ISSN 0719-0646
ONLINE VERSION

VOLUME 26 - ISSUE 1

2024

Cubo

A Mathematical Journal

Departamento de Matematica y Estadistica
Facultad de Ingenieriay Ciencias
www.cubo.ufro.cl Temuco - Chile



A Mathematical Journal

EDITOR-IN-CHIEF Rub{ E. Rodriguez
cubo@ufrontera.cl
Universidad de La Frontera, Chile

MANAGING EDITOR Mauricio Godoy Molina
mauricio.godoy@Qufrontera. cl
Universidad de La Frontera, Chile

EDITORIAL PRODUCTION Ignacio Castillo Bello
ignacio. castillo@Qufrontera.cl
Universidad de La Frontera, Chile

Victor Valdebenito Sepulveda
victor.valdebenito Qufrontera. cl
Universidad de La Frontera, Chile

Maria Elisa Valdés Véasquez
maria.valdesQufrontera.cl
Universidad de La Frontera, Chile

CUBO, A Mathematical Journal, is a scientific journal founded in 1985, and published by the
Department of Mathematics and Statistics of the Universidad de La Frontera, Temuco, Chile.
CUBO appears in three issues per year and is indexed in the Web of Science, Scopus,
MathSciNet, zbMATH Open, DOAJ, SciELO-Chile, Dialnet, REDIB, Latindex and MIAR.
The journal publishes original results of research papers, preferably not more than 20 pages,

which contain substantial results in all areas of pure and applied mathematics.







CUBO

EDITORIAL BOARD

EDITORIAL BOARD

Agarwal R.P.
agarwal@tamuk. edu

Ambrosetti Antonio
ambr@sissa.it

Anastassiou George A.
ganastss@memphis. edu

Avramov Luchezar
avramov@unl. edu

Benguria Rafael
rbenguri@fis.puc. cl

Bollobas Béla
bollobas@memphis.edu

Burton Theodore
taburton@olypen.com

Carlsson Gunnar
gunnar@math.stanford. edu

Eckmann Jean Pierre
jean-pierre.eckmann@unige.ch

Elaydi Saber
selaydi@trinity. edu

Esnault Héléne
esnault@math. fu-berlin.de

Hidalgo Rubén
ruben.hidalgo Qufrontera.cl

Fomin Sergey
fomin@umich. edu

Jurdjevic Velimir
Jjurdj@math.utoronto.ca

Kalai Gil
kalai@math. huji.ac.il

Department of Mathematics
Texas A&M University - Kingsville
Kingsville, Texas 78363-8202 — USA

Sissa, Via Beirut 2-4
34014 Trieste — Italy

Department of Mathematical Sciences
University of Memphis
Memphis TN 38152 — USA

Department of Mathematics
University of Nebraska
Lincoln NE 68588-0323 — USA

Instituto de Fisica
Pontificia Universidad Catdlica de Chile
Casilla 306. Santiago — Chile

Department of Mathematical Science
University of Memphis
Memphis TN 38152 — USA

Northwest Research Institute
732 Caroline ST
Port Angeles, WA 98362 — USA

Department of Mathematics
Stanford University
Stanford, CA 94305-2125 — USA

Département de Physique Théorique
Université de Geneve 1211
Geneve 4 — Switzerland

Department of Mathematics
Trinity University, San Antonio
TX 78212-7200 — USA

Freie Universitat Berlin
FB Mathematik und Informatik
FB6 Mathematik 45117 ESSEN — Germany

Departamento de Matematica y Estadistica
Universidad de La Frontera
Av. Francisco Salazar 01145, Temuco — Chile

Department of Mathematics
University of Michigan

525 East University Ave. Ann Arbor
MI 48109 - 1109 — USA

Department of Mathematics
University of Toronto
Ontario — Canadé

Einstein Institute of Mathematics
Hebrew University of Jerusalem
Givat Ram Campus, Jerusalem 91904 — Israel



CUBO

EDITORIAL BOARD

Kurylev Yaroslav
y.kurylev@math.ucl. ac.uk

Markina Irina
irina.markina@uib.no

Moslehian M.S.
moslehian@ferdowsi.um.ac.ir

Pinto Manuel

pintoj@uchile.cl

Ramm Alexander G.
ramm@math. ksu. edu

Rebolledo Rolando
rolando.rebolledo@Quu. cl

Robert Didier
didier.robert@Quniv-nantes. fr

S4a Barreto Antonio
sabarre@purdue. edu

Shub Michael
mshub@ccny. cuny. edu

Sjostrand Johannes

johannes.sjostrand@u-bourgogne. fr

Tian Gang
tian@math. princeton. edu

Tjgstheim Dag Bjarne
dag.tjostheim@Quib.no

Uhlmann Gunther
gunther@math.washington.edu

Vainsencher Israel
israel@mat.ufmg. br

Department of Mathematics
University College London
Gower Street, London — United Kingdom

Department of Mathematics
University of Bergen
Realfagbygget, Allégt. 41, Bergen — Norway

Department of Pure Mathematics
Faculty of Mathematical Sciences
Ferdowsi University of Mashhad

P. O. Box 1159, Mashhad 91775, Iran

Departamento de Matematica
Facultad de Ciencias, Universidad de Chile
Casilla 653. Santiago — Chile

Department of Mathematics
Kansas State University
Manhattan KS 66506-2602 — USA

Instituto de Matemaéticas
Facultad de Ingenieria
Universidad de Valparaiso
Valparaiso — Chile

Laboratoire de Mathématiques Jean Leray
Université de Nantes

UMR 6629 du CNRS,2

Rue de la Houssiniére BP 92208

44072 Nantes Cedex 03 — France

Department of Mathematics
Purdue University
West Lafayette, IN 47907-2067 — USA

Department of Mathematics
The City College of New York
New York — USA

Université de Bourgogne Franche-Comté
9 Avenue Alain Savary, BP 47870
FR-21078 Dijon Cedex — France

Department of Mathematics
Princeton University

Fine Hall, Washington Road
Princeton, NJ 08544-1000 — USA

Department of Mathematics
University of Bergen
Johannes Allegaten 41
Bergen — Norway

Department of Mathematics
University of Washington
Box 354350 Seattle WA 98195 — USA

Departamento de Matematica

Universidade Federal de Minas Gerais

Av. Antonio Carlos 6627 Caixa Postal 702
CEP 30.123-970, Belo Horizonte, MG — Brazil






CUBO
A MATHEMATICAL JOURNAL
Universidad de La Frontera
Volume 26/N91 — APRIL 2024

SUMMARY

- Frame’s Types of Inequalities and Stratification......................... 01
BRANKO MALESEVIC AND DIMITRIJE JOVANOVIC

- Double asymptotic inequalities for the generalized Wallis ratio..... 21
VITO LAMPRET

— Multiplicative maps on generalized n-matrix rings..................... 33
AISHA JABEEN AND BRUNO L. M. FERREIRA

~ On a class of fractional I'(-)-Kirchhoff-Schrédinger
SYStEIML By P . 53
HamzA EL-HOUARI, LALLA SAADIA CHADLI AND HICHAM MOUSSA

— Families of skew linear harmonic Euler sums involving
SOIME PATAINIELETS . . ..ottt e et e 75
ANTHONY SOFO

— Curvature properties of a-cosymplectic manifolds with

x-n-Ricci-Yamabe solitons............................ 91
VANDANA, RAJEEV BUDHIRAJA AND ALIYA NAAZ SIDDIQUI Diop

- On a class of fractional p(z,y)—Kirchhoff type problems

with indefinite weight ....... .. ... .. 107
SEYED MOSTAFA SAJJADI AND GHASEM ALIZADEH AFROUZI

— On a class of evolution problems driven by maximal
monotone operators with integral perturbation........................ 123
FATIMA FENNOUR AND SOUMIA SAIDI

—~ Quarter-symmetric metric connection on a

p-Kenmotsu manifold ................ ... 153
BHAwWANA CHAUBE AND S. K. CHANYAL

-~ Global convergence analysis of Caputo fractional Whittaker

method with real world applications....................................... 167
SAPAN KUMAR NAYAK AND P. K. PARIDA



C b CUBO, A Mathematical Journal
u 0 Vol. 26, no. 01, pp. 1-19, April 2024
A Mathematical Journal DOL: 10.56754/0719-0646.2601.001

Frame’s Types of Inequalities and Stratification

BRANKO MALESEVIGH™
ABSTRACT
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In this paper we examine some inequalities of Frame’s type
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RESUMEN

En este articulo examinamos algunas desigualdades de tipo
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apropiadas de funciones estratificadas y PTM - Polinomios
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1 Introduction

This paper deals with some inequalities that are discussed in [10,19], see also the monograph
[11, part 3.4.20]. In [1,13] is stated the Cusa-Huygens approximation:

3sinx
T

~ —  f 0
Syt or z € (0,m),

which in the paper [9] is specified using families of stratified functions on the domain (0,7/2). L.

Zhu in [19] gives the following two inequalities:

3sinx 1 5
T 9 cosz 180 f 0 1.1
T S feoss 10”0 v we(Om) (1.1)
and )
3sinx (1 —cosx) .,
- 1 f 0 1.2
2+COSCL’( +9(3+2COS$)> >2100x , for x€(0,m), (1.2)

and names them Frame’s inequalities. In the monograph Analytic Inequalities by D.S. Mitrinovi¢
[11, part 3.4.20.] inequalities (1.1) and (1.2) appear with the wrong relation, which L. Zhu corrects
in [19].

Based on inequality (1.1) the following assertion is proved in the paper [10].
Theorem 1.1. The following inequalities are true:

1 3sinx 1
— <y —" < 1.3
80" =7 2+cosx_m1x’ (1.3)

where x € [0, 7] and my = 92.96406 ... = 1/f(x¢). The value f(xo) is determined for the function
fz) = x—m /x5'(0 ) — R
N 2+ cosz Y
at the point xo = 2.83982... at which the function reaches its mazimum f(xg) on the interval

(0, 7). The equality in (1.3) holds for both sides when x = 0 and holds for the right hand side when

Tr = Xg-.

3sinx

Inequality (1.3) is used to estimate the Cusa-Huygens function p(z) = x over (0,m)

[10].

- 24 coszx

The motivation for this paper is to improve the previous results, by finding the minimax approx-
imant for unconsidered values of parameters. We will observe the shorter interval (0,7/2), for a
more precise estimate in the origin’s neighbourhood. The used approach combines the concept of
stratification [9] with a method for proving MTP inequalities [8]. This way we can simply prove
the known results, and also establish novel ones. Analogously, this procedure can be applied to

consider other types of MTP inequalities. In addition, it is possible to apply this approach in
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solving concrete practical problems such as in [5] and [12].

This paper is organized as follows. The required theoretical background is presented in section
2. In subsection 2.1 are given definitions of stratification and the minimax approximant, as well
as Nike theorem in two forms. In subsection 2.2 is explained the used method for proving MTP
inequalities. In section 3 are analyzed two inequalities of Frame’s type using stratification and
MTP method. In subsection 3.1 are given improved results regarding the inequality (1.1). In
subsection 3.2 are given improved results regarding the inequality (1.2), obtained analogously to

subsection 3.1. Section 4 concludes the paper.

2 Preliminaries

2.1 Stratification and Nike theorem

In this subsection we state relevant concepts and assertions from the paper [9].

The functions ¢, (z), where z € (a,b) C R and p € D C R™, are increasingly stratified if p; >
P2 <= @p, () > @p,(x) holds for each z € (a,b), and conversely, decreasingly stratified if p; >
P2 <= @p, (2) < p, () holds for each z € (a,b) (p1,p2 € D).

Our aim is to determine the maximal subset I C D such that, for p € I, we have ¢,(z) > 0 for
each z € (a,b). Likewise, we want to determine the maximal subset J C D such that, for p € J,
we have ¢, (x) < 0 for each = € (a,b). We will assume that D =R*, TUJ G D, I # () and J # 0.
In that case, it is important to examine the sign of the function ¢,(x) in terms of the parameter

peD\ (IUJ), for z € (a,b).

The value sup |g,(x)]| is called the approzimation error on the interval (a,b) and denoted by
z€(a,b)

d?) = sup lop(z)], (2.1)
z€(a,b)

for p € D. Our aim is to determine the unique value of the parameter p = py € D for which the

infimum of the error d® is attained:

dop = inf su »(2)|. 2.2
0= m s loy(e) (22)

For such a value py of the parameter p, the function ¢, () is called the minimaz approxzimant on

(a,b).
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If the family ¢, (z) allows us to consider = € [a,b] and p € D = [¢,d] C R, then we have

dp = min ma )l .
0 pe[c,d]we[a?!()]hop( )|

The following assertions are proved in [9].

Theorem 2.1 ([9]). Let pp(x) be a family of functions that are continuous with respect to x € (a,b)
for each p € Rt and increasingly (decreasingly) stratified for p € R*, and let c,d € RT, where
c<d. If:

(a) vc(x) <0 (pc(x) > 0) and wq(x) > 0 (pa(z) < 0) for each x € (a,b), and at the endpoints
pe(at) = pa(at) =0, pc(b—) =0 (pa(b—) = 0) and pa(b—) € RT (pc(b—) € RT) hold;

(b) the functions @,(x) are continuous with respect to p € (c,d) for each x € (a,b) and p,(b—)

are also continuous with respect to p € (¢, d);
(c) for each p € (c,d), there is a right neighbourhood of the point a in which @,(x) < 0;

(d) for each p € (c,d) the function ¢,(x) has evactly one extremum at tP?) on (a,b), which is

minimum;
then there is exactly one solution pg, for p € RT, to the following equation:

|@p(t(p))| = pp(b—),

and for dy = |@p, (tP0))| = @,, (b—) we have

do = inf sup |pp(z)].
pERY z € (a,b)

Theorem 2.2 (Nike theorem, [7,9]). Let pp(x) : (a,b) — R be at least m times differentiable

function, for some m > 2, m € N, which satisfies the following conditions:

(a) £ >0 forz € (0,c);

(b) there is a right neighbourhood of zero in which the following inequalities hold:

f<0,f <0,...,fm 0 <o

(c) there is a left neighbourhood of the point ¢ in which the following inequalities hold:

>0, >0,...,fm 1 >0.
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Then the function f has exactly one root zy € (0,¢) and f(x) < 0 for x € (0,20) and f(z) >0
for x € (xg,c). Additionally, the function f has exactly one local minimum on the interval (0,c).
More precisely, there is exactly one point t € (0,20) C (0,¢) such that f(t) < 0 is the smallest
value of the function f on the interval (0,zq) C (0,c).

Theorem 2.3 (Nike theorem, II form, [9]). Let ¢,(x) : (a,b) — R be at least m times differen-

tiable function, for some m > 2, m € N, which satisfies the following conditions:

(a) f™) has exactly one root ., on (0,c) such that f™) >0 on (0,2,,) and f) < 0 on (x, c);

(b) there is a right neighbourhood of zero in which the following inequalities hold:

f<0,f <0,...,fmbY <o

(c) there is a left neighbourhood of the point ¢ in which the following inequalities hold:

>0, >0,...,fm Y >0

Then the function f has exactly one root xy € (0,¢) and f(z) < 0 for x € (0,z¢) and f(z) >0
for x € (zo,c). Additionally, the function f has exactly one local minimum on the interval (0,c).
More precisely, there is exactly one point t € (0,29) C (0,c¢) such that f(t) < 0 is the smallest
value of the function f on the interval (0,xz9) C (0,c¢).

2.2 A method for proving MTP inequalities

In this subsection we present relevant assertions from the paper [8] for proving inequalities of the
form

flz) = Z a;aP cos? xsin" x >0, (2.3)
i=1

where z € (§1,02), 01 < 0 < 6y and 61 < da, where o; € R\ {0}, pi,¢;, 7 € Ng and n € N. The
function f(z) we denote as MTP - Mixed Trigonometric Polynomial [4], and the corresponding

inequality (2.3) we denote as MTP inequality.

Let the function f(z) be approximated by Taylor polynomial Ty (x) of degree k in the neighbour-
hood of some point a. If there is > 0 such that on the interval x € (a — n,a + ), it holds that
Ti(z) > f(x), then Ty(x) denotes the upward approximation of the function f(x) in the neigh-
bourhood of the point a. In this case, the polynomial T} (z) is denoted by Tﬁ’a(x), or short Ti(x).
Analogously, if there is 7 > 0 such that on the interval x € (a—n, a+n), it holds that T (z) < f(x),
then Ty (x) denotes the downward approzimation of the function f(z) in the neighbourhood of the

point a. In this case, the polynomial Tj(z) we also denote by Ii’a(aj), or short T, ().
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The following assertions are proved in [8].

Lemma 2.4. (a) For the polynomial
(n—1)/2 i42i41
(=11
Tn t) = — 1
®) ; (2i41)!

where n =4k 4+ 1, k € Ny, it holds:
T(t) = Topa(t) = sint,  VE€ [0,y/(n+3)(n+1)]
T,(t)<T, 4(t) <sint, Vte {—\/(n+3)(n+4),0}.

For t = 0 the inequalities turn into equalities. For t = ++/(n+ 3)(n+4) the equalities

Tn(t) =Tpia(t) and T,,(t) =T, 4(t) hold, respectively.

(b) For the polynomial
(n—1)/2 i42i41
(=D
To(t) = LS
o=y e

where n = 4k + 3, k € Ny, it holds:
T,(t) T, 4(t) <sint, Vte [0,\/(n+3)(n+4)},
Tp(t) > Tpia(t) >sint, Vte {—\/(n+3)(n+4),0}.

For t = 0 the inequalities turn into equalities. For t = ++/(n+ 3)(n+4) the equalities
T,(t) =T, 4(t) and T, (t) = Tp14(t) hold, respectively.

(¢) For the polynomial

where n = 4k, k € Ny, it holds:

Tn(t) >Tpia(t) >cost, Vte [—\/(n+3)(n+4)7 \/(n+3)(n+4)] :

Fort = 0 the inequalities turn into equalities. Fort = 4+/(n + 3)(n + 4) the equality T, (t) =

Trta(t) holds.

(d) For the polynomial
n/2

-1 it2i
T =3 (22)! :

=0
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where n = 4k + 2, k € Ny, it holds:

T, () < T, a(t) < cost, Vie [—\/(n T3+ 4,/ +3)n+ 4)} .

Fort = 0 the inequalities turn into equalities. Fort = ++/(n+ 3)(n + 4) the equality T,,(t) =
T, 4(t) holds.

The main idea of the method described in [8] is to, for a given MTP function f(z) defined on
(0,7/2), find a polynomial P(z) using Lemma 1, such that f(z) > P(z) and P(z) > 0 when
x € (0,7/2). If such polynomial exists, then f(z) > 0 for x € (0,7/2).

For example, all results from the paper [20] can be proved by reduction to the appropriate MTP

inequalities with the application of this method.

3 Main results

3.1 Improved results for inequality (1.1)

In this subsection we prove the results regarding the family of functions

op(z) =2 — % —pz®, (z€(0,7/2) and peRT),

with the aim of improving the results for Frame’s inequality (1.1) on the interval (0,7/2). The

following assertions are true.

Lemma 3.1. The family of functions

3sinx 5

gop(ac):x—m—px, for x€(0,7/2)

is decreasingly stratified with respect to parameter p € RT.

0
Proof. It holds that @5(36) = —1° <0, for each z € (0,7/2). O
p

Proposition 3.2. Let

= 130 5 = 0.00740306 . ..
m

Then for x € (0,7/2), it holds:

va(z) >0 and ¢p(x)<0.
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Proof. Let us write v 4(x) in the form:

3sinx a® fa(x)

palz) =o = 2+cosx 180  180(2 +cosz)’

where
fa(z) = —540sinx + (—2° + 180x) cos x + 2(—x° + 180x)

is a MTP function defined on [0, 7/2].

Since 180(2+cos x) > 0 for each x € (0,7/2), it is sufficient to prove that fa(z) > 0 for x € (0,7/2).

We will use a method given in subsection 2.2.

The following inequalities are true based on Lemma 2.4:

—sin,0

sint < Ty (t) for te(0,V72)=(0,8485...)

and

cost > T¥0(t) for te (0,v/90) = (0,9.4868...).

For each = € (0,7/2) it holds:

Fa(z) > Pii(@) = —540To % (2) + (=2 + 1802) T (2) + 2(—2® + 180) .
N—— —_——— —_———
<0 >0 >0

The polynomial Pi;(z) can be written in the following way:

1 1 1 7 7
U9~ a7 = 2 (2 — 302 + 180) = — Py (a).

Pi(z) = — _ ot
n(@) =57~ g 4 720 720

The first positive root of the biquadratic equation Py(x) = 0is 21 = /15 — 3v/5 = 2.879... > 7/2.
Since Py(z1/2) = P4(1.439) = 122.108 > 0, it follows that Py(z) > 0 for z € (0, 7/2). Furthermore,
fa(x) > Pi1(z) > 0 for « € (0,7/2). Therefore, p4(x) > 0 for each z € (0,7/2).

We prove pp(z) < 0 in a similar way. Let us write ¢p(z) in the form:

B 3sinx 16(m — 3)x° fe(x)
wp(r) =@ 5 w524 cosz)’

_2+COS[L‘_ ™

Since 75(2 + cosz) > 0 for each x € (0,7/2), the requested inequality is equivalent to fp(z) < 0
for x € (0,7/2), where

fe(z) = =3n°sinz + (16(3 — 7)x° + 7°z) cos x + 2(16(3 — 7)x® + 7°x)

is a MTP function defined on [0,7/2]. Let us notice that f5(0) = fp(7/2) = 0. For that reason,
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we consider two cases:

(1) = € (0,1.199) : We have 16(3 — m)z® + 7°z = z (16(3 — m)z* +7°) > 0 on (0,1.199). The

following inequalities are true based on Lemma 2.4:
sint > T5™°(t) for te (0,v/110) = (0,10.488...)

and

—cos,0

cost <T, "~ (t) for te(0,v/56)=(0,7.483...).

For each z € (0,1.199) it holds:

fo(z) < Qo(x) = =3 T3 %(x) + (16(3 — m)a® 4 n°x) TZOS’O(x) +2(16(3 — 7)a® 4+ 7°x) .
<0 >0 >0

The polynomial Qg(x) can be written in the following way:

5

Qo) = 1280 ( —1120(7 — 3)zt + (x° + 134407 — 40320)22 + 287° — 806407 + 241920)
5
X
= 71680Q4(x).

The first positive root of the biquadratic equation Q4(z) = 0 is x; = 1.1993... > 1.199.
Since Q4(x1/2) = Q4(0.599...) = —2075.583... < 0, it follows that Q4(x) < 0 on (0, 1.199).
Furthermore, fp(x) < Qg(x) < 0. Therefore, pp(z) < 0 for z € (0,1.199).

(2) z €[1.199,7/2) : Let us define a function
ge(z) = B (g - x) = —37° cosx + r(x) sinz + 27(z),

where r(z) is the polynomial

r@) = (5 -2) (16(3 -m) (5 - m)‘* N 775) ’

for x € [1.199,7/2). It is easy to show that r(x) > 0 for each z € [1.199,7/2).

Here we prove the inequality fp(x) < 0 for x € [1.199, 7/2), which is equivalent to the MTP
inequality gp(z) < 0 for x € (0, c|, where ¢ = 7/2 —1.199 = 0.371796.. ...

The following inequalities are true based on Lemma 2.4:

—sin,0

sint < Ty (t) for te(0,V72)=(0,8485...)
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cost > T0(t) for t e (0,v/30) = (0,5.477...).
For each x € (0, ¢], it holds:

and

g5(z) < ;sﬁ T (2) + r(2) To ™ (z) + 2r(2) = 2 R(x),

~—~ N——
<0 >0 >0

where R(z) is the polynomial

2 2 2 3 8
R(a:)z(lg 5)x9+<—7;+77)x8+<7;—7r2—;+8>x7
7t 7 20m? ™ at 2073
_r . —20m )28+ [ — — = — 2072 + 167 — 48 | 2°
<6+2+3 ﬂ')x—|—<30 3 3—|—7T—|—7r )x
7 107t
+ | o=+ 3

— 1073 — 4072 + 1527 — 96) x*

5 4
% T 5% + 407 — 20072 + 2407r) e
5

f 1175 f 1075
T (7; — 207 + 1407° — 2407r2> 22 + (; — 55t 4 1207r3) o+ (92” — 307r4> .

It is sufficient to prove that R(z) < 0 for = € (0,¢]. Let us denote the coefficients of the

polynomial R(x) respectively by ag, ..., ap :

R(z) = agx® + agx® + arz” + agz® + asz® + agz® + asz® + asx® + a1z + ag
= (agx + ag)x® + (a7x? + agx + as)z® + (asz* + azz® + azx? + a1z + ao)

= (agz + as)xg + (a7:1c2 + agx + a5)x5 + S(x).
It holds:
+ 2n 2 (2 ) <0
agx +ag=|(——=-|x —— 47
S TR 3
and
4 3 90n2
arx® + agr + az = — 7r2—|—8—7T 2% — W——W——O—W—l—%w x
3 6 2
117
+ (; — 557t + 1207r3> <0,
for each = € (0, ¢|. Let us prove that

S(x) = agx* + azx® + axx® + a1x + ap

7o 1074 3 9 4
_ (%+ = — 107" — 40 +1527 — 96)
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2 5 5 4 5
4 ( _ % n % + 407 — 20072 + 24O7r>x3 4 ( - % — 207t + 1407 — 240772)952

1175 1975
+( ; —557T4+1207T3)x—|—( m

~307%) <0
for each x € (0,¢]. The third derivative of the polynomial S(x) is

S (x) = <1307r5 + 807" — 2407 — 96072 + 36487 — 2304) x — 4r° 4 157

+ 24073 — 120072 + 14407.

It holds that S"'(z) > 0 for € (0,¢]. Thus, S”(z) is a monotonically increasing function
for € (0,c]. Furthermore, S”(z) is a quadratic function with roots 7 = —6.034... and
x2 = 0.279... This implies that S’(z) has exactly one extremum on (0, ¢| which is minimum
at the point x9. Since we have S'(x2) = 31.480... > 0 at the point of minimum, it follows
that S’(z) > 0 for each x € (0,c]. Thus, the function S(z) is monotonically increasing for

each x € (0,¢]. Since S(c) = —1.933... <0, it follows that S(z) < 0 for each z € (0, c].

Therefore:
R(z) <0, for x€(0,¢c]=gp(x) <0, for xe€(0,c|
= fp(x) <0, for =z €][1.199,7/2)
= ¢p(z) <0, for ze€][l.199,7/2).
This completes the proof that ¢p(z) < 0 for each z € (0,7/2). O

Proposition 3.3. Let

1 _ 16 (1 — 3)
A= —0. d B="-"_""—0.0074
120 0.005 an p 0.00740306
(i) If p € (0, A], then
3sinx 5
2 - > Azd >pad.
z€(0,7/2) = «x 2—|—cosx> x° >px

(i) If p € (A, B), then py(z) =z — ;ﬁ% — pa® has a unique root xép) on (0,7/2). Also,
xe(O,xép))zx—m >
24 cosx
and _
xE(a?ép),ﬂ'/2) = 1‘723_’_81% >

Every function p,(x) has exactly one minimum tép) € (O,mgp)), forp e (A, B).



12 B. Malesevi¢ & D. Jovanovié C'Ilj‘]_%?

(iii) If p € [B, o), then

3sinx

z€(0,m/2) = «x < Ba® <pa®.

B 2+ coszx

(iv) There is exactly one solution to the equation
loa(t™)] = o (/2-)
with respect to parameter p € (A, B), determined numerically as
po = 0.0072274 . ..

For the value
do = ¢p, (m/2—) = 0.0016797 . ..

it holds:
dp = min max z)l.
0 pE[0,00) €0, /2] [ep(@)]

(v) For the value po = 0.0072274 ... the minimax approzimant of the family pp(x) is

3sinz 5

T)=T— ————— —pPoT
SDPO() 24 coszx Po )

which determines the appropriate minimax approximation

24
_ 28T 0.0072274 2.
2+ cosx

Proof. It has been shown in Proposition 3.2 that the inequalities ¢ 4(z) > 0 and ¢p(z) < 0 hold
for each x € (0,7/2). Since the family of functions ¢,(z) is decreasingly stratified, it follows that
op(x) > @a(z) > 0 for p € (0,A4) and p,(z) < pp(z) < 0 for p € (B, ), for each x € (0,7/2).
That proves the assertions (i) and (iii).

In order to prove the assertion (ii), we will use the Theorem 2.3 (Nike theorem, II form). Namely,

for p € (A4, B), the functions ¢, (z) satisfy the conditions of Theorem 2.3:

(a) For m = 6, we have

: dS¢ 6 sin x
oy (z) = —F =

= = 1
dzb  (2+ cosz)” (3:-1)

5
N~—

where h(z) is the following MTP function:

h(x) = —(cos® z — 98 cos® x + 886 cos® x — 892 cos? 2 — 1216 cos = + 104) .
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. 6 sinx . (vi)
Since —————— > 0 for each z € (0,7/2), functions ¢} () and h(z) have the same roots

()

(2 + cosx)
and sign on (0,7/2).

By introducing the substitute t = cosx, we get
H(t) = h(arccost) = —(t° — 98t* + 886> — 892¢* — 1216t + 104).

It can be shown by numerical methods that H(t) has a root ¢; = 0.081088. .. Since H(t) is
a polynomial with rational coefficients on the interval with rational endpoints (0,1), using
Sturm’s algorithm [3,14], we can conclude that H(t) has exactly one root ¢; = 0.081088...
on the interval (0,1). Thus, h(x) also has exactly one root z; = arccost; = 1.489619... on

the interval (0, 7/2).

Let us notice again that h(z) has only one root x; = 1.489619... on (0,7/2). Since h(1) =
681.964 ... > 0 and h(1.5) = —13.831... < 0, it follows that

h(z) >0 on (0,z1) and h(z) <0 on (z1,7/2).
Considering (3.1), the previous conclusion is equivalent to
cp}(f’i) (x) >0 on (0,z;) and <p;“i) (x) <0 on (x1,7/2),
which satisfies the first condition of Theorem 2.3.

Taylor approximations of functions ¢, (z) around x = 0 are:

1 .1
opx) = <180 - p) x° + ﬁﬂ +0(2°).
Since we consider p € (4, B) = (Flov 16(:5_3) ), the coefficient next to z° in the approximation

is negative, so we conclude that there is a right neighbourhood Uy of the point 0 such that

7 (iv)

op(), 0, (2), 0 (2), ) (), 0, (), 0 (2) <0, @ € Up.

™
Taylor approximations of functions ¢, (z) around z = 5 are:

) = () (B ) ) () ()
() e () )
(oram) 3 -3 o (-9).
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Since we counsider p € (A, B), it is easy to show that in the approximation all coefficients

next to (ac — %)n, 0 < n <5, are positive, so we conclude that there is a left neighbourhood

Uy /2 of the point g such that

"

ep(7), 0, (), on(@), on (), o) (@), () (x) > 0, T € Uy)o.

Since the conditions of Theorem 2.3 are satisfied, the function ¢,(z) has exactly one ex-
tremum (), which is minimum, on (0,7/2) (and one root xgp) on (0,7/2)), and it holds

that @,(x) <0 for z € (O,xép)) and ¢, (z) > 0 for x € (:C(()p),ﬂ/Z). That proves the assertion

(ii).

(iv), (v): The family of functions ¢,(x), for values p € (A, B), satisfies the conditions of Theorem

2.1, which means that the minimax approximant exists. The minimax approximant and its error

(infimum of the approximation error) can be numerically determined using Maple software. Let

f(z,p) = ¢p(z). Based on Maple code

fsolve({diff (f(x,p),x)=0,abs(f(x,p)=f(Pi/2,p)},{x=0..Pi/2,p=A..B});

we get numerical values

{p = 0.007227413, x = 1.272430755}.

For the value pg = 0.0072274 . .. we obtain the minimax approximant of the family

3sinx 5

#rol(0) = = o ew T PO°

and numerical value of the minimax error

do = f(m/2,po) = 0.0016797 ... .

This completes the proof. O

The following statement holds based on previous conclusions.

Proposition 3.4. For each 0 < x < 7/2, it holds:

1 - 1
where the constants A = — = 0.005 and B =

3sinx 16 (7w — 3) 5 (3.2)

L 5
—at<x— <
180 v . 2+ cosx 5

6(r—3
L) = 0.00740306 . .. are the best possible.
180 o
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3.2 Improved results for inequality (1.2)

In this subsection we present the appropriate results for the family of functions

3sinz (1 — cosx)?
op(@) =2 ( 9

T +
B - 0,7/2 d R
2+ cosx (3+2cosx)> pz', we€(0,7/2) and peRT,

with the aim of improving the results for the Frame’s inequality (1.2) on the interval (0,7/2). The

following statements are proved analogously to statements from the previous subsection.

Lemma 3.5. The family of functions:

3sinz (1 —cosx)? .
—z— 1 - 0,7/2
eple) = 2+ cosx < * 9(3 +2cos ) pats for we(07/2)

is decreasingly stratified with respect to parameter p € RT.

Proposition 3.6. Let:

1 S 64(97 — 28)

A= 2100 — 0.000476190 and B = o = 0.0006459. ..
Then for x € (0,7/2), it holds:

pa(x) >0 and ¢p(x)<0.
Proposition 3.7. Let:
1 S 64(97 — 28)
A=——=0.0004761 d B=—FF=0. 459. ..
5100 0.000476190 an 97 0.0006459

(i) If p € (0, A], then

. 1_ 2
ve(0,1/2) = o o7 ( 9< cos )

>Ax" > pa”.
24 cosz (3+2cosx)> v=p

(p)

(i) If p € (A, B), then pp(x) =z ) —pa” has a unique root x

on (0,7/2). Also:

_ 3sinz (1 —cosx)?
24 cosz 9(3 + 2cos )

(p) 3sinax (1 —cosx)? -
€ (0, - x — 1 <
z € (0.207) * 2+cosa:< Jr9(3—|—2cosx) b

and

) 3sinx (1 — cosz)? 7
2) = z— 1 '
z € (2 ,m/2) t 2+cosx( +9(3+2COSI) o

Every function p,(x) has exactly one minimum t(()p) € (O,mgp)), forp e (A, B).
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(iii) If p € [B, o), then:

- 1— < )2
re(0n/2) = v sl ( R )

<Bz" <pa’.
(3+2(zosx)> v=pe

24 cosx

(iv) There is exactly one solution to the equation:
loa(t™)] = o (/2-)
with respect to parameter p € (A, B), determined numerically as:
po = 0.000632762.. ..

For the value:
do = ¢p, (1/2—) = 0.000310091 . ..
it holds:
dp = min  max }|g0p(x)|.

p€e[0,00) z€[0,7/2

(v) For the value py = 0.000632762 ... the minimaz approzimant of the family ¢, (x) is:

3sinz (1 —cosz)? -
—z— 1 —
oro(¥) =@ 2—|—cosx< Jr9(3—&—2cosac) Po

which determines the appropriate minimax approximation:

3sinz (1 —cosx)?
2+ cosx

~— 7 ) ~0.000632762z" .
+9(3—}—20051‘)) *

The following statement holds based on previous conclusions.

Proposition 3.8. For each 0 < x < 7/2, it holds:

3sinx (1 — cosz)? 64(9m — 28)

7 7

—a' <z-— 1 < , 3.3
2100 © "7 2% cosz ( * 9(3 4 2cos x) 977 * (3:3)
where the constants A = L = 0.000476190 and B = M

2100 97 = 0.0006459. .. are the best

possible.

4 Conclusion

Inequalities that we study in this paper are mainly used to estimate the precision of the Cusa-

Huygens approximation. The Cusa-Huygens inequality and the estimate of the quality of approx-
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imation may be relevant to concrete applications such as [5,12], see also the monograph [2]. The
known results related to Frame’s inequalities are obtained for special cases of parameters only. In
this paper, we achieve the previous results based on the concept of stratification, and also expand
the conclusions for unconsidered values of parameters. In analogy with this approach over families
of stratified functions, it is possible to examine other types of inequalities and get new results in

the Theory of Analytic Inequalities.

It should be noted that one part of the given method is limited to MTP inequalities (subsection
2.2). The aim of future research is to consider other classes of inequalities in a similar way, by
combining different methods with the concept of stratification. In that regard, we refer the reader

to papers [6,15-18] for understanding the latest progress in the field.
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ABSTRACT
Asymptotic estimates for the generalized Wallis ratio
ol
W*(z) = % . 11:((3:_!—%)) are presented for x € RT on the

basis of Stirling’s approximation formula for the I function.
For example, for an integer p > 2 and a real z > —% we have
the following double asymptotic inequality

A(p,z) < W(z) < B(p,2),

where

Pp— 1 1 1
A(p, ) :=Wy(x) (1 ~ 8(ztp) + 128(z+p)2 + 379(x+p)3) ’

— 1 1 1
B(p, x) '_Wp(x) (1 ~ 8(z+tp) + 128(z+p)2 + 191(:c+p)3) ’
1 (z+1)P
T(@+p (z+3)®’
with y® = y(y +1)--- (y + p — 1), the Pochhammer rising
(upper) factorial of order p.

Wp(z) :=

RESUMEN

Se presentan estimaciones asintéticas para la razén generali-

1
zada de Wallis W*(z) := ﬁ . l;(éif)) para © € RT sobre

la base de la féormula de aproximacion de Stirling para la
funcién I'. Por ejemplo, para un entero p > 2 y un real

T > —%, tenemos la siguiente desigualdad doble asintética
A(p,z) < W*(2) < B(p,z),
donde
— 1 1 1
A(p,z) =W () (1 = 8(z+p) + 128(z+p)2 + 379(1+P)3) 2

B(p, z) :=Wy(x) (1 - 8(zl+p) + 128(zl+p)2 + 191(£+p)3) )
1 (z+1)®
r@+p) (@+5)®
con y® =y(y+1)---(y+p—1), el factorial ascendiente de

Wp(z) =

Pochhammer (superior) de orden p.
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1 Introduction

In pure and applied mathematics, e.g in number theory, probability, combinatorics, statistics, and
also in several exact sciences as, for example in statistical physics and quantum mechanics, we

often encounter the Wallis ratios w,,,

o 1-3--(2n-1) . (@2n)! ., (2n
e ()

_ [Ty (k— %) _ D(n+ %) B I(n+ %)
= Sn.n! - F(%)F(n+1) - Jrl(n+1) (n €N). (1.1)

2
The sequence n — W,, := #ﬂ ( [ %) , called the Wallis sequence, is closely connected to

the sequence of the Wallis ratios w,, by the identity W,, = w;2/(2n+1). The Wallis sequence was

intensively studied by several mathematicians, see e.g. [9-11,14,19].

According to (1.1), the continuous version W*(z) of the Wallis ratio is defined as

1 Tts)
/7 T(z+1)

Thus, we have W*(0) = 1 and, referring to [11,19], we have also

W*(z) =

2
W*(z) = — H(2z), (1.3)
where H(x) is the “Wallis-cos-sin” function, defined as
/2 - /2 -
H(x):= / (cost)” dt = / (sint)” dt (x > -1). (1.4)
0 0
Here, for > —1, we have the derivatives
/2 z /2 2 i
H'(m):/ (Incos t)(cost)” dt <0, H”(m):/ (Incos t)”(cost)” dt > 0.
0 0

Consequently, using (1.3), we conclude that W*(x) is strictly decreasing and convex on the open

interval (—3, 00).

Referring to (1.2), we have

N 1
W (z) = 7 Qr(z,5,1)  (z>-3), (1.5)
where the ratio Qr(x, a, b) is defined as
Iz +

a)
I(z+b)’
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The ratio! Qr(x,a,b) was studied by many researchers, see e.g. the papers [2,3,5-7,12,13,15-18,
20-27,29,30,32]. Just recently several accurate estimates of Qr(z,a,b) were presented in [16], as

for example in the following proposition.

Proposition 1 ([16, Theorem 1]). For a,b € [0,1], r € NU {0} and x € RT we have?

Qr(z,a,b) = (1 + %)z (1 + b) - W exp(b—a) (1.7)

FOXP ( % ((x +a) 7 — (x4 b)”i) +6,(,a, b)) ,

where ‘ ’
Boyi2
Or(z,a,b)| < Ap(z,a,b) := - (1.8)
6- | ' (2r + 1)(2r + 2) (« + min{a, b})2 i
and the symbol By, denotes the k-th Bernoulli coefficient [1, 23.1.2].
Thus, for a = % and b = 1, the Proposition produces the formula
1 1\” 1\
W*(x 14 14— e
O () (43) v
1-2i 1-2i
exp<;2l Ty ( e+ 1/2)7% (x4 1) )> - exp (5 (z ,;,1)) (1.9)
where
By,
16, (2, 3, 1)) [Bar-| (1.10)

@r+1)(2r +2)(z+ )7

for integers > 0 and = > 0 with r being a parameter that affects the magnitude of the error term

0r(x,1/2,1).

In this paper we will introduce a formula that is more compact than that given by (1.9)—(1.10).
Our results are close to some formulas given in [4] and [31], where the main role is played by
complete monotonicity of suitable functions. Unfortunately, using these articles, our results cannot
be achieved easily /quickly. In this paper, we offer a simple and fast derivation using the Stirling
approximation formula for the gamma function.

Remark 1.1. In 2011, the Wallis quotient function W(z, s,t) = 5813 was introduced® in [2].

In this paper and also in the subsequent articles [3,7], the authors investigate the qualitative profile

of W(x,s,t) using asymptotic expansions. Quantitative estimates were mostly not given there.

However, for us, the quantitative estimates are essential.

Mnstead of the symbol Qr there was used in [2,3,7] the letter W: Qr(z,a,b) = W(x,a,b).
2Consider that 39_; x; = 0, by definition.

3Clearly, W*(z) = W (x, 1, %)
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2 Background

Using the definition (1.2) and the equality T'(y + 1) = yI'(y), valid for y € RT, by induction we
note the identity

RN G ok ) Lo
W*(z) = CE W*(x + p), (2.1)
valid for an integer p > 0 and real x > —%, where yP) denotes the Pochhammer rising (upper)
factorial, defined as
p—1
y =1, ¢y =JJw+i)=yy+1)--@y+p-1)  (forp>1).
i=0

Using the duplication formula [1, 6.1.18], we have, for z > 0,
22T (22) = 22 - (2m) V2222 12D (@)D (2 + 3) = n /2% D (2 + 1D (2 + ).

Hence, using (1.2), we obtain, for « > 0,

W (z) = = . 3) oo 22 T'(2x) pe 22 T'(2x) . (2.2)

(x F(m))2

The continuous version of Stirling’s factorial formula of order r > 0, for z € RT, can be given in

the following way [8, Sect. 9.5]

al(x) = (g) V2rx - exp (sp(z) + dp(2)) (2.3)
where i,
Ci
so(z) =0 and s.(z) = ; i for r > 1, (2.4)
By;
= for i > 1, 2.5
“T2i@i-1y ! (2.5)
and, for some 9,(z) € (0, 1),
Cr41
p(a) = b () - 52 (2.6)
Here Bs, By, Bg, . .. are the Bernoulli coefficients, alternating in sign as
By = (=1)""'|By|  fori>1, (2.7)

thanks to [1, 23.1.15, p. 805]. For example, using Mathematica [28|,

1 1 1 b) 691 7
2 67 4 8 307 6 427 10 667 12 2 7307 14
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with the estimates | Bya| < %, |B1g| < 7, B1g < 55, |Bag| < 530, Baa < 6200.

3 Result

According to (2.2) and (2.3), we calculate, for x > 0,
L 22 T'(2x)
2

—2 % (296)2 V2122 - exp (s,(22) + d (22)) - [@x \/21% rexp (= sr(z) — dr())
1

= = o (sT(Qx) — 28, (z) +d(22) — 2dr(x)). (3.1)

W*(z) =272

2

Referring to (3.1) and (2.3)—(2.6), we derive the following lemma.

Lemma 3.1. For anyr € NU{0} and x € RT we have?

T

W (a) = o - > ) e (3 (a). (32)

where ’ ’
Bario
Oy < . 3.3
[0+(2) (r+ 1)(2r + 1)z2r i1 (3:3)
Proof. According to (2.4)—(2.5), we have
T T CZ T CZ T le
sr(22) = 25, (2 Z 23: e 22 221 _Z 221 (2- = i( 22 (20 — D)z2i-1
i=1 i=1 i=1 i=1

Similarly, referring to (2.5)—(2.6), we have the error

. * Cr41 Cr41 Cr41 19*( )
57"(9:) = dT(2I) - 2d7"($) = rﬂr(‘f) ’ W - 219T(x) ' xr2r+1 - xr2r+1 <22T+1 — 20, ( )>

for some 9,.(z), ¥ (z) € (0,1). Thus, using (2.5), we get, for > 0,

|B27‘+2|

-2 O
(2r +2)(2r + 1)a?r+1

lér(x)‘ <

Remark 3.2. The formula for W*(z), given in (3.2)—(3.3), is more compact, but slightly less
accurate, than the formula, given in (1.9)—(1.10), where x = 0 is a regular point as opposed to

(3.2)—(3.3), where this point is seemingly singular.

4Consider that Z?:l z; = 0, by definition.
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Thanks to (3.3), the absolute value of d,(x) is small for large  and any r > 0. But, for small

x > 0, the formula in Lemma 3.1 becomes useless. This problem can be avoided by replacing x
in Lemma 3.1 by = + p, for p large, p € N. In fact, using (2.1) and replacing « by 2’ =z + p in
Lemma 3.1, immediately follows the next theorem, with d5 () = d,(x + p, a,b).

Theorem 3.3. For integers p,r > 1 and for x > —%, the ratio W*(x) can be expressed in the

form
W*(x) =W, ,.(z) - exp (5;,T(x)), (3.4)
where
. 1 T+ 1 2 . ~)By;
Wine) = e e (- S v ) (5:)
and

« | B2y 42|
|5 ’ < (r+1)(2r +1)(z +p)2r+l’

Here, p and r are parameters that affect the magnitude of the error term 4, ().
Example 3.4. Setting p =3 and r =5 in Theorem 3.3, we obtain

e (z+D(z+2) S fEE3 (L 1
v e Ve o (e e

1 N 17 31 xp (515(2)
B - - ex p
640(z +3)> ~ 14336(z +3)7  18432(x + 3)9 P (055(2)),

1

where |63 5(z)| < m, for all x > —%. Consequently, |65 5(x)| < 2-1077 for x € (—3,0],
*r($)| <3-1078, for x € [0,1],

§5($)’ <107°, forxz>1.

A direct, immediate consequence of Theorem 3.3 is the sequence of asymptotic expansions given

in the following corollary.

Corollary 3.5. For any integer p > 1 we have the asymptotic expansion

‘ (@+1D)® 1 S ~')Bai
1 ~In-——=———-1In E
n (W*(z)) n(x—i—%)(p) 2 7 +p) 121222—1 x—l—p)gl L

as r — 0Q.

Theorem 3.6. For an integer p > 2 and real x > —% there holds the following double asymptotic
inequality

A(p,z) < W*(x) < B(p,z), (3.7)
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where
Ap,z) =Wr(x) (1 - ! + ! + ! (3.8)
P, &)= 8(x+p)  128(x+p)2 379z +p)3)’ '
B(p,z) :=WX(z)[1- ! + ! + ! (3.9)
P, %)= 8(x+p)  128(x+p)2 191z +p)3)’ ‘
1 (z+1)®
W* = . 3.10
( ) PO( ) 7T(£L‘+p) ($+ )(p) ( )
Proof. We use Theorem 3.3 with r = 2, when |0} ,(z)| < m and thus we estimate
2 B
2
oy 0 3.11
< ;ZQZ—I $—|—p)27‘ 1+ p,Q(m)<y+(pu‘r)< ) ( )
for p € N and z € R*, where
1 1 1
_ =— — 3.12
y-2) =~ Y 1 10 630G 1 o) (3.12)
1 1 1
,T) 1= — + + — 3.13
Y Po2) = =g Y 102 1 ) T 630 7 ) (3.13)
Furthermore, by Taylor’s formula of orders 3 and 2 we have, for y < 0,
2 3 2
Y Y Y
1 4l cev<l L
+y+2+6<e< +y+2
Thus, referring to (3.11)—(3.13), we have, for p € N,
1, 1 3
exp (y-(p,)) > 1 +y-(p,x) + 5u2 (p.2) + £y (p,2))", (3.14)
1
exp (y1(p, 7)) <1+y4(p2) + 5y (P, 2). (3.15)
Now, due to (3.12), we estimate, for x > —% and x +p > —% 4+ 2 > 1, as follows:
1, 1 5
L+y-(p,2) + 5y~ (p2) + 2y (p, )
=1- 8(zl+p) + 128(a1?+p)2 + 1024(5$+p)3 - 1536(1z+p)4 + 24576?1:%7995\
+ 1 _ 1 + 1 _ 1
T3728(z+p)0. 589 824(a+p)’ | 42467 328(x+p)’  630(z+p)°
>1- 8(zl+p) + 128(;+p)2 + 1024(5au+p)3 - 1536(1z+p)3 o 5898241(z+p)3
1 1 1 1
" 630(z+p)3 >1- 8(z+p) + 128(z+p)2 + 379(z+p)3 (3-16)



28 V. L ampret 9191]3240;

and

1
1+yy(p,a) + 5!/3(1% z)

=1

N 1 n 1 _ 1 n 1
8(z+p) 128(z+p)? 192(z+p)?3 1536(z+pyi. ' 73728(z+p)®

1 1 1
<l- 8(z+p) + 128(z+p)2 + 191(z+p)3 * (3-17)
Using Theorem 3.3, (3.11), (3.14)—(3.15) and (3.16)—(3.17) we note the double inequality (3.7). O

Example 3.7. We have A(2,—115) = 32.25... < W(—75) = 32.27... < B(2,—155) = 32.28....

However, A(1,—5%) =32.42... > W(—15) = 32.27...

Example 3.8. We have B(2, {o5) — A(2, 105) < 3-1072, B(2,0) — A(2,0) < 4-10~* and B(2,7) —
A(2,m) < 6-107S.

Example 3.9. We have exactly W(3) = ws = 1%, = 0.3125 and, thanks to Theorem 3.6, we
estimate 0.3124996 < A(9,3) < W(3) < B(9,3) < 0.3125001.

Figure 1 illustrates the estimate (3.7) by plotting® the graphs of the functions x — A(2,z), © —
W(z) and x — B(2,z), where all graphs practically coincide.

30
25¢
20¢
15¢ -0.49 <x<-0.40
10}

-04<x<80

-048 -046 -044 -042 -04 2 4 6 8

Figure 1: The graphs of the functions = — A(2,z), x — W(x) and z — B(2, ).

Corollary 3.10. For an integer p > 2 and © > —% the approzimation W*(z) ~ A(p,z) has the
relative error
W*(z) — Ap, )

p(p, ) == W)

estimated as
B(p,xz) — A(p, x) 1

A(p, x) < 330(x + p)3 -

0 < p(p,x) <

Proof. Thanks to Theorem 3.6 we have

0 <plp@) < A(p,x) ~ A(p, ) 1= S+ A

1

)

5All figures and more demanding computations made in this paper were produced using Mathematica [28].
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where
S=1 ! + ! (3.18)
0 8(w+p)  128(x+p)? '
and
1 . 1 .
A = — 3 Ay = —— -3, 1
1= g @)™ Ap= (@ +p) (3.19)
Thus,

Ay — A Ay — A
0<p(p,x)<<1+ 2 1)—1 =22

S+ Ay s 7
where the assumptions x > —% and p > 2 imply the estimate x + p > 1, which, due to (3.18),
implies the inequalities

1 1 1

6
S>1- >1- > =
- 8(z +p) * 128(z + p) T(x+p) — 7

Consequently, thanks to (3.19),

Do =Dy 71 1 L 1 .
S 6 \191 379) (x+p)3®  330(x+p)>
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ABSTRACT

Let R and R’ be two associative rings (not necessarily with
identity elements). A bijective map ¢ of R onto R’ is
called an m-multiplicative isomorphism if o(x1 - Tm) =
o(x1) -+ o(xm) for all x1,..

establish a condition on generalized matrix rings, that as-

., Tm € R. In this article, we

sures that multiplicative maps are additive. And then, we
apply our result for study of m-multiplicative isomorphisms

and m-multiplicative derivations on generalized matrix rings.
RESUMEN

Sean R y R’ dos anillos asociativos (no necesariamente
con elementos identidad). Una aplicacién biyectiva ¢
de | en R’ se llama un isomorfismo m-multiplicativo si
p(z1-zm) = @(z1) - @(xm) para todos z1,...,Tm € R.
En este articulo, establecemos una condicién en anillos de
matrices generalizadas que asegura que las aplicaciones mul-
tiplicativas sean aditivas. Luego aplicamos nuestro resultado
para estudiar isomorfismos m-multiplicativos y derivaciones

m-multiplicativas de anillos de matrices generalizadas.

Keywords and Phrases: m-multiplicative maps, m-multiplicative derivations, generalized n-matrix rings, addi-

tivity.
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1 Introduction

Let R and R’ be two associative rings (not necessarily with identity elements). We denote by 3(R)

the center of R. A bijective map ¢ of R onto R’ is called an m-multiplicative isomorphism if

o1 xm) = (1) - p(Tm)

for all x1,...,2, € M. In particular, if m = 2 then ¢ is called a multiplicative isomorphism.

Similarly, a map d of R is called an m-multiplicative derivation if

d($1"-$m)=Z$1"-d(wi)-“$m
i=1

forall z1,..., 2, € R. U d(zy) = d(x)y+xd(y) for all z,y € R, we just say that d is a multiplicative

derivation of fR.

In last few decades, the multiplicative mappings on rings and algebras have been studied by many
authors [1,4-7,10]. Martindale [7] established a condition on a ring such that multiplicative
isomorphisms on this ring are all additive. In particular, every multiplicative isomorphism from
a prime ring containing a nontrivial idempotent onto an arbitrary ring is additive. Lu [6] studied
multiplicative isomorphisms of subalgebras of nest algebras which contain all finite rank operators
but might contain no idempotents and proved that these multiplicative mappings are automatically
additive and linear or conjugate linear. Further, Wang in [9, 10| considered the additivity of
multiplicative maps on rings with idempotents and triangular rings respectively. Recently, in
order to generalize the result in [10] the second author [3], defined a class of ring called triangular
n-matrix ring and studied the additivity of multiplicative maps on that class of rings. In view
of above discussed literature, in this article we discuss the additivity of multiplicative maps on a

more general class of rings called generalized n-matrix rings.

We adopt and follow the same structure and demonstration presented in [3], in order to preserve the
author ideas and to highlight the generalization of the triangular n-matrix results to the generalized

n-matrix results.

Definition 1.1. Let R1,R2,..., R, be rings and M ;; be an (R;, R ;)-bimodule with M ;; = R,
foralli,j € {1,...,n}. Let pijp : Mi; @, M jp — Mg be (R, R)-bimodule homomorphisms
with piij : R Qox, My; —> My; and @5 My Qo ;, Rj — My the canonical isomorphisms for
alli,j,ke{l,...,n}. Writeaob=g;jr(a®b) fora e M,;, b€ M. Let

T11 mi2 Min
ma21 T22 -e. Ma2n
& = i € R (—m“), mijeim,-j
(i,5€{1,...,n})
Mn1  Mp2 ... Tnn

nxn
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be the set of all n X n matrices (ms;) with (i,j)-entry ms:; € M; for all i,5 € {1,...,n}. Observe that,
with the obvious matrix operations of addition and multiplication, ® is a ring iff ao (boc) = (aob)oc for
alla € M, b € M and c € My for alli,j,k,l € {1,...,n}. When & is a ring, it is called a generalized

n-matrix ring.

Note that if n = 2, we get the definition of generalized matrix ring. We denote by @?:1 r5; the

element
11
722
rnn
in®.
Set
Gij = (Mmre) : mpy = N ) G, e{l,...,n}
0, it (k,t) # (i,5
Then we can write & = @ & ;;. Note that, this special structure allows us to use the

i,7€{1,...,n}
argument given in [7] even if non-trivial idempotents exist. Henceforth the element a,; belongs to

& ;; and the corresponding elements are in R ,..., %, or M ;. By a direct calculation a;jar; =0

if j # k. We define natural projections m; : & — R; (1 < i <n) by

T11 mi9 e mMin
™mo1 T22 oo Maon

—> T
Mmp1  Mp2 e T'nn

The following result is a characterization of the center of a generalized n-matrix ring. Henceforth,

we will consider

(i) M ;; is faithful as a left 2 ;-module and faithful as a right %R j-module with i # j,
(i) if m;; € M ;; is such that R,;m;;M ; = 0 then m;; = 0 with ¢ # j.

We will call them special conditions.

Proposition 1.2. Let & be a generalized n-matriz ring. The center of & is
3(6) = {@ra
Furthermore, 3 (6 );; = m(3(®)) C 3(R;), and there exists a unique ring isomorphism Tij from

mi(3(8)) to mim ,(3(8)), i # j, such that riym;; = mijTij(rii) for all m;; € M ;.

TiiMy5 = M7 55 fO’I‘ all mi; € E)JIU, 7 7é ]} .

Proof. Let S = {@?:1 T

TiiMi5 = M7 54 for all m;; € i)inij, ) 7§ ]} . By a direct calculation we
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have that if r;; € 3 (R;) and ri;m;; = my;rj; for every m;; € M ,;; with ¢ # j, then @?:1 Ty €
3(6); that is, (P;—, 3(R:)) NS C 3(&). To prove that S = 3 (&), we only need to show that
3(6)CSand SC P, 3(R).

11 mi2 ... Min
mo1 T2 ... M2y . n n

Suppose that z = ] o ] € 3(®). Since (P!, aii) = (B, ai;)z for
M1 Mp2 .. Ton

all a;; € Ry, we have a;;my; = myja;; for i # j. Making a;; = 0 we conclude a;m;; = 0 for
all a;; € R, and so m;; = 0 for all ¢ # j which implies that z = @, ri;. Moreover, for any

mi; € mij as

0 0 0 0 0 0 0 0
0 0 m; 0 0 0 M 0
T : = T,
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

then r;;m;; = m;;r;; for all ¢ # j which results in 3 (&) C S. Now suppose z = @?:1 rii € S.
Then for any a;; c 9‘{2 (Z = ]., ceeyn— 1), we have (riiaii - aiini)mij = n—i(anmij) — aii(r“-mij) =
(aiimij)rjj — aii(mijrjj) = 0 for all mij S mij (Z 75 j) and hence TiiQii — Qi3T5 — 0 as mij‘ is a

left faithful R ;-module.

The fact that m;(3(6)) € 3(R;) for i = 1,...,n are direct consequences of 3(&) = 5 C
@, 3 (R,). Now we prove the existence of the ring isomorphism 77 : 7 , (3 (& )) — o, (3(8))
for i # j. For this, let us consider a pair of indices (i, j) such that i # j. For any r = @ _, rex €
3(®) let us define 7/ (r;;) = 7;;. The map is well defined because if s = @} _, spx € 3 (8 ) is such
that s;; = ry;, then we have my;r;; = rims; = siuma; = my;s;; for all my; € M ;. Since M5 is a
right faithful 9% j-module, we conclude that 7;; = s;;. Therefore, for any r; € moy,(3 (& )), there
exists a unique r;; € T ; (3 (® )), denoted by 77 (ryi). Tt is easy to see that 77 is bijective. Moreover,
for any 7, si; € 7oy, (3 (®)) we have mijTij (rai+si) = (ras+si)mi; = mgj(1;+855) = my; (Tij(r“-)Jr
Tij (Su)) and mijTij (msn) = (TiiSii)mij = Tz'i(Su'mij) = (Snmij)Tg(Tii) = Sii (mzﬂzj(ru)) =
mij (TZJ(T”)TZJ(SH)) Thus Tf(rii + 8ii) = Tij(’l“ii) + TZ-j (s;) and TZJ(T“S“) = T;(?”“)TIJ(S“) and so

j . . . .
7/ is a ring isomorphism. O
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Proposition 1.3. Let & be a generalized n-matriz ring such that:

(i) aiR; =0 implies a;; =0 for a; € Ry;

(ZZ) E)ijjj = 0 implies bjj =0 for bjj S 9°\j.
Then u® =0 or &u =0 impliesu =0 foru e &.

Proof. First, let us observe that if ¢ # j and Rja; = 0, then we have R;a,;m;;9R ; = 0, for all
m;; € M ,;, which implies a;;m;; = 0 by condition (7) of the special conditions. It follows that
a;;9M ;; = 0 resulting in a;; = 0. Hence, suppose u = eai,je{l,“.,n} U5, with u;; € &4, satisfying
u® = 0. Then ugPR = 0 which yields ug, = 0 for k = 1,...,n — 1, by condition (i). Now for
k=mn, up, R, =0, we have R ;minun, Ry = 0, for all m;, € M ;,, which implies m;pup, = 0 by
condition (%) of the special conditions. It follows that 9 ;,u,, = 0 which implies u,, = 0. Thus
u;; R ; = 0 and then u;; = 0 by condition (i) of special conditions. Therefore v = 0. Similarly, we

prove that if & u = 0 then u = 0. O

2 The main theorem
Follows our main result, where we are suppose that the special conditions hold. This generalizes
the Theorem 2.1 in [3]. Our main result reads as follows.

Theorem 2.1. Let B: ® x & — & be a biadditive map such that:

(1) B(&pp, G qq) € By NGy B(Gpp,Grs) € &, B(Gi, G ) € Gy and B(6 5,6 ) €
(G B(ijqv@rs) =0;

(i) ifB(®1§p7éq§n Cpgs G nn) =0 or B(@1gr<n &, @1§p;ﬁqgn Cpq) = 0, then @1gp¢qgn Cpq =
0;

(i) B(® pn,ann) = 0 implies an, =0 and B(@,—; & ip, apg) = 0 implies apq = 0;

() if B(@Z:l Cpp, B rs) = B(® TS?@Z:l cpp) = 0 for all 1 < r # s < n, then @Z;ll Cpp P
(—cnn) €3(8);

(v) Blcpp; dpp) = Bldpp; Cpp) and B(cpp, dpp)dpndnn = dppdpn B(Cnn, dnn) for all c = @Z:1 Cpp €
3(8);

(vi) B(CTT,B(ckl,cnn)) = B(B(crr,ckl),c,m).

Suppose f: & x & — & is a map satisfying the following conditions:

(vii) f(&,0) = f(0,6)=0;
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(viii) B(f(w,y),z) = f(B(x,z),B(y,z));
(’L(E) B(z,f(:my)) = f(B(z,x),B(&y))

forallz,y,z € &. Then f =0.

Proof. Following the ideas of Ferreira in [3] we divide the proof into four cases. Then, let us

consider arbitrary elements g, uk, apr € & g (k,1 € {1,...,n}).
First case. In this first case the reader should keep in mind that we want to show
f Z Tii, Z zj | = 0.
1<i<n 1<j#k<n
From the hypotheses of the theorem, we have

B f E Ty E Tk | 5 Ann = f B § Tii, Qnn | » B § Tjk, Onn

1<i<n 1<j#k<n 1<i<n 1<j#k<n

= f 0,B Z Ljky Ann

1<j#k<n
= 0.

In other words,

B Z f Z Tii, Z Tjk yOnn | = 0.

1<p,g<n 1<i<n 1<j#k<n v

Since by condition (4),

§ Ligy Tk yann | =0,

1<p<n 1<i<n 1<];ék<n

B Z f Tigy Z Tk y Ann € @ ijq

1<p£q<n \1<i<n  1<j#k<n ba 1<p#q<n
and
B f Lii, E Tk y Ann € ®nn7
1<i<n 1<j#k<n nn
then

Z f z T, Z Tjk =0 by condition ().

1<p#q<n 1<i<n 1<j#k<n rq
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Next, we have

Blaw f| D) @i D, wp| | =FfBlawm Y @) . Blawm Y, wp

1<i<n 1<j#k<n 1<i<n 1<j#k<n

=f10,B| ann, Z Zjk

1<j#k<n

I
o

which implies
Yo Blaw f| D we >, v =0.
1<p,q<n 1<i<n  1<j#k<n -
It follows that

1<p<n 1<i<n 1<j#k<n op

Blawm, Y, | D @ D>, wu

B Ann, Z f Z Lii, Z xjk) 207
)E @ & pq

1<p#q<n 1<i<n 1<j#k<n g 1<p#g<n
and
B annv.f E T, § Tjk ) € ®nn
1<i<n 1<j#k<n nn
Hence,

B | ann, f Z Tii Z Tjk =0

1<i<n 1<j#k<n nn

which yields

f me Z Tk =0

1<i<n 1<j#k<n

nn

B (f ( E Tiis Z mjlc) »am>
1<i<n 1<j#k<n

f B Z Tiiy Qrs ,B Z Ljk, Qrs
1<i<n 1<j#k<n

f (B ( Z Z’ihars) »O>
1<i<n

=0

by condition (#ii). Yet, we have

B E f E Tig, E Tjk s Qrs
1<p<n 1<i<n 1<j#k<n pp
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and
PP S (D SR SR I Y DU (B S
1<p<n 1<i<n 1<j#k<n op 1<i<n 1<j#k<n

f (B (a'r57 Z lu) , B (arm Z x1k>)
1<i<n 1<j#k<n
=f (B (am, > g:) ,0)
1<i<n

=0.

It follows the condition (iv) that Z f Z Tiis Z Tk +0€ 3(&) and so

1<p<n 1<i<n 1<j#k<n op

Z f Z Ty Z Tk =0

1<p<n 1<i<n 1<j#k<n op

by Proposition 1.2. Consequently, we have f (ZKK” Tiiy ) o1<jstk<n xjk) =0.

Second case. In the second case it must be borne in mind that we want to show

f Z Tij, Z Yk | = 0.

1<i#j<n 1<k+#£1<n

From the hypotheses of the theorem, we have
B Z f Z Tij, Z Ykl y Ars | = B f Z Lij, Z Ykl | 5 Qrs
1<p,q<n 1<iz#j<n 1<k#I<n o 1<iz#j<n 1<k#I<n

= B Z Tij, Qrs 5 B Z Yk, Ars
1<i#j<n 1<k#l<n

= f(0,0)
=0.
Since
Bl > £ D @i D wm| san| =0
1<p£q<n \1<i#j<n  1<kAl<n -
then

B Z f Z Lig, Z Ykl sar.s | =0.

1<p<n  \1<i#j<n  1<k#I<n op
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Smilarly, we prove that

B | ars, Z f Z Tij, Z Ykl =0.

1<p<n 1<i#j<n 1<k#l<n Pp

By condition (iv), it follows that

Sl YD m D ww| D] m D um €3(6).(21)

1<p<n 1<i#j<n 1<k#I<n P 1<i#j<n 1<k#I<n nn

f B Z mij7 Ann 3 B Z Ykl, Ann
1<i#j<n 1<k#I<n

= f( Z B(xij, ann), Z B(?J’Ch“ﬂﬂ))'

1<i#j<n 1<k#l<n

Now, we observe that

Bl f Z Ligs Z Ykl | » Ann
1<i#j<n 1<k#l<n

With (2.1), this implies that

Z B f Z Tij, Z Ykl | > Gnn +

1<p<n 1<i#j<n 1<k#I<n »p

—B f Z Lij, Z Ykl s Apn S 3 (6 )

1<i#j<n 1<k#I<n

nn

Since B f| Y. @iji >, k).t | € P 6p PG then

1<i#j<n  1<k#l<n 1<p#q<n

Z B f Z Zij, Z Ykl | 5 Gnn =0

1<p<n 1<i#j<n 1<k#l<n PP

which results in

eB | f Z Tij, Z Yt | Qnn =0

1<i#j<n 1<k#l<n .

by Proposition 1.2. Hence B | f Z Tij, Z Yl | 5 Qnn | € @ & g

1<i#j<n  1<k#I<n 1<p#q<n



42 A. Jabeen & B. L. M. Ferreira C'Ilj‘]_%?

It follows that

BlaB(f| > =y Yt
1<i£j<n 1<k;£l<n
=B Qpy, f B Z Lij, Qnn Z Ykl, Ann
1<i#j<n <k#I<
f Qrr 7 Z Tij, Ann arr, Z Ykl , Ann
1<i#j<n 1<k#I<n
f a'rr; Z Tij, Ann Qrr, Ykl | 5 0nn
1<iZj<n 1<k;£l<n
B arr,ann +B Z Tijy Ann P
1<izj<n
B|B Arr, Ykl s Ann + B Z TijyAnn
1<k7£l<n 1<i#j<n
f arr; Qrr, Z Ykl s Ann + B Z Tij, Ann
1<k#l<n 1<i#j<n
B ann + B Z l'ij7 Ann
1<i#j<n

by first case, for all 1 < r < n.

f

B

SoB(f| Y. i, D> wm|.awn | =0, by condition (ii). It follows that
1<i#j<n 1<k#£I<n

Z B f Z Tij, Z Ykl y Ann

1<p<n 1Si#j<n 1<k#l<n op

+ Z B f Z Lijy Z Ykl s Ann | = 0

1<p#q<n 1<i#j<n  1<k#I<n -

which yields

B Z f Z xij’ Z Ykl y Ann - O

1<p#q<n  \1<i#j<n  1<k#l<n -

and so

Z f Z Tijs Z Ykl =0 by condition (ii).

1<p#q<n  \1<i#j<n  1<k#l<n -
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Hence,

Blaw, f| > @i Y ym =B lawm. f| Dz D ym
1<i#j<n 1<k#l<n o 1<i#j<n 1<k#£l<n

fIBlawm, D @y ,Blawm, Y yw
1<i#j<n 1<k#l<n

Z B | ann, f Z Tij, Z Ykl

1<p<n 1<i#j<n 1<k#I<n

and by (2.1) above we have

nn/ pp

+ | =B | apn, f Z Tij, Z Ykl €3(%).

<i#£j< < <
1<i#j<n 1<k#l<n nn/ nn

Since

Blam, f| D iy Y. yw €6

1<i#j<n 1<k#I<n nn

then we have

Yoo Blawm | D, @i D, Yw =0

1<p<n 1<i#j<n 1<k#I<n wn/ pp
and so
B Ann, f Z Tij, Z Ykl =B QAnn, f Z Tij, Z Ykl = O7
1<i#j<n 1<k#l<n o 1<i#j<n 1<k#l<n wnt om
by Proposition 1.2. It follows that f Z Zij, Z Ykl = 0, by condition (#i1),
1<i#j<n 1<k#£I<n

. . . nn
which implies

oAl YD mi D>, wa| =0,

1<p<n 1<i#j<n 1<k#I<n

by (2.1). Consequently, we have

Lo e D wm| =0

1<i#j<n 1<k#£I<n



44 A. Jabeen & B. L. M. Ferreira CU‘BE?

Third case. Here, in the third case, we are interested in checking

f Z Tpp + Z Lpq; Z Ukk + Z ug; | =0.

1<p<n 1<p#q<n 1<k<n 1<k#I<n

In view of second case, we observe that

Blf Z Tpp + Z Tpq) Z Uk + Z Ukl | 5 Qrs

1<p<n 1<p#q<n 1<k<n 1<k#l<n
= f|B § Tpp + 5 Tpg, Ars | B g Ukk + E Ukl Qrs
1<p<n 1<p#q<n 1<k<n 1<k#l<n

= f Z B(x])pyars)a Z B(ukkaars)

1<p<n 1<k<n

= 0.

It follows that

ZB f Z Tpp + Z Tpq; Z Uk + Z Ukl Jars | = 0.

1<t<n 1<p<n 1<p#q<n 1<k<n 1<k#I<n i

Similarly, we have

Z B | aps, f Z Tpp + Z Tpg, Z Ukk + Z e =0.

1<t<n 1<p<n 1<p#q<n 1<k<n 1<k#I<n &

It follows that

Do et D we Y uwmt Y um

1<t<n 1<p<n 1<p#q<n 1<k<n 1<k#l<n it
+|—-f § Tpp + § Lpqs g Ukk + E Ukl €3 (Qj)
1<p<n 1<p#q<n 1<k<n 1<k#I<n

by condition (iv). But

B f Z Tpp + Z Tpq, Z Uk + Z Ukl | 5 nn

1<p<n 1<p#q<n 1<k<n 1<k#I<n

= f B Z Tpp + Z Tpqs Onn »B Z Uk + Z Ukl, Onn

1<p<n 1<p#q<n 1<k<n 1<k#I<n
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f B Z Tpgy Gnn | B Z Uk, Ann

1<p#q<n 1<k#l<n

|
~

Z B (quv ann) s Z B (ukh ann)

1<p#q<n 1<k#l<n

I
=

by second case. As a result, we have

Z f Z Zpp + Z Zpg, Z Uk, + Z Ukl =0 by condition (ii).

1<r#s<n 1<p<n 1<p#q<n 1<k<n 1<k#I<n rs

Hence from the second case

B | ann, f Z Tpp + Z Tpgqs Z Uk + Z Ukl

1<p<n 1<p#q<n 1<k<n 1<k#I<n
= f B | ann, § Tpp + § Tpq B | ann, § Ukk + § Uk
1<p<n 1<p#q<n 1<k<n 1<k#I<n
= f B | ann, § Tpq B | ann, § Ukl
1<p#q<n 1<k#I<n
=f § B (ann7 qu) ) § B (anna ukl)

1<p#q<n 1<k#I<n

This implies

B | ann, f Z Tpp + Z Tpq, Z Ukl + Z Ukl =0.

1<p<n 1<p#q<n 1<k<n 1<k#I<n nn
Thus
f g Zpp + E Tpgs g Ugg + E Ul =0
1<p<n 1<p#g<n 1<k<n 1<k#I<n nn
implying

Zf Z Tpp + Z Tpg; Z Uk + Z up | =0

1<t<n 1<p<n 1<p#q<n 1<k<n 1<k#I<n £
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by Proposition 1.2. Therefore,

f Z Tpp + Z Lpq; Z Ukk + Z ug; | =0.

1<p<n 1<p#q<n 1<k<n 1<k#I<n

Now we are interested in checking

f Z Tpp + Z Tpq + Z Tqq; Z Ukk + Z Uk + Z uy | =0.

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#l<n 1<l<n

In view of second case, we Observe that

B\f Z Tpp + Z Tpg + + Z Tqq, Z ukk + Z Ukl + Z u |, ars

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n

=f|B Z Tpp + Z Tpq + Z Tqq,0rs | , B Z Ukk + Z Ukl + Z Ui, Qrs

1<p<n 1<p#g<n 1<g<n 1<k<n 1<k#I<n 1<i<n

=0.

It follows that

Z By Z Tpp + Z Tpg + Z Tqq; Z Ukk + Z Uk + Z Ul yars | =0.

1<t<n 1<p<n 1<p#q<n 1<qg<n 1<k<n 1<k#I<n 1<i<n "

Similarly, we have

Z B | ars, f Z Tpp + Z Tpg + Z Tqq, Z Ukk + Z Uk + Z ul =0.

1<t<n 1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n i

It follows that

Z f Z Tpp + Z Tpq + Z Lqq> Z Uk + Z Ukl + Z Uy

1<t<n 1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n it
A 2wt D @t X Y wwt > unt ) w| | €3(8)
1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n

nn
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by condition (iv). But

Brf Z Tpp + Z Tpq + Z Zqq; Z Ukk + Z Ukl + Z uy |, ann

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n

=f|B Z Tpp + Z Tpq + Z Tqq, Gnn | , B Z Ukk + Z Ukt + Z Ui, Ann

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n
=0

by second case. As a result, we have

Z f Z Zpp + Z Tpg, Z Uk + Z Ukl =0 by condition (i1).

1<r#s<n 1<p<n 1<p#q<n 1<k<n 1<k#I<n

Hence from the second case

B annyf Z Tpp + Z Tpq + Z Tqq, Z Ukk + Z Ukl + Z uiL

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<l<n

:f B Ann, Z Tpp + Z Tpq + Z Tqq 7B Ann, Z Ukk + Z Ukl + Z ur

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n
=0.

This implies

B | ann, f Z Tpp + Z Tpq + Z ZTqq, Z Ukk + Z Ukl + Z uy =0.

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<l<n

Thus

f § Tpp + § Tpq + § Tqq, § Uk + E Ugr + E uy =0
1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#l<n 1<i<n nn

implying

Zf Z-Tpp“r Z wpq-i-zwqq,zukk-‘r Z ukl-‘rzu” =0

1<t<n 1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#I<n 1<i<n tt

by Proposition 1.2. Therefore,

f Z Tpp + Z Tpg + Z Tqq> Z Ukk + Z Ukl + Z uy | =0.

1<p<n 1<p#q<n 1<g<n 1<k<n 1<k#l<n 1<l<n
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Fourth case. Finally in the last case we show that f = 0.

Since B Z Tpg,Yrs | € G5 we have B(f(x,u),ars) = f(B(z,ars), B(u,a.s)) = 0.
1<p,q<n
Then by second case, we obtain

B Z flz, w)pp,ars | =0.
1<p<n

Similarly, we have

B | ars, Z flz,w)pp | =0.

1<p<n

It follows from condition (iv) that Z flz,w)pp + (—f(x,w)nn) € 3(&).

1<p<n

Now as B Z Y Y | C Z 6+ Z & s then by third case, we have

1<r<n 1<r<n 1<r#s<n

B Z arry flzyu) | = f | B Z arr, T | , B Z Qs U =0.

1<r<n 1<r<n 1<r<n

It follows that B Z Qe Z fla,u)pm + Z f(z,u)rs | =0 implying

1<r<n 1<r<n 1<r#s<n
(1) B Z a”r'7‘7 Z f(xa u)T"!‘ = 07
1<r<n 1<r<n
(2) B Z Qypr, Z f(xa u)rs =0.
1<r<n 1<r#s<n

By identity (1) above we have Z B(aTT, f(z, u)rr) = 0 resulting B(aTT, f(z, u)rr) =0 for
1<r<n
all 1 <r < n. We deduce

0=B (ar’m f(x7 u)'r"r)arnann =B (f('ra u)rra ar'r)a'rnaf’rm

::arrarnlg('_ f(x7u)nn;ann) ::arrarnlg<anna__f(mvu)nn)

for all » < n, by condition (v). It follows that B(am,f(x,u)m) = 0 which implies
f(z,u)nn = 0, by condition (4i7). Thus, we have Z f(z,u)pp = 0. Now, by identity
1<p<n

(2), we have Z f(x,u)rs = 0 by condition (i7). Hence, we conclude that f = 0. O
1<r#s<n

As a consequence, we can apply our result to a particular case, i.e. the n-generalized matrix ring
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that satisfy the special conditions and & ,,& ;5 = 0 as follows:

Corollary 2.2. Let & be a n-generalized matrix ring such that

(i) for a;; € Ry, if aiyR; = 0, then ay; = 0;

(ZZ) fOT' bjj S iRj, if%jbjj =0, then bjj =0.
Let k be a positive integer. If a map f: B x & — & satisfies

(i) f(x,y)z122--- 21 = f(x2120 - -~ 20y Y2122 - 21);5

(iii) 2122z f(2,y) = f(2122 - 20T, 2122 - 24Y),
forall x,y,21,20,...,2 € &, then f =0.

Proof. We first claim that f(z,y)z = f(zz,yz) and 2 f(x,y) = f(zx,zy) for all z,y, z € & . Indeed,

since

fle,y)(zz1)z2 - - 2 = flxzziza - 2k, yz2122 - - 21) = f(w2,y2) 2122 - - - 2,

that is, (f(z,y)z — f(zz,92))®* = 0. Hence f(x,y)z = f(xz,yz) by Proposition 1.3. Analogously,
zf(xz,y) = f(zx, zy). Define B: & x & — & by B(x,y) = xy. It is easy to check that B and f
satisfy the all conditions of Theorem 2.1. Hence f = 0. O

3 Applications
In this section we apply our main result to the case of n-generalized matrix ring satisfying the
special conditions and & ;& 4, = 0.

Theorem 3.1. Let & be a n-generalized matrixz ring such that
(i) For ay; € Ry, if ayR; = 0, then ay = 0;
(ii) Forbj; € R, if R;b;; =0, then b;; = 0.
Then every m-multiplicative isomorphism from & onto a ring R is additive.

Proof. Suppose that ¢ is a m-multiplicative isomorphism from & onto a ring $R. Since ¢ is onto,
w(x) = 0 for some z € & . Then (0) = p(0---0z) = ¢(0)--- (0)p(x) = ¥(0) - - ¢(0)0 = 0 and so
©~1(0) = 0. Let us check that the conditions of the Corollary 2.2 are satisfied. For every z,y € &
we define f(z,y) = ¢ 1 (p(x+y) — p(x) —p(y)), we see that f(x,0) = f(0,z) =0forallz € &. It
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1

is easy to check that ¢~ is also a m-multiplicative isomorphism. Thus, for any uy,...,uy,_1 € &,

we have

fl@yur - um—r = @ H(ol@+y) — @) — o) (eu) o (e(um-1))

-
o (ol +y) — o(@) — o(y))p(ur) - - @(tim—1))

= f(xul"'umflayul"'um71)~

Similarly we have uy « -+ Up—1 f(z,y) = f(u1r - Um—12,u1 - - - Um—1y). Therefore by Corollary 2.2,

f=0.That is, p(z+y) = p(x) + ¢(y) for all z,y € &. O
Theorem 3.2. Let & be a n-generalized matriz ring such that

(i) For ay; € Ry, if ayzR; = 0, then ay; = 0;

(11) Forb;; € R, if R ;b;; =0, then b;; = 0.
Then any m-multiplicative derivation d of & is additive.

Proof. We define f(x,y) = d(x + y) — d(z) — d(y), for any x,y € &. Hence f defined in this way
satisfy the conditions of Corollary 2.2. Therefore f = 0 and so d(z + y) = d(x) + d(y). O

It is worth noting that the technique used to prove the main result of this article is still not enough

to answer the result obtained in Corollary 2.2, without the & ,,& ,; = 0 condition.

We therefore end our work with two open questions:

(a) When are m-multiplicative isomorphism additive?

(b) When are m-multiplicative derivation additive?
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ABSTRACT

This paper focuses on the investigation of a Kirchhoff-
Schrodinger type elliptic system involving a fractional ~(.)-
Laplacian operator. The primary objective is to establish
the existence of weak solutions for this system within the
framework of fractional Orlicz-Sobolev Spaces. To achieve
this, we employ the critical point approach and direct varia-
tional principle, which allow us to demonstrate the existence
of such solutions. The utilization of fractional Orlicz-Sobolev
spaces is essential for handling the nonlinearity of the prob-
lem, making it a powerful tool for the analysis. The results
presented herein contribute to a deeper understanding of the
behavior of this type of elliptic system and provide a foun-

dation for further research in related areas.
RESUMEN

Este articulo se enfoca en la investigacién de sistemas elip-
ticos de tipo Kirchhoff-Schrédinger que involucran un ope-
rador fraccionario (.)-Laplaciano. El objetivo principal es
establecer la existencia de soluciones débiles para este sis-
tema en el marco de espacios de Orlicz-Sobolev fracciona-
rios. Para lograrlo, empleamos el enfoque de punto critico
y el principio variacional directo, que nos permiten de-
mostrar la existencia de dichas soluciones. El uso de espacios
de Orlicz-Sobolev fraccionarios es esencial para lidiar con
la nolinealidad del problema, convirtiéndolo en una herra-
mienta poderosa para el anélisis. Los resultados presentados
contribuyen a una comprensiéon més profunda del compor-
tamiento de este tipo de sistemas elipticos y entregan una

base para investigacion futura en areas relacionadas.
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1 Introduction

The objective of this paper is to establish the existence of weak solutions for a non-local elliptic

systems, as described below:

Ky []:1(u) + T1(u)] ((—A)f“u + a1(x)m (u)u) = Fu(z,u,v) in Q,
Kz [Fa(v) + Ta(v)] ((—A)fmv + az(av)'yg(v)v) = Fy(z,u,v) inQ, (1.1)
u=v=0 on RM\Q,

where ) is a bounded open subset of R with Lipschitz boundary 99, N > 2, s € (0,1),

Fiz1,2, Tiz1,2 : £y — R are two functionals, respectively defined by

Filw) = /Q2 n(\w(at) — w(y)|> dz dy () = /Qai(;v)l“i(|w\)d:c,

|z —yl|® |z —y|N’

and K- 2 are two bounded continuous Kirchhoff functions, F' belongs to C' 1(Q x R?) and satisfies
certain suitable growth assumptions, and F,, (respectively, F,) is the partial derivative of F with
respect to u (respectively, v). Additionally, a; with ¢ = 1,2, are two continuous functions that

satisfy the following conditions:
(A1): a; € C(,R) and 1I€1£2 a;(x) > ag > 0.

(A2): meas(z € Q: a;(x) < H) < oo, for all H > 0, where meas(.) denotes the Lebesgue measure
in €.

The stationary version of the Kirchhoff equation

@
ox

P o

0%u P, E [t
+
h 2L J,

2
0%u

presented by Kirchhoff [19] in 1883. Later (1.2) was developed to form

Upg — K(/ |Vu|2dx)Au = f(z,u), =xe€q. (1.3)
Q

After that, many authors studied the following nonlocal elliptic boundary value problem

—K(/ﬂ |Vu|2dx> Au= f(zu), z€Q. (1.4)

In recent years, considerable research attention has been dedicated to investigating the existence of
solutions for elliptic problems within the fractional Sobolev space. This growing interest is evident
in the works of various researchers, such as those referenced in [8,9,18,24]. In a similar vein, Azroul

et al. explored the existence of a solution for the following fractional (p, ¢)-Schrédinger-Kirchhoff
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system type, as documented in [2].

K1 [Log, ] (= A)3u + a(z) |ulP~2u) = AFy (2, u,v) + pGy(z,u,v)  in RN,
K2 [IMq]((_A)2v+a(x)|v|q72v) = )‘Fv(l'vuav) +MGU(.’E,U,U) iIl RN; (15)
(u,v) € WP x W1,

where

Do) = [ @) =) Mo = y)dedy + [ o)l d,

when we take M,.(z) = |z|~V~*". In this case, problem (1.5) become

Ky [T (u)| (= A)5u + [ulP~2u) = AFy(z,u,v) + pGu(z, u,v)  in RY,
K [I: () [ (=A)s0 + [0]7720) = AFy (2, u,v) + pGo(z,u,v)  in RY, (1.6)
u=v=0 on RV\Q,

where
sy [ Jw(@) —w@)|” r
I,r. (U}) = AQ de dy + - a(l‘)|u)‘ de'

In 2017, Bonder et al. in [17] made a significant advancement by introducing an extension of the
fractional Sobolev space, known as the fractional Orlicz-Sobolev space. This extension involved
the generalization of the conventional fractional Laplacian operator to the fractional ~(.)-Laplacian

operator, which is defined as follows:

lu(z) —u(y)]\ u(z) — uly) g
NW< |z —yl* >|x—y|S+Ndy’ forall z € R™, (1.7)

(-8 ulz) = po. [

R

where v : RT™ — R™ is a non-decreasing and right continuous function, with
v(0)=0, ~({#)>0 fort>0 and flim ~(t) = o0. (1.8)
[— 00

The replacement of the v(.)-Laplace operator with a fractional (.)-Laplacian operator raises the
question of what results can be achieved. Currently, there are only a few results available regarding
the fractional Orlicz-Sobolev spaces. For instance, in [9], we studied a nonlocal Kirchhoff type

problem within this space.

5 u=Fy(z,u,v) in
Ko [.7:2(11)] (—A): v=F,(x,u,v) inQ,
u=v=0 on RV\Q,

where K; is the Kirchhoff function. In our problem (1.1), the function F is presumed to be
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a member of C*(Q x R?) and complies with appropriate growth conditions, but notably does

not satisfy the well-known Ambrosetti-Rabinowitz condition. For further problems related to the
fractional Orlicz-Sobolev spaces, we refer to [6,7,10-16]. By setting I';(t) = %, our problem
(1.1) can be reduced to the fractional (p,q)-Schrodinger-Kirchhoft elliptic system given in (1.6).
In this paper, preceding works of the Kirchhoff-Schrédinger system are extended in fractional

Orlicz-Sobolev spaces.

This article is divided into four sections. In the second section, we offer a brief review of the
fractional Orlicz-Sobolev spaces, outlining their essential properties and results. Following that,
the third section presents the specific assumptions made on the data. In the fourth section, we
present our primary result concerning the existence of a weak solution and its proof, which relies

on a contradiction argument.

2 Some preliminary results and hypotheses

In this section, we will briefly introduce the definitions and fundamental properties of FOSS. For

detailed information and proofs, interested readers can refer to [1,17,20].
We take notice of N the set of all N-functions. The function I' € N is defined for z € R by setting
|z
T(z) = / 11 dt.
0

We point out that I' € Ay if for a certain constant k > 0,
I'(2z) < kT(z), for every z > 0. (2.1)
We observe that I' and T satisfy the following Young’s inequality:
rz <T(r)+T(z) forallz,r>0andz €. (2.2)
In the Orlicz space Lr(R2) is well-know, the Holder inequality
/Q [u(z)v(z)|dz < [[ullp|v|| g for all u € Lp(2) and v € Ly(Q2), (2.3)

where Lr(Q) is defined as the set of equivalence classes of measurable functions u : 2 — R such

that:

/ F(M) dz < +oo for certain 7 > 0.
Q

T

where ||.|[(ry is the Orlicz norm defined by

ulley = sup / w(2)0(z) dz.

llollmes
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Lr(Q) is a Banach space under the following norm,

ullp = inf{)\ >0/ /QF(M;)') da < 1}.

We assume that:

) o1 (g)
(AO)/O e dt < oo and (AOQ)/1 T dt = +o00 for s €(0,1).

Under the hypotheses (4g) and (As), we can insert an N-function I'*, given by the following

expression of its inverse in RT:

t I‘\fl
(T~ (t) = / fo) dr for t > 0. (2.4)
0o TN
The fact that I' € As-condition globally implies that:
up —u in Lp(Q) <= / I(Jug — u|)dz — 0. (2.5)
Q

Now we set an useful lemma which we need in the proof.

Lemma 2.1 ([4]). Let T be the complementary of the N-functions I'. Then we have

T(y(t)) < (n—1T(t), forallt>0, (2.6)

where n = sup;q t%;)

We define the fractional Orlicz-Sobolev spaces as follows

W=t (Q) = {u €Lr(Q): /Q/QF(W)x —y|™Ndrdy < 0o for some \ > O}.

This space is equipped with the norm,

[ul[s,0 = [lullr + [us,r, (2.7)

where [.]s r defined by

[u]s,r—inf{)\>0:/Q/QF(W)|xy|Ndxdy§1}.

To deal with this problem, we choose

W@ = fue W) u=0 ae. R¥\0},
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which can be equivalently renormed by setting ||.|| = [.]s,r and

E; = {u e WeTi(RN) /Qai(x)f‘i(|u|)dx <oo; u=0 ae RN\ Q},

equipped with the following norm ||.|

E;I'i = [']S,Fi + H ai,l'iy where

oo, =it {350, [ aiors (M )ar <1},

Throughout this paper €2 is a bounded open subset of RY and s € (0, 1).

||l

In W ’F(Q) we have the following Poincaré inequality
lulle < 7lulsr,  Yue WeH(Q). (2.8)

where 7 is a positive constant.
Remark 2.2. [];r is a norm of WOS’F(Q) equivalent to ||.||sr-

Lemma 2.3 ([7]). The representation given by

I]
Fic12(t) == / ri(r)dr  for all t € R, (2.9)
0

exists and it is an N-function where v;=1,2 verified (1.8).

3 Hypotheses

We use through our paper that I'; € N defined in (2.9) and we suppose that I'; € Ay. Then by
lemma 2.1 in [23] we have for all ¢ > 0 that

Py 27 (t)
1 li = f <'s .
< 120 ri(t) — 228 Ti(t)

=n; < N. (31)
Related to functions I';, K; and F' our hypotheses are the following:

(¢1): The function ¢ — T';(v/t) where t € [0, +00) is convex.
(¢2): There exists 1 < n; < l;, such that

li 4™ 0
1m =
t—+oo Fi (t) ’

and the Kirchhoff function K : [0, 00) — (0, 00) is a nondecreasing continuous function such that:
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(A3): There exist aj,az > 0 such that:

ay > Ki(t) > ap forall t € ]0,00).

And F satisfies:
(F1): F:QxRxR—RisaC! function such that F(x,0,0) =0 for all z € Q

ra(r1—1)
[P, u,0)] < eaful™ 7 4 eafo] S

1 (rp—1)
Fy(z,u,0)| < cilul ™72+ ealu]2,

(3.2)

where r; € (1,1;).

(Fy): There exist an open set 2 C RY with || > 0, and positive constants ag € [1,11), Bo € [1,12),
c¢> 0 and p,o € R with p + ¢ # 0 such that

F(x, pt,at) > c(|pt|* + |ot|™), for all (z,t) € Q x [0,1).

Remark 3.1 ([17, Proposition 2.11]). W' (Q) is a separable and reflexive Banach space.

Lemma 3.2 ([5, Lemma 4.3]). The following properties hold true:

1) fl(ﬁ) <1, for allw € E; \ {0}.

2) Co([uls,r,) < Filuw) < G ([u]sr;), for allu € E;.

3) Colllulla;.r;) < Yi(u) < Gu([[ulla;.r,), for all u € E;.
Lemma 3.3 ([5, Lemma 4.7]). F; and Y; are two weak lower semi-continuous functions.
Lemma 3.4 ([7, Lemma 3.3]). Under assumption (¢1) we have that (E,||.||g,) is a real uniformly
convexr Banach space.
Now we state the embedding compactness result.
Theorem 3.5 ([5, Theorem 1.2.]). Let T' be an N-function.

i) If (Ao), (Aso) and (3.1) hold, then the embedding W= (Q) < L+ () is continuous, and

the embedding W*1i () < Lg(S2) is compact for any N-function ® < T;.

it) If (A1), (A2) and (3.1) hold, then the embedding E; — Lr,(2) is continuous, and the
embedding E — Lg(Q)) is compact for any N-function ® < T';.

Remark 3.6. The assumption (¢3) implies that |t|" < T';, then by Theorem 3.5 the following

embeddings E; — L" () are compact, i.e., there exist constants Cyp, > 0 such that

lullp: < Cyillulle.r;  for all u € E;. (3.3)
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4 Main results

In this section, we present the existence result.

Theorem 4.1. Assume that (A1)-(As), (F1)-(F3), (3.1) and (¢2) hold true. Then system (1.1)

possesses a nontrivial weak solution.

In order to prove Theorem 4.1, we will use the following Lemma:

Lemma 4.2 (|22]). Let X be a real Banach space and J € C1(X,R) satisfies (PS)-condition. If

J is bounded from below, then ¢ = infx J is a critical value of J.

In fact, since

v

u
T, U,V) = x,p,v)dp + tlx,0,t)dt + F(x,0,0), r,u,v) € 2 X R X R.
F F, d F 0,t)dt + F(x,0,0 v OxRxR
0 0

By (3.2) and the fact that F(x,0,0) = 0, we show that:

[l [v]
F(z,u,0)] < /\&wnmw+/ \Fy (0, )|dt
0 0
M s

Jul [v]
< q/|WPwHQ/'WF?*@+@/|wrw
0 0

8
e e e D
1
—1
< L 4+ 2l 4 e o)+ 2o
™ T ]

= caful™ £ calo]",

Cl+02

-1
and ¢y = 22 =D * N

T1 T1ir2

where c3 =

Now we have all tools to study our problem (1.1). For that we shall define our working space

W .= Ey x E5 with the norm
(w, o) == l|ull &, 1, + [[0]] B2, -

We can show that W is a separable and reflexive Banach space. We observe that the energy

functional I on W corresponding to system (1.1) is
I(u,v) i= K [ Fa(u) + Ta(w)] + Ka [Fav) + Ta(v)| - / Flz,u,v)dz, Y(u,v) € W.
Q

Where .
K(t) ::/O K(r)dr.
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Denote by I; : W — R, i = 1,2, the functionals I; (u,v) = (KoH)1(u) 4+ (KoH)2(v) where

(Rot)s(w) = K[ /Q mQ(“’(x)_“’(y)) dody /Q ai(:r)l"i(w)dx]

le —yls )|z —ylV

and

Ig(u,v):/QF(x,u,v)dx.

Then
I(u,v) = I1(u,v) — I2(u,v).

Lemma 4.3. The function I is well define and it is C*(E;,R) and we have

(I, 0), (@) = K[ Faw) + Ta()| / 1 (Bl dpt + / (@) () e

OxQ 0"
+ K, {]—'2(1)) +T2(v)} (/QXQVZ(hv)hvhvd/l‘F/Qa2($)72(v)1@div>

—/(Fu(x,u,v)ﬂ+F,U(x,u,v)f)dsc,
Q

u(z) — u(y) and dyi — dz dy

for all w,v € E;, where h, = ~
|z —y|* |z — yl

set 2 x Q).

(i.e, regular Borel measure on the

Lemma 4.4. The function I is well define and it is C*(E;,R) and we have

(I'(u,v), (@,7)) = K, [fl(u)—k”fl(u)}( / 1 () b dpt + / 1(x)'yl(u)uﬁdx)

axQ Qa
+ K> {fz(v)—FTz(U)} (/QXQ’Yz(hv)hvhgdu—F/Qag(x)’yg(v)v@da:>

—/(F,Ax,u,v)ﬂ—&—Fv(m,u,v)ﬁ)dx,
Q

u(z) — u(y) and dyi dx dy

for all w,v € E;, where h, = . ~
|z =yl |z -yl

set Q x Q).

(i.e, regular Borel measure on the

Proof. First, we can see that

(R (u),0) =K |

QxQ

T;(hy)dp +/

A ai(x)l“i(u)da:}

(4.2)
X < '-Yi(hu)huhv d,ll + / a; (l‘)’)/1 (u)uv dl’>7
axQ Q
for all @, T € E;. It follows from (4.2) that for each u € E;, (KoH)}(u) € (E;)*.

Next we prove that (f(o?-[)i € C1(E;,R). Let {ux} C E; with uy — u strongly in E;, for v € E;
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we have h, € Lp,(Q2 x Q,du) and by Holder inequality

/ (i (P Yoy, — i (o)) o+ / (s @) (g — as(w)ya(w)e)o
QxQ Q

< 2fyihu )y, = il bl e [[Pollzre, + 2llallolli(ur)ur = vi(wull Ly [[0]]Lr, -

(4.3)

On the other hand, ux, — u in E;, then h,, — hy in Lp,(Q x Q), so by dominated convergence

theorem, there exists a subsequence {%,,, } and a function h in Lr, (€2 x €2) such that

Vi (P VP, | < [7i(R)R| € Ly, (2 x Q) ae. in @ x Q.

And
Yi(Pun, Vu,,, = vilhu)hy  ace. in Q x Q. (4.4)

Then by dominated convergence theorem we obtain that

sup
[lvlls,r; <1

[ st =l | 0. (45)
QxQ
By same techniques we obtain that

sup — 0. (4.6)

llvllr, <1

/ (i (u)ur — vi(w)u)v do
Q

By (A1), (Asg), (2.5), ii) in Theorem 3.5 and boundedness of sequence {uy, v} and using similar

argument in the proof of Lemma 3.3 in [7] we show that

lim ai(x)Mi(u”)dx:/ai(a:)Mi(u)dx. (4.7)

According to the last equation and the continuity of K;, we have

Kl-(/QXQFi(huk)d,u+/Qai(:c)I‘i(uk)d:v> —>Ki</QXQI‘l-(hu)d,u—i—/{zai(x)Fi(u)dx). (4.8)

Combining (4.5), (4.6) in (4.3) and with the fact (4.8) we get (KoH)) is continuous. Now we turn
to prove that

(15 (u,v), (u,v)) = /Q(Fu(sc,u, 0)u + Fy(z,u,v)v)dx for all (u,v), (u,v) € W. (4.9)



CUBO

On a class of fractional T'(.)-Kirchhoff-Schrodinger system type 63

26, 1 (2024)

By (4.1) and 3.3 we have

/F(x,u,v)d:z:§ /|F(z,u,v|dx§03/ |u|“dx+C4/ |v|"2dx
Q Q Q Q

callullit + cal|v][72 (4.10)

IA

C3CT1 | |u| |TEll,F1 + C4CT2 | |U||2~227F2-

Then I is well defined in W. Now by (3.2), (3.3) and the similar argument in [23, Lemma 3.1] we
see that (4.9) holds. O

Lemma 4.5. Suppose that (¢1) is fulfilled. Moreover, we assume that the sequence (uy) converges
weakly to u in E1 and

lim sup((KoH)} (ug), u, — u) <0 (4.11)

k—s00 -

Then (ux) converge strongly to u € Ej.

Proof. Since (u) converges weakly to w in Fy, then ([ug]sr,) and (||uk||a;,r,) are bounded se-
quences of real numbers. That fact and relations 2) and 3) from Lemma 3.2, imply that the
sequences (Fj(uy)) and (Y;(uz)) are bounded. This means that the sequence (KoH);(uy) is

bounded. Then, up to a subsequence, (R’ oH)1(ux) — c. Furthermore, Lemma 3.3 implies
(KoH)1(u) < klggo inf(KoH)1 (uz) = c. (4.12)
Since (KoH); is convex, we have
(KoM)1(u) > (KoH)1(ug) + ((KoM)| (ug), ug — u). (4.13)

Therefore, combining (4.11), (4.12) and (4.13), we conclude that (KoH);(u) = c.

U +u
2

Taking into account that converges weakly to u in E; and using again the weak lower semi-

continuity of (KoH);, we get

c=(KoHt)i(u) < lim inf(f(o?—l)l(uk +u>'
k—o0

5 (4.14)

We argue by contradiction, and suppose that (uy) does not converge to u in F7. Then, there exists
B > 0 and a subsequence (uy,) of (ux) such that

|7
2

> B

a,l'
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By 2) and 3) in Lemma 3.2 we infer that

(KoH), (Uk;_u> > C()(HUICTQ_ =

> Go(B)-

3

—Uu

wr) He((F] ) Z (™

al,Fl)

On the other hand, the As-condition and relation (¢7) enable us to apply Theorem 1.2 in [21] to

obtain

%(f(o?-[ﬁ(u) + %(koml(wﬁ,‘) — (o) (M= B0 > (Kot (=) > Go(B),

for all r € N.

Letting » — oo in the above inequality, we get

Uk, +u> >
—5 )=

¢ = Go(B) = lim sup(KoM)

That is a contradiction. It follows that (ux) converges strongly to w in Ej.

Similary we can obtain that, vy — v in Ey. Therefore {(ug, vg)} — (u,v) in W.

Lemma 4.6. If a sequence (ug,vy) converges to (up,vo) in W weakly, then

1 1
/ (Fu(sc,uk,vk) — Fu(x,uo,vo)) (ug —ug)dx — 0
Q Q2

aq

and

1 1
/ LBy, up, vk) — — Fo(, o, v0) ) (v — vo)da — 0.
o \21 Qo

Proof. By (3.2), remark 3.6 and Holder inequality we have:

1 1
/ (Fu(:v,uk,vk) — Fu(x,uo,vo)> (ug — ug)dx
Q a2

aq

<),

<—/ |F(z uk,vk)||uk|dm+f/ | Fou (@, g, vg)||uo | dx

|ug — upldx

1
—F,(z, ug, vg) — — Fu(z, uo, v0)
o1 (&%)

—|——/ |Fu (2 uo,vo)\|uk|dﬂc+—/ |F (2, ug, vo) | |uo|da

<a /|uk|“dx+—/ | 2R |uk|dx+—/ a7~ uro |
ro(r 1 r—1 ro(r 1
—|— \vk| |u0\dx—|— — |u [~ \uk|dac—|— - |v0|

r 2(1
+ 2 [ ol 1dm+f/ ool
Q

|uo|dx

|u;9|dx

(4.15)

(4.16)

(4.17)

(4.18)
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< '1 /\uﬂ“dm +d /|uk|“dx /|vk|’”2daj i
1 1
va(f ) T ( [ fuolra) " [ fuolraz) ™
Q Q Q
Bt -1 N
X (/ |vk|r2dz> " Jrcl(/ |u0|T1dx) " (/ |uk\”dz>T
5[ fulrar)” / ofae) "+ ([ uolrias)

1=

—|—c'2</ﬂ|u0|”dm) (/Q|v0|r2dx) " (4.19)

Since (ug,vg) — (ug,vo) in W, it is clear that uy — ug in Ey and vy — vg in Es, then {||uk||g, }

26, 1 (2024)

—1

and {||vg||g,} are bounded. By remark 3.6, there exists G > 0 such that

ukl| s [0kl |2 [l llvkllr, <G, for n e N. (4.20)

Combining (4.19) and (4.20), then we have

1 1 T2(:1—1>
[ (i) = - Fudivno, o)) = wo)de < sl -+ el ol
) ra(ry—1) ) CICED I ra(ry—1)
e T i
+ Allunllr ™ uollr, + lluollr [lvkllr, ™+ clluoll ™ [lukllr,
ro(ry—1) Tz(m 1)
+ cllukllr lvollr, ™ 4 cilluollz + chlluollr [[vollr, ™
< G 4+ HEERTH L g @R L 0 PR L g q
(r1-1) ra(ry—1)
+ C'Qc’lGr2 oty G + G ot (4.21)
Using again Remark 3.6, then for any positive €, we can choose ng € N such that
%
( |ug — u0|”dx> " <€ forall n> ny.
Q
Furthermore,
1
—Fu(z,up,vr) — —Fy(x, ug, vo)| |uk — ug|dx
Q|1 Qa2
1 1 RN &
< (/ — Fy(z,ug,vp) — — Fy (2, u0, v0) dx) (/ g —u0|“dat)
Qo a2 Q
ri—1
L _m 'r
= C(/ |Fu(@, wp, o) |7 + \Fu(%UoWo)V“ldx) e
Q
r1—1

r ra(r 1 H.o_m r ra(r 1 H oM =1
<e0( | ((ealunl™ " +calunl )3T + (exluol™ ™t + caluol )7 ) der)
Q
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- i1
SeC(/ ( i 1|uk|r1 —l—c71 1|v;€|r2 —&—c” 1\uo|r1 + gt 1|v0|r2)daj> !
0

ri—1

1 1 1
<ec( AT T1’1G7'2+cf1’1G”—i—cgl’lG”) e (4.22)

for all n > ng. As € is arbitrary, combining (4.21) with (4.22), we conclude that (4.17) holds. With

a similar discussion as above, we can prove that (4.18) holds. O

Lemma 4.7. I(u,v) is coercive on W, that is, I(u,v) = +00 as ||(u,v)|| = +o0.
Proof. Using (As), (4.1), Remark 3.6, and Lemma 3.2 we obtain

I(u,v) = (KoH)1(u) + (KoH)2(v) —/QF(as,u,v)da:
2061(]:1+T1)(u)+al(f2+T2)(v)—/QF(:r,u,v)dx
> aqmin{[ul{p,, [w]lT, )+ o mingjlullp [l )
+avmin{ofin, 25, )+ nmind[olf2e, Jol23,) —a [ de— e [ o
=041([ ulip, + flu Harl) +ar (e, +llolier,) —esllull?, r, — eallullZ, r,
> ol r, + oy 1%, r = esllul 3, r, = callollZ, r,:

Since r; € (1,1;), then the last inequality implies that I(u,v) — 400 as ||(u,v)|| = ||ul|g, r, +

Hv||E27F2 — +oo. O

Lemma 4.8. Assume that l; = n;, (3.1), (4.11) (¢1)-(¢2) and (Fy) hold. Then the energy func-
tional I satisfies (PS)-condition.

Proof. Let {(ug,vr)} be any (PS)-sequence in W for I. It follows from Lemma 4.7 that sequence
{(ug,vg)} is bounded in W. Therefore, going if necessary to a subsequence, we can assume that
(ug, vg) = (up,vo) in W. Then up, — ug in By and vy — vy in Es respectively. Since (ug,vg) is a

(PS)-sequence, there is ¢ € R such that
I(ug,vg) = c as j—oo and (I'(ug,vr),(¢,)) =0 forall ¢,¢p € C°(R"), (4.23)
which follows that,
L 1
or(1) = ( —I'(ug,vg) — —I'(up, vo), (ur — wo, v — vo)
(&3] (%)
1
= — Ky (Fi(up) + Y1 (ur)) (/
a1

QxQ

72 (h"Uk )hvk hvk*vo dﬂ + / )
Q

V1 (P Y Py, P — g At + / a1 (z)y1 (ug)ug (ug — uo)dx)
Q

+ O%Kz (fz(’vk) + Tz(vk)) (/

()2 (i )vr (v — vo)dx)
QxQ
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1
T (Fu, (x, ug, vi) (ug — ug) + Fy, (@, ug, vg) (v — o)) dz
Q
1
= K (Fi )+ Ya(0)) ([ ooy o+ [ a1 () — uo)d)
2 QxQ Q
1
- —K (fl(uo) + Tl(uo)) (/ Y1 (Pug ) Py Py, g A + / ay (x)y1 (ug)ug (ug — uo)dx>
Qs axQ Q
1
t (Fuo (2,0, v0) (ur — uo) + Fu, (2, to, vo) (Vk — v0)) d
Q

Using (As) we infer that

ox(1) > </stz ’yl(huk)hukhuk_uodu—i—/ ()1 (ug ) ug (ug —uo)dx>

a
Q
([l bt dis+ [ ax(o)raon)on(on ~ v)dz)
QxQ Q
1

- ; (Etk (I,Uk,vk)(’ll,k - UO) + E)k (LE, Uk,vk)(vk - UO)) dl'
1.JQ

- (/mﬂ(%(h%)huohuk_uodu * /Q ay(z)y1(uo)uo(ur — uo)dx)
- (/QXQ 1oy —uotis + /Q a1 (z)y1 (uo)ug (ur, — uo)dx>
1

+ ;2 (Fuo ('Tyu()vvo)(uk - UO) + F’Uo (%UO»UO)(UIC - UO)) dx
Q

= (/ (Pyl(huk)huk, - Wl(huo)huo)hukfuodﬂ +/
QxQ

a1 (x)(y1 (ur)ur — v1(uo)uo) (ur — uo)dx)
Q

" (/an(%(h“’“)h“k — Y2 (hag ) Py ) P —vo dpe + /Q az () (2 (vi)ve — Y2 (vo)vo) (v — vo)dx)

1 1
—/ (Fu(x,umvk) - Fu(x,uo,vo)> (up — uo)dx
Q as

aq

1 1
—/ (Fv(x,uk,vk) - Fv(x,uo,vo)> (v, — vo)dz.
Q Q2

g

Furthermore, last inequality, Lemma 4.6 and strictly monotone of the operator I] implies that

/Q Q(’Yl(huk)huk - 'Yl(huo)huo)huk—uod,u = <]:{(uk) - f{(uo),uk - u0> —0 (4-24>
/Q Q(V?(hvk)hvk - '72(hvo)hvo)hkavodu = <]:é('Uk) - ]:é('UO); Vg — U0> —0 (425)
/Qal(w)(’h(uk)uk — 71 (uo)uo) (ur, — uo)dz = (Y (ur) — Y (uo), ux — uo) — 0 (4.26)

and

/Qaz(x)(vz(vk)vk —72(v0)vo) (vk — vo)dx = (Ty(vk) — Y5(vo), v — vo) — 0. (4.27)
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By Remark 3.6, (4.24) and (4.25) we have

up(z) = up(z) ae. zeQ,

and

ve(z) = vo(x) a.e. z €

Using Fatou’s Lemma we have

/ Iy (hyy)dp < lim inf Iy (A, )dp, (4.28)
QxQ k=roca QxQ
/ T1(hy)dp < lim inf/ Ty (hy, )du, (4.29)
axQ k—oo QxQ
/al(ﬂc)l"l(uk(as))dm < lim inf [ aq(z)Tq(uo(x))dz, (4.30)
QO k—o0 Q
and
/ az(x)Ta(vg(2))dz < lim inf/ as(x)Ta(vo(x))dx. (4.31)
Q k—oo Q
Moreover,
lim (F] (ug), ur — up) = lim (Fj(ug) — Fi(ug), ur, — up) = 0, (4.32)
k— o0 k—o0
lim (Fj(vg),ve — vo) = lim (Fh(vg) — Fo(vo), vk — vo) = 0. (4.33)
k—o0 k—ro0

By using Holder inequality and (2.6) we have

(4 (i), s — ag) = / SR —
QxN

> / T ()t — / T, (7 (g Vo )l — / T (g )dp
QxN QxQ

QxQ

> / Ty )pt — (my — 1) / ) ()t — / ') (T )y
QxN QxQ QxN

QxQ

QxQ

Again using Holder inequality and (2.6) we have

(Fy(un), vk — v0) = / o (P Y g sl
QxN

v

I / Ty, )dp — / T (2 (P Yoy Yl — / Ty}t
QxN QxQ QxN

Y

2/ Fz(hvk)du—(nz—l)/ F2(hvk)du—/ Lo (ha, )dp
QOxQ QxQ QOxQ

/ FQ(hvk)d/L - / FZ(hvo)d/u“ (435)
QxQ

QxQ
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According to (4.28), (4.32) and (4.34) we infer that
lim Ty (hu, )dp :/ Ty (P, )dp. (4.36)
k=oo Jaxa axQ
And by (4.29), (4.33) and (4.35) we have that
lim Do (hy, )dp = / Lo (hoy )dp. (4.37)
k=0 Jaxa axQ
Also, by (4.7) we have
lim [ a1(z)T1(ug)de = / a1 (z)T (ug)de, (4.38)
lim [ as(z)T2(v)dx = / az(z)la(vo)dx. (4.39)
In conclusion, estimates (4.36), (4.37), (4.38) and (4.39) get the result. O
Lemma 4.9. There is a point (u,v) € W such that I(u,v) < 0.
Proof. Let ug = pwo and vy = owy where wy € C§°(2)\{0} with wo(z) > 0, supp(we) C 2 and

[|wol] < 1. Without loss of generality, we can assume that p # 0. It is clear that (ug,vo) € W (see

[3, Theorem 3.7]). When ¢ is small enough by (As), (F2) and Lemma 3.2 we have

I(tug, tvg) = (KoH)1(tug) + (KoH)2(tve) — /Q F(x,tug, tvg)dx

< a2</QXQI‘1(htuO)du+/Qal(:r)l"l(tuo)dx)

Inax{ tuo s, ' [tuO}s Fl} + max{ ||tu0||a1 Iy ||tu0|‘a1 I })

+a2(/ﬂxﬂ (htvg) du—i—/ (I)Fg(tvo)dx) —/QF(Q:,tpr,toer)d:E
ax(
az

max{ tUO s Fz’ [tuo]s Fz} + max{ HtUOHaQ Fg’ ||tv0‘|az FQ})

/ c([tpwo|*® + [towo|*)dx
Q

< OéQ[tUO]i,l’l—\l + OéQ[tUQ] Tt Oég“tUoH + OéQHtUo‘

a1,I'y a1,I'y

+ aftvo]2r, + aaltuo]23, + aslltvol |2, 1, + alltvol[22

—cta"/ |pw0\a°dx—ctﬂ”/ |ow | da
Q

< agt"[Juo||%, r, + cat™ |[uol[B r, + aat||vol|E, r, + aat™[[vollR r,

—ct“o/ |u0|a°dx—ctﬁ°/ |vo| o daz.
Q Q

Hence g € [1,11) and By € [1,13), we can choose tg > 0 small enough such that I(tgug,tovg) <

0.

O
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Proof of Theorem 4.1. Let X = W and J = I. By Lemma 4.4, Lemma 4.7, Lemma 4.8 all

conditions of Lemma 4.2 hold. Then system (1.1) possesses a critical point (u,v) € W which is a
weak solution of system (1.1) satisfying I (u,v) = infy, I. Lemma 4.9 implies that (u,v) # 0. Thus

system (1.1) possesses at least one nontrivial weak solution. O
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anthony. sofolvu. edu. au involves using the properties of the polylogarithm function,
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procity property is utilized to highlight an explicit represen-
tation for a particular skew harmonic linear Euler sum. A
number of examples are also given which highlight the the-
orems. This work generalizes some results in the published

literature and introduces some new results.
RESUMEN
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1 Introduction and preliminaries

In this paper we will investigate the closed form representation of skew linear harmonic Euler sums

of the form:

CqyntL A0 (=1" (=™
2 AL {(2n+1+a)p+l " (2n+1a)p+l} (1)

n>1
for the parameter —1 < a < 1 and integers p and ¢, and by reciprocity, also give a closed form

expression for
0 (p+1) (1
A (5)

Z 1)nHt = (1.2)

The alternating, or skew, harmonic numbers A of order t,in (1.1), are defined by

— (=1t
AP =3 i (teC,neN) (1.3)
j=1
and A, := Ag,l). The polylogarithm
Lis(z / poe 1exp 1dt (1.4)
0

in this context, is sometimes referred to as a Bose-Einstein integral [15]. The skew harmonic Euler
sum (1.1) under investigation in this paper can be thought of as belonging to an extended family
which has its origin in the early investigations of Goldbach and Euler in which they initiated the
study of sums of the type, see Flajolet and Salvy [6]

H7(IP)
Spe = Z nt
n>1
known as linear harmonic Euler sums of weight p+¢. Nielsen [9] and many others, see [1,2,6,11,12],
expanded this work and it is now known that S, ; can be explicitly evaluated, in terms of special
functions such as the Riemann zeta function, in the cases when p =t € N, p + t of odd weight,

p + ¢ of even weight in only the pair {(4,2),(2,4)} with p # t. A reciprocity (or shuffle) relation

Sp.t +Stp =C(P)C(H) +C(p+1)

exists to evaluate S, , in the case S, is known (or vice-versa). The subsequent notion of four

distinct classes of linear harmonic Euler sums, of the kind
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++ = Hp + - +1 Hép)(a)
. - qan - . o n n
Sp,t (a,b;q) := g + ) pr (a,b;q) = 7;1 (=1 m7
0 o ) (1.5)
S+ (a.b q) = AR (@ S (a.bea) e Lyt A (@)
p,t (a,b;q) == Z:: n+b Dt (a,b;q) = Z (=1) m,

Il
-

here ¢ € Z>1, a, b € C\Z<_1 and p, t € C\ Z~ was identified by Flajolet and Salvy [6], in the
case a =0, b=0and ¢ =1. The case a € Z>1, b € Z>; and ¢ = 1 was examined by Alzer and
Choi [1], and finally the case a € Z>1, b € Z>1 and ¢ € Z>; was examined by Sofo and Choi [13].
The skew linear harmonic Euler sums (1.1) for certain values of the parameters a, p and ¢ belong

to the family

—— l-a —— n+1 Ag)
S t,p+1 ( ’9 ) - S t,p+1 ( ’ ) Z 1;a)p+1 (16)

and will be explicitly represented in terms of special functions as described in (1.1). Using a

reciprocity theorem due to Alzer and Choi [1], we also represent

o 1—a 00 AglPJrl) l—a
Sp+17t ( 2 ’0) — Z (71)n+1 nt( 2 )

explicitly in terms of special functions. Interest in Euler sums and multiple zeta values has recently
been intense (see, for example, [3-5,7,8,10,18]). Likewise various Euler sums with parameters have

been researched (see, for example, [14,16,17]).

2 A parameterized integral

In the next Theorem we evaluate a particular integral which forms the basis in evaluating a family

of skew linear harmonic Euler sums.

Theorem 2.1. Lett € N and let —1 < a < 1. The following integral formulas hold true:

X (a,t,00) = /000 de (2.1)

1422

= —Zsee (T <n(t)+mpgt_i?)(C(t,14a>—<<t,34a)>>, (2:2)

where Lis(2?) is the polylogarithm function, 1 (t) is the Dirichlet eta function and ( (t,u) is the

generalized zeta function described in [5].
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Proof. From (2.1), we apply the change of variable 22 = y, (then rename y = ), so that

1 oo L‘lL.
X(atoo) =3 [~
0

we now utilize the Bose-Einstein integral (1.4), described in [15] so that

1 2 Lia) LT [T 7
X (a,t,00) = = dz = t_l/ ded
(a,¢, 00) 2/0 Ttz 2F(t)/o Yol T e Tenm -1

which yields

aTm

_ e 225)2) /OOO v (—1 + (sinh (y) — cosh (y))faTH> dy

2ar exp (y) + 1
=T, g (e )
_ ”2‘3; ((:)5) /O°° expy(ty_)l-i- : <—1 +oxp (2 (y —im) (a+ 1))) dy
o) (0 () (7))

N ey
oo () [0+ 2L (o0 15) < (152).

this completes the proof and (2.2) is achieved. O

In the next Lemma we will demonstrate a series representation for the integral (2.3) on the unit

interval = € (0,1).

Lemma 2.2. Lett € N and let —1 < a < 1. The following integral formula holds true:

1 a3 (42 1\l 4 ()
X(a,t,l):/ %dzzzw, (2.3)
o l14a2 & 2n+l4a

where Agf) are the skew harmonic numbers of order t.

Proof. A Taylor series expansion in the domain, x € (0,1) gives,

. T 1 n n
th(xQ) = Z nt ) 1+.T2 - Z(_l) 1’2 .

By the Cauchy product of two convergent series, then it follows that

waLit (12) n+1 t) .2n+a
S5 e
n>1
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and therefore
1 arT3 2 1 n+1 4(t)
L ) -1 A
/ r o) i (z7) dx = Z (_1)n+1 AS) / 2o dy = Z 7( ) LA
0 1+l‘2 n>1 0 n>1 2n+1+a

In a similar fashion, it follows that

1 . —at: 2 n+1 4(t)

7Lz (2%) (-1 Ay
X(—at,)= [ L) g N e
(a8, 1) /0 1122 0 T; 2n+1—a

In subsequent evaluations we also require the following result, which may be evaluated as a standard

Va7 log/(z) . (—1)7 ;! ) l1—a ) 3—a
/0 5.2 dz = yE <§<]+1,4 )—C(]+174 >> O

In the next Theorem we establish an identity for a linear skew harmonic Euler sum of weight

(t+1), t €N, for the parameter a # 0.

integral.

Theorem 2.3. Lett € N, —1 < a <1 with a # 0. The following formulas hold true:

S (a,t) = Z (—1)"+ AW { 1 " (- } -

e 2n+1+a 2n+1-—a

1 1 t+1
:ZZE{H%_%fH%_JTTaﬁ*(*l) (H%_lza 7H%_3Za)} (25)

n>1

e () (p0= 2 (1 15) o 35))
N (—1)"*? gt: (mi)" By (d) (1;a> _y <3;a)> (2.6)
n (_1):1?_2 Zt: <§) (_1)jj!Bijj (mi)' ™’ (C <j +1, T) —¢ <j +1, 5 ; a)) .

j=0

Proof. Consider the following integral on the real half line z > 0

> 2o 14 2
X (a,t,00) :/ Lt(gg)dx.

Puttin
° z? th <$2)

Af(a,t;z) = T a2

it may be seen that lim A (a,t;z), im A (a,t;x) and lim A (a,t; x) exist, in fact lim A (a,t;x) =
z]0 zToo z—1 r—1

$Li;(1) = 3¢(t) and it may be expressed as

1 0o
X(a,t,oo):/Aatx dx—i—/Aatm (2.7)
0 1
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Using the transformation xy = 1 in the last integral in (2.7) and recovering the variable x instead

of y in the resultant integral, we obtain

1 1
—a 1j 1
(a,t,00) /Aatmdx—i—/xlt(wg)dx.
1422
0 0

From the properties of Lit(m%), see [5], the last integral is expressed as

x ¢ Liy(+2) + (27ri)tB log x da
1+ 22 ! 0

11 (2m0)* x ¢ log x
A(—a,t;z)dz + (—1) B, — | d=

t! 1+ 22 )

X (a,t,00) = | Aa,t;2)de+ (—1)"

Al(a t;z)dz + (—1)!

o oY~ _

o O~ _

where B ( ng”) are the Bernoulli polynomials. From the recurrence relation of the Bernoulli
polynomials,
J . J .
J i—k J k
B;(t) = By V7" = B;_jt
10 =3 (1)m =3 (1) ot

we can express the last integral in the form

1 1 ot S
(a,t,00) /A a,t;z)dr + (-1 H'l/A —a,t;z)dz + (=1)"! (27i) <t> Bt._]. /;c log (m)dx
" J
0 ) J=0

t! (71'1)3 1 + 1’2
0

We now rearrange the above relation and use the results of Theorem 2.1 and Lemma 2.2 to obtain

S@n=Y(yrtapl L VT
’ " 12n+14+a 2n+1-—a

n>1

X (at00) + (1)t:fzt2i (;ﬁ) (1)jj!B£;j (i)t~ (< <j+ 114Q> i <j o T)) |

Jj=0

If we isolate the j = 0 term and put (2.2) for X (a,t,00), we obtain

OES (—1)™+ AW 1 . (-
’ " 12n+14a 2n+1-—a

n>1

— X (a,t,00) + EU Qt; (mi)' B (¢ (9) -+ ((3)

4
S (I () (11 52)).

J
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and (2.6) follows. The representation (2.5) is achieved in the following way.

x? th 9
X(at1)= [ —5~ n2rte g
(a’7 ’ ) /0 1+$2 Z Z / z

n>1 r>0
1

_ A 2 1

;ntZQn—i—%—i—a—i—l Z ( (n+a+ ))

1 2n+a+1 2n—|—a+3

n>1

1 1
= — i(Hﬂ l—a—Hn 3—a>

4 nt 2 2

n>1

Following the same pattern we have,
X1y [ ARG g I~y H
Cath= [ e dr=g g (o~ Hy s

and therefore X (a,t,1) + (—1)""" X (—a, t,1) implies the result (2.5). O

In the next section we extend the results of the previous section by considering a more general

version of the integral (2.1) thereby allowing an extension of the result (2.4).

3 The logarithmic case

This section establishes a number of general skew linear harmonic Euler sum identities.

Theorem 3.1. Let p,t € N, —1 < a <1 with a # 0. The following formulas hold true:

S (a,t 1S (1)t AW (=1)° . (- (3.1)
p -7 n>=1 (27?, + 1 + a)p+1 (2TL + 1 - a)P+1 .
)” p! (pt1) ) 41 ( r(p+1) (p+1)
o 2>:1 4p+1 (H loe H%_3Za +( 1) (H Lia H 3+a>) (3.2)
P (=) rat=2-2 L1 g\ (p+j i -
- N ) = - _ | . =7
= 5gp (X (a,1,00)) + - ]z::o 5L (—1)? j!By_j (mi)

><(c(p+j+1,1;a)—<<p+j+1,:?l>>7 (3.3)

where X (a,t,00) is given by (2.2), and HS™ are harmonic numbers.

Proof. From Theorem 2.1, we note that

oP © z% In (x) Lig(2?)
3aPX (a,t,00) = /0 722 dz. (3.4)
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From Theorem 2.3 consider (2.4) and differentiate p times with respect to the parameter a so that

" —1)? _1)tt+l
% (S (a,t)) = S (a,p,t) = p! Z (—1)*tta® { (1) 4 (-1) }

n>1 @n+1+a)’™  @n+1-—a)P
i (s () 0 D (o 15) o (25)
+5§7<(1Y“ﬂ;20wYBt<w<14a>¢(34a)>>

o [ (=) at2 L /e (1) 1B, (mi)' I o 1-a . 3-a
o | () TR () e ()

J=0

After some simplification and rearrangement we obtain the identity (3.3). The representation (3.2)

can be attained from the representation (2.8),

3%, (X (a,t,1) + (=)' X (=a,t,1)) = % <Z ﬁ <¢ <w> o (W)))

n=1

sy 2 (Z (v () v (2”‘4”’)))

1 ) [(2n+a+1 () (2n+a+3
2 4p+int (w 4 —Y 4
n>1

1 2n—a+1 2n —a+3
EEEY - (w(m < . ) _y® < . )) 7
nz1

where H&m) are harmonic numbers of order m € N with index o« € C\Z¢_1, and upon simplification

of the above expression we obtain (3.2). O

There are some cases of the value of the parameter a of Theorem 3.1 which are worthy of inves-
tigation and these are given in the next Corollaries. In particular we examine the three cases of
(1).a=0,(2). t =1 and p is an even integer, and (3). p+ 1 = ¢, for t € N.

Corollary 3.2. Let p,t € N, with p+t of odd weight, and put a = 0. The following formula holds
true:

(t)
S(0,t,p) : =2(=1)"p!y_ (~=1)"** W (3.5)
=—(2)" 1Bl () + 2 <p—ti_t>ﬂ(p+t+ 1) (3.6)

—1)PtI pl . i )
_ S EDT P e (p?)Bt_j,B(pﬂH)

J
B qgpHl=r p (2pHl=r t4r—1
-2 ( ) b r ‘Bp+177'|5(t+7")‘

T s
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where B, are the Bernoulli numbers, E, are the Euler numbers and B (z) is the Dirichlet beta

function.

Proof. For a = 0 and for odd weight p + ¢t Theorem 3.1 provides

S ! +1 A
07 t7 n S \pL1
©t,p) 'p 7; (2n+ 1)

= <<> o+ =) ((1159) < (1359)))) o
e (PR () R (0 150) o (155)))

Consider

'3

™ 0 am w,. OoFf amy iexp (—4r) 1-—a 3—a
=Tt 2 e () - Zrim (SGC(Q) o (5 (¢ (1 120) — ¢ (1 222))).

now simplify the second term so that (3.8) can be written as

== (5)" im0 - g (e (5)) (¢ (+157) - < (+25)))
() 0 gEam 3 (2) (e ()7 ( (5 << (+254)) " o

where F(") indicates the r*" derivative of F' with respect to the parameter a. The term

0, for r even

. ) am ]
lim — (ertan (—)) = i, for 7 — 0
a—00a" 2 2r+1(27‘+171) ,

5 (3) [Brsal|, forrodd

and

s (¢(+757) ~(+757)) =0 0 stm s e

where (t),, is Pochhammer’s symbol, see [5]. Now, substituting into (3.9) and simplifying we have

. A(t)
S O,t’ C = | n . n
( p) P p! nz>:1 (2n + 1)p+1
m\pPt+1 . _ +t—1
- (5) Byl @)~ impt2 = (77T ) (3.10)

p+J pl

w7 (P ) Bp i)

apier !(2”“*’"71) p\[(t+r—1
__ ot
QZ prl—r <r>< . >Bp+1r|5(t+7”)-
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In the second sum we isolate the j = ¢ term, with the value By = 1 and the j =t — 1 term, with

the value By =

—%, so that in simplifying we produce the result (3.6). O

Corollary 3.3. Fort =1, and p an even integer, the following formula is valid:

_An
(2n + 1)PH!

™

S(0,1,p):=2p! Y ()" =2+ 0B +2) - (5) Bl (3.11)

n>=1

Pl optlorp (21’“_’" — 1)

p
_2; p+l-—r (r) |Bpt1—r|B(r+1).

where B, are the Bernoulli numbers, E, are the FEuler numbers and B(-) is the Dirichlet beta

function.

Proof. The proof follows directly from Corollary 3.2. We remark that this case has been examined
in the paper [18], but in slightly different form than Corollary 3.3. An equivalent expression, in
less compact form, for (3.11) has been given by Stewart [18]. O

Another special case worthy of mention is for the situation when p + 1 = ¢, this is detailed in the

next Corollary.

Corollary 3.4. Let p+1 =1t & N. The following relation is valid:

. _ t—1 _ _ n+1 A1(1t)
S(0,t,t—1):=2(=1)""(¢ 1)!;1( 1) i1 (3.12)
— (5) 1Bl @+ 2@ - (o (3.13)
e e DA (2 ) PNy B A ,
+2 jgo—(t_j)! (im) ( ; )Bt_]ﬂ(t—i—j)
=2 4 rl t—r _ _ r—
_2t§ﬂ' :5(727, 1)(trl>(t+r 1)|Btr|5(t+r>7

where B, are the Bernoulli numbers, E, are the Euler numbers and 8 (z) is the Dirichlet beta

function.

Proof. Follows directly from (3.2). O
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4 Reciprocity identity
The following Theorem is enunciated by Alzer and Choi [1] regarding a general shuffle relation,
and we shall utilize this result in the upcoming Corollary.

Theorem 4.1. The following formula is given by Alzer and Choi [1, p.14]. Let p,q € N, a,b €
C\Z~, with « # b, then,

1
(k+ )’ (k+b)7"

Spa (b) + S5, (o) =n(p,a+1)n(g.b+ 1)+ (4.1)

k>1

The infinite sum can be expressed as finite linear combination of polygamma functions. Here

7 (p,a + 1) is the generalized eta function.

Let us recall, from (3.1) and using the notation of (1.6), that
(=1)Pp! l+a (=)t l1—a
S(a,t,p) = WSLHI 0, 9 + op+1 S; t,p+1 »T .
The case a = 0 is described as

5(0,t,p) = (_1)p Sw(’i)

and its closed form representation given by (3.3). We can now apply Theorem 4.1 to obtain

reciprocity relations for some identities of Section 3. Consider the following Corollary.

Corollary 4.2. Let p,t € N, with p+t of odd weight. The following identity holds true:

B 1 (_1)n+1 Aglp+1) (l)
S p+1,t (2 O> = Z nt :
n>1
_ —_1\Por
— (71)11—&-1 opt+t—1 <p ;ri ) 1) (1112 _ 1) _ %S(O,t,er 1)
p J+1 +t—
2pHt=d fp4t—5—1
2Pl (1 — 1 1 1
P2 = B+ ) Z (T2l et
POy 'Qp““(ﬁt 1) AG+1), (4.2)

Jj=1

where S (0,t,p+ 1) is the expression (3.6), n (p +1, %) is the generalized eta function and A (j + 1)
is the Dirichlet lambda function, see [5].
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Proof. Applying Theorem 4.1, we are able to express

__ (1 (="t AT (L _1)Pop
Spt1,e <§,0>:Z nt (2) _ _( ]3! S(0,t,p+1)+n(t,1)n <p+1 )+Z

w1 7>1J‘7+1 i+ 3"
(4.3)
The sum
1 p+t—1 3
) ()
;jpﬂ(ﬁé)t (-1) L) (e = (3
2p+tJ +t—j—1\
”“Z (I e (1.4
f§ +”2”+”(p+fjl>¢<j><3).
=1 P 2

The following relations apply, in simplifying the above expression,

(1) =—, ¢ (;’) = —2In2—5, V(1) = (=) (G-DCG+1),
P (2) =y (;) + (1) 127 = (1) 12 (1= A (G + 1)),

pen=n, u(p+13) =20 a- 5041,

where - is the familiar Euler-Mascheroni constant (see, e.g., [17, Section 1.2]), and therefore, using
(4.4)

1 -1
Z.‘t=<—1>”“2p+t(pjt1 ) (22

St (i +3)

J+1 +t—
wHt=i fptt—j—1
p+1 p J
= 1
E ( i )C(J+)
= +1 1
+ (=P '2”““(]0 p] )(1—)\(j+1)).
Jj=1

Substituting this expression in (4.3) we arrive at the the expression (4.2) and the proof is finalized.

O

5 Some examples

Example 5.1. Let (a,t,p) = (0,2,3), the following identity holds,

™A 1 1 TG sntB)
;7(2n+1)4 = 16S2’4 0.5) =5+ 205(6).
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Example 5.2. Let (a,t,p) = (0,4, 3), the following identity holds,

n+l 4(4)
1 ( 71) _ Z (-1) + An . 87T4B(4) + 807T2ﬂ(6) + 28043(8).

— ST Z =
1644 2 — (2n + 1) 45 3

Example 5.3. Let (a,t,p) = (0,5,0), the following identity holds,

mn (5)
T

)" AP 1 1
> CU b Jsir (0.3) = ~26800) - 8 (2)5(4) + 165(6) -

Example 5.4. Let (a,t,p) = (0,2t,1), the following identity holds,

n+1 A£12t) 1 1 262t—3 2t—1
n>1

2t—2

_1)t+i (4 :
4921 jgo W (i)t Ba—;iB(j +2).

Example 5.5. As a last example we utilize the results of Example 5.4, so that the following identity
holds,

/1 (_1)n+1 AS,Q) (1) (_1)n+1 n (_1)j+1
S22 (27()) = Z n2t 2= Z n2t 2 T 1)\2
n>1 n>=1 j=1 (J + 2)

3 1 AR
_ (215, 2) n(2,1) +k§>:1 W ~ Sz (072) .

Simplifying the algebra we arrive at:

2t—1

__ (1 L 1 N .

S70 (5:0) =27 1 @)+ 20 @) -85 (0.3 ) = 3 o) P A-AG+ D),
j=1

6 Concluding remarks

In this paper we have offered an explicit representation for integrals with log-polylog integrand
both in the unit domain and on the positive real half line x > 0, see (2.1) and (3.4). These
explicit evaluations enabled the representation, in closed form, of families of skew linear harmonic
Euler sums of the form (2.4) and (3.1) which are new in the literature. An application of a
reciprocity theorem allowed further explicit evaluations of families of skew linear harmonic Euler
sums. A number of pertinent examples were also given to highlight the theorems and corollaries.
It is expected that further work will follow examining variant linear Euler sums incorporating

parameters.
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ABSTRACT

In this research article, we study *-n-Ricci-Yamabe soli-
tons on an a-cosymplectic manifold by giving an example
in the support and also prove that it is an n-Einstein man-
ifold. In addition, we investigate an a-cosymplectic man-
ifold admitting *-n-Ricci-Yamabe solitons under some
conditions. Lastly, we discuss the concircular, confor-
mal, conharmonic, and Wa-curvatures on the said mani-

fold admitting *-n-Ricci-Yamabe solitons.
RESUMEN

En el presente articulo, estudiamos solitones *-n-Ricci-
Yamabe en una variedad a-cosimpléctica dando un ejem-
plo que lo soporta y también probamos que es una
variedad n-Einstein. Adicionalmente, investigamos una
variedad a-cosimpléctica que admite solitones *-n-Ricci-
Yamabe bajo ciertas condiciones. Finalmente, discuti-
mos las curvaturas concircular, conforme, con-armonica
y W5 en dicha variedad admitiendo solitones *-n-Ricci-

Yamabe.
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1 Introduction

In the year 1982, R. S. Hamilton [9] investigated the concept of Ricci flow on a smooth Riemannian
manifold (shortly, RM). A self-similar solution to the Ricci flow is nothing but a Ricci soliton if it
moves only by a one parameter family of diffeomorphism and scaling. After introducing the idea of
Ricci flow, the theory of Yamabe flow was also initiated by Hamilton in [10] to construct Yamabe
metrics on a compact RM. A Yamabe soliton is again corresponded to a self-similar solution of the

Yamabe flow.

S. Guler and M. Crasmareanu gave a new class of geometric flow of type (p, ¢), known as Ricci-
Yamabe flow in [7]. They proposed the idea of Ricci-Yamabe soliton (shortly, RYS) if it moves
only by one parameter group of diffeomorphism and scaling. The metric of the RM (M™, h), n > 2,
is said to be RYS (h, V, A, p, q) if it satisfies the following [20]:

£vh+2pRic = [2A — qr]h, (1.1)

where Lie derivative operator of the metric h along the vector field V represented by £ h, the
Ricci curvature tensor by Ric (the Ricci operator @ defined by Ric(4, B) = h(QA, B) for A, B
€ x(M), x(M) being the Lie algebra of vector fields of M), the scalar curvature by r and the real
scalars by A, p,q. According to A, RYS will be expanding, steady or shrinking if A is negative,

zero or positive, respectively.

The concept of n-Ricci-Yamabe solitons (7-RYS) was defined by M. D. Siddiqi, et al. [20] in 2020

as a new generalization of RYS and it is defined as
Lyvh+2Ric+ [2A — qr]h+2un @ n = 0, (1.2)

where p is a constant and 7 is a 1-form on M.

On the other hand, S. Dey and S. Roy [5] inaugurated a new generalization of n-Ricci soliton
(7-RS) [3], namely *-n-Ricci soliton (x-n-RS), defined below:

Lyh+2Ric* + 2Ah + 2un @1 = 0, (1.3)

where x-Ricci tensor (shortly, *-RT) is denoted by Ric*.

Tachibana [22] brought up the concept of *-RT on almost Hermitian manifolds and afterwards
Hamada [8] studied *-RT on real hypersurfaces of non-flat complex space forms. Such geometrical
works inspired S. Roy, et al. to come up with new idea *-n-Ricci-Yamabe soliton (shortly, x-n-RYS)
of type (p, q), which is RM and fulfilling [18]
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£yvh+2pRic* + [2A — gr*]h + 2un @ n = 0, (1.4)

where r*(= trace(Ric*)) is the #-scalar curvature and A, p, ¢, pu are real scalars. The %-n-RYS is
shrinking, steady or expanding if A is negative, zero or positive respectively. And they discussed

#-1-RYS on a-cosymplectic manifolds with a quarter-symmetric metric (shortly, QSM) connection.

Further, A. Haseeb, R. Prasad and F. Mofarreh [12] obtained some interesting results on an
a-Sasakian manifold admitting *-7-RYS with the potential vector field ( satisfying conditions
Rim(¢, X).Ric = 0, Q(h, Ric) = 0 and pseudo-Ricci symmetric and also showed that a-Sasakian
admitting *-n-RYS is an n-EM.

In last few years, numerous authors have worked on the characterizations of Ricci, Ricci-Yamabe,
n-Ricci-Yamabe and #-7-Ricci-Yamabe solitons (respectively, RS, RYS, n-RYS and #-1-RYS) in
contact geometry. First, the study of RS in contact geometry was proposed by Sharma in [19].
After the initial work on Ricci solitons, some notable classes of contact geometry explored by H.
I. Yoldas in [25,26] where Ricci solitons have been investigated. Later on, D. Dey [2] provided the
idea of an almost Kenmotsu metric as RYS. Also, P. Zhang et al. [27] have studied conformal RYS
on perfect fluid space-time. New type of soliton namely *-RYS on contact geometry introduced
by M. D. Siddigi and Akyol in [20] and they have discussed the notion of 7-RYS for geometrical
structure on Riemannian submersions admitting 7-RYS with the potential field. In recent years, a
Kenmotsu metric in terms of 7-RYS was measured by Yoldas in [23]. Next, the notion of *-n-RYS
was studied by many authors on different odd dimensional Riemannian manifolds. It should be
noted that the geometry of x-k-RYS and gradient *-k-RYS on Kenmotsu manifolds were given by
S. Dey and S. Roy in [4].

We organize this paper as follows: In section 2, we review some basic definitions and tools of an
a-cosymplectic manifold M. The main results are stated in section 3. In fact, we prove that an
n-dimensional M admitting a *n-RYS is an n-Einstein manifold. Then some curvature tensor
conditions are studied on M with *-1n-RYS. Finally, in section 4, we discuss some results on M

when it is (-concircularly flat, (-conharmonically flat, (-W5 flat and (-conformal.

2 Preliminaries

On an n(= 2m + 1)-dimensional RM M, if an almost contact metric structure (®,(,n, h) satisfies

the following relations, then M is called an almost contact metric manifold:

P2A=A—n(A) (2.1)

n(€) =1, () =0, n(®¢) =0 (2.2)
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WA, ®B) = —h(DA, B), (2.3)

h(Aa C) = 77(14)7 h(q)A> (I)B) = h(A7 B) - W(A)W(B)v (24)

for all A, B € x(M), where ® denotes a (1,1) tensor field, ¢ is a vector field, 7 is a 1-form and h

is the compatible Riemannian metric.

The fundamental form ¢ on M is defined as [1]
6(A, B) = h(D A, B), (25

for all A, B € x(M).

If the Nijenhuis tensor field of ® on M satisfies N (A, B) + 2dn(A, B)¢ = 0, then M is called a

normal almost contact metric manifold. Here
Ng(A,B) = <I>2[A, B]+ [®A,®B] — ®[A, PB] — P[P A, B],

for any A, B € x(M).

Under the following conditions, a normal almost contact metric manifold M is known as an a-

cosymplectic manifold (shortly, a-CM):
(1) dn =0,
(2) do =2an N ¢,

for a € R.

‘We note that an a-CM can be

(1) a cosymplectic manifold provided that o = 0,

(2) an a-Kenmotsu manifold provided that a # 0.
For an a-CM M, we have
(V4®)B = a(h(®A, B) — (B)DA) (2.6)

and
Va¢=—ad?A = a[A - n(A)], (2.7)
where V is the Levi-Civita connection associated with h.

The main examples and curvature characteristics of a-CM were firstly obtained in [11,14,15]. Also,

we have the following relations for the Riemannian curvature tensor Rim and the Ricci curvature
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Rim(A, B)C = o2 [n(A)B - n(B)A], (2.8)

Rim(C, A)B = o [n(B)A — h(A, B)C], (2.9)

Rim(¢, A)C = o2 [4 - n(A)(], (2.10)

n(Rim(A, B)C) = o2 [n(B)h(A, C) — n(A)h(B, C)], (2.11)

Ric(A,¢) = —a*(n — 1(A), (2.12)

for all A, B, C' € x(M).

In [11], the *-RT Ric* of type (0,2) on an n-dimensional a-CM M is obtained as
Ric*(B, C) = Ric(B, C) + o*(n — 2)h(B, C) + o*n(B)n(C), (2.13)

for any B, C € x(M).
Let {E;|i = 1,2,...,n} be an orthonormal basis of T,,(M), p € M. We set B = C = E; and it is
easy to derive the *-scalar curvature r* = trace(Ric*) as

r* =r+a*(n—1)>% (2.14)

On the other hand, a-CM M is said to be an n-EM if the Ricci curvature tensor has the following
form [24]:
Ric(A, B) = uh(A, B) +vn(A)n(B), (2.15)

for A, B € x(M), where u and v being constants.
For this paper, we need some curvature tensors on a RM (M™, h), which are given below [17]:

— r

C(4.B)C = Rim(4,B)C — ——L—[h(B. C)4 ~ h(4.C)5), (2.16)
H(A, B)C = Rim(A, B)C — ﬁ[h(B, C)QA — h(A, C)QB + Rie(B, C)A — Ric(A, C)B),
(2.17)
Wa(A, BYC = Rim(A, B)C + ﬁ[h(/l, C)QB — h(B, C)QA], (2.18)
C*(4, B)C = Rim(4, B)C ~ —L [Ric(B, C)A — Ric(4, C)B + h(B, C)QA (2.19)
— h(A, C)QB] + m[h(& C)A — h(A, C)B],

where C, H, W5 and C* represent the concircular curvature tensor [16], the conharmonic curvature

tensor [13], the Wa-curvature tensor [16] and the conformal curvature tensor [6].
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3 On o-CM admitting =7-RYS

Let us take a -n-RYS (h,(, A, u, p,q) on an n-dimensional a-CM M, which is given by
(£ch)(A, B) + 2pRic*(A, B) + [2A — qr*| h(A, B) + 2un(A)n(B) = 0, (3.1)
for any A, B € x(M).

Theorem 3.1. An n-dimensional a-CM M admitting x-n-RYS (h,{, A, u, p,q) is an n-EM of the

constant scalar curvature r. Moreover, the scalars A and u are related by

2 _12
A+u:%+%. (3.2)

Proof. From (2.4) and (2.7), we arrive at
(£6)(A.B) = MY 46 B) + A T56) = 20 (MAB) —u((B)). (33)

Substitute (3.3)) into (3.1) to get

1 * —
Ric' (4, B) = = (A - q; + a) h(A, B) — (“pa)n(A)n(B). (3.4)
By using (2.13) and (2.14) in (3.4), we obtain
2 2
Ric(A, B) = {7% (A - % - w + a> —a?(n— 2)] h(A, B) — (@ + a2) n(A)n(B),
(3.5)
that is,
RiC(A7 B) = Ulh(Aa B) + UQU(A)U(B)7 (36)
where
200 _ 1)2 _
o= 1 <AW WUM) C¥(n—2), op= <<ua>+az>,
p 2 2 p
Now, if we fix B = ( in (3.6), then we can easily get the following relation:
1 2(n —1)2
Ric(A,¢) = [_ p (A - % - % +M> —a2(n— 1)}7,(14). (3.7)

Using (2.12) and values of o7 and o2 in (3.7), we can have (3.2). Also, on contracting (3.6) and

using the values of o1 and o3, we find

r=(n-1) (M—i—ag(n—l)>, (3.8)
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where p and p(# 0) are constant.

Thus, (3.6) together with (3.2) and (3.8) give the relation of A and p, which shows that *-n-RYS
on a-CM is an n-EM. O

Remark 3.2. For the particular value of p = 0 in (3.1), an n-dimensional a-CM M endowed with
*-1n-RYS (h,(, A, i, p, q) furnishes the scalar quantities as A = —a + a

and p = .

First we give the more general construction of a-cosymplectic manifold:

Example 3.3. Let (N, J, iL) be a Kihler manifold. Denote by Rx,N the manifold (RxN,®,(,n,h),
where @ is the tensor field such that

dt

%, n=dt, h=dt®dt+exp(2at)h, acR.

® (d) =0, ®(A)=J(A), AeTN,
¢ =

Putting o = exp(at), h is the warped product metric of the Fuclidean metric and h by means of
the function o. Then R x, N is a-cosymplectic and (N, i~z) s a totally umbilical submanifold with
mean curvature vector —al. Assume that a # 0. Applying well-known curvature formulas, one
relates the Ricci tensors of N and R x, N. But here we consider the flat Kihler manifold R*
endowed with the canonical complex structure and then the a-cosymplectic manifold R x o R, If
a=0,onehasc =1, Rx, N =R x N is cosymplectic and N 1is totally geodetic. In this case the

Ricci tensors are related by:
Ric(A, B) = Ric(A —n(A)¢, B = n(B)(). (3.9)
It follows that if N is an FEinstein manifold, then R x N is n-FEinstein.

Next, by giving the following example we can show the existence of this soliton in a-cosymplectic

manifold:

Example 3.4. Recall an example of 5-dimensional a-CM in [11], that is,

M = {(‘r17‘r27y1ay272) S R57@,C,7],h},

where (x1,22,Y1, Y2, 2) are the standard coordinates in R,

The linearly independent vector fields on M are denoted by E; = exp®® 0xy, Fo = exp®® Oxo,
Es5 = exp®* Jy1, Ey = exp®* Oys and E5 = ( = —0z for i = {1,2}. Thus, h and ® are respectively
defined as

hME;,E;)=1, h(E;,E;)=0, i#j={1,2,3,4,5}
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and

®F =—-Fy, ®E;=F,, ®E3=-E;, ®E,=F;, PE;=®(=0.
By the linearity of these tensors, it is quite easy to compute (2.1)-(2.4). Also, (2.6) and (2.7) are
verified in [11].

By applying Koszul’s formula, Rim of M (see [11]) can be obtained easily and hence the com-
ponents Ric of Ricci tensor of M are: Ric(E;, E;) = —4a? for i = {1,2,3,4,5}. Since r =
Z?:l Ric(E;, E;), so we have r = —20a2.

Now, we use (3.7) and find

1

Ric(FEs, E5) = Ric(¢, () = P (A +2g0® + p) — 4a?|.

By equating the values of Ric((, (), we arrive at a relation: A + pu = —2qa®. We also verify this
relation for n =5 by using (3.2). Thus, h gives an x-n-RYS (h,(, A, i, p,q) on an a-cosymplectic

manifold M of dimension 5.

On the other hand, suppose that an n-dimensional «-CM M admitting «-n-RYS (h,(, A, u, p, q)
satisfies

Q(h, Ric)(A, B, C, D) =0, (3.10)

where Q(h, Ric)(A, B, C,D) = (h(A, B).Ric)(C, D), for all vector fields A, B, C, D on M. This

can be expressed as

Q(h, Ric)(A, B, C, D) =h(B, C)Ric(A, D) — h(A, C)Ric(B, D) (3.11)
+ (B, D)Ric(A, C) — h(A, D)Ric(B, C).

Theorem 3.5. If x-n-RYS on an a-CM M satisfies Q(h, Ric) = 0, then

A:%( +a2(n—1)%) —a(l-ap), (3.12)
w=a(l—ap). (3.13)

Proof. From the expressions (3.6), (3.10) and (3.11), we have

oa[h(B, C)n(A)n(D) — h(A, C)n(B)n(D) + h(B, D)n(A)n(C) — h(A, D)n(B)n(C)] = 0. (3.14)

Above equation follows that oo = 0, which implies that

p=a(l —ap).
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We obtain the following from (3.2)

A= %(r+a2(n—1)2) —a(l—ap). (3.15)

Now, by using these values of o1, 02 and A as well as p in (3.6), we calculate
Ric(A, B) = —(a®(n — 1))h(A, B). (3.16)

Thus, from above we can state the following result:

Corollary 3.6. If x-n-RYS on an a-CM M satisfies Q(h, Ric) = 0, then M is an EM.

Next, we have

Rim(C, A).Ric =0, (3.17)

then we have

Ric(Rim(¢, A)B, C) + Ric(B, Rim(¢,A)C) =0, (3.18)
for all vector fields A, B, C on M.

Theorem 3.7. If x-n-RYS on an a-CM M satisfies Rim((, A).Ric = 0, then either M becomes
CM or we have

A g (r+a2(n— 1)) — a(l - ap) (3.19)

p=a(l—ap). (3.20)
Proof. In view of (3.6) and (3.18), we compute
a’a2(2n(A)n(B)n(C) —n(C)h(A, B) — n(B)h(A, C)) = 0. (3.21)
Putting C' = ¢ into (3.21) and using (2.4), it is quite easy to see
a?oh(PA, ®B) = 0, (3.22)

which implies either & = 0 or oo = 0. Further, from later case we find p = a(1 — ap) and hence
from (3.2), we calculate the value of A. From the first case we can also say that M is CM. This is

the desired result. O
Next, by using the values of A as well p in (3.6), we have

Ric(A, B) = —(a®(n — 1))h(A, B). (3.23)
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Thus, we can state the following:

Corollary 3.8. If x — n-RYS on an a-CM M satisfies Rim((, A).Ric = 0 then M is either an
EM or CM.

The non-flat manifold M of n-dimension is named pseudo Ricci symmetric, if Ric(# 0) of M

satisfies the condition:
(VeoRic) (A, B) = 2k(C)Ric(A, B) + k(A)Ric(C, B) + x(B)Ric(C, A), (3.24)

where & is a non-zero 1-form. In particular, M is said to be Ricci symmetric if k = 0.

Theorem 3.9. If an a-CM M admitting x-n-RYS is pseudo-Ricci-symmetric, then M is either

Ricci symmetric or CM.
Proof. The covariant derivative of (3.6) leads
(VcRic) (A,B) =V o1h(A, B) 4+ oan(A)n(B)] = aos [Rh(PA, 2C)n(B) + n(A)h(PB,®C)]. (3.25)

Further, we use the relations (3.6), (3.24), (3.25) and obtain

26(C) [o1h(4; B) + o2n(A)n(B)] + #(A) [0:h(C, B) + o2n(C)n(B)] (3.26)
+£(B) [01h(C, A) + 02n(C)n(A)] = aoy [M(PA, 2 C)n(B) + n(A)h(®B, 2C)].

Taking C'= B = ( in (3.26), we get
(01 + 02) (K(4) + 3n(A)x(C)) =0,

which gives either

r(A) = =3n(A4)x(C) (3.27)

or

o1+ 09 =0. (328)

Putting 4 = ¢ in (3.27), we have x(¢) = 0, which further implies that x(A4) = 0. Also, from (3.28)
and (3.2), we can have a?(n — 1) = 0. This implies that o = 0 because n # 1. Thus, we arrive at

our desired result. O
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4 Some curvature properties on a-CM admitting *-n-RYS

This section deals with the curvature properties on M admitting *-1n-RYS. We mainly discuss the

conditions that M is (-concircularly flat, (-conharmonically flat, (-W5 flat and (-conformal flat.

Theorem 4.1. Let M be an n-dimensional a-CM admitting *-n-RYS (h,(, A, u, p,q), where ¢
being the Reeb vector field on M. Then M is

(1) ¢-concircularly flat if and only if = o — pa.
(2) ¢-conformal curvature flat.
(3) ¢-conharmonically flat if and only if p = o+ (n — 1)a?p.

(4) ¢ — Wa——curvature flat if and only if u = o — pa®.

Proof. By using the property h(QA, B) = Ric(A, B) in (3.6), we arrive at
QB = 01B + aan(B)¢, (4.1)

Wherealz—% (A—%—M—i—a) —a?(n—2) andagz—(%—i—cﬁ).

Firstly, we put C = ¢ into (2.16) and use the relations (2.4), (2.8) and (3.8), we have

C B =1 (=2 ha) ) B - n(3)4). (12

which gives C(4, B)¢ = 0 if and only if 4 = a — pa?.
Secondly, if we put C' = ¢ and use (2.8), (2.12), (4.1) in (2.19), then we have

042—0'1 T

n—2 T mn-1)n-2

ca = ( ) B4 - n(a)5). (43)

Again, using the value of o1, (3.2) and (3.8), we have
C*(A,B) =0. (4.4)

Thirdly, we take C'= ( in (2.17) and make use of (2.8), (4.1) and (2.12), we get

0'1—0[2

H(A, B)C = ( ) (1(A)B — (B)A). (45)

n—2

This implies
H(A,B)(=0
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if and only if

g1 = Q.

Thus,
H(A,B)( =0

if and only if
p=a+(n—1)ap.

Lastly, by taking C' = ¢ and using (2.8) and (4.1) in (2.18), we conclude

o
Wald, B)¢ = (a2 4 70 ) ()5 - (B)A). (46)
From (4.6),
W5(A,B)( =0
if and only if
2 o1 _
a” + 1 0.
This further implies that
WQ(Aa B)C =0
if and only if
p=a— pa’ O

Remark 4.2. We observe that above results are true only for a-Kenmotsu manifolds because A

and p are depending on . But for o =0, one puts in (3.1) B = £ obtains
Adp= =
B=gar

Then (3.1) implies
Ric = %(h —n®n).

So, according to the cases i is zero or non-zero, M is Ricci-flat or n-Finstein for o = 0. This is

consistent with the formula (3.9), when N is Finstein.

Remark 4.3. If M is a cosymplectic manifold, then we have

C B = (1) - o).

and similar relations can be obtained for H(A, B)( and Wy(A, B)(, while

C* (A, B)¢ = 0.
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By the above formulas, one has = 0 if and only if C(A, B)¢ = 0 if and only if H(A, B)¢ = 0 if
and only if Wo(A, B)¢ = 0.
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1 Introduction

Fractional differential equations have been an area of great interest recently. This is because of
both the intensive development of the theory of fractional calculus itself and the applications of
such constructions in various scientific fields such as physics, mechanics, chemistry, engineering,

etc. In [5], a non-Kirchhoff equation was investigated, which had an indefinite weight function.

In [3], a Kirchhoff-type equation was surveyed, which lacked an indefinite weight function. We
combine these equations and, using the methods applied in [3] and [5], open a corridor to an
equation that is both Kirchhoff-type and equipped with an indefinite weight function. In this
paper, we aim to discuss the existence of a nontrivial solution for a fractional p(zx,y)—Kirchhoff

type eigenvalue problem

z,y) |o—y|NTsp(@.y)

M ( P dy) (= Api)) " u(@) + [u(@)] "™ 2u(z) = AV (2)[u(z)|" @ 2u(z), in Q,
u=0, inRM\Q,

(1.1)
where 2 C RY is a Lipschitz bounded open domain and @ := R2N\ (CQ x CQ) with CQ = RV\Q,
N>3,p:Q — (1,+00) is continuous, ¢, r € C (ﬁ), V : Q — R is an indefinite weight function
in the sense that it is allowed to change sign in Q, A is a positive constant and s € (0,1) and

M : Rt — R is a continuous function which satisfies the (polynomial growth condition)
(M;): There exist mg > m; > 0 and a > 1 such that

mit®™t < M(t) <mpt® ! forall teRT.

Here the operator (—A ))S is the fractional p(x)—Laplacian operator defined as follows

p(z

N
NTor(e) dy, for all z € R,

w(z) — wlPED2(u(2) — u
(—Apm)su(x):p.v./ Ju(z) — u(y)| (u(z) — uly))

RN |z =yl
where p - v- is a commonly used abbreviation in the principal value sense.

Throughout this paper, we assume that

Np(z,z)

* N —
O[p(l‘,l’) < Q(x) < ps(‘r) = ma p(:ﬂ,y) < ?a vxay € Qa (12)

where p¥(x) is the so-called critical exponent in fractional Sobolev space with variable exponent.

If s =1 problem (1.1) becomes the p(-)—Kirchhoff Laplacian problem.



CUBO

On a class of fractional p(x, y)—Kirchhoff type... 109

26, 1 (2024)

Problem (1.1) is related to the stationary version of the Kirchhoff equation

2 L 2 2
Ou (po £ da:)au:(), (1.3)

Poe ~ 0a?

@
ox

n 2L,

which extends the classical D’Alembert’s wave equation, by considering the effect of the changing

in the length of the string during the vibration. A distinguishing feature of Eq. (1.3) is that
oul?

8—u dx which depends on the average

x

E (L
the equation contains a nonlocal coefficient %) + o /
0

1 (F|oul
2L 0 ax
have the following meanings: L is the length of the string, h is the area of the crosssection, F is

dz, and hence the equation is no longer a pointwise identity. The parameters in (1.3)

the Young modulus of the material, p is the mass density and pg is the initial tension.

This paper is organised as follows. In Section 2, we give some definitions and fundamental proper-
ties of generalized Lebesgue spaces L1(*) (Q) and fractional Sobolev spaces with variable exponent
Wea(@):p(@v) () moreover, we compare the space W*4@)P@¥)(Q) with the fractional Sobolev
space X and we study the completeness, reflexivity and separability of these spaces. Furthermore,
we establish a continuous and compact embedding theorem of these spaces into variable exponent
Lebesgue spaces. In Section 3, we discuss the existence of nontrivial weak solutions of problem in

sublinear case, when 1 < r(z) < p~ for all x € 2. We apply Ekeland’s variational principle.

2  Preliminaries

Consider the set

Cy (Q)={heC(Q):h(x)>1 forallzecQ}.

For all h € Ct (ﬁ) , we define

h* =suph(z) and h~ = inf h(x) such that, 1<h™ <h(z) <h" < +oo. (2.1)
T€EQ EASY)

For any h € Cy (ﬁ) , we define the variable exponent Lebesgue space as

L@ (Q) = {u : u is a measurable real-valued function,/ |u(m)|h(1)dx < Jroo} .
Q

This vector space endowed with the Luxemburg norm, which is defined by

h(z)
||U||Lh(z)(g) :inf{)\>0:/ dx < 1}
Q

is a separable reflexive Banach space.

u(z)
A
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Let h € C, (Q) be the conjugate exponent of h, that is, 1/h(z) + 1/h(z) =

Then we have the following Holder type inequality

/ uv dx
Q

Moreover, if hi,ha, hy € Cy (Q) and 1/hy + 1/hs + 1/hs = 1, then for any u € LM®@(Q), v €
L"@)(Q) and w € L"®)(Q) we have

/ uvw dx
Q

Note that L") (Q) — Lh2(@)(Q) for all functions hy and hs in Cy (Q) satistying hq(z) < ha(z)

for all x € (ﬁ) . In addition this embedding is continuous.

1 1
< (h + ﬁ) ||U\|Lh<z>(sz)||UHLW>(Q) < 2||U|\Lh(m>(sz)||”||Lh<m>(9)

1 1
< e + T + T l[wll s @ (@) 101l Lz oy (@) 10 s o (- (22)

The modular of the L"*)(Q) space is the mapping Ph() LM#)(Q) — R defined by

u— ppy(u / lu(z)]" @ da.
Proposition 2.1. Let u € L"®)(Q), then we have

(i) Nlullpher oy <1 (resp. =1,>1) <= pp)(u) <1 (resp. =1,>1),
. hT h~

(i) HU“Lh(z)(Q) <l = HU”Lh(z)(Q) < Ph(~)(“) < ”uHLh(m)(Q)v

h™ nt

(ii) fullpror @) > 1 = lullprer ) < Paey (@) < lullpre o)

Proposition 2.2. If u,u € L"®)(Q) and k € N, then the following assertions are equivalent

(i) Nimp— oo [Jur — ull e (2) = 0,

(ii) limg s yoopp()(ur —u) =0,
(iii) up — u in measure in Q and limp_s oo pp() (Ur) = prcy(w).
From [8, Theorems 1.6 and 1.10], we obtain the following proposition:

Proposition 2.3. Suppose that (2.1) is satisfied. If Q is a bounded open domain, then (L"®)(Q),

[ull ro () @s a reflexive uniformly convex and separable Banach space.

Proposition 2.4 (see [7]). Let hy and hy be measurable functions such that hy € L= (RY) and
1 < hy(2)ha(z) < 400 for a.e. © € RN, Let u € L2@)(RN), u # 0. Then we have the following

assertions

hy h
||u||Lh1(’I)hz(w))(]RN) <l = Hu||L1h1(w)h2(m))(]RN) < H|u| l(m)HLhz(z))(RN) = ||u||[,h1(w)h2($))(]RN)’
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hy } n
lull s maen gy 21 = Hu”Ll’Ll(ﬂ)hz(m)(RN) < lul Ll(m)“Lhz(z))(RN) < ||u||L1h1(w)h2(w))(]RN)'

In particular, if hi(x) = hy is a constant, then it holds that
h h
[[lul 1HLhz<z>(1RN) = HU||Llhl<z>hz<w>(RN)'

Let Q be a Lipschitz bounded open set in R and let p : Q xQ — (1, +00) be a continuous bounded

function. We assume that

1<p = min _p(z,y) <p(z,y) <pti= max _p(z,y) < +oo, (2.3)
(2,9)€0%D (2,y)€0xT
and
pis symmetric, that is, p(z,y) = p(y,z) for all (x,y) € Q x Q. (2.4)
Set

p(z) = p(x,z) for any x € Q.

Throughout this paper s is a fixed real number such that 0 < s < 1.

We define the fractional Sobolev space with variable exponent via Gagliardo approach as follows

_ p(z,y)
W = Wa@ren) () = fu e Lq@(ﬁ%/ e U(yj)v| dx dy < 400 for some A >0 5.
QxQ AP(1,H)|x _ yl +sp(x,y)

The space Ws*q(‘”)”’(””’y)(Q) is a Banach space if it is equipped with the norm

el = ellpacor ) + (8], ey

where [-], p(z,y) is a Gagliardo seminorm with variable exponent, which is defined by

_ p(z,y)
|u(x) u(y])v| drdy<1b.
xQ \P(z,y) |z — g +sp(z,y)

6l pog) = (], o () = inf{)\ S0 /Q

Due to [9, Lemma 3.1], (W, [|.||},) is a separable and reflexive Banach space.

Proposition 2.5 (see [9]). Let @ C RY be a Lipschitz bounded domain and s € (0,1). Let
q(x), p(z,y) be continuous variable exponents with sp(x,y) < N for all (x,y) € Q x Q and q(x) >

p(z,x) for all x € Q. Assume that r : Q — (1,+00) is a continuous function such that

Np(x,x)

ps(a) = 5p(2.7)

>r(z)>r” >1

for all x € Q. Then, there exists a constant ¢ = ¢(N,s,p,q,r,8) such that for every u € W =
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Wea@-p(@9)(Q), it holds that

[ull Loy < cllully-

That is, if 1 < r(x) < pi(x) for all x € Q then the space W is continuously embedded in L") ().

Moreover, this embedding is compact.

It is important to encode the boundary condition v = 0 in RV\Q in the weak formulation. For

this purpose, we introduce the new fractional Sobolev space as follows

u: RY — R measurable, such that ujq € L% () with

_ p(z,y)
fQ API(ZF;)|$11;3"J)\,‘+SP(I,y) dx dy < +oo for some A > 0 ’

where p : Q — (1, +00) satisfies (2.3) and (2.4) on Q. The space X is endowed with the following

norm

lull x = llull acor ) + [Wlx,
where [u] ¢ is a Gagliardo seminorm with variable exponent, defined by

|P(1,y)

. u(z) — u(y)
uly = [u := inf )\>0:/ dedy <153.
[ulx = | ]s,p(m,y)(Q) { Q MW@z _y|N+8p(x>y) y

Similar to the space (W, ||.||y;;) we have that (X, ||.|| ) is a separable reflexive Banach space.

Remark 2.6. Note that the norms ||.|| y and |||, are not the same, because € x Q is strictly con-
tained in Q. This makes the fractional Sobolev space with variable exponent W = W*4(@)p(v)(Q)

not sufficient for studying the nonlocal problems.
Now let Xy denote the following linear subspace of X
Xo={u€e X :u=0ae in RV\Q},

with the norm

_ p(z,y)
lully, = llullx = infd A >0 / [u(z) — u(y) dedy <1},
0 Q Ap(w,y)|x_y|N+SP(1‘,y)

It is easy to check that |||y, is a norm on Xo.
Similar to [3, Theorem 2.2| we have
Theorem 2.7. Let Q be a Lipschitz bounded domain in RN and let s € (0,1). Let p : Q —

(1,400) be a continuous function satisfying (2.3) and (2.4) on Q with spt < N. Then the following

assertions hold:
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(i) If u € X, then u € W. Moreover,

[ullw < [lullx,

(i) If u € Xo, then u € W1@):P@y) (RN Moreover,
lullw < ||UHWs,q(w),p(z,y>(RN) = |Jul|x,

(iii) If r : Q — (1,+00) be a continuous variable exponent such that

N _
1<r” S?‘(J:)<p:(a?)zj\7])§;()$) for all x € ),

then, there exists a constant C = C(N, s,p,q,r,) > 0 such that, for any u € W,
1wl e () < Cllullx-

That is, the space X is continuously embedded in L™®)(Q). Moreover, this embedding is

compact.
Remark 2.8. (i) The assertion (#i) in Theorem 2.7 remains true if we replace X by Xo.

(ii) Since by (1.2) we have 1 < ¢~ < q(z) < pi(z) for all z € Q. then by Theorem 2.7 (iii) we

have that || - ||x, = []x and || - ||x are equivalent on Xj.

Definition 2.9. Let p : Q — (1,+00) be a continuous variable exponent and let s € (0,1), we

define the modular p,(. .y : Xo — R, by

Ju(z) — uy) PV
Pp(... (u)=/ dx dy.
p(.,.) 0 |$ _ y‘N-‘rsp(z,y)

Then |ull,,. , =inf {A>0:py (%) <1} = [u]x.

vye

The modular p,. ) checks the following result, which is similar to [2, Proposition 2.1 and Lemma

2.2|.
Lemma 2.10. Let p: Q — (1,+00) be a continuous variable exponent and let s € (0,1), for any
u € Xg, we have
. - +
(i) 1< lullxe = llullk, < ppc,) () < llullk,
.. + -
(ii) ullx, <1 = |ullk, < pp(.)(w) < lullk, -

Remark 2.11. Note that p,(. ) satisfies the results of Proposition 2.2.

vy

Similar to [3, Lemma 2.3] we have



114 S. M. Sajjadi & G. A. Afrowzi CUBO

Lemma 2.12. (X, ||.||x,) s a separable, reflexive, and uniformly convex Banach space.

Let denote by L the operator associated to the (—Ap(z))s defined as

L:Xo—= X5, u—Lu): Xo—=R, ¢ (L(u),p)

such that

u(z) — u(y)[PE =2 (u(z) — u T)—
(ol ) = /Q ) — P le) ) ole) = ) g1

where X is the dual space of Xj.

Lemma 2.13 (see [4]). Under the conditions of Proposition 2.5, the following assertions hold true:

(i) L is a bounded and strictly monotone operator.

(ii) L is a mapping of type (s4), that is, if ur, = u in Xo and limsupy,_, o (L(ux)—L(w), up—u) <

0, then up — u in Xg.

(#i) L is a homeomorphism.

Throughout this paper, for simplicity, we use c¢; to denote the general nonnegative or positive

constant (the exact value may change from line to line).

3 The main result and proof of the theorem

Definition 3.1. We say that u € Xg is a weak solution of problem (1.1) if

u(z) — u(y)[PE =2 ((u(z) —u x)—
M(0p<x,y>(U))/Q| (z) —u(y)] . (;|£+)Sp(r1y()y))(s0( )= W)y ay

+ w(@)|9®) 2y (2)o(x)dr — V(2)|u(z)|" @ 2u(z)p(x)dr =
for all ¢ € Xy, where

1 u(@) = uly) ey
Op(rx u) =
ne )= [ o ey

dx dy.
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Let us consider the Euler-Lagrange functional associated to (1.1), defined by

— 1 |u(z) — u(y)[P=v)
. ¢ R =M
In:Xo =R, Ja(w) (/Q p(x,y) |z — y|Nter@y) de dy

+/ L| NE =) g — /V |T(””)dx
o q(z)

= (o) + [ sl e [ T (o)

where M (t) = fot M(7)dr.

Theorem 3.2. Under the same assumptions of Theorem 2.7, if we assume that (My) holds and
o,r € C(Q) satisfy the following conditions:

(H) 1<r=<r(@)<rt <p” <pt <L <o(x) forallz €Q,

(Hy) V € L°@)(Q) and there exists a measurable set Qy CC Q of positive measure such that
V(z) > 0 for all x € Q.

Then there exists X > 0 such that any X € (0,)) is an eigenvalue of problem (1.1).

Proof. For each A > 0, let us consider the functional 7 : Xo — R associated with problem (1.1)
by the formula
In(u) = (u) = A¥(u),

where

=

B(u) = Moy, () + [ @) e, ¥ = T ),

From conditions (H;) — (Hz) and Proposition 2.4, for all u € X, we get

2 T
[2(u)] < = [Vizrw@lu [l ow/ow -

ZVIzew @ luliowmm/om-n@g i lullo@re e <1, (3.2)

rt .
%HVHLMI)(Q)||U||La<z>r<z>/<o<z>—1>(Q) if HU||LG<Z>T<I>/<U<I>*1>(Q) > 1.
We also deduce from (H7) that 8(x) = o(x)r(x)/(o(z)—r(z)) < pi(z) and v(z) = o(z)r(z)/(o(z)—
1) < pi(x) for all z € Q. In view of (Theorem 2.7 (iii) and Remark 2.8 (i)) the embeddings

Xy — LP@(Q) and X, — L®)(Q) are continuous and compact. Thus, the functional 7y is
well-defined on Xg. The proof of Theorem 3.2 is divided into following four steps.
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Step 1. We show that Jy € C1(X(,R) and its derivative is

u(z) — u(y)[PE =2 ((u(z) —u T) —
(TR0 = Moo /| D2 (ula) — ) ela) = e®)

|z — y|N+sp(@y)
+ [ @ 2 u@)p@ids - A [ V@l u@)el)ds
Q Q
for all u,p € Xy. This means that weak solutions for problem (1.1) can be found as the

critical points of the functional 7, in the space Xj.

Using the same method as in the proof of [1, Lemma 4.1] and [6, Lemma 3.1] and the
continuity of M, we can show that ® € C''(X,,R) and

u(x) — u(y)[PE =2 ((u(z) —u x) —
(0.0 = Ml 11D e) o) =00

+ [ )l 2u(e) (oo

for all u, p € Xj.

Also it has been proved by Chung in [5] that ¥ € C'(X,,R) and

(W' (u), ) = /Q V(@) u(@)|" " Pu(z)p(z)de,  Vu, ¢ € Xo

and thus Step 1 is completed.

Step 2. We prove that there exists A > 0 such that for any A € (0, ), there exist constants

R, p > 0 such that Jy(u) > R for all u € Xy with ||u|x, = p.

Indeed, since y(z) = o(z)r(z)/(o(x) — 1) < pi(z) for all z € Q, the embedding X, <

L7®)(Q) is continuous and there exists ¢; > 0 such that
[ull 220 () < eollullag,  Vu € Xo.

Hence, by relation (3.2), for any v € Xy with ||u|| = p small enough,

jA(u) = ]/\I\(Jp(%y)(u)) —|—/ L)|u(x)|q($)d:c — )\/ V(x) |u(x)‘r(w)d$

aqz o ()
my ap 202 v my )\202 v
Z Sa i, IVl Lo (o llull, = 70&(1)*)“” - VIl o @pp”

— U 202
= - Vlpe@
P (Oé(p+)ap H ||L ( )(Q)>

Putting B
ma ap+ —rT r

5 P — >0
2a(p™) 2¢5 |V Low@ (o)

>~
Il



CUBO

On a class of fractional p(x, y)—Kirchhoff type... 117

26, 1 (2024)

— o +
for any A € (0,A) and u € X with ||u|| = p, there exists R = ;Zl(‘;f)a such that J)(u) >
R>0.

Step 3. We prove that there exists ¢g € Xo such that pg > 0, o # 0 and Jx(tpo) < 0 for all

t > 0 small enough.

Indeed, condition (H;) implies that r(x) < min{p~, ¢~} = p~ for all x € Qq. In the sequel,
we use the notation r5 = infyecq, r(z). Let g9 > 0 be such that 7 + ¢ < p~. We also have

since r € C(€p) that there exists an open subset {2; C ) such that
[r(z) —rg | <o, Vae

and thus
r(x)<ry +eo<p <ap, Yre.
Let o € C5°(Qo) such that Q5 C supp(po), wo(x) =1 for all x € Q; and 0 < ¢y < 1 in Q.

Then, using the above information and assumption(My), for any ¢ € (0,1) we have

— 1 Vix
In(teg) = M (ap(x’y) (tgpo)) —I—/ —|t900|’1(”7)dw — )\/ L|1f<,00\7"(m)d30
Q o r(z)

q(x)
" B V()
=% © (t<,00 +—= 900|Q(m)d$ - )\/ 7tr($) ©o T(I)dl‘
o (@p(am) ) q Qo| o, (@) 0]
mo - a ta A5 +eo
= t (pp(.,) (o)) + —/ 00| 1@ dy — V(@)oo @ d
ot (o) + = [ el [ Vel
B o At7o o
< ktP ((Pp(.,.)(SDO)) +/ <,00|‘J(””)dac> . . V($)|¢0|T(x)d:g
2o To Q
where
{ ma 1 }
k = max L Nay T — (-
a(p™)*"q-
Therefore
Ia(tee) <0 for 0 <t < §¥/(@P” —ro =%0)
with ;
Vix (@) do
0 < § < min 1,%. Ja, (a)|<ﬂo\ |
krg (Pp(..)(#0))" + [q lwol@dx

The above fraction is meaningful if we can show that

(Po.)(0)" + /Q o |1® da > 0.

Since po(x) = 1 for all x € 2, we have

/ o] @ da: > 0.
Q
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Thus, the above fraction is meaningful.

Indeed, it is clear that

/ ool @dz < / ool @dz < / ool dz.
Q1 Q Q

On the other hand, the space Xy is continuously embedded in L™ () and thus, there exists
cs > 0 such that ||¢o]

=) < ¢slleollxo, which implies that [|¢ox, > 0. Thus, Step 3 is

completed.

By Step 2 we have

inf  Jx(u) > 0.
u€dB,(0)

We also deduce from Step 2 that, the functional Jy is bounded from below on B,(0). Moreover,
by Step 3, there exists ¢ € X such that Jy(tp) < 0 for all ¢ > 0 small enough.

It follows from Step 2 that

-
2c5

mq -
2|V oo oyl

a(pt)

.
2 lulls = A

Ia(u) >

which yields

—o0 < ¢y = inf Ji(u)<0.
u€B,(0)

Let us choose € > 0 such that

0<e< inf J(u)— inf Ti(u).
u€dB,(0) uw€B,(0)

Applying the Ekeland variational principle [7] to the functional Jy : B,(0) — R, it follows that

there exists u. € B,(0)

Ia(ue) < infi()JA(U) e, Ialue) < Ia(u) +ellu —uellx,,  u# ue,
u€B, (0

then we infer that

inf
Tilue) < U.Eé%p(o) )

and thus
us € B,(0).

Let us consider the functional

I\ :B,(0) =R by Ix(u)=Jx(u)+el|u—ulx,-
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Then u, is a minimum point of I and thus

I (ue + 1) — In(ue)
T

>0

for all 7 > 0 small enough and ¢ € B,(0). The above information shows that

Letting 7 — 0T, we deduce that

(TR (ue), ) +ellellx, 20

and we infer that

175 (ue) || x5 < e

Therefore, there exists a sequence {u,} C B,(0) such that

In(up) = ¢y = inf Jh(uw) <0 and J{(un) =0 in X; as n— oo (3.3)
u€B,(0)

It is clear that the sequence {u,} is bounded in Xj,. Now, since Xj is a reflexive Banach space,
there exists u € X such that passing to a subsequence, still denoted by {u,,}, it converges weakly

to u in Xj.

Step 4. We prove that {u,} which is given by (3.3) converges strongly to u in Xy, i.e., lir_P |lter, —
n—-—+0o0

UHXO =0.

By conditions (H;) — (Hz), using Holder’s inequality (2.2) and Propositions 2.4 and 2.5 we
deduce that

< 201 |un | " 2| fater /a1 (0 [t — | Lo )

/ |t |99~ 20, (1, — w)d
Q

gt -1

S 2||un||Lq(z)(Q)

||un — UHLq(a:)(Q) — O as n — oo,
and

/Q V(@) [tn |2 (g, — w)dz| < 3|V o ) ltn]™ 2 un || o /- 0y lun — | Lo ()

rt—
<3|V Lo () (1 + ||u77/HLT(z)1(Q)) un — ullps@ (@) — 0 as n— oo,

where §(z) = o(x)r(z)/(o(z) —r(x)). Moreover, by (3.3) we have lim,, o0 (J5 (tn ), unp —u) =

0, i.e.,
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M(0 () () T (1) + / 17520 (10, — )l
Q

— /\/ V(@) |[tn | 20 (up — u)dz — 0 as n — oo,
Q

which yields

M (0p(z,y) (un))Zo(un) = 0 (3.4)
where
Unp\T) — Up pz.y)=2 Un(T) — Up Unp(T) —ulx)) — (Un —u
o (un) :/Q| (z) (v)] (( (|)x_y1(\fy-22£((x,y)( ) —u(@)) — (un(y) — u(y))) iz dy

Since {uy,} is bounded in Xy, passing to subsequence, if necessary, we may assume that

Up(:c,y) (un) n—)_—&-}oo tl Z 0

If t; = 0, then {u,} converge strongly to u = 0 in Xy, then by (3.3), we obtain

lim  Jx(un) = Ia(u) = Jx(0) =0=c, <O0.

n—-+oo

That is a contradiction, thus ¢; > 0.

Since the function M is continuous, we have
M (0p(ay)(un)) "5 M (t1) > 0.
Hence, by (M), for n large enough, we get
0 < cs <M (0pey(un)) < cs. (3.5)
Combining (3.4) and (3.5), we deduce
nEIEwIQ(un) =0.

Using the above information, Lemma 2.13 (ii) and the fact that w, — « in X, we get

limsup,, , oo (L(un), up —u) <0,
u, = u in Xy, = u, > u in Xj.

L is a mapping of type (S4).
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Thus, in view of (3.3), we obtain
Ia(u)=¢c, <0 and Jy(u)=0.

This means that u is a non-trivial weak solution of (1.1), i.e., any A € (0, +00) is an eigenvalue

of problem (1.1). Theorem 3.2 is completely proved. O
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On a class of evolution problems driven by maximal
monotone operators with integral perturbation

FatiMA FENNOUR!

SouMia SAipr L= ABSTRACT

The present paper is dedicated to the study of a first-order

'LMPA Laboratory, Department of differential inclusion driven by time and state-dependent
Mathematics, Faculty of Ezact Sciences maximal monotone operators with integral perturbation, in
and Informatics, University of Jijel, the context of Hilbert spaces. Based on a fixed point method,
18000 Jigel, Algeria. we derive a new existence theorem for this class of differential
fennourfatima38@gmail.com inclusions. Then, we investigate an optimal control problem
soumiasaidid{@gmail. con’ subject to such a class, by considering control maps acting

in the state of the operators and the integral perturbation.
RESUMEN

El presente articulo estd dedicado al estudio de una in-
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1 Introduction

Sweeping processes with integral forcing term or integro-differential sweeping processes have been
introduced in [8]. Later, the well-posedness result to the non-convex integro-differential sweeping
process has been shown in [20]. Recent investigations on this topic have been developed in [5-7].
More recently, differential inclusions with integral perturbation involving m-accretive operators
or subdifferentials or time-dependent maximal monotone operators have been studied in [4, 13,
14]. The aforementioned contributions find many areas of applications such as electrical circuits,

nonlinear integro-differential complementarity systems, optimal control, fractional systems, etc.

We are concerned, in this paper, with the following Integro-Differential Problem with time and

state-dependent maximal monotone operators A(t, u)

(IDPaeay) —u(t) € A(t,u(t))u(t) + TZ f(t,s,u(s))ds ae. tel:=[TyT],

u(Ty) = ug € D(A(Tp,uo)),

where H stands for a real Hilbert space, A(t,z) : D(A(t,z)) C H = H is a maximal monotone
operator whose domain is denoted D(A(t, z)), for each (t,z) € I x H,and f: IxIx H — Hisa

single-valued map.

Our problem generalizes the Integro-Differential Problem with time-dependent maximal monotone

operators A(t)

(IDP ) —u(t) € A(t)u(t) + Tz F(t,s,u(s))ds ae. tel,

U(To) = Uug € D(A(To)),
stated in [14]. So, we aim to study a more general case, that is, when the operator depends on
both time and state variables.

Note that the evolution problem when a single-valued map f(-,-) instead of the integral perturba-
tion in (]DPA(t,u)) has been discussed in [1,28,34]. Here, we use Schauder’s fixed point theorem
(see also [1]) to establish our main existence result. For this purpose, we make use of the uniqueness
of the solution to (IDP 4(+)) and an estimate of the velocity. However, the papers [28, 34] have

followed a discretization method.

In the next part of the paper, we deal with the Optimal Control Problem

(OCP) min ¢[uv a, b] = ¢1 (U(T)) + /0 ¢2 (t7 u(t)7 a(t)7 b(t), ﬂ(t)7 d(t), b(t))dt7

on the set of control maps (a(-),b(-)) and the associated solutions u(-) of the Controlled Problem
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—a(t) € At alt) t/ftsb w(s))ds ae. t €0, T,

Py ) ult) € D(Ata®)). te.T]
(a(')vb(')) € W172<[07T]7Rn+m)>
a(0) = ag, u(0) =wug € D(A(0,ap)),

where the cost functional ¢; : R — R and the running cost ¢y : [0,T] x R***2m 5 R satisfy

convenient conditions.

This investigation is inspired by the related one on the controlled integro-sweeping process in
[5], see also [10-12,17-19,21-23,29-32, 37|, among others, for further contributions on optimiza-
tion problems subject to controlled sweeping processes or control problems governed by maximal

monotone operators.

Let us give the two following motivating examples: the first-one consists of minimizing a Bolza-type

functional subject to the controlled differential inclusion of the form

(CPsap) —u(t) € Ne(aey) (u(t)) + fila / fa(b(s),u(s))ds ae. t€[0,T),

where A(t,2(t)) = N¢(4(+)) is the normal cone of a moving set C(z(t)), (x(-),a(-),b(-)) are controls
acting in the moving sets, additive perturbations, and the integral part of the sweeping dynam-
ics (see [5]). The second example concerns an optimization problem subject to the controlled

differential inclusion described by

(CPra)  —ult) € Now(u) + fla(t),u(t)) ae. t€l0,T],

where C(t) = C + z(t) and (x(-),a(-)) are control maps (see [12]).

The considered problem (OCP) is new, since we minimize over the solution set to the controlled
integro-differential inclusion (CP,;), where the controls act in both the state of the (time and
state-dependent) operator and the integral perturbation. To the best of our knowledge, this topic

is new in the scientific literature.

The rest of the paper is organized as follows. After recalling some preliminaries in Section 2, we
handle (IDP 4¢)). Then, we develop the case (IDP 4(,y)). Section 4 applies the obtained results
to show the well-posedness of (CP, ;) and establishes the existence of optimal solutions to (OCP).
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2 Notation and preliminaries

Let I := [Ty, T] be an interval of R and let H be a real separable Hilbert space whose inner product
is denoted (-,-) and the associated norm by || - ||. Denote by By the closed unit ball of H and

Bpy[z,7] its closed ball of center z € H and radius r > 0.

On the space Cy (1) of continuous maps x : I — H, we consider the norm of uniform convergence

on I, [|z]ec = sup [|lz(#)]]-
tel

By L%, (I), for p € [1,+00[ (resp. p = +00), we denote the space of measurable maps = : [ — H
such that [, [|z(t)|[?dt < 400 (resp. which are essentially bounded) endowed with the usual norm
2l e,y = (f; ||m(t)\|pdt)%, 1 < p < +o0o (resp. endowed with the usual essential supremum norm
| lzee(r)). Denote by WL2(I, H), the space of absolutely continuous functions from I to H with

derivatives in L% (1).
Recall the definition and some properties of maximal monotone operators, see [3,9, 36].

Let A: D(A) C H = H be a set-valued operator whose domain, range and graph are defined by

D(A)={x € H: Az # 0},
R(A)={ye H: 3z € D(A), y€ Az} =U{Az: 2 € D(A)},
Gr(A) ={(z,y) e Hx H: x € D(A), y € Ax}.

The operator A : D(A) C H =% H is monotone, if (y; —y2, z1 —x2) > 0 whenever (z;,y;) € Gr(A),
1 = 1,2. It is maximal monotone, if its graph could not be contained strictly in the graph of
any other monotone operator, in this case, for all u > 0, R(Ig + pA) = H, where Iy stands for
the identity map of H. If A is a maximal monotone operator then, for every x € D(A), Ax is
non-empty, closed and convex. Then, the projection of the origin onto Az, A°(z), exists and is
unique.

Associated with any maximal monotone operator A is the so-called resolvent J f =g+ uA)fl,
1 > 0, which turns out to be a nice firmly non-expansive operator with full domain. Resolvents not
only provide an alternative view on monotone operators because one can recover the underlying
maximal monotone operator via (J,j‘)_1 — Iy but they also are crucial for the formulation of

algorithms for finding zeros of A (e.g., the celebrated proximal point algorithm).

Recall that the Yosida approximation of A of index p > 0 is defined by A4, = i([ H— J;f).
Yosida approximations are powerful tools to study monotone operators. They can be viewed
as regularizations and approximations of A because A, is a single-valued Lipschitz-continuous

operator on H and A, approximates A in the sense that A,z — A%(z) € Az as u — 0%,
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Let us summarize the following properties of these operators:

J;f‘a: € D(A) and A,(z) € A(Jl’?x) for every z € H, (2.1)
| A (z)|| < |A°(2)||  for every = € D(A).

The normal cone to a non-empty closed convex set S at € H denoted Ng(z) defined by
Ns(z)={ye H: (y,z—z) <0 VzeS}, (2.2)

is a maximal monotone operator.

Let A: D(A) C H = H and B: D(B) C H = H be two maximal monotone operators, then, we
denote by dis (4, B) (see [35]) the pseudo-distance between A and B defined by

i =su W-y.2'—x) x r 'y r
dis (A, B) = p{1+||y|+||y’|| : (z,y) € Gr(4), (2,y) e G (B)}

Clearly, dis (A, B) € [0,400], dis (4, B) = dis (B, A) and dis (4, B) =0 iff A = B.
Let us first recall some useful lemmas that will be used in what follows (see [27]).

The first one permits to prove some inclusions using a convergence in the sense of the pseudo-

distance.

Lemma 2.1. Let A,, (n € N), A be mazimal monotone operators of H such that dis (4,,, A) — 0.
Suppose also that x,, € D(A,,) with x,, — = and y,, € A(z,) with y,, — y weakly for some z,y € H.
Then, © € D(A) and y € A(z).

The next lemma deals with some modes of convergence in the sense of the pseudo-distance and

the element of minimal norm.

Lemma 2.2. Let A, (n € N), A be mazimal monotone operators of H such that dis (A,, A) = 0
and || A% (z)|| < (1 + ||z||) for some ¢ >0, alln € N and z € D(A,,). Then, for every ( € D(A),

there exists a sequence ((,) such that

o € D(An), G — ¢ and Ap(G) — A°(C).

Another approach on how to prove some inclusions using an estimate involving the element of

minimal norm is provided by the following lemma.

Lemma 2.3. Let A be a maximal monotone operator. If x,y € H are such that

(A°(2) —y,z —2) >0 Vze D(A),
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then, x € D(A) and y € A(z).

In the last lemma, we provide an estimate by means of the pseudo-distance, the element of minimal

norm, and the resolvent.

Lemma 2.4. Let A, B be maximal monotone operators of H. Then, for up > 0 and x € D(A) one

has

Hx—Jf@WEHMA%@H+dEOLB%+¢MO+WAW@WdEOLB)

Recall the classical definition of Komlos convergence (see [16, p. 128]).

Definition 2.5. A sequence (uy,) in L (I) Komlds converges to a function u € L, (I) if for any

subsequence (vy,) of (uy,), one has
li Ly i(t) = u(t
n;néoﬁzlv]( )=u(t) ae.
=

We also need the following theorem about the relationship between Komlés convergence and

bounded sequences in L}, (I) (see [25, Theorem 3.1]).

Proposition 2.6. Let (u,) be a bounded sequence in L (I). Then, there exists a subsequence

(vn) of (uy) and w € LY (I) such that
li Ly i(t) = u(t
n;ngcﬁzle( Y=u(t) ae.
=

for any subsequence (wy,) of (vy).

Let us recall the Schauder’s fixed point theorem (see [24]).

Theorem 2.7. Let C' be a non-empty closed bounded convexr subset of a Banach space E and let

f:C — C be a continuous map. If f(C) is relatively compact, then, f has a fized point.

The discrete version of Gronwall’s lemma (see [27]) is given as follows:

Lemma 2.8. Let (), (8i), (i) and (n;) be sequences of non-negative real numbers such that
Niv1 < o+ Bilno +m + -+ +ni-1) + (L+)m forieN.

Then,
k—1 k—1

M < 770+Zaj exp (4B +v4) for k € N*.
Jj=0 7=0

We end this section by recalling the Gronwall-like differential inequality proved in [6].
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Lemma 2.9. Let y : I — R be a non-negative absolutely continuous function and let hi,hs, g :

I — R, be non-negative integrable functions. Suppose for some e > 0

=

g(t) < g(t) +e+ hi(t)y(t) + ha(t)(y(t)) /0 (y(s))?ds a.e tel.

Then, for allt € I, one has

o0)+2)% oo [ (1(5)+ )5

+2{</Otg(s)ds+€>2 — &% exp </Ot(h(r)+1)dr>}
+2/Ot (h(s)+1) exp(/:(h(mﬂ)dr) (/Osg(r)dr-i-a)éds,

where h(t) = max (hl(t), h2(t)> ae tel.

—
Neg
—
=
N—
[
IN
—
_|_
—
_|_
o] O
h
@
"
gl
7/ N
N
&
=
E
N—
+
=
QU
3
N———
QU
VA

3 Main result

We start this section by giving some important details to [14, Proposition 4.4] which asserts the

existence result to (IDP 4;)). We succeed further to obtain the uniqueness of the solution and an

estimate of its derivative.

Theorem 3.1. Let A(t) : D(A(t)) C H = H be a mazimal monotone operator for each t € I,
satisfying

(h1) there exists a function 3(-) € WH2(I,R) which is non-negative on [Ty, T| and non-decreasing
with B(To) = 0 and B(T) < +oo such that

dis (A(t), A(s)) < |8(t) — B(s)| for allt,s € I;
(ha) there exists a non-negative real constant ¢ such that
|A°(H)z|| < c(1+ ||z|)) for allt € I, x € D(A());
(h3) the set D(A(t)) is relatively ball-compact for any t € I.
Let f:IxIxH — H be a map such that

(7) the map f(-,-,x) is measurable on I x I for each x € H;
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(ii) the map f(t,s,-) is continuous on H for each (t,s) € I x I, and for every n > 0, there exists

a non-negative function &,(-) € Ly(I) such that for all t,s € I and for any x,y € Bg|0,7)

1f(t,s,2) = [t s, 9)] < &)z —yl;

(74i) there exists a non-negative real constant m such that for all (t,s,z) € I x I x H, one has

£t s, 2) | <m(l+ [z]).

Then, for all ug € D(A(Tp)), the Integro-Differential Problem (IDP 4(+)) has a unique absolutely

continuous solution u(-) that satisfies
at)| < K(1+B(@1) ae tel, (3.1)
for the non-negative real constant K = (2(T — To)m + 3¢)(K1 + 1) + 2 where

K= (Huo\|+ (Z(T — To)ym + %c + 2) (T+5(T))> exp (((T — To)m + §c> (T = To) + m(T + B(T))2) .

Proof. |14, Proposition 4.4] ensures the existence of a solution u(-). Our main concern is to find a

suitable estimate of u(-), then, to prove that u(-) is unique.
For any n > 1, define a subdivision of I by Ty =t <t} <--- <tp =T.

Set foranyn>1andi=0,1,...,n—1,
h?—&-l = t?+1 -7, '?+1 = /B(t'?-&-l) - B(t?)-

Suppose that
h? S h’?+17 Bn < 57,4»1

Define the function v(t) = ¢t + §(¢), t € I. Choose the subdivision such that for alli =0,...,n—1

and n > 1,
V(T)
Vivr = Bipr T hityr < T e (3.2)
Fix any integer n > 1. Let us start by setting uf := ug, for i =0,...,n — 1 and 7 €]}, ¢} ],

i—1

(25 2
u?+1:Ji’L+1<uf—/tn {Z/tn f(7,s,uf ds+/ f(r,s,ul) }dT), (3.3)
i 7=0

n A(tL )
Ji =T T = (I + R At )T h

where
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In view of (2.1) and (3.3), observe that
ui'y; € D(A(t)), (3.4)

and

Uy (1 i1
uf—/ {Z/ f(r,s,uj ds+/fTsu)ds}d7’6u,+1+hz+1A(z+1) Uiy
t =0/t

Then, one writes

i—1

uilyy — U 1 [he (S i1
- € At} )uiy + / Z/ (7, 8,u} ds—l—/ f(r,s,ul) (3.5)
hL+1 hz+1 =0 t;L

Thanks to Lemma 2.4 and (3.3), one has

iy — il
tiy i—1 t;'l+1 T
- ‘ Jr <u$ 7/ {Z/ f(r,s,ul)ds + f(T,S,U?)dS}dT) —ul
n s tn
thy (il et T
< ‘ Ji' (uf - / { f(r,s,u})ds + f(r, &u?)ds}ch) i (ug)
tn oty tn
+ | i (ug) — wi' |l
(2 izl 2 T
g/ Z/ fros,uf)ds+ [ f(r,s,uf)ds||dr + hity || A (67 )ul|
tn ; tn tn
i j=0"1; 7

+dis (A(#), A(t1) +\/hz+1 (14 [[A% (& )uit [ )dis (A(t7), At )

Using the fact that vab < & (a +b) for all a,b € R, one has

ot < [ Z/ tsasar s [ 1t las
3
+ h1+1 | At | + dlS(A( i), At})) + h1+1

Next, combining (h1), (he) and (éii), one obtains

i—1
Juity — uif || < Qh?HC(l + Jlui ) + BM + hiql +h2am YR (1 (]
7=0

e
+ / (r — t2)m(1L + Jul )
t

n
i
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along with (3.2) and the fact that 7 — ¢t < T — Ty, one simplifies

s =2 < s (0 = Toym o+ ) a4 22 (T = Topm+ Se+2)
i—1
+ hz+1mz Ry (1 + g ). (3.6)
7=0

Remember that A, ; <mn, fori=0,...,n—1, and Z; Bh?ﬂ < T —Ty, along with (3.2), one gets

3 " n 3
R ((T ~Tojm+ e Il + 2t (27 = Toym + Je+2)
+ nnmzhmnu"n

This yields

i—1

ol < (1 (0= Tom o+ Je) ) It 4ot (27 = Topm+ S 2) 4 am 3 gl
j=0
An application of Lemma 2.8, it follows that foralln > 1landi=1,...,n
Juill < K7, (3.7)
with

Ki = <||u0|| + <2(T —Tyym+ gc + 2> W(T)) exp <((T —Ty)m+ §c> (T—Ty)+ m’yz(T)) .

Coming back to (3.6) with the help of (3.2), one gets
[uiys —w'l| < v K, (3.8)

with
3
K = (Z(T —To)m+ 20) (K1 +1)+2.

For each n > 1, we define the map u,(-) : I — H by: for t € [t?, 7, [[0<i<n—1

1

t— t” tha (1 i
u()—u?+hn (m uf +/ {Z/ I, uf)ds + | f(mu) }dT)
38 =0

LS s [ s

i

Un(T) =up,  un(To) = ug.
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It is clear that the function u,(-) : I — H is absolutely continuous for each n > 1, with u, (t7") = u}

and uy, (t},,) = uj, ;. Moreover, for all ¢ €]t}, 7]
1 ¢

1 i iz o
un(t):m(u?+1—u?+/f {Z/] (7,8, u} ds—l—/frsu }dT)
i+1 7 ; n

K 7=0

i—1 t;”
,Z/t f(t, s, uj dsf/ f(t, s ul (3.10)

J=0

Combining (7i7), (3.7), (3.8) and (3.9), it results
[[un () = ui' | < lluiyy — uf || + 2(T = To)m(1 + K1)hily <90 (K +2(T — To)m(1 + K1),

along with (3.2) yields
[un () — ug | < L (3.11)

where

Fix s € [t7,t7 [ and t € [t7,¢7, [ with j > 4. Then, by (3.2), (3.8) and (3.11), one has

[[un () = un ()| < llun(t) = ufl| + lluf = wif|| + [lui" = un(s)|

< uf —ull + 2L < Y ufyprr — ulypll + 2Ln,
p=0

< K Z ’Yin—&-p-i-l + 2L77n =K (’Y(t?) - ry(t?)) + 2L77n

p=0
<K (y(t) =) +2Ln, = K (v(t) —v(s) +v(s) — (&) + 2Ln,
<K (y(t) = (s) +v(tiy) — (7)) + 2Ly,
= K (v(t) = (s)) + K7y + 2L,
< K (y(t) = () + (K +2L)n,

Then, for any n > 1 and Ty < s <t < T, one gets
[un(t) = un(s)| < K(v(t) = 7(s)) + (K +2L)n = K (t — s + B(t) — B(s)) + (K + 2L)n,. (3.12)
Combining (3.4)-(3.5) and (3.9)-(3.10), it results that
—ti () € AGn(E))tn (65 (t)) + gn(t) ace. t €1, un(6a(t)) € D(A(5,(1))),

where g, (¢ fT ft,s,un(0,(s)))ds and the maps 6,,9, : I — I are defined by 6,,(Ty) = T,
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0, (t) =t if ¢ €]ty t7 1] and 0,(To) = To, 0n(t) =t} if t €]t?, 17 ] for some i € {0,...,n —1}.

By Arzela-Ascoli theorem (with the help of (h3)), it is easy to show that the constructed sequence
(un(-)) uniformly converges to some u(-) € Wh2(I, H). To verify that u(-) is a solution of the
required integro-differential inclusion, we proceed as in Step 3 in the proof of [2, Theorem 3.2] with

appropriate changes.

Finally, passing to the limit in (3.12) as n — oo (noting that n, — 0) yields
la(t)|]| < K(1+ B(t) ae. tel

Uniqueness. Let u;i(-) and uz(-) be two solutions to (IDP 4()). Since A(t) is monotone then,

one has

t

Ld

sl =@l < ([ fles s -

f(t, s,u2(s))ds, ua(t) — ul(t)> . (3.13)

To

By the estimate of the velocity above, there exists a non-negative real constant n such that

lui(t)|] <n and ||Jua(t)|| <n, for each t € I, along with (i), there is &,(-) € L (1) such that

[£(t;5,u1(s)) = [t s,ua(s))]| < & (@) [[ur(s) —ua(s)|| for all (¢,5) € I < I,

so that coming back to (3.13), it follows that

1d

3 ile®) O < € Olate) ~m Ol [ ats) @)l

Hence, Lemma 2.9 with ¢ > 0 arbitrary yields u; = us and guarantees the uniqueness of the

solution to (IDP 4))- O

Now, we are able to prove our main result concerning (IDP 4(,.))-

Theorem 3.2. Let A(t,z) : D(A(t,x)) C H == H be a mazimal monotone operator for each
(t,z) € I x H satisfying

(Hy) there exist a mon-negative and non-decreasing real function o(-) € WH2(I,R) and a non-

negative real constant A < 1 such that

dis (A(t, ), A(s,y)) < |a(t) —a(s)|+ A|lz —y|| Vt,s el andVx,y € H;

(Hs3) there exists a non-negative real constant ¢ such that

1A (t, @)yl < e+ ||zl + |lyll)  for all (t,2) € I x H and y € D(A(t,x));
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(Hs) for any bounded subset X of H, the set D(A(I x X)) is relatively ball-compact.

Let f: I xIx H — H be a map satisfying assumptions (i)-(i1)-(iii) of Theorem 3.1.

Put d = c(2+ |Jugl)), S = (2(T — To)m + 2d) (S1 + 1) + 2, where

S = (uo| + (2(T ~To)m + Sd+ 2) (T +(T) + 1))
exp ( ((T —Tyym+ ‘;’d) (T = To) + m(T + a(T) + 1)2).

If AS < 1, then, the Integro-Differential Problem (IDP a(,)) admits an absolutely continuous
solution u(-) that satisfies

le(®)] < @(t) ae tel, (3.14)
where ¢ : I — R is the absolutely continuous solution to

L

2t) = 5 (1+6(), 9(To) =0,

for the non-negative real constant L = (2(T — To)m + 3d) (Ly + 1) + 2, where

L= <||uo|| + (2(T ~Ty)ym + gd + 2) (T + o(T) + A))
exp < ((T —Ty)m + gd) (T —To) +m(T + o(T) + )\)2).

Proof. Observe that 1 — AL > 0 (in the differential equation) noting that AS < 1 by assumption

and since L < S then, A < %

Since ¢(-) is absolutely continuous, then, there exists some non-negative real constant ¢ > 0 such
that

T
/ P(s)ds < foralltel.
To

Let us just take § = 1 (for simplicity) and suppose that

T
/ P(s)ds <1 foralltel. (3.15)
To

Let us consider the convex bounded closed subset Y of the Banach space Cg (I) defined by

Y = {u € Cu(l) : ult) = uo +/ a(s)ds, |[a(t)] < ¢(t), te 1} .

To

Let h € Y, and define the time-dependent maximal monotone operator By (t) = A(t,h(t)), t € I
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(as in [15, Lemma 5]). For all To <7 <t < T, one has using (H)

dis (Bn(t), Bn(1)) = dis (A(t, h(t)), A(7, h(7))) < a(t) — a(7) + A[[a(t) = h(7)|

fg/a@m&+a/HM@wss/[M@+Aw@ws=mw—ﬁvx

where 3(-) € WH2(I,R) is given by

B(t) = / [6(s) + Ap(s)]ds, Vtel.

To

Furthermore, one writes using (Hz) and (3.15)

1Bl = |4t Az < (1 + A + ll=])
SCO+W0+A¢@@+MO

< e+ [luoll + ll=]) < d(1 + [=]]),

for all t € I and = € D(A(t, h(t))), where d = c(2 + |luo]|)-

In view of Theorem 3.1, there exists a unique absolutely continuous solution uy : I — H to the

integro-differential inclusion

_in(t) € Ba(tyun(t) + / F(ts,un(s))ds ae tel, he,

(Zn) un(t) € D(Bu(t)) = DAL h(1)), VieT
up(To) = uo € D(Bp(To)) = D(A(Th, uo)),

with
lin ()| < p(1+ a(t) + Ap(t)) ae. t e, (3.16)

for the non-negative real constant p = (2(T — Ty)m + 2d)(p1 + 1) + 2, where
p1 = (lluoll + (2(T —To)m + gd + 2) (T + ,B(T))>
exp ( <(T —Tyym+ 2d> (T = To) +m(T + ﬂ(T))?) .
Now, for each h € Y, let us consider the map ® defined on Y by
O(h)(t) == un(t), tel,

where up,(-) is the unique absolutely continuous solution to the latter integro-differential inclusion,

namely (Zp).
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Observe that p < L. Indeed, note by (H7) that «(-) is a non-decreasing and non-negative function,

along with the definition of 8(-), one writes

T T
B(T) = /T (6(6) + A§(s))ds < aT)+ A [ G(s)ds < alT) + A

using the fact that fTTo ¢(s)ds < 1 by (3.15). Then, from the definition of p; and L, this just
shows that p; < L;. We return therefore to the expression of p and L to compare.

Thus, coming back to (3.16), one writes
[an(®)]] < L1+ a(t) + Ap(t) = (1) (3.17)

As aresult, ®(h) €Y.

Also, note that using (3.15) for any h € Y, one gets
llun ()] < ||uoll + ¢(T') forallt e I. (3.18)

Let us prove that ®(Y") is relatively compact in Cg(1).

On the one hand, note by (3.18) that for any h € Y
h(t) € (lluoll + &(T)) B
On the other hand, since u(t) € D(A(t, h(t))) for each t € I then,
un(t) € D(AI x ([uoll + (7)) Bu)) N (luoll + (7)) B

Using the ball-compactness assumption in (H3), one deduces that for each ¢ € I, {®(h)(t), he Y}
is relatively compact in H, for any t € I. Moreover, (®(h)) is equi-continuous. By Arzela-Ascoli

theorem, ®(Y) is relatively compact in Cy ().

Now, we check that & is continuous. It is sufficient to show that: if (h,) uniformly converges
to h in Y, then, the sequence of absolutely continuous solutions uy, associated with h,, to the

integro-differential inclusion

t
—tp, (t) € A(t, hn(t))un, () + [ f(t,s,up,(s))ds ae tel, h, €Y,

To
up, (To) = ug € D(A(To, uo)),

uniformly converges to the absolutely continuous solution wuj, associated with A to the integro-

differential inclusion (Z).
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As (up,, (t)) is relatively compact in H, for any ¢ € I (from above) and (up,, ) is equi-absolutely con-

tinuous, along with the estimate (3.16), we may assume that there exists some map z € WH2(I, H)
such that

(up,, ) uniformly converges to z(-), (3.19)

and
(tp,,) U(L}{(I), L% (I))-converges to w € L}LI(I) with w = 2 a.e. (3.20)

Put 1 := |lug|| + ¢(T). Then, by (i), there exists a non-negative function &,(-) € L (I) such that
forallt,s el
[F (s s, un, (8)) = F(t, 8, 2(s)]] < &g()[|un, (s) = 2(s)]-

This along with the pointwise convergence of (up, ) to z gives
T [1f(t 5, un, () = £ (8,5, 2(5)) | = 0. (3.21)
Note by (3.18) and (i4¢) that for any n and any ¢,s € T
1f(t; 55 un, ()] < m(1+n), (3.22)

along with (3.21), it follows from the Lebesgue dominated convergence theorem that

t t t
’ ; ft,s,up, (s))ds — ; ft,s,z(s))ds|| < ; I f(t,s,un,(s)) — f(t,s,z(s))|lds — 0,
as n — 0o.

Moreover, thanks to (3.22), we note that for any ¢,s € I

This along with the convergence above, the Lebesgue dominated convergence theorem yields

t

ft, s up, (s)ds|| <m(T —Tp)(1+n). (3.23)

To

T gt t
lim f(t, s,up, (s))ds — f(t,s,2(s))ds|| dt = 0. (3.24)
n—oo J T, Ty
Define for any n > 1, the functions g,, g on I by
t t
gn(t) = f(t, s,up, (s))ds, g(t) = f(t,s,2(s))ds for any t € I.
To To

As up, (t) € D(A(t, h,(t))) for all t € I and uy,, (t) — 2(t), (A%, hn(t))up, (t)) is bounded by (Hz)
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and the boundedness of the sequences (uy,) and (hy,) in Cyx (1), for every t € I
dis (A(t, hn (1)), A(t, h(1))) < Allhn(t) — A(t)|| = 0, as n — oo, (3.25)

by (H;) and the uniform convergence of (h;,) to h in Cgx(I). Thus, from Lemma 2.1, one deduces
that z(t) € D(A(t, h(t))), for each t € I.

Now, let us verify that z satisfies the integro-differential inclusion

—2(t) € A(t, h(t))z(t) + t f(t,s,2(5))ds ae. tel.
To

From (3.20) and (3.24), one deduces that (i, () +gn(-)) o (LY (1), L35 (1))-converges to () +g(-).

Hence, (4p, (-) + gn(-)) Komlos-converges to 2(-) + g(-), and there is a negligible set V' such that
forte I\V

n

1

S =3 n, (1) + 95(1) = £(0) + (1), (3.26)
and
—tp, (t) € A(t, hn(t))un, (t) + gn(t). (3.27)

Let © € D(A(t, h(t))). From (Hs) and (3.25) along with Lemma 2.2, there is a sequence (z,) such
that z,, € D(A(t, hyn(t))),

z, =z and At hp(t)z, — A°(t, h(t))z. (3.28)
In view of (3.27), by the monotonicity of the operators A(t, h,,(t)) for each n and t € I, one has
(in,, () + gn (), un, () — 2n) < (A°(t, hy(8)) 20, T — up,,, (1)) - (3.29)
Note that

<’L.Lh'n. (t) + gn(t)’ Z(t) - {L‘> = <uhn (t) + gn(t)v Uh,, (t) - $n>
+ (tn, (8) + gn(t), 2(t) — up, (t)) + (in, () + gn(t), 2, — ),
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Hence, combining (3.17), (3.23) and (3.29), one deduces that

3l 1)+ 50, 20) — ) < = S (A (0)a, 25—, (1)
+ (@) + (T = Tohm(1 +1)) Zn (0 =, O+ 5 Y lloy 2

Passing to the limit when n — oo, using (3.19), (3.26), (3.28), this last inequality yields
(2(t) 4+ g(t), 2(t) — ) < (A°(t, h(t))z,z — 2(t)) a.e. Vo € D(A(t, h(t))).
It results from Lemma 2.3 that
—2(t) € A(t, h(t)z(t) + g(t) ae. t€,

with z(Tp) = ug € D(A(Tp,up)) and by uniqueness z = uy,.

Therefore, one just checks that ®(hy) — ®(h) — 0in Cy(I) as n — oco. Consequently, & : Y — Y
is continuous from the bounded convex closed subset Y of the Banach space Cy(I) with ®(Y) is
relatively compact. Applying Schauder’s fixed point theorem (see Theorem 2.7) there exists h € Y
such that h = ®(h), that is, h(t) = up(¢). Furthermore, the estimation (3.14) holds true on I. The

proof of the theorem is then complete. O

We derive from Theorem 3.2, the particular case of the sweeping process, that is, A(t, ) = Ne(ta),
for (t,x) e I x H.

Corollary 3.3. Let C': I x H = H be a set-valued mapping satisfying:

(Hj) For each (t,y) € I x H, C(t,y) is a non-empty closed convex subset of H.

(HY) There exist a non-negative real constant X < 1, and a function « € WhH2(I,R) which is

non-negative on [Ty, T[ and non-decreasing such that

|d(z, C(t,u)) — d(z,C(s,v))] < |a(t) — a(s)| + Ajv —u|| Vt,se€l, Vr,v,uc H.

(H4) For any bounded subset X of H, the set C'(I x X) is relatively ball-compact.

Let f: 1 x1x H — H be a map satisfying assumptions of Theorem 3.2.
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Choose any d > 0 and put S = (2(T — To)m + 3d) (S1 + 1) + 2, where

Sy = (u0|| + (Q(T —To)m + 2d+2> (T+ a(T) + 1)>
exp < ((T —Ty)m+ §d> (T = To) + m(T + a(T) + 1)2).

If AS < 1, then, the integro-differential sweeping process

t
—u(t) € Nerugey)ult) + ft,s,u(s))ds a.e tel,
To

u(To) = uo € C(To,up),
has an absolutely continuous solution u(-). Moreover, an appropriate estimate of u(-) holds true.

Proof. We follow the arguments used in the proof of [33, Corollary 8§].

Let A(t,x) = N¢(t,a), for each (t,2) € I x H. Then, for any (t,z) € I x H, A(t,x) : D(A(t,x)) C
H = H is a maximal monotone operator with D(A(¢,z)) = C(t,z) and since the projection of
the origin onto Ne(t.)y equals 0 then [|A°(¢,z)y|| = 0 for any (t,2) € I x H and any y € C(t, )
(keeping in mind (2.2) and (Hjp)). So, (Hz) holds true for any non-negative real constant c.

Moreover, it is easily seen that (Hs) is satisfied. Let us verify (H;).

On the one hand, from [26], one has

dr(C(t,u),C(s,v)) = :IEIB |d(z, C(t,u)) — d(z,C(s,v))], (3.30)

where dg (-, -) denotes the Hausdorff distance between two closed subsets of H.

On the other hand, it is known from [35] that since C(¢,u), C(s,v) are convex closed sets, then
dis (No(t,u), No(s,w)) = du (C(t, u), C(s, ). (3.31)

Combining (3.30) and (3.31) with (H}), then, (H;) holds true.

Hence, all assumptions of Theorem 3.2 are satisfied. The latter ensures the existence of a solution

to the integro-differential sweeping process under consideration.

Furthermore, in view of (3.14), an appropriate estimate of % is obtained. O
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4 An optimal control problem

In this section, we focus on the Optimal Control Problem (OCP).

First, let us prove the existence and uniqueness of the solution to problem (CP, ).

Proposition 4.1. Let H = R" and I := [0,T]. Fiz a couple (a(-),b(-)) € WL2(I,R"*™). Assume
that for any (t,y) € I x R™, A(t,y) : D(A(t,y)) C R™ = R" is a mazimal monotone operator
satisfying assumptions (Hy)-(Hz). Let f : I x I x R™™™ — R™ be a map such that f(-,-,z,y) is
measurable on I X I for each (x,y) € R™™, f(t,s,-,-) is continuous on R™*™ for each (t,s) € I x T

and satisfying the following assumptions

(i) there exists a non-negative real constant M, for any b(-) € WH2(I,R™) such that

| f(t,s,0(s), )] <||b(s)|| + M| x|, ¥t,sel, VzreR"

ii) for a mon-negative real constant n and any b(-) € WL2(I,R™), there exists a non-negative
g n Y ) ) g

real constant | such that

Il f(t,s,b(s), 1) — f(t,s,b(s),xa)|| < ll|w1 — 22|, Vt,s €I, V1,22 € Bral0,7].

Then, this couple control generates a unique solution u(-) € WH2(I,R™) to the Controlled Problem

(CPqyp). Moreover, one has for a.e. t € I

< K(1+B(t) + 1+ L)C, (4.1)

alt) + /0 F(t 5, b(s), uls))ds

la()]| < K(1+ 5(t)), (4.2)

where { = max (||bHL1 (I),TM), L = ||ug|| + KfOT(l + B(s))ds, and the function (3 is defined by

RrR™

B(t) = / (6(s) + Ma(s)[lds, tel,

and K is a non-negative real constant which depends on ||uol|, ||aoll, ¢, ¢, T, and 5.

Proof. For any t € I and any fixed a(-) € WY2(I,R"), define the time-dependent maximal mono-
tone operators B, (t) := A(t, a(t)) and proceed as in the first part of the proof of Theorem 3.2.

Let 7,t € I such that 0 <7 <¢ <T. Then, one has by (H)

dis (Ba(t), Ba(7)) = dis (A(t, a(t)), A(7, a(7))) < B(t) = B(7),
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and clearly 8(-) € W12(I,R) is defined by
¢
5(0) = [ lals) + Na(s)lds, tel.
0
Now, in view of (Hz), there exists a non-negative real number ¢ such that for t € I, z € D(A(¢, a(t)))

1Ba(t)zll = [ A°(t, a()z]| < c(1 + [la(t)l| + [12])) < e (1 + |ao +/O a(s)ds

+ ||z||) < (1 4]z,

where ¢1 = ¢(1 + |lao|| + [ [|a(s)||ds).
Hence, the operator B,(t) satisfies (h1)-(h2) of Theorem 3.1.

Next, for b(-) € WH2(I,R™) fixed, define the function f, on I x I x R™ by
fo(t,s,u) = f(t,s,b(s),u) forall (¢,s,u) € I x I xR"

It is clear that the function fj(+,,u) is measurable on I x I for any fixed u € R™, by assumption

and by continuity of b(-). Moreover, from () one gets
1£o(t, 5, w)l| < [1o(s)| + Mlull < ¢(1 + [[ul]), (4.3)

for all (¢,s,u) € I x I x R™, where ¢ = max(||b||o0, M).

Now, by (ii) for a non-negative real constant 7), there exists a non-negative real constant [ such
that
Ifo(t, s,u1) = folt,s,u2)ll < Uluy —uall, VE€I, Vui,uz € Bra[0,7)].

Thus, the map f; satisfies assumptions of Theorem 3.1. Consequently, it follows the existence and

uniqueness of the solution to the considered integro-differential inclusion.

Furthermore, in view of (3.1) and (4.3) along with the absolute continuity of u(:), estimates (4.1)-
(4.2) hold true. The velocity ©(-) is clearly in L2, (I), and u(-) € W12(I,R"™). The proof of the

proposition is therefore finished. O

We are going to impose convenient assumptions that guarantee the existence of (global) optimal
solutions to the Optimal Control Problem (OCP) subject to the solution set of the Controlled
Problem (CPgp).

Theorem 4.2 (Existence of optimal solutions). Assume that for any (t,y) € I x R™, A(t,y) :
D(A(t,y)) C R®™ = R™ is a mazimal monotone operator satisfying assumptions (Hy)-(Hz). Let
f:IxIxR™™ 5 R™ be a continuous map satisfying assumptions of Proposition 4.1. Suppose
that the terminal cost functional ¢1 : R — R is lower semi-continuous, while the running cost

bo : I x RT2m 5 R s lower semi-continuous with respect to t and is majorized by a summable
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function on I along reference curves. Moreover, assume that ¢=2(t,-) is bounded from below on

bounded sets for a.e. t € I. Let the running cost ¢o be convex with respect to velocity variables 1,
a, b, and that there is a minimizing sequence (u*(-),a®(-),b¥(-)) of (OCP), which (a*(-),b*(-)) is
bounded in WH2(I,R"*™). Then, the Optimal Control Problem (OCP) admits an optimal solution
in the space W12(I,R?"+m),

Proof. From Proposition 4.1, one deduces that the set of feasible solutions to the Optimal Control
Problem (OCP) is non-empty. Let us fix the minimizing sequence of feasible solutions (u*(-), a*(-),
b*(.)) for (OCP) (from the statement of the theorem), which is bounded in W2(I, R?"*™). This
implies in particular that there exists a couple (ag, by) € R"*™ such that (a*(0),b%(0)) — (ag,bo)
in this space as k — oo, while the triple (ug, ag,bg) = (u(0),a(0),b(0)) clearly satisfies the initial
conditions. It is readily seen that the sequence (a*(-),*(-)) is bounded in L2, (I). Then, up to

a subsequence that we do not relabel, there exists a couple (v*(-),v°(+)) € L2,..(I) such that
(a*(-),0%(-)) weakly converges in L2, . (I) to (v(-),v(-)).
Define now the functions

(a(t),b(t)) = (ao, bo) —l—/o (v%(s),v%(s))ds, for all t € I,

and observe that (&(t),f)(t)) = (v(t),v"(t)) for a.e. t € I, and that the couple (a(-),b(-)) belongs
to the space W1H2(I,R**™). It follows from above and the estimates of Proposition 4.1 that the
sequence of the corresponding solutions (u*(-)) is uniformly bounded and equi-continuous on I.
By Arzela-Ascoli theorem, up to a subsequence that we do not relabel, (uk( -)) uniformly converges
on I to some 4(-) € Crn(I) which is absolutely continuous on this interval. It follows from (4.2)
that (u*(-)) is bounded in L2, (I) and hence it weakly converges in L2, (I) up to a subsequence,

to some function w(-) with u(t) = w(t) for a.e. t € I, that is,

(i (-)) weakly converges in L2, (I) to i(-). (4.4)

Q>

The next step is to check that the limiting triple 2(-) = (a(-),a(-), b(-)) satisfies the differential

inclusion (CPqp).

Since f is continuous by assumption along with the preceding modes of convergence above, then,

one has

F(t, 5,05 (s),uF(s)) = f(t,s,b(s),0(s)) ask—oco, tsel.

By (i), one has
1£(t, 6% (s), u ()] < [0°(s) | + Mt ()], ts €T
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which is uniformly bounded since (b*(+)) and (u*(-)) are bounded in Cp ().

From the Lebesgue dominated convergence theorem, it results

=0.

k K S
k=00 5))d3_/0 f(t,s,b(s),a(s))ds

lim ‘

Moreover, note that

t
Hﬁmw%><wsqmmm+ngNp

is uniformly bounded, then, the Lebesgue dominated convergence theorem yields

T pt t .
/ﬂmﬂ@ﬁ@Wf/N@WM®m
0 0

Observe that u*(t) € D(A(t,a"(t))), a*(t) — a(t), u*(t) — a(t), for all t € I, the sequence
(A°(t, a*(t))u*(t)) is bounded by (Hz) for all t € I, and

2
dt = 0. (4.5)

lim
k—o0 0

dis (A(t,a"(t)), A(t,a(t))) < M|a®(t) —a(t)| = 0, when k — oo, (4.6)

using (H;). Then, from Lemma 2.1 one deduces that 4(t) € D(A(t, a(t))),Vt € I.

Now, we are going to verify that 4(-) satisfies the integro-differential inclusion

_i() € A, /f i(s))ds ace. tel.
Define the maps g* and g on I by
t t .
:/ f(t,s,b%(s),uf(s))ds, g(t) :/ f(t,8,b(s),0(s))ds, foranyt e I.
0 0
In view of (4.4) and (4.5),
(i (-) 4+ ¢"(-)) weakly converges in L. (I) to a(-) + g(-).

Hence, (4" (-)+ ¢*(-)) Komlés-converges to i(-)+g(-) (see Proposition 2.6). So, there is a negligible
set Y such that for t € I\ Y: @*(-) + ¢*(-) = @(-) + g(-) Komlos, that is,

gﬁf ( ‘/ftsw uP(s))d ):a /ftsb ($)ds,  (47)

and
t

—a(t) € A(t, ak(t))uk(t) + f(t, s, bk(s),uk(s))ds.
0
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Let y € D(A(t,a(t))). Applying Lemma 2.2 to the maximal monotone operators A(t, a*(t)) and

A(t,a(t)) that satisfy (4.6), ensures the existence of a sequence (y*) such that y* € D(A(t,a"(t)))
y* — y and A(t,a"(t))y" — A°(t,a(t))y. (4.8)

Since

uk(t) € A(t,a* / f(t,s,b5(s),uk(s))ds a.e.,

and A(t,a*(t)) is monotone, one has
(@* (1) + g" (), u"(t) — y") < (A°(t, a"(O)y", 4" — (1)), (4.9)
Note that

(@ (t) + g (), a(t) — y) = (@" (1) + (), " (t) = y") + (@" (1) + ¢ (1), a(t) — u* () — (y — ¥")),

Thus, one gets using (4.9)

k
Z Aotap NP, y* —up(t)>

> =
w\r—‘

k k

OGP0 + g0, (1) —y) < 3 D0 (@0 + (0,97~ )
k

S () + (1), ) — wP (1),

A passage to the limit as k — oo with the use of (4.7)-(4.8), the boundedness of (a?(-) + ¢?(+)) in

R™, and the preceding modes of convergence above, yields

ﬂ / f(t, a(s))ds,a(t) —y) < (A°(ta(t))y,y —at)) ae.

Hence, Lemma 2.3 guarantees that

—a(t) € A(t, /ftsb (s))ds ae. tel,

with 4(t) € D(A(t,a(t))) for all t € I. By uniqueness, it follows that @ is the unique solution
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to (CP, ;) associated to the couple control maps (a(-),b(-)). To justify further the optimality of
(a(-),a(-),b(-)) in (OCP), it is sufficient to show that

ol a,b) < 1ikrr_1)iorolf¢[uk,ak7bk] (4.10)

for the Bolza-type functional in (OCP). The latter (4.10) readily follows from the assumptions on
the cost functions ¢; and ¢5 due to the Mazur weak closure theorem and the Lebesgue dom-
inated convergence theorem. Indeed, Mazur’s theorem ensures that the weak convergence of
{uk,ak,bk} to {ﬁ,d,l;} in L§2,L+m (I) yields the L]izﬁm (I) strong convergence of convex combi-
nations of (u*,a", bk) to (12, a, I;), and thus the a.e. convergence of a subsequence of these convex

combinations on I to the limiting triple.

Employing finally the assumed convexity of the running cost ¢, with respect to the velocity vari-

ables verifies (4.10) and hence completes the proof of the theorem. O

We derive from Theorem 4.2, the particular case of the controlled sweeping process.

Corollary 4.3. Let C': I x R" = R” be a set-valued map with non-empty closed convex values.
Suppose that there exist a non-negative real constant X < 1, and a function B € W12(I,R) which
is non-negative on [0, T[ and non-decreasing with S(T) < oo and B(0) = 0 such that

|d(u, C(t,y)) — d(u, C(s, 2))| < [B(E) = Bls)| + Ally — 2| Vi, s €], Vu,y,z € R™

Let f: I xIxR™™ 53R ¢ :R” = R and ¢o : I x R*™T2™ 4 R be defined as in Theorem 4.2.

The optimal control problem is

T
min QS[U, a, b] = ¢1 (U(T)) + /O ¢2 (ta u(t)7 a(t)v b(t)v it(t), d(t), 5(t>)dta

on the set of controls (a(+),b(+)) and the associated solutions u(-) of the controlled integro-sweeping

process
—u(t) € Nog,a@)u(t) + /Ot f(t,s8,b(s),u(s))ds a.e tel,
u(t) € C(t,a(t)), tel,
(a(-),b(-)) € WH2(I,R™*™),
a(0) = ag, u(0) =1up € C(0,ap).

Then, the minimizing problem above admits an optimal solution in the space W12(I, R?n+m),
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1 Introduction

Kenmotsu in 1971, introduced a class of almost contact Riemannian manifolds satisfying some
special conditions, called Kenmotsu manifold [10]. Many researchers including U.C. De and R.
N. Singh studied some properties of Kenmotsu manifolds endowed with various conditions [2,3,9,
15]. Sato [13] in 1976, introduced the notion of an almost para-contact structure on Riemannian
manifolds which is similar to the almost contact structure on Riemannian manifolds. In 1995,
B. B. Sinha and K. L. Sai Prasad [16] defined a class of almost para contact metric manifolds
analogous to the class of Kenmotsu manifolds, known as para-Kenmotsu (p-Kenmotsu) manifolds.

T. Satyanarayana et al. [14] studied curvature properties in a p-Kenmotsu manifold.

Friedmann and Schouten in 1924 [6], presented the idea of semi-symmetric connection on a differ-
entiable manifold. Yano introduced semi-symmetric metric connection in 1970 using the idea of
metric connection given by Hayden in 1932. M. M. Tripathi [19] and Tang et al. [18] studied semi-
symmetric metric connection in a Kenmotsu manifold. A linear connection V on a Riemannian

manifold M is said to be a semi- symmetric connection if the torsion tensor T given by
T(X,Y)=VxY - VyX — [X,Y]

satisfies
T(X,Y) =nY)X —n(X)Y,

where 7 is a 1-form and g(X,§) = n(X), £ is a vector field and for all vector fields X, Y € x (M),
X (M) is the set of all differentiable vector fields on M.

Golab [7] in 1975 studied quarter-symmetric metric connection in differentiable manifolds with
affine connections. Further S. C. Biswas, U. C. De and many others [1,4,5,17] studied quarter-
symmetric metric connection in Riemannian manifolds equipped with various structures. A quarter-
symmetric connection is considered as a generalisation of semi-symmetric connection since its

torsion tensor T satisfies
T(X,Y) =n(Y)pX — n(X)eY,

where ¢ is a (1,1) tensor field. If quarter-symmetric connection V satisfies the condition
(Vxg)(Y,Z) =0,

where X,Y,Z € x(M), then V is said to be a quarter-symmetric metric connection. Let M be
an n-dimensional Riemannian manifold and V be its Levi-Civita connection. The Riemannian

curvature tensor R, the concircular curvature tensor W, Weyl projective curvature tensor P of M
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are defined by [11,12]

R(X,Y)Z =VxVyZ —VyVxZ - Vixv\Z, (1.1)
W(X,Y)Z=R(X,Y)Z ~ n(%_l)[g(x 2)X — g(X, 2)Y), (1.2)
P(X,Y)Z = R(X,Y)Z — ﬁ[S(Y, Z)X - 8(X, Z)Y], (1.3)

where X,Y, Z € x(M) and r is the scalar curvature.

The paper is organised as follows: In section 2, a brief introduction of p-Kenmotsu manifolds is
given. In section 3, the relation between the curvature tensors of Riemannian connection and
the quarter-symmetric metric connection in a p-Kenmotsu manifold is obtained. The study of
a p-Kenmotsu manifold with respect to the quarter-symmetric metric connection satisfying the
curvature condition R - S is contained in section 4. In section 5, we study ¢-concircularly flat p-
Kenmotsu manifold with respect to quarter-symmetric metric connection. The curvature condition
P .S = 0 and ¢-Weyl projective flat p-Kenmotsu manifold with respect to quarter-symmetric
metric connection are respectively studied in the sections 6 and 7. Finally we give an example of

a 5-dimensional p-Kenmotsu manifold.

2 Preliminaries

Let M be a (2n + 1)-dimensional differentiabe manifold endowed with an almost para-contact

structure (¢, &, n), where ¢ is a (1, 1)-tensor field, £ is a vector field, and 7 is a 1-form on M, then

P*X =X —n(X)E, nE) =1 (2.1)
?(&) =0, n(¢X)=0, rank (¢)=2n. (2.2)

where X is a vector field on M. The manifold M endowed with (¢,&,n) is called an almost

para-contact manifold [13].

Let g be a Riemannian metric on M compatible to the structure (¢,£,n), i.e., the following

equations are satisfied

9(¢X,9Y) = g(X,Y) —n(X)n(Y), g(X,&) =n(X), (2.3)

for all vector fields X and Y on M. Then the manifold M is said to admit an almost para-contact

Riemannian structure (¢,&,7,9).



156 B. Chaube & S. K. Chanyal CUBO

If moreover, (¢,&,mn, g) satisfy the following conditions

(Vxn)Y =g(X,Y) —n(X)n(Y), (2.4)
Vx€ =X —n(X)¢ = ¢*(X), (2.5)
(Vx9)Y = —g(¢X,Y)§ —n(Y)oX, (2.6)

then M is called a para-Kenmotsu (p-Kenmotsu) manifold [16].

In a p-Kenmotsu manifold the following relations hold [16]:

S(@X,0Y) = S(X,Y) + (n = Dn(X)n(Y), (2.7)
S(X,8) =—(n—1n(X), where g(QX,Y)=S5(X,Y), (2.8)
n(R(X,Y)2Z) = g(X, 2)n(Y) = g(Y, Z)n(X), (2.9)
R(&X)Y =n(Y)X - g(X,Y)S, (2.10)
R(X,Y)¢ =n(X)Y —n(Y)X, (2.11)

where S is the Ricci tensor and @ is the symmetric endomorphism of the tangent space at each

point corresponding to the Ricci tensor and R is the Riemannian curvature.

If the Ricci curvature tensor S is of the form
S(X,Y) = ag(X,Y) +bn(X)n(Y), (2.12)

then M is called n-Einstein manifold and if b = 0 then it is said to be Einstein manifold. M is

called generalized 7-Einstein manifold, if S is of the form
S(X,Y) = ag(X,Y) + bn(X)n(Y) + cg(¢X,Y), (2.13)

where a, b, ¢ are scalar functions on M.

In a p-Kenmotsu manifold M, the connection V given by
VxY = VY +0(Y)oX — g(6X,Y)E (2.14)

is a quarter-symmetric metric connection [8].
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3 Curvature tensor of para-Kenmotsu manifold with respect

to the quarter-symmetric metric connection

Let M be a p-Kenmotsu manifold. The curvature tensor R of a p-Kenmotsu manifold with respect

to the quarter-symmetric metric connection V is defined by
R(X,Y)Z =VxVyZ—-VyVxZ—VxyZ.

Using equations (2.1)-(2.6) and (2.13) we get

R(X,Y)Z =R(X,Y)Z + g(X, Z)pY — g(Y, Z2)¢X + g(¢X, Z)Y — g(¢Y, Z) X
+9(¢X, Z)¢Y — g(¢Y, Z)9X, (3.1)

where R is the Riemannian curvature tensor of the connection V given in (1.1).

Now from (3.1), we have
R(X,Y)Z+ R(Y,2)X + R(Z,X)Y =0, (3.2)
or equivalently
R(X,Y, 2, W)+ R(Y, 2, X, W) + R(Z, X,Y,W) = 0, (3:3)

where R(X,Y,Z, W) = g(R(X,Y)Z,W). Thus the curvature tensor with respect to the quarter-
symmetric metric connection satisfies the Bianchi first identity. Taking inner product of (3.1) with

respect to W, we get

R(X,Y,Z,W) = R(X,Y, Z,W) + g(X, Z)g(¢Y, W) — g(Y, Z)g(¢X, W)
+9(¢X, 2)g(Y, W) — g(¢Y, Z)g(X, W) (3-4)
+9(0X, Z)g(8Y, W) — g(¢Y, Z)g(p X, W).
Contracting (3.4) over X and W, we get

S, 2) =S, 2)+ (1 =2n—4)g(¢Y, Z) + (1 = )g(Y, Z) — n(Y)n(Z), (3.5)

where 1) = trace ¢, S and S are the Ricci tensors with respect to the connections V and V

respectively on M. Now contracting (3.5), we have
F=7r+2n(l —2¢) — 2, (3.6)

where r and 7 denote the scalar curvatures with respect to the connections V and V respectively
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on M. Now we state the following theorem.

Theorem 3.1. For a p-Kenmotsu manifold M with respect to the quarter-symmetric metric con-

nection V

(1) The curvature tensor R satisfies the Bianchi first identity and is given by

R(X,Y)Z = R(X,Y)Z +9(X,Z)pY — g(Y, Z)pX
+ 90X, 2)Y — g(8Y, Z)X + g(¢X, Z)pY — g(¢Y, Z)pX.

(2) The Ricci tensor S is given by

SY,2)=8Y,Z)+ (1 =2n—)g(¢Y,Z) + (1 = )g(Y, Z) —n(Y)n(Z).

(3) The relation between r and ¥, respectively the scalar curvatures with respect to V and V, is
given by
F=r+2n(l—2¢) — >

Proof. The proof follows from the equations (3.1), (3.2), (3.3), (3.5) and (3.6). O

Some properties of the curvature tensor with respect to the quarter- symmetric metric connection

are given in the following lemma.

Lemma 3.2. In a (2n + 1)-dimensional p-Kenmotsu manifold with the structure (¢,€,n,g) with

respect to the quarter-symmetric metric connection, the following hold

R(X,Y)E =n(X)Y —n(Y)X +n(X)eY —n(Y)oX, (3.7)
R(&,Y)Z =n(2)Y +n(Z)¢Y — g(Y, Z)¢ — g(¢Y, Z)E, (3.8)
R(EY)E=Y + Y —n(Y)E, (3.9)
S, &) =1 —n—¢)nY), (3.10)
S8 =010-n—1). (3.11)
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4 p-Kenmotsu manifold satisfying R - S = 0.

In this section we consider a p-Kenmotsu manifold with respect to the quarter-symmetric metric

connection V satisfying

R(X,Y)-S=0.

This equation implies

S(R(X,Y)U,V)+ S(U,R(X,Y)V) =0 (4.1)
where X, Y, U,V € x(M). Putting X = ¢ in (4.1), we have

S(R(&,Y)U,V) + S(U,R(§,Y)V) =0 (4.2)

By the equations (3.5), (3.8) and (3.10), equation (4.2) yields

n(U)SY, V) +n(U)S(@Y,V) = (1 —n—)g(Y,U)n(V) — (1 —n —4)g(¢Y, U)n(V)
+n(V)S(U,Y) +n(V)S(0Y,U) — (1 —n —)g(Y,V)n(U) — (1 —n —¢)g(¢Y, V)n(U) = 0.

Putting U = ¢ and using (2.1) and (2.2), it follows that
SY.V)+8(eY, V) = (1 —n—)g(Y,V) + (1 —n—)g(sY, V). (4.3)
Making use of (3.5), (4.3) takes form
SY.V)+8(eY,V) = (b +n—1)g(Y,V) + (2= 2n—)n(Y)n(V) + (¢ +n — 1)g(¢Y, V). (4.4)

Therefore we have the following theorem:

Theorem 4.1. If a p-Kenmotsu manifold with respect to the quarter-symmetric metric connection

satisfying the condition R-S = 0, then the Ricci tensor S of the manifold satisfies

S(X,Y)+5(@X,Y) = (¢ +n—-1)g(X,Y) + (2= 2n = )n(X)n(Y) + (¥ + n — 1)g(¢X,Y).
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5 ¢-concircularly flat p-Kenmotsu manifolds with respect to

the quarter-symmetric metric connection

Analogous to the definition of the concircular curvature given in (1.2), W, the concircular curvature

with respect to quarter-symmetric metric connection is given by

W(X,Y)Z =R(X,Y)Z — T

(Y, 2)X —g(X,2)Y]. (5.1)

A p-Kenmotsu manifold is said to be ¢-concircularly flat with respect to the quarter-symmetric

metric connection if
W(¢X,9Y,0Z,¢W) =0, (5.2)
where X, Y, Z, W € x(M).

Taking inner-product of (5.1) with respect to U and replacing X by ¢X, Y by ¢Y, Z by ¢Z and
U by ¢U, we get

n(n —1)

In view of (3.1) and (3.6), (5.3) takes the form

R(¢X,0Y,0Z,¢W) = [9(0Y, 62)g(6 X, oW) — g(6 X, ¢Z)g(Y, ¢W)).

R(oX, 0Y,9Z,oW) = g(9Y, 9 Z)g(X, oW) — g(6 X, 0Z)g(Y, W) + g(Y, 9Z)g(¢ X, dW)
—9(X,02)g(dY,oW) — g(X,0Z)g(Y,oW) + (Y, $Z)g(X, oW) (5-3)

r+ 2nrgzn—_211b)) — V[ (6Y, 62)g(6 X, SW) — g(6X, 6Z)g(3Y, ¢W)} _

Let {e1,e2,...,€m,ean+1 = &} be a local orthonormal ¢-basis of vector fields in M, so that
{de1, pea, ..., Pean, £} is also a local orthonormal basis in M. Putting X = W = e; in the last

equation and summing over i, we get

(r+2n(1 —2¢) —¥?)(2n — 1) +n(n — 1)1

S(v.2) = o 9(Y, Z)
(20l -2¢) — >§12(7;__11))Jr M D=Ly ) (54)

—(2=2n—1)g(Y, 2).

Thus we state the following theorem:

Theorem 5.1. A ¢-concircularly flat p-Kenmotsu manifold with respect to the quarter-symmetric

metric connection is a generalized n-Einstein manifold with the scalar curvature r given by (5.4).
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6 p-Kenmotsu manifold satisfying P - S = 0 with respect to

quarter-symmetric metric connection.

Analogous to (1.3), the Weyl projective curvature P with respect to quarter-symmetric metric

connection is given by

P(X,Y)Z = R(X,Y)Z — ﬁ[S(Y, 2)X - 3(X, Z2)Y].

Using (3.1) and (3.5), this equation implies

P(X,Y)Z = R(X,Y)Z +g(X, Z2)¢Y —g(Y, Z2)9X + g(¢X, 2)Y

g8V, 2)X + 96X, Z)6Y — g0V, Z)0X — = [S(V, 2)X

+(1=2n—v)g(oY, 2)X + (1 = )g(Y, 2) X —n(Y)n(2)X (6.1)
—S(X,2)Y = (1 -2n—4)g(¢X, 2)Y — (1 —)g(X, 2)Y + n(X)n(2)Y |.

From the equation (6.1), we have the following properties of the Weyl projective curvature P.

P& Y)Z = (V)2 - g(¥, 2)6 +0(2)6Y — g(6Y, 2)6 ~ —— [S(7, 2)¢

+ (1= 20— ¥)g(8Y, 2) + (1 = ¥)g(Y. 2)¢ — (Y )n(2)E = S(E 2)Y  (62)
— (L= ¥(2)Y +n(2)Y].

and

PEYIE=Y —g(V)6+6Y — [0y —mpV)e+ @ +n-1Y].  (63)

Now, we consider a p-Kenmotsu manifold satisfying the curvature condition

which is equivalent to
S(P(X,Y)U,V) + 8(U, P(X,Y)V) = 0.

The last equation implies

S(P(§,Y)8, V) + 8(& P(§,Y)V) = 0. (6.4)

Using equation (6.2) and (6.3) in (6.4), we once again get the equation (4.4). Therefore we have

the following theorem:
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Theorem 6.1. For a (2n + 1)-dimensional p-Kenmotsu manifold with respect to the quarter-

symmetric metric connection satisfying the condition P -S = 0, the Ricci tensor S satisfies

S(X,Y)+8(¢X,Y) = (¥ +n—-1)g(¢X,Y) + (¥ +n—1)g(X,Y) + (2 = 2n — )n(X)n(Y).

7 ¢-Weyl projective flat p-Kenmotsu manifolds with respect

to the quarter-symmetric metric connection.

A p-Kenmotsu manifold is said to be ¢-Weyl projective flat with respect to the quarter-symmetric
metric connection if

P(¢X,¢Y,0Z,¢U) =0, (7.1)
where XY, Z,U € x(M). Taking inner-product of (6.1) with respect to U and replacing X by
6X,Y by 8Y, Z by ¢Z and U by ¢U, we get

_ _ 1
P(¢X,9Y,02,¢U) = R(¢X, Y, ¢Z,oU) — P |:S(¢K ¢Z)g(¢X, oU)

+ (1= 20— ¥)g(Y, 62)g(6X, 6U) + (1 = ¥)g(6X, 62)
~ S(6X,62)g(8Y, 6U) — (1 - 20— V)g(X, 62)g(8Y,6U)  (72)
+ (X, 6U) = (1= ¥)g(6X, Z)g(6Y. 6U)].

Using (3.1), (7.1) in (7.2), we obtain

R(¢X,0Y,0Z, W) = —g(¢X, 0Z)g(Y,oW) + g(¢Y, pZ)g(X, oW) — g(X, $Z)g(dY, pW)
+9(Y,02)9(0X, oW) — (X, 6Z)g(Y,oW) + g(Y, $Z)g(X, oW)

——7 |9(0Y,02)g(¢X, ¢U) + (1 = 2n — ¥)g(Y, ¢Z)g(6 X, ¢U)

+ (1= v)g(9X,92)9(¢ X, 9U) — S(¢X, 0Z)g(¢Y, ¢U)

— (1= 20— ¥)g(X, 62)g(6Y, 6U) — (1 - ¥)g(6X, 62)g(8Y, 6U))

+

Let {e1,ea,...,ean,&} be a local orthonormal ¢-basis of vector fields in M, putting X = W = ¢;

in the last equation and summing over ¢, we get

(2n —Yn —1)
2(1 —n)

(n? —3n+ny + 1)
2(n—1)

(2n? +3n + 29 — 3)
2(n—1)

S, 2) = 9(Y,2) — n(Y)n(Z) + 9(¢Y, Z).

Thus we state the following theorem:

Theorem 7.1. If a p-Kenmotsu manifold is ¢-Weyl projective flat with respect to the quarter-

symmetric metric connection, it is a generalized n-Finstein manifold.
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8 Example

Example 8.1. Consider the 5-dimensional manifold M = {(u,v,x,y,2z) € R°} with standard

coordinates (u,v,x,y,2) in R°. Then the following vector fields

0 0 7] 0 0
€1 =2, €y = 2—, €3 =2—, €4 =2, €y = ——
0z

ou v or oy

are linearly independent at each point of M. Suppose g be the Riemannian metric defined by,

1 ifi=j
0 ifij;i,j=1234,5.

glei, e5) = 6ij =

Let ¢ be the tensor field of type (1,1) defined by

dle1) =e2, ¢le2) =e1, ¢(es) =es, Ples) =e3, ¢(es) =0,

and n be the 1-form defined by n(X) = g(X,e5). Using the linearity of ¢ and g, we have
nies) =1, &°X =X —n(X)es, g(¢X,0Y) = g(X,Y) —n(X)n(Y),

for any vector fields X, Y € x(M). If we take es = &, the structure (¢,&,m,g) is an almost

para-contact Riemannian structure on M. Then we have,

le1,e2] =0, [e1,e3] =0, [e1,e4] =0, [e1,e5]=¢e1, [e2,e3]=0,

lea,eq] =0, [ea,es5] =e2, [e3,eq] =0, [es,es5] =e3, [es,e5] = eq.

Using Koszul’s formula, we obtain the Levi-Civita connection V of the metric tensor g as follows:

Velel = —€s, Veleg = 0, Veleg = O, V61€4 = 0, v€165 = e,
v62€1 = 07 V6262 = —é€s5, V82€3 = 0, v8264 = 0, V5265 = €9,
V€361 = 0, Vegeg = 0, V63€3 = —é€s5, Ve364 = O, ve365 = e3,
ve461 = 0, V54€2 = 0, V64€3 = 0, Ve4€4 = —€s5, ve465 = €4,
Vesel = 0, Ve5€2 = 0, Vaseg = O, Ve5€4 = 0, v6565 =0.

Above relations show that equations (2.4)-(2.6) are satisfied. Therefore the manifold is a p-
Kenmotsu manifold with the structure (¢,&,1,9).
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Using (2.14), we get the quarter symmetric metric connection

?elel —€s5, 661 €9 —€xs5, ?6163 = 0, ?61 €4 = O, 66165 = €1 + €9,
66261 = —€s, 66262 = —€s, 66263 = 0, 66264 = 0, 66265 = €1 + €a,
Veger =0, Vege2 =0, Veses = —e5, Vegea = —e5, Veyes = €3 + ey,
66461 = O, 66462 = O7 66463 = —és5, 66464 = —e€s, 66465 — €3 + €4,
?6561 = O7 66582 = O7 ?6563 = 0, ?5564 = O, 66565 =
Now we obtain non-zero components of their curvature tensors:
R(el, 62)61 = €2, R(el,eg)el = €3, R(el, 64)61 = €4, R(@l, 65)61 = €5,
R(eg,er)ea =e1, R(ez,e3z)ea =e3, R(ea,es)ea =eq, Rlez e5)ea = es,
R(es,e1)es =e1, R(es,ez)es =ea, R(es,es)es =eq, R(es,es)es = es,
R(€4, 61)64 = €2, R(64,€2)€4 = €9, R<€4, 63)64 = €3, R(647 65)64 = €5

and
e =e3+ ey, R(e1,es5)er = es,

ex = e3 + ey, R(ez,e5)ea = es,

€4,€1)€2 = €1 + €g, R(es,e2)es = ey + e3, R(eq,e5)es = es,

R(es,e1)es =e1 +eg, R(es,e2)es = e + ea, R(es,e3)es = e3 + ey,

(e1,€3) (e1,€4) (e1,e5)

(e2,€3) (e2,€4) (e2,€5)
R(es,e1)es = e1 + ea, R(es,ez)ez = e + e, R(e3,es)es = es,

(e, €1) (€4, €2) (es,€5)

(es,€1) (es,€2) (es,€3)

(e5,€4)

R €5,€4)€5 = €3+ €4.

From the above results, it is easy to find the following non-zero components of Ricci tensors:
S(er,e1) = S(ez,e2) = S(es, e3) = S(ea, e4) = S(es, e5) = —4,

and

S(e1,e1) = S(e1,e2) = S(ea, e2) = S(es,e3) = S(es,ea) = =3,  S(es,ea) = =3, S(es,e5) = —4.

Therefore, we get 1 = —20 and T = —16. Hence the statement of Theorem 3.1 is verified. Also by

the relations mentioned above, the results in sections 5 and 6 are easily verified.
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RESUMEN

El presente articulo trata con el efecto de la convexidad en
el estudio del bien conocido método iterativo de Whittaker,
puesto que un método iterativo converge a una unica solu-
cion t* de una ecuacion no-lineal ¥ (t) = 0 més rapidamente
cuando la convexidad de la funcién es més pequenia. De
hecho, métodos iterativos fraccionarios son una manera sim-
ple de aprender més sobre las propiedades dindmicas de los
métodos iterativos, i.e., para una suposiciéon inicial, la suce-
sion generada por el método iterativo converge a un punto
fijo o diverge. A menudo, para busquedas de raices complejas
de ecuaciones no-lineales, la suposicion inicial real elegida no
converge, lo que se puede superar usando métodos iterativos
fraccionarios. Asi, hemos estudiado un método de Whittaker
con aceleracion convexa doble Caputo fraccionario (CFD-
CAWM) de orden al menos (1+2¢) y su convergencia global
de manera amplia. También el método convergente CFD-
CAWM mas rapido entrega mejores resultados que el método
de Newton Caputo fraccionario (CFNM) existente, que tiene
orden de convergencia (1 + ¢). Mas aun, hemos aplicado
ambos métodos fraccionarios para resolver ecuaciones no-

lineales que aparecen en diferentes problemas de la vida real.

Keywords and Phrases: Fractional derivative, efficiency index, nonlinear equations, Newton’s method, Whit-

taker’s method, convergence plane, basin of attraction.
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1 Introduction

In 1695, two famous mathematicians changed the concept of calculus when they came up with the
fractional derivative. Fortunately, L’Hospital had raised a question in a letter to Leibniz, and in
the letter, both of them discussed their ideas about the possibilities of semi-derivative function.
Since then, there have been vast changes in the theory of fractional calculus and its real-world
applications. Thus, fractional calculus builds useful tools in many real-world applications such as

science, engineering, economics, medicine, and other fields (see, [1,3,10,18,19,22,29]).

Generally, we know that the classical work in mathematics is to solve the nonlinear equation

Y(t) =0, (1.1)

where 1 is a real-valued function of a real variable. This task becomes more difficult when the
degree of polynomials is greater than or equal to five, or it is a transcendental equation. In general,
as there are no analytical methods to handle the above equation, the demand for iterative methods
has increased day by day in the last few decades. The most suitable method to solve nonlinear

equations, as we know, is quadratic convergent Newton’s method (NM):

t iven,
o8 (1.2)

Indeed, using iterative methods to solve (1.1) is more suitable and reliable, and it is also true that
by using these methods, we can obtain many significant numerical results and related information
about nonlinear equations. The effect of fractional derivative on NM was first deduced by Brambila
et al. [30], who observed that the fractional Newton method (FNM) keeps the ability to search
the complex roots of a polynomial even if we choose a real suitable initial guess. By deepening the
fractional order, the complex roots of the polynomial are hidden. The nature of fractional iterative
methods is that they can locate the positions of different polynomial roots in a different order of
derivative. In the year 2019, Akgiil et al. [2] , studied the FNM

tnp1 =tn — (F(C * 1)%)

and proved its order of convergence as 2. Later, Candelario et al. [7] modified the FNM to a

better form )
Y(tn) )4

thy1 =t, — (T 1
+1 ( (C+ )Cpgw(tn)

with order of convergence (1+¢). They tested the FNM on some numerical examples and provided

good results with its dynamics, too.
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If we see some research papers (for example, [11,14,32]), we can see how the influence of convexity

on a real function enhanced the order of convergence. Moreover, the smaller convexity of a nonlinear
equation causes the faster convergence of (1.2) to a unique solution ¢* of a nonlinear equation. The
classical double convex acceleration of the Whittaker method [32] employing convexity is given

below:

(1.3)

tny1 = tn — i (2 — Ly(t,) + 4+ 2Ly (tn) ) ¥(tn)

2= Ly(tn)(2 = Ly(tn)) ) ¢'(tn)
where Ly (t,) = %t;)@ The cubic order convergence method developed by Whittaker is a
simplified version of the method developed by Newton. It is also known as the parallel-chord

method, which comes from its geometric interpretation of functions. It is known [12], that if we

have an iterative process t,+1 = F(t,) with ¢,11 = t, — lzzf’,((ttf'))H(Lib (tn)) and H(0) =1, H'(0) = 3

and |H"”(0)| < 400, it has a third order convergence.

In this paper, we have introduced a new convex acceleration of the Whittaker method using
the concept of the Caputo fractional derivative, that is, the Caputo fractional double convex
acceleration of the Whittaker method (CFDCAWM). Hence, our main aim in the present article is
to investigate further the global convergence analysis, stability, and reliability of CFDCAWM. A
detailed comparison of the Caputo fractional Newton method (CFNM) and the CFDCAWM with
some good numerical examples is provided, with the order of convergence of CFDCAWM being at
least (14 2¢).

The remaining part of the article is assembled in the following manner: Section 2 includes some
primary results and information regarding our method. In Section 3, we provide the order of
convergence of the proposed method, and its subsection contains details of the efficiency of our
method. Section 4 is devoted to the numerical results of the proposed method with real-life
applications and their corresponding convergence planes. Finally, the conclusion of the paper ends

with Section 5.

2 Basic definitions and results

For centuries, the concept of a non-integer order type derivative has been crucial in many research
areas. Also, there are so many definitions and formulas in fractional calculus. For our present

work, we have just discussed some of them.

Definition 2.1 (Gamma function [20]). The gamma function is a generalized idea of the factorial

function, and is defined as follows:

(t—11, teN

F(t) = +oo 1
/ s e %ds, whenevert > 0.
0
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Definition 2.2 (Riemann-Liouville fractional derivative [16]). Suppose the function ¢ : R — R
and ¢ € LY([a,t]) (-0 < a < t < +00) be integrable with ¢ > 0 and k = [¢] + 1. Then the
Riemann-Liowville fractional derivative (RLFD) of 1(t) at Cth order is defined as below:

LAt )
(D )o(t) = g,g’_fl:p(Ct))dt’“ /a g 4 CEN

And the reverse process of RLFD is Caputo fractional derivative, which is shown below.

Definition 2.3 (Caputo fractional derivative [8]). Consider the function ¢ : R — R, ¢ €
Ct>([a,t]) (o0 < a < t < +00) with ¢ > 0 and k = [(] + 1, where [(] is the integer part of
¢, then the Caputo fractional derivative (CFD) of ¥(t) at (th order can be given as:

1 " dMy(x) dz
(CPayp(t) = g,gklzb(%/a R s v S ¢ N

T (=k—-1eNU{0}.

The main difference between RLFD and CFD is, the fractional derivative of a constant function is
non-zero in RLFD. On the other hand, Caputo fractional derivative of a constant function is zero.
Hence, the nature of the Caputo derivative is, it coincides with the classical derivative. So, our

experiments use the CFD with the value ¢ € (0, 1].

Theorem 2.4 ([24, Proposition 26]). Let (t) = (t —a)*, ( >0, k = [¢(] + 1, and X € R. Then
the RLFD of 1(t) of ¢*" order is:

_ T(A+1) _
DS, (t—a) = m(t —a)*c.

The next theorem discusses the relation between RLFD and CFD of a function.

Theorem 2.5 ([24, Proposition 31]). Suppose ¥(t) be a function whose CFD and RLFD exist of
order ¢ ¢ N such that ¢ > 0, k =1+ [(]. Then the following equality hold

k+1 )
DEU() _ ¢ N W) i
C =D, (t) ;}F(j—i—l—g)(t a)’=%, t>a.

With preceding results, we can say CPa(t — a)* = DS(t—a)k, k=1,2

g Ly e

Proof. A function (t) with a residual term near point ‘a’ has the following Taylor series:

a—1

Y(t) = JZZ:O F(jtiil)lﬂ(j)(a) +Ra—1,
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where

1 t
_ (@) _ p\a— _ o, (a)
R 1= o) /0 P O)(t —0)*1do = I (¢).

Then, applying the linearity property of RLFD, we have

a—1 a—1 ,Dg+tj

DS () = (Z mwm( a) + Ra- 1) =

Q
_

I'(j+ 1)
L(j—¢+1) (J+1)

Y (a) + Dg 1°9((1)
=0
-1

Q k}

Y9 (@) + =S (¢) Z

7=0

ti—¢
—IG—-¢+1)

C+ 5 ——  _yW(a)+ PO O
T(j—

'\v

The following theorem represents the fractional-order Taylor series, the extended version of the

classical Taylor’s theorem.

Theorem 2.6 ([23|). Let us assume that mth order Caputo derivative cPIr) ¢ C([a, b)), for
m=1,2...,k+1, where 0 < { < 1. Then, the generalized Taylor’s formula is given as below:

k .
p(t) = 3 P (E=a)’® oty _(E=a) "D
= I'(iC+1) T((k+1)¢+1)

fora <n <t Vte (a,b], where cP:* = CPa...CPs (k-times). Thus, we can conclude that the

Taylor series of ¥(t) around t*, by using Caputo fractional derivative is given as follows:

*

CDtC* p(t")

Y(t) = TC+1)

[(t 1) + Ba(t — £9)% + Ba(t — £°)%] + O((t — 1)),

where
T (¢+1) CPevi)
TT D (GC+1) oDt

, forj>2.

3 Convergence analysis of CFDCAWM

In this paper section, we have generalized the double convex acceleration of Whittaker’s method
(DCAWM) to CFDCAWM using the Caputo fractional derivative. The following theorem shows
the convergence of the proposed method CFDCAWM with its order of convergence. Based on the
definition of the Caputo derivative, CFDCAWM can be derived as in the following theorem:

Theorem 3.1. Suppose ¢p: D C R — R be a continuous function, and for any ¢ € (0,1] in the

domain D, it has m-order fractional derivatives, m € N. If t* is a solution of the equation ¥ (t) =0
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and CP+¥®) s non-zero continuous function at t*, then the method

4+ 4TCEV ) Y(tn) >5

9
tpir =1, — (T 1) | 2 —27CEitn
+1 < (C + ) < T + 9 _ CLEDt" (47- _ 2TcLitn) 4CDgw(tn)

having at least (1 + 2¢) order of convergence only if T = %}:)&H) The desired error

equation is mentioned as below:

TT(2¢ + )<2_ 3r(¢+1) BT - %)F(2C+1)>B )
T3(C+1) T2(C+1) T2(C+1) ?

1 TT(3¢C+1) I'(3¢+1) Lo .
T (1 TTC+) T DI+ 1))33} en ¢ +O(en™).

N =

€Ent+1 =

Proof. With the help of Theorems 2.4 and 2.6, the fractional Taylor’s series expansion of the

nonlinear function ¢ (t,) using CFD around t* is

CDw(t")
¢ + Bae2* + B3elt] + O(ef). (3.1)

Y(tn) = TCx1) [e5,

Also, the first and second Caputo derivatives can be given as:

9 *

DS p(tn) _ CPev i) { rec+1), o I'(c+1) 2(] 3¢ 9
C D) F(C+1)+7F(§+1)BQ€"+F(2C+1)BSG” + O(e’), (3.2)

and o)

pifun) L O | OCED ]+ ot

C T+ D) I'2¢+1)Bs + TC+1) Bsey | + O(er’). (3.3)

Squaring the equation (3.2), we have

3 D= () 2
(CPe=v(tn))2 = ((C+1)> [r2(< +1) 4 2T'(2¢ + 1) Baes, (3.4)
[?(2¢+1) o 2IC+ D3¢+ 1) 2¢ , 2I(2¢+ 1I'(3¢ + 1) 3¢ ac

<F2(<+1) By™ + T + 1) Bs)en + T(C+ DT(2C + 1) BzB?,en]-‘rO(en ).

Also from the equations (3.1) and (3.2), we get

Y(tn) 1 ¢ T2CHD) -T2 +1) , o
cDe-v(tn)  T(C+1) {6" * (¢ +1) Pacn

I?(2¢+1) TR+ L2, (TC+DLRC+1) —TEC+1) < L
[ R e e T ] Ll R )

Combining (3.1) and (3.3), we obtain

CD5 ()

3¢ +1)
re¢+1)

Dw(tn) _
pin)e ( (S

) [r(zc +1)Baen® + <B22F(2< +1)+ Bg)@ff} +0O(e).
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¢
Using (3.4) in the above equation, the Taylor expansion of cLi¥) around t* can be given as:

(3¢ +1)
re¢+1)

¢, T(2¢+1) 1
CL«/zt" =_> ‘JRB fl - -
SRR ()

[B%F@c +1)+ s — I?(2¢ + 1>B§] e +0(en).

1
SIS

Squaring the above term, we get

2 2
(CLit”) ) B2e2¢ + 0(e3¢).

(Y
Thus
e, V(ta) 1 2¢ 2 TP D) Lo
ST T rarm Y [F(zg +1)Bye2 + {2<r(2g +1) = T2(2¢ + 1) 2F2(C+1))BQ
I'(3¢+1) ¢ i
Now

e )\2 W(ta) T220+1) o5 3¢ 4c
(C ! ) CDL(t)  T5(C+1) Bz +0(en)-

By using geometric series expansion, we obtain

LSty 2\17"
4 + 4TC ¥ _ (2 + QTcLi’tn) 1—-(2— TcLitn _ T CLit"
2 — CLutn (4T — 2TCHutn)

=@+ 2TCH ) I+ E+ B2 4],

2
where, E = [2 —TCkit T (cLitn) } .

Finally, we reach to the destination as the error equation is:

enpl = % [ —T(2¢+1) (1 - m>322

TT(2¢ +1) ( 30 +1) (BT — T+ 1))322

I3(¢+1) r2(¢+1)  I2(¢+1)
1 TT(3¢ +1) T3¢ +1) s )
* e (e e e ) B+ o

This ends the proof. O

3.1 Efficiency index

When studying iterative processes, it is important to consider both the speed of convergence
(order of convergence) and the computational cost (number of functions and derivative evaluations)
required to compute t,,41 from t,. The efficiency index of the iterative method explained by Traub

[15] is £&* = 2% where z plays the role of order of convergence of the method and k denotes total
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functional cost evaluations per each iteration. It can be seen from Figure 1 that both the fractional
iterative method’s efficiency index increases with increasing the order of derivative (. Moreover,
the maximum value £* found in CFNM and CFDCAWM are 1.414 and 1.442, respectively. So, as
illustrated in the figure, the efficiency index curve of CFDCAWM always lies above the CFNM.
Hence, the (1 +2¢)*" order method CFDCAWM provides better performance and is more efficient
than the (14 ¢)** order method CFNM.

In the next section, we have taken some nonlinear equations for the convergence test of the proposed
method and provided more information about the stability and faster convergence of CFDCAWM

with some good numerical results and convergence plane.

14
x
3 13
£
>
2}
S 12 CFNM
& — CFDCAWM
w

1.1

1.0

0.0 0.2 0.4 0.6 0.8 1.0

¢
Figure 1: Efficiency indices of CFNM and CFDCAWM.

4 CFDCAWM with their numerical results and convergence

plane.

To obtain the numerical results of iterative methods, we use Matlab R2018a with the arithmetic of
the double-precision procedure to solve different kinds of nonlinear equations. The stopping criteria
of the fractional iterative methods are frequently terminated when either |t, 11 — t,| < 1076 or
[9(t,)] < 1076, with a maximum of 300 iterations. Using the program made by Paul Godfrey based
on [20], we calculate the Gamma function, whose accuracy along the real axis is 15 significant digits
and in the complex plane is 13 significant digits. Moreover, the graphical part of this paper, that
is, a convergence plane of iterative methods, has been made by using modified algorithms based on
[21] in Mathematica 11.1 and a laptop Lenovo Ideapad flex 5, 1.19 GHz Intel(R) Core™ i5-1035G1
CPU. Each convergence plane consists of a mesh of 400x400 real and complex points. Different
colors (red, blue, green, yellow...) on convergence planes mean different roots, whereas black

indicates the divergence of the method.
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Example 4.1 ([13]). A state equation links the gas constant to a gas’s pressure, volume, and

temperature. In the Beattie-Bridgman equation, experimental constants are employed to allow for
the decrease in the effective number of molecules caused by various types of molecular aggregation.

In the first test function, we used the Beattie-Bridgman equation, which is as follows:

T 5
c:RerﬁJrlJr—fP:O

|4 vz ovs  v4 (41)

P is atmospheric pressure, R is gas constant, T s absolute temperature in K, and volume V in
L/mol. For T = 273.15K, = —1.16584, v = 0.0542254, and 6 = —0.0001251. After inserting
above values in (4.1), the equation convert to following quartic degree polynomial equation for a

pressure of 100 atm:

Y1 (t) = t* —0.22411958 3 4 0.011658361 ¢ — 5.422539 x 10~* ¢ — 1.251 x 10~°

with the roots t; = —0.0022, to = 0.1755, t3 = 0.0254 4 0.05107, and t4 = 0.0254 — 0.05101.

Table 1: Results of CFNM for v, (t) with initial guess t; = 1.5

¢ t* [trt1 — tnl [ (tns1)] Tterations
0.1 | 0.178610412640083 | 2.451188583441066e-06 | 1.450813559042032¢-05 300
0.2 | 0.177091772811241 | 1.824477708772809e-06 | 7.157942621320157e-06 300
0.3 | 0.176208764373106 | 1.144633855865163e-06 | 3.056113886250757e-06 300
0.4 | 0.175822192040086 | 9.973031851462366e-07 | 1.299498966609209e-06 218
0.5 | 0.175754695139549 | 3.307545208941498e-06 | 9.952113269586370e-07 82
0.6 | 0.175744973843258 | 1.206591802094259e-05 | 9.514452435446740e-07 38
0.7 | 0.175750319786336 | 3.910969726900193e-05 | 9.755112797258072e-07 23
0.8 | 0.175722751968572 | 9.416356483973876e-05 | 8.514564575890538e-07 17
0.9 | 0.175637670869286 | 1.558852358621021e-04 | 4.693474071063554e-07 14

1 | 0.175715573286650 0.003163967768901 8.191721350991289e-07 11

Table 2: Results of CFDCAWM for v (t) with initial guess to = 1.5

¢ t* [tnt1 — tnl [ (tn+1)] Tterations
0.1 | 0.178561953323709 | 2.368122878099177e-06 | 1.426773613993988e-05 300
0.2 | 0.177049664573626 | 1.719411282186112e-06 | 6.959494002208448e-06 300
0.3 | 0.176189681978262 | 1.074871852274617e-06 | 2.968845997087551e-06 300
0.4 | 0.175820273163475 | 9.926277080019030e-07 | 1.290838413491345e-06 210
0.5 | 0.175752994062801 | 3.283711977664083e-06 | 9.875518627812638e-07 76
0.6 | 0.175749495618264 | 1.261041176645050e-05 | 9.718007971009330e-07 32
0.7 | 0.175740309046350 | 3.669505604023127e-05 | 9.304492295014291e-07 18
0.8 | 0.175714407451239 | 8.935095908427226e-05 | 8.139298489053516e-07 12
0.9 | 0.175645204608465 | 1.737789640035292e-04 | 5.031363206827803e-07 09

1 | 0.175532814939696 | 2.402266629901728e-04 | 6.317771224496375e-12 07
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As we can see from Tables 1 and 2, for a real initial guess, the CFDCAWM performs faster with
a lower error rate than the CFNM. The minimum number of iterations that reach the root is
when € is close to 1. Furthermore, we have presented the convergence plane with its percentage of
convergence for global convergence analysis. The convergence plane is painted with different colors,
like t1 (red), ta (green), ts (blue), and ty (yellow), where the black color represents the divergence.

Using the CFNM and CFDCAWM methods, we obtain the percentages of convergence as 86.62%
and 86.89%, respectively.

0.775 ¢ 0.775

N 0.55 N 0.55

0.325 0.325

0.1¢]
-1 1
4

; ; 0.1t ;
s 2 -1 _1
4 4

[N

1
2
t0

(a) CENM, 86.62% convergence

-
o

(b) CFDCAWM, 86.89% convergence

Figure 2: Convergence planes of ) (t) for real initial guess to = a, a € R.

Example 4.2 ([9]). Thermodynamics is an important tool for mechanical engineers and other types

of engineers. The zero-pressure specific heat of dry air, €, kJ/(kg K), is related to temperature
(K) by the following polynomial:

o (t) = 1.9520 x 107 14¢% — 9.5838 x 1071143 + 9.7215 x 1078¢% 4+ 1.671 x 10~ % + 0.99403

having the roots

t1 = —1001.9347479801513 — 1506.1391327465992¢,
to = —1001.9347479801513 + 1506.1391327465992¢,
t3 = 3456.80155125884 — 1900.6392904677366¢,
t4 = 3456.80155125884 + 1900.63929046773664.
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Table 3: Results of CFNMM for 12 (t) with initial guess to = 1200

¢ t* [trt1 — tn] [ (tn+1)] Iterations
0.90 -1.0019351270e+03- 1.506139649e+-03i 1.68009e-04 | 9.46029e-07 127
0.91 | -1.001934949337910e+-03-+1.506139772e+4-031 | 2.22485¢-04 9.89906e-07 105
0.92 -1.001934982e-+03+1.506139634e+031 2.27315e-04 | 8.17029e-07 101
0.93 -1.001934996e-+03+1.506139613e-+-031 2.85064e-04 | 7.98920e-07 95
0.94 -1.001935115e+03+1.506139440e-+-03i 3.25671e-04 | 7.07102e-07 52
0.95 -1.001934691e+03-1.5061397413e+-03i 5.72666e-04 | 9.02668e-07 83
0.96 -1.00193460826e+03+-1.506139435e+-031 4.09812e-04 4.92409e-07 48
0.97 -1.001934870e+03+1.506139378e+031 4.965333e-04 | 4.05183e-07 46
0.98 -1.001934981e-+03+1.506139396e-+031 0.0011022 5.20419e-07 85
0.99 -1.001935145e+03+1.506139393e+031 0.0035052 7.023826e-07 86
1 -2.278375918070995e+03 1.15764e+-03 2.7774308 300
Table 4: Results of CFDCAWM for v5(t) with initial guess to = 1200
¢ t* [trt1 — tn] [(tn+1)] TIterations
0.90 | 3.456801942e+-03+1.90063953e+031 1.165819e-04 | 8.63779e-07 o7
0.91 | -1.001934857e+03-1.506139637e+03i 1.65497e-04 | 7.629208e-07 o8
0.92 | -1.001934909e-+03-1.506139589¢e+03i 1.95917e-04 | 7.161345e-07 37
0.93 | -1.001934830e+03-+1.506139574e+-03i | 2.31665e-04 6.64036e-07 32
0.94 | 3.456801839e-+03+1.900639491e+031 | 2.320012e-04 | 6.55686e-07 28
0.95 | 3.456801872e+03-1.900639586e+03i 3.96711e-04 | 8.14106e-07 36
0.96 | 3.456801709e+03+1.900639507e+-031 | 3.25045e-04 | 5.00443e-07 26
0.97 | -1.001934720e+03-1.506139406e+031 | 4.95736e-04 | 4.05118e-07 30
0.98 | 3.456801786e+03+1.9006393777e+03i | 7.626349e-04 4.6759e-07 43
0.99 | -1.00193501e+03-1.506139695e+-031 0.00469 9.17793e-07 54
1 1.601282223e+05 1.57591e+4-05 | 1.24427e+07 300

The CEDCAWM converges quicker than the CENM, as seen in the Tables 3 and 4. In Figure 3,
the convergence plane of the CFDCAWM (78.08% ) provide better stability than CFNM (77.61%).

1.
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(a) CENM, 77.61% convergence
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(b) CFDCAWM, 78.08% convergence

Figure 3: Convergence planes of 15(t) for real initial guess ¢y = a, a € R.
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Example 4.3 (|27]). Blood is represented as a “Casson fluid”, a non-Newtonian fluid. A basic
fluid, such as water or blood, will flow through a tube so that the fluid’s central core travels as a
plug with little distortion and a velocity gradient towards the tube’s wall, according to the Casson

fluid model. The following non-linear polynomial equation has been used to explain the plug flow

of Casson fluids, where the change in flow rate is measured by

where reduction in flow rate is measure by R. Take R = 0.40 in the above equation we have the

16 - 4
R=1-2"Vi+-
TVity

third test function

which contains the following roots t; = 3.82239, to = 0.104699, t3 = —2.27869 — 1.98748:, t4 =
—2.27869+1.98748i, t5 = —1.23877—3.40852¢, tg = —1.2387743.40852¢, t7 = 1.55392—0.9404153,

P3(t)

_ itg _ §t5

T 441 63

and tg = 1.55392 + 0.94041z.

1 4
t— ——t
21

16
—0.05714285714t* + §t2 — 3.624489796t + 0.36

Table 5: Results of CFNM for v5(t) with initial guess to = —0.5 — 0.5¢

¢ t* [trs1 — tn] [¥(tne1)] | Iterations
0.1 | 0.138106293-0.000115792i | 1.18425e-04 0.37383 300
0.2 | 0.138216126-0.000225384i | 4.12661e-05 0.10668 300
0.3 | 0.115361954-0.0000278661 | 1.80432e-05 0.034481 300
0.4 | 0.107711638-0.000006849i | 7.15017e-06 0.00978 300
0.5 | 0.105318676-0.0000012081 | 2.10397e-06 0.00201 300
0.6 | 0.104830090-0.0000002771 | 9.962501e-07 | 4.27483e-04 197
0.7 | 0.104737418-0.000001542i | 9.83237e-07 | 1.26519e-04 89
0.8 | 0.104708969-0.0000010381 | 9.24479e-07 | 3.37291e-05 41
0.9 | 0.104700546-0.000000350i | 7.36274e-07 | 6.26827e-06 18

1 0.104698651+-0.01 5.92960e-06 | 6.23236e-11 05

Table 6: Results of CFDCAWM for v5(¢) with initial guess to = —0.5 — 0.5¢

¢ t* [ttt — Ll [ (tns1)] Iterations
0.1 0.225782730-0.00098835551 1.14521e-04 0.36795 300
0.2 | 0.137305522-0.00009245851 | 3.93043e-05 0.10417 300
0.3 | 0.115118894-0.0000195106i | 1.722201e-05 | 1.72220e-05 300
0.4 | 0.1076588596-0.00000389591 | 6.90493e-06 0.00961 300
0.5 | 0.1053110124-0.0000004292i 2.05602e-06 0.00199 300
0.6 | 0.1048302280+0.0000000401i | 9.98358e-07 | 4.279307e-04 195
0.7 | 0.1047374670-+0.00000032441 | 9.80324e-07 | 1.26251e-04 88
0.8 | 0.1047092613+-0.0000011816i | 9.59435e-07 | 3.47222e-05 40
0.9 | 0.1047006008-0.00000015241 | 7.48819e-07 | 6.35958e-06 18

1 0.104698651+0.00000i 0.00103 4.40814e-11 04

The CFDCAWM converges better than the CENM with complex starting estimate to = —0.5 — 0.53
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and provides less error, as illustrated in Tables 6 and 5.

0.775-

N 0.55F

0.325-

(a) CFNM, 57.45% convergence (b) CFDCAWM, 57.71% convergence

Figure 4: Convergence planes of 13(t) for complex initial guess to = a + ai, a € R.

In the Figure 4 convergence planes of 3(t) are illustrated where the horizontal axis of the graph
contains all the complex initial guesses of the form to = a+ ai. The CFDCAWM contains 57.71%
and CFNM contains 57.45% region of convergence. To find all most all root in CFNM, the best
initial guess to € (—2,—3%) but in case of CFDCAWM the best initial guesses lies in to € (—2,—3)
and ty € (0, 2).

Example 4.4 ([4]). The increasing pH reduction of FEarth’s seas due to their absorption of an-
thropogenic carbon dioxide from the atmosphere is known as “ocean acidification”. If alkalinity
and temperature remain constant, a 0.1-unit decrease in ocean pH results in a 30% increase in
hydrogen ion concentration. The concentration of hydrogen ions increases as a result of a series
of chemical reactions that take place when COq is absorbed by saltwater. So, the acidity increases
in the seawater and causes carbonate ions to be relatively less abundant. Carbonate ions are vital

components of many different kinds of organisms, including the skeletons of coral and seashells.

Lack of carbonate ions can make developing and maintaining shells and other calcium carbonate
structures of organisms difficult for calcifying species such as oysters, clams, sea urchins, shallow

water corals, deep sea corals, and calcareous plankton.

As COq dissolves in saltwater, the concentration of hydrogen ions [H™| rises, which lowers the pH

of the ocean as follows:

COQ(aq) + HO = H,CO3 = HCO; +HT. (42)
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(a) Healthy shell (normal pH) (b) Damaged shell (lower pH)

Figure 5: Healthy and damaged pteropod image taken from NOAA website [17].

Bicarbonate ions in turn dissociate into carbonate ions CO3,
HCO; = H" +CO;. (4.3)

The chemical processes results in hydrogen ions, which add to the acidification. Also, HoO separates

to form hydrogen ions is given as below
H,O=H"+O0OH . (4.4)
Furthermore, the seawater’s boron hydrozide dissociates to release hydrogen ions as
B(OH)3 + H,O = H" + B(OH)j} . (4.5)

The partial pressure Py of the gas phase COs is measured in ppm by the National Oceanic and
Atmospheric Administration (NOAA) at the Mauna Loa Observatory in Hawaii [28], and according
to Bacastow and Keeling [5], the equilibrium constants are measured in mol/ltr and the relationship

between liquid and gaseous COs is

[COs]

S:
0 P,

= 3.347e — 05, (4.6)

being the [COs] represent as the sum of the dissolved COy. From the reaction (4.2),

[H][HCO;]
= —-— . = . 4 —_— . 4.
Sy [COy] 9.747e — 07 (4.7)
From the reaction (4.3)
1002~
= HICOTT g sy 10, (4.8)

[HCO3]
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From the reaction (4.4)

_ HT
Su =ty = 046¢ ~ 15. (4.9)
From the reaction (4.5)
EBORY] |
Sp = Blomy, = 88le—09. (4.10)

Now the alkanity is

A= E (conservative cations) — E (conservative anions)

= [HCO3 ] +2[CO27] + [B(OH) ]+ [OH"] — [H*]. (4.11)

We can suppose that the values of A are independent with time as given in the article [4]. The

concentrated COq is evaluated from (4.6) as
[COs] = SyP. (4.12)

With the help of equations (4.7) and (4.12), we get

[HCOz] = Slffﬂ = S[ngft. (4.13)

In the same way, we can find

S[HCO3]  S51595P;

Tl = = 4.14
[003 ] [H+] [H+]2 ( )
Now to find [B(OH) ] with the help of equations (4.8) and (4.13),
and B = [B(OH)3]+ [B(OH); ] in (4.10)
_ BSp
BOH),|= ————. 4.15
Next, substitute the equations (4.9) and (4.12)-(4.15), we get the alkanity A as below:
S0S1Pr | 2505152P; BSp Sw
_ — [HT].
AT T s
It reduces to the result of the following fourth-degree polynomial equation.
4
p([H]) =Y A[HTT, (4.16)

k=0



where

The value of A = 2.050 [5, p. 334], B = 0.409 [26, p. 131] and P; = 420.19 measured by NOAA
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Ay = 2505152P,SB,
Ay = 5051P: + BSg + S, — ASp,

on February 2023.

The dynamic study of (4.16) needs the variable change as t =

Hence, we need to find the solutions of new quartic order polynomial

[(H+]”

Ay = 505158P: + 2505152P: + Sw S,
A3 =—-A- SB7

Ay =—1.

t € Z, and pH = logyt.

4
Ga(t) = Ap_gt® = 4.3839 x 10720¢* + 4.9091 x 107 '7¢% 4+ 1.0621 x 105> — 2.05¢ — 1,

k=0

which contain the roots

t; = 1.1970408047866759 x 108,
to = —0.4878048768159488,

t3 = —6.197530413868866 x 10° + 8.095038662704764i x 107,

ty = —6.197530413868866 x 10° — 8.095038662704764i x 107,

Table 7: Results of CFNM for 1,4(¢) with initial guess ty = —5 x 10%

¢ t [trne1 — tn] [ (tns1)] Iterations
0.90 -6.1975304138e-+08+-8.0950386627e+07i 9.53674e-07 7.87102e-05 208
0.91 -6.1975304138e+08+8.0950386627e+-071 9.68575e-07 5.94664e-05 163
0.92 | -6.1975304138e-+08+8.095038662706130e+07i | 9.83476e-07 | 4.13854e-05 128
0.93 -6.197530413e+-08+-8.095038662e-+071 8.79168e-07 2.93874e-05 101
0.94 -6.197530413e+08+-8.0950386627e+07i 8.67856e-07 1.72211e-05 80
0.95 -6.1975304138e+08+8.0950386627e+071 8.39241e-07 1.13882e-05 64
0.96 -6.1975304138e+08+8.0950386627e+-071 4.80548e-07 | 6.864633e-06 51
0.97 -6.1975304138e+08+8.0950386627e+-071 6.85453e-07 5.50698e-06 41
0.98 | -6.197530413868866e-+08-8.0950386627e+071 | 6.44722e-07 2.32458e-06 31
0.99 -6.1975304138e-+08-8.0950386627e+071 3.653064e-07 | 1.45543e-06 23

1 -0.487804876815949 4.16475e-05 0.00 37

In Tables 7 and 8, the solutions of 4(t) are shown in different order of derivative and faster

convergence can be observed in CFDCAWM with minimum error.
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Table 8: Results of CFDCAWM for 94(t) with initial guess tg = —5 x 108

¢ t* [tn+1 — tn) [t (tn+1)] Tterations
0.90 | -6.1975304138e-+08+8.0950386627e-+07i 9.90675e-07 8.01199e-05 207
0.91 -6.1975304138e+08+-8.0950386627e+07i 9.61096e-07 5.84519e-05 163
0.92 | -6.1975304138e+08+8.0950386627e+07i 9.83476e-07 4.02239e-05 128
0.93 -6.19753e-+08+8.0950386627e-+07i 9.68575e-07 2.53841e-05 101
0.94 | -6.1975304138e+08+8.0950386627e+07i 9.90675e-07 2.10638e-05 80
0.95 -6.1975304138e+08-8.0950386627e+071 7.83976e-07 1.18761e-05 64
0.96 -6.1975304138e+08-8.0950386627e+071 8.34465e-07 6.69969e-06 48
0.97 -6.1975304138e+08-8.0950386627¢+071 1.435547e-06 | 1.249140e-05 36
0.98 | -6.197530413868e+08-8.0950386627¢+071 | 4.29815e-07 2.53319¢-06 28
0.99 | -6.1975304138e-+08-+8.0950386627e+07i 2.53319e-07 2.96409¢-06 24

1 -0.487804876815949 0.00231 0.00 07

Table 9: The data Py available from NOAA to calculate the pH of the ocean from 2012-2023 using

Whittaker method.

Year Py pH Year P pH
2012 | 394.06 | 8.1013 | 2018 | 408.72 | 8.0881
2013 | 396.74 | 8.0988 | 2019 | 411.66 | 8.0855
2014 | 398.81 | 8.0969 | 2020 | 414.24 | 8.0833
2015 | 401.01 | 8.0950 | 2021 | 416.45 | 8.0813
2016 | 404.41 | 8.0919 | 2022 | 418.56 | 8.0560
2017 | 406.76 | 8.0898 | 2023 | 420.19 | 8.0781

. . . ; —_— 8.105
420 - "

AN o« L8100
415 - o« e |
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Figure 6: Relation between P, and pH

The pH is calculated in the Table 9 for different values of Py given by NOAA from the year 2012-
2023 (February). The graph 6 says about the relation between pH and Py, and it can also be noticed
that the pH is inversely proportional to Py.
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(a) CFNM, 38.25% convergence (b) CFDCAWM, 40.24% convergence

Figure 7: Convergence planes of 14(t) for real initial guess ¢ty = a, a € R.

In Figure 7, the convergence planes of CFNM and CFDCAWM are illustrated. Also, the real root
t1=1.1970408047866759x 108 corresponds to the solution [HT]* = 8.3539 x 107 is painted in red
color. Moreover, we have found that the HT ion concentration in CFDCAWM (40.24% ) is more
compared to CFNM (38.25%).

Example 4.5 (Schrodinger wave equation for a hydrogen atom [25]). The location of the electron
relative to the core has a probability distribution in quantum mechanics, which is connected to the
solution of the Schridinger wave equation for a charged particle travelling in a Coulomb potential.
The classic Schrédinger equation for a single particle of mass m moving in a central potential is
as follows:

h? 0w

————K \Il EV,
2m Ot

where T is the distance of the electron from the core and E is the energy. And the equation has the

following representation in spherical coordinates:

R2 [ 1 0(r?%Y) 1 9(sin6%y) 1 92U] v

= — = FEV.
2m |(r2  Or r2sin 6 06 r2sin? 6 O¢? * r

The final equation can be divided into an angular equation and a radial equation by applying certain
conventional techniques. The angular equation can alternatively be divided into two equations, one
of which leads to the corresponding Legendre equation [6]

2
(1 —x%% - 2%% + (n(n—i— 1) —

) f(a) = 0.

1— 22
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And for m = 0, i.e. the case of azimuthally symmetric, the equation reduced to Legendre polyno-

mials. So, for our purpose we have taken the obtained form of Legendre equation in the following:
Y5 (t) = 46189t1° — 109395¢% + 90090¢° — 30030t + 3465t — 63

with the roots t; = —0.9739, t5 = 0.9739, t3 = —0.8651, t4 = 0.8651, t5 = —0.6794, t5 = 0.6794,

t7 = —0.4334, tg = 0.4334, t9g = —0.1489, and t10 = 0.1489.

Table 10: Results of CFNM for v5(¢) with initial guess tg = —1.6

¢ t* [tnt1 — tnl [¢(tn+1)] Iterations
0.50 -0.974022883623179 9.934223703655931e-07 0.720438 131
0.55 | -0.973979706177354+0.00i | 9.767897406476322e-07 0.45272 103
0.60 | -0.973952883699453+-0.00i | 9.894410853972246e-07 0.286638 80
0.65 | -0.973934954067361+0.00i | 9.675145213883240e-07 0.1757107 63
0.70 | -0.973924328185314-0.001 | 9.993784602091438e-07 0.1100054 49
0.75 | -0.973916963198489-0.00i | 9.656237642818866e-07 0.064479 39
0.80 | -0.973912597976135+0.00i | 9.649762192642797e-07 0.037502 31
0.85 | -0.973909751305419-0.00i | 9.191366918681609e-07 0.019911 25
0.90 | -0.973908232217628+-0.00i | 9.887810010766884e-07 0.0105259 20
0.95 | -0.973906845098482-0.001 | 4.377130401467255e-07 0.001955 17
1 -0.973906528517171 8.214154911811988e-10 | 1.045918e-11 13
Table 11: Results of CFDCAWM for v5(¢) with initial guess tg = —1.6

¢ t* [tnt1 — tnl [(tn+1)] Iterations
0.50 -0.974022525194601 9.919475889574870e-07 0.71821 125
0.55 | -0.973979997925276+-0.00i | 9.867753415493397e-07 0.45453 97
0.60 | -0.973952593340544-0.00i | 9.807070255885009e-07 0.284841 75
0.65 | -0.973934897599979+0.00i | 9.655019376220153e-07 0.175361 58
0.70 | -0.973923495437265-0.00i | 9.323057104104748e-07 0.104857 45
0.75 | -0.973917138639778+-0.00i | 9.883953832057202e-07 0.065563 34
0.80 | -0.973912010298633+-0.00i | 8.454325272078123e-07 0.033870 27
0.85 | -0.973909290555717+-0.00i | 7.594809537936342e-07 0.017065 21
0.90 | -0.973907816277493+0.00i | 7.096176641852026e-07 0.007956 16
0.95 | -0.973906956012490-0.00i | 6.159379745129812e-07 0.002641 12
1 -0.973906528517169 3.798566096668843e-06 | 2.346630e-02 07

In Tables 10 and 11, the CFDCAWM provides faster convergence when C is close to 1. Both the
CFENM and CEDCAWM converge to the root t1 for the initial guess to = —1.6, but it can be noticed
that the CFDCAWM beats the CFNM in the speed of convergence.
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Figure 8: Convergence planes of 15(t) for real initial guess ¢ty = a, a € R.

The convergence plane in Figure 8 gives the CFNM (73.6%) and CFDCAWM (74.26% ) percentage
of convergence. Moreover, one can find all the roots of 1¥5(t) by choosing an initial guess in the

neighbourhood of zero and changing the order of the derivative in both CFDCAWM and CFNM.

5 Conclusion

This research aimed to introduce a new convex acceleration of the fractional Whittaker technique,
namely CFDCAWM, in the sense of the Caputo fractional derivative. We have developed the speed
of convergence of CFDCAWM to at least (14-2¢), and we have studied the efficiency and stability of
the proposed method. Then, for both CENM and CFDCAWM, many real-world applications with
numerical results are discussed. The convergence planes are illustrated with their convergence
percentage for a more straightforward analysis. The results confirmed that CFDCAWM leads

CFNM in terms of efficiency and performance.

Author Contributions: Both authors have equally contributed to the design and implementation

of the research, to the analysis of the results and to the writing of the manuscript.
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