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ABSTRACT

The article explores a linear set-valued diLerkntial equation
featuring both conformable fractional and generalized con-
formable fractional derivatives. It presents conditions for the
existence of solutions and provides analytical expressions for
the shape of solution sections at di [erknt time points. Model
examples are employed to illustrate the results.

RESUMEN

Este articulo explora una ecuacion diferencial lineal con val-
ores en conjuntos que exhibe a la vez derivadas fraccionales
conformables y conformables generalizadas. Se presentan
condiciones para la existencia de soluciones y se proveen ex-
presiones analiticas para la forma de secciones solucion en
diferentes puntos de tiempo. Se emplean ejemplos modelo

para ilustrar los resultados.
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1 Introduction

Set-valued di'erential equations have recently been studied within the framework of an independent
theory - set-valued equations, but they are widely used for ordinary dilerential inclusions and fuzzy
dilerential equations and inclusions [7, 26, 29, 30, 36, 37,46, 48, 53].

In 1967, M. Hukuhara introduced integral and derivative concepts for set-valued mappings and
explored their relationship [20]. The proposed derivative and integral extend the conventional
single-valued function derivative and integral to the set-valued context. However, the Hukuhara
derivative has a notable limitation: if a mapping is Hukuhara dilerentiable, its cross-section di-
ameter behaves as a non-decreasing function. To overcome this drawback, alternative derivative
concepts were proposed: T. F. Bridgland introduced the Huygens derivative [6], while Yu. N.
Tyurin [54] and H. T. Banks, M. Q. Jacobs [5] proposed the! -derivative using RadstromOs em-
bedding theorem [52], and A. V. Plotnikov introduced the T-derivative [39,48]. Additionally, ".

E. Amrahov, A. Khastan, N. Gasilov, A. G. Fatullayev [3,28] and A. V. Plotnikov, N. V. Skripnik
[28,44,45] introduced generalized derivatives for set-valued mappings. Each of these derivatives has
its own set of advantages and disadvantages [8,12,32,33,46,48]. In 2003, A. N. Vityuk introduced
an analogue of the fractional Riemann-Liouville derivative [23, 31] for set-valued mappings and
established its properties [55,56]. Subsequently, in 2019, A. A. Martyniuk introduced an analogue
of the conformable fractional derivative [22] for set-valued mappings and proved its properties
[34,35]. The conformable fractional derivative for single-valued functions serves as a generalization
of the ordinary derivative and, unlike fractional derivatives, adheres to all classical properties of
the ordinary derivative [22]. Consequently, the Hukuhara conformable fractional derivative for
set-valued mappings, introduced by A. A. Martyniuk, serves as a generalization of the Hukuhara

derivative while preserving its properties [34, 35].

In 1969, F. S. de Blasi and F. lervolino explored di'erential equations involving the Hukuhara
derivative [12]. Subsequently, many authors investigated the properties of solutions to such equa-
tions [26,29, 30, 36,43,46,48], integral and integro-di'erential equations [41,42], higher-order equa-
tions [38], as well as dilerential inclusions [11, 24, 48]. Furthermore, dilerential equations with
the ! -derivative [8,37,49], T-derivative [39, 48], set-valued equations with a generalized derivative
[28,40,44,45,47], nonlinear equations with the fractional Riemann-Liouville derivative [55,56], and
conformable fractional derivative [34, 35,57] have been explored. At brst glance, such equations
resemble their corresponding ordinary analogues; however, when studying and solving them, it is
imperative to consider their set-valued nature. Consequently, traditional methods and approaches
employed in studying and solving of single-valued systems may not always be applicable to set-
valued systems, necessitating novel or alternative methods and approaches. It is also worth noting
that due to set-valued nature, new properties emerge that warrant investigation.
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This article delves into the Cauchy problem for a linear dilerential equation with the Hukuhara

conformable fractional derivative, yielding analytical solutions in certain cases. Subsequently, we
introduce a generalized conformable fractional derivative based on the generalized derivative for
set-valued mappings [28,44,45], that allows us to expand the class of dilerentiable mappings. We
then explore the Cauchy problem for a linear dilerential equation with the generalized conformable
fractional derivative. Such a Cauchy problem boasts inPnitely many solutions - two of which are
termed basic [28, 44, 45], and we provide analytical forms for these solutions in selected cases.
In conclusion, we demonstrate the feasibility of introducing conformable fractional derivatives
akin to known conformable fractional derivatives for single-valued functions [1, 2, 4,15,17D19, 21,
22], alongside presenting analytical solutions for the corresponding Cauchy problems with these
derivatives. The theoretical results are exemplibed through model examples.

2 Preliminaries

In this section we recall some results from the publications that are of interest for our paper.

Let R be the set of real numbers andR" be the n-dimensional Euclidean spacgn ! 2). Denote
by conv(R") the set of nonempty compact and convex subsets dR" with the Hausdor! metric

h(X,Y)=min{r! 0:X " Y+B,(0),Y" X + B, (0)},

where X, Y # conv(R"), B,(c) = {x # R" : $x %c$ & r} is the closed ball with radiusr > 0

centered at the point c # R" ($4&$denotes the Euclidean norm),0 = (0,...,0)" is the zero vector.

In addition to the usual set-theoretic operations, the following operations in the spaceconv(R")
are introduced: the sum of the sets, the product of the scalar on the set and the operation of the
product of the matrix on the set:

X+Y= | {x+ vy} "X = | {"x}, AX = | {Ax},
x!' X,y 'y x! X x! X
where X,Y # conv(R"), " # R, A#R" ",
Lemma 2.1 ([51]). The following properties hold:
1) (conv(R"),h) is a complete metric space,
2) h(X + Z,Y + Z) = h(X,Y),

3) h("X,"Y )= |"|h(X,Y) for all X,Y,Z # convy(R") and" # R.

However, conv(R") is not a linear space because it does not contain inverse elements for the
addition, and therefore the dilerence is not well debned,.e. if X # conv(R") and X = {x}, then
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X +(%1)X = {0}. As a consequence, alternative formulations for di'lerence have been suggested
[3,5,20,39,45,51]. One of these alternatives is the Hukuhara di'erence [20].

Debnition 2.2 ([20]). Let X,Y # conv(R"). A set Z # conv(R") such thatX =Y + Z is called
a Hukuhara dilerence (H-dilerence) of the sets X and Y and is denoted byX H-Y.

In this caseX H-X = {0} and (X + Y)HY = X forany X,Y # conv(R"), but obviously, X F-Y =
X +(9%1)Y. The properties of this dilerence are studied in detail in [37,46,48,51]:

Lemma 2.3 ([27]). If X + Y = B41(0), then X = B,(z1) andY = B, (z2), wherep+ " =1 and

Z1+2,=0.

Remark 2.4. If the set X is subtracted from the ballBg(a) in the sense of Hukuhara and the

dilerence Br(a)™-X exists, then the setX is the ball B, (b) and radius r does not exceedR.

Theorem 2.5 ([14,16]). For any real (n( n)-matrix A there exist two orthogonal(n( n)-matrices
U and V such thatUTAV =! , where! is the diagonal matrix. We can also choose matrice$)
and V such that the diagonal elements of the matrix satisfy the condition

! #lA4A #, >H#,4 = 444 #, =0,
wherer is the rank of the matrix A. That is, if A is a nondegenerate matrix, ther#; ' 4aa! #, > 0.

Therefore, this matrix A can be represented ag&\ = U! V. This decomposition is calledsingular
decomposition . Columnsuy,...,u, of matrix U are called theleft singular vectors , columns
Vi1,...,Vn of matrix V are called theright singular vectors , and the numbers#,,...,#, are
called the singular numbers  of the matrix A.

By [14], the setY = {Ax : x # B1(0),A # R"" "} is r-dimensional ellipsoid, its axis lengths
are equal to the corresponding singular numbers of the matrixA, wherer = rank(A). Also, if
rank (A) = n, then

B-,(0)" Y " B-,(0),

where B+ (0) is the inscribed ball in the setY (i.e. the largest ball B,(0) that can bt inside
the setY), B-,(0) is the circumscribed ball of the setY (i.e. the smallest ball B, (0), such that
Y ) B(0)).

It is also easy to see that ifA is an orthogonal matrix, then AB,(0) * B, (0) for all r > 0.

Let X :[0,T]+ conv(R") be a set-valued mapping.
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# #
DePnition 2.6 ([34]). Lett # (0, T) and$ # (0, 1]. If the Hukuhara dilerences X t + %t*# H-X t
andX t X t%%t*# exist for all su"ciently small % >0 and there existsZ # conv(R") such

that the following equality holds:

# H # H
éig;mo%l X t+ wt?# Hx t ='§gn0°751 X t HX twwt** =z (2.2)

then we say that the set-valued mappin¥ (§ has aHukuhara conformable fractional deriva-
tive of order ! at the pointt# (0,T) and D*X (t) = Z.

If D¥ X (t) exists for all t # (0,T) and tIEBmOD#X (t) exists, then we will assume thatD#X (0) =
lim D* X (t).
t$ 0

Debnition 2.7. If the Hukuhara conformable fractional derivative D¥ X (t) of order $ exists for

all t ! 0O, then we say that the set-valued mappinX (g is ! -dilerentiable  on R .

Next, we give some properties of the Hukuhara conformable fractional derivative of ordes.

Lemma 2.8 ([34]). If the set-valued mappingX (§ is $-dilerentiable on R., then the set-valued
mapping X (4 is continuous on R; .

Lemma 2.9 ([34]). If the set-valued mappingX (3 is $-dilerentiable on R, , then the function

diam (X (9) is a nondecreasing function onR., where diam(X) = }.“S‘%o) [c(X, &) + c(X, %&)|,
%l S,

S1(0)= {&#R" : $&$=1}, c(X,&) = max {X1&; + 444 xp&n}.
x!

Lemma 2.10 ([34]). If the set-valued mappingX (t) * X for all t! O, then
D*X (t) *{ 0},

and vice versa, ifD*X (t) *{ 0} forall t! 0and X (t% = X, then X (t) * X forall t! 0O, where

t» 0 is an arbitrary value.

Lemma 2.11 ([34]). If the set-valued mappingsX (§ and Y (§ are $-dilerentiable at t > 0, then
D#(aX (t) + bY(t)) = aD*X (t) + bD* Y (t),

wherea, b# R, .

Lemma 2.12 ([34]). If the set-valued mappingX (8 is $-dilerentiable at t > 0, then
D#X (t) = t¥*#Dy X (1),

where Dy X (t) is the Hukuhara derivative [20].
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Remark 2.13. From Lemma 2.12 we have that the necessary and su'cient condition for the

existence of a Hukuhara conformable fractional derivativeD* X (t) of order $ for the set-valued
mapping X (3 is the existence of the Hukuhara derivativeD X (t).

Remark 2.14. From Debnition 2.6 and Lemma 2.12, we have thaD X (t) coincides with the
Hukuhara derivative Dy X (t).

Debnition 2.15 ([34]). The fractional integral associated with the Hukuhara conformable fractional
derivative of order $ is debned by

$t
1#*X ()= t**1X(s)ds, t! 0,
0

where the integral on the right-hand side is understood in the sense of the Hukuhara integral [20].

Lemma 2.16 ([34]). If the set-valued mappingX (3 is continuous on R, then
D¥I*X ()= X (1), t> 0.
Lemma 2.17 ([34]). If the set-valued mappingX (3 is $-dilerentiable on R, , then

I*D*X (t) = X (1)2X(0), t> 0.

3 A linear set-valued dilerential equation with a Hukuhara

conformable fractional derivative.

Consider the following Cauchy problem for linear set-valued dilerential equation with a Hukuhara

conformable fractional derivative of order $
D*X (t)= AX (t), X (0)= B1(0), (3.1)

where X : R, + conv(R?) is a set-valued mapping,A # R?' 2 is a nondegenerate matrix.

Debnition 3.1. A set-valued mappingX : R: + conv(R?) is called a solution of Cauchy problem

(3.1) if it is continuous and satisbes di'erential equation (3.1) for all t! 0 and X (0) = B4(0).

Let % '

a b
A:& (’
c d

where a, b, ¢, d# R such that ad %bc=0.
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It is easy to obtain that the singular numbers of the matrix A have the form

) )
a2+ P+ 2+ d2+ " 2+ P+ 2+ %
#1: 2 y #2: 2 y

where' =(a’+ P + ¢+ d?)? % 4(ad % bg?2.

It is obvious that
'=(a?+ P+ 2+ dd)? %4(ad %bo? = (a2 %d?)? + (B %c?)? + 2(ab+ cd)? +2(ac+ bd)?,

ie. "1 0.

Accordingly, if d=aandc= %bord= %aandb= c,ie. if

% ' % '
a b a b
A=¢& ( or A=& (,
%b a b %a
then' =0 and#, = #, = #= a2+ 2. In other cases' =0.

Theorem 3.2. If matrix A satisbes the condition' = 0, then Cauchy problem(3.1) has the
following solution

X (t) = ¥ B4(0),
"aZt P

wheret! O, ( = 3

Proof. Let us prove that X (§ is a solution of Cauchy problem (3.1) by the direct substitution of
the set-valued mappingX (t) = et B1(0) into dilerential equation (3.1) and by checking that the
identity is satisbed: . +

D¥ & B.(0) * AeX B4(0).

Since( > 0, then e is an increasing function and as
&' B1(0) = By (0),

then accordingly diam (X (§) is an increasing function. Then, according to DePnition 2.6, it follows
that B1(0) is a centrally symmetric body and (%1)B1(0) = B;1(0), we have

" n # ut## +

lim %1 X t+ owt¥# HX
$$ 0.

*
$L|Bngj 0}51 e&(t+$t1! ' ) Bl(o)ie&t! Bl(O)
- *

1 I + 1
$L|Bn2) 0/61 e&(t+$t1’ ’ ) %e&t' B]_(O) - $(e &t’ B]_(O)
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and

. # H#H . ¥ ! 1y +
lim %1 X t X t%%t** = lim 9% e B, (0)H e *%" ) B (0)
$$ 0. . S0, ! !

1 + 1 ]
= lim % & %e (3" ) B (0)= %u$(e® B1(0)= $(e & B1(0).

That is, * +
D*X (t)= D* &% B1(0) = $(e & B1(0).

Since the singular numbers of the matrixA are equal(#, = #, = #), then the singular decompo-
sition of the matrix A has the form A = U! VT, where U,V are orthogonal matrices and! = #I,
| is the identity matrix. Since VTB,(0) = B,(0) and UB,(0) = B,(0) for all r > 0, then

A B1(0)= U! VTe B1(0) = U#IV e B,(0)
= #UIV T4 B(0) = #e%' UIVTB,(0) = #e% B(0).

&
As$( = $-2P =" @2+ 12 = #, then we have

* +
D*X ()= D* &% By(0) = $(e& B1(0) = #e4' B,(0) * #e* B;(0)= Ae* By(0)= AX (1),

i.e. X (9 is a solution of dilerential equation (3.1). The theorem is proved. O
% L}

3 1
Example 3.3. LetA= & _( . Then the singular numbers#; and #, of the matrix A are

1 % 3
#1 = #, = 2. Accordingly, Cauchy problem(3.1) has a solutionX (t) = g2 't B1(0). That is,

1) if $ =0.25, then at every moment of timet ! 0 the cross sectionX (t) is a circle of radius
&
e® ! (Figure 1);

2) if $ = 0.5, then at every moment of timet ! 0 the cross sectionX (t) is a circle of radius
&_
e* ' (Figure 2);

3) if %z 0.75, then at every moment of timet ! 0 the cross sectionX (t) is a circle of radius
es "t (Figure 3);

4) if $ =1, then at every moment of timet ! 0 the cross sectionX (t) is a circle of radius €*
(Figure 4).
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o L | 1 i ' “}t‘mltgl'
Figure 3: $ =0.75 X (t) = es %‘381(0). Figure 4: $ =1, X (t) = €*'B1(0).

—

Next, we consider the case when the matrixA satisbes the condition’'

Theorem 3.4. If matrix A is symmetric andd = %a, then Cauchy problem(3.1) has the following

solution
X (t)= Ue "' By(0), t! O
0 ' % !
% , , b __lp#d
where! = & ( #Hi2= ["12] = ’—a+d+ (@F 97+t L U=g (aFamp ¢ 2#d)brbz( .
0 #2 2 ) l1#a b

T a2 R (1 #d)2+ b2

Proof. Since the matrix A is symmetric and d = %a, it has the following form

% .
a b
A=¢& (G
b d

It is known that the eigenvalues™ ; , of the symmetric matrix A are real, so in our case'(= 0), they
will be dilerent and not equal to zero. Let us consider all possible cases related to the eigenvalues
of the matrix A, that is, three dilerent cases are possible:
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+

& __
1) the eigenvalues'; » = a“’% of matrix A are positive, whereD = (a%d)?+4?, i.e. matrix

A is a positive-debnite matrix. In this case, the singular decomposition coincides with the
spectral decomposition,i.e. #1, = "1, #, = ", and U" UT = U! UT, where

0 ' % '
/0" b Lo#d
no= &1 O( UZ_&, (i#a)?2 (!z#d)2+bz(
’ 0 "2 ! , 1,#a ; b !
(#a)y+D2 (1 #d)2+ 2

2) the eigenvalues"; , of matrix A are of dilerent signs and |" 1] > [">], i.e. matrix A is an
indeterminate matrix. In this case, the singular decomposition is the following: #; = |"1],
#y = |"2| and

U'wT =u|"|buT,

% '

1 0
whereWT = DUT, D = & I'1l (.

|
0
3) the eigenvalues";» of matrix A are negative and|" 1| > |"], i.e. matrix A is a negative-

debnite matrix. In this case, the singular decomposition is#; = |" 1], #2 = |" 2] and

ulrwh =u|"|IpuT,

% .
%1 O

whereWT = DUT . D = & (.
0 %l

That is, in general, the singular decomposition of the matrix A has the form A = U! WT, where
'= |"|,W=UD.

We will prove that X (3§ is a solution of Cauchy problem (3.1) by the direct substitution of the
set-valued mapping X (t) = Ué# 't'!
the identity is satisbed:

B1(0) into dilerential equation (3.1) and by checking that

* +
D# uUe 't By(0) * AUE* V! B(0). (3.2)

Since#,, > 0, then €' 1" and &' "2t are the increasing functions and as

e#! 1ult! > e#! 1--2t!

then accordingly diam (X (t)) = 2 e "1t isan increasing function. Then, according to Debnition
2.6, it follows that B1(0) is a centrally symmetric body and, accordingly, (%1)B1(0) = B;(0), we
have
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" " # "# * ! ty! ! ! +
Jm ot X t+oat* T X = lim okt Ue' (st ) B (o) Hue ! B4(0)

* ! | | +
= U lim 9%t & (st 1)1 gt 't BL(()
$$ 0,

% 1 ( 1 )’ I
Bl (st ) iy
€ % & 0
U Ilm %1& ’ 1w 1 y! 1 1w |( B]_(O)
$$ 0, 0 gt (st ) gp ! Mot
% '
“ e#! Loy 0 L
-y&t C o (By0)= Ul ¢ 't B(0)
0 #28#' ot

and similarly

" n " *

# ## ! ! ! [Ny +
Jm 8t X X tosoet T = U lim %' € T ogpet () L B ()

= Ul & ' B(0).

That is, . +

D*X(t)= D* & "'!By(0) = U!e* "'!By(0).

Since the singular matrix decomposition of the symmetric matrix A has the formA = U! DUT,
then
AUe® "' B (0)= Ul DUTUe* "' ! By(0)= Ul e* "'! B(0).

It is obvious that identity (3.2) holds and, accordingly, X (8 is a solution of Cauchy problem (3.1).

The theorem is proved. O
% L}

08 05 , . .

Example 3.5. LetA = &0 c 03( . Then the singular decomposition of the matrixA has the fol-
% ' " % "% '

i 0.8507 9%0.5257, , 1.1090 0 0.8507 05257 i

lowing form U! UT = & (& (& (. Accordingly,

0.5257 08507 0 0.0090 %0.5257 Q8507

Cauchy problem(3.1) has a solutionX (t) = Ue# 't'! B;(0). That is,

1) if $ = 0.25, then at every moment of timet ! 0 the cross sectionX (t) is an ellipse with
. & §- . S .
semi-axese*4361 "t and %9361 "t rotated at an angle) - 33, which is determined by the
matrix U (Figure 5);

2) if $ = 0.5, then at every moment of timet ! 0 the cross sectionX (t) is an ellipse with
& _ & _
semi-axese? 2368 t and 20298 ' rotated at an angle) - 33 (Figure 6);

3) if $ =0.75, then at every moment of timet ! 0 the cross sectionX (t) is an ellipse with

_ & . .
semi-axesel4787 "t gnd e20120 "t° rotated at an angle) - 33 (Figure 7);
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0 the cross sectionX (t) is an ellipse with

4) if $ = 1, then at every moment of timet !
semi-axese! 1990t and %099 rotated at an angle) - 33 (Figure 8).

47 i
3- i
. It
.
% o0
-
2
2
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Figure 7: $ = 0.75, X (t) = e3 "' B4(0). Figure 8: $ =1, X (t) = € B1(0).

4 A linear set-valued di'erential equation with a generalized

conformable fractional derivative.

Let X : [0, T]+ conv(R") be a set-valued mapping.

We say that a set-valued mapping (§ has ageneralized conformable frac-

DebPnition 4.1.
! Dgx (t) # conv(R") att # (0, T), if for all su"ciently small % >0

tional derivative of order
the Hukuhara dilerences and the limits exist in at least one of the following cases:

mo # "t U P Ht
i) S;;i$m00/81 X t+ %t? HX t =|g$)100/81 Xt HX t%wt* = DEX(1),

" " ## "o # #
i) s|;i$m00/*81 X () HEX t+ ot?# :'siséno%l X t9%%t** X (t) = DIX(1),
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# # # #
iii) i&mo%l X t+ %t * HX (1) :gg]o%l X t%%t** X (t) = DIX(1),

n n ## n " ##
iv) lim 981 X()H-X t+ 9%t *  =1lim %81 X()H-X t%%t** = DIX(1).
$$ 0 $$ 0
Debnition 4.2. If a generalized conformable fractional derivative of order$ Dgx (t) exists for

all t! 0, then we will say that the set-valued mappin& (3 is generalized ! -dilerentiable  on
R+ .

Remark 4.3. Obviously, if the set-valued mappingX (3 is $-dilerentiable at a point t > 0, then
the set-valued mappingX (3 is generalized$-di'erentiable at a point t> 0.

Lemma 4.4. If the set-valued mappingX (3 is generalized$-dilerentiable at a point t> 0, then
DX (t) = t¥#DgX (1),
where DgX (t) is the generalized derivative [25, 28, 45].

Proof. If the set-valued mapping X (g is generalized$-dilerentiable at a point t > 0, then at least
one of the conditions of Debnition 4.1 must be fulblled. We will assume that the brst condition is
fulblled, i.e.
o # " HH# "N H " H#t
slsi$m0°/§l X t+ wtf# HX t Ign %t X t HX t%%t’® = DiX(1).

=i
$$ 0

Let ) = %t*#. Then

- PR . ;
DEX (1) =lim % X t+ %t**THX 7= lim t9F)F1 X (t+)) HX t

. #t
= tl##‘“$m0)#1 X (t+)EX t =t¥7DgX(1).

Likewise,

# it # #
@O%l X t X tnwt? = [igwotl##)#l X t X (t%))

Dy X(t)

# #
1## |; #1 — 1##
t 'I|$m0) X t X (t%)) = t¥#DgX(t).

It is similarly proved if the second, third or fourth conditions are fulblled. The lemma is proved. O

Remark 4.5. It follows from Lemma 4.4 that a necessary and su"cient condition for the existence
of a generalized conformable fractional derivativeDg X (t) is the existence of a generalized derivative
DgX (1).

Also, it is easy to see that if$ = 1, then D3X (t) = DgX (t).
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Consider the following Cauchy problem for linear set-valued di'erential equation with a generalized

conformable fractional derivative of order $
DX ()= AX (t), X (0)= B1(0), 4.1)

where X : R, + conv(R?) is a set-valued mapping,A # R?" 2 is a nondegenerate matrix.

Debnition 4.6. A set-valued mappingX : R: + conv(R?) is called a solution of Cauchy problem
(4.1) if it is continuous and satisbes di'erential equation (4.1) for all t! 0 and X (0) = B4(0).

Remark 4.7. It follows from Remark 4.3 that if the set-valued mappingX (t) is a solution of
equation (3.1), then it is a solution of equation (4.1).

Remark 4.8. In [25,27,28] a Cauchy problem for linear set-valued dilerential equation with a
generalized derivative
DgX(t) = AX (t), X(0)= B1(0) (4.2)

was considered and the following results were obtained:

1) Cauchy problem(4.2) has an inPnite humber of solutions, some (one or two) of which are
called basic (their diameter are monotone functions), and others are mixed (their diameter
are non-monotone functions). We also note that the brst basic solutioiX 1(3 is the solution
of Cauchy problem (4.2), that satispes the condition thatdiam (X 1(t)) is a nondecreasing
function and is also the solution of the corresponding dilerential equation with the Hukuhara
derivative. The second basic solutionX ;(g is called the solution of Cauchy problem(4.2),
that satisbes the condition thatdiam (X ,(t)) is a decreasing function;

2) if the singular numbers of the matrix A are such that#; = #, = #, then Cauchy problem
(4.2) has two basic solutionsX 1(t) and X,(t), whose cross-sections at each moment of time
t are circles Bex (0) and By « (0), and if the singular numbers of the matrix A are such
that #1 = #,, then Cauchy problem(4.2) has only the Pbrst basic solutionX ;(t), whose cross-

section at each moment of timet is an ellipse with semiaxes equal te":' and e"2!.

Next, we obtain the results similar to Theorems 3.2 and 3.4.

Theorem 4.9. If the matrix A satisbes the condition' = 0, then Cauchy problem(4.1) has two
basic solutionsX1(§ and X (8 such that

X1(t) = e¥ By1(0) and X,(t)= e”& B4(0),

" a2+ b2

wheret! O, ( = $
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Proof. From Theorem 3.2, we have that the set-valued mappingX 1(t) is a solution of Cauchy

problem (3.1) and the function diam (X (t)) is non-decreasing. Then, taking into account Remark
4.3, X1(t) is the Prst basic solution of equation (4.1).

We will prove that X,(8 is a solution of Cauchy problem (4.1) by the direct substitution of the
set-valued mapping X ,(t) = e &t B1(0) into dilerential equation (4.1) and by checking that the
identity is satisbed: . +

D e*& By(0) * Ae’ B1(0).

Since(> 0, then e#&' s a decreasing function, and as
e#&'B1(0) = By« (0),

then, accordingly, the function diam (X () is a decreasing function. Then according to Debnition
4.1 ii) and that the ball B1(0) is a centrally symmetric body and (%1)B;(0) = B;(0), we have

*

# #Ht ! 1yt +
lim %1 X, t X, t+ 9%t * = lim 9% e*& By(0) H e#&(t+" ') B (0)
$$ 0. $$ 0.

* ! + 1 1
= lim B e*& 9e* (") B,(0)= use 4 B1(0) = $(e ¥4 B1(0)

$$ 0.
and
! " # " ¥ Lyt ! +
lim %1 X, t%%t # Hx,t = lim %1 e*&(#" ') g (0) H e#& B,(0)
$$ 0+ $$ 0+
* . +
= $!!$mo okl e#e&(wst! ') op #at B1(0) = $(e *&' B4(0).

That is, .

+
DIXo(t)= D* e*&' B1(0) = $(e " B1(0).

Since the matrix A satispes the condition' = 0, the singular decomposition of the matrix A
has the form A = U! VT, where U,V are orthogonal matrices,! = #l, # = a2+ b2. As
VTB,(0)= B,(0) and UB, (0) = B,(0) for all r > 0, then

Ae*& B (0)= Ul VTe*& B (0)= U#EVTe*& B,(0) = #UEVTe* & B(0)
= #e* & UEVTB(0) = #e* &' B(0).

Since$( = #, we have
DEX,(t) = #e® ' B1(0) * #e" & B1(0) = AXa(t),

i.e. X2(g is the second basic solution of Cauchy problem (4.1). Thus the theorem is proved. [J
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% )

P

3 1
Example 4.10. Let A = & , _( . Then the singular numbers#; and #, of the matrix A
1 % 3

are equal: #, = #, = #=2.

Accordingly, Cauchy problem(4.1) has solutionsX 1(t) = e2# 't B;(0) and X »(t) = e#2# 't B,(0).
Below are the solutions for case$ =1 (Fig. 9, 10) and $ = 0.5 (Fig. 11, 12).
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Figure 9: If $ =1, then X 4(t) = eZtBl(o) ;I‘gztlée ((]).;) If $ = 1, then Xy(t)
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Figure 11: If $ = 0.5, then Xy(t) = Figyre 12: If $ = 0.5, then Xj(t) =
e* 'B1(0). g4 t'B1(0).

Theorem 4.11. If matrix A is symmetric and d = %a, then Cauchy problem(4.1) has only the

prst basic solutionX 1(§ such that

Xq(t)= Ue* "' B(0), t! O

% ' % .
# 0 y — b !z#d
] + 2 y _ 7 T
wherel= & " T( #,=|"1] = w,, U=g (a0 0adn,
0 #2 1 l1#a b

T i#a)z+b? | (1 #d)2+ 02

Proof. According to Remark 4.7, the brst basic solution of Cauchy problem (4.1) is also a solution of
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equation (3.1). Then, according to Theorem 3.4, the set-valued mappingl(t) = Ue# 't B1(0)

is the Prst basic solution of Cauchy problem (4.1).

Now we will prove that the second basic solutionX ;(§ of Cauchy problem (4.1) does not exist.
We will prove it by contradiction. Let Cauchy problem (4.1) have the second basic solutionX (3.
Then X,(§ satisbes the following integral equation

$t
Xo(t)+ A s*#1X,(s)ds= B1(0).
0

&
Let us bx an arbitrary T > 0. Then X»(T)+ A  s*#1X,(s)ds = B1(0). From here,
0

N
B1(0)H-Xo(T)= A s*#1X,(s)ds.
0

From Lemma 2.3, asB4(0) is a ball and Hukuhara dilerence B1(0)2- X »(T) exists, then X »(T) is
aball, i.e. X2(T)* B(1)(0), where0& r(T) & 1. As T is arbitrary, then X,(t) * B, (0) for all
t! 0. Hence,

$r $r $r
s 1IXo(s)ds=  s"*1B,(g(0)ds=  s*¥'r(s)dsB1(0) = R(T)B1(0) = Bgr(r)(0),
0 0 0
&
whereR(T)=  s*#1r(s)ds.

0
That is, we have

Br(1)(0) + ABRr(t)(0) = B1(0). (4.3)

Since the matrix A has two dilerent singular numbers, then ABg(1)(0) is an ellipse. So, the set
Br(1)(0) + ABg(t)(0) is not a ball. That is, equality (4.3) is not fulPlled and we have obtained a
contradiction. The theorem is proved. O
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Conclusion

In conclusion, we present some remarks.

Remark 4.12. If in Debnition 2.6 we replace equality (2.1) by the equality

* % + " #+ L # * ++
lim o8 X te®  HX t =lim 9% X t X te*t =7 (4.9)
or
11 * * 11 + " #+ 11 * " # * 11 ++
lime® X t+é&% t¥* Hx t =lme* X toX twne® t¥* =7z  (45)
$$ 0 $$ 0

then we obtain a generalization of the conformable fractional derivative of orde$ of a single-valued
function [19] or [21] for set-valued mappings. Similarly, as it was done in [34], it is possible to prove
the validity of Lemmas 2.8D2.17, which makes it possible to introduce the corresponding generalized
conformable fractional derivative of order$, consider the corresponding di'erential equations, and
prove theorems similar to Theorems 3.2D4.11, and since in this cad®” X (t) = t¥#Dy X (1), then
the analytical formulas of the solutions will also be the same.

Remark 4.13. If in Debnition 2.6 we replace equality (2.1) by the equality

* * + " #‘i‘ * n # * ++

lim %81 X t+ %E#DVt Hx t =lim 9! X t X twwE Dt =7z (4.6)
$$ 0 $$ 0

then we obtain a generalization of the conformable fractional derivative of ordefs of a single-
valued function [18] for set-valued mappings. Similarly, as it was done in [34], it is possible to
prove the validity of Lemmas 2.802.17, which makes it possible to introduce the corresponding
generalized conformable fractional derivative of order$, consider the corresponding dilerential
equations, and prove theorems similar to Theorems 3.2D4.11. However, since in this ca3éX (t) =

e## DD, X (t), then the analytical formulas of solutions will have the following form:

Theorem 3.2: X (t) = erre” 'nBl(O);

Theorem 3.4: X (t) = Uem " "' B,(0):

! 1)t

Theorem 4.9: X q(t) = erre ) B1(0), Xo(t) = erire” B1(0);

D)ty

Theorem 4.11: Xq(t) = Uerre" B1(0).
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Remark 4.14. If in Debnition 2.6 we replace equality (2.1) by the equality
[ 2 2 / /
0 1ips " i " 0

#
lim %* X t+ %t+ HXx t =Iim %! X t =X t%%t+
$$ 0 #($) $$ 0

11442
#9) =Z, (4.7)

where#($) is gamma function, then we obtain a generalization of the conformable fractional deriva-
tive of order $ of a single-valued function [4] for set-valued mappings. Similarly, as it was done in
[34], it is possible to prove the validity of Lemmas 2.8D2.17, which makes it possible to introduce
the corresponding generalized conformable fractional derivative of orde$, consider the correspond-
ing di'erential equatjons, and+1%rgve theorems similar to Theorems 3.2D4.11. However, since in
this caseD#*X (t) = t+ ﬁ Dy X (t), then the analytical formulas of solutions will have the
following form:

Theorem 3.2: X (t)= e"(** ) B1(0);

1
!

Theorem 3.4: X (t) = Ue’ (" 77) ' B,(0):

Theorem 4.9: X(t) = e (" ) B1(0), Xo(t) = e F (" T7) B, (0):
Theorem 4.11:  X4(t) = Uet (" ) ! B (0).

Remark 4.15. If in Debnition 2.6 we replace equality (2.1) by the equality

éitsmo%l X t+ %I(t)l###H—X t = gnof%l X t#ix t%%l{t)l####: Z, (4.8)
where k(t) is a continuous positive function for all t ! 0, then we obtain a generalization of
the conformable fractional derivative of order$ of a single-valued function [2, 15] for set-valued
mappings. Similarly, as it was done in [34], it is possible to prove the validity of Lemmas 2.8
2.17, which makes it possible to introduce the corresponding generalized conformable fractional
derivative of order $, consider the corresponding dilerential equations, and prove theorems similar
to Theorems 3.2D4.11. However, since in this cas®® X (t) = k(t)¥* # Dy X (t), then the analytical

formulas of solutions will have the following form:

(ks tas
0

Theorem 3.2: X (t)= e B1(0);

It
T (k(s)' ' tds!
0

Theorem 3.4: X (t) = Ue B1(0)
" !‘(k(s))! ' lds #e !t(k(s))’ ' lds
Theorem 4.9: X(t)=e o B1(0), Xo(t)= e o B1(0);
!l(k(s))! ' lgs!

Theorem 4.11: X,(t) = Ueo B1(0).



210 T. A. Komleva, A. V. Plotnikov & N. V. Skripnik CUBO
| 2 (2024)

Remark 4.16. If in Debnition 2.6 we replace equality (2.1) by the equality

00 1 .y 0«4, O
) 1 NI0)
élssmoo/% X t+k(t)%k(t)e

k(t)
HX o o=lim okt Xt HX t+ k(t)%ek(t)e" ¥

\k‘ (11), = Z,
(4.9)
wherek(t) is a dilerentiable function for all t! 0 such thatk(t) > 0 and kt) =0 forall t! O,
then we obtain a generalization of the conformable fractional derivative of ordefs of a single-
valued function [1] for set-valued mappings. Similarly, as it was done in [34], it is possible to
prove the validity of Lemmas 2.8D2.17, which makes it possible to also introduce the corresponding
generalized conformable fractional derivative of order$, consider the corresponding dilerential
equations, and prove theorems similar to Theorems 3.2D4.11. However, since in this caB&X (t) =

i
%DH X (t), then the analytical formulas of solutions will have the following form:

Theorem 3.2: X (t)= e 'k #k@" ), (0):;

Theorem 3.4: X (t)= Ue# "(k® #k@") B (0);

Theorem 4.9: Xi(t)= e 'k #k@")B,(0), X,(t) = " (KO #k®)IB,(0);
Theorem 4.11:  X(t)= Ue™# "(k®' #k@") B (0).

Remark 4.17. We also note that if in Debnition 2.6 we replace equality(2.1) by the equality

# # #
sl;is;mo((“ % wt)*1 X t+PpHX t = ggwo(t# %(t%Y )L X t EX (t%% = Z, (4.10)

then we obtain a generalization of theChen-Hausdor! fractal derivative of order I of

a single-valued function [9, 10] for set-valued mappings. Similarly, as it was done in [34], it
is possible to prove the validity of Lemmas 2.802.17, which makes it possible to introduce the
corresponding generalized Chen-Hausdor! fractal derivative of ordei$, consider the corresponding
dilerential equations, and prove theorems similar to Theorems 3.2b4.11. However, since in this
caseD# X (t) = $#1t¥#Dy X (1), then the analytical formulas of solutions will have the following

form:

Theorem 3.2: X (t)= et B1(0);
Theorem 3.4: X (t) = Uet ! B1(0);
Theorem 4.9: Xy(t) = e B1(0), X»(t) = e#"' B1(0);

Theorem 4.11:  X(t) = Uet ! B1(0).
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be generated byn elements. For integersr > 2and k > 1, denote by
FD(r)* the k-th direct power of the free distributive lattice FD( r)
on r generators. We determine Gm(FD(r)*) for many pairs (r,k)
either exactly or with good accuracy by giving a lower estimate that
becomes an upper estimate if we increase it by 1. For example, for
(r.k) = (5,25000) and (r,k) = (20, 1.489410'%°), Gm(FD (r))
is 22 and 6000, respectively. To reach our goal, we give estimates
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RESUMEN

Para un reticulado Pnito L, se denota por Gm(L) el menor n tal
que L puede ser generado porn elementos. Para enterosr > 2

y k > 1, se denota por FD(r)* la k-Zsima potencia directa del
reticulado distributivo libre FD( r) en r generadores. Determi-
namos Gm(FD(r)*) para muchos pares (r,k) ya sea exactamente

0 con buena precisi—n, dando una estimaci—n inferior que se con-
vierte en una estimaci—n superior sumando 1. Por ejemplo, para
(k) =(5,25000)y (r,k) = (20, 1.489410'%), Gm(FD (r)*) es 22

y 6000, respectivamente. Para alcanzar nuestro objetivo, damos es-
timaciones para el noemero miximo de copias no-relacionadas dos a
dos de algunos posets espec’bcos (llamados posets de segmento com-
pleto) en el reticulado de subconjuntos de un conjunto de n elemen-
tos. Adicionalmente a resultados antlogos anteriores en teor'a de
reticulados, se menciona tambiZn entre las motivaciones una cone-
xi—n con criptolog’a.
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1 Introduction

This work belongs mainly to lattice theory but it also belongs to extremal combinatorics The paper

is more or less self-contained; those familiar with M.Sc. level mathematics and the concept of free
distributive lattices can read it easily. We are interested in the smallest positive integem = n(k,r)
such that the k-th direct power of the r-generated free distributive lattice is n-generated. In many
cases, our estimates give a good approximation or even the exact value of

The search for small generating sets has belonged to lattice theory for long; for example, in chrono-
logical order, see Gelfand and Ponomarev [9], Strietz [17], Ztdori [19, 20], Chajda and CzZdli [2],
Takfch [18], Kulin [13], CzZdli and Oluoch [7], and Ahmed and CzZdli [1]. See also the surveying
parts and the bibliographic sections in [1] and CzZdli [5] for further references. If a large lattice

L can be generated by few elements, then this lattice has many small generating sets. CzZdli [5]
and [3] have recently observed that these lattices can be used for cryptography; for a further note

on this topic, see Remark 5.3. This fact and the results on small generating sets of lattices in

the above-mentioned and some additional papers constitute théattice theoretic motivation of the

paper.

There is amotivation coming from extremal combinatorics too. The Prst result on the maximum
number Sp(U, n) of pairwise unrelated (in other words, incomparable) copies of a poset in the
powerset lattice of an n-element Pnite set was published by Sperner [16] ninety-six years ago.
While U is the singleton poset in SpernerOs theorem, tH&perner theorem (that is, the Sperner
type theorem) in Griggs, Stahl, and Trotter [11] determines S{U, n) for any bnite chain U. For
some other bnite posets, similar results were obtained by Katona and Nagy [12] and CzZdli [4]. In
general, the exact value of SpU, n) is rarely known. On the other hand, Katona and Nagy [12]
and, independently from them, Dove and Griggs [8] determined theasymptotic value of SgU, n).

Their celebrated result asserts that for any pnite posetU,
! " ! "
1 n 1 n
Sp(U,n) I — , thatis, lim — asp(U,n)*t=1. 1.1

p(U. 1) [U] "n/2# n" U] "n/2# p(U. 1) (1)
By the main result of [4], the lattice theoretic motivation and the combinatorial one are strongly
connected; see (2.4) later, which we are going to quote from [4]. Here we only mention that in
order to get closer to what the title of the paper promises, we need to determine SpJ, n) for some

rather special posetsU.

The asymptotic result (1.1) may suggest that for our special posetdJ, we can obtain SgU, n) or
at least some of its estimates simply by copying what Dove and Griggs [8] or Katona and Nagy [12]
did. However, we have three reasons not to follow this plan. First, while several constructions and
considerations can lead to the asymptotically same result, we cannot expect a similar experience
when dealing with small values ofn. Furthermore, concrete (hon-asymptotic) calculations and
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considerations are often harder and their asymptotic counterparts do not o'er too much help. For

example, while we know for any bxeda,b$ Z (the set of integers) that, with our vertical-space-

n

saving permanent notationfsp(n) := ¢ /'

| " | "
n+a n

| a A =24 0

o) 2+ b 2?4 "y 24 2% gp(n) asn% & 1.2)

and so we can simply work with 22f gp(n) in asymptotic considerations, we have to work with

n+a
$n/ 2% b

Griggs [8] and Katona and Nagy [12] use (1.2).) Second, even though a general construction could

in concrete calculations, which is more di"cult. (Note at this point that both Dove and

be specialized to our particular posetsU, we cannot expect to exploit the peculiarities of ourUQs
in this way. Third, an easy-to-read construction with a short and easy argument will hopefully be
interesting for the reader, partially because these details are necessary to explain and perform the
computations.

Hence, the construction we are going to give for lower estimates is dilerent from those in Dove
and Griggs [8] and Katona and Nagy [12]. At some places in the proofs, we are going to point out
the dilerence from [8]; the dilerence from [12] is clearer. Note that our construction gives better
lower estimates for our particular posetsU than any of the Dove-Griggs and the Katona-Nagy
construction would give, at least for small values ofn. (For n % & , that is, asymptotically, all
the three constructions yield the same lower estimate.) On the other hand, let us emphasize the
similarities. While many calculations in this paper are new, most of the ideas in our construction
occur in Dove and Griggs [8] and Katona and Nagy [12]; more details will be mentioned right after
the proof of Proposition 3.2.

Even though our result allows a big gap between the lower estimate and the upper estimate of
Sp(U, n), this result will su'ce to determine the least number n of elements that generate the
direct powers FD(3)% of FD(3) with quite a good accuracy, and we can give reasonable estimates

on n in case of FI(r).

FSgP(3,0,3)

Figure 1: FD(3) and the 3-crown W5 = FSgP(3,0,3) £ J(FD(3))
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2 Basic facts and notations

For s$ N* := {1,2,3,...}, let N®S stand for {s,s+1,s+2,...}. Except for N*, Ng := {0}' N*,
N&s, and their inbnite subsets, all sets and structures in the paper will be assumed to benite.
(Sometimes, we repeat this convention for those who read only a part of the paper.) For $ N&3,
the free distributive lattice on r generatorsis denoted by FD(r); for r = 3, it is drawn on the left
of Figure 1. A lattice element with exactly one lower cover is calledjoin-irreducible. For a lattice
L, the poset (that is, the partially ordered se of the join-irreducible elements ofL is denoted by
J(L). For L = FD(3), J(L) consists of the black-Plled elements and it is also drawn separately on
the right of the bgure. For a setH, the powerset lattice of H is ({Y : Y ( H};',)); it (orits
support set) is denoted by PowH). For n $ Ng, the set{1,2,...,n} is denoted by[n]; note that
[0] = *. For x,y in a poset, in particular, for x,y $ Pow([n]), we write X +y to denote that neither
X, ynory, x holds;in Pow([n]), Q O is ©O. For a posetJ, a copy of U in Pow([n]) is a subset
of Pow([n]) that, equipped with O O, is order isomorphic tdJ. Two copies ofU in Pow([n]) are
unrelated if for all X in the Prst copy and all Y in the second copy,X +Y. Let us repeat that for

n$ No and a posetU, we let
Sp(U, n) := max {k : there exist k pairwise unrelated copies ofU in Pow([n])}. (2.2)

We often write C(n, k) instead of#”$; especially in text environment and if n or k is a complicated
or subscripted expression. The notation O%p ,- )O and O€ ,- )O come from Sgrner and binomial
coe"cient, respectively. As usual, " # and . / denote the lower and upperinteger part functions;
for example,"5/3#=1 and .5/ 3/ = 2. With our notations, SpernerOs theorem [16] asserts that for

everyn $ No,

if U is the 1-element poset, then SHU, n) = =i fgp(n). (2.2)

n
"n/ 2#
Recall that a subsetX of a lattice L = (L;0,1) is a generating setof L if for every Y such that
X (Y ( Landy is closed with respect to0 and 1, we have thatY = L. We denote thesize of
a minimum-sized generating setof L by

Gm(L) :=min {| X| : X is a generating set ofL}. (2.3)

For k $ N*, the k-th direct power L of L consists of thek-tuples of elements ofL and the lattice
operations are performed componentwise. With our notations, the main result of CzZdli [4] asserts

that
for 2, k$ N* and a bnite distributive lattice L, Gm(L¥)

(2.4)
is the smallestn $ N* such that k, Sp(J(L),n).
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It is also clear from [4] that for each Pnite distributive lattice L, the functions k 2%Gm(L*) and

n 2%Sp(J(L), n) mutually determine each other, but we do not need this fact in the present paper.

The following debnition is crucial in the paper.

Debnition 2.1. For 0, a<b, r$ Ng such thata+2, b, the full segnent poset FSgR, a, b)

is the posetU debned (up to isomorphism) by the conjunction of the following two rules.

(A) r is the smallest integer such thaty is embeddable intaPow([r]);

(B) the subpose{ X $ Pow([r]): a< |X]|<b} of Pow([r]) is order isomorphic to U.

Even though O, a in Debnition 2.1 could be replaced by- 1, a, we do not do so since the
casea = - 1 would need a dilerent (in fact, easier) treatment; see [4]. LetU be a Pnite poset,
and let s $ N*. If f1,f2: N%5 % Ng are functions such thatf;(n) , Sp(U,n) , fx(n) for all

n$ N&s, then (f4,f,) is a pair of estimates of the function Sp(U, - ) on N&S; in particular, f; is a
lower estimate while f, is an upper estimate of Sp(U,- ). A reasonably good property of pairs of

estimates of SQU, - ) is debned as follows:

for s$ N*, a pair (f1,f2) of estimates isseparated

2.5
on N&S if fo(n), fi(n+1) forall n$ N&s. (25)

The following fact is a trivial consequence of (2.4) and fork 3 2, it is implicit in CzZdli [4]; see
around (4.23) and (4.24) in [4].

Observation 2.2. Let D be a Pnite distributive lattice. Denote the posetd(D) by U, and let
s$ N*. Let (f1,f,) be a separated pair of estimates oSp(U,- ) on N&S such thatf, (the lower
estimate) is strictly increasing on N&S. Then, for each k $ N* such thatfi(s) < k, (f1,f>)
determines Gm(D*) Qwith accuracy 1/ 20 as follows: Lettingn be the uniquen $ N* such that
fi(n) <k , fi(n+1),eitherk, f,(n)andGm(D¥) ${n,n+1} orf,(n) <k andGm(D¥) = n+1.

The term Oaccuracyl/ 20 comes from the fact that the distance between the never exact estimate
n+1/2and Gm(D¥) is always 1/ 2.
3 Lower estimates

The easy proof of the following lemma raises the possibility that the lemma might belong to the
folklore even though the author has never met it.
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Lemma 3.1. For 2, r $ N*, J(FD(r)) is isomorphic to the posetFSgP(r, 0, r), which is dePned
in DePnition 2.1.

Proof. The smallest element and the largest element of Fr) will be denoted by O, and 1,
respectively. Let S, := {0, 1 }; it is a two-element sublattice of FD(r). Denote by {X1,...,X}
the set of free generators of FIPr). LetX := (Xg,...,X;), and let b o ("1,...,"r) be a vector of
variables. Call a subsetJ of [r] nontrivial if * & J 4 [r], and let Powy ([r]) = Powy ([r]); (
stand for the poset formed by the nontrivial 0s/(t)Jbsets of[r]. For J $ Powy ([r]), let m; stand for
the r-ary lattice term debned by my (*) := iy li- Let Xoi= {myft) 0 J $ Powy ([r])}. As
X ( FD(r), X =(X;, ) is a subposet of F[4r).

First, we show that the map #: Powy; ([r]) % X debned by % m;{t ) is a dual order isomorphism.
The tool we need is simple: Since FIx) is free, it follows that wheneverJ,K $ Powy ([r]) and

my@t) = mg @), thenmy§)= mg@) foraly =(ys,...,¥r) $ Sh, and similarly for &8 O instead
of &0.

The implication J ( K 5 m;§t) 3 mg ft) is obvious. For the sake of contradiction, suppose that
myft) 3 mg @) for somed, K $ Powy ([r]) but J! K. Pickaj $J\K, and lety $ S} be

the vector for whichy; =0, buty; =1, forall i $ [r]\{j}. Then mx §) =1, but my§)=0,,

whereby my§f) " mg §). By the tool mentioned above, this contradicts m;ft) 3 mg ¢ ) and

proves that B O inX and @ O in Pow ([r]) correspond to each other. In particular,# is a bijective

map as the equality of two elements or subsets can be expressed by these relations. Thésis a

dual order isomorphism. The composite of# and the selfdual automorphism of Pow ([r]) debPned
by J 2%r]\ J is an order isomorphism. HenceX L Powy ([r]- Since Pow ([r]) L FSgP(r, O, 1),

we have shown thatX £ FSgP(r, O,r).

To complete the proof, it su"ces to show that J(FD(r)) = X. Using the tool mentioned earlier
and S,, we obtain that 1, = x;04448, $ J(FD(r)) and for everyJ $ Powy ([r]), m;ft) $ S,. By
distributivity, each element of FD (r)\ S; is the join of meets of some generators or, in other words,
a disjunctive normal form of the generators. Clearly, neither the empty meet, nor the empty join,
nor the meet of all generators is needed here, whereby there is at least one joinand and each of the
joinands is of the formm; (¢t ) with J $ Pow ([r]). As one joinand is su"cient for the elements of
J(FD(r)), we obtain that J(FD(r)) ( X.

To show the converse inclusion by way of contradiction, suppose thatm; ¢ ) $ X \ J(FD(r)). Then
mj 6§t ) is the join of some elements of (FD(r)) that are smaller than m;{ ). These elements
are of the formm; &) as XFD(r)) ( X. This fact and the dual isomorphism proved in the
previous paragraph imply that there are l4,...,1; $ Powy ([r]) such thatJ 6 14, ...,J 6 I and
my@)=m;,¢)0aaa, ¢). As this equality holds for the free generators, it holds as an identity
in S,. However, if we debng $ S} by ys:=1, if s$J and ys =0, otherwise, thenm;§) =1,
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but each of the joinands and so the join ared,. This contradiction completes the proof of Lemma

3.1. O
Forl, a<b, r$ N* suchthata+2 , bandn $ N&" v will denote a vector (vo, ...,Va;Vp, ..., V),
so there is gap in the index set of the components. Lep${- r,-r+1,...,r} be a parameter,

and note that a binomial coe"cient C (X1, X3) is 0 unlessxi,x2 $ Np and 0, X, , X;. Debne

$n/&%#l & 0
10 (n):= -
fa.b ._ EECAEVAEETY
i=0 V0,0 )Tl b2
| Vo+ &4 vy + v+ A&A Vv, =i "
' n- (i+1)r . (3.1)
p+ "(n- )/ 2#- Ovp- 1lvi-4ééa-ava- bw-aaa-rv,
! r Vo ' r Va | r Vp I r Vy
7 a , and
0 ,a b r (
fr('f,:ﬁx)(n)::max frfg?b(n):p${— L-r+1,...,r- Lr} . (3.2)

Proposition 3.2. Forr $ N%3 and0, a<b, r $ N* suchthata+2 , b, fézz‘x)(n) is a lower
estimate of Sp(FSgP(r, a, b), n) on N&",

The proof below shows that Proposition 3.2 would still hold if we replaced{- r, - r+1,...,r- 1,r}
in (3.2) with Z but we do not have any example whereZ, which would make practical computations
longer, is better than {- r,-r+1,...,r- 1,r}.

Proof. It su"ces to show that forany p$ Z, frfg?b (n) , Sp(FSgP(r, a,b),n). Take an n-element
setM, and denote the quotient”n/r #by g. Fix g pairwise disjoint r -element subsetMg, ..., Mgx 1
of M, we call them blocks and dePneMy := M \ (Mg'aaa'Mg1). Let h:= p+ "(n- r)/2#
Forj $ {0,...,q- 1}, a subsetX of the block M; is called small if |X| , a. Similarly, if
|X|3 b, then X is large while in the remainder case whera < |X | < b, we say that X is medium-
sized By an extremal subsetof M; we mean a subset that is large or small; so OextremalO is the
opposite of Omedium-sizedO. For a sub®tof M, B ) M; is often denoted by B;. We say that
(1,B)${0,...,q- 137 Pow(M) is afundamental pair if

(F1) |B| = h, and
(F2) B; = * and for eachj ${0,...,i- 1}, B; is extremal (that is, small or large).

Four examples are given in Figure 2, wheren =54, r =8,a=3,b=6,p=3,q=6, and h = 26.
In each of the four parts of this bgure, the green-blled solid ovalsrepresent extremal subsets of

the appropriate M; Osj ${0,...,i- 1}, the red dotted oval is a medium-sized subset oM;, and

INote for a grayscale version: the green-blled ovals contain black numbers in their interiors while the ovals with
white numbers are magenta-Plled.
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(F2) imposes no condition on the subsets represented by magenta-blled solid ovals. Hence, in each

of the four examples, theset component(that is, the second component, which was denoted by)
of the fundamental pair is the union of the color-blled solid ovals. Theindex component (that is,
the brst component) is indicated at the top of the bgure. Each color-pblled solid oval contains the
number of elements of the subseB; that this oval represents. Note, however, that a red dotted
oval (regardless the number it contains) in the picture of (i, B) means that B; = *. (The red
dotted ovals will be explained right after (3.3).) Note also that, witnessed byi =5 andi =4 in

the bgure, the set component does not determine the index component.

i=3 i=1 i=5 i=4

Figure 2: lllustrating the proof of Proposition 3.2 with FSgP (8, 3,6); h = 26, n = 54; in each
fundamental pair, the set component is the union of the color-pPlled solid ovals.

For a fundamental pair (i,B ), let
U@i,B):={B" X :X ( Mjanda< |X]|<Db}. (3.3)

Clearly, U(i,B) is a copy of FSgKr, a,b). The role of a red dotted oval in Figure 2 is to represent
one of the setsX in (3.3). Now that we have debned our construction, we have to prove that
the number of fundamental pairs isf,fg?b (n) and for di'erent fundamental pairs (i, B) and (i{, B(),
U(i,B) and U(i(,B() are unrelated.

To obtain a fundamental pair (i,B), Prst we choosei $ {0,...,q- 1}; this explains the outer
summation sign in (3.1). Then for eachj ${0,...,a,b,...,r} we choose the numbew; of the j-
element green-plled solid ovals. As there aregreen-pblled solid ovals, the choice of the vector formed
from thesev; Os is not quite arbitrary; this explains the subscript of the inner summation sign in
(3.1). For example, on the right (that is, in the i =4 part) of Figure 2,¥ = (vp,...,Vs;Vs,V7,Vg) =
(0,0,1,1;0,1,1). The fraction in (3.1) is the multinomial coe"cient showing how many ways vg
zeros, vy 10s, ...va aOsyp bOs, ...y rOs can be ordered. On the right of the Pgure, this is
how many ways the numbers 3, 7, 2, 8 can be written below the red dotted oval (the bgure shows
only one of these ways). As there is no stipulation on the magenta-blled solid ovals, the binomial
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coe'cient in the middle of (3.1) gives the number of possible unions of the magenta-blled solid

ovals, that is, it shows how many ways the system of these ovals can be chosen.

Forj ${0,...,a,b,...,r}, aj-element subset (green-blled solid oval) of am-element block M
can be chosen in (r,j ) ways. As there arev; such subsets and there are several values pf the
product in the last row of (3.1) is the number how many ways the systems of the green-blled solid

ovals can be chosen. Therefore‘,rfg?b (n) is the number of fundamental pairs as required.

Next, let (i,B) 4 (i(,B() be distinct fundamental pairs, Y = B' X $ U(i,B),andY(= B(* X($

U(i(,B(). For the sake of contradiction, suppose thatY ( Y( If we had that i = i(, then
B=(M\M)) Y ( (M\M;)) Y=(M\M;)) Y(= B( which together with |B| = h = |B{|
would give that B = B(and so(i,B) = (i{,B(), a contradiction. Hence,i # i(. Observe that

Y ( Y(givesthatM;) Y ( M;) Y(forall j ${0,...,q}. Furthermore, M; ) Y = Bj forj # i
while M;) Y = X. Similarly, M; ) Y(= B( forj # iCwhile Mj-) Y(= X{ Hence,B; ( B{ and
so|Bj|,| B| forj ${0,...,q}\{ i,i}, implying that
& &
z:= 1B |, 1B =: 2. (3.4)
it 0.al Wi’} it o.Lal Wi}

As X is medium-sized,B{ is extremal, andX = M;) Y ( M;) Y(= B{, we have thatB( is large,
that is, b, | B{|. Hence, (3.4) gives thatz(+ b, z(+ |B{| = |B{|. Similarly, X (is medium-sized,
Bi- is extremal, andB;- = M;-) Y ( M;+) Y(= X( whenceB;- is small, that is, |B;-|, a. Thus,
IB| = z+ |Bi"], z+ a. Combining the inequalitesa<b, |[B|, z+ a, z(+ b,| B, and (3.4), we
obtain that

IB], z+a<z+b, z(+b,| BY.

This strict inequality contradicts (F1), completing the proof of Proposition 3.2. O

Several ideas and ingredients of the proof above, like the way of partitioning the base set into
blocks, are contained in Dove and Griggs [8] and Katona and Nagy [12]. However, even if the
construction given in [8] were tailored to our particular posetsU, (F1) would fail. The following

assertion says that the lower estimate given in Proposition 3.2 imsymptotically as good as possible.

Proposition 3.3. Forr $ N3 and0, a<b, r $ N* suchthata+2, b, frfzﬁx)(n) and, for
any bxedp $ Z, fr(,g,)b (n) are asymptotically Sp(FSgP(r,a,b),n) asn % & .

#$ #e #9 #$
Proof. With s:= |[FSgP(r,a,b)|, s=2"- | -44da- [ - | -4&a- | . Let$ be areal number
such that $< 1 but 1- $ is very little. As we have that }':O (2" - s)/2") =2"/s, we can pick

anng $ N* such that

$n/& %#1

$4a2/s , (2" - s)y/ 2, %Zr/s for all n such that n 3 no. (3.5
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It su"ces to deal with ffg?b

for a bxedp $ Z. Using (1.2), we can pick ann; 3 ng such that

! n- (i+1)r '

p+"(n- r)/2#- Ovp- 1lv,-4aa-avy- bw-aaa-rv, (3.6)
, % éfSp(n) éz#(i+1) r

$ &f gp(n) &2° (7D T

for all n 3 n;. Let us debPne an auxiliary function forn 3 n; and apply the multinomial theorem
to it as follows.

. ( ) $n/&%#l & | ]
n):= - _
- i=0 \2'{ o0,.., i}r+a! b+2 VO'aa%'aVblaaﬂl
e
' v ' Va Y, : vy
Tgpmyazttenr 0 T T T T (3.7)
P 0 a b r
$nfp %1 mo- T B U
fSp(n) & #i r L, r r o
= 2")"! + dad + + aaé
2 @) 0 . o
o1 | "
~ fSp( )$n/8L/#l o5 i
7 i=0 2 ' (38)

Comparing (3.1), (3.6), and (3.7), we obtain that $f au(n) , f %) (n), $*f a4 (n) holds for all
n 3 n;. Applying (3.5) to the sum in (3.8), it follows that $fsp(n)/s , faux(n) , *fsp(n)/s.
Substituting this pair of inequalities into the previous one, we have that $2f sp(M)/s , f,fg?b (n),

$#2fgp(n)/s for all n 3 no. Letting $ % 1, it follows that fr('“)b (n) is asymptotically fgp(n)/s.

,a,
So is SgFSgP(r, a,b), n) by Dove and Griggs [8] and Katona and Nagy [12]. By transitivity, we
obtain the required asymptotic equality. The proof of Proposition 3.3 is complete. O

4 Pairs of estimates
For n $ N%3, take the following Odiscretet-dimensional simplexO
Ha(n) == {(t,X1,X2,X3) $ NG : X1 > 0, x> 0, x3> 0, t+ X1+ X2+ X3, n}. (4.1)

Remembering that [3] := {1, 2, 3}, dePne the functionfs 4: H4(n) % Ng by

& &
fa4(t,X1,X2,X3) = (t+x5)an- t- x)+ (t+ x5+ x)an- t- x5 - Xy)!

i3] 2 {jiu}) Blj*u
- (t+ xj)axglan- t- x5 - xy)!, (4.2)

(Gu) Bl+@lLj=u
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and let

Mp :=min {f34(t,X1,X2,X3) : (t,X1,X2,X3) $ Ha(n)}. (4.3)

We also debne the following three functions:

* +
1
o (n):= Efsp(n +2-71) (4.4)
gz(n) := "n!/M # whereM, is given in (4.3), and (4.5)
g (N):= nla 34/ 2#Aan/21+3 4 n+2)/2# 4 (n- 2)/2/!

adl (4.6)
- B&h/ 284 (n- 2)/ 2!

Next, based on the notations and concepts given in (2.1), (2.5), Debnition 2.1, (4.4), (4.5), and
(4.6), we can formulate the main result of the paper.

Theorem4.1. For3, r, n$N"  andp${ r,-r+1,...,r- 1,r}, g (n) is an upper estimate

while
$nip %1 gi P . "
(p) — n- (i+1)r ) .
fror(n) = T i pr(n- N2 r and, in particular, 4.7)
fior(m) =19, (n) 4.8)
r,0r . r,0,r .

are lower estimates ofSp(FSgP(r, 0,r),n) = Sp(J(FD(r)),n) on N&". In particular,
forall n$ N&", f! o (n), f{%¥(n), SPI(FD(r)),n), g (n). (4.9)

For r = 3, in addition to the satisfaction of (4.9), g(n) is also an upper estimate oSp(J(FD(3)), n)
on N3, For n $ {3,4,...,300, gs(n) = g5 (n) , ga(n); in fact, gz (n) < gz(n) for n $
{5,6,...,300. The pair (f3,3,0s) is separated forn $ N%3, and so are the pairs(f} 3, 95 ) and
(f303,03) for n${3,4,...,30G. Finally, for r ${3,4,...,100, the pair (f;,,,0) is separated
on the set{r,r +1,...,300.

It took 952 seconds8 16 minutes for a computer, see Footnote 2 later, to show that forr $
{3,...,200 andn ${r,..., 300, f! o, (n) is the same asf rf"(}jarx)(n); the latter is debned in (3.2).

Sincef| ,, (n) is easier to dePne and much easier to compute thaﬁfgix)(n), it is the former that

occurs in Theorem 4.1. However, it will be clear from the proof that the theorem holds Withf,(’rgﬁx)

in place off .

Conjecture 4.2. We guess thatgz(n) = gz (n) for all n $ N&2 and gy (n) < gs(n) for all N&5,

Example 5.4 in Section 5 will show that, combining Theorem 4.1 with Observation 2.2, we can de-
termine Gm(FD(3)¥) exactly in many cases and we can give a good approximation for G(FD (r)¥)
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quite often.

Proof of Theorem 4.1. Substituting (i - j,j ) for (vo,Vv;) and observing that the multinomial coef-
bcient becomes a binomial one, it is clear thaf ,(’%)’, in (4.7) is a particular case of (3.1). Hence,

Lemma 3.1, (3.2), Proposition 3.2, and (4.8) yield the brst inequality in (4.9).

Clearly, FSgP(r, 0,r) £ Powy ([r]). Combining this with Lemma 3.1, we obtain that J(FD(r)) &
Pow ([r]). Take a maximal chain in each of the intervals [{1}, {1,3,4,...,r}] and [{2},
{2,3,4,...,r}] of Powy ([r]). These two chains are unrelated and each of them consists of- 1
elements. Letn $ N&". With k := Sp(Powy ([r]),n) = Sp(J(FD(r)),n), we can takek pairwise
unrelated copies of Pow; ([r]) in Pow([n]). Therefore, there 2k pairwise unrelated (r - 1)-element
chains in Pow([n]). By Griggs, Stahl, and Trotter [11], the maximum number of chains with this
property is fsp(n+2 - r). Hence, 2k, fgp(n+2 - r), implying the second inequality in (4.9).

In the rest of the proof, r := 3. Let Sym(n) stand for the set of all permutations of [n]. For% =
(%,...,%) $ Sym(n) andi ${0,1...,n}, the iOgnitial segmentofois Is@,i) := {% :j , i}. For
X $ Pow([n]), the permutation set associated withX is PS(X) := {%6$ Sym(n) : X = Is@,|X])}.
The trivial fact that

if X,Y $ Pow([n]) are incomparable (in notation, X +Y), then Ps(X)) Ps(Y)= * (4.10)

was used brst by Lubell [14], and then by Griggs, Stahl, and Trotter [11] and some other pa-
pers listed in the bibliographic section. To ease the notation, letWs = FSgP(3,0,3) and
denote its elements by A,B,C,X,Y,Z according to Figure 1. Let k := Sp(W3,n), and let
Wél) . ,W3(k) be pairwise unrelated copies olW3 in Pow([n]). For Wéi), we use the notation
Wéi) = {Ai,Bi,Ci, Xi,Yi,Z;} in harmony with Figure 1; for example, Aj 6 X; and A; +Z;, etc.
We claim that Wél) e ,Ws(k) can be chosen so that, for ali $ [K],

Xi=Ai' Bi, YiZAi' Ci, Zi= Bi' Ci, (4.11)

Ai=Xi) Y, Bi=Xi)Z, C=Y)Z. (4.12)
Assume that the brst equality in (4.11) fails. Let X ( := A;* B; and depnew "’ C:= (W{\{ X;})

{X. If we had that X{ ( Y;, then B; ( X{( Y; would be a contradiction. AsY; ( X would
lead to Y; ( X; sinceX{( X;, we conclude thatX{ +Y;. We obtain similarly that X{+Z;. So
{X{,Y;,Zi} is an antichain, and now it follows easily that WS" (is a copy ofWs. For j $ [K]\{ i}
and E $ W{, E ( X{ would lead to E ( X; while X{( E to A; ( E. SOE #X{ would lead to
contradiction. Hence, Wéi)( and Wéj) are unrelated, showing that we can changeWéi) to Wéi)(.
As there is an analogous treatment forY; and Z;, and we can takei =1,i =2, ...,i = k one by

one, (4.11) can be assumed.
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Recall that GrStzer [10, Lemma 73], which is a well known easy statement, asserts that whenever

a, b, care elements of a lattice such that{a 0 b,a0 c,b0 c} is a 3-element antichain, then this
antichain generates an 8-element Boolean sublattice in whicHa 0 b,a0 ¢,b0 c} is the set of
coatoms. Therefore, if we apply the dual of the procedure above (that is, if we replacé; by
Xi) Yi, etc.), then we reach (4.12) without destroying the validity of (4.11). We have shown that
both (4.11) and (4.12) can be assumed; so we assume them in the rest of the proof.

Let T; := Xi) Yi) Zi. By (4.12), T; is also the intersection of any two ofA;, B;, and C;. Hence,
letting A¥ := Aj\ T;, B¥ := B;\ T;,and C¥ := C;\ T;, it follows from (4.11), (4.12), and W{" £ ws
that A¥, B¥, and C are pairwise disjoint subsets of[n], none of them is empty, they are disjoint
from T;, and

Ai=T" Af, Bi=Ti' Bf, Ci=T"Cf,

(4.13)
Xi=T" Af' Bf, Y=T" A¥* Ccf, z,=T"' Bf" C.

For i $ [K], we let
Gi := Ps(Aj)' Ps(Bi)' Ps(Ci)' Ps(Xi)' Ps(Y;)' PS(Z). (4.14)

As each ofA;, ..., Z; is incomparable with each ofA;,...,Z; provided that i # j, (4.10) together
with (4.14) imply that
fori,j $[k], if i4]j then G;) G; = *. (4.15)

It follows from (4.15), G; '4aé&"' Gk ( Sym(n), and |Sym(n)| = n! that

&
|Gi|, n!. (4.16)

i k]

Next, for i $ [k], we focus on|G;|. Denote|T;|, |Af|, |B¥|, and |C¥| by t;, &, by, and ¢;, respectively.
By (4.13), |Ai| = ti+a&;, |Bi| = ti+ b, [Ci| = ti+ G, [Xi| = ti+a+ b, Y| = ti+ &+ ¢, and |Z;| =
ti+h+c. Forany% = (%,...,%) $ Ps(A;), A; is the set of the brst|A;| = t; + a components of
%; we can choose these components (it + a;)! ways. To obtain the rest of the components, we can
arrange the elements ofn]\ A; in (n- (tj + &))! ways. Hence,|Ps(Aj)| = (ti + a)!&n- tj- a)!.
We obtain similarly that |Ps(Bi)| = (ti + B) &(n- t; - B)!, [PS(Ci)| = (ti + ) &(n- t - ¢)!,
[Ps(Xi)| = (ti + & + B)ta(n- t - a- b)), [Ps(Y))| = (ti+a +c)an- t- a- g), and
IPs(Zi)|=(ti+ b+ ) &n- ti- b - ¢)!. Itfollows from (4.10) that the intersection of any three
of the six permutation sets considered above is empty since there is no 3-element chain Wéi).
By (4.10) again, we need to take care of the intersections of two permutation sets associated with
comparable members oi\Néi); there are six such intersections as the diagram o¥W; has exactly

six edges; see Figure 1. One of the just-mentioned six intersections is () ) Ps(X;). For a
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permutation % $ Ps(A;) ) Ps(X;), (4.13) yields that there are |Ai|! = (t; + &)! possibilities to
arrange the elements ofA; in the brst |A;| places,b! many possibilities to arrange the elements

of X;\ A; = B in the next by places, and(n- t;- a - b)! possibilities for the rest of entries of
%. Hence,|Ps(Ai)) Ps(Xi)|=(tj+ &)!'ab!a(n- ti- a - b)!, and analogously for the other bve
intersections of two permutation sets.

The considerations above imply that fori $ [k], |Gi| = f34(ti,a&,h,c); the function f3 4 is debned
(4.2). As (ti,ai,b,q) is clearly in Hq(n), (4.3) yields that My , | Gj|. This fact and (4.16) imply
that kM, , K] |Gi] , n!. Dividing by M, and taking into account that k $ N*, we obtain
that Sp(Ws,n) = k," nl/M n#= gz(n), as required.

We only guess but could not prove that for alln $ N&3, f3, takes its minimum on Hy4(n) at
("(n- 2)/2#, 1,1, 1); see also Conjecture 4.2. However, we can reduce the computational di"culties
by considering the auxiliary function

fas(t,x,y)=(t+x)0a&n- t- xX)N+(t+y)an- t- y+2(t+x+y)an- t- x- y)!
-2+ x)aytan- t- x- y)- 2t+y)axtan- t- y- x). (4.17)

The debnition of H4(n), given in (4.1), and
2f3.4(t, X1, X2,X3) = f33(t,X1,%2) + f33(t,X2,X3) + f33(t, X1,X3), (4.18)
explain that we are interested inf3 3 on the brst one of the following two sets,

Ha(n) = {(tx,y)$N3:x>0, y>0,t+x+y, n- 1} and (4.19)
H{) = {(tx,y) $N3:x> 0, y3 x, t+x+y, n- 1}. (4.20)

In (4.19), the sum is only at most n - 1 since the fourth variable of f 3 4, which does not occur in
f3,3, is at least 1. The progress is thatHz(n) has signibPcantly fewer elements tharH4(n), and
H{(n) has even fewer; this is why we could reac800in Theorem 4.1. (Note that a priori, it was

not clear that when 2f 3 4(t, X 1, X2, X3) takes its minimum value, then so do all of its summands in

(4.18).) Observe that sincef 3 3 is symmetric in its last two variables,

min{fas(t,x,y): (tx,y) $ Hz(n)} =min {faa(t,x,y): (t,xy) $ H{(N)}. (4.22)
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A straightforward Maple program 2, which benebts from (4.21), shows that

for 3, n, 300 fj3 takes its minimum on the discrete

(4.22)
tetrahedron H3(n) at (t,x,y) =("(n- 2)/2#1,1).

(Note that f33 takes its minimum at two triples if n is even but only at a unique triple if n is
odd) If n${3,4,...,300 and ("(n- 2)/2#1,1,1) is substituted for (t,x,y, z), then each of the
three summands in (4.18) takes its minimal value by (4.22). This allows us to conclude that at
(t,x,y,z) =("(n- 2)/2#1,1,1), f34 takes its minimum on H4(n). Thus, for n ${3,4,...,300
and for M, from (4.3),

Mn = f3,4("(n - 2)/ 2#7 11 11 1)
(4.23)
=3ah/2#an/21+3a'(n+2)/2#a(n- 2)/2/1- 6ah/2#a(n- 2)/2! .

Combining (4.5), (4.23), and (4.6), we obtain that g;(n) = gz (n) for n belonging to the set
{3,4,...,300, as required.

Next, to show that the pair (f33,93) = ( fg(?()m, 03) is separating, we need to show thaff ?(,?(),'S(n +

1) - gs(n) 3 Ofor all n $ N43. Depending on the parity of n, there are two cases. Iin is of the
form n =2m + 2 then, reducing the sum in (4.7) to its summands corresponding tdi,j ) = (0, 0)
and (i,j ) =(1,0),

P [ " "
2m "2m- 3 "2m+1

© . ' )
Azoa(n+1) - 2gs(m) 32 = +2 " (4.24)
_2a(2m)! N 24(2m - 3)! i (2m + 1)!
T mlam! - mi(m- 3)!  ml(m+1)!
_ (@m- 3)
= ma&, where

&=2(m+1)22m2m- 1)2m- 2)+2(m+1)m(m- 1)(m- 2)
- 2m+1)2m(2m- 1)(2m- 2)
=2m*+4m3- 14m?+8m=2m(m+4)(m- 1) (4.25)

Hence, both & and the fraction multiplied by & are non-negative form $ N*. Thus, f3(?3’3(n +

1)- gsz(n) 3 0for n 3 4 even. Similarly, forn=2m + 1 odd,

! " [ neoop .
e N
Ao +1) - 232 L oap AN A Eme A

7 2 _ _
-1 m- 1 m m!m! azm=(m - 1)(m- 2).

2Maple V Release 5 (1997); this computer algebraic program ran on a desktop computer (AMD Ryzen 7 2700X
Eight-Core Processor 3.70 GHz) in Windows XP environment simulated by Oracle VM VirtualBox 6.0 (2019) under
Windows 10 Pro. The whole computation for (4.21) and the data in Section 5 took 7 hours and 16 minutes;
(4.21) in itself needed about 7 hours. The program is available from the (Appendix) Section 6 of the extended
arXiv:2309.13783 version of the paper and, at the time of writing, from the authorOs website.
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Therefore, fé%s(n +1) - gs(n) 3 0for2, m $ N*, thatis, for n 3 5o0dd. Forn = 3,

féf’())’s(n +1) - g3(n) 3 Ois trivial; see also 5.2. We have shown tha(f ; ; 5, 3) is separated.

The already mentioned Maple program has computedyz(n), g5(n), and gz (n) forall n ${3,4,...,
30G. This computation proves that gy (n) = gz(n), gs(n) for all thesen and gz (n) = gz(n) <
gs(n) for n $ {5,6,...,30G. These inequalities and that (f3, 3,03) is separated imply that
(f303:093) and (f3 43,05 ) are separated on{3,4,...,300. The same Maple program has com-
puted all the relevant f; . (n +1) and g (n), from which we conclude that forr ${3,4,...,10G,
the pair (f; ,,,0) is separated on the sef{r,r +1,...,30G. The proof of Theorem 4.1 is com-
plete. O

Some comments on this proof are appropriate here. While we could use quite a rough estimation
in (4.24) when proving that (f 3 o 3,93) is separating on the setN&3, there is no similar possibility
for (f; o,,0). Indeed, sincef; ,, (n+1) = g (n) for, say, (r,n) = (20,56) whenf ), 5 ,,(56 + 1) =
17672631900 =g,0(56), no estimation would be possible. Agy, (n) is far from being asymptotically
good, it is not worth putting more work into its investigation. While we could use GrStzer [10,
Lemma 73] to reach a pleasant situation forr = 3, see (4.11) and (4.12), we have no similar tool
for r > 3; this explains that Theorem 4.1 does not tell too much about upper estimates in case of
r > 3. Finally, note that even though f3 3 in (4.17) is simpler than f3 4 in (4.2), the three-variate
function f 3 3 is still too complicated. In particular, we know from computer-assisted calculations
that f3 3 has several Olocal minimaO on the discrete tetrahedrdn(n) debned in (4.19); this is our
excuse that we could verify Conjecture 4.2 only fom , 300and only with a computer.

5 Odds and ends, including some computational results

Theorem 4.1 pays no attention to the caser = 2, which is trivial by the following remark. As in
(4.4), g2(n) := "fgp(n)/ 2#= "C(n, "n/ 2#)/ 2#.

Remark 5.1. For n $ N&2, Sp(J(FD(2)),n) = g (n).

Proof. By Lemma 3.1 or trivially, J (FD(2)) is the two-element antichain. Hence, Remark 5.1
follows from SpernerOs theorem, which we quoted in (2.2). O

Corollary 5.2. For r $ N%% and k $ N%2, let n $ N* be the smallest integer such thak ,
tor(n); see(4.8). Then for every distributive lattice D generated byr elements, the direct power

DK has an at mostn-element generating set.

Proof. Let k, D, and n be as in the corollary. Sincek , f;, (n)isincluded in the assumption and
tor(n), SpP(J(FD(r)),n) by Theorem 4.1, it follows from (2.4) that FD (r)* can be generated by
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an at most n element subsetY . Using that FD (r) is the free r-generated distributive lattice, we can

pick a surjective (in other words, onto) homomorphism#: FD(r) % D. Then #%: FD(r)k % DX,
debned by (X1, ...,Xk) 2%(#(X1),...,#(Xk)), is also a surjective homomorphism. Thus#*(Y)
generatesD* and [#%(Y)|,| Y|, n proves Corollary 5.2. O

The just-proved corollary and the abundance of large lattices that are easy to describe and easy
to work with motivate the following extension of the cryptographic OprotocolO outlined in CzZdli
[5] and, mainly, in [3]. The purpose of the quotation marks here ido warn the reader. none of our
protocols is fully elaborated and, thus, it does not meet the requirements of nowadaysO cryptology.
In particular, neither a concrete method of choosing the master key according to some probabilistic
distribution is given nor we have proved that the average case withstands attacks; we do not even
say that we are close to meeting these requirements. On the other hand, no rigorous average case
analysis supports some widely used and, according to experience, safe cryptographic protocols like
RSA and AES and, furthermore, many others rely ultimately on the conjecture that the complexity
classP is dilerent from NP . This is our excuse to tell a bit more about one of our motivations in
Remark 5.3 below. For a latticeL and h = (hy,...,h¢) $ L¥, h is a (k-dimensional) generating
vector of L if {h1,...,h¢} is a generating set ofL.

Remark 5.3. In the session key exchange protocagiven in CzZdli [3F, the secret master key
known only by the communicating parties was &-dimensional generating vectorh of the 2"-
element Boolean latticeB,,. The point was that Gm(B,), debned in(2.3), is small, and so there
are very many k-dimensional generating vectorsh if k is a few times, say, seven times larger than
Gm(B,). Here we suggest to adqA) or (B) to the protocol outlined in [3] and to work in a lattice
di'erent from B,.

(A) Choose a medium-sized Pnite random posed and an exponentn $ N*; for example, a 20-
element random posetU and n = 500 are su'cient. (There are very many 20-element posets;
see A000112 in Sloan [15]; the direct link ishttps: // oeis. org/ AO00112 .) By the well-known
structure theorem of Pnite distributive lattices, see GrStzer [10, Theorem 107]U determines a
Pnite distributive lattice D. Then replace B, with D" in the [3]-protocol so that, in addition to h,

U and n also belong to the secret master key.

(B) Choose a random poseU of size 100 or so. As in [6], thisU determines the huge lattice
(Quo (U); () of quasiorders extending, y; this lattice can be generated by few elements. Use
this lattice instead of B,,. The posetU and a k-dimensional generating vector of(Quo™ (U); ()
constitute the secret master key; otherwise the protocol is the same as in [3].

At the time of writing, see (4.3) in  https://arxiv.org/abs/2303.10790v3
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Next, we present some computational data, see Footnote 2; at the8I rows, the last decimals are

correctly rounded.

n 298 299 300

f03(n) 8 | 3.919720410°" | 7.83944041C°" | 1.562662410°®

gs (n) 8 3.932918410°7 | 7.865747410°7 | 1.567 888410%8

% 8 1.003367003| 1.003355705| 1.003344482

n= 3 4 5 6 8

f3.0.2(N) 1 1 2 3 11

g5(n) = gy (n) 1 1 2 4 13

gz(n) 1 1 3 5 10 17

n= 9 10 11 12 13 14

f30.3(N) 24 42 84 153 306 570

gz(n) = gz (n) 26 46 92 168 333 616

gz(n) 35 63| 126 231 462 858

n= 15 16 17 18 19 20

f30.3(N) 1146 | 2145| 4290 | 8100 | 16200| 30786

gz(n) = gz (n) | 1225 | 2288 | 4558 | 8580 | 17107 | 32413

gs(n) 1716 | 3217 | 6435 | 12155 | 24310 | 46189
n= 4 5 6 8 9 10 11 12
f4.0.4(N) 10 20 36 74
g4(n) 1 1 10 17 35 63 126
n= 13| 14| 15 16 17 18 19 20 21
fa04(n) | 134 | 268 | 496 | 992 | 1856 | 3712| 7004 | 14014 | 26598
gs(n) 231 | 462 | 858 | 1716 | 3217 | 6435 | 12155| 24310| 46189
n= 5 6 7 10 11 12 13
f505(N) 1 10 20 35 70
gs(n) 1 1 10 17 35 63 126
n= 14 15 16 17 18 19 20 21 22
feos(n) | 127 | 256 | 471 | 942 | 1758 | 3516 | 6620 | 13240 | 25095
gs(n) 231 | 462 | 858 | 1716 | 3217 | 6435 | 12155| 24310| 46189

(5.1)

(5.2)

(5.3)

(5.4)
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The computation for the following table took 306 seconds.

n 5999 6000
f0.020(N) 8 | 7.44588270806910'°" | 1.489176541 614107 (5.5)
O20(n) 8 1.48892484788410'7% | 2.977 849695 774107

Next, we give some examples; each of them is based on (2.4), Observation 2.2, and one of the
computational tables that will be specibed.

Example 5.4. (A) By (5.2), Gm(FD(3)3°9%) = 20. That is, the direct power FD(3)3°%° can be
generated by 20 elements but not by 19.

(B) By (5.3), Gm(FD(4)?°9%) is either 20 or 21 but we do not know which one.

(C) By (5.4), Gm(FD(5)250%0) = 22.

088

(D) By (5.1), Gm(FD(3)%") = 300 (the exponent in the direct power is10°8).

(E) By (5.5), Gm(FD(20)1-48%940" y = 6000 (the exponent is1.489410" 78).

At the time of writing, we know from Sloan [15] (https://oeis.org/A000372 ) that in spite of
lots of work by many contributors, the largest integer r for which |FD(r)| is known isr =9. We

mention the following well-known folkloric lower estimate:
21024 = 22 | ED(20)|. (5.6)

Indeed, the free Boolean lattice FE10) on 10 generators consists a?2” elements and it is lattice-
generated by the free generators of FBLO) and their complements. So FE10) as a distributive
lattice is generated by 20 elements, implying (5.6).

Based on (5.6) and the paragraph above, the direct power in part (E) of Example 5.4 consists of an
unknown but very large number of elements. However, only 306 seconds were needed to determine
the least possible size of its generating sets.
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ABSTRACT

We explicitly derive the Christolel symbols in terms of
adapted frame Pelds for the Levi-Civita connection of a
Lorentzian n-manifold (M, g), equipped with a prescribed
optical geometry of KShler-Sasaki type. The formulas found
in this paper have several important applications, such as de-
termining the geometric invariants of Lorentzian manifolds
with prescribed optical geometries or solving curvature con-
straints.

RESUMEN

Derivamos expl'citamente los s'mbolos de Christolel en tZr-
minos de los campos de marcos adaptados para la cone-
xi—n de Levi-Civita de una n-variedad Lorentziana (M, g),
equipada con una geometr'a —ptica prescrita de tipo KShler-
Sasaki. Las f—rmulas halladas en este art’culo tienen diversas
aplicaciones importantes, tales como determinar los invarian-
tes geomZtricos de variedades Lorentzianas con geometras
—pticas prescritas o resolver restricciones sobre la curvatura.
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1 Introduction

An optical geometry, a notion introduced in the late eighties by Robinson and Trautman, is a
geometrical structure that encodes the existence of an electromagnetic plane wave B or an appro-
priate higher dimensional generalisation [2] D propagating along a prescribed foliation by curves of
a Lorentzian manifold. Let us recall the relevant debnitions. Anull congruenceon a Lorentzian
n-manifold (M,g), n! 3, is a foliation by curves, which are tangent to some nowhere vanishing
null vector beld. Given a Lorentzian n-manifold (M, g), n! 3, a null congruence is calledjeodesic
shearfreg or shearfreefor short, if there is a choice for a nowhere vanishing tangent null vector peld
p, whose local Row preserves both the codimension one distributiow := p' ¢ and the conformal
class of the induced degenerate metrit := glw- w on the spacesW, = p' 9|y, x " M. These

conditions are equivalent to requiring that the Lie derivative L ,g has the form
Leg=fg+ p'#! for some functionf and somel-form ! . (1.2)

If this holds, the vector beld p is also geodesici.e. $,p = "p, and the curves of the congruence
are geodesics (see.g. [1,2,5,14]). A quadrupleQ :=(p,W,[h],{g}), given by

(@) a nowhere vanishing vector pelg, determined up to multiplication by a nowhere zero smooth

function f,
(b) a codimension one distribution W,
(c) a conformal class[h] of semi-positive metrics onW ,

(d) a non-empty set of Lorentzian metrics{g}, which are exactly all metrics g with respect to
which p is a null vector beld with W = p' ¢ and [h] = [glw* w] and both W and [nh] are
preserved by the local Bow ofp,

is an optical geometryin the sense of Robinson and Trautman [2,5,14}. The Lorentzian metrics

g in the set{g} are calledcompatible with the prescribed optical geometr{.

By RobinsonOs Theorem [8, 13], the shearfree null congruences of a real analytic four dimensional
Lorentzian manifold are exactly the foliations by the lines of propagation of electromagnetic plane

waves.

Many interesting examples of optical geometrieQ = (p , W, [h],{g}) are provided by connections
on principal A-bundles# : M % S = M/A with one-dimensional structure groupsA = R or S,
On each bundle of this kind, one may consider an optical geometry in whiclp is the generator of the

1As a matter of fact, all four elements of Q can be recovered just by (i) the 1-dimensional distribution K , which
is generated by p and (ii) the set of metrics {g}, provided that they satisfy appropriate conditions. Thus, the optical
geometries can be also debned as such pairs(K ,{g}) D see the original debnition in [14].
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action of the group A along the bPbers, andW and [h] are the appropriate A-invariant distribution

and conformal class. In this case, the quadruplev = (# : M % S,p, W, [h]) is called aregular
shearfree manifoldand a metric g " { g} of the corresponding optical geometryQ = (p , W, [h],{g})

is said to be acompatible metric of M .

The regular shearfree manifolds are important geometric objects not only for their role in Lorentzian
geometry, but also for their relations with CR geometry. Indeed, for any regular shearfree manifold
M :=(#:M % S,p,W,[h]), the base manifoldS = M/A is naturally equipped with the codimen-
sion one distribution WS & TS and the positive dePnite conformal metric[h®] that are obtained
by projecting the A-invariant distribution W :=p' and conformal class[h] onto S = M/A . If M
is even dimensional and the projected distributionW S & TS is contact then the regular shearfree
manifold M is called (maximally) twisting. For any such M, the corresponding optical geometry
Q=(p,W,I[h],{g}) determines a familyJS of complex structuresJ? : W,S % W,S on the projected
distribution of S, that make S a strongly pseudoconvex almost CR manifoldsee, e.g. [1,2,5,7]

and references therein).

Celebrated examples of twisting regular shearfree manifolds are given by thé-dimensional space-
times with Taub-NUT metrics and the 4-dimensional Kerr black holes. For such Lorentzian man-
ifolds, the base manifold of the A-bundle # : M % S has an additional remarkable geometric
feature: it is a principal bundle #° = S % N with one dimensional structure group A* = R or

A#*= S! and the base manifoldN = S/A*= M/ (A 4A" has a natural structure of a KShler man-
ifold. Moreover, the strongly pseudoconvex almost CR manifold(S,W S, J%) is a regular Sasaki
manifold and the structure group A* of S preserves

(i) the CR structure (WS,J9),

(i) a contact 1-form $, for WS, i.e., WS = ker $,, such that d% = #5%%, for some KShler form

% = 9(J89 on(N,J);
| "
(i) the conformal class[h] on W contains the degenerate metrich, = (#5' #)%go |w.

The fact that the Taub-NUT and Kerr metrics have these properties is one of the reasons of the
interest in twisting regular shearfree manifolds, in which the almost CR manifold (S,W S, JS) is

a Sasaki manifold projecting onto a KShler manifold. Such manifolds are calledf KShler-Sasaki

type [2].

We recall that, according to classical results in the theory ofG-structures, any local isometric
invariant of a pseudo-Riemannian manifold is fully determined by the components in orthonormal
bases of the Riemann tensoR and its covariant derivatives up to an appropriate order (see, for
instance, [9D12,16] and references therein). Such components are in turn given by the components
of g and the Christo!el symbols of $ ¢ in a frame beld. This observation indicates that the explicit
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expressions of the Christolel symbols in appropriate frame Pelds represent a fundamental tool for

studying the compatible metrics of a given regular shearfree manifold of KShler-Sasaki type and
possibly Pnding solutions of the Einstein (or other physically relevant) equations in this class of
metrics.

In this paper, we discuss in great detail the Christolel symbols of the Levi-Civita connection$ 9
of a compatible metric g of a regular shearfree manifoldM = (# : M % S,p, W, [h]) of KShler-
Sasaki type. More precisely, we bx a special (locally debned) frame bdlel, ..., e,), which is well
adapted to the optical geometry and is determined only up to a choice of a local frame beld on
the underlying KShler manifold N = M/ (A 4A%. Such a frame Peld has the following two useful
properties:

(1) the last two vector beldse,o;, €, are the generators of the actions of the group# and A

respectively, and are therefore canonically associated with the considered manifold;

(2) the vector beldse, 1 ( i ( n) 2, are tangent to the distribution W at all points and are

A dA*invariant, thus projecting onto a frame beld (&, ..., #%2) on N.

Note that (1) and (2) allow to minimise the number of parameters that are necessary to determine
the components of a compatible metricg. Notice also that, due to the fact that M is twisting, a
frame Peld satisfying (1) and (2) cannot coincide with a coordinate frame beld. This forces us to

avoid the use of coordinates in all subsequent computations.

After choosing an adapted frame Peld of this kind, we write down the general expression of a com-
patible metric g in terms of its dual frame Peld and we determine the Christo!el symbols of$ ¢ in
such frame and coframe Pelds, using just KoszulOs formula and classical results on transformations

of Levi-Civita connections under conformal transformations.

The expressions for the Christolel symbols given in this paper have been originally determined
during the preparation of [2] and have been successfully used to derive a coordinate-free charac-
terisation of the generalised Taub-NUT metrics on even dimensional manifolds (see.g. [3] and
references therein for other characterisations of the metrics of such a kind). However, the details
of the actual computations did not appear in [2] and some formulas of that paper had some minor
sign errors B very few indeed and with no elect on any statement and proof. The same explicit
(and amended) expressions have been later used in [6] for determining explicit expressions for the
components of the Ricci tensor of compatible metrics of a shearfree manifolM of KShler-Sasaki
type satisfying conditions that generalise KerrOs ansatz for thé-dimensional rotating black holes.
These expressions for the Ricci tensor allowed us to translate the Einstein equations for a com-
patible metric into equations on its parameters in an adapted frame and to bnd a large class of
exact solutions that naturally includes the classical Kerr black holes. We anticipate a number of
further applications of the explicit expressions of these Christolel symbols and believe that the
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detailed computations we present in this paper will be a helpful tool for other researchers who are

interested in the developments of this beld.

The paper is structured into two sections: In section 2, we debne the adapted frame Pbelds of a
compatible metric, that is the frame Pelds in which all computations of this paper are performed;
In section 3 we derive the explicit list of Christolel symbols and provide the details of the compu-
tations.

2 The general form of a compatible metric on a shearfree
manifold of KShler-Sasaki type

2.1 Notational issues

Consider a shearfree manifoldVl := (# : M % S, p, W, [h]) of KShler-Sasaki type. We use the
following notation:

(1) (N,J,go) is the KShler manifold onto which S projects and % = go(J49 is the KShler form
of N ?;

(2) A and A# are the 1-dimensional structure groups of the principal bundles# : M % S and
#5 1S % N, respectively;

(3) p, and g5 are the fundamental vector belds of the principal bundles# : M % S and #S :
S % N, corresponding to the element of the standard basis ofie (A) = Lie (A% = R. This
means that! 2°(x) = e(x), x" M, and! & (y)= e(y),y" S:

(4) % is the contact A*invariant 1-form on S satisfying the conditions
d% = #%%% , %) =1, ker&l=WS ,x"S; (2.1)
and &, is the pull-back & = #%(%,) of $ on M.

It is important to note that WS is an A*invariant horizontal distribution on the principal bundle
#5:S % N, and it is therefore a connection for this bundle. The associated connectiod-form is
$, and its curvature 2-form is d%, = #5%%,.

For what concerns the A-bundle # : M % S, throughout the paper we assume that it is trivial
and equipped with the naturalRat connection of a Cartesian product This apparently restrictive

condition can be always locally satisbed replacing by an open subsetv & S, on which the bundle

2Note that there is a sign dilerence in the debnition of ! o w.r.t. [2]. There it is debned as ! o := go(4J39.



244 D. V. Alekseevsky, M. Ganiji, G. Schmalz & A. Spiro EG:LZJBO
, 2 (2024)

is trivialisable, and identifying # : M % S with the trivial bundle # : #*Y(V) * V + A % V
equipped with the standard Rat connection.

We denote byH, the horizontal distribution of the Rat connection of #: M % S.

For any given vector beldX on the KShler manifold N, we denote by

B X (5) the unique A*invariant horizontal vector beld in WS & S projecting onto X ;

D ¥ the unique A-invariant horizontal vector beld in H projecting onto X () and thus also
onto X ; note that, by dePnition of W S, the vector peld ¥ takes values inH,, W.

The unique A-invariant horizontal vector Peld in H, projecting onto g5 is denoted byq,.

Owing to the A- and A*invariance of the connections of# : M % S and #° : S % N and the
properties of the connection1-form %,, for any pair of vector beldsX,Y on N the following Lie

bracket relations hold 3:

DR 1) X, Y1=) 6@X YY)y, DR pol=[R a]=[Po 0ol =0 . (2.2)

2.2 The adapted frame Pelds

Consider a frame beld(E1,...,En%2) on an open setV & N of the KShler manifold and the
corresponding lifted vector Delds(@l, .. .,@n%z) on M, taking values in the distribution W# =

H , W. The vector belds of the(n) 1)-tuple (@1, o B, p,) are pointwise linearly independent
and hence give linear frames for the space#i & TyM, x " U = (#5' #)%1(V ). Sinceq, projects
onto g5 and @S is transversal to WS = #g(W), the vector belds of then-tuple

(81, ., Broa2, Do, Uo) (2.3)

are pointwise linearly independent and determine a frame beld otJ. We call (2.3) the adapted
frame Peld ofM determined by the frame beldE;) on N.

Note that, due to (2.2), the Lie brackets between any two vector Pelds of an adapted frame have
the form

B, 8]=c B) wUEE), [Bp]=[8,0]=[p00]=0, (2.4)
where thec{j are the functions such that [E;, Ej] = c}} =

The dual coframe beld of (B, ..., 2,002, Py, 0,) is denoted by (B2,...,B"%2 p ¢8). Since the
dual 1-form ¢f satispesqgi(g,) = 1 and vanishes identically onW (becauseW is spanned by the

3The Lie bracket [)k, 4(] dilers by a sign from the one used in [2]. Since in both papers, it is assumed d"o = ! o,
the sign dilerence is a consequence of the dilerent debnitions of the KShler form ! 4.
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B and po), it has the same kernel and takes the same value oq, as the 1-form &,. Thus

a4 = & (2.5)

for any choice of the adapted frame(@i ' Pos Qo)-

2.3 Parameterisation of the compatible metrics

Let (E;) be a (local) frame beld onN and denote by(@l,...,l§n%2,po,qo) the corresponding
adapted frame Peld forM . Since we are assuming thaM is of KShler-Sasaki type, the conformal
class[h] consists of the degenerate metrics oW having the form

h="#" #%a)lw, ' = conformal scaling factor. (2.6)

By the results in [2, Section 2.5] (see also [6]), the compatible Lorentzian metrics ol are locally
in one-to-one correspondence with the pairgh, q) given by

¥ a degenerated metrich on W as in (2.6):

¥ a vector Peldq, which is transversal to the distribution W = W#+ Rp,, i.e., of the form

q:=ag, + bp, + ¢ B | a

0. @.7)

More precisely, given the conformal factor' and the vector beldq, the corresponding compatible
metric g = g(" 9 is the unique Lorentzian metric satisfying conditions

g ¥)='go(X,Y),  g0® p,) = 9(P,Ps) =0,

(2.8)
9% q)=0, gpPodN=1, 9@a)=0.
From (2.7) and the brst line of (2.8), the second line in (2.8) is equivalent to
¢ 1
9 do) =) —w(XEi),  9(Po,to)= =,
a a (2.9)

b 1.
g(qoaqo) = ) 2?"' ?ddlg o(Ej ,Ei) .

Introducing the shorter notation
% & .
2 2 b 1., i c
; ’ ) = 'S ) 2? + ?CICJ g O(EJ !Ei) ’ *! = ) 25 ’ (210)
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we get that g= g 9 is the unique Lorentzian metric satisfying the condition

g® ¥)= 'go(X.Y),  9g(® po)= 9(Po:Pe)=0 .  9(Po. Tp) = (7 :
o ‘ (2.11)
000 ®) = 5 WX E) . 900 0) = 5) -
This means that g has the form
% &
0= "9 o€ 5B # B +qls ( pi+r o(E EOB + L g}
' % &) (2.12)

(# " 3@+ &t (E+ *0o(Ew ENE + )5&0

The expression (2.12) gives a convenient parameterisation in terms of thén + 1) -tuple of smooth
functions (,(,),* ") for the compatible metrics of M = (# : M % S,p,W,[h]). We emphasise
that, conversely, any metric having the form (2.12), for some' > 0 and ( = 0, is a compatible
metric. Indeed, it is associated with the conformal factor' and with q = aq, + bp, + ¢ B, where
a, b, d are solutions to (2.10) for given(, ), *'. They are

1 . *i

2 ixj -
2(2.* JgO(Ej!Ei)l Cl_)r

(,7 ’

a= b:=)%+

3 The Christolel symbols in an adapted frame beld of the

Levi-Civita connection of a compatible Lorentzian metric

3.1 The complete list of the Christolel symbols

Let M =(#:M % S,p,W,[h]) be a twisting regular shearfree manifold of KShler-Sasaki type,
with S projecting onto the KShler manifold (N, J,g,). Let also (E;) be a frame beld on an
open setV & N and (Xa) = (@1,...,@n%2,p0,q0) the corresponding adapted frame beld on
U =(#5' #)%1(V) & M. We use the notationg; , % , J!, ¢ for the functions depned by

9 = WELE), % = WUELE), JE=JE , [EE]=dEk.

For what concerns the Christolel symbols! ,& (i.e., the functions debned by$ x, Xg = ! A5 Xc),
we are going to use the convention that! ;™ denotes the function which gives the component of

$¢, B in the direction of B, ! ,” is the function that gives the component of $ £, B in the

i
direction of p,, ! ij% is the function giving the component of $ £ I§j in the direction of q,, and so

on.

Our main result is the following:
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Proposition 3.1. Let g be a compatible metric forM , hence of the form(2.12) for an (n+1) -tuple

of smooth functions(',(,),* ') onU, with'> 0and( =0 at all points. The Christolel symbols
I »5 of the Levi-Civita connection of g in the frame Peld (X ) = ( B, Po. d,) are given by

m — ~mk 0 mk *m%l 1§- m 1§ ' m
Lim = g™ go($ »/Ej:Ek)*‘g Sij||<+ 24 T EO B
0
S gwB()) opolt) (3.1)
2 (
where S; | is debPned by
* # * # * #

Sk = Zgo(JEi,Ek)go(E#, Ej)+ Zgo(JEjka)go(E#,Ei)) Zgo(JEiij)go(E#,Ek) :

= B0+ 18 CFe0) (*m*kgmk%,) ?%(%,EJ, En)) - Sim
%, ‘ &
) 2 2000+ G e D p)) Bal) (32)
N I T
=) 5) (.Jp:( ), (33)
! |pmo =1 puim = (g 4%k + Zipo(' )+|m ’ (3-4)
L=t s B0 R Hm) T 8, 35)
| Ig‘; =1 polqo = , (36)
mk

0= =SB Lsta) Td g + °“">)

em a0 &

) 8O (po(*t)gt. F GO o TEEC)) Thl) @D
Lpo= 1 Po= 1 §()) 4(2*”‘*k «Bi(()) 4(2*"‘*"gmkpo(* )G ) 2(2) B (()+
*Mxt
* 2(z)po/o( Yar ) 4(§(*‘ng —é*( G)* % + 5 %))
0 !

) % 20 5 M am) D o)) @m( - (38)
L= = e 0D 5PlE 50D S R). 39)
' pepy =0 (3.10)
5o =P ollog(C ) | (3.11)
I S =0, 3.12
PPs ) N % e (3.12)
= Lo = 2Pa™) TB(0) 5 ™)) K —pol') (3.13)
ok = ek = gpe0)) *?po(*‘)gim B0+ Sa ),

) 5 )% o " am) 2) () —§ o (3.14)
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D pods = L ape =0, (3.15)
mk . *Mm
o= e % IE80)) G 80+ Z0P0)
) TVEC) ) (316)
! o8 = (qom z(z*m*kgmkqo«)) 4(2*m*kgmk Po0)) (12)%(( y+
)zpoo)) qo(*')g.m B 0)
)( 2( | *m &
) 5 (qo( )+ ﬁ *m*kgmu 2 pul')) B () o @)
! g o = %qo(()) 2 Po0)* () z—po('). (3.18)
The proof will be carried out in three steps, which we provide in the next subsections. In the

brst step we compute all covariant derivatives$ x , Xg determined by two vector belds of the
adapted frame beld(X ) = (§i,po,qo) under the assumption' . 1. In the second step, the
determined covariant derivatives are used to compute the Christolel symbols! ,§, still under the
condition ' . 1. In the concluding third step, the Christo'el symbols ! ,$ are determined with no
restriction on ' by using classical transformation formulas for the Levi-Civita covariant derivatives

under conformal changes of the metric.

3.2 The brst step

By KoszulOs formula, for any triple of vector beld¥ 1, X 2, X3,

%

9($ x,X2,X3) = % X1(9(X2,X3)) + X2(9(X1,X3)) ) X3(9(X1,X2)))
&
) 9([X1,X3],X2)) 9([X2,X3], X1)+ g([X1,X2], X3) (3.19)

Using this formula, we may determine the functionsg($ x, X 2, X3), for a compatible metric g with

1, for with any choice of X1, X,, X3 in a set of vector belds of the form
* +
%, Pos Yo where ¥ is the lift of a vector peld X on N

We get the following expressions:

$3%: 9, PB)= wBLY. D)+ oSk 2), (3.20)
9S4 ¥.p,) =) (ZQO(JX:Y) ; (3.21)
06 4 $.00) = BCF(YV BN+ PCFGGED) DIsEXY) . (322
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where S is the tensor peld of type(0, 3) on N, debned by

*]

*] *]
9(Sxy ,Z) = Zgo(JX,Z )% (Ej,Y)+ Zgo(JY:Z)go(Ej X)) Zgo(JX,Y )% (Ej.Z) ;

Sypoi  a®4pe = LaOX2), (329)
g($ % Pos po) =0, (3-24)
08 4 PorGo) = (0 + 2P NGOG E )| (3.25)

Syt 06430 B) = JRCIG(ELZ)) ZBCIGOCED)

) BIGZLE)F PooOXZ), (320

06 & GorP) = () el NGOGE ) | 327)

o($ % do: Qo) = %ﬁ()); (3.28)

sp,8: 08, %.8= La0v.2), (329)
9($p,%.p)=0, (3.30)
9($p,¥.0,) = %po(*i)go(Y,EiH %ﬁ((); (3.31)

$p,Po:  9Sp,poB)=0, (3.32)
9($ p,PoPo) =0, (3.33)

0 p,Por8e) = 3Po(0) (3:34)

So,000 985,00 D)= 20" Ne(EL2)) FB(O0) (3.35)
9($ p,dor Po) =0 (3.36)

g($ Po qmqo) = po()) ; (337)

4
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$o.%1 oo B)= T8¢ m(E2)) FBC GV E)

) §IR( AN PaaOY.2), (339

98 o, % o) = \‘F(m Po* NG(ELY) (3.39)

o5 ¢, $.00) = %) (3.40)

Sqbot U8 q,P0B) = 2o N(EL D) B0, (3.41)
05 o,P0:Pe) =0 . (3.42)

08 o,P0: G0) = P (3.43)

So0ot 0,00 D)= qu(*i)go(Ei,Z)) 230). (3.44)
oS 4,009 = 306(0) o) | (3.45)

0 4,00, G0) = V) (3.46)

From this list, we may recover the explicit expressions of the covariant derivatives of vector belds
of the adapted frame Deld(@. ,Po» Go) as follows. We clalm that the dual coframe belc{@' ps, ad)
is given by the following 1-forms (here, (g"™) := (g )»! = gO(E E; ) Y

% & %, v am &
B =g g“8) - po, . PE=g (%t 2 *Mxkg ) 2) po)—(fﬁm,é ,
% &

2
£=g(mﬁ- (3.47)
This claim can be checked using (2.11) and observing that the right hand sides in the above

equalities are 1-forms that satisfy the equalities

*1

B'(&)=g“gg =4, B(p)=0, B(q)= gik%gmk) f%=o,

(
xm 2
)= 25 0n) om0, PiPY= C5=L.
( ) 7)7 i *Mxk )2) L) *m %k “o
p°q°_(2 (2 Omk ( zgmk— )

1.

BE)=0. dP)=0. @)= 5
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Since any local vector beldZ on M can be written in terms of the frame Deld(@i y Por o) @S

Z= @i(z)§i +p§(z)po+Q§(Z)QO '

from the above expressions for thel-forms =8 ps, and ¢, we get that for any pair of vector Pelds
X,Y on M, the Levi-Civita covariant derivative $ x Y is equal to

% om &

$xY= g™gsxY.B)) (—g($xY,po) B+
%2 I *Mm &
+CUE XY Go) ¢ (—2 *mxkg) 2) 9($XY Po)) ¢ —g($x Y.Bn) pot

%2 &
+ (g($xY,po) d, - (3.48)

Combining (3.20) b (3.46) with (3.48), we get the covariant derivatives we are looking for. We list
them in (3.49) B (3.57) (here, we denote by5; |, the components of the tensor Pelds in terms of
the frame Peld(E;) on N):

%
$e B = g™G($RE B+ g™ S+
%1 L
Zé(*kgjk)"' jlff'j (**gi))

*mo/

B, +

&

) "% ) O E L En)) Sy Py) ey, (349
4 ( | ( 2
(gmk%k %1 *m%)m&
$ePo= =g Bt ZBO* 5 PaHaK) 2 by (3.50)

gmk gmk *# gmk
$e= T B(to)) T B(w)) 4ol gwd™ T)%ik)

) ) (@.(() X TPoa B

+ %&()w 4(12*m*kgmk§(<)) 4(2*m*kgmkpo(*‘>g.t) 2(zﬁ(() (zpo(*‘)g.t)
*Mxt *m
)—ﬁ(*tgtm —I'?( 9)* gt#d’m) 20)%m Pot _
(@l(()) Zpo(*‘)gn 9o . (3.51)
mk ! *m i
55,8 = OBt S BO* 5Pl Z % Po (352)
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$p,Po =P o(log (), . (3.53)

%1 mk ) ' *m &
5,00 = ZPoC™) LB Bn+ (poo)) (po(* Jom *+ 20 Bn(() po. (354)

$q,8 = Ty T8¢ a)) 9 9B (ta)) c.,gt#gmw—)%.k)
&
7|§i *t i F'—Bm
“ ) 2 B+ (po( Vg B+
@()) 4(2*m*kgmk§(()) 4(2*”‘*kgmkpo(*t)gn 2(2)§(()
*Mxt *Mm
2(2)po( gt ) §(*‘gm —§ (g0 + = Gun ) ) %m Pot
% &

(ﬁ.(()) —(po( gt 9, (3.55)

mk . mk
So.P0 = Polak) LB(() B

Po())) fpo(*t)gtm (@m(() P . (3.56)

2P0
s0.= S athe0) 80 a0+ r0) B
2 800 * 502" I 8(0) 505" OnePo0)) 23004 2)(2poo)>
o o P10 )

qo(( )) % - (3:57)

5 Gel* "gm + (§mo) P +

( (

3.3 The second step

Let us now denote by" ,$ the Christolel symbols of the Levi-Civita connection of a compatible
metric g as in (2.12) under the assumption that the function' is identically equal to 1. Since
the " o5 are the functions that appear in the expansions$ x, Xg = " o5 Xc of the covariant
derivatives (3.49) b (3.57), all such Christo!el symbols can be determined by just looking at those

formulas. For convenience of the reader, we provide the complete list in the next lines

*m(yq

"= O™ (B E BB ¢St —

(3.58)
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" = %@i(*kgjkh %@i (g )+

[

) %*m*kgmk%i ) *Tgo($%iEi:Em)) *Tsij Im (3.59)
v a %
i = % (3.60)
wm o_w M o_ (gmk(y
ip, — Poi 4 * ’ (361)
= Pm LB P ) (362)
ipe —  Pol 2( I (po Oik ) .
Tl =" =0, (3.63)
o e O B¢g0) §k(*tgt.>> clr Geg™ + —)%.u
1 ) 2RO 4 SYGLE (3.64)
"i222| quO: §()) 4(2*m*k §I(()) 4(2*m*kgmkpo(*t)glt) 2(2§(()
*Mxt
2(2>p0( g ) —§-(*tgtm)+ I§m(*tgn>+ % ) ) %m . (365)
nm Yo —mn o = 1
=" g, = Zé(()) X Do | (3.66)
"popy =0 (3.67)
" pops = Pollog (), (3.68)
"popy =0 (3.69)
mk
PR 5%(*'“)) B0 (3.70)
"= k= 5Pe0)) ;( PoC* ) + 5 En(0) @71)
"ppde =" appe =0 (3.72)
" = 92 a3 T3 80)) a0+ P (3.73)
R (qoo> Z(Z*m*kgmkqo«)) 4(2*m*kgmk Po0)) ()2q0(<>+
2izpoo)) Sl g + 80 m, 3.74)
"8 = 9(0) 5Ps0)- (3.75)

A v A _n
pOi’ IqO_ ql’

torsion of the Levi-Civita connection is 0 and that the pairs of vector pelds{ &;, Po}, {8 g,}, etc.,

Note that the equalities " A =" etc. are also consequences of the fact that the

commute.
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3.4 The third step

Assume that g is one of the metrics considered in the previous two subsections.¢., compatible

with ' . 1) and denote by D the Levi-Civita connection of a conformally scaled metricg® = e?®g
for some smooth, . It is well known that, for any pair of vector belds X,Y of M (seee.qg. [4, Th.
1.159)),

DxY=%$xY+X(L)Y+Y()X) g(X,Y)grad(, ) . (3.76)

If we expand grad, in terms of the frame Deld(@i yPor o) @S
grad, = (grad, )E' & + (grad, YPep, +(grad, )%q, , (3.77)

we see that the Christolel symbols" ,5 for a compatible metric g with * . 1, as considered in
the previous subsections, and the Christolel symbols! ,& for the conformally scaled metric g®

are related to each other by

L= B+ B )AM) gy (grad, )Er (3.78)
I ijpo = ijpu ) g“ (grad, )po , (379)
tilo=" %) g (grad, )% (3.80)
i = =g+ po( ) (3.81)
Lipe =t o= b+ B(,), (3.82)
i = o™ =" (3.83)
*t
L = Ll =i Hho( ) S (grad, )t (3.84)
*t
L= a0 =" 6) S (grad, )P (3.85)
*1
Lo =t ="+ 81()) oi(grad, )%, (3.86)
L oupy = popy (3.87)
L pobs =" pops ¥ 2P0 ) (3.88)
L oops =" pops ( (3.89)
Lo = Lo =" p0) Hlorad)fn (3.90)
D pots = ' agps =" bt tdo()) %(grad. )Po (3.91)
D pods = ! aeps =" pds tPo()) %(grad, Yo, (3.92)
Doy =" apcly %(gfad, ) (3.93)
Doy =" aobe) )§(gfad, )Pe (3.94)
)

D80 =" .80 +2d0(,)) S(grad, )% . (3.95)

2
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We now recall that any vector Peld X on M decomposes into the sum

% &
. i *i
X = BOOB +p3Xp, +a3(X)ao =g X, 9%B) —p, B+
%, 1 . om é % o, & (3.96)
+g X, (qo+(7 *m*kgm ) 2) po) Tﬁm po+g X, (po qo-

From this, we get that the components (grad, )* of the gradient of , are equal to

(grad, ) = g* B (,)) (po( ),
(grad, )Po := (qo(,) (iz “mekg ) 2) polf)) - ( — B (f), (3.97)
(grad, )% := (Epo(, )

Inserting these expressions and (3.78) B (3.95) into (3.78) B (3.95), we get the explicit formulas for
the Christolel symbols ! ,§ of the scaled metricg® = €?®g. They are:

L™ = g™ go($ 2 Ej L Ex) + gmk Sij Ik + B I B )4+ B ()4
% &4
) g™B()) ( Tool) (3.98)
0o = 1 (x Ky *K *m*k 0 i xm

!ijp - Zﬁl( %J/(I;z) Z§ (1 ?Ik)) 4( Omk %4 ) ( % ($ E,E}v m)) ( Sij |m

) G %) F'*m*kgmk) 2 po(,>) § G¢) (3.99)
=) ) ). (3.100)
Lig, = g = © m:%k +po( )+ (3.101)
Lipe =1, o= %lﬁ(() o Lo yai ) +8(), (3.102)
! igz =1 igz =0, (3103)

m gmk gmk
L=t = =B )) —ﬁk(*‘gu)) gr Qg™ + —)%.k) .

*m *t 0
) —(I‘-ﬁi(() (p(,(*‘)gl. +ao( ") o g™ B.()) - ( Tool) (3.104)
bige = L §0) 4(2*m*kgmk§(()) 4(2*m*kgmkpo(*‘>g.t) 2(z)vfi*(()+
*M*t
+ 2(2)%(* )Gt ) —Ff(*tgtm —§ (*'ge) + X gt#qm) 30 %m)
*t |
) Do Zap( )+ LG ) ) po)) @ ( ) , (3.105)
2% ( ( %, e
*t

Lig =g = (ﬁ.(()) Zpo(*t)g.t +B(,)) - O (—po(,) : (3.106)
l,Mm=0, (3.107)

PoPo
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L ope =Po(log () +2p,(, ), (3.108)
o820, 3 . (3.109)
Doty = aopy = %po(*’“)) %Fﬁk(()) (5 B () ( T oel) (3.110)
oo = g b = %poo)) P8 + B+ a4l ) .
( 2 1! mak " * M
) 5 (%W M e D pe() Bal) (3.111)
oty = Laity =0 (3.112)
L g,q, = qu(*')g.k> g T8.0)) (qo«) *':poo )
)L mk@u " e (3.113)

2 (

R (qo()) 22 *m*kgmkqo(()) 4(2*m*kgmkpo())) (z)qo(()

2(z)po(m X qo(*')gim * —§ 0))

m &
) L (qo( )+ (—2 kg ) 2) Pl ) () (1
% &
o= c(0) Po v2a00) L Feol) (3.115)

In order to conclude, it is now su"cient to observe that the metric (2.12) with an arbitrary '> 0
can be obtained from the metric considered in subsection 3.2i.e., with ' . 1) by applying the
scaling factor e?® with , := %Iog' . Hence, the desired expressions for the Christolel symbols are
given by (3.98) b (3.115) with, replaced by% log' at all places. These substitutions yield (3.1)
b (3.18).
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1 Introduction

In this paper we consider the fractional dilerential equation

L
°Dix )+ qx(=0, n! 1<l n, n#3 &5

whereq: R$ R is continuous andq(t) %0, together with the boundary conditions
xD@=0, xX¥(M=0, 0" i" n! 1 and i%k, (1.2)

wherek is a natural number betweenl and n! 1.

Over the course of more than a century, numerous Lyapunov-type inequalities have been derived,
taking into account their applications in various areas, such as eigenvalue problems, stability
theory, oscillation theory, and the estimation of intervals of disconjugacy. The paper by Lyapunov
[14] in 1907 is considered to be the brst work in this direction. In recent decades, especially
with the development of fractional dilerential equations, signibcant advancements and further
generalizations of Lyapunov inequalities have been obtained. To explore some of the research that
has provided some of the motivation for studying the problem (1.1)D(1.2), brst note that Cabrera
et al. [7] derived Lyapunov-like inequalities and established a lower bound for the eigenvalues of
the fractional problem

il
%CD;+X (t)+ qt)x(t) =0, a<t<b, ! &(n! 1,n], n# 4
& x0)(a)= x"() =0, 0" i" n! 1, i%2.

It can be observed that the boundary value problem discussed in [7] is a particular case of the
problem considered here, that is, of (1.1)D(1.2) with the parametek taken to be 2. Additional
notable work for k = 2 can found in [1,7, 23, 24]. Compared to the problems investigated in
[1,7,23,24], our boundary condition (1.2) is more comprehensive and inclusive.

In [6], Bohner et al. applied a VallZe-Poussin theorem to obtain explicit inequality criteria for the
solvability of the problem consisting of the Caputo fractional functional dilerential equation

'm ‘

CDax)()+  (TxO)(0)=f(1), t&fan,

i=0
and the boundary condition (1.2), where the operatorT; : C $ L- with C = C([a,H,R) can
include a delay or advanced argument, an integral operator, or various linear combinations of such
things. In another work, Domonshnitsky et al. [10] obtained such criteria for fractional functional
dilerential equations with Riemann-Liouville derivatives again based on the VallZe-Poussin theo-
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rem. Rong and Bai [21] obtained a Lyapunov inequality for the problem

# .

% cp! x (t)+ q)x(®)=0, a<t<b, 1<! " 2

( " ) non

&x@=0, D)X (h=0, 0<" " 1,
wherel<! " 1+". Extensive research has been conducted on Lyapunov inequalities using di'er-
ent forms of fractional derivatives such as in [5,11,12,15,16,22]. For a comprehensive exploration of
Lyapunov inequalities, a detailed study can be found in the recent monograph by Agarwal, Bohner
and ...zbekler [2].

Using estimates of the GreenOs function has been a common technique employed in the study of
Lyapunov type inequalities. In cases where the GreenOs function possesses a bxed sign, estimating
it becomes relatively straightforward compared to cases where the sign is unknown. Nevertheless,
several researchers have successfully managed to bnd estimates and derive Lyapunov-type inequal-
ities even if the sign constancy of the GreenOs function is not known; for example, see the recent
papers [21,22] and the book [2].

The present work is divided into six sections. Section 1 provides an introduction and background
information pertaining to the problem. Preliminaries concepts are introduced in Section 2. In
Section 3, we obtain a Lyapunov inequality that improves the results in [7]. In the process, we
are able to obtain a new Lyapunov inequality for a third-order linear dilerential equation (see
Corollary 3.6 below). In Section 4, we obtain a Lyapunov inequality under a restrictive condition

(see (4.1)). A Lyapunov inequality for a generalk with 1" k" n! 2is discussed in Section 5.

We conclude this work in Section 6 with some applications and open problems.

2 Preliminaries

The monographs [13, 18] oler a thorough examination of the basics of fractional calculus. The
recent publication [22] contains the required fundamental debnitions and lemmas utilized here in
this study. Next, we discuss the GreenOs function and its sign in order to enhance our comprehension

of the primary outcomes.

Lemma 2.1. Assume that! & (n! 1,n], 1" k" n! 1, andf &L~ . Then the unique solution

of the fractional boundary value problem

u
oeplom+ =0, a<t<n, 2.1)

Ex0@=x®(=0, 0" i"nl 1 and i%k,
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is given by .
x(t) = Gk (t, s)f (s)ds, (2.2)

a

where G ((t, s) is the GreenOs function given by
!
1 #%(!! 1)(1 ! 2)aa@ ! k)(t! a)kb! s)'' Kt g)'tt, a"s

. (2.3)
(D% 200 o1 2488 1 Kt a)<b! 9t KT, a" t"s" b

Gk(t,s) =

Proof. Consider the equation
(CDa X)) = f (D).

Then, using some fundamental concepts in the fractional calculus (see [13,18]), we see that
(las (Do X))(1) = 1 (1as F)(V),

which, in turn, implies that there are constants bh & R, i =0,1,...,n! 1, such that

*

t
X(t)= bp+ by(t! a)+ bp(t! a)®>+ adé bhyua(t! a)"*1! ﬁ (t! s)'#1f (s)ds,
for t & [a, 1. From the boundary condition x(V(a) =0 for 0" i " n! 1andi %k, we obtain
b =0for0" i" n! 1,i%k. Sincex(¥)(a) %0, we haveh, %0. Therefore,
1
x(t) = h(t! a)k! ) (t! s)' #1f (s)ds, (2.4)
and so
NEER
x'(t) = kb (t! a)k#11 T (t! s)'#2f (s)ds,
* t
x"(t) = k(k! Db (t! a)*#21 w (t! s)'#3f (s)ds,

*

(11 1) 2)a4@ ! k)

b
) . (b! s)' #K#1f (s)ds.

x®(b) = kib !

Applying the boundary condition x()(b) =0 gives
(D 2)a4@ ! K)

b
ki( 1) _ (b s) #K*1f (s)ds.

b

Using this value of b in (2.4), we obtain

* *

b
(t! a)¢ (b! s)' K 1f (s)ds! ﬁ t(t! s)' #1f (s)ds, (2.5)

(1 (! 2)44a ! K)

x(®) = ki1
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or
x(t) = ¢! 1)(!;”(2?")5‘{36! k) *at(t! a)(b! s)' K 1f (s)ds
+ tb(t! a)(b! s)' #K#1f (s)ds' ! !(1!)*;(“ s)' #1f (s)ds. (2.6)
This proves the lemma. O

The following lemma provides some valuable information about the sign of the GreenOs function.

Lemma 2.2. If ! &(n! 1,nJand!>k +1, then Gy(t,s) > O for all t,s &[a, 1.

Proof. Clearly,

1

Gk(t9) = 1k

(P (! 2)aa@ ! k)(t! a)f(b! s)'*s> 0,

fora<t<s<b.Ifa<s" t<b, we obtain

Gk(t,s) = L(! 1) ! 2)aa@ ! k)(t! a)<(b! s)' #K#L) i(t! s)'#1

I(1)k! oy
# Wl!)(!! 1)(1 1 2)44@ ! K)(t! s)K(t! s)'Fk#L ﬁ(“ o'#1
- Wll)(! ! 1)(!+! 2)4a@ ! k)(t! s)'*1] !(1!_)(“ o'#1

= ﬁ(t! s)!“+k1!(!! (! 2)aa(a_! k)! 1

> ﬁ(t! SN %k(k! 1)aa@d)! 1 =0,

where we have used the facts that >k +1,t! a# t! s,andb! s# t! s, sothat(t! a)k(b!
s)! #k#l g (11 s)k(t! s)'#*#1 This completes the proof. O

3 Main results: Lyapunov type inequalitiesbl

We begin this section with another lemma on the properties ofG (t, s).

Lemma 3.1. If ! &(n! 1,n]and! >k +1, then GreenOs functiorGy(t,s) given in (2.3) has the
#G (t,
property that *2£&2) > 0 for all t,s & [a, 1. Furthermore,
1 i(! I 1) ! 2)aa@ ! k)(b! a)¥(b! s)'Fk*L1 (b1 g)'FL .

G(ts)" GBI iy i
(3.2)
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Proof. Fora<t<s<b , we have

#G(Ls) _  k

b k”(!)(! 1) ! 2)aa@ ! k)(t! a)** (bl s)'*K# 1y Q.

Fora<s " t<hb,

#G:f(tt,S) - k!!?!)(i! (! 2)aa@ ! k)(t! a) (bl s)' KL ﬁ(! _! D! 9 #?
(!!(!!)1)+l|<(!(! O e
= (!!(!!)1)+(k!11)!(! ' Dasa ! 921 (11 g2
(!!(!!)1) EE: B:‘ 1t s)**=0,

where we have used the fact that > k +1. Therefore, the function G (t, s) is nondecreasing with
respect tot, and this implies Gi(t,s) " Gk(b, 9 for all t,s & [0, 1]. This proves the lemma. O

The following theorem is the major result in this section.

Theorem 3.2. Assume that! & (n! 1,n]Jand! >k + 1. If a nontrivial continuous solution of
(1.1)E(1.2) exists, then

* 4 -
b
%(! 1) ! 2)aa@ ! k)(b! a)k(b! s)'FK L1 (b1 s)'# |g(s)|ds# I(!). (3.2)
a k!
Proof. Let x(t) be a nonzero solution of (1.1)D(1.2) and leiX = C([a, k) be a Banach space
endowed with the norm

(x(= sup [x(t)].
a$tsb

Then, for a solution x of (1.1)D(1.2), by Lemma 2.1,

*
x(t) = Gk (t,s)g(s)x(s)ds.

a

Sinceq(t) cannot be zero,

* b+ -
Ix(t)] " ﬁ %(!! 1)(1 ! 2)aa@ ! K)(b! aX(b! 8)'**11 (bl §)'*1 |q(s)||x(s)|ds,

which yields (3.2). This proves the theorem. O
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We have the following consequences of this result.

Corollary 3.3.  Under the conditions of Theorem 3.2, if (1.1)8(1.2) has a nontrivial continuous

solution, then *
b
kif(t 1 k)
| Q) #k#1
. (b! s) la(s)|ds # ol aF (3.3)
Corollary 3.4. Under the conditions of Theorem 3.2, if (1.1)81.2) has a nontrivial continuous
solution, then .
b
kIt k)
ds# —————. 3.4
la©lds# (o (3.4)

If we setn' 3, then! & (2,3], and since! > k + 1, this means we takek = 1. The problem
(1.1)D(1.2) then reduces to
# | "

% ool x )+ qx®y=0, 2<1 " 3, 5

& x(a) = x"(a) = x'(b) = 0.

Fractional BVPs of the form (3.5) were studied by Qin and Bai [19, 20]. Applying Theorem 3.2,
Corollary 3.3, and Corollary 3.4 to (3.5), we obtain the following corollary.

Corollary 3.5. If (3.5) has a continuous nontrivial solution, then

* + -
i %(! I 1)(b! a)(b! s)'#21 (b! s)'*1 |q(s)|ds# I(!), (3.6)
b(b! s)' #2|q(s)|ds # % (3.7)
and *x (11
. |a(s)|ds # W. (3.8)

As discussed earlier, (3.6) implies (3.7), and (3.7) implies (3.8). In particular, applying inequality
(3.8) of Corollary 3.5 to the third-order boundary value problem

#
Box (1) + qvyx(t) =0,

(3.9
& y(a)= x"(a) = x'() =0,
we obtain the following result.
Corollary 3.6. If (3.9) has a continuous nontrivial solution, then
* b 1
) lq(s)|ds # 1 22 (3.10)
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As far as our knowledge is concerned, Corollary 3.6 is new in the literature. The boundary

conditions used in (3.9) are di'erent from those of Akta" and ,akmak [3,4] and Parhi and Panigrahi
[17]. Our Corollary 3.6 can not be compared to the results in [5] because of the restrictive condition
x"(a) + x"(b) = 0 (see the third condition of (1.7) in [5]) required there. Similarly, Corollary 3.5
can not be compared to Dhar and Kong [8, 9].

Next, suppose thatn # 4. Our parameter k considered in (1.2) varies from1to n! 1. In
particular, if k = 2, we obtain the results of Cabrera, Lopez, and Sadarangani [7]. Our GreenOs
function Gy (t,s) extends the GreenOs functions obtained in [1,23,24] fa=0, b=1, and k = 2.

4 Main results: Lyapunov type inequalitiesbl|

In this section, we derive a new Lyapunov type inequality, dilerent from the ones presented in the
previous section. We use the maximum of the GreenOs functi@(t, s) given in (2.3) to bnd a new
inequality for (1.1)D(1.2) for a generalk, 1" k" n! 1, with the price being that the following
restrictive inequality is imposed:

kI> (1! 1)aa@ ! k(! k! 1). (4.1)

As prescribed by our boundary condition (1.2), we consider the following cases:

(A1) x(0)= x"(0)= aaa x"*D©0)=0, x'(1)=0
(A 2) x(0)= x'(0)= x"(0)= aa& x"*10)=0, x"(1)=0

(A3) x(0)= x'(0)= x"(0)= x" (0) = 44& x™V(©0)=0, x"(1)=0

(A nx1) x(0) = x'(0) = x"(0) = 44& x"*2(0) =0, x(MV(1)=0

Remark 4.1. Observe that:

(B1) For k=1, that is, in the case (A;), we can take! =2.5& (2,3]. Then, condition (4.1) is
satibed, i.e.,

1=k!> (1! 1)aa@! k(! k! 1)=(.5! 125! 2)=0.75

(B,) For k = 2, that is, in the case (Ay), we can take! = 3.5 & (3,4], so that condition (4.1)

becomes

2=ki> (1! 1)a4@ ! K)(' ! k! 1)=(3.5! 1)(3.5! 2)(3.5! 3)=1.875
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(B3) For k =3, that is, in the case (A3), we can take! =4.4 & (4,5], and (4.1) becomes

6=k!> (1! 1)aa@ ! k)(!! k! 1)=(4.4! 1)@4.4! 2)(4.4! 3)(4.4! 4)=4.5696

The following lemma gives an upper bound onG(t, s).

Lemma 4.2. Let!>k +1 and assume that(4.1) is satisbed. Then

. [ 11
L1 k(! @ttt 3)aa@ ! k(! k! 1) *
GktS) " Iy TR 1 ki (4.2)
Proof. By Lemma 3.1, we haveGg(t,s) " Gk(b,s. Set
F(s) = %(! 1) ! 2)aa@ ! k)(b! a)k(b! s)'#KFL1 (b1 s)'# L (4.3)

then Gg(b, s = !(1! ) F (s). To obtain the maximum of F(s), set F'(s) equal to zero to obtain

(DT 2)&4a ! K ! k! 1)
k!

F!(s):! (b! a)k(b! S)!#k#2+(!! 1)(b! S)!#ZZO,
which is true if and only if

T 2aa@1 KO kD b
k!

s(:= s¥ = b! (b! a). (4.4)
Clearly, s®< b. Also, if s”< a, then

ki< (1! 2)aa@ ! k(! k! 1),

which contradicts (4.1). Hence,s”# a.

Now,
Fi(s) = (1! 2)a4d ! B(!! k! 1) ! k! 2)(b! 9! #443(b1 a)k
(1 ¢t 2)b! s)'#3
+ L, -
S(11 1 )bt g ke (L 3)aa@ Y k)(!k: KEDCY K2 g0 g1 (or gy
If we set

(11 3)aa@ ! k(1! k! 1) k! 2)

" (b! a)*! (b! s)k,

g(s) =
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then

(11 3)aad ! k(! k! (! k! 2) (11 2)aa@ ! k(! k! 1)

o(s™ = 0 (b! a)k! k! (bl @)
_ (1! 3)aad !klk)(” KED o1 gyt k1 21 1 +2)
Z k(! I 3)aad !k'k)(! I k! 1)(b! a)k < 0.
Therefore, F (s) attains its maximum at s = s% and the maximum of F (s) is given by
F(s)" maxF(s)= F(s" =
. . /| ll(<! 1
= %(! 101 2)aaa 1 kbl g L 2ade !k!k)(! L) (b! @) #k#1
. [
| (' 2)44d !k|k)(!! k! 1) 7% (bl @) #1
. [ ki 4+
_ | (! 2aaa ! k(' k! 1) K (et 2aad ! k)
= (bt )" ki ki
L1288 KL k! 1)
' k!
. . /| 0 L<! 1 L
Z (bl )l (' 2)444 !k!k)(! I k! 1) ¢! Z)i?é! k)(! EIRES T
. [ 1rkia
~ ! (1 2aa@! k(! k! 1) (1 2aad! k! k! 1)
= k(bt &' ki KT k! 1)
_ k(b! @'#1" (11 2)aa@ ! k)(!! k! 1)/ e
T k! 1) k! '
Consequently, (4.2) holds, and this completes the proof of the lemma. O

Next, based on the above lemma, we present our main inequality in this section.

Theorem 4.3. If ' >k +1, (4.1) is satisbed, and a nontrivial continuous solution of (1.1)5(1.2)
exists, then

* b . /%
1o(s)[ds # (! k! 1) k!

a Kbl &) #1 (11 2)aa@ ! k(' 1 kT 1) (4.5)

As before, we obtain the following corollaries.

Corollary 4.4. Let! & (2,3)and (! ! 1)(! ! 2) < 1. If a nontrivial continuous solution of the
fractional boundary value problem(3.5) exists, then

b (1 1
. |o(t)[dt # (b!(a))!#l(! I ) #2
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Proof. This can be proved by lettingk =1 in (4.1) and (4.5). O

Corollary 4.5. Let! &3, 49)and (! ! 1)(!'! 2)(! ! 3) < 2L If a nontrivial continuous solution
of the fractional boundary value problem

gO!CD!x t) + q(t)x(t) =0, 3<! " 4
§Lx(a)e: xl(;))z j(ia)(i x"(b) = 0 (o)
exists, then . | .
:'qa)ldt# !2((:)?(!a)!!#31) 0 2)2(!! I 3) N
Proof. This can be proved by letting k = 2 in (4.1) and (4.5). 0

Corollary 4.6. Let! & (4,5 and (! ! 1)(! ! 2)(!' ! 3)(! ! 4) < 3L If a nontrivial continuous
solution of the fractional boundary value problem

al ‘Dl x" (t)+ q(t)x(t) =0, 4<1 " 5
&x(a) = x'(a) = x"(a) = x" (a) = X" (5) = 0 )
exists, then . | .
_ la®lde# g(t!)?(!a)!!;l) 11 2 ?! 3 1 4) 3
Proof. This can be proved by letting k = 3 in (4.1) and (4.5). 0

5 Main results: Lyapunov type inequalitiesbll|

In Sections 3 and 4, we obtained two dilerent Lyapunov-type inequalities. In this section, we
obtain one more such inequality that is also dilerent from the previous ones. Here we will have
the same integrand that appeared in (3.2) in Section 3, whereas we only had as the integrand

in (4.5) in Section 4. Although the condition ! > k +1 is required in both of these sections, the
inequality (4.1) prevents us from considering many types of boundary conditions. For example,
from the observations (B,)D(Bsz) and condition (4.1), we see that we cannot ask thatk <n ! 2.

In this section, we avoid condition (4.1) and bPnd a general Lyapunov-type inequality for (1.1)
together with the boundary condition (1.2), which is valid for the case1" k" n! 2
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Set

0
o kk b! !#1_ 1 k! T#k#1
M = max %(!! )01 2)aaa 1 k) a)(! !('1')!#1' DU
. [ 11
k(b! @)'#1 (11 2)(1! 3)aa@ ! k! 1) ©
(1! k! 1) k! . ' 1)
(b I3)!#1((!! D0 24aaa ! K)! KD .
Lemma 5.1. Let!>k +1. The inequality
Gk (t,s) " 1 M 5.2
(max k(t,s) oM (5.2)

holds, whereM is debned in (5.1).

Proof. We have!( !)Gk(t,s)= (! ! 1)(! ! 2)aa@ ! k)(t! akb! s)'***1fora" t" s" b

Now,

!(!)%: %(! (! 2)aa@ ! k)(t! @ (bl 5)'* T H 0

implies that Gk (t,s) is hon decreasing with respect tat. Hence,!( ! )Gk(t,s) " Gk(s,9)!( !). Set
'( 1)Gk(s,s) = gui(s). Then,

qu(s) = %(! L)1 2)aa@ ! k)(s! a)k(b! s)'FKFL

dg

h . .
andE—O if and only if o
— Y P a
s=st=a+ 5
Clearly, a<s”<b, and
d291—1|| 11 2)444 ! [ I a)k#2(p1 g) #k#1
T = ! DO 2aad ! KkK! (st @bl s)

k(T kD 1)(st @i bl s)'#K¥21 k(11 k! 1)(s! a)**!(bl s)'#k#2
+(1 kDD k! 2)(s! a)f(b! s)'FHI

= %(! I 1)aa@ ! k)(s! a**?(bl s)'***3kk! 1)(b! s)?

L 2k(11 k! 1)(s! a)(b! )+ (! ! k! 1) ! k! 2)(s! a)?]. (5.3)
Now, s®! a= k(!bjf) and

k(b! a) _ (b! a)(! ! k! 1)
(rr1) (11 1)

(b! s =(b! a)!
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Thus, from (5.3), we have

d?q L 2)aa8@ ! k) Kk#2(b1 a)!#3(1 1 k! 1)'#k#2
e I = k! (11 1) #a

< 0,

which shows that g;(s) attains its maximum at s = s* Hence,

1 (1 1)1 2)44d ! k)kk(b! a)!(#;l!(!l!)!::i 1)!#k#1.

max Gg(t,s) =

a$t$s$ b I( k! (5.4)

Next, suppose thata” s" t" b Since! >k +1, Gk(t,s) is nondecreasing with respect tot.

Thus, fora™ s" t" b, we have

1
omax Gi(ts)= G(b9:= WF(S)’ (5.5)
where F (s) is given in (4.3). Clearly F'(s) = 0 if and only if s = s¥ where s®is given in (4.4).
Moreover, s” < b, F(s) is nondecreasing fors " s” nonincreasing fors # s” and attains its

extreme (maximum) value at s = s”

First, suppose thata" s”™ Then F(s) attains its maximum at s = s% and the maximum value of
Gk (t, s) is given by

(S

1 Kk(b! @) *1 (11 201 3aaa ! ki 1)

— %, —
2a18% , G (6:8) = Gu(b.8) = 1 ey ki (5.6)
Finally, suppose that s®< a. Then,
R
| 1#1
=LA T e 2aaa 1 KK, (5.7)
knet)
Therefore, in view of (5.4), (5.6), and (5.7), the lemma is proved. O
Theorem 5.2. Let!>k +1. If x(t) is a nonzero solution of (1.1)E(1.2), then
T (1)
[q(t)| dt > T (5.8)

a

6 Discussion and conclusions

In this section, we obtain Lyapunov-type inequalities for fractional dilerential equations of various
orders and with dilerent boundary conditions. We also compare our results with some existing
ones in the literature.
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6.1 The case ! & (2,3]

Let! &(2,3]. Since! >k +1 and!> 2, we havek = 1. In this case,
2 3
e 11 2 e . . .
Mi=max (b! a)'*?! 1 ,(b! @' * 1 2)'%2 (bl a)'flg i 2) (6.1)

whereM; = M |¢=1 and M is given in (5.1). Now2<! " 3implies (! ! 2)'#*2# 11 2 so

2 / 3
gy 1120072 . .
M;= (b! a)'*? T 1 (bl @) *tar 2 #2 (6.2)
We then have the following corollary.
Corollary 6.1. Let! & (2,3]. If x(t) is a nonzero solution of
! n
% °pL x m+ ax® =0
(6.3)
& x(a) = x"(a) = x'(B) =
then .
° (1)
[q(t)|dt > —~. (6.4)
a My

Since(b! a)'#2 #
from Corollary 6.1.

holds if and only if b# a+ we obtain the following corollary

(E3vians E3T

Corollary 6.2. Let! & (2,3]andb# a+ ﬁ. If x(t) is a nonzero solution of (6.3), then

*

b ')
. |o(t)] dt > (bl @) #L(l | p)#z’

(6.5)

Now we consider the problem (3.9). Heren =3, ! =3, and k = 1. In this case, Corollary 3.6
shows that if (3.9) has a nontrivial solution, then (3.10) holds. Corollary 4.4 cannot be applied
because(! I 1)(! ! 2) =2 > 1 and so (4.1) fails. By Corollary 6.1, if x is a nonzero solution of
the problem (3.9), then

*
2
q(t)| dt >
a a0l max{ %2 (b! a)2}

(6.6)

holds. If b# 1+ a, then max{ %2 (b! a)?} = (b! a)2. Consequently, (6.6) yields (3.10). On,
the other hand, if b < 1 + a, then max{ %2, (b! a)?} = &2 In this case, (6.6) yields

*
b

la(t)| dt >
a

4
6D 6.7)
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6.2 The case ! & (3,4]

Let! & (3,4]. Since! >k +1 and k %0, we consider the following two casesk =1 and k = 2.
First, suppose that k = 1; then Theorem 5.2 yields the following corollary.

Corollary 6.3. Let! &(3,4]. If x(t) is a nonzero solution of

# "

$' Cnh! =

0 "Dy, x () + q(t)x(t) =0, 6.8)
& x(a) = x"(a) = x"(a) = X'(B) = 0,

then *
I(!

° )
la(t)| dt > M, (6.9)

where M is given in (6.2).

Corollary 6.4. Let! & (3,4] and b# a+ 2. If x(t) is a nonzero solution of (6.8), then (6.5)
holds.

Finally, suppose that k = 2. Then Theorem 5.2 reduces to the following corollary.

Corollary 6.5. Let! & (3,4]. If x(t) is a nonzero solution of

# ;

% cp! -

0 ¥Dy, x (H)+ g(t)x(t) =0, (6.10)
&x(a) = x'(a)= x" (@) = x"(1) =0,

then *

b I(1)
. |q(t)| dt > M, (6.11)

111 3
2(b! a)' #1111 2)( 1 3)'#3 2! )l (1 2)( ! 3)/ =111 3)(b! @)l
(1 1)#2 T3 2 ’ 2

(6.12)

In this paper, we obtained Lyapunov-type inequalities for higher-order fractional dilerential equa-
tions of Caputo-type with general two point boundary conditions. The assumption that ! >k +1
helped us to analyze the signs of the GreenOs functi@y(t,s) and its derivatives with the price
that k % n! 1. Similarly, by our assumption, we havek 0. Therefore, it would be interesting to
discover a Lyapunov-type inequality for problem (1.1) for either of the boundary conditions

xW(@) = xX"V(m)=0, 0" i" nt 2
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or

xMW(@=x(h=0, 0" i" n! L

This is left to the reader.
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RESUMEN

Describimos los digrafos que son representaciones duales de
reticulados Pnitos satisfaciendo condiciones relacionadas con
encuentro-distributividad y modularidad. Esto se obtiene
usando la representaci—n digrafo dual de reticulados Pni-
tos de Craig, Gouveia y Haviar (2015). Estos digrafos,
conocidos como digrafos TIiRS, tienen sus or'genes en las
representaciones duales de reticulados de Urquhart (1978) y
Plo!"ica (1995). Describimos dos propiedades de reticulados
Pnitos que son debilitamientos de la semimodularidad (su-
perior) y semimodularidad inferior respectivamente, y luego
mostramos c—mo estas propiedades tienen una descripci-—n
simple en los digrafos duales. Combinado con trabajo pre-
vio sobre digrafos duales de reticulados semidistributivos
(2022) en esta revista, se tiene una representaci—n dual de
reticulados encuentro-distributivos. Esto entrega una cone-
xi—n natural a geometr'as convexas Pnitas. Adicionalmente,
presentamos dos condiciones subcientes en un digrafo TiRS
Pnito para que su reticulado dual sea modular. Concluimos
presentando tres problemas abiertos.

Keywords and Phrases: Semimodular lattice, lower semimodular lattice, modular lattice, TiRS digraph, meet-

distributive lattice, Pnite convex geometry.
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1 Introduction

The Prst dual representation of arbitrary bounded lattices was given by Urquhart in 1978 [15].
Since then, many dilerent authors have attempted to provide dualities and dual representations
of classes of lattices that are not necessarily distributive (see the recent survey by the brst author
[4]).

In this paper we examine representations for Pnite lattices that satisfy conditions related to meet-
distributivity and modularity. The dual structures of these Pnite lattices will be TiRS digraphs
satisfying some additional conditions. It was shown by Craig, Gouveia and Haviar [6] that there is

a one-to-one correspondence between the class of bnite lattices and Pnite digraphs known as TiRS
digraphs (see Debnition 2.4 and Theorem 2.6). We remark that this correspondence generalises
Birkho!Os one-to-one correspondence between Pnite distributive lattices and Pnite posets from the
1930s.

A goal of any representation is to use simple, familiar structures to represent the objects of interest.
Finite TIRS digraphs provide a straightforward generalisation of pPnite posets. Moreover, digraphs
are a well-studied class of mathematical structures and hence are well suited to be used as dual
objects. In addition, the brst-order description of TiRS digraphs can be used to study the Pnite

ones with computational tools such as Prover9/Mace4 [11].

We introduce and study lattice-theoretic conditions which generalise both lower semimodularity
and (upper) semimodularity for bnite lattices and seem to be more natural and simpler than
the conditions from [8]. We are also able to provide equivalent conditions to them on the dual
TiRS digraph of a Pnite lattice. We can combine our lattice-theoretic conditions with our previous
results in this journal [5] to characterise the dual digraphs of bnite meet-distributive lattices, which

correspond to Pnite convex geometries.

Currently, the only known dual characterisation of Pnite modular lattices is given by the theory of
Formal Concept Analysis [8]. A rather complicated condition is available for the standard context
dual to a bnite semimodular lattice [8, Theorem 42]. We are able to provide conditions on the dual
digraph of a bnite lattice, which are su"cient though not necessary for modularity of the lattice.

The paper is laid out as follows. In Section 2 we provide some background debnitions and results
that will be needed later on in the paper. Section 3 debnes two conditions which generalise, respec-
tively, (upper) semimodularity and lower semimodularity. We focus on the generalisation of lower
semimodularityNa condition we call (JM-LSM) (see DePnition 3.6). We characterise the dual of
(JM-LSM) on the dual digraphs of Pnite lattices. For completeness we state corresponding condi-
tions and results related to upper semimodularity. In Section 4 we combine the results of Section
3 with results from a recent paper by Craig, Haviar and S<o Jo<o [5]. There, characterisations
were given of the digraphs dual to Pnite join- and meet-semidistributive lattices (and hence also
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Pnite semidistributive lattices). The combination of these dual characterisations gives us a charac-

terisation of the dual digraphs of Pnite meet-distributive lattices (also know as locally distributive
lattices). Furthermore, this allows us to describe a new class of structures that is in a one-to-one
correspondence with Pnite convex geometries. In Section 5 we give two su“cient conditions on a
Pnite TiRS digraph for the dual lattice to be modular. In Section 6 we list three open problems
and indicate why the task of describing digraphs dual to bnite modular lattices is challenging.

2 Preliminaries

Central to the representation of a Pnite lattice that we will use is the notion of a maximal-disjoint
blter-ideal pair. This can, equivalently, be viewed as a maximal partial homomorphism from a

lattice L into the two-element lattice.

Debnition 2.1 ([15, Section 3]) Let L be a lattice. Then!F,|" is a disjoint Plter-ideal pair of L
if F is a blter of L and | is an ideal of L such thatF # | = ! . A disjoint blter-ideal pair !'F,I"
is said to be amaximal disjoint Plter-ideal pair (MDFIP) if there is no disjoint Plter-ideal pair
1G,J" & !F, 1" such thatF %G and | %J.

The following fact was noted by Urquhart. It is needed for our characterisation of MDFIPs in
Theorem 3.2.

I
Proposition 2.2  ([15, p. 52]). Let L be a Pnite lattice. If |F,|1" is an MDFIP of L then F is
join-irreducible and | is meet-irreducible.

The set of join-irreducible elements ofL is denotedJ(L) and the set of meet-irreducible elements
is denotedM(L).

Given a lattice L, we will add a set of arcs to the set of MDFIPs ofL. The use of such digraphs for
lattice representation is due to Plo#$ica [12]. We point out that the original work using (topologised)
digraphs used so-callednaximal partial homomorphisms (see [12, Section 1]). It is easy to show
that these are in a one-to-one correspondence with MDFIPs. For a latticd., we now present its
dual digraph G_ = (X, E) where the vertices are the MDFIPs ofL. Plo#$icaOs relatio&, when
transferred to the set of MDFIPs, is debned below for two MDFIPs!F, 1" and !G,J":

(E) 'F,1"E!IG,J" & F#J= (.

For bnite lattices every blter is the up-set of a unique element and every ideal is the down-set
of a unigue element, so we can represent every disjoint blter-ideal pair~,1" by an ordered pair
) a,*b" wherea = ! F andb= |. Hence for Pnite lattices we have) a,*b'E!) c,*d" if and only
if a" d. For adigraph G=(V,E) weletxE = {y+V |xEy} andEx = {y + V |yEx}. The

next lemma is easy to prove and it will be useful later on.
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Lemma 2.3. Let G. = (X_,E) be the dual digraph of a bnite latticeL. If x = 1) a,*b" and
y = N c,*d", then

(i) XE %yE if and only if a! ¢;

(i) Ex %Ey if and only if d! b.

Figure 1 shows three lattices and their dual digraphs. These three examples will be important
throughout this paper. To make the labelling more succinct, we have denoted byab the MDFIP

1) a,*b". We have also left out the loop on each vertex to keep the display less cluttered. Observe
that the directed edge set is not a transitive relation. The labelsL4 and L}, (as well asLj which
appears later) come from the paper by Daveyet al. [7].

1
b
a
c
0
Nsg La Ly
ca ea/I cbl
cb de
Gn, 9 be G, 1 G, 1
abl dc o
ab dc eaI

Figure 1: Finite lattices Ns, L4, L and their dual digraphs.

The digraphs coming from lattices were described by Craig, Gouveia and Haviar [6]. The name
OTIRSO comes from combining the conditiortg i), (R), (S) below, where they are abbreviations

for Otransitive intervalO, OreducedO and OseparatedO respectively.

Debnition 2.4 ([6, Debnition 2.2]). A TiRS digraph G = (V,E) is a setV and a rel3exive relation
E %V, V such that:

(S) If x,y+V andx $ ythenxE $ yE or Ex $ Ey.
(R) Forall x,y +V, if xE - yE then (x,y) # E, and if Ey - Ex then (x,y) + E.

(Ti) For all x,y + V, if XEy then there existsz + V such thatzE % xE and Ez % Ey.

The result below gives a description of dual digraphs of lattices with least and greatest elements.
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Proposition 2.5 ([6, Proposition 2.3]). For any bounded latticeL, its dual digraph G, = (X ,E)
is a TIRS digraph.

We recall from [12] a fact concerning general graph& = (X,E). Let 2 = ({0,1},! ) denote the
two-element graph. A partial map ! : X /2 preserves the relationE if x,y + dom! and xEy
imply ! (x) ! !(y). The set of maximal partial E-preserving maps (.e. those that cannot be
properly extended) from G to 2 is denoted by G™ (G, '2). We use the abbreviation MPEs for

such partial maps.

For a graph G = (X,E) and 1," + G™(G, 2), it was shown by Plo#$ica [12, Lemma 1.3] that
P %ttt & 0 "P0) %! 10). This implies that the reRexive and transitive binary
relation ! depned onG™ (G,2) by ! ! " & !'1(1) %" ' (1) is a partial order. In fact, this
is a lattice order [3, Theorem 2.3]. For a graphG = ( X, E ), denote by C(G) the (complete) lattice
of MPEs (G™ (G, 2),! ).

The theorem below gives a one-to-one correspondence between Pnite lattices and Pnite TiRS di-

graphs. This result is essential to the work done in the rest of the current paper.

Theorem 2.6 ([6, Theorem 1.7 and p. 87]) For any Pnite lattice L we have thatL is isomorphic
to C(GL) and for any Pnite TiRS digraph G = (V,E) we have thatG is isomorphic to G¢(g)-

3 Generalising lower and upper semimodularity

For lattice elements a and b we write a 0 b to denote that a is covered byb. A lattice is upper
semimodular if wheneveral b0 athen b0 a2 b It is common to refer to such lattices as
semimodular. A lattice is lower semimodular if whenevera0 a2 bthenal b0 b. We use (USM)
and (LSM) as abbreviations for these two conditions.

The lattices in Figure 1 provide useful examples:Ns satisbes neither (USM) nor (LSM), L 4 satisbes
(USM) but not (LSM), and L} satisbes (LSM) but not (USM).

We will focus on lower semimodularity, rather than upper semimodularity, because of the connec-
tion between lower semimodularity and Pnite convex geometries (see Section 4). We note that
modularity implies both semimodularity and lower semimodularity. If a lattice L has Pnite length
and is semimodular and lower semimodular, therL is also modular (cf. [9, Corollary 376]). For
further reading we refer to the book by Stern [14].

Figure 2 presents a number of dilerent generalisations of distributivity and modularity (including

those presented above) and the relationships between them. The OBO denbtemdedin the sense
of bounded homomorphic image of a free lattice ¢f. [9, p. 504]). Observe that the conditions in
the top left and top right, which are weakenings of (LSM) and (USM) respectively, are in fact
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conditions on the standard context dual to a bnite lattice. For the necessary terms and notation,

we refer to the book from where Figure 2 is taken [8, p. 234].

o
meet-

= join-
distributive

distributive

distributive

Figure 2: Relationships between generalisations of distributivity.

We begin by proving some new results about MDFIPs. These will be needed in the proofs of later

results.

Lemma 3.1. Let L be a Pnite lattice.

(i) If b+ M(L) and b0 a2 b, then *bis maximal with respect to being disjoint from) a.

(i) If a+ J(L) andal b0 a, then)a is maximal with respect to being disjoint from*h.

Proof. Assume that b+ M(L) and b0 a2 b. This implies b < a2 band hencea " b and so
)a#*b= (. Suppose the ideal*b were to be extended to*c with b < c and )a#*c= (. Since
b + M(L), the elementa 2 b is the unique upper cover ofb and soa2 b + *c. This implies
a2 b+)a#*c, acontradiction, showing the maximality of *b with respect to being disjoint from

)a.

The proof of (ii) follows by a dual argument. O

The next theorem gives a characterisation of MDFIPs.
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Theorem 3.2. A disjoint Plter-ideal pair !) a,*b' is an MDFIP if and only if it satispes the

following conditions:

(i) a+J(L);

(i) b+ M(L);
(iii) bO a2hb;

(iv) albO a
Proof. If 1) a,*b" is an MDFIP, by Proposition 2.2, a+ J(L) and b+ M(L). We also haveb < a2 b,
sinceb= a2 bwould imply a + *b. Suppose there existc + L suchthatb<c<a2hb Ifa! c
then c would be an upper bound for{a,b} and thena2 b! c. Thereforea™" c. This would make

1) a,*c" a disjoint Plter-ideal pair with *b# *c, contradicting the maximality of the pair !) a,*b".
A dual argument can be applied to show thatal b0 a.

Assume!) a,*b" satisbes(i) 3 (iv). Lemma 3.1 says*b is maximal with respect to being disjoint
from )a and vice versa. Hencd) a,*b" is an MDFIP. O
The lemmas below will be used in our later investigations.

Lemma 3.3. Let L be a Pbnite lattice,a, b+ L. The following are equivalent:
(i) a" b
(i) there existsj + J(L) such thatj ! aandj " b

(ii ) there existsm + M(L) such thatb! m anda" m.

Proof. It is well-known that in a Pnite lattice the set J(L) is join-dense. Hencea! bis equivalent
to the condition that for all j + J(L),j ! aimpliesj ! b. This settles the equivalence of(i) and

(ii ). The equivalence of(i) and (iii ) follows similarly from the meet-density of M(L) in L. O

For a,b+ L we debne the seflyp ;= {m + M(L) | b! m,a" m}. An important consequence of

Lemma 3.3 is that T, is non-empty whenevera" b. This is needed for our next result.

Lemma 3.4. Let L be a Pnite lattice anda,b+ L, a" b. Let d be a maximal element ofTy,.
ThendO0 d2 a.

Proof. Firstly, we point out that T,y is @ non-empty Pnite poset and hence has a maximal element.
Sincea" d, we havea2d $ d, and sod <d2a. Suppose there existe + L suchthatd<c<d 2a.
Asd2a" c, by Lemma 3.3 there existsm + M(L) such thatc! mbutd2a” m. Sod<m. If
a! mthend2a! m. Itfollows a” mandb! d<m, som + Tg,. Sinced was maximal in Ty,
and d <m, we get a contradiction. Henced 0 d2 a. O
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From the previous lemmas one can derive the following result.

Proposition 3.5. Let L be a Pbnite lattice witha + J(L) and b+ M(L). Then

(i) there existsm + M(L) such that!) a,*m" is an MDFIP;

(i) there existsj + J(L) such that!) j, *b" is an MDFIP.

Proof. We prove only (i), as then (ii) will follow by a dual argument. Since a + J(L), it has a
unique lower coverc. Clearly a" c, so by Lemma 3.4, there exists a maximal elemenin + T,
such that m 0 m 2 a. From Lemma 3.1(i) we know that *m is maximal with respect to being
disjoint from )a. If it were possible to extend)a to )d with d < a, then sincec is the unique lower
cover ofa, we would getc + )d#*m. Hence)a is maximal with respect to being disjoint from
*m. It follows that !) a,*m" is an MDFIP. O

We now debne a new condition, (JM-LSM), which will be central to the results that follow. We
believe it is a more natural weakening of (LSM) than the condition given in the top left of Figure 2.
The name of the condition comes from the fact that it is almost identical to the condition (LSM),
but the elements involved are quantibed overJ(L) and M(L).

Debnition 3.6. A Pnite lattice L satisbPes(JM-LSM) if forany a+ J(L) andb+ M(L), if b0 a2b
thenal b0 a.

Example 3.7. Condition (JM-LSM) is a proper weakening of the condition(LSM). Indeed, the
lattice in Figure 3 satisbpes (JM-LSM) but not (LSM). To see this, observe thatc 0 c2 d and
cld$ d yetd+ J(L).

We note that the lattice L 4 in Figure 1 does not satisfy(LSM), and also does not satisfy(JM-LSM) :
c+J(L),a+ M(L) anda0O c2a,yetcla$ c

Figure 3: A Pnite lattice that satisbes (JM-LSM) but not (LSM). Its dual digraph (right) satisbes
(LT).

Below is a condition that we will prove is equivalent to (JM-LSM). It will assist us in proving that
the digraph condition (LTi), given in Debnition 3.11, can be used to characterise the dual digraphs
of Pnite (JM-LSM) lattices.
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Depnition 3.8. Condition (L-abc): Let a+ J(L) and b+ M(L). If a" bthen there existsc" b
such that!) a,*c" is an MDFIP.

Notice that if 1) a,*c" is an MDFIP, then Proposition 2.2 (cf. also Theorem 3.2) implies that for
the elementc in DePnition 3.8 we havec + M(L). Notice also that the Pnite lattice L4 in Figure 1
does not satisfy (L-abc): we havea + J(L), c+ M(L) and a" c and there is nom " ¢ such that
)a,*m" is an MDFIP.

The following theorem shows that for Pnite lattices the central property (JM-LSM) can be char-

acterised exactly via the condition (L-abc).

Theorem 3.9. A bnite lattice satisPes(JM-LSM) i! it satisbes (L-abc).

Proof. Assume (JM-LSM) and leta + J(L), b+ M(L) anda" b. Let Tap = {m + M(L) | b!
m & a" m}. Then Ty, is a non-empty Pnite poset. Hence it has a maximal element, sag. So
c+ M(L), b! cand!)a,*c" is a disjoint Plter-ideal pair. To show that !) a,*c" is an MDFIP, by
Theorem 3.2 we need to show that1 a0 aandc0 c2 a. By (JM-LSM) we only need to prove
¢ 0 c2 a, which follows from Lemma 3.4. We have shown that (L-abc) holds.

Now assume (L-abc). To show (JM-LSM), leta+ J(L), b+ M(L) and b0 a2 b. We need to prove
alb0 a From b0 a2 bwe havea" b By (L-abc) there exists ¢" b such that !) a,*c" is an
MDFIP. Hence c + M(L) and by Theorem 3.2,c1 a0 a. We claim that c= b. Suppose thatc > b.
Then, sinceb+ M(L), it has a unique upper coverb . As b0 a2 b, we getbh = a2 b. From ¢ >b
we havec" b = a2 b" a. This contradicts the fact that !) a,*c" is an MDFIP. Hence ¢ = h.

This provesal b=c1 a0 a. O

Remark 3.10. We notice that if a Pnite lattice L satispes(L-abc), then in the situation a" b for
a+ J(L), b+ M(L), an arbitrary maximal element of T,, can be taken for the element" b such
that !) a,*c" is an MDFIP. Indeed, if cis any maximal element ofT,,, thenc+ M(L), a" ¢, b! ¢
and so by the assumed conditiorfL-abc) there is ¢ " ¢ such that!) a,*c™" is an MDFIP. Hence
¢ +M(L),a" c,b! c,thusc + Ta. From the maximality of cin Ta, we getc= ¢ as required.

Now we present a digraph condition dual to (JM-LSM). The condition is a strengthening of the (Ti)
condition, and because of its connection to lower semimodularity, we have chosen the name (LTi).
Later, in Debnition 3.16, (UTi) is used for the dual condition related to upper semimodularity.

Debnition 3.11. Consider the condition below on a TiRS digraphG = (V, E):

(LTi) UEv =8 (4w + V)(WE = UE & Ew %EV).

Note that (LTi) is not dual to (LSM) as Figure 3 shows. For each pair of E related vertices, there is
some vertex making the consequent true. For example, ifi = baandv = ac, we havebaEac and we



EEELZJEZ? Dual digraphs of bnite meet-distributive and modular lattices 289

can let w = bg sincebak = {bc, ba, a¢ = bcE, and Ebc= {ab, ac, ba, bg% { ab, ac, ba, bg = Eac.
The next two results prove that it is (JM-LSM) that is dual to (LTi).

Proposition 3.12. A Pbnite TiRS digraph satisbes(LTi) if and only if it is the dual digraph of a
lattice that satisbes(L-abc).

Proof. Assume a Pnite latticeL satisbes (L-abc). To show that the dual digraphG, satisbes (LTi),
let u="a,*m", v=1)j *b' be vertices of the digraphG and let uEv, whencea" h. Then by
(L-abc) there existsc+ M(L) such that b! cand!)a,*c" is an MDFIP. If we denote w = !) a,*c"

as a vertex ofG, then by Lemma 2.3 we havewE = uE and Ew % Ev as required.

For the converse, assume that a Pnite TiRS digraphG satisbes (LTi). To show that its dual
lattice L satisbes (L-abc), leta + J(L), b+ M(L) and a" b. Sincea + J(L) and L is Pnite,
by Proposition 3.5(i), there exists an elementm + M (L) such that u = !)a,*m" is an MDFIP.
Similarly, since b + M(L), by Proposition 3.5(ii ) there existsj + J(L) such that v = )|, *b" is
an MDFIP. Since a " b, we haveuEv. Now, by (LTi), there is a vertex w = !)c,*d" + V(G)
satisfying wE = uE and Ew % Ev. SincewE = uE, we get)c= )a, soc= a. SinceEw %Ev,
Lemma 2.3(ii) tells us that d" b. This proves that d is the desired element such that!) a,*d" is
an MDFIP. O

The main theorem of this section follows directly from Theorem 3.9 and Proposition 3.12.

Theorem 3.13. A Pnite TiRS digraph is the dual digraph of a Pnite lattice satisfying(JM-LSM)
if and only if it satisbes (LTi) .

For completeness, we now state the conditions and results related to bnite upper semimodular
lattices and their dual digraphs.

Debnition 3.14. Let L be a Pnite lattice. We say thatL satispes the condition(JM-LSM) if
whenevera + J(L), b+ M(L), and al b0 a, then b0 a2 b. We say thatL satisbes(U-abc) if
whenevera+ J(L) andb+ M(L) anda™ bthen there existsc! a such that!) c,*b" is an MDFIP.

The proposition below connects the two conditions debPned above.

Proposition 3.15. A Pnite lattice satisbes(U-abc) i! it satispes (JIM-USM) .

Our last debnition is the condition (UTi) which is, like (LTi), a strengthening of the (Ti) condition

from DebPnition 2.4.

Debnition 3.16. Consider the condition below on a TiRS digraphG = (V, E):

(UTi) UEv =' (4w + V)(WE %UE & Ev = Ew).
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Theorem 3.17. A bnite TiRS digraph satisbes(UTi) if and only if it is the dual digraph of a
Pnite lattice that satispes(JM-USM) .

4 Dual digraphs of meet-distributive lattices

In this section we will combine the results from Section 3 with results about dual digraphs of Pnite
join- and meet-semidistributive lattices from [5]. The goal is to give a description of the dual
digraphs of bPnite meet-distributive lattices. This will give a description of a new class of structures
that are in a one-to-one correspondence with the class of Pnite convex geometries. First, we recall

some basic debnitions.

A lattice L is join-semidistributive if it satisbes the following quasi-equation for alla, b, c+ L:
(JSD) a2b5a2c 3 a2b5 a2 (blc).

A lattice L is meet-semidistributive if it satispes the following quasi-equation for alla, b, c+ L:
(MSD) alb5alc 3% alb5 al(b2c).

A lattice is semidistributive if it satispes both (JSD) and (MSD).

Considering the lattices in Figure 1 one can see thalNs is semidistributive, L 4 is meet-semidistributive
but not join-semidistributive, and L} is join-semidistributive but not meet-semidistributive.

For a Pnite lattice L and a + L, consider p(a) = ! {b+ L | b0 a}. A Pnite lattice is meet-
distributive (also calledlocally distributive) if for any a + L, the interval [u(a), a] is a distributive
lattice (cf. [1, Section 5 - 2]). The class of bnite meet distributive lattices is an important class of
lattices because of their link to Pnite convex geometries. The following results therefore lead us to
a new characterisation of Pnite convex geometries, which we present in Theorem 4.1i%) and (v).

The following equivalence is extracted from [1, Theorem 5-2.1].

Theorem 4.1. Let L be a Pnite lattice. Then the following are equivalent:
(i) L is meet-distributive;
(ii) L satispes(JSD) and (LSM).

The results below use Theorem 4.1 to provide an additional characterisation of meet-distributive
lattices using (JM-LSM), the condition that was central to Section 3. Later, we will use this to
characterise their dual digraphs.
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Theorem 4.2. If a Pnite lattice L satispes(JM-LSM) and (JSD), then it is lower semimodular.

Proof. Let L be a bnite lattice satisfying (JM-LSM) and (JSD). Let a,b + L be arbitrary such
that a0 a2 b. We are going to show thatal b0 b. We will proceed by contradiction.

Suppose thatal b$ b. Then there existsc + L such thatal b <c <b. Thenb" c and by
Lemma 3.3 the setSep = {j +J(L) |j ! b,j" c} is non-empty. Let p be a minimal element of
Scb-

Supposep! a, then sincep! b, we getp! alb! c, whichis a contradiction, sop" a. Then by
Lemma 3.3, the setTy,a = {m+ M(L) |a! mandp" m} is non-empty. Let m be a maximal
element of Tpa. By Lemma 3.4,m 0 m2p. Sincem + M (L), p+ J(L), and L satisibes (JM-LSM),
we obtainm1 pO0 p.

The join irreducible element p has a unique lower coverpy; likewise the meet irreducible element
m has a unique upper coverm”. Then ps ! masp; = m1p. Nowp %candps! cimply

clp= ps. Analogously,p%m andp! m*imply m2 p= m#. It follows that ¢ % m as otherwise
we getc! m1(a2b) = a whencec! al b, which contradicts al b < c. But ¢! m* since
m*" a2p=a2b" b Here we used that sincep! b, we havea! a2p! a2 b and since

a0 a2b wehavea= a2pora2p=a2h But a$ a2psincep"” a, soa2p=a2h

Hencem 2 ¢ = m*. Combining the above,

m =m2p=m2c=m2(plc=m2ps=m

by (JSD), a contradiction. Hence c cannot exist showing thata1 b0 b. O

Remark 4.3. Notice in the proof we actually use a weaker form o{JSD). We will say that a
lattice L is weakly join-semidistributive if it satisbPes the following quasi-equation for alba + M(L),
b+ J(L), c+L:

(W-JSD) a2b5a2c 3 a2b5 a2 (blc).

Hence in Theorem 4.2 we actually showed thatJM-LSM) and (W-JSD) implies (LSM).
We notice the lattice in Figure 3 satisPes(JM-LSM) but not (W-JSD): indeed c + M(L), b+ J(L)
andc2b=c2abutc2(bla)$ c2a

The result below follows from Theorems 4.1 and 4.2.
Corollary 4.4. A Pnite lattice is meet-distributive if and only if it satisbes both (JM-LSM) and

(JSD).

The following theorem provides a characterisation of the dual digraphs of bnite join- and meet-
semidistributive lattices. Its proof (see [5]) relies on the well-known# map used in the charac-
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terisation of semidistributivity. Notice that each of the conditions (i), (ii) and (iii ) below is a

strengthening of the (S) condition from the debnition of TiRS digraphs (DebPnition 2.4).

Theorem 4.5 ([5, Theorem 3.6]). Let G =(V,E) be a bnite TiRS digraph withu,v + V. Then

(i) G is the dual digraph of a Pnite lattice satisfying(JSD) if and only if it satispes the following
condition:
(dJSD) if u$ vthenEu $ Ev.

(i) G is the dual digraph of a Pnite lattice satisfying(MSD) if and only if it satispPes the following
condition:

(dMSD) if u$ vthenuE $ VE.

(iii ) G is the dual digraph of a bnite semidistributive lattice if and only if it satisPes the following
condition:
(dSD) if u$ vthenEu $ Ev and uE $ vE.

The next few results in this section link the properties discussed earlier to distributivity in lattices
and transitivity in dual digraphs.

Theorem 4.6. Let G = (V,E) be a bnite TiRS digraph that satispes botfdMSD) and (LTi) .
Then E is transitive.

Proof. We Pbrst claim that if a Pnite TiRS digraph G = (V, E) satisbes both (dMSD) and (LTi),
then for any verticesu,v + V, uEv implies Eu % Ev. Indeed, uEv by (LTi) implies the existence
of w + V such that wE = uE and Ew % Ev. By the property (dAMSD), wE = uE meansw = u,
whenceEu % Ev as required.

Now to show the transitivity of E, if uEv and vEw for some verticesu,v,w + V, then by the
above claim, Eu % Ev and Ev % Ew. HenceEu % Ew, which meansu + Ew, whenceuEw as
required. O

Proposition 4.7. If G =(V,E) is TiRS digraph with transitive E, then G is a poset.

Proof. As in a TiRS digraph G = (V, E) the relation E is reRexive, it only remains to show the
antisymmetry of E.

Assume forx,y + V that XEy and yEx. We brstly show that XxE % yE: if z+ V and z + xE,
then xEz and with yEx we getyEz by transitivity of E, hencez + yE as required. NowxE - yE
by the condition (R) from DePnition 2.4 would give (x,y) # E, a contradiction. HencexE = yE.

Analogously one can show thatEy % Ex and sinceEy - Ex would by (R) give (x,y) + E, we
have Ey = Ex. Using that G satisbes the separation property(S) from Debnition 2.4, it follows
that x = y as required. O
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The result below follows from Theorem 4.6, Proposition 4.7 and Birkho!Os one-to-one correspon-

dence between Pnite distributive lattices and Pnite posets, which was in [6] generalised into a
one-to-one correspondence between the class of bnite lattices and Pnite TiRS digrapits. (Theo-

rem 2.6 here).

Corollary 4.8. If a bnite lattice L satisPes(MSD) and (JM-LSM), then L is distributive.

We now return to focus on Pnite meet-distributive lattices, with the goal of describing a class of
digraphs connected to Pnite convex geometries.

Using the TiRS conditions, our conditions for the dual digraphs of (JM-LSM) and (JSD), respec-
tively, and Corollary 4.4, we get the following dual condition for meet-distributivity. Notice how
(dJSD) is a strengthening of the (S) condition, and (LTi) is a strengthening of the (Ti) condition.

Theorem 4.9. A Pnite digraph G = (V, E) with a rel3exive relation E is the dual digraph of some
Pnite meet-distributive lattice if and only if G satisbes the following conditions:

(dJSD) If x,y +V andx $ y thenEx $ Ey.

(R) For all x,y +V, if XE - yE then(x,y) # E, and if Ey - Ex then (Xx,y) + E.

(LTi) Forall x,y +V, if xEy then there existsz + V such thatzE = xE and Ez % Ey.

Proof. Let G be the dual digraph of some bnite meet-distributive latticeL. Then by Theorem 2.6

the digraph G will satisfy (R). By Corollary 4.4, L satisbes (JSD) and (JM-LSM). Hence by
Theorem 4.5(i), G satisbes (dJSD). Lastly, by Theorem 3.13G will satisfy (LTi).

Conversely, assumeG satisbes (dJSD), (R) and (LTi). Clearly G is a TiRS digraph, hence the
dual of a pnite lattice L. Theorem 4.5(i) shows thatL satispes (JSD) and Theorem 3.13 implies
that L satispes (JM-LSM). Hence by Corollary 4.4, is meet-distributive. O

The theorem above establishes a one-to-one correspondence between Pnite meet-distributive lat-
tices and Pnite digraphs satisfying the conditions (dJSD), (R) and (LTi). It is a restriction of
Theorem 2.6, while still generalising Birkho!Os one-to-one correspondence between Pnite distribu-

tive lattices and Pnite posets.

Debnition 4.10 ([9, Debnition 30]). Let X be a set and$ : ! X)/ ! (X). Then $ is a closure
operator on X if for all Y,Z + ! (X)

(i) Y %$(Y);
(i) Y %Z implies $(Y) % $(Z);

(i ) $($(Y)) = $(Y).
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If X is a set and$ a closure operator onX then the pair !X,$" is called a closure system For

Y % X we say thatY is closedif $(Y) = Y. The closed sets of a closure operato$ on X form a
complete lattice, denoted byCld(X,$). A zero-closuresystem is a closure systemiX,$" such that

(0= (.

Now we turn our attention to convex geometries. The presentation here follows that of the book
chapter by Adaricheva and Nation [1].

Debnition 4.11 ([1, DePnition 5-1.1]). A closure system!X,$" satisbes theanti-exchange prop-
erty if for all x $ y and all closed setsA % X,

(AEP) X+ $(A6{y}) and x # A imply that y + $(A 6 {x}).

DebPnition 4.12 ([2, Debnition 1.6]). A zero-closure system that satisbes the anti-exchange prop-
erty is called a convex geometry

We now combine Theorem 4.9 with known equivalences to obtain the following characterisation of
Pnite convex geometries. There are other equivalent conditions [1, Theorem 5-2.1] that we have
not included here.

Theorem 4.13. Let L be a Pnite lattice. Then the following are equivalent:

(i) L is the closure lattice Cld(X,$) of a closure space X, $" with the (AEP) .
(ii) L is a meet-distributive lattice.
(iii ) L satispes(JSD) and (LSM).
(iv) L satisPes(JSD) and (JM-LSM) .

(v) L is the lattice C(G) of a reRexive digraphG satisfying (dJSD), (R) and (LTi) .

Proof. The equivalences of(i), (ii) and (iii ) are known [1, Theorem 5-2.1]. The equivalence of

(ii ) and (iv) is the result of Corollary 4.4, and the equivalence ofiv) and (v) is Theorem 4.9. O

5 Dual digraphs of Pnite modular lattices

In this section we provide two su'cient conditions for a bnite TiRS digraph to be the dual digraph

of a bnite modular lattice.

For i =0,1,2, let us denote by G; = (V;,E;) an induced subgraph ofGy, (see Figure 1) with
Vi = {x,y,z} and with i of the arcsxEy and yEz missing compared toGy,. (For i =1 we can,
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w.l.o.g., consider the arcyEz missing.) HenceGy = Gy, G1 has one arc and an isolated vertex,

and G, has no arc and consists of two isolated vertices. All three digraphs are reRexive, hence
they have loops at each vertex.

We introduce the following condition for the dual digraph G_ of a Pnite lattice L in terms of
OForbidden Induced SubgraphsO:

(FIS) G has neitherGg = Gy, nor G; as an induced subgraph.

The next lemma and two propositions lead to showing that the condition (FIS) is su"cient for
modularity of a bnite lattice L. Note that by Lemma 3.3, for a,b+ L with a" b, there always
exist elementsa! aandb" bsuch that !) a,*b" is an MDFIP. Below we write a||b to indicate
that a" bandb" a.

Lemma 5.1. Let a,b,c,0,1 be any elements of the lattice that form a sublattice isomorphic to
N5 (where0 < a,b,c < 1, ¢ < b and al|b, d|c). (See the left side of Figure 4. Let x = !) a,*b",
y = Nb*c" and z = !) ¢c,*a@" be any maximal disjoint extensions ofl) a,*b", !) b,*c" and !) c,*a",
respectively. Then the induced subgraplix,y, z} of G_ is isomorphic either to Go = Gy, G1, or
Ga.

Proof. First we must conbrm that x,y, z are distinct MDFIPs. If x = y then)a = )bwhich implies
Yya#*b$ (,i.e. x would not be an MDFIP. If x = z then )a = )¢ which meansz would not be an
MDFIP. Lastly, if y = z then *t= *a and z would not be an MDFIP.

We claim that in the induced subgraph {x,y, z} of G, the arcs xEy and yEz are possible, but
the induced subgraph{x,y, z} has none of the other four possible arcs between distinct vertices:

indeed, the arcsyEx, zEy, xEz and zEx are not present in G_ because clearlyb + )b# * b,
c+)c#*C,a+)a#*aandc+)c#*Db respectively.

Hence{Xx,y, z} is isomorphic to G; in casei of the arcsxEy and yEz are missing in the induced
subgraph{x,y,z} fori =0,1,2 O

Proposition 5.2.  Let L be a bnite lattice and assume that its dual digrapls, = (V, E) satisbes
(FIS). Then L is lower semimodular.

Proof. Suppose to the contrary that L does not satisfy (LSM). Then there exist elementsa, b+ L
such thata0 a2 bbut al b$ b Then there exists an elementc + L such that al b <c <b.
Hencea2c! a2 b Sincea0 a2b anda! a2c! a2b wegeta2c=aora2c=az2h
If a2 c= a thenc! a soc! al b, which contradicts al b <c. It follows that a2 c= a2 h.
From c<bwe getalc! alh Further,sincealb<cwegetal(alby=alb! alc Thus
alc=alh
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Hencea,c,b,al b,a2 b forms a sublattice isomorphic to N5 (see Figure 4). Letx = !)a,*b’,

y = )b *c" and z = ) c,*a", be arbitrary maximal disjoint extensions of !) a,*b", !) b,*c" and
1) c,*a", respectively. Then by Lemma 5.1, the induced subgrapH x,y, z} of G_ is isomorphic to
Go = Gn,, G1, or G,. Using the assumption (FIS), {x,y,z} must be isomorphic to G,.

In particular, it follows that G, does not have the arcyEz. Thereforeb! a. Supposea = a.
Then b! a, sob! alb Thisgivesb! c! t, which contradicts the fact that y = ) b *T" is a
disjoint blter-ideal pair. Hence a < a. Now eithera<a 2 bor gj|la2 b, since ifa" a2b>c" ¢

then z = 1) ¢, *a" could not be a disjoint bPlter-ideal pair.

If a<a<a 2hb, this contradicts a0 a2 b, soa||la2 b. If b>a then b >b> a, which contradicts
allb. If b! a thenb! alb! c! t, which contradicts that y = !) b,*T" is a disjoint blter-ideal
pair. This proves that bjla. Sinceb! b, a2b! a2b If a2b= a2hb, then sincea < a and
b! a we geta" a2 b= a2 b, which contradicts aj|a2 b. This establishes thata2 b<a 2 band
a <a 2 b(sincebj|a), which contradicts a0 a2 b. Hence, our assumption thatL does not satisfy

(LSM) leads to a contradiction. O
a2c=az2b b2a=b2d
b d
a b
c a
alc=alb bla=bld

Figure 4: The isomorphic copies ofN5 constructed in Proposition 5.2 (left) and Proposition 5.3
(right).

Below we give the result dual to Proposition 5.2. The proof is similar to the above argument, so

we omit some of the details.

Proposition 5.3.  Let L be a bnite lattice and assume that its dual digrapls, = (V, E) satisbes

(FIS). Then L is upper semimodular.

Proof. SupposelL does not satisfy (USM). Then there are elements, b+ L such thatal b0 bbut
a$ a2b ie. thereisd+ L suchthata<d<a 2b Analogous to the proof of Proposition 5.2, it

can be shown that the elementd, a, d, al b, a2 bform a sublattice isomorphic to N5 (see Figure 4).
Then by Lemma 5.1, arbitrary maximal disjoint extensions of!) b,*d", !) d,*a" and!) a,*b", denoted
by x = ) b*d", y = !)d,*a" and z = !) a, *b", respectively, form an induced subgraph{x,y, z} of
G. that is isomorphic either to Gg = Gy,, G1, or G,. Using (FIS), {x,y, z} is isomorphic to G,.

In particular, it follows that G, does not have the arcxEy. Hence,b! a. We can then getb<b
(as we gota < @ in Proposition 5.2Nsee the left lattice in Figure 4). Now either al b < b or
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alplb

If alb<b<b, this contradicts al b0 b, sobl|]al b. We can also showhj|a (as we showed||a in

Proposition 5.2).

Sincea! a we getalb! alb We can again establish thatal b<albandalb <b (since
bl|a), which contradicts a1l b0 b. Hence, our assumption thatL does not satisfy (USM) leads to

a contradiction. O

Now we can deduce that the condition (FIS) is a su'cient condition for modularity of a Pnite
lattice.

Theorem 5.4. (Sulcient condition for modularity ) Let L be a bnite lattice with dual TiRS
digraph G_. If G_ satisbes(FIS) then L is modular.

Proof. If follows by Propositions 5.2 and 5.3 that L satispes both (LSM) and (USM). SinceL is
Pnite, we have thatL is modular [9, Corollary 376]. O

We notice that the dual digraph of the modular lattice M3 has neither Go = Gy, nor G; as an
induced subgraph (see Figure 5), hence it satisbes (FIS). The following example shows that the
digraphs Gy and G; cannot be dropped as forbidden induced subgraphs in the condition (FIS) for

the dual digraph G, , which guarantees the modularity of a Pnite lattice L.

ab ac
—>

cb bc

Figure 5: M3 and its dual digraph.

Example 5.5. The dual digraph ofLj in Figure 3 contains Gy as an induced subgraph, but not
G;. Hence the latticeL} (in addition to Ns) witnesses that the digraphG, cannot be dropped from
the condition (FIS).

The dual digraphs of the latticesL, and L}, in Figure 1 do not contain Go as an induced subgraph
but they both containG; as an induced subgraph. Hence these two examples witness that the digraph
G; cannot be dropped from the condition(FIS).

Now we are going to show that the condition (FIS) is not necessary for modularity. Indeed, it is
not the case that every lattice whose dual digraph hasGy = Gy, as an induced subgraph is a
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non-modular lattice. The next example gives a modular lattice whose dual digraph ha$s, as an

induced subgraph (but does not haveG; as an induced subgraph).

Example 5.6. (Condition (FIS) not necessary for modularity) Figure 6 shows a modular
lattice K on the left, and its dual digraph on the right. The induced subgraph isomorphic t& is

shown with the dotted arrows cEcband cbEed.

cb ca

Figure 6: A Pnite modular lattice K whose dual digraph containsGy = Gy, as an induced
subgraph.

The fact that the dual TiRS digraph G, = (V, E) of a bnite modular lattice L does not contain
Go = Gy, as an induced subgraph can be understood as some form of a Oweak transitivityO
condition for G . We cannot have the arcsxEy and yEz in G, without having also the arc xEz

or at least the arc zEx (provided there are no OoppositeO argEx and zEy in G_):

(WTO) for all vertices x,y,z + V, if XEy and yEz, but (y,x) # E and
(z,y) + E, then xEz or zEXx.

Similarly, the fact that the dual TiRS digraph G_ = (V,E) of a bnite modular lattice L does
not contain the digraph G; as an induced subgraph can be understood as some form of a Oweak

transitivityO condition for G, :

(WwT1) for all vertices x,y,z + V, if XEy but (y,x) + E and (y,z) + E
and (z,y) + E then xEz or zEx.

Example 5.7. It is easy to see that the dual digraph of the latticéVl 3 (Figure 5) satisbes the weak
transitivity conditions (wT0) and (wWT1). The lattices L, and L}, in Figure 1, and L} in Figure 3
are non-modular lattices. The weak transitivity condition (wTO) is not satisbed in the dual digraph

of L. In the dual digraphs of the latticesL,4 and L}, we see the failures ofwT1).

We notice that the weak transitivity conditions (wT0) and (wT1) are essentially expressing on the
digraph side that the digraph G_ does not contain respectively the graphsGy and G; as induced
subgraphs.
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Hence the su'ciency of the quasi-equations (WTQ) and (wT1) on the dual TiRS digraphs G, for

the modularity of L comes as no surprise:

Corollary 5.8 (Su"cient condition for modularity by Oweak transitivityO) . Let L be a Pnite lattice
with dual TiRS digraph G = (V,E). If G_ satisbes the weak transitivity conditions(wTO) and

(wT1), then L is modular.

Proof. Let the weak transitivity conditions (wT0) and (wT1) be satisped in G_.. Suppose for
contradiction that the lattice L is not modular. Then by Theorem 5.4, for somei + {0,1} the
digraph G_ contains the digraph G; as an induced subgraph on certain verticex,y,z + V. It

follows that the weak transitivity condition (wTi) is not satisped. O

6 Conclusions and future work

In Section 3 we debned two lattice conditions which generalise lower semimodularity and (upper)
semimodularity respectively. We were motivated by Figure 2, taken from Ganter and WilleOs
book [8] (see also the PhD thesis of Reppe [13, Chapter 3.7]). There, weakenings of (LSM)
and (USM) are given using complicated conditions on standard contexts. Our lattice-theoretic
conditions on bnite lattices that are weakenings of (LSM) and (USM), which we call (JM-LSM)
and (JM-USM), seem to be simpler than the mentioned conditions in Figure 2 and they are easily
seen to be generalisations of (LSM) and (USM). The top left and top right conditions in Figure 2
were shown to be equivalent to (JM-LSM) and (JM-USM) by Kadima [10, Theorem 4.9].

In Section 4 we used the results of Section 3 to obtain a new characterisation of meet-distributive
lattices in Theorem 4.1. Combining this with previous results [5], we obtained a characterisation of
the dual digraphs of Pnite meet-distributive lattices. Theorem 4.13 shows that we have identibed
a new class of structures that is in a one-to-one correspondence with Pnite convex geometries.

In Remark 4.3 we gave a condition, (W-JSD), which is a weakening of join-semidistributivity. The
lattice M3 satisbPes (LSM) but not (W-JSD) and hence shows that (LSM) is not equivalent to
(JM-LSM) and (W-JSD). This leads us to ask the following question.

Problem 6.1. Is there another weakening o{JSD) such that when it is combined with(JM-LSM) ,
this will be equivalent to(LSM) ?

Theorem 4.9 gave three conditions ((dJSD), (R) and (LTi)) on reRexive digraphs, which charac-
terise the dual digraphs of Pnite meet-distributive lattices. This leads to the posing of the following
open problem.

Problem 6.2. Can the conditions (dJSD), (R) and (LTi) be combined to give fewer, and possibly

simpler, conditions?
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In Section 5 we introduced the condition (FIS) on dual digraphs and showed that it implies both

lower and upper semimodularity of a Pnite lattice. Hence (FIS) was shown to be a su"cient
condition for modularity of a bnite lattice (Theorem 5.4). We also formulated a su"cient condition
for modularity in dilerent terms in Corollary 5.8. The condition (FIS) was shown not to be

necessary for modularity of a Pnite lattice and hence we raise the following open question.

Problem 6.3. Is it possible to Pnd forbidden induced subgraphs that characterise the dual digraphs
of Pnite modular lattices in an analogous way to hoviNs characterises modularity?

The task of representing structures (in our case digraphs) dual to bnite modular lattices has proved
to be very challenging. We note that in the setting of formal contexts dual to Pnite lattices, a
condition dual to semimodularity has been obtained ¢f. item (4) of [8, Theorem 42]). We have
attempted to translate this condition to TiRS digraphs and the result was a complicated and
opaque condition. We do not believe that the translation of this condition and its dual will yield
a useful characterisation of the TiRS digraphs dual to Pnite modular lattices.
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1 Introduction

The classical Fock spacd= (C%) is the Hilbert space of entire functionsf on CY such that
!

| =

1112 o) = If ()2 2dxdy < ", z= x+ iy,
: cd

Q

" #
where|z|2= 0. (x2+y2) and dxdy = U, dxdy.
This space was introduced by Bargmann [3], is called also Segal-Bargmann space [5] and it was the
aim of many works [4, 6,22,28]. Recently the author of the paper studied the extremal functions
for the dilerence and primitive operators on the Fock spaceF (C%) (see [20,21]).

Cholewinsky [7] dePned the Hankel-type Fock spacé&, -(CY) associated with the poly-axially
operator. The spaceF, - (CY) is the Hilbert space of entire functionsf on CY, even with respect
to the last variable, such that

$! %y 2
e (coy = 3 If (2)]?dm, (z) <",

wherem; is the measure debned for = ( zy,...,2q) # CY by

1 & Ja* 2Ky, (2P

1d n k,
a2 (" + )

dm, (z) :=

(1.1)

and K, , " > $ 12, is the Macdonald function [8].

The generalized Fock spacé, - (CY) is equipped with the inner product
!
BI&E, | (coy = o f (w)g(w)dm; (w).

The Hankel-type Fock spaceF;, - (CY) is also studied in [24], when the author proved an uncertainty
principle of Heisenberg type for this space.

Let D be the dilerence operator debned forf # F, - (CY) with f(z) = ..\ a 2%, by

Df (2) := a12% .
" #Nd

The main goal of the paper is to Pnd the minimizer (denoted byF;,D (h)) for the extremal problem:

( )
i 2 2
f#FI!nxf(Cd) #IELE (oo +IDE S HIE ()
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whereh # F, - (CY) and # > 0. We prove that the extremal function F;'D (h) is given by

F#;,D (h)(2)= %," ;&, | (cv),

where" ,(w) is the kernel given later in Section 3.

Moreover, we establish best approximate inversion formulas for the dilerence operatoD on the
weighted Fock spaceF; - (CY). A pointwise approximate inversion formula for the operator D are
also discussed.

Recently, the analog results are also proved, for the Fock spack (CY) (see [20,21]), and for the
Bessel-type Fock spacé-, - (C) (see [23, 25]).

The paper is organized as follows. In Section 2 we recall some properties for the Hankel-type Fock
spaceF, - (C%). In Section 3 we examine the extremal functions for the dilerence operatorD.
Finally, in Section 4, we establish best approximate inversion formulas for the operatoD on the
Hankel-type Fock spaceF, - (CY).

Throughout this paper we shall use onC® the multi-index notations.

. # "
¥ Forall $=($1,....8) #Ndandz=(z,...,za) # C, 2" =~ 0 z*.
¥ For any $# N9, the partial ordering ' on N9, which is dePned by

$° 10 $' 1 *j=1,....d with1=(1,...,1)#N%

2 Hankel-type Fock space

In this section, we recall some properties for the Fock spac€ - (CY) associated with the poly-

axially operator.

Let " = ("1,...,"4), We denote by #,, the poly-axially operator [1,9, 27] dePned forz =
(z1,...,2q) # CY by
% 2'v+1 %

+ —_—

#, = #!k,Zk' #!k,Zk ::07 0 .
- %7 ze %z

This operator has important applications in both pure and applied mathematics and give rise to
a generalization of multi-variable analytic structures like the Hankel transform, and the Hankel
convolution [2,15D18]. For anyw # CY, the system

*
*
*

#,u(z) = |wPu(z), u(0)=1, O/OT/;u(z) =0, k=1,...,d,

zx =0
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admits a unique solution |, (w, z), given by

I (w,2) = I (iwgzg),
k=1

wherej,, is the spherical Bessel function [26] given by

'$ +
. B i} ($1)n X' 2n
B N | C RSP

The Bessel kernell, can be extended in a power series in the form

w2 z2
I! (W,Z): T ’
e ©C)
where g g
" 9 ($+"+1) "
' = 2 2% &g A S . . 2.1
>0 &$k:1 (" +1) klek( ) @)
Here
" ! "
o (") =22 K&!W
and g g
B&=  H, = B! $=($n,....%) # N
k=1 k=1

In the statement, and later in this work we use the following notations.
¥ H.(CY), is the space of entire functions onC% and even with respect to each variable.

¥ L?(CY), is the Hilbert space of measurable functiond on CY, such that

$! %; 2
1o oy o= - If (2)]?dm, (z) <",

wherem, being the measure onCY given by (1.1).
Cholewinsky [7] debned the Hilbert spacé, - (C%) as
Fi, »(C%) = H-(C% + L7 (CY).
The spaceF, - (CY) is equipped with the inner product

!
%ggle 1 (CY) = i f (Z)@dm! (2).
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The spaceF |, - (CY) has the reproducing kernel

Ki(w,2)= 1, (w,Z), w,z# C"

If f,g # Fy «(CY) with f(z2)= ., ea2z® andg(z)= ., b 2%, then

%9&, (co) = abo ("), (2.2)

"4 Nd
wherec: (") are the constants given by (2.1).

Then, the set ,% forms a Hilbertian basis for the spaceF, »(CY); and eachf #
SRNEEETINE
Fi, - (CY) can be written as

%z .
O R RIC P
o c (")
and ; 2
|f|2 _ ' %22&:!,1(Cd)
LR (Cd) T ("
. c (")
Bargmann [3] introduced the classical Fock spacg (CY). Letf # F, - (CY) with f (2) = ., & 2%,
From [3], we have ,
112 oy = la- |?$!.
" #Nd
Using the inequality $! - o ("), we obtain
112 oy - la-1?c (") = 112 oy

"4 Nd

Therefore
F, «(CY . F(CY.

3 Dilerence operator

In this section, building on the ideas of Saitoh [12D14] we examine the extremal function associated
with the dilerence operator D. The results that are written here are a special case of [14].

Let D be the dilerence operator debned forf # F, «(CY) with f(z)= ., a 2%, by

Df (2) = a,12% . (3.1)
" #Nd
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In particular, for f # F, «(C), the dilerence operator [23,25] is given

/
9 iz(f(z)$ f(0), zEO,
Df (2) := i
9 éf"(0), z=0.
We also debne, the operator€ and H for f # F, - (CY) with f(z) = ., a2z%, by
Ef (2) = 1), 2 (3.2)
THND (L C"( )
and
Hf (2) = 011 2 (3.3)
THND (L C"( )
where ¢ (") are the constants given by (2.1).
Lemma 3.1. () The operator D maps continuously fromF, - (C%) into F, -(CY), and
1 d
IDf 'e,  (coy - —3 M1e, (coy, T #F, -(C%.

—
20 T8 ("k+1)
(i) D" :F, «(CY) % F, -(CY is the adjoint operator of D, then

E=D" and H=D'D.

Proof. (i) Letf #F, -(C% with f(z2)= .,y @ 2z%. From (3.1), we have
IDf 12 oy = lar+1/?c (") = la-|2c1 1 ().
" #Nd "HND (1
4 5

#
Using the fact that o (") = 2247 9 $($ + "«) ©1 1("), we deduce that

1 1
IDf 12, (coy - # la- |20 (") = # IE ooy
(e 22d g:l (" kKt 1) " Nd 22d Ezl (" kKt 1) (e
(i) ff,g#F, ~(CHwith f(z)= ., ,waz? andg(z)= ., b 2%, thenby (2.2) and (3.1)
we obtain , ,
Wf,0&,  (co) = aibo(")= abiic ().
"4 Nd THND (L
On the other hand, from (2.2) and (3.2) we have
%EQ&,  (co = abi e ().

"HENI, (1
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Then %f,g &, | (ct) = BEQY &, , (cey and consequentlyE = D",

Finally, by relations (3.1), (3.2) and (3.3) we deduce that

e (")

D' Df (z) = EDf (2) = 0

vl#Nd’H( 1

a-z2 = Hf (2).

The lemma is proved. O

Theorem 3.2. For any h# F, -(CY) and for any # > 0, the Tikhonov regularization problem

i 2 2
f#FI.n.f(Cd) #IEIE (coy T !IDF S hIE (o

has a unique extremal function denoted:,;‘D (h) and is given by

F#;,D (h)(2)= %," ;&, | (c),

where
w# CY.

) ! ()2 + D2
W= Hea()r o)

Proof. First, from [12, Theorem 2.5, Section 2], the Tikhonov regularization problem

(
H 2 2
f#FI!n!f(Cd) #E Fi 1 (CY) +1Df $ h! Fy 1 (CY)

has a unique extremal function denotedF,;’D (h) and is given by
Fap (h)(z)=(# + D'D)' 'D"h(z), z#CY, (3.4)

where | is the unit operator. We put h(z) = ., h-z* and F, (h)(2) = ., d-2% . From

Lemma 3.1 (ii) and (3.4) we have
(# + H)F,p (h)(2) = Eh(2).
By relations (3.2) and (3.3) we deduce that

d =0, ifl1% =0,

_ Cyra(")he g .
d = #o (") + o 1 (")’ M
Thus, )
Fio (N(2) = A (35)

NG, ( o)+ o)
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Then by (2.2) and (3.5) we obtain

" _ o (")h 2" +1) = opy
F#,D (h)(z) - e #en . 1(n ) + C (n ) z - /hl ZSF!, 1 (Cd)s (36)
where 205 1y 2
" 2" " Yw d
(w) = = —, w# C"
z " e e #C"+1( )+ C"( )
The theorem is proved. O

4  Approximate inversion formulas

In this section we establish the estimate properties of the extremal functionFj;,D (h)(2), and we
deduce approximate inversion formulas for the dilerence operatoiD. These formulas are the anal-
ogous of Calder—nOs reproducing formulas for the Fourier type transforms [10,11,19]. A pointwise

approximate inversion formulas for the operatorD are also discussed.

The extremal function F;’D (h) given by (3.6) satisbes the following properties.

Lemma 4.1. If #> 0andh# F, «(CY), then

W) IFp (M) - 2,1501 (Z,2)Y2 e, | (o),

(i) IDF}p (D] - — 83— (1, 2. 2) Y2l hl¢ | (e,
2041 % 0 (" +1)

, 1
(“I) lF#’D (h)lFlv 1(Cd) - 2’ Elthl, .’(Cd)'

Proof. Let #> Oandh# F, -(CY%) with h(z) = ., h-2?". From (3.6) we have

|F¢‘¢I,D (h)(z)l -r Z! Fi (Cd)! h! Fy 1 (Cd)-

Using the fact that (x + y)?' 4xy we obtain

x 2
* =2(" + 1) ! -\2" 12
I = (Z()")+ o (")I o()- % I(;)(")I - %I! (2.2)
"4 Nd *1 " # Nd
This gives (i).
On the other hand, from (3.1) and (3.5) we have
B ' O' n h" .
DF ;5 (h)(2) = O 2 = 0,9, | (o), 4.1)

vape Fo1 (M) + e (")
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where . S
(2)° w
$2(w) = m S
W= Foe(Dr o)
Then
IDF.p (N)(2)]-! $2'e, ! e, | (o)
and * x .
x (2)% A 1 1(2)? |?
!$z!;2:, L (cd) = * m ~x o (") - "y
g #eo1(")+ o (") 4#"#Nd c+1(")

4 5
#
By using the fact that ¢, (") = 2% ﬁzl (B +D)(S+"x+1) c ("), we deduce that

1 @R 1, (2,2)
T T - Lid .
2200+ # g:l ( kKt 1) " # Nd ¢ ( ) 2200+ # g:l ( K+ 1)

2
I$ZI Fi, 1 (c9) ~

This gives (ii).

Finally, from (3.5) we have

' $ O/Q
. Cra (") 4
IFup (N2 oy = o (") . -

#D Fi, 1 (CY) N (1 #C"( )+ Cri ]_( )

Then we obtain
" 1 1
!F#,D (h)llzzl L (Cd) T @ C l(")lh"! 1|2= @'hlzl L (Cd)r
THND (L

which gives (iii) and completes the proof of the lemma. O

We establish approximate inversion formulas for the dilerence operatorD.

Theorem 4.2. If #> Oandh# F, -(CY), then
i) lim !DF,p (h)$ h! =0,
0] #)”'Tc} #p(h)$ Fi 1 (CY)
(ii) #I)ino1+ IFup (Dh)$ hol g, | (coy =0, where ho(z) = vgne w122 T h(@Z) = LN o2

Proof. Let #> Oandh# F, -(CY) with h(z) = ., h-2? . From (4.1) we have

$#o L ("),
()t o ()

DF 40 ()(2) $ h(2) =
"#

(4.2)

Therefore . %

" i o #eLa ()]
PRaoMSME @)= o) 5 )+ o)
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Again, by dominated convergence theorem and the fact that

$ %
m #C" + l(" )lh" | n 2
c - C h- |7,
( ) #Cll+1(")+ C‘l (Il) ( )l |
we deduce (i).
Finally, from (3.1) and (3.5) we have
. _ $#c (")h o
Fao OM@ S ho(@) = it (43)
#NA, " (1
So, one has ' $ s (i | %
IF,;p (Dh) $ ho! 2 = o (" 1
#,D( ) 0" F, ,(CY) VRN (1 ( ) #C"( )+ C"!j_( )
Using the dominated convergence theorem and the fact that
$ %
" #e (") |h-| W y[h 12
C ( ) #C" (ll ) + C"! l(ll) C ( )lh | 7
we deduce (ii). O
We deduce also pointwise approximate inversion formulas for the operatoD.
Theorem 4.3. If #> 0Oandh# F, -(CY), then
i) lim DF,p (h)(2)= h
() lim DF o ()(2) = h(2).
(i) #I)|n3+ Fup (Dh)(z) = ho(2).
Proof. Let h# F, - (CY) with h(z)= ., h-z%. From (4.2) and (4.3), by using the dominated
convergence theorem and the fact that
#or ()| . #H ()] >
z° |, z°|-| h||]z7 |,
O PO LG E TG LA G
we obtain (i) and (ii). O

ConBicts of interest. The author declares that there is no conRict of interests regarding the
publication of this paper.
Data availability statement. There are no data used in this manuscript.

Acknowledgements

The author would like to thank the referee for the careful reading and editing of the paper.



EEELZJBO Extremal functions and best approximate formulas... 313
, 2 (2024)

References

[1] V. A. Abilov and M. K. Kerimov, OEstimates for the Fourier-Bessel transforms of mul-
tivariate functions,O Zh. Vychisl. Mat. Mat. Fiz, vol. 52, no. 6, pp. 980D989, 2012, doi:
10.1134/S0965542512060024.

[2] B. Amri, OThe Wigner transformation associated with the Hankel multidimensional operator,0
Georgian Math. J., vol. 30, no. 4, pp. 477D492, 2023, doi: 10.1515/gmj-2023-2018.

[3] V. Bargmann, OOn a Hilbert space of analytic functions and an associated integral transform,O
Comm. Pure Appl. Math., vol. 14, pp. 187D214, 1961, doi: 10.1002/cpa.3160140303.

[4] V. Bargmann, OOn a Hilbert space of analytic functions and an associated integral transform.
Part Il. A family of related function spaces. Application to distribution theory,0 Comm. Pure
Appl. Math., vol. 20, pp. 1D101, 1967, doi: 10.1002/cpa.3160200102.

[5] C. A. Berger and L. A. Coburn, OToeplitz operators on the Segal-Bargmann spaceJeans.
Amer. Math. Soc., vol. 301, no. 2, pp. 813b829, 1987, doi: 10.2307/2000671.

[6] Y. Chen and K. Zhu, OUncertainty principles for the Fock space,&ci. Sin., Math., vol. 45,
no. 11, pp. 1847D1854, 2015, doi: 10.1360/N012015-00057.

[7] F. M. Cholewinski, OGeneralized Fock spaces and associated operato®,&M J. Math. Anal. ,
vol. 15, no. 1, pp. 177D202, 1984, doi: 10.1137/0515015.

[8] A. ErdZlyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, Higher transcendental functions.
Vols. I, Il . McGraw-Hill Book Co., Inc., New York-Toronto-London, 1953.

[9] Z. Li and F. Song, OA generalized Radon transform on the plane@nstr. Approx., vol. 33,
no. 1, pp. 93b123, 2011, doi: 10.1007/s00365-010-9099-2.

[10] M. A. Mourou and K. Trimeche, OCalder—nOs formula associated with a dilerential operator
on (0," ) and inversion of the generalized Abel transform,(d. Fourier Anal. Appl. , vol. 4,
no. 2, pp. 229b245, 1998, doi: 10.1007/BF02475991.

[11] R. S. Pathak and G. Pandey, OCalder—nOs reproducing formula for Hankel convolutidntO
J. Math. Math. Sci., 2006, Art. ID 24217, doi: 10.1155/IIMMS/2006/24217.

[12] S. Saitoh, OBest approximation, Tikhonov regularization and reproducing kernels,&odai
Math. J., vol. 28, no. 2, pp. 359D367, 2005, doi: 10.2996/kmj/1123767016.

[13] S. Saitoh, OTheory of reproducing kernels: applications to approximate solutions of bounded
linear operator equations on Hilbert spaces,O iSelected papers on analysis and dilerential
equations ser. Amer. Math. Soc. Transl. Ser. 2.  Amer. Math. Soc., Providence, RI, 2010,
vol. 230, pp. 107D134, doi: 10.1090/trans2/230/06.


https://doi.org/10.1134/S0965542512060024
https://doi.org/10.1515/gmj-2023-2018
https://doi.org/10.1002/cpa.3160140303
https://doi.org/10.1002/cpa.3160200102
https://doi.org/10.2307/2000671
https://doi.org/10.1360/N012015-00057
https://doi.org/10.1137/0515015
https://doi.org/10.1007/s00365-010-9099-2
https://doi.org/10.1007/BF02475991
https://doi.org/10.1155/IJMMS/2006/24217
https://doi.org/10.2996/kmj/1123767016
https://doi.org/10.1090/trans2/230/06

314 F. Soltani CUBO
26, 2 (2024)

[14] S. Saitoh and Y. Sawano,Theory of reproducing kernels and applications ser. Developments
in Mathematics. Springer, Singapore, 2016, vol. 44, doi: 10.1007/978-981-10-0530-5.

[15] B. Selmi and M. A. Allagui, OSome integral operators and their relation to multidimensional
Fourier-Bessel transform onL?(R"}) and applications,OIntegral Transforms Spec. Funct.,
vol. 33, no. 3, pp. 1760190, 2022, doi: 10.1080/10652469.2021.1925666.

[16] B. Selmi and R. Chbeb, OCalder—nOs reproducing formulas for the poly-axiklly-multiplier
operators,O Integral Transforms Spec. Funct, vol. 34, no. 10, pp. 770D787, 2023, doi:
10.1080/10652469.2023.2190971.

[17] B. Selmi and C. Khelip, OEstimate of the Fourier-Bessel multipliers for the poly-axially oper-
ator,O Acta Math. Sin. (Engl. Ser.), vol. 36, no. 7, pp. 7979811, 2020, doi: 10.1007/s10114-
020-9120-z.

[18] B. Selmi and C. Khelib, OLinear and nonlinear Bessel potentials associated with the poly-
axially operator,O Integral Transforms Spec. Funct., vol. 32, no. 2, pp. 90D104, 2021, doi:
10.1080/10652469.2020.1802262.

[19] F. Soltani, OBest approximation formulas for the DunkiL 2-multiplier operators on R% ,ORocky
Mountain J. Math., vol. 42, no. 1, pp. 305D328, 2012, doi: 10.1216/RMJ-2012-42-1-305.

[20] F. Soltani, OOperators and Tikhonov regularization on the Fock space fategral Transforms
Spec. Funct, vol. 25, no. 4, pp. 283D294, 2014, doi: 10.1080/10652469.2013.839666.

[21] F. Soltani, OSome examples of extremal functions on the Fock spae¢C),OProc. Inst. Math.
Mech. Natl. Acad. Sci. Azerb,, vol. 42, no. 2, pp. 265D272, 2016.

[22] F. Soltani, OUncertainty principles for the Segal-Bargmann transform,Q. Math. Res. Appl.,
vol. 37, no. 5, pp. 563D576, 2017, doi: 10.3770/j.issn:2095-2651.2017.05.007.

[23] F. Soltani, OFock-type spaces associated to higher-order Bessel operaton@gral Transforms
Spec. Funct, vol. 29, no. 7, pp. 514D526, 2018, doi: 10.1080/10652469.2018.1462806.

[24] F. Soltani, OHankel-type Segal-Bargmann transform and its applications to UP and PDEs,O
Bol. Soc. Mat. Mex. (3), vol. 29, no. 3, 2023, Art. ID 83, doi: 10.1007/s40590-023-00564-6.

[25] F. Soltani, OReproducing kernel Hilbert spaces (RKHS) for the higher order Bessel operator,O
Bol. Soc. Mat. Mex. (3), vol. 29, no. 1, 2023, Art. ID 20, doi: 10.1007/s40590-023-00492-5.

[26] G. N. Watson, A treatise on the theory of Bessel functions ser. Cambridge Mathematical
Library. Cambridge University Press, Cambridge, 1966.


https://doi.org/10.1007/978-981-10-0530-5
https://doi.org/10.1080/10652469.2021.1925666
https://doi.org/10.1080/10652469.2023.2190971
https://doi.org/10.1007/s10114-020-9120-z
https://doi.org/10.1007/s10114-020-9120-z
https://doi.org/10.1080/10652469.2020.1802262
https://doi.org/10.1216/RMJ-2012-42-1-305
https://doi.org/10.1080/10652469.2013.839666
https://doi.org/10.3770/j.issn:2095-2651.2017.05.007
https://doi.org/10.1080/10652469.2018.1462806
https://doi.org/10.1007/s40590-023-00564-6
https://doi.org/10.1007/s40590-023-00492-5

EEELZJBO Extremal functions and best approximate formulas... 315
, 2 (2024)

[27] H. Yildirim, M. Z. Sarikaya, and S. ...ztYrk, OThe solutions of then-dimensional Bessel di-
amond operator and the Fourier-Bessel transform of their convolution,@Proc. Indian Acad.
Sci. Math. Sci., vol. 114, no. 4, pp. 375D387, 2004, doi: 10.1007/BF02829442.

[28] K. Zhu, Analysis on Fock spacesser. Graduate Texts in Mathematics. Springer, New York,
2012, vol. 263, doi: 10.1007/978-1-4419-8801-0.


https://doi.org/10.1007/BF02829442
https://doi.org/10.1007/978-1-4419-8801-0




C b CUBO, A Mathematical Journal
u o Vol. 26, no. 2, pp. 317D326, August 2024

A Mathematical Journal DOI: 10.56754/0719-0646.2602.317

Approximation and inequalities for the factorial
function related to the BurnsideOs formula

Xu You 1!
ABSTRACT

L . . _ _ _ _
Department of Mathematics and Physics, In this paper, we present a continued fraction approxima-

tion and some inequalities of the factorial function based
on the BurnsideOs formula. This approximation is fast in
youxu@bipt.edu.cn comparison with the recently discovered asymptotic se-
ries. Finally, some numerical computations are provided
for demonstrating the superiority of our approximation
over the BurnsideOs formula and the classical StirlingOs
series.

Beijing Institute of Petrochemical
Technology, Beijing 102617, P. R. China.

RESUMEN

En este art’culo, presentamos una aproximaci—n con una
fracci—n continua y algunas desigualdades para la fun-
ci—n factorial basada en la f—rmula de Burnside. Esta
aproximaci—n es rfpida en comparaci—n con las series
asint—ticas descubiertas recientemente. Finalmente, se
entregan algunos ctlculos numZricos para demostrar la
superioridad de nuestra aproximaci—n por sobre la f—r-
mula de Burnside y la serie de Stirling clfsica.

Keywords and Phrases: Factorial function, Stirling®s formula, BurnsideOs formula, approximation, continued
fraction.

2020 AMS Mathematics Subject Classibcation: 11Y60, 11A55, 41A25.

Published: 08 August, 2024 (cc)
Accepted: 21 June, 2024 © 2024 X. You. This open access article is licensed under a Creative Commons

Received: 16 July, 2023 Attribution-NonCommercial 4.0 International License.


http://cubo.ufro.cl/
https://doi.org/10.56754/0719-0646.2602.317
https://orcid.org/0000-0003-2591-5365%20
mailto:youxu@bipt.edu.cn

318 X. You CUBO
26, 2 (2024)

1 Introduction and main results

It is well known that we often need to deal with the big factorials in many situations in pure
mathematics and other branches of science. To the best of our knowledge, the StirlingOs formula

, N#S$ (1.1)

is one of the most known formulas for approximation of the factorial function. Up to now, many
researchers made great elorts in the area of establishing more precise inequalities and more accurate
approximation for the factorial function and its extension, called gamma function, and had a lot

of inspiring results. For example, the Stirling series [1]

L I 1 1 139 571 $
n'l 2

1+ n#$ (1.2)

n
— —+ 9 9 + ...
e 12n 28812 45184013 o 248832014 '

is an extension of (1.1). Furthermore, there is a variety of approaches to StirlingOs formula, ranging
from elementary to advanced methods. We mention the estimations given by Schuster in [14], or
the formula

1
2 =", n#$ (1.3)

with n! <" ,, due to Burnside, whose superiority over StirlingOs formula was proved in [3]. There
are also some approximations which are better than (1.3), GosperOs formula [7]

% # 1% ! n"n
n'! 2 n+ - - , n# , 14
6 © $ (1.4)
and RamanujanQOs formula [13]
n | " # $1/6
—'n N 1 1 1
1 [ 5+ Zn%+ Zn+ — .
n 2 o n 2n 8n 240 , n#$ , (1.5)
and NemesOs formula [12]
" | on # $
nt 2ip 2 " 1+¥ ’ n#$ . (1.6)
e 12n2 %1/ 10

In [2], Batir obtained an asymptotic formula as follows:

__nph+tl aln
N &S n#s . 1.7)

n%1U6
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The following more accurate approximation for n!

# $n2e1/a
— ' n2+n+ "
Nt 2 %1/6 L on#S$ . (1.8)

can be found in the literature [9].

Recently, Mortici [8] proved that for every x & O,

I‘i,ll#X+#$x+% \ "7,||#X+#$X+%
2le &e - <l(x+1)' $ 2lede" o , 1.9)
% 3
where# = > ‘(’3 3 $=1.072042464. ., and
"—,...#x+&$“%, "—,I..#x+&$x+%
% 2le e o I(x+1) < 2le é&e o , (2.10)
3

3+
where &=

, %=0.988503589. .

Estimates and approximations for the factorial function (and the gamma function) are a popular
subject, with many papers appearing on this topic over the years. More results involving the
asymptotic formulas or bounds for n! or gamma function can be found in the references cited

therein.
A natural question arises. It is true that the behavior of the BurnsideOs formula fon approaches
inbnity is of the form

n 7 #n $n+q
nlt  2le &€ P , (1.12)

where p, g are some constants? We propose the following sharp approximation formula as# $

" (- n+3t§

nilt 2le 4 v — . (1.12)

(n+%

These constantsp, qin (1.11) given by (1.12), namely

3+ 3 1

are justiped by the result in Theorem 1.1. Then we prove the following stronger approximation

formula using continued fraction for the factorial function by the multiple-correction method [4D6].
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Theorem 1.1. For the factorial function, we have

) 1
n # $n+q * -
- + * -
ntt Zese? TP opr o T, on#$ ., (113)
e +n +V1n+VO+W527.
n+to+
where
_ 3+ 3 _}_u_( 1 V_1O¢3§ v_47115§_
p_ 6 ’ q_ 21 1- 72 éli 1- 10 ’ 0~ 10 ’
163 815+ 11596 3
S1=t———, 41 = ——
21000 3 1630 )
o = 15531525 _ 19139187627 259913623163?_
27 7106276 7T 38278375254 v
Using Theorem 1.1, we provide some inequalities for the factorial function.
Theorem 1.2. For every n) N, it holds:
" . n+3!"§(n+% " ol n+3+'3(n+2
2le 4€' "o Tﬁ <nl< 2le & ~= TG : (1.14)

To obtain Theorem 1.1, we need the following lemma which was used in [8,10,11] and is very useful

for constructing asymptotic expansions.

Lemma 1.3. If the sequence(x,)n#n iS convergent to zero and there exists the limit

nslsirpo/ N3(Xp %Xp+1) = 1) [%$,+$ ] (1.15)

with s > 1, then

I
P st 1 —
ng!lrp% n®> *x, = %l (1.16)

Lemma 1.3 was proved by Mortici in [8]. From Lemma 1.3, we can see that the speed of convergence
of the sequencegxn)n#n increases together with the valuess satisfying (1.15).
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2 Proof of Theorem 1.1

Step 0: The initial-correction.
$n+tl

w # 1
~ — N+ 3 2
Based on the BurnsideOs formula!! 2! ?2 ,n#$ , we need to bnd the value, q

which produces the most accurate approximation of the form

" # $n+q

— +
Nt 2le 4 P ”ep . n#$

To measure the accuracy of this approximation, a method is to debne a sequen¢eg(n))ng1 by
the relations

" # - $niq
nl= 2le &' P Tp expuo(n), (2.1)
" # - $n+q
and to say that the approximation n!'!  2le &' P P ,N#$ s betterif ug(n) converges
to zero faster.
From (2.1), we have
uo(n) =1In n! %% In2le)+ p%(n+ g)Iin(n+ p)+(n+ Q. (2.2)

Thus,
uo(n) %up(n +1) = %1 %In(n+1) %(n+ gin(n+ p)+(n+1+ gin(n+1+ p). (2.3)

Developing (2.3) into power series expansion irl/n , we have

%1+2q1+ 2+3p2%3q%6pqi
2 n 6 n? # %
, YB%6p° %8p° +4q+12pg+12p°g 1 7 1

12 n3 OF

Uo(n) %up(n +1) =

(2.4)

The fastest possible sequgnceuo(n))n&l is obtained as the brst two items on the right of (2.4)

+
vanishes, we getp = 3_763 g= % Thus, using Lemma 1.3, from (2.4) we have
#
Uo(n) %up(n +1) = ( ii+ @) 1$
o R0 ~ 36 3n° nt

and the rate of convergence of the sequendeio(n))ng 1 is at leastn' 2.
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Step 1. The brst-correction.

Next, we debne the sequencéu;(n))ng1 by the relation

. ' "glner o# $
e Tead Bt Nt T ex ! expuy(n) (2.5)
T~ e P zivin+ vy, SPUln '
From (2.5), we have
# $ " (
1 3z 3
ui(n) %u(n+1)= %1 %In(n+1) % n+ 5 In n+ 5
# $ 3+ " §( u u
+ n+ In n+1+ — % ! + 1 . (2.6
6 0ﬂ2+V1ﬂ+Vo N+D2+ vi(n+1)+ vg (2.6)
Developing (2.6) into power series expansion irl/n , we have
# #
ur(n) %u(n+1)=( * %2u$i+ i+ L +3u +3uv$i 2.7)
1 1 36 é 1 n3 80— 12 § 1 1Vl n4 .
1 11 ¥
+ % ( — %4u; + 4uVp %6u;Vvy %4uive
20" 60 3 n®
599 13 $ 1 # 1$
T 5u; %10u1Vo + 10uU1v; %10u1Vvy + 10U1v2 + 5uyv3 $+t0

By Lemma 1.3, the fastest possible sequendei;1(n))ns 1 IS Obtained as the prst three items on the
right of (2.7) vanishes. So we can obtain
1 10+ 3 3 _ 47+ 15 3

U1:(72 3’ VlzT, Vo 100

and from (2.7) we have

#
163 1 1
ui(n) %us(n+1) = goz50me ¥ © w7

and the rate of convergence of the sequend@;(n))ng 1 is at leastn' 5.

Step 2: The second-correction.

Furthermore, we debne the sequencéu,(n))ns 1 by the relation

: L e aalrd i (

— ,, 3%
nl= 2leag &= — 6 exp . 723 . expuz(n) (2.8)
e n2+ 10+ 3 3n+ 47+ 15 3 + _S1
10 100 n+ iy
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Using the same method as above, we obtain that the sequend@>(n))hg1 converges fastest only

. 163 815+ 11596 3
ifs;=+——,t; = ————— and the rate of convergence of the sequendgl>(n
1 21000 3 1 1630 g quend@i2(n))na1
is at leastn' 7. We can get
69029 1 # 1$
% +1)= Y%+ O —
Uz(n) %uz(n + 1) = e 6me nd
Step 3: The third-correction.
Similarly, debne the sequencgus(n))ng1 by the relation
T (G 1
nl= 2le & s % (2.9)
) L
* 71 — -
expi 103 3 47+ 1572§ ) * Zio0 5 - expus(n).
nZ+ =+ e PRSP
1630 ntip

Using the same method as above, we obtain that the sequendez(n))ng1 converges fastest only
if s, = 15531525t _ 19139187621 2599136231633
27 "106276° 7~ 38278375254

The new asymptotic (1.13) is obtained.

3 Proof of Theorem 1.2

The double-side inequality (1.14) may be written as follows:

"o $ " _( (

f(n)=In!( n+1) %%In(Z!e)+ 3+

and

3%" 3 7 ¥ A
6

gn)=In!( n+1) %%In(Z!e)+

SupposeF (n) = f (n+1) %f (n) and G(n) = g(n +1) %g(n). For every x > 1, we can get
F(x) = 36(%1+4 3+4 3p)
(1+n)2(3+ 3+6n)2(9+ 3+6n)2

(3.1)
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and

G (X)= % 36(,+4 3+4 3n) <o 3.2)
(1+ n)2(3% 3+6n)2(9% 3+6n)2

It shows that F(x) is strictly convex and G(x) is strictly concave on (0,$ ). According to The-
orem 1.1, whenn # $ , it holds that limngy f(n) = 1lim ng g(n) = 0; thus limpgy F(N) =
limhsee, G(n) = 0. As a result, we can make sure thatF(x) > 0 and G(x) < 0on (0,$ ). Con-
sequently, the sequencd (n) is strictly increasing and g(n) is strictly decreasing while they both
converge to0. As a result, we conclude thatf (n) < 0, and g(n) > O for every integern > 1.

The proof of Theorem 1.2 is completed.

4 Numerical computations

In this section, we give Table 1 to demonstrate the superiority of our new series respectively. From

what has been discussed above, we found out some new approximations as follows:

' "o(net
* 4 A 3+' n+ 3+6 2 ’
n! 2le ae e = %(n), (4.2)
or
' (n+
. o ‘s n+ 3!6 3 2
n! 2le e " © — = %(n) (4.2)
or
' "o(nes ' (
" ! 3+ 3 2 02
1 Zese v 1T E PR3 oy 4.3
n € ae e eXp . 103 3 47415 3 8(n) (4.3)
ne+ =N+ "o

For simplicity, we only give three approximations % (n), %(n), %(n), more formulas can be directly
obtained from Theorem 1.1.

Burnside [3] gave the formula:

" # l$n+%
nt* 21 2 = %n). (4.4)

The great advantage of our continued fraction approximation%(n) consists in its simple form and
its accuracy. From Table 1, we can see that the relative error oRa(n) is %1.1137+ 10 ® when
calculating 500! and the relative error of %n) is 8.2540+ 10 * when calculating 50!. Our formula
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Table 1: Simulations for %{n) and %(n), i =1,2,3.

#(n)! n! #1,(n)! n! #,(n)!I n! #3(n)! n!

1 |
31120+ 10 © 981273+ 10 1
3.1978+ 10 8 9%1.1137+ 10 18
8.0066+ 10 ° %3.5367+ 10 20
2.0032+ 10 ° 9%1.1141+ 10 &

n 1 1

50 82540+ 10 ¢ 9@.1767+ 10
500 8.3254+ 10 5 %3.2044+ 10
1000 4.1647+ 10 ®° 9%8.0149+ 10
2000 2.0828+ 10 ° %2.0042+ 10

© © 0 O

% (n) converges faster than the approximation of the BurnsideOs formul(n).
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ABSTRACT

New norm inequalities for accretive operators on Hilbert
space are given. Among other inequalities, we prove that
if A,B ! B(H) and B is self-adjoint and also Cnm (iAB ) is
accretive, then

4 Mm
M+ m

#AB#$ | (AB %BA'),

where M and m are positive real numbers with M >m and
Cmm (A) = (A' % ml)(MI %A). Also, we show that if
Cmm (A) is accretive and (M % m) $ k#A#, then

1 (AB) $ (2+ K)! (A)! (B).
RESUMEN

Entregamos nuevas desigualdades para normas de opera-
dores acretivos en espacios de Hilbert. Entre otras desigual-
dades, probamos que siA,B ! B(H) y B es auto-adjunto y
tambiZn Cm (IAB ) es acretivo, entonces

4 Mm

I 0 !
3 mAB#S 1 (AB %BA'),

donde M y m son ncemeros reales positivos coM > m y
Cmm (A) = (A' %ml)(MI %A). TambiZn mostramos que
Si Cmm (A) es acretivoy (M %m) $ k#A#, entonces

1 (AB)$ (2+ K)! (A)! (B).
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1 Introduction and preliminaries

Let B(H) denote the C' -algebra of all bounded linear operators on a complex Hilbert spackl with
inner product '4 &" The numerical radius of A # B(H) is debned by

(A)=sup{|' Ax,x"| : $x$=1 }.
In [14], Yamazaki proved that for any A # B(H)
I (A) = sup $Re(e" A)$. (1.1)
"R

It is well known that ! (3 is a norm on B(H) which is equivalent to the usual operator norm$.$.

In fact, for all A # B(H),
%$ %! (A) % $AS. (1.2)

The brst inequality becomes an equality ifA2 = 0. The second inequality becomes an equality if
A is normal. Several numerical radius inequalities improving the inequalities in (1.2) have been
recently given in [1D3,7,9,11,12,15,16] and [17]. Holbrook in [6] showed that, for adyB # B(H),

| (AB) %4! (A)! (B). (1.3)
In the caseAB = BA, then
| (AB) % 2! (A)! (B).
The question about the best constantk such that the inequality
w(AB) %k$AS! (B) (1.4)
holds for all operators A, B # B(H) is still open. It is shown in [4] that, for any A,B # B(H),
| (AB = BA') % 2%A$! (B). (1.5)

Let Da = j,r]fc $A & "l $ and let Ry denote the radius of the smallest disk in the complex plane
containing #(A) (the spectrum of A). Stampfi in [13] proved that if A # B(H) and A is normal,
then

Da = Ra. (1.6)
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The following result from [10] may be stated as well: ifA,B # B(H),then

W (AB) %! (A)! (B)+ DaDg. (1.7)
Also, the authors in [8] proved that if A,B # B(H) and A is self-adjointable, then
| (BA) %Dg$AS. (1.8)
We consider the nonlinear functional Vs : B(H) & R, given by

Vs(A) = sup RelAx,x".
#x#=1

Recall that, for all A # B(H),
Vs(A) %! (A) % $AS. 1.9

We say that an operator A : H & H is accretive, if RelAx,x" ( 0 for any x # H. In [3],
Dragomir has shown that if M and m are positive real numbers withM > m and the operator
Cmm (A)=(A' & ml)(MI & A) is accretive, then

$a8 % 9™\ (A) (1.10)
2 Mm
and
$A$ % 41 (A). (1.11)
2 Mm

A sulcient simple condition for Cpm (A) to be accretive is that A is a self-adjoint operator on
H such that ml % A % MI in the usual operator order of B(H). Moreover, f0<m <M , a

sulcient condition for Cym (A) to be accretive is that

|
+m !
ae MMl

(M & m)
2 .

2

The following result from [5] may be stated as well: ifM and m are positive real numbers with
M >m and A,B # B(H) and alsoC,m (A) is accretive, then

| (AB & BA') % (M & m)! (B). (1.12)

And also
$AS % Lz %A M $Re(A)S, (1.13)
m
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which is a rePnement of inequality (1.11).

In Section 2, we introduce some inequalities between the operator norm and the numerical radius
of accretive operators on Hilbert spaces. More precisely, we establish the generalization of the
inequalities (1.11) and (1.13). Also, we bnd a lower bound fot (AB & BA').

2 Main results

We need the following lemma, to achieve our goal.

Lemma 2.1. If A # B(H), then
Vs(A) % $Re(A)S.

Proof. Suppose thatx # H with $x$=1. We have

(A + AM)x, x" 0/0$A+ A'$

I "= 9
Rel Ax, x 5 5 % $Re(A)S.
Hence
RelAx, x " % $Re(A)$.
Taking the supremum over x # H with $x$=1 gives
Vs(A) % $Re(A)S,
which is exactly the desired result. O

Remark 2.2. Let M and m be positive real numbers wittM > m and A # B(H) and alsoCmum (A)
is accretive. By (1.10) and Lemma 2.1 we deduce that

+ m + m
Vs(A) % ———9$Re(A)$.
ggm ”°§W$e"$

Therefore, the inequality (1.10) strengthens(1.11) and (1.13). Then, we continue this section and

introduce some norm inequalities for products of two Hilbert space operators with inequality1.10).
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The following result may be as well.
Theorem 2.3. If A,B # B(H), then
"¢l |
Vs(AB) 0 B+ B $(A), DaDss | 1, (AB & BA').
2 2 2
Proof. Clearly, $Re(AB)$= ! (Re(AB)). Then
AB+B'AY
$Re(AB)$=1! ————
" #
_, AB+AB'&AB'+B'A
=1 >
" | # " | | | #
0 AB + AB" &AB" + B'A’
! !
2 2
1 | l ]
= 5! (A(B+B')+ 5! (AB &BA')
"¢l
%W“L %DADBJ,B! . %! (AB & BA'). (by (1.7))
Hence
L)
$Re(AB)$%$BL2$'(M+ %DADEHB! + %! (AB & BA') 2.1)
and the result follows from Lemma 2.1. O
Corollary 2.4. If A,B # B(H), then
Vs(AB) %! (B)(! (A)+ Da)+ %! (AB & BA').
Proof. By Theorem 2.3,
B+ B'$l (A DaDg+5:! 1
VS(AB)%$ $ (A) | DaDss + 21 (AB & BA").
2 2 2
SinceDg+g: % B + B'$, then
Vs(AB) % $Re(B)$(! (A)+ Dp)+ %! (AB & BA')
il 1 ]
% sup$Re(e” B)$(! (A)+ Da) + é! (AB & BA")
"R
%! (B)(! (A)+ Da)+ %! (AB & BA'). (by (1.1))
Therefore,
Vs(AB) %! (B)(! (A)+ Da)+ %! (AB & BA').
This completes the proof. O
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Corollary 2.5. Let M and m (with M > m ) are positive real numbers andA, B # B(H). If there
exist % # R such thatCym (€' °AB) is accretive , then

#

$AB$%u 1 (B)(! (A)+ Da)+ 1 (AB & BA') . (2.2)
2 Mm 2
Proof. By (2.1),
$Re(AB)$ %wf(Ah %DADBJ,B! + %1 (AB & BA').
SinceDg+g: % B + B'$, gives
$Re(AB)$ % Re(B)$(! (A) + Da)+ %! (AB & BA'). 2.3)

Suppose that$, # R. ReplacingB by €' °B in the inequality (2.3) gives

$Re(e" °AB)$ % dRe(e' °B)$(! (A) + Da) + %! (€' °(AB & BA'))
= $Re(e' °B)$(! (A)+ Da) + %! (AB & BA')

% sup $Re(e" °B)$(! (A)+ Da)+ %! (AB & BA')
v" R
= 1 (B)(! (A)+ Da)+ %! (AB & BA'). (by (1.1))

Hence,
$Re(e' °AB)$ %! (B)(! (A)+ Dp)+ %! (AB & BA'). (2.4)

SinceCmu (€' °AB) is accretive, from the inequality (1.13) we have
2) Mm

T $AB'S % Re(e! *AB)S

and the result follows from (2.4). O

Remark 2.6. The result stated in Corollary 2.5 is stronger than inequality (1.11). To explain
that, suppose thatCn, v (B) is accretive. ReplacingA by | in inequality (2.2). Since D, =0 and
+m
()= $I$=1, then we have$B$ %gMj! (B).
m
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The following result may be as well.

Theorgn& 2.7. Le(*l\/l and m (with M > m ) are positive real numbers andA,B # B(H). If

, 0 AB ) .
Cmm % ) + is accretive, then
0O O
2) Mm $B% $AB & BA'$
0 | $AB &« BA #
" SABS % (! (A)+ Da) + T
& ( & ( $& (*
. A O L0 B, _ . 0 AB
Proof. Let A; = ) and B, = ). SinceCmm (A1B1) = Cpm % )+
0 A 0 0 0 O

is accretive, from the inequality (1.10) and Theorem 2.3 we have

) )

2 Mm 2 Mm
B$= B
M m B8 gy $AuBaS
|
Iy .
o B1* BL# (A) | DaDesrey 1) 5 gpia,)
2 2 gg 2 (*
|
_ B (A) N DaDg,+5;," N }! %' 0 AB &BA® )+
2 2 2 0 0
$& (*
!
%$B$! (A) N DA$Bl$+ }! %' 0 AB &BA )+
2 2 2 0 0
_ $B$I (A)  Da$B$ $AB &BA'S$
T2 2 4 '
Consequently, )
2> Mm $B$ $AB & BA'$
% —— (! + + —
s SABS % = (1(A) + Da) e
which is exactly the desired result. O

As a direct consequence of Theorem 2.7, we have:

Coroll‘apr& 2.8. L?t*M and m (with M > m ) are positive real numbers andA,B # B(H). If
0 AB

Cmm % 0 o ) + is accretive and AB = BA', then

$AB$%$%$B$(! (A)+ D).

We need the following lemma to give some applications of Theorem 2.3.

Lemma2.9. LetM andm (with M > m$)83re positi\/@ real numbers andA, B # B(H). If Cym (A)

. A O . .
and Cym (B) are accretive, thenCpm % 5 ) + is accretive.
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&

Proof. Put X = '
& (

X
), where x,y # H. First we show that if A and B are accretive, then
y

. A 0, . .
T= 0 ) is accretive. We have
B

$ & (& (& (.* $ & (& (.*
. A 0,., x . X AX . X
Re(ITX,X ") = Re% ) ), ) * = Re% ), )+
0 B y y By y
= Re('Ax,x") + Re(!By,y").
SinceRe(!Ax,x") ( 0 and Re(!By,y") ( 0, then
Re(!TX,X ") ( O (2.5)
and soT is accretive. On the other hand,
$& (* $& ( & (* $& ( & (*
CmM%.AO)+=%.A- O)&. ml O)+%. MI O)&.AO)+
' 0 B 0o B' 0 ml 0 Ml 0
$& (* $& (*
!
=%.A&ml 0 )+ % Ml & A 0 )+
0 B' & mi 0 MI & B
& (
. (AP &ml)(MI &A) 0
0 (B' & ml)(MI &A)
& (
— Cm,M (A) 0
0 Cm,M (B)
Consequently, $& (* & (
. A O . C A 0
Cmm % )+ = Cmm (A) ) . (2.6)
0 B 0 Cmm (B)
SinceCmm (A) and Cym (B) are accretive, the result follows from (2.5) and (2.6). O

In the following, we provide a lower bound of the! (AB & BA') in terms of $AB $ for some case.

Theorem 2.10. Let M and m (with M > m ) are positive real numbers andA,B # B(H). If B is

self-adjoint and C,, » (iAB ) is accretive, then

4)Mm
M+ m

$AB$ %! (AB & BA'). (2.7)
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Proof. By Theorem 2.3,

$8 + B'$ (A) , DaDsg+g!

Vs(AB) % 5 >

+ %! (AB & BA').
Replacing B by iB in the last inequality gives
. 1 |
VS(IAB) % 5! (AB & BA'). (2.8)

SinceCnym (IAB ) is accretive, from the inequality (1.10) and (2.8) we have

)

2 Mm . 1 |
0, 0n — 1| :
M+ m$AB$ % Vs (IAB ) A)Z. (AB & BA").
Therefore, )
2 Mm 1 |
- 0p —1| :
M+ m$AB$ A)Z. (AB & BA").
This completes the proof. O

Recently, some inequalities have been presented by mathematicians to bnd the upper bound of
| (AB & BA'), for example inequalities (1.5) and (1.12). On the other hand, we have to use the
prst inequality (1.2) to bnd a lower bound of! (AB & BA'). Now, in the following we give an
example to show how Theorem 2.10 improves the brst inequality (1.2).

& ( & (
.1 0 . &15 02 .
Example 2.11. LetB = ), A= ),M =3, andm =1. Clearly B is
0 05 0 &332
self-adjoint and with a simple calculation, we have
| 1% 05 01l
+ . 0. .
lipg g MM )« 052961= M &M
’ I 0 04 !

Therefore, Cym (IAB ) is accretive. On the other hand,

| & (]
I, &15 01 !
$AB$= | ) * 162
! 0 &16 !
and I & (!
| I, &3 01 !
$AB & BA'$= | )| * 3.24
I 01 &32 !
In this case
$AB & BA'S$ | 162
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while )
4 Mm
M+ m

$AB $ * 2.80.

Remark 2.12. Let M and m are positive real numbers withM > m and A # B(H) and also
Cmm (A) is accretive. ReplacingB byl and A by &iA in Theorem 2.10 gives

2)Mm
M+ m

$AS %%! (A+ A') = $Re(A)S.

Therefore, the inequality (2.7) strengthens (1.13).

Corollary 2.13. Let M and m (with M > m ) are positive real numbers andA,B # B(H). If B
is self-adjoint and C,m (A) and alsoCy,m (IAB ) is accretive, then

2 2
$aB5 0% My $M)gpg
4 Mm

Proof. By Theorem 2.10, )
4 Mm |
m$AB$%! (AB & BA").

M +
From the hypothesis Cym (A) is accretive and (1.12),

4)Mm
M+ m

$AB $ % (M & m)! (B),

which is exactly the desired result. O

At the end of this section, we introduce some numerical radius inequalities for products of two
operators.

Theorem 2.14. Let M and m (with M > m ) are positive real numbers andA,B # B(H). If

Cmm (A) is accretive, then " #
M &
| (AB)% Da + M 1 (B).
Proof. Clearly, $Re(AB)$=! (Re(AB)). Then
"B +BIAY
$Re(AB)$ = ! —
" #
AB + AB' & AB' + B'A'
n 2 n
! # ! (N #
0 AB + AB &AB' + B'A
% ! —s + 1 —

= %! (A(B + B')) + %! (AB & BA')

%%DA$B +B'$+ %! (AB & BA') (by (1.8))
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= DASRe(B)S$+ %! (AB & BA')

% Da sup$Re(e' B)$+ %! (AB & BA')
"R

= Da! (B) + %! (AB & BA')
M &m

%Da! (B)+ 1 (B). (by (1.12))
= Dp+ M‘;‘m 1 (B).
Hence, " #
$Re(AB)$ % D+ &M | (g, (2.9)

Suppose that$, # R. ReplacingB by €' °B in the inequality (2.9) gives

#
$Re(e" °AB)$ % Da + Mé&m -, (B).
Taking the supremum over$, # R gives
’ M & m#
1'(AB) % Da + > 1(B),
which is exactly the desired result. O

Corollary 2.15. Let M and m (with M > m ) are positive real numbers andA,B # B(H). If
Cmm (A) is accretive, then " #
| (AB) % $Ag+ M &M

1(B).
Proof. SinceDa % $AS$, the result follows from Theorem 2.14. O

Concerning the inequality (1.4), the following result is interesting.

Theorem 2.16. Let k, M and m (with M > m ) are positive real numbers andA,B # B(H). If
Cmm (A) is accretive and (M & m) % k$AS, then

#
| (AB) % 1*; $AS! (B).

Proof. By Corollary 2.15, " #
| (AB) % $Ag+ M &M

1 (B). (2.10)

From the hypothesis (M & m) % k$A$ and inequality (2.10),

1 (AB) % $AS$+

#
k$AS
5 (B)
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which is exactly the desired result. O

Corollary 2.17. Let k, M and m (with M > m ) are positive real numbers andA,B # B(H). If
Cmm (A) is accretive and (M & m) % k$AS$, then

| (AB) % (2 + K)! (A)! (B).

Proof. Since$A$ %2! (A), the result follows from Theorem 2.16. O

Remark 2.18. If k< 2, Corollary 2.16 rebnes the inequality(1.3).
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RESUMEN
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Xn IXn x2 '
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1 Introduction

In this paper, we will study the extended Weinsteinor the Leutwiler-Weinstein equation

k lu "
Lu:=! u+ ———+ —u=0, (1.2)
Xn X pn X2

wherek," ! R. The Weinstein operator L plays an interesting special role in the theory of partial
dilerential equations, hyperbolic geometry and in other areas of mathematics €f. Section 5).
With the trivial choice of parameters k = " = 0, the Weinstein operator is the usual Euclidean
Laplacian
12 L 12

I= %2 + aédd 2
acting on functions debned onR". The solutions are called harmonic functions and the theory is
well elaborated, seee.g. [3,13,14]. The next natural step is to just require the condition” =0 to
be fulblled, in which case we are in the case presented by Alexander Weinstein, see [21] and also
[4,11]. In this case, equation (1.1) is a classic Weinstein equation and the operatdr is singular
on the surfacex, = 0. In this case, we usually look at functions that are debned in the upper
half-space

R := R 1" (0,#).

For more recent research on the Weinstein equation, see.g. [5,8]. The extended Weinstein
equation (1.1) with arbitrary parameters k," ! R was initially studied by Heinz Leutwiler in [12].
The equation has continued to be studied quite actively until these days, see.g. [2].

The purpose of this article is to present the simplest possible construction (from the point of view
of the authors) for the fundamental solution for the Weinstein operator L represented in (1.1). We
try to present the theory in such a way that basic knowledge of partial dilerential equations and

vector analysis are su"cient to follow the presentation, i.e. the so-called graduate student level.

The structure of the article is as follows:

¥ In Section 2, we outline the required preliminaries,i.e. the Weinstein operator with its
reduced version, and some useful notions from the theory of distributions.

¥ In Section 3, bnd the special type of OradialO solutions for (1.1).

¥ In Section 4, we use the OradialO solutions to debne the fundamental solution and compute

its proper coe"cient.
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2 Preliminaries

2.1 Weinstein operator

Let us look at some basic properties of the Weinstein operatot.. Note that the variable x, plays
a special role in the operator. We denote elements = (x’,x,) ! R?, wherex, > 0. We observe
that keeping x, Pxed, the operatorL admits with respect to the variable x" the same invariance
properties as the Laplacian inR"' 1, i.e. invariance under the Euclidean rigid motions (cf. [3]).
Particularly important in what follows is the invariance with respect to translations

X $%x + a’ (2.1)

forany a'! R" 1. Inthe previous section, we did not discuss the fourth possible canonical special
case for the Weinstein equation, namely the situationk = 0. In fact, this situation is signibcantly
related to solving the extended Weinstein equation as follows. As a direct computation gives

(S _ Lk
L(Xn 2u) = Xn ?Lu, (2.2)

where
|!_u =1l u+ Mi

21
4 X¢

we call the operator L the reduced operator Subsequently, we will base our calculations largely on
the reduced operator, as it is relatively close to the Laplace operator in its properties.

The reduced operator is especially useful from the point of view of the integration theory. Let
U be a bounded subset oR? with a su'ciently smooth boundary !'U and let u and v twice
dilerentiable real valued functions debned in an open set containingd. Hence, the usualGreen
formula for the Laplace operator is

" "H | $
(U v&v! u)dx = u— & v— ds,
U U : n

where the derivative with respect to the outer unit normal n is debPned by

lu
In

=na'u.

The Green formula for the reduced operator is obtained by adding and subtracting the term
k(& k)+4" uv
4 X2

n

in the volume integral, i.e.

%

!
ubv & viu dx = u—&v— ds. (2.3)
U U In In
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2.2 Generalized functions

Generalized functions or distributions are a standard tool in modern partial dilerential equation

theory. Their history begins in 1936, when Sergei Sobolev introduced hisl®espace fonctionngl
and applied them to solve a Cauchy problem of second-order partial dilerential equations in [17].
After this, the theory was further developed, seee.g. the brst larger representation of Laurent
Schwartz [16]. A key work in the theory of partial dilerential equations is the classic book [9] by
Gelfand and Shilov. In this book, distributions are examined from the point of view of solving
partial di'erential equations, and the key tool is the connection between distributions and complex
analytical functions. All the following information can be found in more detail in the literature

mentioned above.

Let " be an open subset oR" (or RY). We denote D(") as the space of compactly supported
functions
Cé(n:= {#! C* ("): supp(#) is compact and supg#) ( "}

equipped with the topology of uniform convergence in compact subset& ( " . Indeed,#; % # in
D(") , if there exists a compact subseK ( " such that supp(#;) ( K for any j and all derivatives
1" #; % !"# uniformly, i.e. the convergence in the FrZchet spac€” (K). Above, multi-index
notation $ = ($1,...,%n) ! Nj with

1 |

1= AAd
IX ;! Xn"
is used. The precedingD(") is called the test function space We denote by D'(") the space
of continuous linear functionals overD(") , and we call its elementsdistributions or generalized
functions. If T !D (") , we denote
T#) = )T, #*

for all # ! D (") . The continuity of a functional T means, that T(#) % O for all # % O in
D(") . The convergence inD’(") is dePned in the weak formj.e. a sequenceT;} of distributions

converges to a distribution T if and only if
YT #* %) T, #*, for j %# , (2.4)

for any # ! D (") . Important basic properties of distributions are that they have all derivatives
debned by setting
WOT,# = (&) N)T, T #x

where|$| = $,+ a&4$,, and multiplying by a smooth function f ! C# (") produces a distribution,
ie.,
T, #*=)T,f#*
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The above properties allow dilerential operators to be debned in distributional senseg.g.,

T, #* = )T, La~, (2.5)
forany T!D (") and#!D (") when" ( R}. We also denote
YT #% = )T(X), #(x)*

where the x is a dummy variable (cf. the use of variables in integrals). Any locally integrable

function g! L (") dePnes a distibution via theL 2-inner product by

9. 1= )g,#g = GO0#(X) o, (2.6)

Remark 2.1. The starting point for the theory of distributions can be also in measure theory. Let
us elaborate on the equivalence of perspectives. 'If ( R" is an open set andu a complex Borel
measure on it with u(K) < # for any compactK ( ", then

T#)=  #dy,

debnes a distribution, where#t ! D () . If f ! LiL (") , then the measure

ME) = f (x) dx
E

for any Borel setE ( " is a complex Borel measure withu(K) < # . Then the Radon-Nikodym
derivative g—‘x‘ = f. Hence, we can intuitively identify distributions with functions f or equivalently

with measuresy.

The most important example of distributions is the Dirac delta distribution, which is debPned by
setting
JAX & y), #(X)* = #(y),

fory! R". The Dirac delta is not a distribution generated by a locally integrable function. In the
distributional sense, one can see thatfx & y) = 0 for any x = y. Moreover, the Dirac delta has
the obvious property
fO)%x &y) = f(y)%x &Y), 2.7
for f I C# (") , which plays a central role in this paper. If
‘mo

Pu(x) = a (x)! " u(x)
k=0 |" |=k
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is a linear dilerential operator P acting on a suitable function u, wherea- ! C* (") , we call a

distribution G(4y) ! D "(") afundamental solutionat y! ", if it satisPes the equation

PG(X,y) = %x &Y).

The main motivation to Pnd a fundamental solution is to study solutions of the equationPu = f.
One can see, that the solution of the problem is given byu = G, f, where, is the convolution of

a distribution and a function. See details, e.g. in [9].

3 Classical OradialO solutions
In this paper, our aim is to bnd a fundamental solution G for the Weinstein operator (1.1), i.e.

LG(x,y) = %x &Y)

wherey ! RT. Our brst observation is that due to the formulas (2.2) and (2.7), we obtain the

following formula.

Proposition 3.1. If kv = %x&y), thenL 2% v = 9%x&y).

Hence, it is enough to bPnd a fundamental solution for the reduced operatok. A usual problem
with any non-constant coe"cient dilerential operator is that the symmetry of the operator does
not match with the symmetry of the Dirac delta. We know that the Dirac delta is rotationally

invariant (see [9]), i.e.

%AX) = %x)

for any A ! SO(n), but as we mentioned above L is rotation invariant only around the x,-axis,
or more precisely, it is invariant under the subgroup SO(n & 1) in SO(n) debned as the stabiliser
of the x,,-axis. Hence, thex,-direction will play a special role. Since the operator is translation
invariant with respect to x’, we can try to bnd brst a fundamental solution only at the point
y=(0",yn). Thus,

%X & y) = %X )%Xn & Yn).

Consequently, the fundamental solution must be a Oradial functionQeg., it depends on|x & |,
with the special role of x,,. Hyperbolic geometry gives us an idea how to proceed. In [15], one can
Pnd the expression

X & Y| = 2XnYn (&%, y) & 1), (3.1)
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where&: R? " R? % [1,# ) is dePned by

x & y|°

X,y)=1+ .
&(x,y) Xy

The reader should note that
&- 1. (3.2)

The function & is an invariant with respect to the invariance group of the hyperbolic upper-half
space,cf. [15]. Based on this, one can try to bnd a solution for the extended Weinstein equation
in the form

u(x) = x,v(&), (3.3)

fora bxedy ! R7T. We want to substitute this into equation (1.1). First, we compute the following
technical lemma.

Lemma 3.2. If uis of the form (3.3) andy" = 0, we have

" # ¥ % ¥ k@ K)+an
2 Thu= #1vV#+ (nt 2+2$));—”+2(1 TEH v+ S5 1)+ % v(#).

Proof. Sincev = v(&(x,Y)), we compute

v X

= v'(&),
IXj XnYn &)
v _ Xn &y”&v"(&)
IX n Xn¥Yn '
12y XAV'(&) + XnYnV'(&)
X2~ x2y3 ’
L2V (Xn & Yn &)V (&) + (2 Y5&& XnYn)V (&)
Ix3 x2y4 '
forj =1,...,n& 1. Then we compute
I Cl X .
MRy,
X i $ 3
U g e Vi
X n oo Yn ,
12y x\'2% &
T3 = o X&)+ YaXaV (&)
I ; y2 y .
1 2u X"! 270 * +
X2 - ;2 (Xn & Yn &)V (&) + (23 & L)XnYn +(Ya & $Y7)2& V(&) + $($ & )YFv(&)
. n n
forj =1,...,n& 1 Then we observe

11 wy 90
n !2u_x!2/° &

= - X2V (&) + (n & 1)ynXnV'(&) .
o X y2
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Sincey =0, we have|x'|?> = 2X, Y, && x2 & y? and we obtain

# # $ $
Lu=x.'2 (82&1NV"(&+ (n&2+ 2$)’y(—n 21L& $)& V(&) + $($& V()

completing the proof. O
We observe that we obtain the ordinary di'erential equation with respect to & if we chooseb = ""T“
Since$($ & 1) = 7(n & 2)n, we obtain the following result.
Proposition 3.3.  The function u(x) = X:Tnv(&) is a solution of Lu = 0 if and only if
(& & 1)v'(&) + n&V'(&) + %(k(z &k)+(n&2)n+4")v(& =0.

We denote' := %(k(z & Kk)+(n&2)n+4"). To solve the equation

(& & 1)V (& + n&v (& + 'v (& =0, (3.4)
we brst observe that it is not far from the associated Legendre equation

) % W2 &

(ZZ& W' (2)+2zw'(2) & (((+1)+ 281 w(z)=0, (3.5)

with parameters i, ( ! C. The associated Legendre equation has two solutionB}' (z) and QY (z)
debned outside of singularitiez = + 1, seee.g. [1,10]. The solutions are callecassociated Legendre
functions. The solutions P}!(z) and QY (z) are linearly independent if and only if p+ ( / & N. We
need to exclude this case in the future.

Assumex # y, that is, from (3.2) we obtain & = &(Xx,y) > 1. We look for a solution for (3.4) in
the form
V(&) = (& & 1)*w(&).

Substituting this into the equation (3.4), the equation becomes

# $
" 4%%& 1) + 2n%&?
(& & )W + (4 %+ n)&wW + 2%+ ' + (4% 0&&2)& T n%e& w=0. (3.6)

To obtain the associated Legendre equation, it is required that

28
2 n=2 | o= =0

We obtain the following result.
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2!

Proposition 3.4.  The function v(& = (& & 1) 7 w(&) satisbes equation(3.4) if and only if w

is a solution of the associated Legendre equation

# N l 2 $
@& w +28w e gn@&M*4T  an&270

4 a1 V70
Proof. Using (3.6), we have
# $
] 2&n 1 2
& & )W +28&wW + +' & =(n& 2)? =0.
( w W 2 1N& e W
On the other hand,
& _., 1
&&l &&l’
and we obtain the result. O

Hence we obtain the solutions as follows.

Theorem 3.5. Equation (3.4) has two linearly independent solutions

200 4 nt2 2n _4nt2

s , Lo

TP S (&) and (& 1) T QT g (
PRI | 1, D002

(& & 1) 8)

(NI
(NI

where we can choose any combination for any indices (4 possible combinations).

Proof. To solve the reduced equation, we need to bnd the right parameters in the Legendre equation
(3.5), that is

2

n(2&n)+4' 1 nh&2)+1&4
+1) = - s = Z+
((+1)= & 7] 0 (=& 5
and
1 n&?2
2=-(n&2)2 0 u=+= :
W= 7(n&2) H 5
Equation (3.4) admits two linearly independent solutions
20n 4 0t2 200 4 N2
(& & 1) P l5$m(&) and (8 & 1)77 Q ;i $ e (&)
2= - Pyt

2

Then, using the formulas 8.2.1 and 8.2.2 from [1], both functionsP, , and Q}',, , can be
" 2 N 2
represented by the functionsP[;ii , and Q,ﬁjd , . Similarly, using the formulas 8.2.5 and 8.2.6, we
2 2
can representP; * and Q4" by the functions P} and QY. Hence, the any+ combination gives us

two linear independent solutions. O
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Corollary 3.6. Using (2.2), we obtain the solutions

E]

r2
$n(rl! 2)+1 | 41 (
2

!';, 2 20n 4 NL2 1% 2 2! n
Xn (8 & 1) PT TS (&) andxn (82&1)F Q
: 2

&)

+
|

2 2
+ +

[N
[N

for the Weinstein equation (1.1).

Remark 3.7. We observe that ifn(n & 2) +1 & 4' < 0, we obtain solutions with the functions

pH (& and Q" (&),

[ 1 L4
I i+i& I $+i&

with some) ! R. These functions are called the Mehler functions or conical functions, see e.g.
Section 8.12. in [1] or Section 8.84 in [10]. The brst of the functions is real-valued, while the
second is complex-valued in general. To Pnd completely real-valued solutions, see e.g. [6].

Remark 3.8. The special casen(n & 2)+1 & 4 =0, i.e. k(2& k)+4" =1, corresponds to the

equation

1u k lu 1k & 1)?
lu=! u+>==0 or Lu=! u+ — +Mu=0,
4x2 Xn X n X2

and the solutions are given by
P/ (& and Q,(&).

1
2

4 Finding fundamental solutions

The solutions given in Theorem 3.5 can be used as candidates for a fundamental solution. From
(3.1), we infer that x % vy if and only if &% 1+. Next, let us examine the asymptotic behavior of
functions in general. In the following, we assume that the argumentz of the functions is real.

Proposition 4.1.  If Re(p) > 0, then

% ) &
lim (& 1)2P,*(z) =0.

Proof. For [1& z| < 2 the associated Legendre functiorP}! admits the representation (see 8.1.2 in

[1])
T T 182°

[T - . .
P# (Z) #(1+ I.l) Z+1 2F1 &(1( +1=1+ uv 2 y

where ,F; represents the usual hypergometric functions (see [1,10]). Hence

# 1&2$
(z& 1)MoF1 &G ( +1;1+ y; 5

(22& 1)5P; H(z) = )

completing the proof. O
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Proposition 4.2.  If Re(u) > O and ( + 3 Y& N, then

% &
lim (22&1)7Qi(z) = &™ 2% x(p).

2% 1+

Proof. Using the representation 8.703 in [10], we obtain the representation

1_ # $
n o H(+p+1) F (+u+2 (+p+1 3.1
2 e — A . o, -
Using the transformation formula 9.131.1 in [10], we have
# #
poo(ru+2 (+u+1.(+ §.i$_ (&) " - (&pu+l (&u+2.(+ 3 i$
21 2 ’ 2 l 2122 - Z| 2|J 21 2 ) 2 ) 2122
Hence
#((+u+1)1T #(&p+2 (&u+1 3 1$
2 L ou - M : ==

If Re(c& a& b) > 0and c V& Ny, the identity 15.1.20 in [1] says

#(o#(c& a& b

PEREDT Yea awcan

Ifa= 24 p= 282 andc= (+ 3, we have Ré¢c&a&h) = Re(p) > Oand(+2 £0,8&1,&2, ...,
i #
(&p+1 (&u+2. 3.5 #(+ DA

, (+ =1 = .
2 2 ( 2 #(W)#(%)

ie.
oF1

Using the doubling formula for the gamma function 8.335.1 in [10], we obtain

e (&n+2. 5.5 _ 2 Drw
21 2 ] 2 ’ 21 -"*7#((+“+1)
Thus
% & 1w 3
- n o B+ U+ 1) F 2R+ (W) | L
2 5 OM — a'H 2 - H oou!l 1
Am (27 &1)7Q4(2) 2 ((+ 3) Sew(ruen S 2 HW- O

We know that the homogenity of the Dirac delta distribution is &n and the reduced operator is a
homogeneous dilerential operator of degre€?. Hence, the fundamental solutions should have the
homogenity &n +2. From (3.1), we obtain, that (&& 1)¥ has the needed homogenity. Hence
the solution (& & 1)' %Qg(&) has the suitable homogenity. We see it by writing it in the form

(82 & 1)7 QY (&)
(&+1)H(&& L)*

(& & 1) FQ4(8&) =
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for u = ”!22. Let us debne the following function with the canonical asymptotic behavior, which

we can use as a candidate for a fundamental solution. This means that we bxing the constant, and

proving directly that it indeed satisbes the correct equation.

n(n! 2)+1 ! 4(

Proposition 4.3. Letp= "2 andp= &%+ ——5——. The function
_ F(&
F(x,y)= m,
where

2¢ W (&2 & 1)7QH(&)
#()  (&+D)H

is a null solution of the reduced operator forx = y and

f(&) =

)Ilogplf (&=1.

Proof. Using the preceding proposition, we obtain

# u $ i,
. (8 & 1)2QH(&  _ eH
)lozpl @+ Db = #(W). O

Next we need to evaluatelF (4y) in the distribution sense. We proceed as follows. We take a test
function # ! D (R} ) and choose a bounded open séf ( R} with a su"ciently smooth boundary
satisfying supp(#) ( U, and we debneU; (y) := U\B,(y) for0O<r<R , whereR =inf {{x & y| :

x ! U}, If +y, (y is the characteristic function of U, (y), then we debne the sequence of locally
integrable functions {F} by F, := +y, (,)F (3y). Obviously, the sequence converges to thE (3y)
in the distributional sense (2.4). Then, using this convergence and (2.5), we obtain

)LF (ay),#* = )F (ay), L#* = lim )F,, L#~. (4.1)

SinceF, is locally integrable, we have using (2.6) and the Green formula (2.3),

" " " # $
| |
Y, b#tx = F(x,y)L# (x) dx = LF (x,y)#(x) dx + F# sl s

Ur (v) Ur (y) woy N 'n
We observe that LF (x,y) = 0 for x = y and split U, (y) = U 2 (&!B ;(y)), where the minus
sign denotes the opposite i(e. inward) orientation. Since supp(%) ( supp(#), we observe that

the surface integral over!U vanishes. Hence

" $

IF I1#
Y, b#x = #— & F— dS. (4.2)
B (y) In In

To compute the surface integral in (4.2), we need the following technical lemma.
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Lemma 4.4. If x! IB,(y) with y =(0",yn), then the normal derivative of &x,y) satisPes

& _ Xn * Yn

— = .
In 2x2yp

Proof. We compute

1& X; .
— =" for j=1,...,n&1,
IX XnVYn
1&  &IX')?+ x2 &y?
IX n 2X2yn '
-e %oy X2+ x21 y?
, X, 2Xn
&=
XnYn

At x ! 1B, (y), the outward pointing unit normal is

n(x) = (X an &yn)
r
Since|x'|? = r2 & (X, & yn)?, we compute
! +
& o narg= Xt O
'n 2X2yn,

We also need the following asymptotics.

Remark 4.5 (Integrals over spheres) If f : U % R is a continuous function,y! U andR > 0
a radius such thatB,(y) ( U for all 0 <r <R . Then there is the classical asymptotic formula
of the surface integrals, depending on the singularity of the integrand. A direct consequence of the

continuity of the function f is

" ’0 for 0<$<n &1,
. f(x
im aspy= ), for s=nat (4.9
°Y B (y) :
Oi#, for $>n &1,

where , ,, 1 is the surface area of the unit sphereS™ * ( R". These are a special case of the
so-called potential type integrals, see e.g. [19].

Then we are ready to prove:
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Theorem 4.6. If y=(0",yn), then

. né&?2 "

where, i 1 is the surface area of the unit sphere8™' 1 ( R" andn - 3.

2

Proof. Since&& 1 = 2xrn—yn

we have

F(x,y)= w,

where = "52. Hence using (4.3), we obtain
| mn I
lim F 7 ds = lim (@xnyn)"f (&)

e —dS=0.
r%0 g (yy !N r%0 g (y) rn In

Then we compute using Lemma 4.4

IF a” f(&) ¥ e

n ~ d& (&& L In
f f'(&) o M (&) ¥ 1e
&& M~ (&& 1ML In s
17 (2xa¥n)"T'(&) o M@XnYn) 2T (&) Xn + ¥n-

2 rn! 3 rn! 1 X%yn
Hence, we can compute
: IF 1. 2 W +
lim #-—ds =7 lim ( X”y:,) 5 (&) Xn 5 Y 4ds
r%0 g (yy N 2r1/oo B, (y) réq XaYn 4
" =0, using (4.3)
1. 2 zf +
& = lim H( XnYnl)l2 (& an Yn #dS
2r%0 15 (y) rn: X§Yn
= & pyp' % a#(y)
again using (4.3). Hence, using (4.1) and (4.2), we conclude
LR (Ay), #* = &pyp' 2, n a#(y).
Using the depnition of the Dirac delta distribution, we obtain the result. O

Sincel is invariant under (2.1), we obtain a fundamental solution by the simple substitution.
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Theorem 4.7. Let n- 3. The distribution

h(&x,y))
H ’ = n! 2
BN ey &
where i ) .

(N&2yn' 2, m 1#(()  (&+1)H

is a fundamental solution for L, i.e.
LH (ay) = %x &),

forany y! R7.

Proposition 3.1 gives the following theorem.

Theorem 4.8. Let n- 3. The distribution

9(&(x,y))
GX,y)= —————— 5+
O = ety) & 1)
where )
1 4e W (82 & 1) QH(&)

9(&) = &xr?yﬁ” 25 (n&2), 0 1#(() (&+1)H

is a fundamental solution for L, i.e.

LG(ay) = %x &Y),
forany y! R7.

Above, the special casen = 2 is not considered and is left as a future research topic. The question
is a natural deformation for the hyperbolic Laplace operator on the complex upper half-plane.

5 Conclusions

In this paper, we derive the fundamental solution for the operatorL in detail. The reader can see
that to bnd the fundamental solution for an operator with a non-constant coe"cient is much more
challenging than in the case of constant coe"cients. The reader should also bear in mind how
the only constant multiplication special casek = " =0 makes calculations signibcantly easier. By
doing the calculations presented in the paper in this case, we recover a classical derivation, based

on dilerential equations, for the fundamental solution of the Laplace operator.

Finally, the authors would like to point out that the results of the paper may be interesting in
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addition to analysis in other areas of mathematics, such as analytical humber theory, because

the extended Weinstein equation also encompasses the famous Maa§ wave equation, including the
famous Maa§ forms as special solutions, seeg. [7,18].
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ABSTRACT

In this paper, we discuss about the boundedness of
the Laplace transform L : Lp([0,! )) " Lp(A) (p#

1) for the casesA =[0,! ),A=[1,! )and A =0, 1].

We also provide examples for the cases wherel is
unbounded.

RESUMEN

En este art'culo, discutimos sobre la acotaci—n de la
transformada de Laplace L : Lp([0,! )) " Lp(A)
(p # 1) para los casosA =[0,! ), A =[1,! )y
A = [0,1]. TambiZn entregamos ejemplos para los
casos dondeL es no acotada.
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1 Introduction

The Laplace transformL is a well-known classical linear integral operator debned for every appro-

priate function f on [0,! ) by
by
Lf(t) = e Stf(s)ds, t" (0,! ).
0

Laplace transform is widely used for solving ordinary and partial di'erential equations. Hence it
is a useful tool not only for mathematicians but also for physicists and engineers. It is also useful
in Probability Theory (see [1], [8] and [10]).

Searching among the literature, we found that the study of the boundedness of the Laplace trans-
form for some unknown reason has been neglected. In this regard, we could only bnd the references
[3] and [6,7], in which the authors stated some results about the boundedness of the Laplace trans-
form. In [3], the optimal rearrangement-invariant space on either side oL : X # Y is characterized
when the other space is given. In [6], the authors studied both the Laplace transform and a more
general class of operators (also in weightell, spaces), and in [7], they provided for them a spectral
representation in L,. For more on the Laplace transform and its optimal domain of debnition, the

interested reader is invited to check [2,9,11] and the references therein.

In such a sense, in a self contained presentation, we study the boundedness of the Laplace transform
on Lebesguel p-spaces. Our main goal is to show that:

(1) L:Lp(O,! )) # Lp([0,! )) is bounded only ifp=2.
(2) L:Lp(0,! ) # Lp([1,! )) is bounded only ifp > 2.

(3) L:Lp(0,! ) # Ly([0,1]) is bounded only if1<p< 2.

2 Main results

We would like to discuss now about the boundedness of the Laplace transforh. For example,

for f " L4([0,! )), it holds that
| |

LS
0

If (s)lle” *'|ds $ . [F(s)lds= %%, g, <! -

This means that L(f) exists and it is bounded for allt & 0. By taking the supremum over
t" [0,! ), we obtain
%Uf)%, @0 ) S %, . )
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which means that

L:La([0,! )% L ([0,! ),

is a bounded operator.
For our next result we will use the so calledMinkowski integral inequality, stated below. Details

and proof of this inequality may be found in [4].

Theorem 2.1 (Minkowski integral inequality) . Let (X, A,u) and (Y,B,!) be " -Pnite measure
spaces. Suppose that is A ( B -measurable function andf (3y) " Lp(u) forall y" Y. Then for
1$p$! we have

%1 %1
p P

Lol
# f(x,y)d® du& $ # |i(x,y)|Pdu& d. (2.1)
Y Y X

The next result is an exercise in the 1958 book of Dunford and Schwartz [5]. It states that

L :Lo([0,! )) # Lo([0,! ),

is a bounded operator. For the sake of completeness, we provide its proof.

Theorem 2.2. Letf " L,([0,! )). Then
0, 0, )70 0,
%l %, ) $ " #B%, 0. -

Proof. Let f " L,([0,! )) and |

Lf(t) = f(s)e St ds. (2.2)
0
Now, making the change of variableau = st, (2.2) becomes
! | ! (
Liy=  eur U d
0 t ot

By means of the Minkowski integral inequality (Theorem 2.1), one has

* + 1
)! 1 1 ! | | ' ( " 3
0 245 v ue Ut du
WL, (0,1 ) = ILf@®]7dt = €U o TF
0

o Yo
IR "yl b N g (Bt
i"“f Et"l%dt du = e $E%d—: du
0 t 0 0 t t

* )'l *

Ly )
= , U zg U i f($)*d$ dus= i ut"te ldu %%,p. )

1
=t 5 %% -

©
o
NS
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Figure 1: The graph of F (a) = for p=1.5(solid) and p=5 (dashed).

#Hatt y0, )
It is a well known fact that ! % = ) #, so we bnally arrive to
0, 0, ) HOA O,
U %00 ) 37 #B %00 - =

Remark 2.3. A routine calculation shows that, for p > 1, if f,(t) = € & wherea > 0, we have
) * 1/p ) al'p * 1/p

1
%a%p([ov! »n = ;F) ! %I'(fa)(ygp([o-! ) =

p' 1

Hence ) *
Wfa)%, 00 ) o7 PP 21y,
%%, ) p' 1 S

asa#! forl<p< 2 andasa# 0" for p> 2 (see e.g. Figure 1 below). This shows that
L :Lp(0,! ) # Ly([0,! )
is not a bounded operator forp £ 2.1

Our next result states that
L :Lp([0,! ) # Lp([1,! ),

is a bounded operator forp > 2.

LAll plots in the present article were made using the software DESMOS.
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Theorem 2.4. Letf " Lp([0,! )) with2<p< ! | then

%Uf )%, @11 ) $ Co% %, (0. )-

Proof. Let f " L, with % + % = 1. By HslderOs inequality one has

[ I! ) I %P
%l(f )o/ﬁp([l,! » - ILf ()P dx=# e Yf(y)dy& dx
1 L, 0 .
oo % I Yopiq
ool o gy
$ # fFWPdy&# e ™Wdy& dy= gx % %%, 01 5 I
10 . %
)1*p/q#!! . 2 )1*p/ §
- = Pl = =
T q X Pdx& %89 (o, ) = q 2 p)xp 78 BB 0. )
1
e g
= B, 01y
q 2 P
Finally, . .
) 1/q ) 1 1/p
%)%, 1) $ q ; %%,0, )
hence
) P’ 1* pp—l) 1 * 1/p
%Uf)%, 11 )% o 0 2 %%,0. )- O
Remark 2.5. Theorem 2.4 does not hold forl < p < 2 Lﬁt us, check this. As in the previous
1/p
remark, for f4(t) = € @ with a> 0, we have%.% (o, ) = , and also
) * 1lp _ 1 ) 1 * 1/p Uor 1
%Lfa)%, 1,1 ) = o 1 @+atr = b 1 1+a)"
Hence (1
P Up" 1 *
%L(fa)%p(l,! - p—ll . (:!;+ a) p B ) D 1p (a+ a2)1/p |
%a%,01) S e op'1 l1+a
ap

asa#! andl<p< 2(see, for example, Figure 2 below). So,

L:Lp([0,! ) # Lp(1,! ),

is not a bounded operator forl<p < 2.
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Figure 2. The graph of G(a) = —— 0
armlp(0,!

forp=1.4.

In our last result, we will show that
L :Lp([0,! ) # Ly([0,1]),

is a bounded operator forl<p < 2.

Theorem 2.6. Letf " Lp([0,! )) with 1<p< 2. Then
WUf)%, 00,1 $ Co% %, 0 -

Proof. Let g denote the conjugate exponent ofp, i.e. 1/p +1/q = 1. Assumingl < p < 2, then
g>2andalsol' p/q> 0. Now,

11 !1" Il %op
%lf o/ﬁp([om = JLf@®Pdi= # e Sf(s)ds& dt
o % ° o
ERT AT Yool ) . sqtg " vl
. , e .
$ # |f (S)lpds&# e S ds& dt= qt 3 dta%o/ﬁp([()’! ))
0 0 0 0
!1) l*p/q )1*p/q|1
- =z 4 - = " Pl 4t 4
= g datR . = g PR dtad g,y
) * plq ) 0* p* 1
1 1, _prl 1,
- a 1' plg a%O/ﬁp([O,! ) p 2! pa%olﬁp([oxl )N’

where we used HslderOs inequality in the third line. Finally, we conclude that

%l %, q0,1) $ Cp% %, 0,1 ).

whereC, = 21 = O
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Figure 3. The graph ofH (a) = —— 0.1
a Lp 0,!

for p=3.9.

Remark 2.7. Thectrem 2.6 does not hold forp > 2. Again, for f,(t) = € & with a> 0, we have
1/p
%a%, 0, )= gz -andalso
) ar e 1+ a)v p 1
%L(fa)%, 0.1 = 0 1

Hence ) *

WU %, 00 0 P e gy gyt e P g

%a%, . ) p' 1 ’

asa# 0" andp> 2 (see e.g. Figure 3). So,
L :Lp([0,! ) # Lp([0,1]),

is not a bounded operator forp > 2.
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