorem 3.2 is completed.

Proof of Theorem 3.3. Assume ¢(-) = ¢ is constant. For v € ©, and ¢ > 0, we set

Jpan B @ @ g gy [ P =ty () 0P diz + € [, 17 0b(z) o] da

|$_y‘N+SZJ(m>y)

T.,(t) =
ew(?) fQ z)|v|9dx ’
v(z)—v p(z,y) =
Fv) = Jren |\T )y|N(+y371‘7(£ o drdy + fo w(@)|oPdx

' Jo alx)lv]adz

and
H(v) := e Jo b(@)|o|" ") dz
’ Jo alx)lv]adz

Then

IR (v) + 7 “TH(v) < Yoo(t) < 2 9F(v) + 7 ~9H(v) if t>1 (419)
. .

P IR (v) + 17 TIH () < Yoo(t) <P TIF(0) + 17 “TH(v) if ¢ < 1.
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Having in mind that p™ < g < r~, it follows that

lim Y. ,(t) = lim T.,(t) = +oo. (4.20)

t—0t t—+oo

On the other hand, it is not difficult to see that the function Y., admits a global minimum ¢*(v),

which is a unique solution of the equation

/ (¢ —p(z, ) 'V ]o(z) — v(y)[P*v)
R2N

_5 p() p()
P L dedy+ [ (9= p(a)) 7)o da

o ) — ) @b o] .
— [ (@) = ) b(a)ol (4.21)

By (4.20), for A > 0 large enough, there are exactly two positive reals ¢1(v) < t*(v) < ta(v)
such that Y. ,(t1(v)) = Tco(t2(v)) = A Clearly t1(v) and to(v) satisty (4.4) with M = 1, and

t(v) := ta(v) increases as A increases or £ decreases. Let
OS(N)={v e, : A>T, ,(t"(v)}

Then, for A sufficiently large, ©¢()) # 0. By (4.21), for v € ©%()), we have

)t (v)P(EY) _ p(z,y) _ _
p(z, y)t* (v) v(z) —v(y)] dedy+ | pla)t* (0)PDw(z)|v|P®) da
RN |z — y|N+sp(y) Q

+E/ r(z)t* (v)"@b(z) o] d < )\qt*(v)q/ a(z)|v|%dx,
Q Q

it holds then

1
A a(z)|v|?dz rT—q . *
(ar—qffsb(z)lvv(“)dm) it ¢*(v) 21

1
Aq [, a(z)|v|?dz —q . «
(Er-qub@)ww)dw) it (v) < 1.

t*(v) < (4.22)

Claim 4.3. Ifv € U NO5(N), then

0
1< 5/ b(z)|v|" @ de + 8 (/ b(x)v|7"(’”)dsc> .
Q Q

for some B >0 and

e )
Q(: ::’()rfqu()q p) o gf l|[v]lg <1 and t*(v) > 1,
g.—d if  lly <1 and t*(v) < 1,
2 p o ) e fl, 2 1 and £(0) < 1,

r~—p )—rt(qg—p~ . N
W) ol 2 1 and #(0) 2 1.

We just prove the case ||v]|q < 1 and t*(v) > 1, since others cases can be treated similarly. In fact,
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we have Y. ,(t*(v)) < A, thus

[ et e
R2N

*()P(@) (=) * ()2 a
PR EER d:z:der/Qt (V)PP w(z)|v|P de < At*(v) /a(z)|v| dz,

Q
(4.23)
which yields

B _ p(z,y) _
£ (v)P / (@) = v gy +/ w(@)|off@dz | < At*(v)q/ a(z)|v|%de.  (4.24)
ren |z — y[NFep(@y) Q Q
Taking into account that ¥.(v) = 1, from (4.3) with M =1 and (4.24), we get
1- 5/ b(z)|v|" @ de < X+ (v)?7P / a(x)|v|?dx
Q Q

and hence in view of (4.22),

T —p—

e | b)) @ de = 1—¢ [ b(z)o["@dz <<Ti_)::£' A a(@)vleda) T
Q Q Q

(4.25)

By Lemmas 2.1, 2.4 and (Hj3), we can find Cy > 0 such that

/Q a(z)o|"dz < Cy ( /Q b(z)|v|r(x)dx>rq+. (4.26)

Combining this inequality with (4.25), we deduce

ar——p)—rt(g—p7)
i —q
1< e/ b(z) o' @dz + 3 (/ b(x)|v|”(”)dx> o
Q Q

and the claim follows. Therefore, for some Cy > 0,

/ b(z)[v["Pdx > Cy for all v e OF(N).
Q

So, according to (4.22) and (4.26), the set {t(v): v € U NO5(N)} is bounded above. Let vy be
fixed in U.. Then, v; € O5(A) for all A > AL := T, (¢*(v1)). From (4.4) with M = 1, we have

7 — p(z,y)
I.(v1) < (1 _ 1> / t(vy)P@Y) v (@) — v (y)] dz dy
R2N

P r— |z — y|N+sp(@y)
1 1 B(z) B(z) 1 1
+|—=-— t(v))PPw(x) o [P de — N | - — — t(v1)%a(x)|v1|?dx. (4.27)
p r Q q T Q

Recalling that A — #x(vy) := t(v1) increases as X increases and p~ < pt < g < r~, we choose

A2 > 0 large enough such that for all A > X2, Z.(v;) < 0. Hence, for all A > X* := max(\l, A2),

(=R €

o = uin(f) o Z.(v) < 0. Now, we show that the minimum of Z is achieved in U N ©%(\) with
vEU.NO;
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A > A*. Indeed, let {v,} C U. NO%(A) such that Z.(v,) — . Since {v,,} is bounded in X, going
to a subsequence if necessary, there exists vg € Xq satisfying (4.7). As previously argued in the
proof of Theorem 3.1, we deduce that vy # 0, vg € L") (Q) and {t(v,)} converges to ty = t(vg) > 0
with

Z.(vo) = Z.(t(vo)vo) = - (tovo) < 1. (4.28)
Since {t*(v,,)} is also bounded, up to a subsequence, t*(v,,) — 3. By (4.19) and direct computation,

we obtain

Teo(t'(0a)) = min (8 1F(vo) + ¢ ~H(w))

>0
g—p \T o (a-p T =g o
= F -~ H r=-p= if ¢ >1
<r‘—q) +<r‘—q) (vo) 7= Hipo) =" i £"(vn) 2
+ +
* > : pt—q rt—q
Tewo®(0a)) = min (#70F(vo) + ¢ ~1H (vo) )
B pt—q rt—g
= q _p+ e —+ 4 _p+ A F('U )r++—_p?" H(U )T?F_pp+ lf t (U ) < 1
r+— q r+— q 0 0 n .

Therefore, passing to the limit as n — 400, we get Y. 4, (t5) > 0, thus ¢ > 0. On the other hand,
by (4.7) and Fatou’s lemma, we entail A > Y., (t§) > Yeu, (t*(v0)). Suppose by contradiction
that A = T, ., (t*(v0)). We have A = Y., (¢t(v,,)), thus

t(v,,)P(*:Y) — p(z,y) _ _
/ (U z,) |’Un(1') Un(y)| dxdy—i—/ t(l}n)p(z)UJ(x)|'Un|p(m)d$
R2N Q

|w _ |N+sp(w7y)

Jre/ﬂt( 2)"@b(2)|vn|"® dz = Mt (v, )? /Qa(:c)\vn|qd:£,

and so, by (4.7),

t(vo)P™9)vg () — vo(y)[P=¥) B(x) Bx)
/Rzzv |l‘ — y|N+sp(I7y) du dy * /Q t(UO) w<x>|v0| e

+e [ Hon) )l < M(ao)? [ ala)fuolda,
which means that Y. ., (t*(vo)) = A > Ye 4, (t(vo)). Therefore,
t*(vo) = t(vo) = to. (4.29)
From (4.21), we have

~ £* (v0)P(®¥) [vg () — o (y)[P®Y) ‘(0 \B(@) B()
(q —-Pp ) (/R?N = y|N+sp(:c,y) drdy + Kzt (vo) w(@)lvol de

> (r~—q)e /Q t*(v0)" @ b(z)|vo|"® dzz. (4.30)
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By virtue of (4.4) with M =1, (4.29)-(4.30) and (Hy), we get

ap = nli)Y_‘T_looIs(t(Un)vn) > T (t(vo)vo) = Ze(t* (vo)vo)
E (q7p+)(r77Q) 7T+7q *( r(x) 2o r(x) T
=g < pt(g—p7) rt ) /Qt (o) =z w0l
_ € (qp+(q —pi) —rt [p+(717 - Q) — Q(Ti - Q)]) *(0 r(zx) )l r(x) -
- ey [ # 0 @@ ol
> 07

which contradicts a; < 0. Then A > Y., (t*(vg)), and consequently vy € ©%(\). We choose
7 > 0 such that 7vy € U.. Using the uniqueness of the solution ¢*(vg) of equation (4.21), we
infer 7t*(Tvg) = t*(vo). Therefore Y. 1, (t*(Tv0)) = Yo, (t*(v0)) < A, thus Tvy € O5(N). Hence
Ty € U: NOE(A). Tt holds from (4.13) and (4.28) that

o1 < T (1vg) = L (t(1vo)Tv0) = Lo (t(vo)vo) = L (v0) < a1,

thus Z (vo) = a;. Thanks again to Lemma 4.1, we see that u := ¢(vg)vo is a solution of (Pyre).

Suppose now that p(x,y) = p, r(z) = r are constant and ¢(z) varies. Let
Ty(t) := A(v) +et"PB(v) — )\/ 1) g () |v] 1) ~Pdg,
Q

where

@)l S
“W’A —————d@+A(NId

an o —y|Ntep

and

B(v) ::/Qb(x)|v|rdw.

Then T',, is continuous, I',(0) = A(v) > 0 and T',(t) — +00 as t — +o0, since p < g(x) < r for all
x € Q. On the other hand, for A large enough, we have t1r>1£ I',(t) < 0. Therefore, by (Ha), there
are exactly two positive reals ¢;(v) < ta2(v) such that T',(¢1(v)) = T'y(t2(v)) = 0. So, by using the

same arguments as above, we obtain a solution of (Py ). The proof of Theorem 3.3 is completed.

Proof of Theorem 3.4. Let ¢y > 0. In view of Theorem 3.3, for A > )\:0, problem (P ) with
e = go admits a solution u., = t(ve, )ve, With v, € ©2°(X). In the case g(x) = ¢, for all ¢ € (0, £¢),

problem (P ) has a solution u. = t(ve)ve. In fact, from (4.19), we have

q—p+ rlf%z)q* q—pJr rr:ﬁ rt—q
Teult*(@) < ( ) +< ) F(o)

rt—q rt—q

+

o b@) o @da\ T gt
(BEE) e e
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and

P_—q r_—q

o) < ((FL) 4 (E) T | ro

T —q

b r(ac)d % q—p_
o [ Jab@o"de er i (*(v) < 1.
Jo a(@)v|1dz

Since p~ < pt < g <77, Teo(t*(v)) L 0 as e L 0. Thus A > Ye o, (t*(ve,)) for any e € (0,¢0).
Hence v, € ©%()). By (4.21), we have

- + —p(x Ve, () — Ve p(zy)
win (200 (e2(0)”) [ IR T I g1y

< e max ((t;(%))r

(0 [ 0@ = 9bae, e,

which yields

1 / (= P(2,y) [vey () = ve (P a0y
€ Jren |x — y|N+SP($7y)

< max((tZ(vaU))”‘p’,t:(vgo)”—f’*) /Q (r(z) — q) b(z)|ve, |" ™ du.

It holds that ¢*(v.,) — 400 as € — 0, since p™ < r~. Noting that t*(v.,) < t:(ve,), we deduce
that t.(ve,) — 400 as ¢ — 0. Therefore, in view of (4.27), for some g; € (0,29) small enough,
Z.(vz,) < 0 for all e € (0,e1). Let 7 > 0 such that 7v., € U NOE(N). Since Z.(Tvz,) = L. (vs,) < 0,

inf Z.(v) <0 forall ¢ (0,e).

veuglrrwleg(,\) - (v) orall €€ (0,e1)
Through a similar reasoning to that of Theorem 3.1, we can show that for any € € (0,&1), problem
(Py ) has a solution ue = t.(v:)ve, with ve € U N OF(N). Moreover, Z. (u:) = fg(vg) — —00 as
e = 0. By (4.1) with M = 1 and (4.16), we conclude that ||u.||x — +oc0 as e — 0. The proof of

Theorem 3.4 is completed.
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RESUMEN

Presentamos aproximaciones multivariadas cuantitativas de
funciones multivariadas continuas con valores en un espa-
cio de Banach definidas en una caja o en RN, N I N, a
través de operadores de redes neuronales multivariados nor-
malizados, de cuasi-interpolacion, de tipo Kantorovich y de
tipo cuadratura. También tratamos el caso de aproximacion
usando operadores iterados de los ultimos cuatro tipos. Estas
aproximaciones se derivan estableciendo desigualdades mul-
tidimensionales de tipo Jackson que involucran el moédulo
de continuidad multivariado de la funciéon comprometida o
sus derivadas de Fréchet de alto orden. Nuestros operadores
multivariados son definidos usando una funcién de densidad
multidimensional inducida por varias funciones sigmoidales
generales diferentes entre si. Esto se hace con el propésito de
activar la mayor cantidad de neuronas posible. Las aproxi-
maciones son puntutales y uniformes. La red neuronal preali-
mentada relacionada tiene un nivel oculto. Concluimos con

aproximaciones L relacionadas.

Keywords and Phrases: General sigmoid functions, multivariate neural network approximation, quasi-interpola-
tion operator, Kantorovich type operator, quadrature type operator, multivariate modulus of continuity, abstract

approximation, iterated approximation, L approximation.
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1 Introduction

The author in [2, 3], see chapters 2-5, was the Prst to establish neural network approximations to
continuous functions with rates by very specibcally dePned neural network operators of Cardaliaguet-
Euvrard and OSquashingO types, by employing the modulus of continuity of the engaged function or

its high order derivative, and producing very tight Jackson type inequalities. He treats there both

the univariate and multivariate cases. The debning these operators Obell-shapedO and Osquashing®
functions are assumed to be of compact support. Also in [3] he gives thd th order asymptotic
expansion for the error of weak approximation of these two operators to a special natural class of
smooth functions, see chapters 4-5 there.

For this article the author is motivated by the article [14] of Z. Chen and F. Cao, also by [4D12,
15,186].

The author here performs multivariate multiple general sigmoid functions based neural network
approximations to continuous functions over boxes or over the wholeR™Y, N | N. Also he does
iterated and L, approximations. All convergences here are with rates expressed via the multivariate
modulus of continuity of the involved function or its high order FrZchet derivative and given by
very tight multidimensional Jackson type inequalities.

The author here comes up with the OrightO precisely debned multivariate normalized, quasi-
interpolation neural network operators related to boxes orRY, as well as Kantorovich type and
quadrature type related operators onR”™. Our boxes are not necessarily symmetric to the origin.
In preparation to prove our results we establish important properties of the basic multivariate
density functions induced by multiple general sigmoid functions and debning our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type of networks we deal
with in this article, are mathematically expressed as

! n

N, (x) = c;! ("a; ax#+ b)), x! R® s! N,

§=0
where for0 $ j $ n, b; ! R are the thresholds,a; ! R® are the connection weights,c; ! R
are the coelcients, "a; ax#is the inner product of a; and x, and ! is the activation function of
the network. In many fundamental network models, the activation function is a general sigmoid
function, but here we use a multiple number of them simultaneously for the prst time, so we can

activate a maximum number of neurons. About neural networks read [17D19].
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2 Basics

Leti=1,...,N! Nandh;:R % [&1,1] be a general sigmoid function, such that it is strictly
increasing, h; (0) =0, h; (&x) = &h;(x), h;(+' )=1, h;(& )= &1. Also h; is strictly convex
over (& ,0] and striclty concave over[0,+"' ), with hl@) I C(R,[&1,1]).

We consider the activation function
. 1 .
i(X) = Z(hi(x+1)&hi(x&1)), x!'R, i=1,...,N. (2.2)

As in [11, p. 285], we get that" ; (&x) = " ; (X), thus " ; is an even function. Sincex +1 >x & 1,

thenh;(x+1) >h;(x&1),and";(x) > 0, all x! R.

We see that

h; (1)
2 L

" (0) = i=1,...,N. 2.2)

Let x > 1, we have that
100 = (W (x+ 1) &L (x& D) < 0,
by h: being strictly decreasing over[0, +' ).
Letnow 0<x < 1,then1&x> O0Oand0< 1& x< 1+ x. It holds h{(x&1) = h}(1&x) >

wl
1

h! (x + 1), so that again" } (x) < 0. Consequently" ; is strictly decreasing on(0,+' ).
Clearly, " ; is strictly increasing on (& ,0), and"}(0)=0.
See that

I..”T# "(x) = %(hi (+'" )&h;(+' )=0, (2.3)
and L

xﬂlﬁl;n "i(x) = i (h; (& )&h;(& ))=0. (2.4)
That is the x-axis is the horizontal asymptote on" ;.

Conclusion," is a bell symmetric function with maximum

" _ hi (1)
7 (0) - 2 :
We need
Theorem 2.1. We have that
!#
"i(x&i)=1, (x!R, i=1,...,N. (2.5)
i=$#

Proof. As exactly the same as in [11, p. 286], is omitted. O
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Theorem 2.2. It holds "
"s(xX)dx=1, i=1,...,N. (2.6)
$#
Proof. Similar to [11, p. 287]. It is omitted. O
Thus " ; (x) is a density function onR, i =1,...,N.
We give
Theorem 2.3. Let0<#< 1,andn! N with n'®*~> 2. It holds
# # $$
1 1&h; n'$ g2
"i(nx & k) < 5 , i=1,...,N (2.7)
k=$#
|nz$ k|%nt '
Notice that # # $$
_ 1&h; nt$«g 2 _
lim =0, i=1,...,N.
n" +# 2
Proof. Let x) 1. Thatis 0$ x & 1<x + 1. Applying the mean value theorem we get
!
0@ Lo 9= S (2.8)
4 2
for somex & 1<$<x +1.
Sinceh! is strictly decreasing we obtainh’ ($) <h' (x & 1) and
!
o< MEED ) (2.9)
Therefore we have
I# 1# 1 I#
"i(nx & k) = " (nx & K|) < > h! (Inx & k| & 1)
k=9%# k=9%# k=%#
|nz$ k|%nt' |n{|$ E|%nt |nz$ k|%nt'
1 +# \ 1 % u &
$ 2 s h;(x&1)d(x & 1) 5 h; (X & 1)|(n1! s )
' # $ # # $$
:%h,»(+' )& h; n1$a&2(:% 1&h; n'®eg2 . (2.10)
The claim is proved. O

Denote by *a+the integral part of the number and by ,a- the ceiling of the number.

We further give
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Theorem 2.4. Letx! [a,b. Randn! N so that,na-$* nb+ It holds

) o ":Li(nx&k) < ",»1(1)' (x! [@al, i=1,...,N. (2.11)
Proof. As similar to [11, p. 289] is omitted. O
Remark 2.5. We have that
gt
lim "X &K)VEL, i=1,...,N, (2.12)
k=(na)

for at least somex ! [a,b.

See [11, p. 290], same reasoning.

Note 2.6. For large enoughn we always obtain,na- $ * nb+ Alsoa$ £ $ b i! ,na-$ k $*nb+
In general it holds (by (2.5))

v
"s(x&k)$ 1 i=1,...,N. (2.13)
k=(na)
We make
Remark 2.7. We debne
*N
Z (X1, XN) = Z(X) = "i(x), Xx=(X1,...,xy)! RY, NI N. (2.14)
=1
It has the properties:
()
Z(x)>0, (x! RY, (2.15)
(i)
1# 1# 1# 1#
Z(x&Kk):= aaa Z(X1&Kky,...., Xy &Kky) =
k=$# ki=$# ko=$# kn =$#
1# 1# 1# *N *N + 1# ! "t
a4a "% & k) = & k) B 1
k1 =%# koy=%# kn =$# =1 i=1 ki =%#
Hence 4
Z(x&k)=1. (2.16)

k=$#
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That is
(iii )
1#
Z(nx&k)=1, (x! RN, n! N. (2.17)
k=$#
and
(iv) . - "
*N ! *N ~ # . 26)
VA (X) dx = " (Xi) dx; dddxy = " (Xi) dXi (i 1, (218)
RN RN i=1 i=1 $#
thus "
Z(x)dx =1, (2.19)
RN

that is Z is a multivariate density function.

Here denoteOx0, = max {|Xi|,...,|[xn[}, x ! RY, also set' = (' ,...," ), & =
(& ,...,& ) upon the multivariate context, and
,ha- :=(,na;-,...,,nay-)

*nb+:= (*nby+, ..., *nby4),

wherea = (a,...,ay), b:=(by,...,by).

We obviously see that

+ + ,

b b’ *N ’ &pby’ &pbn *N
Z(nx&k): "Z'(nxi&ki) = aaa "i(nxi&ki)
k=(na) k:(ya) =1 1 ki1=(na1) kn =(nan ) i=1
*N &b’
= 0 "(nx;&k)2. (2.20)

=1 ki=(na)

For 0<% <1landn! N, abxedx! RY, we have that

{mb' {m/b' {mb'
Z (nx & k) = Z (nx & k) + Z (nx & K) . (2.21)
k=(na) k=(na) k=(na)
05840, * 4 05840, >4

In the last two sums the counting is over disjoint vector sets okOs, because the condition
%& X9, > ni implies that there exists at least one*- & x> ni wherer ' { 1,...,N}.
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(v) We notice that

§nd' &nby'’
Z (X & k) = 444
k=(na) k1=(naz)
Oks$ 20, > ni

+

&by ' *N !

" (nX; & K;)

kn =(nan ) =1

Oks 20, >4
/

1
"a(nx; & kz)§

*N &!nb"
i=1 k=(na)
0ks 20, > /
I, 1 1
*N 1# ! &nbr !
$ "ixig k) 8 " (x, & kr>§
i=1 ki =%# ke =(nar)
=7 |kn*r$ z |>%
/ 1
&b
= »(NX, & k,.)g (2.22)
kr =(nar)
[5e8 @ |> 2
I# 1#
$ "a(nx,. & k) = " (nx, & K;)
kr =$# ky =$#
|kTr$l'r|>% |nz: $ ke |>nt' "
# $ + # $,
@7 1&h, n'¥8 &2 1&h; n'$6&2
< $ )
2 i{ 1,...,N} 2
where0< % < 1.
That is we get:
, + # $
fnb 1&h; n'$4 &2
Z(nx & k) < max , (2.23)
k=(na) i{ 1,...,N} 2
05820, >3
7
0<% <1, withn! N:n®f>2 (x! Y [a,b].
(vi) Itis clear that
+ # $,
# 1&h; n'$6 &2
Z(nx & k) < max , (2.24)
- i{ 1,...,N} 2
0ks 20, >

7
0<%<1,n! N:n®8>2 (x! ¥ [a,b].
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(vii) By Theorem 2.4 we get that

1 1 1
0< y = = s & < 7
T et / ] &by " ™~ . '
k=(na) 4 (nX & k) i\;l i‘:(:(nai) i(nxi & kl) i=1 1(1)
thus
1 1
0< y , < 7 (2.25)
) &nb N . ’
k—(na) £ (NX & K) ot (@)
%7 &
( x! N [ab], n! N.
Furthermore it holds
/ 1
tfmb' *N 8_p1b"
lim Z (nx & k) = lim 0 "(nx; & k;)2 (2.26)
k=(na 1=1 i =(naj
(na) / ki =(nai) 1
*N nby’
= 0 |‘!LT] " (nXZ' & kl)z E1,
=1 " ki =(nai)
%7 &
for at least somex ! 14111 [a;,b] -
We state
Debnition 2.8. We denote by
+ # $
1&h;, n'®f &2
&y (%,0 = max , (2.27)
i{ 1,...,N} 2
where0< % < 1.
We make
% &
Remark 2.9. Here X, Oéq is a Banach space.

% & e
Letf ! C i@, b], X, x = (Xq,...,XN) ! ,—1l@,b], n! N such that,na;- $ * nb;+

i=1,...,N.

We introduce ag):l debne the&following multivariate linear normalized neural network operatorx :=
X)L e bl ):

L #
) aw &$Z(nx&k)

— . =(na) n
A, (F, X1, Xy) = A, (F,x) = K=
Sy Z(x&K)
. . , # $% &
) S ) &nbo aa)ag”bﬁ foh T TN ey & k)

_ 1=(na1) k2=(naz) 0/§N =(nan ) n n oo i=1

- 7 & . (2.28)
i=1 ki =(nai) (X, & k;)
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For large enoughn ! N we always obtain,na;,- $ * nb;+, i = 1,...,N. Also a; $ % $ b, il

,na;-$ k; $*nb;+ i=1,...,N.

% &
Wheng! C f\;l [a;, ] we debPne the companion operator

) enn #k.$
—nay 9 7 Z (NX &K)
R (9% = —5 5 :

oy Z (NX & K)

Clearly R, isa positive linear operator. We have that

+ L
*N

&n (11X) = 11 (X ! [a11 bt]

i=1

% & %

o o &
Notice that A, (f)! C = Y [a,b],X and&,(g)! C Y, [a,b] .

Furthermore it holds

) P 3 %% (nx & k) % &
0A, (f,x)0, § —Hrd " o =&, ofo, x
k—(na) Z (nx & k)
N N
(x! ;. [a;,b]. Clearly Of orc [a;,b] -
So, we have that % &
0A,(f,x)0, $ &, of0 ,x ,
N N
(x! Lfabl, (ntN(CfPC L[, b], X
% & %y &
letc! X andg! C Y [a,b] ,thencg! C Y [a,b], X
Furthermore it holds v
A, (cg,x) = cB, (9,x), (x! [a,b].
i=1
Since&, (1) = 1, we get that
A,(©=c (c! X.
We call /ﬁn the companion operator ofA,,.
For convenience we call
b
Al (f,x) = f — Z(hx&K)
k=(na)
b’ &by g ‘ v
= adaa i FlTN " (X, & K;)

ki=(na1) k2=(naz) kn =(nan ) i=1

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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%, N &
(x! =1 (@i, bi]
That is
A (f, x
An(f.X) = Y2 n (1) : (2.35)
k=(na) Z (nx & k)
%y N &
(x!  Ylabl,n! N
Hence 0/9 . &
A, (Fx)&F (x) 7 2 Z (nx &K)
A, (f,x)&f (x) = ST . (2.36)
k;(m) Z (nx & k)
Consequently we derive
+ .
@25 N 81 §nb
0A, (f,x)&f (x)0, $ ") AL (Fx) & (%) Z(nx & k)3 , (2.37)
=1 k=(na)
.
%, &
(x!  Yllab] .

We will estimate the right hand side of (2.37).

For the last and others we need

% &
Deb(r]}ition 2%‘0 (J11, p. 274]) Let M be a convex and compact subset ORN,Oég P IL ]
0

and X, Oéq be a Banach space. Lef ! C (M, X ). We debne the brst modulus of continuity of
f as
"1(f,&) = sup Of (x)&f (y)0,, 0<&$ diam(M). (2.38)

z,y, M
ca$ Y., *0

If & >diam (M), then
"1(f,&) =" 1 (f,diam (M)). (2.39)

Notice ' ; (f,&) is increasing in& > 0. For f ! Cg(M,X ) (continuous and bounded functions)
' 1 (f, &) is debned similarly.

Lemma 2.11 ([11, p. Zg/gf]) We I&ave' 1(f,& % 0as&l0, il f! C(M,X), whereM is a
convex compact subset of RN,Oég P! [ ]

# $
Clearly we have also:f ! Cy; RM,X ~ (uniformly continuous functions), i ' 1 (f,&) % 0 as&1 0,
where' ; is debned similarly to (2.38). The space&Cg RY,X ~denotes the continuous and bounded

functions on RY.
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# $
Whenf ! Cg RM,X we debne,

1# T
B, (f,x):=B,(f,X1,...,Xn) = f E Z (nx & k)
k=$# n
|# |# |# - K k K . +*N !
= . . ééé f 71172,---,71\[ "i(nxi&ki) , (240)
ky=$# ky=$# kn =$# n-n n i=1

n! N, ( x! RY,N! N, the multivariate quasi-interpolation neural network operator.

# $
Also forf I Cg RY,X we debne the multivariate Kantorovich type neural network operator

+ "

1# k. !
C,(f,x):=C,(f,Xx1,...,Xn) = n¥ f(t)dt zZ(nx &Kk)= (2.41)
k=$# ¥
!# !# !# + " HT”" “ZT*l " % , +*N ,
444 n k _ aaa f(ty,....ty)dty...dty & ", (nx; &k;)
ki =$# ko =$# kn =$# i = - i=1

n! N, ( x! RV,

# $
Againforf | Cg RY,X ", N ! N, we debne the multivariate neural network operator of quadra-
ture type D, (f,x), n! N, as follows.

0
Let ( = ((1,---s(w) ! NV r=(rq,...,ry) P Z¥, w, = W, 4, ., ) O, such that ) W, =
r=0
1 2 N
oy é\é\é\y Wiy =15 k! ZV and
r1=07r,=0 rn =0
16 ko
&k (F) = &y hyy iy (F) = w,f  —+ —
r=0 n n(
101 102 10N .
: : . k ri k r Ky ry
= QA& Wy f Fl ﬁf %7 o (2.42)
r1=0r;=0  ry =0 1 2 N
% &
where 5 == b, g2, 5
We set
!#
D,(f,x):=D,(f,X1,...,Xn) = & (f)Z (nx & k) (2.43)
k=$#
1# 1# 1# Ty '
= aaa &T7kl~,k2¢~-<7kN (f) "i(nXi & kz) , (X | RN.
ki=$# ky=$# ky =$# i=1

In this article we study the approximation properties of A,,,B,, C,,, D,, neural network operators
and as well of their iterates. That is, the quantitative pointwise and uniform convergence of these
operators to the unit operator | .
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3 Multivariate general sigmoid neural network approxima-

tions

Here we present several vectorial neural network approximations to Banach space valued functions

given with rates.

We give
%y & % &
Theorem 3.1. Lletf ! C Y [a,b],X ,0<% <1, x ! N la,b] , N,n ! N with
n'$8 > 2 Then
1
) TN 1 $19 - 1 é g :
0A, (f,x)&f (x)0, $ ") " f’n7 +28&y (%, Ofov# =:)1(n),
=1
(3.1)
and
2)
gOA,,L (f)&fog# $)1(n). 3.2
We notice that Ijgn A, () Bl , pointwise and uniformly.
n # $
Above' ;| is with respect top=" and the speed of convergence imax %&N (%,n .
Proof. As similar to [12] is omitted. Use of (2.37). O
We make

% &
Remark 3.2 ([11, pp. 263D266]) Let RN,Oég , N I N; where0aQ is the L ,-norm, 1$ p $'

RY is a Banach space, and RY “ denotes thej -fold product spaceRY 2 444 2RY endowed with

the max-norm OXO g )i := {pzig(j 0xx0,, wherex = (X1,...,x;) ! RN
% & Yoy &
Let X, Oéq be a general Banach space. Then the spatg := L; R¥ 7:X  of all j -multilinear
continuous mapsg : #RN T % X,j=1,...,m, is a Banach space with norm
— — _ 0g(x)0,
0g0 := OgoLl =, sup 1" Og(x)Ov =sup W. (3.3)
RN

Let M be a non-empty convex and compact subset Bf and x, ! M is bxed.

Let O be an open subset oR™ : M . O. l,%f :$O %<§< be a continuous function, whose FrZchet
derivatives (see [20)f ) : 0% L; = L; RY 7-X exist and are continuous for1$ j $ m,

m! N.
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, # %
Call (x & Xo)” = (X & Xp,...,Xx&Xg)! RY 7 x! M.
We will work with f |,,.
Then, by TaylorOs formula [13], [20, p. 124] , we get

g G) (x0) (x & X())j

f(x)= i

+ R (X,Xo), allx! M,
j=0

where the remainder is the Riemann integral

1 (1 & u)m$ 1%

R (X X0) = e 1y

here we setf @ (xo) (x & X0)” = f (Xo).

We consider % & 3 g
wi="7 fMh = sup 3 (x)&f ™ (y)3,
z,y, M
xSyt h
h> 0.
We obtain

3t ]
f ) (xg + U (X & Xg)) & f ™) (xo) (Xx&x0)™3 $

gf (™) (xo + U (X & Xg)) & f (™) (xo)g A& & x00)" $ wOx & X0’

h
by [1, Lemma 7.1.1, p. 208], wherea- is the ceiling.
Therefore for all x ! M (see [1, pp. 121-122]):
Co < 0
L' u0x & X0, (1& u)™®* %
77 p —
OR., (X, X0)0, $ WOX & X0, H m& D) du=w! ., Ox&X00,
by a change of variable, where
. / 1
1EsT (et 10"
o () = —— > __ds= —0 t|&jh)"2 , (t! R,
n {0) o h (m&1) ds m! j:()(l & ih) (

is a (polynomial) spline function, see [1, p. 210-211].

Also from there we get

+ 1
|t|m+1 .\ |t|m . h |t|m$ 1

'8 St ami T Bme)

(t! R,

&
£ (xo+ u(X & X)) & f ™ (x0) (X & X0)™ du,

; qu&xoop<

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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with equality true only att =0.

Therefore it holds

+ 1
Ox & Xo0I' ™" Ox & X0  hOx & x00,"®"

+ + I M. :
OR., (X,X0)0, $ w m+Dih o Bm& 1) , (x!'M (3.12)
We have found that
" E D) (o) (X & X0)’ % & 0k & x0T Ox & x0"  hOK&xo0" !
f(x)& Xo)(X&X0)" 3 ¢ Tom % . o0 . 00,
=0 j! (m+21)'h 2m! 8(m & 1)!
Y
<, (3.12)
( X,Xo! M.

# $
Here0<' ; f(™ h <' | by M being compact andf (™ being continuous onM .
One can rewrite (3.12) as follows:
; 0 + 1 $1°
‘ ag ™ £ (x0) (4 &Xo)’ g /(]1 ) h& 048&x0)'" " 0a&x¢0)"  h0&&xo0)"
m + +
@ o j! ! ’ (m+1)'h 2m! gma& 1
(3.13)

(xo! M, a pointwise functional inequality on M .

i , L # S - , , #% .
Here (4 &xg)’ mapsM into R and it is continuous, alsof (/) (xo) maps R into X and it
is continuous. Hence their compositionf () (x,) (& &x)’ is continuous from M into X .

Clearly f (3 & m o [ En)Esm) C(M,X),hencegf 38’ ;”_Owg I C(M).
Y
@

?
Let By . be a sequence of positive linear operators mapping (M) into C(M).

Therefore we obtain

I 11
Im § () : J
08,03 (g A& 255 )5
=0 I* S
A% % && % % && % % && C
%, &B By 0a&xo0"  (xo) By 04&x00)' (xo) h By 0&48&x,00* (xo)
! ’ (m+1)'h 2m! 8(m & 1)! ’

(3.14)
(NI N, (X! M.

td
Clearly (3.14) is valid when M = [a;,b] and B, = B, see (2.29).
=1

1=
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All the above is preparation for the following theorem, where we assume FrZchet di"erentiability

of functions.

This will be a direct application of Theorem 10.2 in [11, pp. 268-270]. The operatorg\,,, A, fulbll
its assumptions, see (2.28), (2.29), (2.31), (2.32) and (2.33).

We present the following high order approximation results.

% & x

Theorem 3.3. Let O open subset of RY,04Q , p! [L," ], such that [a;b]. O 3 RY,
% & i=1

and let X, 0aQ be a general Banach space. Lem ! Nandf ! C™(O,X), the space ofm-

times continuously FrZchet diterentiable functions from O into X. We study the approximation of

-
fla : . Let X! [a;,b] andr> 0. Then
aj ,bi i=1

1)
m % % &&
(An (1)) (X0) & i An £9(x0)(a&x0)"  (x0)3 $

7=0
- %% % L& &
Cpfmr B, 0a8x0M ! (xo) %% % & &(m )
R, 0a8&x,0/""" (o)

rm!
o 1 r mr2:

+ -+ — 3.15
(m+1) 2 8 (3.15)

2) additionally if f @) (x0)=0,j =1,...,m, we have

O(An (f)) (x0) & f (x0)0, $

- %% % 8&& & 1 -
Yy femr B 0a&xo0) (ko) T 0% % 88 & o)
— R, 048&x,00" (o) (3.16)
9 .
1 mr 2

3)

1m 13% % && 3
O(A; (f)) (x0) & f (x0)0, $ i An 9 (x0)(a&X0)’  (X0)3 +
j=17" K
- %% % && &
Yy fmr B 0a&xe0) T (xo) %% % && &)
R, 048&x,00" (o) (3.17)

rm!
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4)
3 3 BT DN 3
0A,(f)&f0 3 $ =38 A, F9(x0)(4&x0)”  (X0) "
#, [ai,bi] =1 ]! Y # Lz, [ai ,bi]
i=1 i=1
g% % && gﬁ
"1 0 f (m)’ r lﬁn 04 &X00;n+1 (X()) # 2
# ,xo, lai ,bi]
+ -
rm!
% % && (:20) 9 1 r mr2:
&n s m—+1 g m+1 LI 1
0a &Xoop (Xo) 4 oo, iﬂ fas ] (m n 1) 2 8 (3 8)
We need
Lemma 3.4. The function &n Oé&xoo;" (Xg) is continuous in xg ! [a;,b] , m! N.
=1
Proof. By Lemma 10.3, [11, p. 272]. O
We make
Remark 3.5. By [11, Remark 10.4, p. 273], we get that
g% % && g g% % && g(ﬁ)
R, 0a&x0; (xo) N $3 A8, 0a&xo0"""  (xo0) #, . (3.19)
# ,xo, [ai ,bi] # »Z0, . [ai 7bi]
i=1 i=1
forall k=1,...,m.
We give
Corollary 3.6 (to Theorem 3.3, case ofm = 1). Then
1 é% % &8 g
O(A, (F)) (x0) & f (x0)0, $ 3 A, 1) (x0)(4&xX0)  (X0)
Y
1 %% % S& &gt %% % && & ° (2
o fWr B, 048&x002  (xo) R, 048&x,00 (xg) = 1+r+ 7
(3.20)
T I 3
O(A,(f)) &0, 3 4 $ A, F1(x0)(4&X0)  (Xo) #, +
# " [ai ,bi] V¥ wo,  faibi]
L orm 3% ot 2
—' &, . 04 &x,0
or ! r a XU, (Xo) - # (a1 ]
i=1
é% % && g% 9 (2
R, 048&x,0.  (xo) o 1+r+ o, >0 (3.21)

L0, [ai ,bi]
1
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We make

Remark 3.7. We estimate 0<#< 1, m,n! N:n'$a> 2)

% & ) e 3 & Xogm“ Z (nx & k)
B, 0a8x,05"" (xg)= —=) Pty -
e na) Z (nxo & k)

(2.25) T I "

p” " (1) ﬁ & Xg Z (nXO & k) (322)
i=1 E k=(na) #

+ *N y $1 E ?mb' K m+1

= n&x03  Z(xo&l

i=1 k=(na) #
0k$ 200, * + |

g ‘ mt1
+ ﬁ & X Z (nX() & k)

k=(na) #
0L$ 200, >4+
+
@23 N P $IL m+1M
$ 4 1" 7 (1) W + &1\/‘ (#, n) Ob& 8.0# ) (323)
(whereb& a=(b & a;,...,by & ay)).
r
We have proved that ( Xq ! [a;, b])
i=1
% & TN v 1L M
B, 0a8&x,0]"™ (xo) < " (1) T * & (#.n) 0b& a0 ™ = *,(n) (3.24)
=1
(0O<#< 1, mn! N:n'¥a> 2),
And, consequently it holds
% % & T y$1L M
B 048&x,0" ™ (x g < "1 — 4+ & (#,n)0b& a0 ™!
oYy ( 0) 4 20, #ﬁ‘ [ai ,bi] - ( ) na(m+1) &IV( ’ ) H
=*1N%0, asn%+' . (3.25)

So, we have that* 1 (n) % 0, asn % +' . Thus, whenp! [1," ], from Theorem 3.3 we have the
convergence to zero in the right hand sides of parts (1), (2).
% % 4
Next we estimate% B, U (x0)(a&x0) (x0)3 .
v
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We have that

. , # $;
% % g& e 6 (x0) "k e, 7 (o & K)
B, 1 (x0)(a&x0)  (x0)= ——" 45 : (3.26)
k#(na) Z (nXO & k)
Whenp=" ,j =1,...,m, we obtain
. Tk " g . g K j
f ) (x0) — & Xo $ 3f ) (x0)33= & xo3 . (3.27)
n n o
ol
We further have that g% % / , &8 3 025
R, 9 (x)(4&xo)’  (xo) <
-
/ 1
Ty R 0 T ay
".a1 O f ) (x0) o &Xg Z(nxo&k)2 $
i=1 k=(na) g
LI v $1 goud 3 | g y ; 1
. O f ) (x0)33= & Xg3 Z (nxo & k)2 = (3.28)
i=1 k=(na) n #
L ' $ 1g ' g g 3, ; 1
" (1) f () (x0)30 —&x03 Z(nxo&k)2 =
i=1 k=(na) n #
E
+ N » $1 3 . EE garb’ K j
") 39 (xo) ~&Xo3 Z(nxo&K)
i=1 E k=(na) n #
Ok$ 00, *
]
L K i E (2.23)
+ —&x3 Z(xg&Kk)_ $ (3.29)
_ n # E
k=(na)

0K$ 200, >+

Y » $1 L L M
" (1) gf ) (xo)g 5t & (#,n)0b& a0, %0, asn%'
=1
That is % % 88
glﬁn f ) (x0) (& &x)’ (xo)g %0, asn%'
Y
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Therefore whenp=", for j =1,..., m, we have proved:
g% % && g Y '$1§ | gL L ™
R, 1) (x0)(4&X0)’ (x0)3 < " (1) f @) (xo) mag t & (#,n) Ob& a0y,
v i=1
L y $1 L 1 M
$ " (1) gf (j)g —_ + & (#,n) 0b& a0},
i #  noJ
= %y (n) <, (3.30)

and converges to zero, as %'

We conclude:

In Theorem 3.3, the right hand sides of (3.26) and (3.18) converge to zero as % ' , for any
p! [L" ]
Also in Corollary 3.6, the right hand sides of (3.20) and (3.21) converge to zero as % ' , for any
p! 1" 1.

Conclusion 3.8. We have proved that the left hand sides 0{3.15), (3.16), (3.17), (3.18) and
(3.20), (3.21) converge to zero amn % ' , for p! [1,' ]. ConsequentlyA,, % | (unit operator)
pointwise and uniformly, asn % ' , wherep! [1,' ]. In the presence of initial conditions we
achieve a higher speed of convergence, s€&16). Higher speed of convergence happens also to the
left hand side of (3.15).

We give
# % w
Corollary 3.9 (to Theorem 3.3). Let O open subset of R™,04Q , suchthat [a;,b]. O3 RY,
=1

% &
and let X, 0aQ be a general Banach space. Lem ! N andf ! C™(O,X), the space ofm-

1=

times continuously FrZchet diterentiable functions from O into X. We study the approximation of

Il
fla ol Let xq ! [a;,b;] andr > 0. Here *;(n) as in (3.24) and * »; (n) as in (3.30),
ai ,bi i=1
wheren! N:n'$e> 2 0<#< 1,j=1,...,m. Then
1)
m 4% % &&
A (EN(x)& =5 A, F9(x0)(a8&X0)  (x0)3 $
j=0l” .
% L & 9 _
ty FO (o (n) T m 2
(* 1 (n))(m) 1 + £ + g , (331)

rm! (m+1) 2 8
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2) additionally, if f ) (xo)=0,j =1,...,m, we have
% &

O ()T ° 2
* (75) r,omr
O(A~ (f)) (X0) & f (%0)0,, $ p— * 1 (n)) A
(3.32)
3)
%( ) &
e, ty B (o (n)) P
% (M, ! ! « (ny(a50)
§0An(f)&f0,§# iu [(li-,bi]$ . i + — * 1 (n))
ég L +r+—mr2:—'* nN)%o0, asn%' 3.33
m+1) 2 g 3(n) % 0, o' . (3.33)

We continue with

# $ ) .
Theorem 3.10. Letf ! Cg RV, X ,0<% <1 x! RY, N,n! Nwithn'®5 > 2 ' is for
p="' . Then

1) -
0B, (f,x)&f (x)0,$ "1 f, 5 +2&y (%, 30f 0, , )2(n), (3.34)
2)
gOBn(f)&fovg# $)2(n). (3.35)
_ # # $ # $$ L .
Giventhatf !' Cy RM,X 4Cp RM,X ', we obtain |.!Q"' B, (f) = f, uniformly. The
speed of convergence above max %&v (%,n .
Proof. As similar to [12] is omitted. O
We give

# $ _ .
Theorem 3.11. Letf ! Cp RV, X ,0<% <1, x! RY, N,n! Nwith n'®2 > 2 ', is for
p="' . Then

1) i '
0C, (f,x)&f (x)0, $ "1 f, %+ niﬁ +2&N(%,r)§0f ovg# =1 )3(n), (3.36)
2)
éocn (f)&fovg# $)s5(n). (3.37)

# # $ # $$
Given thatf ! Cy RN, X 4Cp RM,X , we obtain Ij#rtn C, (f)= f, uniformly.

Proof. As similar to [12] is omitted. O
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We also present

# $ ) .
Theorem 3.12. Letf ! Cp RV, X ,0<% <1, x! RY,N,n! Nwith n'®8 > 2 ', is for
p="' . Then

1) R
, 11 3 g B

0D, (f.x)&F ()0, $ "1 f, —+ = +28& (%,)30(0.3 =) 4(n), (3.38)

2)
SODn (f)&f O,ng# $)4(n). (3.39)
# # $ # $$
Giventhatf ! Cy RM,X 4Cg RN, X 7, we obtain’Ij#rtn D, (f) = f, uniformly.

Proof. As similar to [12] is omitted. O
We make

# % % &
Debnition 3.13. Letf ! Cg RV, X , N ! N, where X, Oéq is a Banach space. We debne

the general neural network operator

E ) #,$

E B, (f,x), if Luy(f)=1 =,
k1

Cn(f,x), if Ly (f)=n " f (t)dt, (3.40)
Dn(fvx)v if I’rLk(f): &nk(f)

1#
Fo(f,x)= L (f)Z (X &K) =

ks E

Clearly I, (f ) is an X -valued bounded linear functional such thatOl,,, (f )07 $ SOf 073#
HenceF,, (f ) is a bounded linear operator with %OFn (f )073# $ 301‘ Oj# .
We need

# $ # $
Theorem 3.14. Letf ! Cg RY,X ,N) 1 ThenF,(f)! Cg RV, X

Proof. Very lengthy and as similar to [12] is omitted. O

Remark 3.15. By (2.28) it is obvious that EOAn (f)Oé# $ 301‘ 073# < ' ,and A, (f) !

Al , l
c [a;, ], X , given thatf ! C [a;, ], X
=1

1= =1

Call L,, any of the operatorsA,,,B,,C,,D,.

Clearly then
§§Li(f)§§ = gOLn(Ln(f ))ng $ gOLn(f)Owg $ %Of ng , (3.41)
# # # #

etc.
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Therefore we get
ggLﬁ(f)g g $ 301‘03 , (k! N, (3.42)
Y # Ty
the contraction property.
Also we see that
%gLZ(f)é g $ %ELZ“(f)% 3 $ééééOLn(f)0 3 $ 301‘0 3 . (3.43)
T # T # LA 7w
Here L* are bounded linear operators.
Notation 3.16. Here N ! N, 0<% < 1. Denote by
E .
B 7. o kL -
1 (l) ’ If Ln - Any
Cny = ﬁ i=1 (344)
1, ifL,=B,Cy,Dy,
E
*(n):= O L= An B (3.45)
S H L+l ifL, = C.D,, '
E - .
Ec ™ -
C [aivbi]lx ’ if Ln = An:
= 1 (3.46)
B . #.,.% .
CB RN’X 1 If Ln: B’nycnanv
and E -
& " b, if L= A,
Y = i=1 (3.47)
R RY, it L, =B,.C.D,.
We give the condensed
Theorem 3.17. Letf ! ", 0<% <1, x! Y;n, N! Nwith n®8> 2 Then
° ol ©
0L, (f,x) & ()0, $ cy ' 1 (f,* (N)+28& (%030 0.3 = +(n), (3.48)
where' | is for p=" ,
(i)
§OL" (f)&f 073# $+(N)%0,asn %’ (3.49)

For f uniformly continuous and in " we obtain
Jm L=t

pointwise and uniformly.
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Proof. By Theorems 3.1, 3.10, 3.11, 3.12. O

Next we do iterated neural network approximation (see also [9]).

We make

Remark 3.18. Letr! N andL,, as above. We observe that
# $ # $
Lof &f = Lof & LB + L3I & LIS+

# $ # $
L7®2f & LT83F "+ 444 L2f & L,f +(L,f &f).

. gm_;f &fowg# $ ggL nf & L’$1f§ g %LT‘W & L’$2f§ g
ggLff?f &L;“fgvg# + 444 3§L 2f &L, f§ 3 §OL f&fo, 3
géLffl(Lnf &f)ﬁvg# + gELQM(Lnf &f)gvg# + ggL;“(Lnf &f)gwg#
+ %OLn(Lnf &f)oﬁ# + gom &foﬁ# $ rSOL"f &foé# . (3.50)
e §0L;;f &fovg# $ rgom &fovg# . (3.51)
We give

Theorem 3.19. All here as in Theorem 3.17 andr ! N, +(n) as in (3.48). Then
SOL?,”Lf &fovg# $ r+(n). (3.52)

So that the speed of convergence to the unit operator &f’ is not worse than ofL,,.

Proof. By (3.51) and (3.49). O
We make
Remark 3.20. Let my,....m, ! N:m; $ my $ 444 $m,, 0<% < 1, f ! ". Then

*(my)) *(my))adaa)* (m,), * asin (3.45).

Therefore
1(£,% (my))) "o (f,r (my)))aaa) ' ((f,* (m,)). (3.53)

Assume further thatm!®*# > 2 i=1,...,r. Then

& (%, m)) & (%, m))aaa) & (%.m). (3.54)
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Let L,, as above,i=1,...,r, all of the same kind.

We write
# $
Lﬂ’l,r Lmry 1 ("'Lﬂ’l,z (Lﬂ’l,lf)) &f =

# $ # $
Lmr Lmr! 1("'Lm2 (Lmlf)) &Lmr Lnlr! 1("'Lm2f) +
Lm

# $ # $
L, Lo, GoiLsf) &Ly, Ly, (- Ly, f) + 484 (3.55)

# $ # $
Loy GooLpof) &Ly, Lo,y (o Lpaf) +

r

# $
Lo, Loy, of &Ly £+ Lo f &F =

r

# $ # $
Lo, Loy Goilpy) (Lo f &F)+ Lo, Loy, (CoiLing) (Lo, T &)+

# $ . # $
Lo Loy GooLng) (Longf &F)+ A8& Ly, Ly, f &F + Ly, f &F.

r

Hence by the triangle inequality property ongéqg# we get

gng, #Lm” (Lo, (Lmlf))$&f§§# $ 33% #Lm” . (...Lm2)$(Lm1f &f)§W ’
+ gng, #Lm,! . (...Lm3)$(Lmzf &f)gwg#
+ gng, #Lm,! , (...Lm4)$(Lm3f &f)gwg

#
#
+ daé géLmr Lo, ,f &f$§§# + gOLm,f &fog#
(repeatedly applying (3.41))

$ §0Lm1f &fovg# + §0Lm2f &fovg# + gOme &fowg#

!r
+ aa# géLmr, . &f§ 3 + SOLmrf &fO0 é = SOLmif &fO0 3 . (3.56)
: T # Ty i Ty

That is, we proved

£ ITEE P 3

Lo, Loy Gl (L)) &F $ oL,,f &f0 . (3.57)
. T o# =1 T

We give

Theorem 3.21. Letf ! "; N, my,mg,....m. ! N:m; $ my $ 444 $m,, 0 < % < 1;

m*f>20=1,...,r,x! Y,and let (Lp,...,Lm ) @S (Amyr---2Am,) OF (Byyr-..,Bom, ) OF

Cmyy---s Cn)or(Dy,,..., D, ), p=" .Then

£§Lmr #Lm” L (oL, (Lo, T ))$(x) & f (X)gv $ §§Lm, #Lm” L (oL, (Lo, T ))$& f gvg#
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" I 5o O Jorod "
$ OL,f&f03 $ov  '1(f* (M) +2& (% m)30r03

i=1 zt)l 3 3 P
$rey i(f* (M) +28& (% m)30f03 (3.58)

Clearly, we notice that the speed of convergence to the unit operator of the multiply iterated operator

is not worse than the speed of ,,, .
Proof. Using (3.57), (3.53), (3.54) and (3.48), (3.49). O

We continue with
Theorem 3.22. Let all as in Corollary 3.9, and r ! N. Here * 3(n) is as in (3.33). Then
30A2f &fowg# $ r§0Anf &fovg# $r*3(n). (3.59)

Proof. By (3.51) and (3.33). O

Next we present somel,,, p; ) 1, approximation related results.

« .

Theorem 3.23. Letp;) 1, f! C [a;,b],X ,0<% <1, N,n! Nwith n'®# > 2 and
=1

)i1(n) asin (3.1), 'y isfor p=" . Then

+ 1

*N Tobr
gOAn (f)&f ng P o] $)1(n) (b & &) . (3.60)

Pl-,i:1 ai ;0i i=1
We notice that lim gOAn (f)&fO g » =0.
n'# T pr, Jai i)
i=1

Proof. Obvious, by integrating (3.1), etc. O

It follows

# $ _ :
Theorem 3.24. Letp;) 1L, f! Cg RY,X ,0<%<1;N,n! Nwithn'®8> 2 and"  is for
p="7;)2(n) asin (3.34) and K a compact subset oR"™. Then

gosn(f)&fojpl L $) MK (3.61)

where|K| < ' , is the Lebesgue measure df .
. _ S 3 # # S # 3%
We notice that |.!Ln 0B, (f)&f0, =0,forf! Cy RN,X 4Cp RV, X .

p1,K

Proof. By integrating (3.34), etc. O
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Next come
Theorem 3.25. All as in Theorem 3.24, but now we use 3 (n) of (3.36). Then
gocn (F)&f 073 $)5(n)|K|Pr. (3.62)
p1,K
# # $ # $$
We have that Ijgn gOCn(f)&fowg N =0,forf! Cy RV,X 4Cp RV, X .
n P1,
Proof. By (3.36). O
Theorem 3.26. All as in Theorem 3.24, but now we usé 4 (n) of (3.38). Then
gom (f)&foﬁ $)a(n)[K [t . (3.63)
p1,K
# # $ # $$
We have that Ijgn 30Dn(f)&f07§ K:O, forf! Cy RN,X 4Cp RN, X .
n p1,
Proof. By (3.38). O

% &

Application 3.27. A typical application of all of our results is when X, 0aQ = (C,|a), where

C are the complex numbers.
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1 An integral operator

The solution to Problem 12340 in [1, p. 686] tells us that forg: [0,1]! R continuous,
! 1 " #

im 9(x) [
M xra o X529 2 (1)

We shall prove the following additional properties:

Proposition 1.1. Letf # L% _(R) and for t> 0 and x # [0, 1], let

loc

11 4t
kI(X) - r Ext_i_(l " X)t
Then
$
0 im ko Yo ifxs1/2
) lim ke(x) =
t Mo if x = 1/2.
! 1
(i) fim k() dx=1.
: 0
| " #

(iii) t',,i.m ki(x)f s" %+ X dx = f(s) for each continuity point s of f.
: 0

I ! #

(iv) tIl‘ilm Ky y" s+ % f (y) dy = f (s) for each continuity point s of f , whereK coincides
! o
with k; extended outsid€0, 1] by 0.

Thus we may callk(t,x) := k¢(x) a shifted asymptotic reproducing kerneffor L1[0, 1] or C[0, 1] for
example (see also at the end of this note).

Proof. (i) is evident

(i) We show, more generally, that for any continuous functiong on [0, 1] we have
! 1

tl.-i-m ki (x)g(x) dx = g(1/ 2). 1.2)
: 0

Note that (1.1) is just the discrete version of (1.2) by takingt = n 1. So, to prove (1.2), we
split the integral into two parts and use two dilerent changes of variables. Lett & 1. Then

1This was submitted by myself and Rudolf Rupp as solution to the Monthly problem above.
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(iii)

1

1/ 2 !
e = L L +i de
2 o (‘t"'(l)'; ), 2 1/2(“’(1)'; X)L
X:Z%#ZST x:;%+%
! " !
T € A A VAN S Al L

—ds+ — =
2t|0(%" 2ST)t+(%+ZST)t 2t ot o(%+%)t+(%.. %)tzt
1 '9G3" )+ 9+ )
20 @ A

ds.

Note that t ! (1+ %)t is increasing; so the integrand is dominated fors & 1 by

sy (ol 4572
Hence, ast ! %
I
tI!.i‘m Iy = ;29(1/'2).O ﬁds
= gamfo 1;Zﬂ2m
= g1/ 2)'.arctan(/as_:)
= w2 5t g

|
= 202

If we take g) 1, we bnally obtain (ii):
|
Tl
kt(X)dX = ?l[ 1.
0 .

Let f # L'[0, 1] and suppose thatl/ 2 is a continuity point of f. Given "> 0, choose# > 0 so
that |f (x)" f(1/2)| <" for |x" /2| <#. ForO( x( landt& 1, let h(x):= xt+(1" x).
Then h is a convex function with minimum at x = 1/2. Hence, whenever0 < # < 1/ 2, the
condition [x" 1/2| & #with 0( x ( 1implies that

P+ )& @2+#H +@/2" B

Thus, as#$ 0,

t 1 t
ot = ! t1%
2t xt+ (1" x)t ( 1+2#H+(@1 " 28t m! 0 as 0
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1 ! 1

Consequentlyg ke ()f (x) dx " ki (X)f (1/ 2) de
0 0

! 1 2
( g Ixt 1/ 2] * ke ()If (x) " f(1/2)] dxg

A Ix# 1/ 2|8 ! !

’ 3 4
( 4m [f )|+ |f(1/2)] dx + " k¢ (X)dx
b e it 1/ 2[5 1

|
4m; 3 4 1
(= I+ @2 +"  ke(x)dx
. 0

(2" fort & to.

As tl.-i-m ke(X)f = dx=f % by (ii), we deduce that
: 0

- "
im  k()f(x)dx=f =
o 2

If f # L. (R) satispes the assumptions above, we pi(x) := f (s" 3+x). ThenF # L[0,1]
and 1/ 2 is a continuity point of F. Hence

! 1
fim - k(OFX)dx= F2) = 1(9).

(iv) is obtained from (iii) by a linear change of the variable. O

We may ask what happens ifs is a jump point. Do we have a similar behaviour as in the Dirichlet-
Jordan Theorem for Fourier series?

It is interesting to discuss the relations that exist between our shifted asymptotic reproducing
kernel ki(x) = k(t,x) and the so-called Osummability kernels" in [2, p. 9], respectively Ogood
kernels" in [3, p. 48], the most prominent examples being the FejZr kernel and the Poisson kernel
for LY(T) concerning 2! -periodic functions. In fact, using suitable transformations, in particular
the new variabley = 2! (x" %), equivalently x = %+ 3, we get the following relations (we restrict
w.l.0.g. to the discrete case): letl, := 01 kn (x)dx and

" #

Ko = 15 8ke 5+ o, "1 (y<l,

NI =

and extend this function 2! -periodically. Then K is continuous onR as

Ko(" 1) = Jim Kaly) = kn(0) = kn(1) = lim, Kaly) = K3U).
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Observe that for |y| <!,
4n! n# 1

(t+y)n ()

Kiy)= 1714

Moreover, K & 0, o

X KAy)dy=1,
2,

and, by the proof of (iii) and (i),
!

KXAy)dy! 0 asn!%
18]yl "

for every # > 0, # small. Hence, according to [3, p. 48],(K/9 is a family of good kernels.

Consequently, by [3, Theorem 4.1, p. 49],

(F K00 = o 1O YKyt 100

for every continuity point x of f # Lo (R), f 2! -periodic.

Readers having a good command of the Chinese language (unfortunately | donOt), may also consult

the classroom survey [4] for studies on summability/good kernels.
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1 Introduction

Along this paper space means a simply connected CW-complex of bnite type, i.e., dim H"(X; Q)
< | forall n. AspaceX is called rationally elliptic if both the graded vector spacesH' (X ; Q) and
I, (X)" Q are bnite dimensional. Furthermore, ifH°%(X:;Q) =0, then X is called anFy-space.
For instance, products of even spheres, complex Grassmannian manifolds and homogeneous spaces

G/H such that rank G = rank H are Fg-spaces.

Given a rationally elliptic space X . For any positive integer n, let X ["l denote the n-Postnikov
section of X and X " its n-skeleton. The aim of this paper is to characterize arF-g-space in terms of
the homotopy groups of its skeletons and the rational cohomology of its Postnikov sections. More
precisely, let:

Fn(X)=ker(! (XM " Q# 1, (X" X" H" Q), n%2

By exploiting the properties of the Whitehead exact sequences associated respectively with the
Sullivan model and the Quillen model of X , we prove the following result

Theorem 1.1. Let X be a rationally elliptic space. If!qen(X)" Q & O, then the following
statements are equivalent.

(1) X is an Fp-space.
(2) 'on(X)=0 forall n %1.

(3) H2*1 (X" ;. Q) =0 for all n % 1.

Note that if X is a (non-trivial) rationally elliptic space such that !ewen (X) " Q = 0, then X
cannot be anFg-space as it is mentioned in Remark 3.3.

We show our results using standard tools of rational homotopy theory by working algebraically
on the models of Quillen and Sullivan ofX. We refer to [8] for a general introduction to these
techniques. We recall some of the notation here. By a Sullivan algebra we mean a free graded
commutative algebra" V, for some Pnite-type graded vector spac¥ = (V#?), i.e., dm V" < !

for all n % 2, together with a dilerential of degree +1 that is decomposable;j.e., satispes
"1V $ "#2v. Here"#2V denotes the graded vector space spanned by all the monomials

viaaw such thatvy,...,v, " V andr %2.

Every spaceX has a corresponding Sullivan algebra called the Sullivan model oX, unique up
to isomorphism, that encodes the rational homotopy ofX . In particular, we have the following
identibcations valid for every n % 2,

H'(X;Q) E H"(" V), V"E Hom(1,(X)" Q,Q). (1.1)
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Dually, by a free dilerential graded Lie algebra (L(W),#) (DGL for short), we mean a free graded

Lie algebra L(W), for some Pnite-type vector spaceN = (W), together with a decomposable
dilerential # of degree#1, i.e., #{W) $ L#2(W). Here L¥ 2(W) denotes the graded vector space
spanned by all the brackets of lengths% 2.

Every spaceX has a corresponding DGL, called the Quillen model oK , unique up to isomorphism,
and which determines completely the rational homotopy type of X . In particular, we have the

following identibcations valid for every n % 2,

La(X)" QE Hnv 1(L(W)), Ha(X;Q) & Wy 1. (1.2)

2 Whitehead exact sequences in rational homotopy theory

2.1 Whitehead exact sequence of a DGL

Let (L(W),#) be a DGL. For any positive integer n, we debne the linear maps
jn Hn(L(W$n))$ Wn, h1 :Wn$ Hn" 1(L(W$n" l)).
by setting
in(fw+yD) = w, by(w)=[#w)], (2.1)

were [#(w)] denotes the homology class of{w) in the sub-Lie algebralL - 1(Wgn~ 1). Recall that
if x' Hy(L(Wgn)), then x =[w+ y], wherew' Wg,y"' Ly(Wg,-1) and#w+ y)=0.

To every DGL (L(W),#), we can assign (see [2,6, 7] for more details) the following long exact
sequence
AAAWn B 1.8 Ha(Lw) & w, Baaa 2.2)

called the Whitehead exact sequence ofL (W), #), where
Pn=ker(jn :Ha(L(Wsn)) $ Wn), )n. (2.3)

Remark 2.1. If (L(W),#) is the Quillen model of a spaceX , then by the properties of this model,
the DGL (L(Ws,),#) can be chosen as the Quillen model of th@ + 1) -skeletonX "*1 | Thus, we
derive the following identibcation

lan X)E 1L, )n%1l (2.4)

where
Ppsr (X) =ker(1psg (X™1) " Q# 1o (XXM " Q). (2.5)
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2.2 Whitehead exact sequence of a Sullivan algebra

Likewise, let (" V,") be a Sullivan algebra. In [1,4,5], it is shown that with (" V,"), we can
associate the following long exact sequence

aaaV" H HM™LC VI s HYL vy vl B aaa (2.6)
called the Whitehead exact sequence df* V,"). Recall that the linear map b is debned by setting

B (v) =[" (v)]. Here[" (v)] denotes the cohomology class df(v) ' " Vv$n" 1,

Remark 2.2. If (" V,") is the Sullivan minimal of a given spaceX , then by virtue of the properties
of this model, (" V¥"" 1,") can be chosen as the Sullivan model of th@ # 1)-Postnikov section
X[ 1 Thus, we derive the following identibcation

HO L (x0" 30:Q) € HP*L (" vEN" 1y ) op2, 2.7

Proposition 2.3. If (" V,") is the Sullivan model of a spaceX and (L(W),#) its Quillen model,
then we have
ln= H™2("VEM), )n%2 (2.8)

where! , is debned in(2.3).

Proof. Applying the exact functor Hom(g Q) to the exact sequence (2.2) we obtain
dd4*Hom(Wy+1,Q) * Hom(! n,Q) * Hom(H,(L(W)),Q)* Hom(W,,Q) bsaa (2.9)
Taking into account that by virtues of the Quillen and Sullivan models we have

¥ Any vector space involved in this paper is of Pnite dimension which implies that it has the

same dimension as its dual.
¥ Hom(W,,Q) € H"1 (" v) € H"*1 (X Q) for all n % 1.
¥ Hom(Hn(L(W)); Q) € v £ 1, (X)" Qforall n%1.

¥ The two maps H"1 (" V) $ V"' and Hom(W,,Q) $ Hom(H,(L(W)),Q) appearing in
(2.6) and (2.9) are the same linear map because they can be identibed with the following
linear map

Hom(Hn+ (X;Q):Q) € H™(X:Q)$ Hom(! n+1 (X)" Q;Q),

which is the dual of the Hurewicz homomorphism! 41 (X)" Q$ Hp+1 (X;Q). Here we use

the well-known universal coe"cient theorem.
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Finally, by comparing the sequences (2.6), (2.9) we get (2.8). O

Corollary 2.4. If X is a given space, then
st (X) € HM2 (X [M:Q), as vector spaces, )n % 1. (2.10)

Proof. It su“ces to apply the identibcations (2.4), (2.7) and Proposition 2.3 to the Sullivan model
and the Quillen model of the spaceX . O

3 The main result

As it is stated in the introduction, a space X is called rationally elliptic if both the graded vector
spacesH' (X;Q) and !, (X)" Q are bnite dimensional.

Proposition 3.1 ([8, Proposition 32.10]). If X is a rationally elliptic space and (" V,") its Sul-
livan model, then dim H®e"(" V) % dim H°% (" V). Furthermore, the following statements are

equivalent

(1) X is an Fp-space.

(2) dimVveven =dim V°d and (" V,") is pure, i.e., " (V") =0 and " (V°dd) + " yeven

Using the identibcation (1.1) and (1.2), we can translate the above Proposition in terms of the

Model of the Quillen. Thus, we have the following result.

Proposition 3.2.  If (L(W),#) is the Quillen model of a rationally elliptic spaceX , then dim Wygq %
dim Weyen. Moreover, the following statements are equivalent

(1) X is an Fp-space.
(2) Weven = 0.
(3) Heven(L(W)) = Heven(L(W)).
Subsequently, we need the following obvious remark.

Remark 3.3. Let (L(W),#) be the Quillen model of a rationally elliptic spaceX .

(1) If Wogg = 0, then X s rationally trivial. Indeed, Since X is a rationally elliptic space,
using Proposition 3.1, it follows that dim Wgyqq % dim Wewen. Hence, if Woqg = 0, then
W = Wogg , Weven =0 implying that X is rationally trivial.
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(2) If X is a (non-trivial) rationally elliptic space such that ! ¢en(X) " Q =0, then X cannot

be anFq-space. Indeed, if so, then we must have
dim even(X) " Q=dim !4gq(X)" Q.

Therefore, dim !/ (X)" Q =dim !gpen(X)" Q+dim !5q(X)" Q=0. As a result, X is

rationally trivial.

Proposition 3.4. Let (L(W),# be the Quillen model of a rationally elliptic space such that
Hodd(L(W)) &O. |f ! odd = 0, then Weven = 0.

Proof. Assume by contradiction that Weyen &0 and let wy ' Weyen Such that
|wo| = max{|w|, W' Weyen}. (3.1)

Let us consider the Whitehead exact sequence (2.2) dL.(W),#). Since! oq¢ = 0, it follows that
Bw,|(Wo) = 0 and from the relation (2.1) there exists a decomposable element inp ' L(W) such
that #(wp + ) = 0.

Next, as Hogq (L(W)) & O, there exists a non-trivial homology class{w + y} ' Homn+1 (L(W)),
wherew ' Wyny41 andy is a decomposable element it om+1 (W), for a certain m ' N.

Therefore, the bracket[wy + ¢, w + y] is a decomposable cycle of degrdey| + 2m # 1 providing

a homology class in the vector space

!|w0|+2m+1 - H|w0|+2 m+1 (L(W$| Wo|+2 m+1 ))

It is worth noting that as |wp| is even, then|wg| + 2m + 1 is odd and by taking into account
the relation (3.1), the cycle [wp + o, W + y] cannot be a boundary in! y,+2m+1 implying that
I oaq & 0. Contradiction. O

Corollary 3.5. Let X be a rationally elliptic space such thatl ¢yen(X)" Q&0 and let!,(X) as
in (2.5). If ! even(X) =0, then X is an Fg-space.

Proof. Working algebraically, let (L(W),#) be the Quillen model of X. Since! ¢en(X) =0, the
identibpcations (2.4) implies that ! .gq¢ = 0. Next, by applying Proposition 3.4, it follows that
Weven = 0 and by the identibcations (1.2), we deduce thatH®*¢"(X;Q) = 0. Hence, X is an

Fo-space. O

Corollary 3.5 implies the following result which gives a characterization of anFg-spaceX in terms

of the homotopy groups of its skeletons.
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Corollary 3.6. Let X be a rationally elliptic space such thatl gyen(X)" Q &0. If

Lon(X?M)" Q=0, )n%1, 3.2
then X is an Fg-space.

Proof. First, according to (2.5), we know that ! 5, (X) - !5,(X?")" Q for all n % 1. Therefore,
the relation (3.2) implies that ! ¢yen(X) = 0. Then, it su"ces to apply Corollary 3.5. O

The next result gives characterization of anFg-spaceX in terms of the rational cohomology of its
Postnikov sections.

Corollary 3.7. Let X be a rationally elliptic space such thatl ¢en(X)" Q &0. If
H2n+l(x[2n" l];Q):O, )n%]_,
then X is an Fq-space.

Proof. First, by Corollary 2.4, if H2"*1 (X [2"" 1:Q) = 0 for all n, then ! gyen(X) = 0. Next, it
su"ces to apply Corollary 3.6. O

Proposition 3.8. If X is an Fp-space, then! ,n(X)=0, )n%1

Proof. Let (" V,") be the Sullivan model ofX . By (2.6), the Whitehead exact sequence of" V,")

can be written as
a4a $V2n ﬁin H2n+1 (n V$ 2n*" 1) # H2n+1 (u V) # V2n+1 %ﬂé‘éé

As X is anFg-space, then by Proposition 3.1, the Sullivan mode(" V,") of X satisbesH %% (" V) =
0 and " (Vee") =0, it follows that the maps bF**" = 0. Consequently, H?"*1 (" v$2" 1) = 0 for

every n % 1. Hence, the result follows from the formula (2.10). O

Proof of Theorem 1.1. It follows from Corollaries 3.5, 3.7 and Proposition 3.8 after taking Remark
3.3 into account. O
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1 Introduction

In all that follows, R always denotes an associative ring with centeZ (R) and C is the extended
centroid of R (we refer the reader to [3] for more information about these objects). As usual, the
symbols|[s, t] and s! t denote the commutator st” ts and the anticommutator st + ts, respectively.
Recall that aring R is prime if xRy = {0} impliesx =0 ory =0, and R is semiprime ifxRx = {0}

implies x = 0.

Amap D :R#R s called a multiplicative derivation if D(xy) = D(x)y + xD(y) for all x,y $ R,
if D is also additive, we say thatD is a derivation of R.

The study of commutativity preserving mappings has been an active research area in matrix
theory, operator theory, and ring theory (see [8, 19] for references). According to [5], leB be a
subset of R. Amap ! : R# R s said to be strongly commutativity preserving (SCP) on S
if ' (xX),!(y)]=[xy]forall x,y $S. In[4], Bell and Daif investigated commutativity in rings
admitting a derivation which is SCP on a nonzero right ideal. In particular, they proved that if a
semiprime ring R admits a derivation D satisfying [D(x),D(y)] =[x, y] for all x,y in a right ideal

| of R, then| % Z(R) (see [9] for more information). In particular, R is commutative if | = R.
Later, Deng and Ashraf [10] proved that if there exists a derivationD of a semiprime ringR and
amap! :1 #R debned on a non-zero idedl of R such that [! (x),D(y)]=[x,y] forall x,y $ I,
then R contains a non-zero central ideal. In particular, they showed thatR is commutative if

| = R. Recently, this result was extended to Lie ideals and symmetric elements of prime rings by
Lin and Liu in [12] and [13]. There is also a growing literature on strong commutativity preserving
(SCP) maps and derivations (for references see [4, 8, 16], etc.) In [1], Akt al. showed that
if R is a semiprime ring andf is an endomorphism that is a strong commutativity preserving
(simple, SCP) map on a non-zero idealU of R, then f commutes onU. In [18], Samman proved
that an epimorphism of a semiprime ring is strongly commutativity preserving if and only if it
is centralizing. Derivations and SCP mappings have been extensively studied in the context of
operator algebras, prime rings, and semiprime rings. Many related generalizations of these results
can be found in the literature (see for example [8,11,14,15,17]).

In this paper, we discuss the notion of a derivation that satispes one of the following conditions:
(i) [D(X), D]+ H([x,y]) $ P, forall x,y $R,

(iil) DX)!ID(Y)+ H(x!'y)$ P, forall X,y $R,

(ii) DX),F(Y]+HX!'y)$ P, forall x,y $R,

(iv) D(X)!D(y)+ H(x,y) $ P, forall x,y $R,

where P is a prime ideal of R, D is a derivation, and H is a multiplier of R.
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2 Results

In this section, we discuss some well-known results in the rings theory, which will be used in the

following sections.

(i) [xyz] = yIx,z] +[x,y]z.
(i) [xy,z] =[x zly + xly, z].
(i) xytz=(x! 20y + x[y,z] = x(y! 2) " [x, z]y.
(iv) xtyz=y(x! 2)+[xy]lz=(x!y)z+y[z,x].

Lemma 2.1 ([2], Lemma 2.1). Let R be a ring, P be a prime ideal ofR, and D a derivation of
R. If [D(x),x]$ P for all x$R, then D(R) %P or R/P is commutative.

Lemma 2.2 ([6]). Let R be a prime ring. If functions F :R#R and G: R# R are such that
F (X)yG(z) = G(x)yF (z) for all x,y,z $R, and F & 0, then there exists" in the extended centroid
of R such thatG(x) = "F(x) forall x $R.

The following two Lemmas are also used to prove our theorems. The primary goal is to establish
a connection between the commutativity of ringsR/P and the behavior of their derivations.

Lemma 2.3. Let R be aring andP be a prime ideal ofR. If R admits a derivation D such that

R satisbes one of the following assertions:

(i) [x,D(y)]$ P forall x,y $R,

(iit) x!D(y)$ P forall x,y $R,

then D(R) %P or R/P is commutative.

Proof. (i) Suppose that
[x,D(y)]$ P forall x,y $R. (2.1)

Replacingy by yt in (2.1), we obtain

D(Y)[x,t1+[x, DY)t + yIx, D()] +[x,y]D(t) $ P forall xy,t$R.

Using (2.1), we get

D(Y)[x,t]+[x,y]D(t) + y[x,D(t)] $ P forall x,y,t$R. (2.2)
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For x = t in (2.2), it follows that

[t,ylD(t)+ y[t, D(t)] $ P forall y,t$R. (2.3)
Taking ry instead ofy in (2.3) and using (2.3), we conclude that
[t,rlyD(t)$ P forall rvy,t$R.

Equivalently,
[t,r]IRD(t) %P forall rt$R.

By primeness ofP, we arrive at
[t,r]$P or D(t)$P foral rt$R. (2.4)

If there exists tg $ R such that D(tg) $ P, then (2.3) implies that y[to, D(tp)] $ P for all
y $ R which implies that [to, D(to)]y[to, D(to)] $ P for all y $ R. Since P is prime, then
[to,D(to)] $ P. So, (2.4) becomeqt, D(t)] $ P for all t $ P, in this case Lemma 2.1 forces
that D(R) %P or R/P is commutative.

(i) Using the same techniques as those used in the proof @f) with minor modibcations, we can

easily arrive at our result. O

Lemma 2.4. Let R be aring andP be a prime ideal ofR. If R admits a derivation D such that

R satisbes any of the following assertions:

(i) [x,D(x)]$ P forall x$R,

(i) x!D(x)$ P foral x$R,
then D(R) % P or R/P is commutative.

Proof. (i) Assuming that
X, D(x)]$P foral x$R. (2.5)

Linearizing Eq. (2.5), we obtain
X, DY)N+[y,D(x)]$ P foral xy$R. (2.6)
Replacingy by yx in (2.6), and using it with (2.5) we obtain

yix, D(X)] +[x,y]D(x) $ P forall x,y$R. 2.7)
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Putting yz instead ofy in (2.7), where z $ R and using it again, we get

[X,y]zD(x) $ P forall x,y,z$R.
SinceP is prime ideal of R, we arrive at
X,y]$P or D(XxX)$P foral xy$R. (2.8)

Suppose thatD(R) ! P. There existsx $ R such that D(x) $ P. By (2.8), we get[x,y]$ P
for all y $ R which implies that ® $ Z(R/P ). Let z $ R such that #$ Z(R/P ). Then,
there existsyg $ R such that [z, ys] $ P. Therefore, from (2.8), we bnd thatD(z) $ P. On
the other hand, sinceD(x) $ P, we can deriveD(x + z) $ P. Using (2.8) again, the last
expression givegx + z,y] $ P for all y $ R, which forces that[z,y] $ P forally $R, a

contradiction.

(ii) Suppose that
x!D(x)$P forall x$R. (2.9)

Linearizing (2.9), we get
x!D(y)+y!'D(x)$P foral xy$R. (2.10)
Substituting yx for y in (2.10), and using it again, we bPnd that
y(x!D (X)) +[x,yID(X)+ y[x,D(x)] $ P forall x,y$R. (2.11)
Replacingy by yz in (2.11), wherez $ R and using it again, we obtain
[x,y]zD(x) $ P forall x,y,z$R. (2.12)

Continuing with the same techniques as used ir(i), and we get the required result. O

Corollary 2.5. Let R be a prime ring. If R admits a nonzero derivation D, then the following

assertions are equivalent:

(i) [x,D(x)]=0 forall x$R.
(i) R is commutative.

Corollary 2.6. Let R be a prime ring. If R admits a nonzero derivation D then the following

assertions are equivalent:

(i) x'D(x)=0 forall x$R.
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(ii) R is commutative of characteristic equal2.

Proof. By Lemma 2.4 we get thatR is commutative. In this case, our identity becomes2xD (x) = 0
for all x,y $ R. Linearizing the last equation, we Pnd2xD (y) + 2yD(x) = 0 for all x,y $ R.
Replacingy by yx, we obtain 2xD (yx) = 0 for all x,y $ R. This implies that 2xD (y)x = 0 for all
X,y $ R. Replacing yt with y and using the last expression, we geexRyRD (t)Rx = {0} for all
X,y $R. SinceD &0, we conclude that2x =0 for all x $R. O

Theorem 2.7. Let R be a ring andP a prime ideal of R. Suppose thatR admits a multiplier H
and a derivation D of R such thatD(P) % P. If [D(x),D(y)]+ H([x,y]) $ P for all x,y $ R, then
one of the following assertions holds:

(i) H(R) % P.
(i) There exists" $ C such thatD" " mapsR into P with ("?+ H)([x,y]) $ P forall x,y $R.

(iii) R/P is a commutative ring.

Proof. Suppose thatR/P is not a commutative ring and
[D(X),D(Y)]+ H(x,y]) $P forall x,y$R. (2.13)
Replacing x by xt in (2.13) and using it, we conclude that
DO D(Y)l + x[D(1), D]+ [x, D(Y)ID(M) + HX)[t,y] $ P forall x,y,t $R.  (2.14)
Substituting ux for x in (2.14), we bnd that

D(u)x[t, D(y)I+ uD(X)[t, D(y)]+ ux[D(t), D(y)]+ ulx, D(y)]D(t)+[u, D(y)IxD(t)+ uH (x)[t,y] $ P.
(2.15)
Left-multiplying (2.14) by u and comparing it with (2.15), we get

(D(W)x "™ uDX))[t, D(y)]+ uD(X)[t, D(Y)]+[u,D(y)]xD(t) $ P forall x,y,u,t $R. (2.16)

Taking t = D(y) in (2.16), we obtain [u, D(y)]RD (D(y)) %P for all u,y $R.

By primeness ofP, it follows that for each y in R either [u,D(y)] $ P forallu $R or D(D(y)) $ P.
Let A= {y$SR| [uD(y)$PforalusR} andB = {y$R|D (D(y)) $ P}. Clearly, A and
B are additive subgroups ofR such that A' B = R. The fact that a group cannot be a union of
two of its proper subgroups, forces us to conclude that eitheR = A or R = B.
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Assume that R = A. Then by Lemma 2.3(i) and our hypothesis, we getD(R) % P. In the latter

case, from our assumption we get

[u,D(yw)] = D(Y)[u,w]+[u,D(y)]lw+[u,yDwW)]$ P foral y,uw3$R.

Since[u,D(yw)] $ P and [u,D(y)] $ P for all w,u,y $ P, itis easy to notice that D(y)[u,w] $ P
for all y,u,w $ R. From this, we can easily arrive atD(y)R[u,w] % P for all u,w,y $ R. Hence,
it follows that D(R) % P. From our initial hypothesis (2.13), we get

H(x,y) $P forall x,y$R. (2.17)

In (2.17), replacing x by xt and using it again, we bnd that[x,y]H(t) $ P for all x,y,t $ R.
Replacingy by yr, wherer $ R, we get[x,y]rH (t) $ P for all x,y,r,t $ R, which implies that by
the primeness ofP that H(R) %P.

Next, we consider the caseR = B, it follows that D(D(y)) $ P for all y $ R. It implies that for
eachx,y $ R, we haveD([D(x),D(y)]) $ P. Applying d to equation (2.13) and using the condition
d(P) %P, we get

DH(x,y])) $P foral xy$R. (2.18)

Replacing x by xy in (2.18) and using it, we Pnd that

H(x,y])D(y) $ P forall x,y $R.

Replacing x by xt and using it, we PndH ([x,y])tD(y) $ P for all x,y,t $ R. Therefore, either
H(R,R]) %P or D(R) % P. If H(R,R]) % P, then as in (2.17) we haveH (R) % P. Let us
suppose thatD(R) % P, from (2.16) we have(D(u)x " uD(x))[t,D(y)] $ P for all x,y,t,u $ R,
which means that (D(u)x " uD(x)) $ P for all x,u $ R or [t,D(y)] $ P for all y,t $ R (the
second case is already discussed above). So, we assume thét)x " uD(x) $ P for all u,x $R.
Replacing u by uy, we get

D(uWylr (x) = Ir(u)yD(x) forall x,y,u$R,

where | g is the identity map of R.

Using Lemma 2.2, there exists' $ C such that D(x) = "x for all x $ R. It implies that D(x)" "x $
P for all x $ R . Hence,

{D" "}(x).{D +"}¥)]$ P.

In view of our hypothesis, we get("?+ H)([x,y]) $ P forall x,y $R. O
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In the same way, we can get the following result:

Theorem 2.8. Let R be a ring andP a prime ideal of R. If R admits a multiplier H and a
derivation D with D(P) % P, such that any one of the following assertions holds:

(@ DX)!D(y)+ H(x,y]) $ P forall x,y $R,
() DX)!ID(y)+ H(x!y)$ P forall x,y $R,

() [D(x),D(y)]+ H(x!y)$ P forall x,y $R,
then one of the following holds:

(i) H(R) %P.
(i) There exists" $ C such thatD" " mapsR into P with ("?+ H)([x,y]) $ P for all x,y $R.

(iii) R/P is a commutative ring.
Proof. (a) By our assumption
D(x)!D(y)+ H([x,y) $P forall x,y$R.
Replacing x by xt in the above expression and using it, we conclude that
DOt D(Y)] + (x!D (y))D(t) + x[D(t),D(y)] + H(X)[t,y] $ P. (2.19)
Substituting ux for x in (2.19), we bnd that

D(u)x[t, D(y)] + uD(x)[t, D(y)] + u(x 'D (y))D(t) " [u, D(y)IxD(t)
+ux[D(t),D(y)] + uH(X)[t,y]$ P forall x,y,t,u $R.

(2.20)

From the Left multiplying (2.19) by u and comparing with (2.20), we get

(D(W)x "™ uDX)[t, D(y)]+ uD(X)[t, D(Y)]" [u,D(y)]xD(t) $ P forall x,y,t,u $R. (2.21)

We process using the same approach as in Theorem 2.7, and Pnally, we arrive at our result. We
can reach the conclusions ofb) and (c) by using similar techniques as before, with the necessary
variations of (c). O

It is easy to prove that the maps g and " Ir are multipliers of R. We get the following results
by replacing H with ( Ir:
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Corollary 2.9. Let R be a ring andP be a proper prime ideal ofR. If R admits a derivation D

with D(P) % P, such thatR satisbes one of the following assertions:

(@) [D(x),D(Y)] £ [x,y]$ P forall x,y $R,
() DX)!D(Y)x [x,y]$ P forall x,y $R,
(©0 DX)!D(y)x (x'y)$ P forall x,y $R,

(d) [D(X),D(y)]+ (x!y)$ P forall x,y $R,
then one of the following holds:

(i) there exists" $ C such thatD" " mapsR into P with ("2 ( 1)([x,y]) $ P for all x,y $R;

(i) R/P is a commutative ring.

ReplacingH by " Ir in the Theorem 2.7 andP by {0}, we get the following corollary:

Corollary 2.10. If R is a prime ring admitting a strong commutativity preserving (SCP) deriva-
tion D, then one of the following assertions holds:

(1) There exists" $ C such thatD(x) = "x for all x $R with "2 =1,

(2) R is a commutative ring.

ReplacingH by " Ir in the Theorem 2.8 andP by {0}, we obtain the following corollary:

Corollary 2.11. Let R be a prime ring. If R admits a derivation D, such that any one of the
following assertions hold:

(@) D(x)!D (y)=[x,y] forall x,y $R,

() D(X)!D(y)=x!yforall x,y $R,

() [D(x),D(y)]= x!yforall x,y $R,
then one of the following holds:

(i) There exists" $ C such thatD(x) = "x for all x $ R with "2 =1;

(ii) R is a commutative ring.
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ABSTRACT

In this work, we investigate the existence of a mild solution
and the approximate controllability of non-instantaneous im-
pulsive stochastic integrodilerential equations driven by the
Rosenblatt process in Hilbert space with the Hurst parame-
ter H! (1/2,1). We achieve the result using the semigroup
theory of bounded linear operators, GrimmerOs resolvent op-
erator theory, and stochastic analysis. Using KrasnoselskiiOs
and SchauderOs bxed point theorems, we demonstrate the ex-
istence of mild solutions and the approximate controllability

of the system. Finally, an example shows the potential for
signibcant results.

RESUMEN

En este trabajo investigamos la existencia de una soluci—n
mild y la controlabilidad aproximada de ecuaciones integro-
diferenciales estoctsticas no-instantfneas impulsivas dirigi-
das por el proceso de Rosenblatt en espacios de Hilbert con
el partmetro de Hurst H! (1/2,1). Logramos este resultado
usando la teor'a de semigrupos de operadores lineales acota-
dos, la teor'a del operador resolvente de Grimmer y antlisis
estoctstico. Usando los teoremas de punto Pjo de Krasnosel-
skii y Schauder, demostramos la existencia de soluciones mild
y la controlabilidad aproximada del sistema. Finalmente, un
ejemplo muestra el potencial para resultados signibcativos.

Approximate controllability, Pxed point theorem, Rosenblatt process, stochastic inte-

grodilerential equations, resolvent operator, non-instantaneous impulses.
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1 Introduction

Stochastic dilerential equations have become an active peld of study because of their various ap-
plications in belds such as electrical engineering, mechanics, medical biology, economic systems,
etc. For more information, see [2,11,18,29]. The mathematical description of the phenomenon
under investigation must account for randomness since many real-world events, such as stock
prices, heat conduction in memory materials, and rising population, are unpredictable or noisy.

It has been demonstrated that stochastic dilerential systems are especially powerful methods for
describing and understanding this kind of event. Stochastic dilerential systems theory has been
applied to model various phenomena in this life. Numerous authors have also investigated the ex-
istence, uniqueness, stability, controllability, approximate controllability, and other qualitative and
quantitative properties of SDEs and stochastic integrodilerential equations (SIEs) using stochastic
analysis, the bxed point approach, and the concept of resolvent operators in the case of SIEs. See
for example, [6,9,15,17]. In the last decades the theory of impulsive partial equations or inclusions
seems to be a natural description of many real processes that are exposed to some disturbances,
the duration of which is insignibcant in comparison to the duration of the process. In addition

to impulsive elects, stochastic elects also exist in real systems. Thus, impulsive stochastic dif-
ferential equations describing these dynamical systems subject to both impulsive and stochastic
changes have attracted signibcant attention. In particular, the papers [3, 26, 40] have studied the
existence of smooth solutions for certain impulsive neutral stochastic functional integrodilerential

equations with inpnite delay in Hilbert spaces.

Let us consider(!n)ni z @ stationlary Gaussian sequence with correlation function holdsR(n) =
E('o!'n) = L (n), with H! 1,1 andL "# . Let G denote the Hermite function of rank
H. Also, if G admits the following,

# 1
G(" = gH("), g = 5EG(H(0)),

j"o :

then H=min{j|g $0}% 1. Hj(") = (&1) e; .'—’Je# 72 where H; (") is the Hermite polynomial

of degreej. Then by the Non-central Limit Theorem, niH J[n:tl] G(!j) converges am " # in the

sense of Pnite-dimensional distributions to the process
&

#(%+ 1!KH)*

(#& $), dW($1) aadW ($k), (1.1)
j=1

RE(") = o(H,K)

The (1.1) is a Wiener integral of orderK with respect to the standard Brownian motion (W ($))#: r
and c(H, K) is normalizing constant depends orH and K. The process(RY("))-- ¢ is known as the
Hermite process.
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|
¥ If K=1, the process (1.1) is the fractional Brownian motion with Hurst index H ! % 1.

¥ If K =2, the process given by (1.1) is called the Rosenblatt process, and it is not a Gaussian
process, see [36, 37].

Fractional Brownian motion is a Gaussian stochastic process, which depends on a parametkir!
(0,1) called the Hurst index established by Kolmogorov [24]. For further reference on fractional
Brownian motion, we refer the reader to [28]. There is another process like RosenblattOs process
with a non-Gaussian character, which contributes to the other properties forH > 1/ 2, the long
memory property. Self-similar processes with long-range dependence are seen in a variety of pelds,
including econometrics, internet tra"c, hydrology, turbulence, and bnance. The Rosenblatt process

is a self-similar process with stationary increments that occurs as the limit of long-range-dependent
stationary series. Still, it is not a Gaussian process, however, in real situations when the Gaussianity
is not plausible for the model, one can use the Rosenblatt process. Comparatively, Rosenblatt
process gains its interest due to its convolution of the dependence structures and the property of
non-Gaussianity. Therefore, it seems stimulating to establish the SDEs with Rosenblatt process.
Observations of stock price processes suggest that they are not self-similar. In particular, in [5,22],
the authors established the existence and uniqueness of mild solutions for stochastic dilerential
equations driven by the Rosenblatt process with bnite delay. Recently, in [7, 8, 34, 35, 38], the
authors analyzed the stability and controllability of the stochastic functional dilerential equation
driven by the Rosenblatt process. Also, many real-life phenomena and processes are characterized
by abrupt changes in their state variable. These changes can be classibed into two types: (i) In the
brst type, the changes take place over a relatively short period compared to the overall duration of
the whole process, known as instantaneous impulses. (ii) In the second type, these changes start
impulsively at certain times and remain active for certain intervals, known as non-instantaneous
impulses. A well-known application of non-instantaneous impulses is the introduction of insulin
into the bloodstream, which is an abrupt change. The resulting absorption is gradual because it
remains active for a Pnite time interval. Models of this situation are created using dilerential and
integrodi'erential equations of non-instantaneous pulses detailed in [21, 23].

Approximate controllability refers to moving a system from an arbitrary initial state to a state
arbitrarily close to a Pnal state using only certain admissible controls. Recently, many authors have
established results on the approximate controllability of brst, second, and fractional-order di'eren-
tial equations with impulses; [1,14,32], and the references cited there. In references [12,16,39], the
authors studied the approximate controllability of fractional stochastic Hilfer integrodilerential

equations.

Motivated by this consideration, in this paper, we investigate the existence of mild solutions and
approximate controllability of non-instantaneous impulsive stochastic integrodilerential equations



470 E. Kpizim, B. Dehigbe, R. Kasinathan, R. Kasinathan & M. A. Diop 29529

driven by the Rosenblatt process having the following form:

+ %.
d$(") =[AS(")+ 1 (" & )B(s)ds+ Bu(") + F(",$(")]d" + G(*, $ (") dR("),
0

" (s i),
(1.2)
$("): pi("’$("ii#))r " in;1 "iasi]’

$(0) = $o,

where0 = "g = sp <"1 < 4d& sy <"m+1 = b, J =]0,b], $(3 takes values in the separable
Hilbert space H with inner product (§4)and norm*a*. A: D(A) + H" Hand! ("): D( (")) +
H" H are closed linear unbounded operators wittD(! (")) , D (A). {Ry(")}"+ o is Q-Rosenblatt
process with Hurst index H ! (%, 1) debned in a complete probability spacq! ,,F,{F+}-o;P)
with values in a Hilbert space K. The functions p;i (", $ (")) represent non-instantaneous impulses
in the intervals ("i,si],i = 1,2,...,m, and the functions F : [0,b]- H" H, G:[0,b]- H"
L3(K,H) are appropriate functions wich will be specibed later. The control functionu(g is given
in LE! ([0, b], U) of admissible control functions, WhereLz! ([0, b], U) is the Hilbert space of all F- -
adopted, square integrable processe$j is a Hilbert space;B is a bounded linear operator fromU

into H.

More specibcally, our work focuses on developing a set of new, good criteria for the existence of
mild solutions and approximate controllability of non-instantaneous impulsive stochastic integro-
dilerential equations driven by the Rosenblatt process having the following abstract form (1.2).

The main contributions of our work, in particular, are summarized in the three aspects listed
below:

¥ A new class of non-instantaneous impulsive partial stochastic integrodilerential equations
driven by the Rosenblatt process in Hilbert spaces is formulated.

¥ Initially, we establish the existence and uniqueness of mild solutions of the system above using
stochastic analysis theory and the bPxed point technique combined with resolvent operator
theory.

¥ In comparison to [6,17,23], we enhance the approach and ease the conditions.

¥ Non-instantaneous impulsive partial stochastic integrodilerential equations driven by the
Rosenblatt process in Hilbert spaces have received little attention in the literature. In order
to bridge this gap, we have looked into the approximate controllability of (1.2).

This paper is organized as follows. In Section 2, we give some preliminaries, basic debnitions, and
results, which will be used in the sequel. In Section 3, the existence and approximate controllability
outcomes of the considered system (1.2) are discussed. Section 4 illustrates the derived theoretical
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results through an example. Section 5 presents the conclusion and future direction of works in the

last part of this work.

2 Preliminaries

Throughout this paper, X, Y, H represent the real separable Hilbert spaces anfl ,F,{F -} o;P)
be a complete probﬁbility space with natur%I pltration (F+)-- ¢, where F-, the Random variables
generate %algebra &"(s),W(s),s ! [0,"] and P-null sets. We denote by LZ! ([0, b], H) the
space of all square integrable and~--adapted process from[0,b] to H and L(X,H), L(Y,H) are
respectively, the space of bounded linear operators fronX to H and Y to H. For convenience, the
same notation *a* is used to denote the norms inX, H, Y, L(X,H) and L(Y,H) and the inner
product of X, H, Y is denoted by (3 &)

Let C([0,b],L2(! ,H)) be the space of all continuousF- -adapted measurablf processes froéﬁﬁ), b]

to L2(! ,H) that satisfy sup E*$(")*2 < # . Then, it is easy to see thatC [0,b],L%(! ,H) isa
“1[0,b]
Banach space equipped with the following norm:

3 4 1
*$ro = sup E*$(")*? . (2.1)
"1[0,b]
Let / 0
Vq= $! C(0,b],L3(" ,H)) : *$*2. q . (2.2)
2.1 Rosenblatt process
Consider a time interval [0, b] with arbitrary Pxed horizon b and {R"(")," ! [0, b]} the one dimen-

sional Rosenblatt process with parameterH ! (%, 1), R" has the following integral representation

371 %. %. 9%. : 6

'K H 'K H
Ru(") = q(H) . (U, $1) —(u, $2)du dW1($1)dW,($2), (2.3)

0 #$%, U ‘u
where K H(",s) is given by
%-

KH("s)= cus?®™  (u& )™ ¥ 20 Y24y for ">,
S

with 7

H(2H & 1)

C = H
: &(2& 2H,H& )
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&(49 denotes the Beta function, Kg(",s) =0 when" . s, {Wy(")," ! [0,b]} is a Brownian
motion, H*= "L and q(H) = i ﬁ is a normalizing constant. The covariance of the
Rosenblatt process{ Ry(")," ! [0, b]} satisbes

1! )
E(RH(")RH(S)) — é SZH + " 2H &|S& " |2H
and this structure of {Ry(")}-1 0,5 allows us to represent it as a Wiener integral.
Let Rg(") be aK-valued Rosenblatt process with covarianceQ as
" # 9 __
RG("=Ro() = (ath(en, " %0.
n=1

Next, we introduce the spacel 3(K, H) of all Q-Hilbert-Schmidt operators ": K " H. Recall that
" I L(K,H) is called aQ-Hilbert-Schmidt operator if

# o9 __
*M ok = * (n" en*2<#'
n=1

and that the space L3 equipped with the inner product < ),* > L2= $ <)en,,*ep >,is a

n=1
Hilbert space.
Let " :[0,b]" L2?(QY2K,H) such that
#L * 'n 1/ 2 *
Ku("Q™“en)*L2qo,bhy < # . (2.4)
n=1

Debnition 2.1 (Tudor [37]). Let +(l) : [0,b] " L?(QY?2K,H) satisfy (2.4). In that case, the

stochastic integral of + with respect to the Rosenblatt proceng(") is debned for" %0 as follows

%. & %. & % Yog
+(dRg (1) = +(s)QY 2endRn (1) = (K (+Q" 2en))($1, $2)dW1 ($1)dW1($2).
0 0 o0

n=1 O n=1

n

$
Lemma 2.2 ([34]). For any +:[0,b] " L?(QY2K,H) such that™ n_; *+QY2e,* 1uo vy < #

holds, and for any,,& ! [0,b] with & >, , we have
Yoy 2 # Yo
E +(u)dRQ(n): ] CH(&& ' )2H#l *+(")Ql/2en*2d".
Y :

n=1 &

If, in addition,

*+(")QY 2e,* is uniformly convergent for " ! [0, b],
n=1
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then, it holds that

: %0, 2 Yoo
EiH()dR(); - u(&& )T () quiagyd-

For further references, we refer to [19, 37].

2.2 Integrodilerential equations in Banach spaces

We recall some knowledge of partial integrodilerential equations and the related resolvent opera-
tors. Let D be the Banach spaceD(A) equipped with the graph norm debned by

*$*p = *AS* + *$* for$!D .

We denote by C(R*, D), the space of all functions fromR* into D which are continuous. Let us
consider the following system for further purposes:

+ %..
%) = AS(M+ L ("&s)$(s)ds for " %0
0

b $(0)

(2.5)
$!D .

Debnition 2.3 ([20]). A resolvent operator for equation (2.5) is a bounded linear operator valued
function "( ") 'L (H) for " %0, having the following properties :

(i) "(0) = | (the identity map of H) and *"( ")*. Ne" for some constantsN > O and &! R.

(i) Foreach$! H, "( ")$ is strongly continuous for" %UO0.

(i) For $! H,"(4$! CY(R*:H)/ C(R*:D) and
%. %.
RIS =A( ")+ 1 ("&S)(9)$ds="( MAS+ (" &s)! ()$ds, for " ! [0,b].
0 0

Next, we assumeA and (! (")) o satisfy the following conditions:

(R1) The operator A is the inbnitesimal generator of a strongly continuous semigrougT ("))~ o
on H.

(R2) For all " % 0, the operator ! (") is closed and linear fromD(A) to Y and ! (") ! L (B, H).
Forany $! H, the map" 0"! (")$ is bounded, dilerentiable and the derivative " 0" ! %")$
is bounded and uniformly continuous for" % 0.

Theorem 2.4 ([20]). Assume that(R1)-(R2) hold. Then, there exists a unique resolvent operator
of the Cauchy problem(2.5).
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We have the following useful results.

Theorem 2.5 ([13]). Let the assumptions(R1) and (R,) be satisbed. Let theCy-semigroup
(T("))-- o generated byA be compact for" > 0. Then the corresponding resolvent operator
("( "))+~ o of equation(1.2) is also compact for" > 0.

Lemma 2.6 ([13]). Let the assumptions(R1) and (R ;) be satisped. Then, there exists a constant
L = L(b) such that

*(" 4 ) & (<) ") - L(-), for0<- . ". b

Based on these, we have the following Theorem establishing the equivalence between operator-norm
continuity of the semigroup generated by A and the resolvent operator (“( "))+ o corresponding
to the linear equation (2.5).

Theorem 2.7 ([25]). Let A be the inPnitesimal generator of aCqy-semigroup (T("))-- ¢ and let
(' ("))~ o satisfy (R2). Then the resolvent operator ("( "))+~ o for Eq. (2.5) is operator-norm
continuous (or continuous in the uniform operator topology) for " > 0 if and only if (T("))-- ¢ is
operator-norm continuous for " > 0.

Now, we introduce the spaceC, = PC([0, b], L?(! , H)) formed by all H&valued stochastic processes

{$(")," ! [0,b] such that $|;, ! C(l;,H) forall w! ! ,i=0,1,...,m, and there exist

$("F)yand $("),i=1,2,...,mwith $("¥) = $("i) and sup., 0.5 E*$(")*2 < #}

endowed with the norm 3 4
1/ 2

*$*pc = sup E*$(")*? (2.6)
"1 [0,b]
wherel; =("i,"i+1],i=0,1,...,m.
Now, we debPne the mild solution of Eq. (1.2) expressed by the resolvent operatdf ") as follows.

Debnition 2.8. A H-valued stochastic proces$ ! C([0,b],L3(! ,H)) is called a mild solution of
the stochastic problem(1.2), if

(1) $(") is F-&adapted and measurable for each % 0.

(2) $(") has cdl'g paths on" ! [0,b] a.s. and for each" ! [0,b],$(") satisbes$(") =
pi($("F)) foral " ! (*i,s], i =1,2,...,m and $(") is the solution of the following
integral equations
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%. %.
$")="( )%+ "( " & s) F(s,$(s)) ds + "( " & s) Bu(s) ds
%. 0 0
+ "( " & s)G(s,$(s))dR(s)ds, for " ! [0,"1], 2.7)
0 %. %.
$(")="( "&s)pi(si, ST N+ (" &) F(s,$(s)ds+ (" &) Bu(s) ds
%. Si Si
+ (" &S)G(s,$(s)dR"(s)ds, for " ! [si,"i+1], i=1,2,...,m.

Si

Let us denote the state value of the system (1.2) at the time' by $- = $("; $o, u) with respect to
initial value $o and the control function u. Th/e set of all bnal states is known gs reachable set of
the system (1.2) and debned ad/ (b, $o,u) =  $p = $(b;$o,u) : u! L3([0,b],U) .

Debnition 2.9. Eqg. (1.2) is said to be approximately controllable on the interval0, b], if
M (b, $o,u) = L3(! ,H),

that is, for arbitrary - > 0, it is possible to steer the state from the point$y to within a distance -
from all points in the state spaceL?(! ,H) at time b.

To discuss the approximate controllability of system (1.2) we introduce the following operators.
(1) The controllability Grammian " 8 is dePned by:
St = "("is1 &S)BB " ("i41 & S)ds,
whereB" and" ' (") denote the adjoint of the operatorsB and "( ").
(2 W, " 6= (L 1d+ g )*L,
In the sequel we assume that the operatoiV (., " ;;*1 ) satisbes
(Ho) W(.," ;”1 )" 0 as . " 0" inthe strong operator topology.

The above condition (Hg) is equivalent to the approximate controllability of the linear system.

T %.
c B0 _agty+ (e 98)dst Bu), " ! [0.b],

d 0 (2.8)
' $(0) = $o.
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In fact, we have that

Theorem 2.10 ([4,10]). The following statements are equivalent:

(i) The control system (2.8) is approximately controllable on[O, b].
(i) B" (")$=0forall "! [0,b]imply $=0.
(iii ) The condition (Hg) holds.

Lemma2.11 ([27]). For any$- ., ! L2(! ,F

: H), there exist#; ! L2(!; L2([si,"i+11;LS(Y,H))),
such that$- ,, = E$

el

+ #i(s)dR"(s).

Si

i+1
i+l i+l
Our results are based on the following KrasnoselskiiOs and SchauderOs bxed point theorem.

Theorem 2.12 (KrasnoselskiiOs theorem [32])Let B be a closed, bounded and convex subset of a
Banach spaceH, and let #,#, be maps ofB into H such that#,$,+# ,$, !B , forall $;,%$, !B .

If #, is a contraction and # is continuous and compact, then the equatior$ =# 1$+# ,$ has a
solution on B.

Theorem 2.13 (SchauderOs theorem [33])f B is a closed, bounded and convex subset of a Banach
spaceH and F : B" B is completely continuous, thenF has a bxed point inB.

3 Approximate controllability results

This section proves the approximate controllability of the stochastic control system (1.2). Let
M =sup-, pn*"( ")*. In order to establish the results, we impose the following hypotheses.

(Cq1) T(") is compact for" > 0.
(C,) The mapsp; :bi- H" H, b =["i,si],i =1,2,...,m are continuous functions and satisfy
(a) There exist constantsDy,, > 0,i =1,2,...,m, such that
E*pi(",$)*?. Dp(L+ E*$*?), 1"! b and$! H.
(b) There exist constantsRp, > 0,1 =1,2,...,m, such that

E*pi(",$1) & pi(", $2)*2 . Rp E*$1 & $,*2, 1"! b and $1,$,! H.

‘m
(C3) ThemapF:bg- H" H, by = ’ [si,"i+1]is a continuous function and satisbes
i=0
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(&) There exists a constantM ¢ > 0 such that

E*F(",$)*?. Mg(l+ E*$*2), 1"! bpand$! H.
(b) There exists a constantRg > 0 such that
E*F(",$1) & F(",$2)*?. ReE*$;1 & $,*2, 1" ! by and $1,$, ! H.

(C4) ThemapG:by- H" LY, is a continuous function and satispes

(a) There exists a constantM g > 0 such that
E*G(",$)*2. Mg(l+ E*$*?), 1"! bpand$! H.
(b) There exists a constantRg > 0 such that
E*G(",$1) & G(",$2)*? . RGE*$1 & $,*2, 1" by and $1,$, ! H.

(Cs) The following inequalities hold
(@ max Nj <1,
o(i(m
(b) | max Dy, < 1

| "
© e {M?*B*?Ry,"1,Rp, 2 M?Rp, + MZ*B*?R, "7y } < 1.
I(m

(Cs) The linear control system (2.8) is approximately controllable on|0, b].

For any . > 0, we debne the operatorS( ) : C([0,b],L2(" ,H)) " C([0,b],L3(! ,H)) by

%. %.
(SO =" S+ (" &S)F(s,$(s))ds+ (" &s)Bu')(s,$)ds
%. 0 0
+ (" &s)G(s, $(s)dR™(s), 1"! [0,"4]
0
and

%. %.
(SUIB)(M) =" "&s)pi(s, BTN+ (" &S)F(s,$(s) ds+ (" &s)Bul (s, $) ds

%" Sj Sj

+ (" &) G(s,$(ARYS), 1! [s,"na] i=1,2...,m,

Si
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where,

< %. =

U(S,9)= B (&9 1d+ " 4" ES, +  # (9IRS & b& s)pi(s, $("F))
%"'+1 "
&B " (N &s)  (Id+ " U & s) F(s,$(9)) ds
0/'05‘"_+1
&B " ("iv &9) (1d+ " )M & 8) G(s, $(5)) dR™(s)

Si

and JO(O,é = $0: $("m+1): $"m+1 = $b'

Lemma 3.1. There exist positive constantsR,, and Ry, i =0,1,...,m, such that for all $;,$, !

Cp, we have
Exu() (", $1) & U (", $2)*2. Ry *$1 & $2*pe, (3.1)
Exu( (", $)*2. Ry, (3.2)
where
Ry =3 *BTZZM ‘ >Rpi +("i+s1 & Si)?Re+2Rgeq("i+1 & si)ZH?, (3.3)
Ry, = Lﬁ“"“@h *24 Dp (L+ M) +("is1 & 5)2 De(1+ M)

" 2H A 2
+ Ci("iv1 & Si))TDg(l+ M), *$pc . M. (3.4)
Proof. Let $1,$,! Cy

E*u(' )(S, $2) & u(' )(S, $l)*2

F #1> @ A?
BB (Mie &)+ " )P "(b&s) pilsi, $1("T ) & pi(si, $2("T))
%"i+1 A
8B (i gs)  (Id " i &) His 81(9) & Fis, $a(s) s
%S)i"iﬂ @ A :
&B " ("iv1 &) (dd+ " )R & s) G(s, $1(9)) & G(s, $2(S)) dR(s):
B B
*x R*x 2\ 2 : :
3872“/' M 2E: pi(si,$1("?)) & pi(si:$2("?)): 2
. %"'+1

+M2("i & Si) E*F(s, $1(s)) & F(s, $2(s))** ds
7 C

i+l

+M2cq("is & )21 E*G(s, $1(S)) & G(s, $2(s))*2 ds

Sj
*B*ZMA *B*2M4%"\+1
83— Ry E*$, & $1*? + 3("is1 & S)ReF——— E*$5(s) & $1(s)*2 ds

Si
0,
*B*2 \| 4 A]"Hl
2

+6 RoCu("i+1 & 51)*1 E*$5(s) & $1(s)*? ds

Sj

2
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*B*2M 4 > 2 o7 2
372 Rp + ("i+1 & Si)°" R +2 Raey("i+1 & Si) *$2&$1*pc. (3.5)

Hence,

EuC)(s,82) & ul)(5,$1)*? . Ry*$2& $173c.

The proof of inequality (3.2) is

g " ?
B (5,822, EIB " (s &) 1A+ " 37 )* Y S, &7 b&S)Pi(s S
%.,,,
& BI " ("i+1 & S) ( Id+ " ;ii +1 )# 1u( "i+1 & S) F(S,$(S)) ds
O/Ei"iﬂ 2
& BI " ("i+1 & 5) ( Id+ " ;i+1 )# ln( "i+l & S) G(S, $(S)) dRH(S)
B i %.
*R*2\ 2 i+1
ﬂ M?Dp, (1+ E*$*?) + M?("i41 & §)) De(1+ E*$*?) ds

%. é

i+1

+ M2cy("ivg & s)*! Do(1 + E*$*?) ds

Si
*R*2N\ 4
w%pi (1+ E*$*?) + ("is1 & 5i)° Dp(1 + E*$*?)

A
cH("i+1 & S1)?H Dg(1+ E*$*?) .
4*B*2M4
72%*&.4 *24 Dp(L+ M)+ ("is1 &S)?De(1+ M)
" 2H A
CH("i+1 & S)°" Dg(l+ M) .

Hence,
Exu()(s,$)*2. Ry, . O

Let the constant M satisfy the inequality

B C
QO Dpi Qi

M % max , , , 3.6
“1(i(m 1&Np' 1&Dy, ' 1&N; (36)
where
D E
16"-4 *B*4M4 4*B*4M4".2 @ A
Q=" 0—FE% ,*+ 1+ —— " AMZD, +4M?" 2 Me+4cy"H MM g,
DJO :O,
D pprem a2 Es ?
Ni= 1+ ———"% 4M?Dp +4M?"% M +4cy"i M*Mg
D ' E
4*B*4M4"2 > ?
No= 1+ -———2 4M>IMe+4cy"{"M Mg
' D E
1 '4*B*4M4 4*B*4M 4n 2 @ A
Qo = 16,"B*'M”° a E*$,*2+ 1+ ———1 AMZE*$o** +4M?"IMe +4cy""M Mg .
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Theorem 3.2. Assume that hypothese¢C,)ECs) hold. Then the system(1.2) has at least one

mild solution on [0, b].

Proof. First, we debne two operators#; and #, on
Su = {$! Cp:*$*3.. M}2 Cp.

as follows
+ %.
"(")$o+ (" &S)BU (s,$)ds, 10,4
0
#®)(") = p, 7)), %. " si,
"("&s)HPi(s, SN+ (" &S)Bu (s,$)ds ! (si,"iw1],

Si

PR

and
+ %. %.
! "( " & s)F(s, $(s))ds + "(" & S)G(s, $(s))dR™(s) "I [0,"4],
H 0 0
#29)(") = ; 9/0" %. " ("i,sil,
; "(" & s)F(s,$(s))ds + "(" & S)G(s, $(s)dR(s) " ! (si,"is1].

The set Sy is a bounded closed and convex set i€,. Next, we prove that the operators#; and
#, satisfy all the conditions of KrasnoselskiiOs theorem. For the sake of convenience, we split the
proof into several steps.

Step 1. We prove that #:$; +# 2$,! Sy forany $;,$,! Sy .
Forany $;,%,! Sy and" ! [0,"1], we have

: %. i
EX(#1$1)(") + (# 2$2)(")*2 . 4E*"(")$o*2+4E: (" & 9)BU (s, $)ds.
: % P2 ?%-- o
+4E:  "("&S)F(s, $(s))ds: +4E: (" & 9)G(s, $(s))dRY(9):
0 %. 0
. AMPE*$o*2 +AM B2 E*U (s,$)*7ds
%. 0 %
+4M2  E*F(s,$(s)** ds+4M2cy 2L E*G(s, $(s)** ds
0 0

4*8*4M4'IZB

. AMPEF$*P + ———L 4E*$ *2+AMPE*$o* 2 +4M 2 I De(1+ M)
" C

+4M2%cy"H Dg(1+ M) +4M2"2D(1+ M)+4M2cy"2" Dg(1+ M)
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16"?* B*4M 4
2

E
4*B*4M 4 %

E*$ 24 1+ T

> ?
- AMZE*$p*2 +AM 2" IME(L+ M) +4cy" MMM (1 + M) .

Hence,

E*#1$0)(") + # 2$2)(")*?. Qo+ NgM . M. (3.7)

Forany $;,%,! Sy,and" ! (i,s],i=1,2,...,m, we have
E*(#1$0)(") + (# 2$2)(")*2 = E*pi (", $1("7)*?. Dp (1+ E*$1*?).

Hence,
E*(#1$1)(") + (# 2%2)(")**. Dp(1+ M). M. (3.8)
For any $;,%2! Sy,and" ! (si,"i«1],i=1,2,...,m, we have

1 %.

: 2
E*(#181)(") + (# 2$2)(")** . AMZE*pi(si, $("7)*2+4E: (" & 9)BU (s, $)ds:
 %. 2 % 2
+4E: "(" & S)*F(s,$(s))ds: +4E: (" & s)G(S,$(s))dRH(s)§
Sj Sj
D E
16"i4+1*B*4M4 ) FB*4M 4"i2+1
— E& T 1
> ?
- AMZD, 1+ M)+4MZ"2  ME(1+ M) +4cy" 2 M2Mg(1+ M)
16"-4 *B*4M4
. R 2 E*$"i+1 *2
D ' E
#B* M2, T @ A
1+ ————"L AM2D, +4M "2 Me+4c" 4 M?Mg
D ' E
4*B*4M an i2+1 > 2 2u2 n2H 2 ’)
1+ ————— 4M“Dy, +4M ", Me+4cy" {1 M“Mg M.
Hence,
EX(#1$1)(") + (# 2$2)(")**. Qi+ NiM . M. (3.9)

Equations (3.7)D(3.9) implies that
5 +H# 2$2*|23C . M.

Hence,#:$, +# .3, ! Syu.
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Step 2. #; is continuous onSy . Let {$,}%.; be a sequence such tha$, " $in Sy .

Forany " ! (s, "i«1],1=0,1,...,m, we have

%.
EX(#,80)(") & #2$)(")*2. 2M 2"y E*F(s, $n () & F(s, $(s))*?ds
Sj %.

+AcM 22T E*G(s, $a(s) & G(s, $(s))*Eds

S

' A
. %\AZRF"?+l +AcuM 2" A xg, & $*2..

Hence, E* (#,$,)(") & (#2$)(")*?>" Oasn"# ,thus, #, is continuous onSy .

Step 3. We show{(#2$)("): $! Su} is equicontinuous.

Forany /1,/2! (si,"i+1],1=0,1,...,m, /1 </, and $! Sy, we obtain

%$1
Ex(#.8)(/2) + (# 2$)(/1)*2. 4Mg/4 *([,&8)&"(/1&9)*2(1L+ M)ds

Si

+AM2M L+ M)(/2 & 11)?
00$1
+8c" M Mg *"(/2&8)&"( /1 & S)*3(1+ M)ds

Si

+8M2cy" 2 M (/2 & /1), (3.10)

We conclude that E*(#,$)(/2) & #2$)(/1)*2 " 0Oas/, " /4, since the operator"( ") is
compact, which implies the continuity of the operator "( "). Hence{(#2$)("): $! Su} is
equicontinuous. Also, clearly{(#,$)(") : $! Sw} is bounded.

Step 4. We show that Z (") = {(#2%)("): $! Su} is relatively compact in H.

Clearly, Z (0) = {0} is compact. Let- be a real number and" ! (sj,"i+1],1=0,1,...,m be
Pxed with0<-<" . Forany $! Sy, we debne

+ %4 %4
! "("&-&S)*F(s,$(s))ds+ "("&- & S)G(s, $(s))dRM(s) "1 [0,"4],
Ioo 0
( ") = " ", .
#39)(") 2 QA]"#( %o, E("i,sil,
! "(" &- & s)F(s,$(s))ds + "("&-&S)G(s, $(s))dRM(s) " ! (si,"is],

Sj Si
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and
+ %"#(
"(-) "( " &- & s)F(s, $(s))ds
0 %,,#(
+'( ) "("&- & S)G(s, $(s)dR(s) " ! [0,"4],
0
#'$)(= 0 "1 (sl
oy (
"(-) "( " &- & s)F(s, $(s))ds
S %"#(
+'( ) "("&-&S)G(s, $()dR(S) " ! (si, "]

Si

!
By Lemma 2.6 and using the compactness of"( -) o We deduce that the setZ ((") =

{#5$)(") : $! Sw} is precompact inH for every -, 0< - <" . Moreover, by Lemma 2.6
and H3lderOs inequality, for every ! (0,";], we obtain:

EX(#5$)(") & !#'z($"(")*2

: Yoy ( %4 i 2
. 2E:7( ) "("&s&-)F(s, $(s)ds& "( " & s)F(s, $(s))ds:
: "% i Yous ( :2
+2E:"( -) "(" & s&-)G(s, $(s)) dRG () & "( " & s)G(s, $(s))dRG (5):
0 0
@ A 2
= 2Ei (-)'("&s&-)&"( " &s) F(s,$(s))ds:
(5)%"#< @ A : 2
+2E: ()("&s&-)&"(" &S9) G(s,$(s))dR5(s)§
%oy - .
. 2E ’ )" &s&-)&M( &) PIF(s, $(s)" “ds
0
Yooy . .. .
v2E )& S& )& &S) P G(s, $()) ! “dR(s)
%%y ( _ Yous( .
C2L(-)2" E' F(s,2(s))" “ds+2L(-)2 E G(s,$(s))" “dRA (S)

%, 0 %.

( #

. 3L(-)? Me(1+ *$(s)*?)ds + 3L (-)%cyb?H# 1 Mg(l+ *$(s)*?)ds
0 0

. BL(-)2PM (1 + M) +3L(-)%cyb®M (1 + M) g' .0

Sothe setz (") = {(#53$)(") : $! Su} is precompact inH by using the total boundedness.

Using this idea again, we obtain

; %.. %"#( ' 2
EX#29)(") & #5$)(")*2. 3E: (" & 9)F(s,$(9))ds& "( " & S)F(s, $(9)) ds:

0 0

; %. %y ;

+3E: (" & 9)G(s, $(9))dRG(9) & "( " & 9)G(s, $(s))ng(s)§
0 0

2
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: %. 2 : %. :
. 3E: "( " & S)F(s,$(s))ds:  +3E: "( " & s)G(s, $(s)) dRE (9):
B%. K73 C
. 3M2- E*F(s, $(s))*2ds + 2.cy- 21 E*G(s, $(s))*%ds
"#( "#(

2

. 2MZ22Me@1+ M) +2M2cy-HM g1+ M) " Oas-" 0.

Similarly, forany " ! (e,"j+«2]withi=21,...,m. Letg <" . s. "j;1 be Dxled ang let- be
a real number satisfying0<-<" . If we use Lemma 2.6 and compactness of'( -) - o We
deduce that the setZ ((") is precompact inH for every -, 0< - <" . Moreover, by Lemma

2.6 and HslderOs inequality, for evers | Sy we have:

P
E*#5$)(") & #,($ (")*?
: %ouy %ou s ( P2
. 2E:"( 1) "(" & s&-)F(s,$(s))ds & "( " & S)F(s, $(s))ds:
D %4 ( X %4 ( : 2
+2E:"( ) "(" & s&-)G(s, $(s) dRE(S) & "( " & 5)G(s, $(s))dRE (s):
LW B %y %ouy (. C
. 3L(-)°b E** F(s, $(s))*2ds + cyb?H#1 E*G(s, $(s))*2ds
| . B Si C Si
. 2
.3 L(-) T EPME(@L+ M)+ cybPIM (1 + M) g' .0
Sothe setz (") = {(#53$)(") : $! Sw} is precompact inH by using the total boundedness.

Using this idea again, we obtain

: %.

i : %. P2
E*(#.9)(") & (#59)(")*? . 2E: (" & S)F(s,$(5))ds:
"

+2 E (& s)G(s)ng(s)§
i

. 2MZ22Me(1+ M) +2M2cy-2HMg(1+ M) " Oas-" 0.

Therefore, as- " 0, there are precompact sets arbitrarily close to the seZ (") = {(#2$)(") :
$! Su}. Thus, thesetZ (") = {(#2$)(") : $! Su} is precompact inH. Finally, by the
Arzel’-Ascoli theorem, we can conclude that the operator#, is continuous and compact.

Step 5. #, is a contraction.

Forany $;,%,! Sy and" ! [0,"], we have
EX(#1$1)(") & (#1$2)(")*? . M2Ry,"3*$, & $1*3c. (3.11)
Forany $;,%,! Sy and" ! (“i,si], i =1,2,...,m, we have

E*(#130)(") & (#132)(")*2 = E*pi (" $1("T ) & pi(" $2("T )*? . Rp *$2 & $1%8c. (3.12)
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Forany $;,%,! Sy and" ! (si,"i+1],i=1,2,...,m, we have

E*(#1%1)(") & #1$2)(")*? . 2M?Rp, *$2 & $1*5c +2M #*B*?Ry, "F,; *$, & $1%5¢
! )
=2M2 Ry, + *B*?Ry, "%, *$,& $1*3.. (3.13)

Equations (3.11)D(3.13) and hypothesigCs) imply that #; is a contraction. The operators
#,,#, satisfy all the conditions of Theorem 2.12, then there exists a bxed poin$ on Sy, .
Therefore, the system (1.2) has at least on mild solution o0, b]. O

Theorem 3.3. Assume that hypotheseqC)E(Cg) hold and the functions F, G are uniformly
bounded on their respective domains. Then the systeifl.2) is approximately controllable on[0, b].

Proof. Let $ be a bxed point of#, + # ,. By using the stochastic Fubini theorem, we obtain

' " > ?
S )= $ o & (1A% " L) U ES L &M &SPl SC'T))

%"i+1 %b

& . (ld+ " g Hi(s)dR(s)+ . (ld+ " )P & s) F(s,$(9)) ds
O/gi"'+1 °

+ . (ld+ " g ) (" & 9)G(s, $(s))dR(s), 1=0,1,2,...,m. (3.14)

Si

Moreover, hypothesesF and G are uniformly bounded. Then there are subsequences, still denoted
by F(s,$ ) and G(s,$ ), which converge weakly to sayF(s) and G(s) respectively in H and L9.
From the above equation, we obtain

E*$C)("1) & Sy ¥2. TED (I + " )P IES 1P
%"i+1 2
+7E:. (1d+ " g ) (s)dRM(s):
Si
FTES (Id+ " )P (g & s)pi(s $(F))
;% %
+7ED. (ld+ "t TP &) F(s) ds
. 0 -
: %"i+1 2
+7E}. (ld+ " gy & 5) G(s)dRY(s):
Sj .
;% 2
+7E:. (ld+ " TP &) F(s, 8 (9)) ds:
. 0 )
: %"i+1 2
+7E:. (ld+ " g )Finn g &) G(s, $ (s))dRY(s):
Si
It follows from (Ho), for all 0. s . b the operator . (.1d+ " ¢ )#1 " 0as. " 0', and

*(Lld+ " N )#1*2 1 and by using the Arzel™-Ascoli theorem, one can prove that the operator
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%.

A3 " "( & &s)fs)ds is compact, we obtain

Si

E*$C)("is1) & $,, *2" Oas. " 0.
This gives the approximate controllability of system (1.2) on [0, b]. O

Now, we are going to prove the approximate controllability of the stochastic system (1.2) by using
another method, namely SchauderOs bxed point theorem with some other hypotheses, which are
dilerent from hypotheses of the Theorems 3.2 and 3.3. In order to establish the approximate

controllability results, we impose the following hypotheses.

(C7) T(") is compact for" > 0.
(Cg) The function F:J - H" H satisfy the following conditions

(a) for each” !'J the function F(",§: H" H is continuous for each$ ! H the function
F(3%):J " H is strongly measurable,

(b) for each positive numberM, there existspy ! LY(J ,R*) such that

sup  E*F(",$)*2. pm (")
E*#*2( M
and there exists a$; > 0 such that
%.
Hm (s)d"

lim > = < #.
M H& M $1

(Co) The function G:J - L9 satisPes the following conditions

(@) for each" !'J the function G(", §: H" LY is continuous for each$ ! H the function

G(8%$):J " LJis strongly measurable,

(b) for each positive numberM , there existsvy ! L*(J ,R*) such that

sup  E*G(",$)*2, . wm (")
Ex#*2( M 2

and there exists a$, > 0 such that

%.
vm (s)d”

lim o - < # .
M #& M $2
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Theorem 3.4. Assume that hypothese$C,) and (C;)B(Cg) hold. Then, the system(1.2) has at
least one mild solution on[0, b], provided that

B D E .C
4*B*2M 4b2 ! 2 2 2 2H# 1
lm% Dp, — 4M “Dp, +4M “b$1 +8M “cyb $, <1 (3.15)
Proof. Consider a set
S ={$! Cp:*$*2.. M}2 Cp,
where M is constant. The setS? is a bounded closed and convex set iCy.
Now, we debne an operatoF on C, by
+ %-.
"("$o+  "(" &s)Bu (s,$)ds
%. 0 %.
+ (" &9)F(s,$(s)ds+ (" &9G(s, $(s))dR™(s), " ! [0,"1],
0 0
F8() = p$C7), %. (s
"("&s)pi(si, ST+ (" &s)Bu (s,$)ds
%. si %
+ (" &9)F(s,$(s)ds+ (" & 9GS, $(8)dRM(s), " ! (s, il

Sj Sj
Next, we prove that the operator F satisbes all SchauderOs bxed point theorem conditions.

Now, we prove that there existsM > 0 such that F (S}?) 2 Sy%. If we assume that this assertion is
false, then for anyM > 0, we can choose$™ ! S and" ! [0, b] such that E*F ($M )(")*2 > M.

Forany " ! [0,"1], we have

D EF
1 B*ZM 4n2 4*B*4M 4u 4
M < E*F ($M )(..)*2 ) 6* . 1E*$"1*2 + 1+ > 1 AM 2E*$0*2
%. %. G
+4M 2", py(s)ds+8M2gy"3M L vy (s)ds .
0 0

Forany " ! ("i,si],i=1,2,...,m, we have

M < EF ($Y)(")*? = Expi (", 8" ("7 ))*2 . Dp (1+ M).

Similarly, for " ! (si,"i+1],1=1,2,...,m, we have
D EF
16kB*2M 4n 2 4*B*4M 4n2
M < E*F ($Y)(")*?. ———1E*$ *2+ 1+ —— L AMZD, (1+ M)
%. %. G

+4M 2" . HUm (S)ds+8M 2" &1L i vm (s)ds
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From the above equations we have fot' ! [0, b]

D EF
M 2 4*B*4|V| 4b2 )
M < EX(F$M)(")*2. Q+ DpM + 1+.72 4M “Dp, M
%. %. G
+4M2b  py (s)ds+8M2cyb?™# 1 vy (s)ds
0 0

where

C

B
16*B*2M 2
Q= max —p—— *2]+4coM 2E*$o*? + Dy, +4GM 2Dy,

n2 2 "
1(i(m 2 ["1E*$ *“+ " EXS

"1

Dividing both sides of above byM and taking M "# |, we obtain

D 4*B*4M 4b2EI "

1<Dp+ 1+ ———— 4M?D; +4M?b$; +8M %cyb? s, .

This contradicts (3.15). Hence, there existsM > 0 such that F (Si?) 2 S

Adopting the method used in the Theorem 3.1 of the paper [31], one can easily show thdt is
a continuous operator. Hence, operator satispes all the conditions of the Theorem 2.13, then
there exists a bxed point$ on S/°. Therefore, the system (1.2) has at least one mild solution on
[0, b]. O

Theorem 3.5. Assume that hypothese$C,), (C7)E(Cyg) hold and the functionsF, G are uniformly
bounded on their respective domains. Then the stochastic syste(h.2) is approximately controllable
on [0, b].

Proof. Using the same arguments as in the Theorem 3.3, one can prove the approximate control-
lability of stochastic system (1.2). O

Remark 3.6. We can see that the hypotheses of the Theore(f.2) and Theorem (3.5) are sulcient

conditions but not necessary to prove the approximate controllability of the stochastic systef.2).
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4  Application
For an illustration of the obtained theory, we consider the following stochastic integrodilerential
system
+ B %-.
V2 2
dze) = e e a S ds 110,208+ uC,#)
0, C
H/n
+gl(",z(",#))de"( ) d, 0. #. 0, "! (2i,2i+1], i=0,1,...,m,
2(",0) =2("0)=0, " %0, (4.2)
z(", #) =sinitz(i&1)*,#, "! (2i&1,2], i=1,2,...,m,
z(0,#) = zo(#), #! [0,0].
where0=sp="g<"1<S1< 84éSm <"ms1 = b<# with";=1,s5=2i,"i=2i&1 R1is

a Rosenblatt process. The functiond ;,g; and . will be described below.

Let H=Y = U= L?([0,0]) with the norm *&* DebneA: D(A) + H" H by A$ = $*%vith
domain
D(A) = H2(0,0)/ H(0,0).

The sgectrum of A consists of the eigenvaluesgn? for n ! N), with associated eigenvectors
e, = 2sin(n$), (n=1,23,...). Furthermore, the set{e, : n! N} is an orthogonal basis in
H. Then

#
AS$ = &n?($,en)en, $! H.
n=1

It is well known that A is the inbnitesimal generator of a strongly continuous semigroug T(")}-- o
on H, which is compact and is given by
# o
T(M$= €" ($,en)en, $! H.
n=1
In order to debne the opeéatorQ ;Y " Y, we choose a sequende/,}n- 1 + RY, setQe, = vy,
& 3W< # . Debne the proces®Rf(s) by

and assume thatTr(Q) = |,

# 3
RAS = W&l ("en
n=1

where H ! (%, 1) and {&}n n is a sequence of mutually independent two-sided one-dimensional
fBm and an inPnite dimensional space.
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Let! :D(A) + H" H be the operator debPned by

L(")(2) = .(")Az for "%0 and z! D(A).

In order to rewrite system (4.1) in an abstract form in H, we introduce the following notations
+

- 8(")

$(0)

z(",#) for " %0 and #! [0,0],
z(0,#) for #! [0,0],

and the bounded linear operatorB : L2([0,0]) " L?2([0,0]) as
Bu(")(#) = u(",#), "! [0,b], #! [0,0]

Next, we debne the functionsF:bg- H" HandG:by- H" La(X,H) as

FC,$("N(#H
G(", $)(#

f1("$("N(#H, $! H, #! [0,0], (4.2)
a$CN(H#H, $! H, #! [00] (4.3)

The functions p; : by - H " H are given by pi(",$(t] ))(#) = sin itz ((2i & 1)* ,#). From the
above choices of the functions and operatot (") with B = Id, the system (4.1) takes the following

abstract form

: ” drRA (")
OB =AS()+ (& 9B(S)ds+ F(LS () BUC)+ G, SO T n s " (s ),
* 0
8= RSO, T s,
' $(0) = $o.
(4.4)

Moreover, ! (") satisPes R2) and hence, by Theorem 2.4, Eq. (2.5) has a resolvent operator
(' ")+ g on H. In particular, if we take F(\$("))(#) = 1 o—$(")(#, and &\ $)(#) =
$(")(#)

e(l+¢€)
Theorem 3.2 are satisbed. Since the semigroup(") is compact for" > 0, it is clear from Theorem

, we see that,F and G satisfy assumptions ;) and (C,). Therefore all conditions of

2.5 that the resolvent operator "( ") is compact for all " > 0. Therefore, the associated linear

system of (4.1) can not be exactly controllable but may be approximately controllable.

It remains now to verify that (Hp) is fulblled. To this end, we have the following result:

Lemma 4.1 ([30]). Let.(")! LY(R*)/ CY(R*) with primitive O(")! Li.(R") such thatO(")
is non-positive, non-decreasing andO(0) = &1. If operator A is self-adjoint and positive semi-

debnite, then the resolvent operato¥( ") associated to(2.5) is self-adjoint as well.
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By Lemma 4.1 above, the resolvent operator’( ") of (2.5) is self-adjoint. Thus

)Y ="CM)Y, Yyl H.

If " (")y=0,forall"!J ,thus
"T(My="(")y=0, "1J

It follows from the fact "(0) = 1d that y =0, so by virtue of Theorem 2.10,(H o) holds. Therefore,
in view of Theorem 3.2 and Theorem 3.3, the stochastic integrodilerential system (4.4) is approx-

imately controllable on J .

Remark 4.2. In this above example, if we choos&(",$) = %sin& we observe thatF (", $)
does not satisfy the Lipschitz condition(C3) & b near 0, but it satisbes the hypothese$Cg) (see
[36]). With this setting, Theorem 3.2 can not be applied to the systen{4.4), but we can apply the

Theorem 3.3 to the (4.4).

5 Conclusion

In this research, we investigated the approximate controllability for a class of non-instantaneous
impulsive integrodilerential equations driven by the Rosenblatt process. The proposed results
have been carried out using Grimmer resolvent operator, stochastic analysis theory, and bxed
point techniques (KrasnoselskiiOs and SchauderOs bxed point theorem). Finally, an example is
provided to illustrate the applicability of our results. We believe our study can open new research
routes in stochastic integrodilerential systems with state-dependent delay and fractional cases.

This article will initiate future work in the above categories.
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In this article, we have mainly focused on the uniqueness prob-
lem of an L-function L with an L-function or a meromorphic
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RESUMEN
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problema de unicidad de una L-funci—nL con una L -funci—n
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dos debniciones nuevas, que extienden dos importantes depPni-
ciones existentes en la literatura de URSM y UPM, y las mis-
mas han sido usadas para probar uno de nuestros resultados
principales. Como una aplicaci—n del resultado, exhibimos
una versi—n mejorada y extendida de un resultado reciente
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1 Introduction

Riemann hypothesis can be generalized by replacing Riemaqnés zeta function by the formally

1

similar, but much more generalL -functions. Considering! (s) = n-1 75 @s a plrototype in 1989,

Selberg debned a rather general clas$ of convergent Dirichlet seriesL(s) = | _, 1)

s+ which
are absolutely convergent forRe(s) > 1. In the meantime, this so-called Selberg clas& -function
became important object of research as it plays a pivotal role in analytic number theory. An

L-function in S need to satisfy the following axioms (see [18]):

(i) Ramanujan hypothesis:a(n) ! n' for every" > 0.

(i) Analytic continuation: There is a non-negative integer k such that (s" 1)KL (s) is an entire
function of Pnite order.

(iii ) Functional equation: L satisbes a functional equation of type
bo(s)=#' (1" 3),

where
K

Li(s)= L(s)Q®  "($s+ %)
j=1

with positive real numbers Q, $; and complex numbers%, # with Re % # 0 and [#| = 1.

(iv) Euler product hypothesis: L can be written over prime as
. # g %
L(s)= exp  bpp*
p k=1
with suitable coelcients b(p*) satisfying b(pk) ! p¥" for some& < 1/ 2, where the product
is taken over all prime numbersp. The degreed, of an L-function L is debned to be
&
d|_ =2 $j y
j=1
where$; and K are respectively the positive real number and the positive integer as in axiom
(iii ) above.

In this paper we are going to discuss some results under the periphery of value distribution of
L -functions in S. Throughout this paper by an L-function we will mean an L -function of non-zero
degree with the normalized conditiona(l) = 1. On the other hand, by meromorphic function f
we mean meromorphic function in the whole complex planeC. Let C= C${%} ,C" = C\{ 0}
and N = N${0}, where C and N denote the set of all complex numbers and natural numbers
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respectively and by Z we denote the set of all integers. Before entering into the detail literature,

let us assumeM (C) as the beld of meromorphic functions ovelC and assumef , g be two non-
constant meromorphic functions in M (C). The proofs of the theorems of the paper are heavily
depending on Nevanlinna theory and we assume that the readers are familiar with the standard
notations like the characteristic function T (r,f ), the proximity function m(r,f ), counting (reduced
counting) function N(r,f ) (N(r,f)) that are also explained in [9,20]. ByS(r,f) we mean any
quantity that satispes S(r,f ) = O(log(rT (r,f ))) whenr & % , except possibly on a set of pnite
Lebesgue measure. Whefi has Pnite order, thenS(r,f ) = O(logr) for all r. Forany f 'M (C),

the order of f is debPned as
logT(r,f)

(f):= Imrw#!sup logr

2 Debnitions

Before proceeding further, we require the following depPnitions.

Debnition 2.1. For somea ' C ${%} , we debneEs(S) = $a.3s{z : f(z) " a = 0}, where
each point is counted according to its multiplicity. If we do not count the multiplicity then the set
$ass{z:f(2)" a=0} is denoted byE; (S). If Ef(S) = E4(S), then we sayf and g share the set
S Counting Multiplicity (CM). On the other hand, if E; (S) = E4(S) then we sayf and g share
the setS Ignoring Multiplicity (IM).

The following debnition is more generalized than Debnition 2.1 and somehow been inspired from
the idea in [11].

Debnition 2.2. Let Sy, S; ( C and if Ef (S1) = E4(S2) (Ef (S1) = E4(S2)) holds then we say that
f, g have the same inverse image with respect to the se®s and S, respectively, counting multiplic-
ity (ignoring multiplicity ) and abbreviated it as HCM {(S1)(f), (S2)(g)} (M {(S)(f), (S2)(9)}).

Debnition 2.3 ([14]). Let k be a positive integer,b' C and E¢(0;f " b) be the set of all zeros
of f " b, where a zero of multiplicity p is counted p times if p) k, and k+ 1 times if p > k. If
Ex(O;f " b)= Ex(0;g" b), we say thatf " b, g" bshare theO with weightk and we write it asf " b
and g" bshare(0,k) or f and g share(b,k). For S ( C${%} , we dePneEs (S,k) = $a3sEx(a;f),
wherek is a non-negative integer or inpnity. Clearly E; (S) = E; (S,%). In particular, E; (S, k) =
Eq(S,Kk) and Ef ({a},k) = Eg({a}, k) implies f and g share the setS and the valuea with weight
K.

Debnition 2.4 ([14]). Let b' C, by N(r,b;f |# s) (N(r,b;f |) s)) we denote the counting
function of those zeros off " b of multiplicity # s () s). Also N(r,b;f [# s) (N(r,b;f |) s)) are
debned analogously.
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Debnition 2.5 ([21]). If for some setS ( C, E; (S) = Eg4(S) implies f = g, then we will sayS
unigue range set of meromorphic function and denote it as URSM.

Debnition 2.6. If for two sets S;,S; ( C, Ef (S1) = Eg(S2) implies f = g, then we will say
{S1,S,} belong to the extended class unique range set of meromorphic function and we denote it
by ECURSM. Similarly we can debne extended class unique range setlofunction and denote it

as ECURSL.

Debnition 2.7 ([4]). AsetS ( Cis called a unique range set for meromorphi¢entire ) functions
with weight k if for any two non-constant meromorphic (entire) functions f and g, E¢ (S,k) =
Ey(S,k) implies f = g. We write S is URSMk (URSEK) in short. In case of L-function it is
reasonable to write it asURSLK.

Debnition 2.8 ([1]). For a non-zero constantc, if P(f) = cP(g) implies f = g then P is called
a strong uniqueness polynomial for meromorphic function and denote it by SUPM.

Debnition 2.9 ([15]). A polynomial P is called a uniqueness polynomial for meromorphic func-
tions if P(f) = P(g) implies f = g and we denote it as UPM.

Debnition 2.10. Let P, Q be two polynomials of same degree. Now ff = g for all f, g satisfying
P(f) = Q(g) then, then we call{P,Q} belong to the the extended class of uniqueness polynomial
of meromorphic function and denote it as ECUPM. Similarly we can debne extended class of
unigueness polynomial ofL-function and denote it as ECUPL.

Depnition 2.11 ([4]). Let P(z) be a polynomial of derivative indexk, i.e., P!(z) has mutually
k distinct zeros given byd;, do, ..., dx with multiplicities i, %, ..., 0 respectively. ThenP(z) is
said to satisfy the critical injection property if P(d;) * P(d;) for i = j, wherei,j '{ 1,2,...,k}.

3 Background and main results

Recently the value distributions of L -functions have been studied exhaustively by many researchers
([10,16,19], etc.). The value distribution of L-function is all about the roots of L(s) = c. In 2007,
regarding unigueness problem of twd. functions, Steuding [19] proved that the number of shared
values can be reduced signibcantly than that happens in case of ordinary meromorphic function.

Below we invoke the result.

Theorem 3.1 ([19]). Let L, and L, be two non-constantL-functions andc' C. If E_,(c) =
E_,(c) holds, thenL; = L.

Since L-functions possess meromorphic continuations, it will be interesting to investigate under
which conditions an L-function can share a set with an arbitrary meromorphic function. Inspired
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by the question of Gross [8] for meromorphic functions, Yuan-Li-Yi [22] proposed the analogous

question for a meromorphic functionf and an L-function L sharing one or two Pnite sets. Yuan-
Li-Yi [22] answered the question by themselves by proving the following uniqueness result.

Theorem 3.2 ([22]). Let f be a meromorphic function having Pnitely many poles inC and let
L'S be a non-constantL-function. Let us consider the setS = {w:w" + aw™ + b= 0}, where
(nnm)=1,n>2m+4. If E;(S) = E_(S), then we will havef = L.

Motivated by the results of [22], Khoai-An-Phuong [13] considered a di"erent polynomial, whose
zero set is not same with the set as in Theorem 3.2. Under the CM sharing of this set, they [13]
obtained a uniqueness relation between am -function and an arbitrary meromorphic function. In
their paper, Khoai-An-Phuong ([13]) consider the polynomial.

# & _ %
P(z)=(m+ n+1) m _ O menasig 4 (3.1)
o b omEn+lti ' '
& & o
and(m+n+1) 1, _ D gn+m+l e v 1 v 2 Then Pz)=(n+ m+1)z"(z" a)".

i m+ n+1 %i

In their recent paper, Khoai-An-Phuong ([13]) obtained the following result.

Theorem 3.3 ([13]). Let f be a non-constant meromorphic function,L be anL-function, P(z)
be debPned as in3.1) andS={z:P(z2)=0}. If n# 2 m# 2, n+ m# 8, then E; (S) = E_(S)
implies f = L.

Now from Theorem 3.3, the following questions are inevitable:

(1) The considered set in Theorem 3.3 is a particular one and it is clear by Example 6.1 given in
the application part afterwards, that the set is actually a zero set of a particular SUPM. So
it is obvious to explore, whether the set can be generalized by the set of zeros of an arbitrary
SUPM.

(2) In Theorem 3.3, to obtain the uniqueness result betweerf and L, the authors considered

CM sharing of the set. So is it possible to relax the CM sharing of the set?

(3) The minimum cardinality of the set in Theorem 3.3 is nine. Is it possible to decrease the
cardinality of the set?

In this article, inspired by Theorem 3.3, we have tried to explore and provide the best possible
answer of the above questions. Before going to the result, let us consider the following polynomial,

P(2)= ap+ a1z + @;z° + 444 a7, (3.2)

of simple zeros withP¥z) = (z" dy)%(z" dy)® da@" d))%, satisfying the following properties:
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(i) P(z) is a critically injective polynomial of degreet # 5 with simple zeros and the derivative

index of itis k# 2 and for k =2, min{q., p} # 2.
(i) P(z) be a SUPM.

Theorem 3.4. Let f be a non-constant meromorphic function,L be a non-constantL -function,
and P(z) be debned as in(3.2) satisfying properties (i) and (ii) such that S = {z : P(z) = 0}.
Now if Ef (S,2) = E_(S,2) andt # 2k + 4, then we havef = L.

In the application part of this article in Example 6.1 , we have considered a more general version
of polynomial (3.1) and by means of Example 6.1 , we have shown that our result Theorem 3.4
improves Theorem 3.3. Also in [12], the authors explored the things in a new direction. They found
some sulcient conditions for a general polynomial to be a uniqueness polynomial fol.-function
and found a general unigue range sets fok -functions as well. The following result extends the
perimeter of unique range sets folL -functions.

Theorem 3.5 ([12]). Let P(z) be a uniqueness polynomial folL-functions. Suppose thatP(z)
has no multiple zeros, andP (1) £ 0. Then the setS = {z : P(z) =0}, is a unique range set for

L -functions, counting multiplicities.

From the statement of Theorem 3.5, it will be interesting to ponder over the answer of the following
question:

Question 3.1. What happens in Theorem 3.5, ifP(1) =07

In the following theorem, we will deal with the answer of the above question. In fact, in view of
Debnition 2.6 and Debnition 2.10, we will re-investigate Theorem 3.5 under a broader perspective,
so that the same theorem will automatically be included in our result and at the same time the
question will be answered. Now for the next theorem let us consideZ *(L) to denote the set of
trivial zeros of L in the negative half plane, where each zero is counted according to its multiplicity.

Theorem 3.6. Let S; = {z:Po(2) =0} and S; = {z : Qo(z) = 0} where P, be a uniqueness
polynomial of L-function and Q, = k1P, + k, and having no multiple zeros. If

(i) k2 =0 and either Po(1) £ 0 or P,(0) * 0 together with Z%(L1) = Z*%(L>),

(i) ka®20 and Z%(L1) = Z%(L2), Po(1) = Po(0). Also either Po(1)Qo(1) x 0 or Po(0)Qo(0) =

0; then {P,, Qo} belong to ECUPL and{S;, S,} belong to ECURSL.

Clearly in the above theorem, whenk, = 0 and Py(1) = 0, then Theorem 3.6 is actually Theorem

3.5. Hence this result is an extension of Theorem 3.5.

Considering the IM sharing of set, in [12] the following result was obtained.
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Theorem 3.7 ([12]). Let P(z) be a strong uniqueness polynomial fot -functions, and assume

that P(z) has no multiple zeros, and the degreg, the derivative index k of P satisfy inequality
g# 2k+6. Then the zero set ofP (z) is a unique range set, ignoring multiplicities, for L-functions.

As usual it will be interesting to further reduce the cardinality of the set. In the next theorem, we
will show that with the help of weighted sharing of weight two the cardinality of the range set can
signibcantly be reduced.

Theorem 3.8. Let P(z) be a strong uniqueness polynomial fok -functions with simple zeros, of
degreet and of derivative indexk such thatt # 2k+3. Then the setS= {z:P(z) =0} is URSL2.

4 Lemma

Next, we present some lemmas that will be needed in the sequel. Henceforth, we denote Hy, the
following function : & - . & e ZG&‘
H = . n _ n . n _
F& F G¢ G
Lemma 4.1 ([5]). Let F = P(f) and G = P(g) be non-constant meromorphic functions where

P(z) is debned same as ir{3.2). Also let F, G share (0, m) Then,
N2 (r,0;F)) N(r,%;H)+ S(r,F)+ S(r,G).

Lemma 4.2. Let F and G be debPned same as in Lemma 4.1 and shaf@, m). Then,

$« $
N(r,%;H)) N-(r,0;F,G)+ N(r,%;f)+ N(r,%;9)+ N(r,(i;f)+ N((i;0)
i=1 i=1

+ No(r, 0;f §+ No(r, 0;¢% + S(r,f )+ S(r,9),

where N o(r, 0;f & is the reduced counting function of those zeros df & where F ( :;1 f"(p)=xO0
and No(r, 0;g% is similarly debned and(; ,i =1,2,...,k are distinct zeros of P§z).
Proof. Here we are not giving the proof as the similar proof can be found in [14]. O

Lemma 4.3 ([3]). Let F and G be non-constant meromorphic functions and lef, G share (0, m).
Then,
& '

N(r, O;F)+ N(r,0;G) " Né)(r, O;F)+ m" N-(r,0;F,G)) %[N(r, 0;F)+ N(r, 0;G)].

NI =

Proof. Here we are not giving the proof as the similar proof can be found in [3]. O
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Lemma 4.4 ([6]). Let P(z) be a polynomial debned as ir{3.2) with property (i). Also assumef

and g be two non-constant meromorphic functions such that,

1 Co

P({) P(9)

+ Cy,

Co ¥ 0. Then we will havec; =0.

Lemma 4.5 ([7]). Let P(z) be a polynomial debned as i§3.2) with property (i). Then P(z) will
be a UPM if and only if

$ $
G0 > Q.

1" Ikm ' k 1=1

In particular, the above inequality is always satisbPed whenevér# 4. Whenk =3 and max{ ¢, ¢, s} #
2orwhenk =2, min{qq,p}# 2and qu + g # 5, then also the above inequality holds.
Lemma 4.6 ([17]). Let f be a non-constant meromorphic function and let

In

akf k
R(f)= .

j=0

be an irreducible rational function in f with constant coelcients {ac} and {b}, wherea, * 0 and

bn 0. Then
T(r,R(f)) = dT(r,f )+ S(r,f),

whered = max{n, m}.

Lemma 4.7 ([20]). Letf,g' M(C) and let' (f), ' (g) be the order off and g, respectively. Then

(fag)) max{’ (f)," (9)}

Lemma 4.8. Let L; and L, be two non-constantL-functions and for someA > 0, in ) < " A,
Z%(L1) = Z%(L,). Then we can bnd a inPnite sequence of zeros in the same half plane of both
Li,i=1, 2

Proof. It is given thatin )< " A, Z%(L1) = Z%(L,). From axiom (iii ), let us assume

Li(s)= *i(s)Li(1" 5), where
(% (2" s+ %)

Ki
*i(s) = #Q" i
| L (S s+ %)

, fori=1,2
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In particular, in ) < " A, the poles of( J!(il "( $15s+ %;) and ( }‘il "('$2 s+ %;) must match, also

the poles of J-kil "($4 (1" s)+ %) and }(il "($2 (1" s)+ %) must matchin ) >A . Also in

"A<)< O }(il "($18+ %;) and }(il "( $25s+ %;) can have bnitely many poles. It follows

that i—; is a meromorphic function with Pnitely many poles and zeros. So here we can write it as

#1(s) —
#2(s)

have,

R(s)e*, where R is a rational function and a is a complex constant. Therefore here we

Li(s) = *1(s)L1(1" 9),
L2(s) = *1(s)R(s)e™L2(1" 9).

w N+ $y
% j

bxedj, of zeros of* ;(s), which are also zeros oL(s) and L;(1" 3) never vanish in) > B for
i =1,2. Also it can be seen thatRe(sp) &"% asn & % . O

Then in some) < " B, whereB # A, it is possible to bPnd a sequencés, (=

)} for some

5 Proofs of the theorems

Proof of Theorem 3.4. Let us consider the following cases.

Case 1: First assumeH = 0. Then integrating we have,

1 ¢

PL) P(f)

+d, (5.1)

where ¢ (¥ 0),d are constants. Clearly from Lemma 4.4 we haved = 0. As from the
hypothesis of the theorem we knowP (z) is a SUPM, from P(f ) = cP(L), we havef = L.

Case 2: Next assumeH = 0. Using the Second Fundamental Theorem we have,

(t" DT(r, L)) N(r, 0;P(L))+ N(r, %;:L)+ S(r, L) (5.2)
) N(r,0;P(f))+ O(logr)+ S(r, L)
) nT(r,f)+ S(r,L).

Similarly, we can have,
t" 2)T(r,f)) nT(r,L)+ S(r,f). (5.3)

Clearly (5.2) and (5.3) we have,' (f) = ' (L) =1 and henceS(r,f ) = S(r, L) = S(r) (say).



506

Abhijit Banerjee & Arpita Kundu 29529

Using the Second Fundamental theorem we have,
(t+ k" 1)(T(rf)+ T(r, L)) N(r,O;P(f))+ N(r,0;P(L)) + N(r, %;f)+ N(r, %;L)
gk

+ (N (s f)+ N(r (isL) " No(r, 0;F9 ™ No(r, 0;LY + S(r).

i=1

(t" DT(r, L)+ (t" 2)T(r,f)) N(r,0;P(f))N(r,0;P(L)) " No(r, 0;f§ (5.4)
" No(r, O;LY + S(r).
Using Lemmas 4.3, 4.1, 4.2 and 4.6, from (5.4) we have,
(t" DT(r,L)+(t" 2)T(r,f)) %{T(r,f Y+ T(r, L)} + N(r, %;f)+ N(r, %;L)
$K

+ (NG B)+ N (L) + S(n),

i=1

& ' &
="2 T(r,f)+ % 1 T(r,L)+ S(r)) kT(r,L)+(k+21)T(r,f)+ S(r),
" 2k" 6)T(r,f)+(t"™ 2" 2k)T(r,L)) S(r). (5.5)
Using (5.2) we have
(t" 2k" 6)t"t—1T(r, LYy+(t" 2" 2k)T(r,L)) S(r). (5.6)

From (5.6) for t # 2k + 4 we arrive at a contradiction. O

Proof of Theorem 3.8. Let us consider two non-constantL -functions L, and L, suchthatE ,(S,2) =

EL,(S,2) whereS is the zero set of strong uniqueness polynomial fok -function. Also assume,

F=P(Ly) and G= P(Ly).

If H =0, then from Case 1 of Theorem 3.4 we will havelL.; = L,. If H ¥ 0, then proceeding

similarly as done in (5.4), (5.5) we will have a contradiction fort # 2k + 3. Hence Pnally we will
havelL, = L,. O
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Proof of Theorem 3.6. Let us assume for two non-constant.-functions, L1, L2; Ei,(S1) = EL,(S).

Clearly then we can set the auxiliary function

_ Po('—l) -

" | Qp1(s)
= 0u(L2) (s" 1)'e'®, (5.7)

for some integerl and from Lemma 4.7 we will havep;(s) = as+ b, for some complex constantsa,
b. Now let us consider the following cases.

Case 1: Firstlet k, =0, i.e., Qo = k1Pq.

Subcase 1.1: Py(1) 0. Then,

(La" (2)(L1" (2)aa@ 1" (1) | _as+b
G= — - = ky(s" 1)ye**®, 5.8
L7 ()" (ad@." () ¢ D 58
from (5.8) taking limit ) & +% we have,
i n |l jas+b —
&Anp! ki(s" 1)'€ =1,
which implies a = | = 0 and then simply k;e® = 1. Finally we have, izgt;; =1 and

hencelL, = L,.

Subcase 1.2: Let us assumeP,(1) = 0 but P,(0) = 0. Without loss of generality assume

|
(1=1. Again L; can be represented by a Dirichlet series,e., Li(s) = ., 2,

1,2, absolutely convergent for) > 1, wherea;(1) = 1. Also let ny,n, be two integers
such that ny =min{n (# 2):a(n)%=0,i=1,2}. So,

) Ly ) '
L1'I 1 _ %\al(nl)-'- 1 :1>n 1 al(n)(%)s* = &n2 SG (S) (5 9)
L," 1 %Iaz(nz)*' . !n>n 2 aZ(n)(r:TZ)S M1 o |
where,
Iy
ai(ng) + .> an w)°
Go(s) = 1)+ | pon , AMCT)

a(n2) + oy, @2(n)(22)s

By the construction of Go(s) we note that limgs +1 Go(s) = 2;%23 In view of (5.7),

let us consider the following function

(Li" (2)ad@." (o) _ Lai” 1éqsé(|-1" (2)aa@ 1" (+)
(L2" (2)aa@2" (¢) L2"1 (L2" (20aa@2" (1)
_ oL (L1 (2)ada@ 1" (1) _ s~ _ | ~span 1yl aas+b
T (aaa, () TO7AET DT

Gy = Go(S) a

(5.10)

for someq = 2—;(' Q). We can write q = €°99 = €%, then we can write it as,
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G1 = kig(s" 1)e®*P = ky(s" 1) ed+astb=  (s" 1)'e?s*P wheread= g%+ a. Let
us considera®= a; + ia, and b= by, + ib,. With respect to the Prst equality of (5.10),

taking limit ) & +%, we havelimgs +, G; = Cy, for some constantC; ' C". Next
from the second and last equality of (5.10), taking limit) & + %, we have

L D) (L (Daads " (01
lim Tt gi-t 12881 o4
& +! # (La" 1) “(Lo" (2)ad@2" ()7

= Constant=_lim |)" 1+ it |' @21 &%azt+ b
+1!

— 1 " | ja's+8
Cal= Jim, I(s" 1)

Therefore we must havea; = 0 = |, otherwiselimgs +, |) " 1+ it|'e1&%a2t+bi = 95 or
0 according asa; > or < 0 and with the same argument it can be shown thatl = 0.
Also,

&#lirpl e%a2t+ b= IClll +#' R,

implies a, = 0. Hence we havea = a; + ia, =0 and | = 0. Therefore, G; = ki€ and
from the last equality of (5.10), we getG = g*°k,€?, i.e., from (5.8) we have

(L1" 1) (L1" (2ada@ 1" (1) _ sy b
7D AT (aal, (0 9 9 N

Now from Lemma 4.8, it is possible to bPnd a sequencs, of trivial zeros in ) < " A,
whose real part diverges,.e., Re(s,) & "% , asn & % . From (5.11) putting s = sy
we have gRe(%sn) |k, |eRe(®) = 1 taking limit as n & % we will have gR¢(*s) & % or
0, according asq > 1 or < 1. So we must haveq = 1 and hencek;e® = 1. Therefore
Po(L1) = Po(L2) =, L 1= Lo.

Case 2: Next let ko = 0. Then we can write G as,

G = Po(L1) _ (La" (o)(La” (2)dd@ 1" (4) _

" | h@s+ b
T kaPo(L2) + ka  (L2" +1)(L2" +)ad@." +) (s" 1)ye™"" (5.12)

Subcase 2.1: Let us assumePy(1).Qq(1) = 0. From (5.11) taking ) & +%, we will have,
G = C = non-zero constant. Hence we haveP,(L1) = k§Po(L2) + k& In view of
Lemma 4.8, Putting s = s, we have,k§= P,(0)(1L" k.

Subcase 2.1.1: First let P,(0) = 0, then k§ = 0. Using the fact Po(1) * 0, with the
same argument as in Subcase 1.1 we will hav@,(L1) = Po(L2) and hencelL; = L».

Subcase 2.1.2: Nextlet Py(0) = 0. Then we havePy(L1)" Po(0) = k§(Po(L2)" Po(0)).
Taking ) & +% and noting that P,(0) ¥ P,(1), we have,k§=1 and hencek§ = 0.
And the from Subcase 1.1 we will have the result.
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Subcase 2.2: AssumePy(1)Qo(1) = 0 but Py(0)Qo(0) :0.

Subcase 2.2.1: Let us assumeP,(1) = 0 = Qo(1). Without loss of generality assume
(1 = +1 = 1. Then proceeding similarly as done in Subcase 1.2 we will have
g"(('[i)) = constant. Noting that Po(0) * 0, like Subcase 2.1 we can show that the

constant is 1 and so we havelL, = L».

Subcase 2.2.2: Next let Po(1) =0 but Qq(1) 0. Then let (; =1 and we can have,
# %

$ ’ nl' s 1
ap(ng) + ai(n) — = —<Gi(s),
n n3

n>n i

A |

L]_ 1 - ni?_
|

whereGi(s) = nj(L1" 1) = az(n1)+ ' :1>n ) al(n)(”n—l)S andlimgs +1 G1 = ai(ny).

Now, G = (Li" D(L1" (2)aada” (n) = (s" 1),

(L2" +1)(L2" +2)aa@d 2" +n)
Let us set a function

_ (L1" (2)ad@ 1" (n)

o= CUL T (L, " +)aaa, " )
_os (L (L (2)ad@ 1" (n) _ s~ _/ow 1y s.as+b
- nl('—z" +1)(L2" +2)d4@." +1) niG=(s" 1ynie™"".

(5.13)

Therefore we can write, G, = (s" 1)'eé® Se®, where a%= a+log n;. Next the
brst equality of (5.13) implies, limgs +1 G, = Constant. But limggs +1 |(s"
1)'éd"s*b| = 0 or %, according asRe(a%§ < or > 0, it follows that Re(a%§ = 0.
Since the limit is independent oft, we will have Im (a%§ = 0. With similar argu-
ments we will have| = 0. Therefore a%¢= 0 = | and we will have from the last
equality of (5.13),

— b - — %S b
G,=¢€" =, G=n%

(L1 I)(La” (2)aad 1" (n) _ %S b
(L2" +1)(L2" +2)aa@ 2" +n) v

Proceeding similarly as in (5.11) we will have,n; = 1 and then we haveG = €° =
Constant. With the help of Subcase 2.1 we will havel; = L.

Subcase 2.2.3: Next let Py(1) =0 but Qq(1) = 0, proceeding in a same way as done
in Subcase 2.2.2 and then using Subcase 2.1 we will halig = L.
Hence{P,, Q,} belong to ECUPL and {S;, Sy} belong to ECURSL. O
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6 Application

In this section, we show the application of Theorem 3.4. Not only that, next we are going to show
that the much improved version of Theorem 3.3 falls under a special case of our Theorem 3.4.
Below we explain this fact via the following example.

Example 6.1. We are going to consider a new polynomial of degrem + n+1 recently introduced
in [2] as follows:

N "1y o
P(Z) — n ( 1)J ZMm+n+l %j a (6_1)
j m+n+1"j
e &%
g @ ")t o
+ mn 1) MM G g e = Q(2) " ¢,
=10 | j m+n+1"i"j

where a and b be distinct such that a,b’ C,c%® 0, Q(a),Q(b) andm# n+2 andn # 2. ltis
easy to verify that,
P{z)=(z" a"(z" bH™.

Clearly from the choice ofc, P(z) has only simple zeros. First we will show that (6.1) is critically
injective, strong uniqueness polynomial with derivative index2 with m# n+2 and n # 2. From
Remark 1 [2, p. 506] it can be shown thatP (z) is critically injective polynomial. Next, let us
assume for some constanf = 0 and for two non-constant meromorphic functionsf , g with Pnitely

many poles we have
P(f)= AP (9). (6.2)
By Lemma 4.4, we get,
T(r,f)=T(r,g)+ O(1). (6.3)

Also here,N(r, %;f) = S(r,f ) = N(r, %;g) = S(r,9).

Now, consider the cases,
Case 1. SupposeA £ 1. Then

Pf)+c=AP(@+0c" c(A" 1), (6.4)

Q(f)=AQ(g " (A" 1) = Q(f)" Q(b)=AQ(9)" (Q(B) + c(A" 1)).

Recall that the only zeros of Q¥z) are a and b. So only possible multiple zeros of (z) =
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AQ(2) " (Q(b)+ c(A" 1)) could bea and b. First assumeb is one multiple zero of, (z).
Thus, (b =0, ie.,

AQM " (Q)+ (A" 1))=0 =, Q" )(A" 1)=0 =, Q= c,

a contradiction as Q(b) = c.

Next assumea is the multiple zero of , (z). It is easy to see that, (z) = (z" a)"*!, 1(2),
where, 1(a) = 0 and all zeros of, 1(z) are simple, namelyp;, j = 1,2,...,m. Notice that
Q)" Qb =(z" H™?, »(2), where, »(b) £ 0 and all zeros of, »(z) are simple, namely
%,j =1,2,...,n. From (6.4) we have,

_ $ _ _ ;
N(r,b;f)+ N(r,%;f)= N(ra;g)+ N(r, 1j;0). (6.5)
i=1 i=1
Now using the Second Fundamental Theorem we have,

_ ; _
mT(r,g)) N(r,a;g)+ N(r,1j;9)+ N(r, %;9) + S(r,9)
1

) N(rbif)+  N(r%;f)+ S(rg)

i=1
) (N+)T(rf)=(n+1)T(r,g)+ S(r,9),
this contradicts the fact m# n + 2.

Hence we see neithea nor b be the multiple zeros of, (z) and hence all the zeros of (z) are
simple, say-j, j =1,2,...,m+ n+1. From (6.4) we have,
m$n+1
(m+n)T(r,9)) N(r,-j;9) + N(r, %;9) + S(r,g)

j=1

) N(r,b;f)+ v N(r,%;f)+ S(r,9)
i=1

) (n+1)T(rf)=(n+1)T(r,g)+ S(r,9),
a contradictionasm # n+2 andn # 2.
Case 2: AssumeA =1.
P(f)= P(9).

Now the zeros ofP4z) has multiplicites m# 4, n# 2and m+ n # 6. Hence from Lemma
4.5 we have from above,f = g. Now if we take m = 5, n = 2, then P(z) becomes a
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polynomial of degree8. So clearly from the above discussion if be a meromorphic function

and L be anL-function satisfying E¢ (S,2) = E_ (S, 2) such that the degree ofP (z) becomes
m+ n+1 # 8, then by Theorem 3.4, we havef = L. As putting b= 0 in (6.1), we obtain the
polynomial (3.1), for m + n # 7, the result in Theorem 3.3 holds as well. Clearly Theorem

3.4 is a three step improvements of Theorem 3.3:

(1) In Theorem 3.4, we have considered the zero set of an arbitrary SUPM satisfying prop-
erties (i) and (ii). By means of Example 6.1 we know that the polynomial (3.1) is itself
a critically injective SUPM, so in terms of choice of SUPM, Theorem 3.4 is quite a

generalization of Theorem 3.3.
(2) In the light of relaxation of sharing of the zero set Theorem 3.4 improves Theorem 3.3.

(3) Most importantly, it can be veribed that the minimum cardinality of the considered set
in Theorem 3.3 is nine, where as we have been able to show that in Theorem 3.3 still
holds for the cardinality of the range set asn+ m +1 # 8. That is the cardinality of
the range set in Theorem 3.3 can further be diminished.

Again sinceL can be analytically continued as a meromorphic function with only one pole,
then from the above discussion it can be observed that if. ; and L, share the zero setS of
the polynomial (6.1) with weight two, i.e., E_,(S,2) = E.,(S,2) wheren+ m+1 # 7, then
according to Theorem 3.8 we will havelL; = L.
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1 Introduction

! :
Let p(z) := J-”zo a2, wherea; ! C be a polynomial with complex coelcients. If we plot the

zeros of a polynomialp(z) and the zeros of its derivative p'(z) (the critical points of p(z)) in the
complex plane, there are interesting geometric relations between the two sets of points. To start
with they have the same centroid. We also have the Gauss-Lucas Theorem which states that the
critical points of a polynomial p lie in the convex hull of its zeros. Regarding the distribution of
critical points of p within the convex hull of its zeros the well known SendovOs Conjecture asserts:

OlIf all the zeros of a polynomiap lie in |z| " 1 and if zo is any zero ofp(z), then there is a critical
point of p in the disk |z# zo|" 1.0

The conjecture was posed by Bulgarian mathematician Blagovest Sendov in 1958, but is often
attributed to llie" because of a reference in HaymanOResearch Problems in Function Theory[6]

in 1967. A large number of papers have been published on this conjecture (for details see [9])
but the general conjecture remains open. Rubinstein [10] in 1968 proved the conjecture for all
polynomials of degree 3 and 4. In 1969 Schmeisser [11] showed that, if the convex hull containing
all zeros ofp has its vertices on|z| = 1, then p satisbes the conjecture (for the proof see [9, Theorem
7.3.4]). Later Schmeisser [12] also proved the conjecture for the Cauchy class of polynomials. In
1996 Borcea [2] showed that the conjecture holds true for polynomials with atmost six distinct
zeros and in 1999 Brown and Xiang [3] proved the conjecture for polynomials of degree up to
eight. DZgot [5] proved that for every zero (say)z, of a polynomial p there exists lower bound
No depending upon the modulus ofzy such that |z # zg| " 1 contains a critical point of p if
degp) > N o. Chalebgwa [4] gave an explicit formula for such @g. More recent work in this area
includes that of Kumar [7], Sob, Ahanger and Gardner [14], and Sob and Shah [13]. As for the
latest, Terence Tao [15] following on the work of DZgot [5], proved that the SendovOs conjecture

holds for polynomials with sulciently high degree.

In this paper we prove an interesting connection between the geometric structure of the zeros of a
polynomial and SendovOs conjecture.

2 Statement and proof of the theorem

! :
Theorem 2.1. Let p(z) := 1-“20 a; ! be a polynomial of degree $ 2 with all its zeros zy, 2, ...,z

lying inside the closed unit disk. Suppose that for all =1,2,...,n

; ## 1 # o ; % 1 % 21
ﬁl‘ Zj#Zi# Ej#Zi# ()

P=1 ik P=1 ik

then |z# z|" 1 contains some critical point of p, that is, SendovOs conjecture holds fqr.
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[One prime (but not the only) example of polynomials satisfying the hypotheses of Theorem 2.1

are the polynomials whose zeros lie on a circle within the closed unit disk. In this case we may
assume without loss of generality that|z;| = |z| for all 1" i,j " n and that for a Pxed but

arbitrary 1" j " n,0<z; " 1. Henceforalll” i" n
|Zi#(Zj#l)|"|Zi|+|Zj#1|=|Zi|+1#Zj=1

and the required condition

) ﬁl Zj#Z| L j#Zi#
i=1,i=j i=1,i=j
is satisbed.]
Proof. Let!4,!1,...,1h1#1 be the critical points of p and assume to the contrary. Then there exists

a zero ofpsayz; such that |zy # !j| > 1for 1" i " n# 1. We note that z; cannot be a repeated

zero ofp and hencez, # z %0 foralli =2,3,...,n and
1 .
———— <1 forall1" i" n# 1
|z # 1]

Also we can write .

p(z)= na, (z#)

so that 1
Pl "1
e
pP(z) . z#
This gives
plzy) _ " 1
p!(zl) =1 7 # 1
Hence # 4 # #
1l & #1 # n#1
ﬁ(zl)#= g‘ 1 2 = n#1
P)™ R n# L# _ [a# '
That is # #
] #
LRGSR (2.2)
P'(z1)

Now suppose
¥
P(z) = an(z# z1)q(z), whereq(z)=  (z# z).
i=2
This gives
n

1
Z# z

q(2)

i=2



518 G. M. Sob & W. M. Shah

CuBO
25, 3 (2023)

so that .
o (z1) _ 1
q(z1) uttz

i=2
Also
p'(z1) = 9zx) and p'(z1) =20 (z1).

Therefore from (2.2), we obtain

# # # #
52q (z1) % _ 0" (z0)
# a(z1) #_ #p!(Zl) §< n#l

and hence # #
i (z)%_ n# 1
oz 2
Thus # #
%‘ " %< n#1
#|=2 Z1# z # 2
Now %

& 2
1 T _ 1, 1#|lasz# ]

utz 2 221 # 7|2

forall i =2,3,...,n. This gives

o %

Re

& o ,
1 " _n#1, " a#|lmrz#e
2 # 7 2 2z, # zi|?

i=2 2
wn # wn # (
_n#1 1 g 1 %# " #z# 1Y
2 2' 1:2#El#zi# i=2# 21 # z #(
n# 1 1"“%1%#"”§# 1%
= + — —
2 2 i=o Zl#Zi# 1=2@- Zl#zi#
Now from (2.1)
i 1#zi# i zl#zi#
Therefore
« . %
I ° n# 1
L, u#z - u#z 2
and hence

(2.3)
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which contradicts (2.3) and the contradiction proves the result. O
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