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ABSTRACT

We introduce and study an infinite family of graceful graphs,
which we call kites. The kites are graphs where a path is
joined with a graph “forming” a kite. We study and charac-
terize three classes of the kites: kites formed by cycles known
to be graceful, fan kites and lantern kites. Beside showing
in a transparent way that all these graphs are graceful, we
provide characterizations of these graphs among all simple
graphs via three tools: via Sheppard’s labelling sequences in-
troduced in the 1970s and via labelling relations and graph
chessboards. The latter are relatively new tools for the study
of graceful graphs introduced by Haviar and Ivaska in 2015.
The labelling relations are closely related to Sheppard’s la-
belling sequences while the graph chessboards provide a nice
visualization of the graceful labellings.

RESUMEN

Introducimos y estudiamos una familia infinita de grafos agra-
ciados que llamamos cometas. Las cometas son grafos en los
cuales un camino estd unido con un grafo “formando” una
cometa. Estudiamos y caracterizamos tres clases de cometas:
cometas formadas por ciclos conocidas por ser agraciadas,
cometas abanicos y cometas linternas. Ademas de mostrar de
manera transparente que todos estos grafos son agraciados,
entregamos caracterizaciones de estos grafos entre todos los
grafos simples a través de tres herramientas: a través de suce-
siones de etiquetados de Sheppard introducidos en los 1970s y
via relaciones de etiquetados y tableros de ajedrez de grafos.
Los tdltimos son herramientas relativamente nuevas en el es-
tudio de grafos agraciados introducidos por Haviar e Ivaska
en 2015. Las relaciones de etiquetados estéan estrechamente
relacionadas con las sucesiones de etiquetados de Sheppard
mientras que los tableros de ajedrez de grafos entregan una

visualizacién agradable para los etiquetados agraciados.
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1 Introduction

The Graceful Tree Conjecture stated by Rosa in the mid 1960s says that every tree can be gracefully
labelled. The conjecture is one of the most attractive open problems in Graph Theory. It has led
to a great interest in the study of gracefulness of simple graphs. Yet not much is known about the

structure of graceful graphs after almost sixty years.

A graceful labelling of a graph of size m is a vertex labelling by numbers from the set {0,1,...,m}
such that no two vertices share the same label, each edge is assigned the label, which is the
absolute value of the difference of the vertex labels, and the edge labels cover all values of the set

{1,2,...,m}. If a graph is gracefully labelled, we say it is a graceful graph.

The Graceful Tree Conjecture was stated by Rosa in [7] and [8]. The best source of information on
attacks of the conjecture and on the study of labellings of graphs is the electronic book A Dynamic

Survey of Graph Labeling by Gallian [1].

In this paper we introduce and study an infinite family of graceful graphs, which we call kites. The
kites K,,(G) are graphs where a path P, is joined with a graph G “forming” a kite. In our work
the graph G can be a cycle Cy, known to be graceful (i.e. m =0 (mod 4) or m = 3 (mod 4)), a
fan graph F,, or a lantern L,,. These kites K,,(G) have been studied in the second author’s M.Sc.
thesis [5].

Characterizations of the kites are presented using the tools of labelling sequences, labelling relations
and graph chessboards. Labelling sequences were introduced in 1976 by Sheppard [9]. The labelling
relations and graph chessboards as new tools for the study of graceful graphs were introduced and
applied in 2015 by Haviar and Ivaska [3]. We also refer to recent papers [6] and [2], in which

another classes of graceful graphs were studied by these tools.

The basic terms and facts needed in this paper are presented in Section 2. This includes the
concepts of graph chessboards, labelling sequences and labelling relations. In Section 3 we describe
graceful labellings of the kites formed by graceful cycles and we present their characterizations by
the mentioned concepts. In Section 4 we introduce and similarly characterize other two classes of

the kites: fan kites and lantern kites.

2 Preliminaries

In this section we recall necessary basic terms concerning the graph labellings as well as the
concepts of labelling sequences, labelling relations and simple chessboards. These definitions are

taken primarily from [8] and [3].

Throughout this paper we consider only finite simple graphs, that is, finite unoriented graphs
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without loops and multiple edges. The following concept was called valuation by Rosa in his

seminal paper [8].

Definition 2.1 ([3,8]). A vertex labelling [ of a simple graph G = (V, E) is a one-to-one mapping
of its vertex set V into the set of non-negative integers assigning so-called vertex labels to the

vertices of G.

In this paper by a labelling we mean a vertex labelling. The number |f(u) — f(v)|, where f(u), f(v)
are the labels of the vertices u, v respectively, will be called the induced label of the edge uv in the
labelling f.

Definition 2.2 ([3, Definition 1.2.3]). Let G = (V, E) be a graph of size m and let f:V — N be
its labelling. Then f is called a graceful labelling if

(1) f(V)cCH{o,1,...,m}, and

2) f(B)={1,2,...,m}.

A simple chessboard is a square table with n rows and n columns, and dots which represent the
edges of a graph are placed in the cells of the table. Every edge uv corresponds to the dots with
coordinates [u,v] and [v,u] (the dot with coordinates [i, j] means the dot in the i-th row and the
j-th column of the table, where i,7 € {1,...,n}). Let the r-th diagonal be the set of all cells with
the coordinates [i, j| where ¢ — j = r and ¢ > j. The 0-th diagonal (also called the main diagonal)
has no dots, because we consider simple graphs, the other diagonals are called associate. Simple

chessboard is called graceful if there is exactly one dot on each of its associate diagonals.

The simple chessboard is a useful visualization of a graph because via it one can easily see some
properties of the graph such as its size, degrees of vertices, gracefulness, etc. In Figure 1 we see

the simple chessboard of a graph of size 9 (the kite K4(C4) formed by the cycle Cy).

To represent gracefully labelled graphs, we will use other two tools: labelling sequences and labelling
relations. A concept of the labelling sequence was introduced by Sheppard in [9]. He proved
that there is a unique correspondence between gracefully labelled graphs and labelling sequences.
Later in [3] Haviar and Ivaska proved a correspondence between labelling sequences and labelling

relations. Let us now define these concepts.

Definition 2.3 ([3,9]). For a positive integer m, the sequence (j1,72,-..,m) of integers, denoted
(4i), is a labelling sequence if 0 < j; <m —i for all i € {1,2,...,m}.

The correspondence between gracefully labelled graphs and labelling sequences is described in the

following theorem.
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Figure 1: Representations of the kite K4(Cly)

Theorem 2.4 ([3,9]). There exists a one-to-one correspondence between graphs of size m having
a graceful labelling f and between labelling sequences (j;) of m terms. The correspondence is given

by j; = min{ f(u), f(v)}, i € {1,2,...,m}, where u,v are the end-vertices of the edge labelled i.

Definition 2.5 (|3, Definition 3.5.1]). Let L = (j1,72,.--,Jm) be a labelling sequence. Then the
relation A(L) = {[ji,j: + 1] | i € {1,2,...,m}} will be called the labelling relation assigned to the

labelling sequence L.

In [3] also a labelling table was assigned to a graceful graph of size m, which displays its labelling
sequence and the labelling relation together. The labelling table consists of a header and two rows.
The header just lists the numbers 1,2,...,m. The first row of the labelling table consists of the
labelling sequence j; as defined in Definition 2.3. The numbers in the second row are sums of the
numbers from the header and the numbers of the first row (the members of the labelling sequence).

The pairs from the first and second rows in each column are the elements of the labelling relation.

In Figure 1 we see the labelling table of the kite K(Cy). In the first row of the table we see the
labelling sequence (4,3,3,2,2,1,0,1,0) of this graceful graph. The pairs from the first and second
rows in each column of the labelling table form the labelling relation representing the edges of this

graph. For example the pair [4, 5] represents the last edge of the path.
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3 Characterizations of kites formed by graceful cycles

It is well-known (see [8], [3] or [1]) that a cycle C,, is graceful if and only if m = 0 (mod 4) or
m = 3 (mod 4). Therefore our first two studied classes of kites are those formed by graceful cycles
Chn.

3.1 Kites formed by cycles C,, for m =0 (mod 4)

In this subsection we present our characterization of the kites K, (Cy,) formed by cycles C,, for

m =0 (mod 4), where m > 4 and n > 1. The special case are the quadrangular kites.

By a quadrangular kite we mean a graph obtained by joining the cycle Cy to the end-point of the
path P, with n > 1. We denote it K,,(C4). The size of this graph is s = n + 3, where n — 1 is the
length of the path P,.

Example 3.1. We again consider the quadrangular kite K¢(Cy) presented in Figure 1. Its labelling
sequence (LS, for short) (4,3,3,2,2,1,0,1,0) consists of two groups: the first is (4,3,3,2,2), which
is the LS of the path Ps and the second is (1,0,1,0), which is the LS of the cycle Cy. These two
groups are clearly seen in the graph chessboard as the dots forming the “stairway” representing the

path pattern and the dots forming the “square block” representing the cycle Cy.

Definition 3.2. Let s = n+3 for somen > 1. By a QK-graph chessboard (QK standing for “quad-
rangular kite”) of size s we mean a simple chessboard such as in Figure 1 described in the previous
example. Its dots start in the lower left corner with two dots in the column 0 and two dots in the
column 1, which together create the “square block™ The remaining dots form a “stairway” attached

to the square block (the “stairway” starts with the dot with coordinates [s — 2,2]).

The characterization of the quadrangular kites via their chessboards, labelling sequences and la-
belling relations is a special case of Theorem 3.4, which will be presented with a full proof. It
follows from it that a graph G of size s = n 4 3 for some n > 1 is the quadrangular kite K, (Cy) if
and only if G has a graceful labelling and a QK-graph chessboard of size s.

Consider now the kite K7(C12) and its representations in Figure 2. In the first row of the labelling
table is the LS (8,8,7,7,6,6,5,5,4,4,3,0,3,2,2,1,1,0).

Definition 3.3. Let s = m+n—1 form =0 (mod 4) and m > 4, n > 1. By a COK-graph
chessboard (COK standing for “kite formed by cycle Cy, for m =0 (mod 4)”) of size s we mean a
simple chessboard such as in Figure 2 whose dots can be divided into three groups: the first group
of dots form a “stairway” starting in the lower left corner (with the dot with coordinates [s,0]), the
second group consists of a single dot with coordinates [%§ + (n — 1),0] and the third group is again

a “stairway”. (It starts with the dot with coordinates [| *5%| + i, | 55*|] fori= "2 + (n —2).)
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Figure 2: Representations of the kite K7(C12)

The following theorem characterizes the kites K,,(Cy,) for m = 0 (mod 4) via their graph chess-

boards, labelling sequences and labelling relations.

Theorem 3.4. Let G be a graph of sizes =m+mn—1 form =0 (mod 4) and m > 4, n > 1.

Then the following are equivalent:

(1) G is the kite K,(Cy,).
(2) G has a graceful labelling and a COK-graph chessboard of size s.

(8) There exists a labelling sequence L = (41, j2,...,Js) of G such that

1521, i<+ -
Ji =40, ifi="+(n—1); (LSCOK)
| =L, difi> 2+ (n—1).

(4) There exists a labelling sequence L of G with the labelling relation

A(L):{HS';Z'J,F;Z'J +z} z‘<’;‘+(n—1)}u{[o,’;+<n—1)]}u
==

Proof. (1) = (2): Let G be the kite K,,(Cy,) for m = 0 (mod 4). Let us label its vertices as
follows: we label the vertex joining the cycle C,, with the path P, (let us call it the “joining

i>?+(n—l)}.

vertex”) by number s — %, and we label every second vertex from the joining vertex in the



Characterizations of kites as graceful graphs 373

clockwise direction by numbers s,s — 1,s — 2,..., but we skip the number %m +n—1.
The remaining vertices of the cycle C,, will be labelled in the clockwise direction from the

joining vertex by numbers 0,1,2,...,% — 1. Next we label the path P,. We start from

m

the joining vertex labelled by s — 3 and we label every second vertex from it by numbers

Figure 3: Vertex labelling of the kite K,,(Cy,) for m =0 (mod 4)

Gracefulness of the described vertex labelling of G will be shown by using visualization
via the corresponding chessboard of Gi. The dots in the (%) x (% 4 1) left lower rectangle of
the chessboard represent the cycle C,, of the kite. (Specifically, the columns 0 to % — 1 and
the rows s to s — %.) The remaining dots represent the path P, and form a “stairway”. So
we obtain a COK graph chessboard. This yields that the labelling is graceful because each

diagonal of the chessboard has exactly one dot.

(2) = (3): Let G be a gracefully labelled graph with a COK graph chessboard. We show that
the corresponding labelling sequence (LS) satisfies (LSCOK). The “stairway” in the direction
from the main diagonal corresponds in the LS to numbers |25¢| for i < 2 + (n — 1). The

“single” dot represents in the LS the number 0. The remaining “stairway” corresponds in the

LS to numbers | =2 | for i > 2 + (n — 1). So the formula (LSCOK) holds.

(3) = (4): Let (LSCOK) hold. We show that the LS L has the labelling relation A(L) as described

in (4). The numbers |25¢| in the LS correspond in A(L) to the pairs [[ 55|, |25¢] + i | for

i < F 4 (n—1). The number 0 clearly corresponds to the pair [0, %% + (n —1)]. The numbers

| ==L | in the LS correspond in A(L) to the pairs [| ==L | | ==L | 44 | fori > 2+ (n—1).
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The first coordinates of these pairs are members of the LS and the second coordinates are
obtained by adding numbers ¢ to the members of the LS. So the formula A(L) from (4) holds.
(4) = (1): Let (4) hold, i.e. there exists a LS L of the graph G with the labelling relation A(L)

as in (4). We show that the pairs in A(L) represent the edges of the kite K,,(C,,). The pairs
H%J , L%J +1 ] for i < m clearly represent the path P,,. The pairs H%J , L%J +1 ] for
i=mn,n+1,..., 3 +n—2represent a part of the cycle Cy, starting from the joining vertex and
going in the anticlockwise direction. The pair [0, % 4- (n — 1)] represents the edge of the cycle
Cyn with the joining vertex %2 + (n — 1) and the vertex 0. The pairs [| == || | s=FH | 4+ |
for i > % + (n — 1) represent the remaining edges of the cycle Cy,. Hence, G is the kite

K, (Cy). O

3.2 Kites formed by cycles C,, for m =3 (mod 4)

By the triangular kite K, (C3) we mean a graph obtained by joining the cycle C3 to end-point of
the path P, with n > 1. The size of the triangular kite K,,(C3) is s =n + 2.

In this subsection we present our characterization of the kites K, (C,,) formed by cycle C,, for

m = 3 (mod 4) and n sufficiently big, more precisely n > L%J This will cover all the triangular

kites K,,(C3). For general m > 3 with m =3 (mod 4) and n > | 2| we distinguish two subclasses

of the kites K,,(C,,) according to the order of their path P,: n is even and n is odd. Both cases

are similar, but they differ in details.

& [

X
I X
01234567839

WO~DOEWN=O
X

Figure 4: Representations of the triangular kite K7(Cj3)

Example 3.5. In Figure / we see the triangular kite K7(C3) obtained by joining the cycle Cs3 to

the path P;. Its graceful labelling is depicted in the graph diagram. We also see the corresponding
graph chessboard and the labelling relation. The labelling sequence (LS) is (0,4,3,3,2,2,1,1,0).



Characterizations of kites as graceful graphs 375

We can easily recognize the LS of the path Py, which is (4,3,3,2,2,1), and the LS of the cycle Cs,
which is (0,1,0).

Definition 3.6. Let s = n + 2 for some n > 1. By a TK-graph chessboard (TK standing for the
“triangular kite”) we mean a simple chessboard such as in Figure 4. It has the “single” dot with
coordinates [1,0] and the remaining dots form a “stairway” in the chessboard starting in the lower

left corner (with the dot with coordinates [s,0]).

The characterization of the triangular kites K, (C3) by the simple chessboards, the labelling se-
quences and the labelling relations is a special case of the coming Theorem 3.9 (for even n) and
Theorem 3.12 (for odd n), where n > [%J It follows from these theorems that a graph G of size
s = n+ 2 for some n > 1 is the triangular kite K,,(C3) if and only if G has a graceful labelling

and a TK-graph chessboard of size s.

Now we are going to describe the kites K, (C,,) formed by cycle C,,, for m = 3 (mod 4) and general
parameter m > 3 where we assume that n is sufficiently big, more precisely n > {%J We will

start with the subcase where n is even.

Example 3.7. In Figure 5 we see a gracefully labelled graph diagram of the kite K19(C11) and its

corresponding simple chessboard.

The chessboard can be divided into three parts: the first part is a “stairway” (from column 0
to column 7), the second part is the “single dot” with coordinates [5,0] and the third part is a

“stairway” starting with two vertical dots.

The labelling sequence (LS) is (10,10,9,9,0,7,7,6,6,5,5,4,4,3,3,2,2,1,1,0). We can divide it
into four parts. The first part (10,10,9,9) is the LS of one part of the path, then (7,7,6,6,5)
represents the remaining part of the path. The third part is the number 0 in the place L%J =5 and
the last part (5,4,4,3,3,2,2,1,1,0) represents the cycle C1.

Definition 3.8. Let s = m +n —1 for m = 3 (mod 4) and n > L%J, where m > 3, n > 1
and n is even. By an even C8K-graph chessboard of size s we mean the simple chessboard such
as in Figure 5, which has three parts: the first part is a “stairway” (from column 0 to column
P(s — Lmj ﬂ — 1), the second part is the “single” dot with coordinates Hmj ,O] and the third part

2 2 2
1

is again a “stairway” starting with two vertical dots (starting in the column [$(s — |2 ])] + 1).

Now we are ready for the characterization of the kites formed by cycle C,, for m = 3 (mod 4) and

m >3 with n > L%J in the case of even n.
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Figure 5: Representations of the kite K;0(C11) with path P, for even n

Theorem 3.9. Let G be a graph of size s=m+n—1 form =3 (mod 4) and n > L%J, where

m >3, n>1 and n is even. Then the following are equivalent:

(1) G is the kite K,(Cy,).
(2) G has a graceful labelling and an even C3K -graph chessboard of size s.

(3) There exists a labelling sequence L = (j1,j2,...,Js) of G such that

[
Ji =10, ifi=[%2]; (LSC3K-even)
5 £l

(4) There exists a labelling sequence L of G with the labelling relation

so={[[=2 [ < 5o {R 30 e
=] =]+ = 151

Proof. (1) = (2): Let G be the kite K, (Cy,). We label it such that we start labelling the cycle

Cpn: we label the vertex joining the cycle with the path (the “joining vertex”) by number

L%J and we follow in the clockwise direction by numbers 0,s,1,s—1,...,s— L%J + 1. Next
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we label the path P,. We start from number {%J and label every second vertex by numbers

L%J +1, L%J +2,..., but we skip the number {%(s — L%J )] In the remaining part of the
path we start with the vertex next to the joining vertex and we label every second vertex
by numbers s — L%J , 8§ — (L%J +1),... To show that this labelling is graceful, we use the
corresponding simple chessboard of G (see Figure 5). The cycle C,, of the kite is in the
corresponding chessboard represented by the “stairway” in columns 0 to L%J and by the

“single” dot with coordinates H%J ,0]. The path P, is in the chessboard represented by
part of the “stairway” starting with the upper dot in column L%J and by another “stairway”
starting with two vertical dots, but the column [%(s — L%Jﬂ is without any dots. So we
obtain an even C3K-graph chessboard, which means that our labelling is graceful, because

each diagonal of the simple chessboard has exactly one dot.

(2) = (3): Assume we have a graceful labelling of the graph G with an even C3K-graph chessboard.
We show that the corresponding LS satisfies the formula (LSC3K-even). The “stairway” in
the direction from the main diagonal represents in the corresponding LS numbers {3_%1]
for i < L%J The “single” dot represents the number 0. The remaining “stairway” represents

numbers [25%] for i > |2 |. So the formula (LSC3K-even) holds.

(3) = (4): Assume now that (3) holds, i.e. there exists a LS L = (ji, ja, ..., Jjs) that satisfies the
formula (LSC3K-even). We show that this LS has the labelling relation A(L) as described in
(4). The numbers [£=41] obviously correspond in A(L) to the pairs [[=L] , [s=LL] 44 |

for 1 < L%J The number 0 clearly corresponds to the pair [0, L%J] The numbers {T]

correspond in A(L) to the pairs H%] , [%1 +1 ] for i > L%J The first coordinates of
these pairs are members of the LS and the second coordinates arise by adding the number i

to them.

(4) = (1): Let (4) hold, i.e. there exists a LS L with the labelling relation A(L) as described
in (4). We show that the pairs in A(L) represent the edges of the kite K,,(C,,). The

pairs ”%] , {%1 +14 ] for i < L7J represent the ending part of a path. The pairs

H%] , {%] +1 ] for i = L%J +1,...,8s—m++1 represent the remaining edges of the path
P,,. The pairs H%] , {%] +1 ] for i = s —m+ 2,...,s represent the edges of the cycle
C,, starting from the joining vertex in the anticlockwise direction and skipping the last edge
of the cycle ending in the joining vertex. This last edge of the cycle is represented by the

pair [0, L%J] in A(L). Hence G is the kite K,,(Cy,). O

The description for the subcase with odd n is similar and it will follow now.

Example 3.10. In Figure 6 we see the kite K11(C11), so it differs from Ezample 3.7 only by the
length of the path, which is now an odd mumber. We see a gracefully labelled graph diagram of

this kite and its corresponding simple chessboard. Again, the simple chessboard can be divided into
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Figure 6: Representations of the kite K11(C11)
three parts: the first part is a “stairway”, the second part is the “single dot” with coordinates [5,0]

and the third part is again a “stairway” starting now with two horizontal dots.

The labelling sequence (LS) is (10,9,9,8,0,8,7,7,6,6,5,5,4,4,3,3,2,2,1,1,0). We can divide it
into four parts: the first part (10,9,9,8) is the LS of a part of the path Pyq, then (8,7,7,6,6,5) is
the LS of the remaining part of the path Py1. The number 0 and the last part of the LS, which is
(5,4,4,3,3,2,2,1,1,0), together represent the cycle Cqy.

We now define an odd C3K-graph chessboard.

Definition 3.11. Let s=m+n—1 form =3 (mod 4) and n > L%J, where m >3, n > 1 andn

is odd. By an odd C38K-graph chessboard of size s we mean the simple graph chessboard such as in

Figure 6, which has three parts: the first part is a “stairway” starting from the left lower corner, the
m

second part is the “single” dot with coordinates H;J ,O] and the third part is a ‘stairway” starting

with two horizontal dots.

The proof of the following characterization of the kites K, (C,,) formed by cycle C,, for m = 3
(mod 4) in this subcase with odd n, which is sufficiently big, is analogous to the proof of Theo-

rem 3.9 and we leave it for the reader.
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Theorem 3.12. Let G be a graph of sizes=m+n—1 form =3 (mod 4) and n > {%J , where

m >3, n>1 andn is odd. Then the following are equivalent:

(1) G is the kite K,(Cy,).
(2) G has a graceful labelling and an odd C3K-graph chessboard of size s.

(8) There exists a labelling sequence L = (j1,j2,...,Jjs) of G such that

2

|, ifi<|%l;

ifi=|2]; (LSC3K-o0dd)

Sl ifi> |2

Ls
Ji =140,
[*=

(4) There exists a labelling sequence L of G with the labelling relation

o= ([ )] <)oz
(=)

4 Characterizations of fan kites and lantern kites

In this section we describe graceful labellings of other two classes of the kites: fan kites and lantern
kites. We present their characterizations again by the graph chessboards, labelling sequences and

labelling relations.

4.1 Fan kites

By a fan kite we mean a fan-graph kite, which is a graph obtained by joining the fan-graph F,,
(see Definition 4.1) with end-point of the path P, (see Figure 7). We will denote it by K, (Fy,).
The fan kite K, (F,,) is the graph of size s = 2m + n — 2, where 2m — 1 is the size of the fan graph
F,, and n — 1 is the length of the path P,.

Definition 4.1 ([3, Section 4.4.7], [6, Section 4.1]). Let m > 2. The fan graph F,, is a join of the
path Py, and a single vertex K.

Clearly, the fan graph F,, has order m + 1 and size 2m — 1.

Example 4.2. The fan kite K7(Fy) is obtained by joining the fan-graph Fy with the path P;. In
Figure 7 we see its gracefully labelled graph diagram and its corresponding graph chessboard. In the

chessboard we can recognize a “fan-graph pattern” in the columns from 0 to 3 and a “path pattern”.
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Figure 7: Representations of the fan kite K7(Fy)

The labelling sequence (LS) is (1,1,0,6,6,5,5,4,4,3,2,1,0). It consists of the LS (1,1,0,3,2,1,0)
of the fan-graph Fy and the LS (6,6,5,5,4,4) of the path P;. The pairs from the second and third

rows of the table form the labelling relation.

Definition 4.3. Let s =2m +n — 2 form > 2, n > 1. By an FK-graph chessboard of size s we
mean a simple chessboard such as in Figure 7. It starts with m dots in the last row and continues
with dots creating a “path pattern”. In the upper left corner of the simple chessboard there are m—1

dots forming a “stairway”.

Now we present the result where we show gracefulness of the fan kites. We present their charac-

terization by the graph chessboards, labelling sequences and labelling relations.

Theorem 4.4. Let G be a graph of size s =2m+n—2 form > 2, n > 1. Then the following are

equivalent:
(1) G is the fan kite K, (Fy,).
(2) G has a graceful labelling and an FK-graph chessboard of size s.
(8) There exists a labelling sequence L = (ji1,j2,.-.,Js) of G such that
m=], fismot

Ji=q[E=He= L ifm<i<s—m+1; (LSFK)

s —1, ifi>s—m+1.
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(4) There exists a labelling sequence L of G with the labelling relation

- {[ [ [254]
((EEE NS I

{[s—i,s]|i>s—m+1}.

i<m—1}u

Proof. (1) = (2): Let G be the fan kite K, (F,,) of size s. It contains two paths: the path P,
as the path of the fan-graph F),, and the main path P, of the kite. We label the vertex
connecting the fan-graph F,, with the path P, (the “joining vertex”) by number s. The
joining vertex is adjacent to every vertex of the path P,, of the fan-graph F,,. We label
P,, by numbers 0,m — 1,1,m — 2,2, ... f%‘l] -1, fmT_ll Now we label the path P,: we
start from the joining vertex and we continue gradually with numbers m,s—1,m+1,... We
show that the labelling of K, (F,,) is graceful by using its corresponding chessboard. The
dots in the left upper corner represent the path P,, of the fan graph F,,, the dots in the
last row represent edges connecting the joining vertex with the vertices of the path P,,. The

remaining dots represent the path P,. There is exactly one dot on each diagonal, so the

labelling is graceful.

(2) = (3): Let G have a graceful labelling with an FK-graph chessboard. The dots in the left
upper corner of the graph chessboard correspond in the labelling sequence (LS) to numbers
{m’TH] for i < m — 1. The “path pattern” in the bottom right of the graph chessboard
corresponds in the LS to numbers [37”277"’1} for m <i < s—m+ 1. The m dots in the last

row correspond in the LS to numbers s — 4 for i > s —m + 1.

(3) = (4): Let (3) hold, we show that this LS L has the labelling relation A(L) as in (4). Every
member of the LS L creates in the labelling relation the first coordinate. The second coordi-
nate in each of the pairs in A(L) is obtained by adding the number i to the first coordinate.
So A(L) satisfies (4).

(4) = (1): Let (4) hold. We show that the pairs in A(L) represent the edges of the graph K, (Fy,).
The pairs H%] , P"‘Tl_’] + z] for ¢ < m — 1 correspond to the path P,,. The pairs

[[e=ttm=l] | [e=tm=L] 4] for m < i < s —m + 1 correspond to the path P,. The pairs

[s —i,s] for i > s —m + 1 correspond to the edges connecting the vertex labelled s with the

path P,,. So G is the fan kite K,,(F),). O
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4.2 Lantern kites

By a lantern kite we mean a graph obtained by joining a “lantern” to the end-point of a path. By a
lantern we mean a complete bipartite graph Ks ,,,, but we will denote it simply by L,,. We denote
the lantern kite obtained by joining the lantern L,, to the end-point of the path P, by K, (Ly,)
and we assume that m > 2, n > 1. The size of the graph is s = 2m +n — 1 where 2m is the size of
lantern L,, and n — 1 is the length of the path P,. We note that the lantern kite K, (L2) is just
the quadrangular kite K, (Cly).

0 o><X 000000
1
2 X<
3 X<
4 <
10 4 15 5 X
3 < 00000
8
9
6 10
1@ | <
9 124 | X
7 13@ \ X
14@ | X<
8 15/ |
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[1]2[3]4]5]6]7[8]9f10]11]12]13]14]15]
7T]7[6]6]6]6[6[6]6[0J0]J0J0O[O]O
glof9ofrof1r[12]13]14[15 1011 [12]13[14 15

Figure 8: Representations of the lantern kite K4(Lg)

Example 4.5. The lantern kite K4(Lg) is obtained by joining the vertex labelled by m = 6 of
the lantern Lg to the path Py. In Figure 8 we see a gracefully labelled graph diagram of the kite
K4(Lg) and its corresponding graph chessboard. The second row of the labelling table is the labelling
sequence (LS) (7,7,6,6,6,6,6,6,6,0,0,0,0,0,0). It consists of two parts: one is the LS (7,7,6) of
the path Py, and the second is the LS (6,6,6,6,6,6,0,0,0,0,0,0) of the lantern Lg.

Definition 4.6. Let s =2m+n—1 form > 2, n > 1. By an LK-graph chessboard of size s we
mean a simple chessboard as in Figure 8. It has m dots in the column O and m dots in the column

m, and the pattern continues from the mth column with dots forming a “path pattern’.

Now we characterize via our tools the lantern kites K, (L, ):

Theorem 4.7. Let G be a graph of size s =2m+n—1 form > 2, n > 1. Then the following are

equivalent:

(1) G is the lantern kite K,,(Ly,).

(2) G has a graceful labelling and an LK-graph chessboard of size s.
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(8) There exists a labelling sequence L = (ji1,j2,...,Js) of G such that

{%L ifi < s—2m;
Ji =19 m, ifs—2m<i<s—m; (LSLK)
0,

ifs—m<i<s.

(4) There exists a labelling sequence L of G with the labelling relation

wor-{ [ [55]

{[m,m+il|s—2m<i<s—m }U{[0,i] | s—m <i<s}.

i§52m}u

Proof. (1) = (2): Let G be the lantern kite K, (L,,). We label the vertex joining the path P,
with the lantern L,, (the “joining vertex”) by m and the vertex on the top of the lantern by
0. We label the vertices in the middle of the lantern (adjacent to the vertices 0 and m) by
s—m+1,s—m+2,...,s. We finally label the vertices of the path P, from the joining
vertex by numbers s —m,m+1,s — (m+1),m+2,..., (%w To show that this labelling is
graceful we use the corresponding graph chessboard. The edges connecting the vertex 0 with
the “middle” vertices of the lantern are represented in the column 0 of the graph chessboard.
The edges connecting the joining vertex labelled m with the “middle” vertices of the lantern
are represented in the column m of the graph chessboard. The path P, is represented by
a “path pattern”. We obtain an LK-graph chessboard, where each diagonal has exactly one

dot, so the labelling is graceful.

(2) = (3): Let G be a gracefully labelled graph with an LK-graph chessboard. The dots in the
column 0 of the graph chessboard correspond in the labelling sequence (LS) to the number

0. The dots in column m of the graph chessboard correspond in the LS to the number m.

s—1

The dots forming the “path pattern” correspond in the LS to numbers {T] So the formula
(LSLK) holds.

(3) = (4): Let (3) hold. We verify that the labelling relation A(L) of the LS L satisfying (LSLK)

consists of the pairs as described in (4). The numbers [25¢] from the LS L correspond in

A(L) to the pairs [[254],[25%] +i | for i < s— 2m. The numbers m from L corresponds
in A(L) to the pairs [m,m + i] for s — 2m < i < s —m. Finally, the numbers 0 from L

corresponds in A(L) to the pairs [0,4] for s —m < i < s. So A(L) is exactly as in (4).

(4) = (1): Let (4) hold. We show that the pairs in A(L) represent the edges of K,,(L,,). The pairs
”5—51] , {%1 +1 ] for i < s — 2m represent the edges of the path P,,. The pairs [m,m + i]
for s —2m < i < s—m represent the edges from the lantern L,,, connecting the joining vertex

with the “middle” vertices. Finally, the pairs [0,4] for s —m < i < s represent the edges from
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the lantern L,, connecting the top vertex with the “middle” vertices. So G is the lantern kite

K, (Ly,). O

5 Conclusion and further research directions

We introduced and studied classes of graceful graphs, which we call kites. We described kites
formed by cycles known to be graceful, fan kites and lantern kites. We showed in a transparent
way that the studied graphs are graceful and we provided characterizations of these graphs among
all simple graphs via Sheppard’s labelling sequences, labelling relations and graph chessboards. The
labelling relations are closely related to Sheppard’s labelling sequences while the graph chessboards

provide a nice visualization of the graceful labellings.

In particular, in Section 3 we firstly presented the characterization of the kites K,,(C,,) formed
by cycles Cp, for m = 0 (mod 4), where m > 4 and n > 1. It follows from it as a special case
that a graph G of size s = n + 3 for some n > 1 is the quadrangular kite K,,(Cy4) if and only if G
has a graceful labelling and a QK-graph chessboard of size s. Then in Section 3 we presented the
characterization of the kites K, (C,y,) formed by cycle C,, for m = 3 (mod 4) and n > |Z]|. We
distinguished two subclasses of the kites K,,(C,,) with n even and n odd. Both cases are rather
similar, yet they differ in details. Our theorems also cover all triangular kites K,,(C3). It follows

from them as a special case that a graph G of size s = n + 2 for some n > 1 is the triangular kite

K, (C3) if and only if G has a graceful labelling and a TK-graph chessboard of size s.

In Section 4 we described graceful labellings of other two classes of the kites: fan kites and lantern
kites. We showed that a graph G of size s = 2m +n — 2 for m > 2, n > 1 is the fan kite K,,(F},,)
if and only if G has a graceful labelling and an FK-graph chessboard of size s. We finally proved
that a graph G of size s = 2m+n — 1 for m > 2, n > 1 is the lantern kite K,,(L,,) if and only if G
has a graceful labelling and an LK-graph chessboard of size s. For both fan kites and lantern kites
we also gave characterizations of these graphs among all simple graphs via Sheppard’s labelling

sequences and the labelling relations.

Before we present possible further research directions, we notice that the gracefulness of certain sim-
ilar graphs was studied in 1980 by Koh, Rogers, Teo, and Yap [4] and in 1984 by Truszczynski [10].
In [4] the authors call them tadpoles, but the journal with the paper has not been accessible to us,
and so we do not know which tadpoles exactly were studied there. Yet we are sure they could not

be described by the graph chessboards and labelling relations as the concepts invented much later.

M. Truszezynski in [10] refers to his graphs as dragons and denotes by Dy(m) a dragon with
the cycle C and the path P,,1;. He gives a proof that all dragons are graceful for £ > 3 and
m > 1. His proof uses a method that is laborious, technical, has lots of sub-cases and is hardly

visualizable. We proved here in Section 3 two cases, k = 0 (mod 4) and k = 3 (mod 4), the latter
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with sufficiently big path, but we use visualization, from which gracefulness of the graph is clearly
seen. In addition, we characterized these kites formed by graceful cycles by the simple chessboards
and we gave formulas for Sheppard’s labelling sequences and the labelling relations. The aim of
our approach has been to study interesting kites, find their graceful labellings and characterize
them by the simple chessboards, labelling sequences and labelling relations. Finally, the author of
the paper [10] studied gracefulness of the so-called unicyclic graphs, i.e. those with one cycle and
connected to anything possible (the path P, was only one of the possibilities, he also connects
them e.g. to stars). He has expressed his belief that all unicyclic graphs are graceful. So our and

his approach overlap a bit, but both approaches have different intentions.

Figure 9: Further interesting kites

The first possible further research direction that we propose here is to characterize some tadpoles
from the paper [4] and the remaining kites formed by the cycles Cy, for m = 1,2 (mod 4) from
the paper [10] via the simple chessboards, labelling sequences and labelling relations similarly as
here. The second possible research direction is to take some further classes of gracefully labelled
graphs (like fan graphs here) from Chapter 4 of [3] and describe them in the analogous manner
like here. Another possible research direction is to consider “chain kites” in the way that the chain
is a collection of C3 graphs (“triangular chain kites”, see the left graph in Figure 9) or a collection
of any C,, graphs for a fixed m > 4. (We notice that the case m = 4, so-called “quadrangular
chain kites”, were studied and described in [5].) Or one could consider the chain kites in the way
that the chain is a collection of C,, graphs of different sizes. Also interesting could be the chains

as collections of the lanterns L,, of different sizes (see the right graph in Figure 9).
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1 Introduction
Given a ring R of totally real algebraic integers and ¢t € R U {oco}, consider the set
Ri={zeR: 0Kz <t}
where z < y means that all the conjugates of y — x are positive, the interval (or singleton {co})
{t e RU{oo}: #R, = oo}
and the so-called Julia Robinson number
JR(R) = inf{t e RU {oo}: #R; = o0}.

When the interval is closed or {oco}, we say that R has the JR property. Notice that JR(R) > 4
by a result of Kronecker (see [3]). Using the above definition, J. Robinson proved in [6] a result

that can be formulated as

Theorem 1.1. Let R be a ring of totally real algebraic integers. If R has the JR property, then it
is possible to define N in R, and hence, R has undecidable first-order theory.

Originally Robinson only considered R when it was the ring of integers of a totally real field, but it
is not difficult to see that the proof of this theorem can be adapted to apply to any subring of the

ring of integers of a totally real field (see [1, Theorem 1.2.2 and Lemma 1.2.3] for more details).

In the same work, J. Robinson proved that the ring of integers of the field Q% of all totally real
algebraic numbers (whose conjugates are all real numbers) has the JR property with JR number
equal to 4, and the ring of integers of K = Q(,/p: p prime) also has the JR property with JR
number equal to co. In the case of the ring of integers of a totally real number field K has JR
number equal to co and hence, has undecidable theory. In [5] J. Robinson proved that every ring

of integers of a number field (not necessarily totally real) has undecidable theory.

So, all known examples at that time had JR numbers equal to 4 or oo and the natural question,

asked by J. Robinson in [6], was
Does the JR property hold for every ring of integers of any totally real algebraic field?

Motivated by the attempt to find rings that do not satisfy one or the other of these two properties
of the JR number, Vidaux and Videla constructed in [7] infinitely many rings O depending on
two parameters (v, zg) for which the JR number of O is a minimum but is not 4 or oo, and also
also show that for infinitely many values of (v,2g) the JR number is not a minimum, but satisfies

another topological property called isolation property defined as:
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R has the isolation property if and only if R does not have the JR property and there exists
M > 0 such that for every € > 0, if ¢ < M then the set Rjr(r)+m ~ Rjr(Rr)+< is finite.

In case that R has the isolation property then the natural numbers are definable in R, so in

particular the theory of the ring R is undecidable (see [7] for details).

In [2] P. Gillibert and G. Ranieri built infinite rings with JR number strictly between 4 and infinity,
which are the ring of integers of their field of fractions, however, the JR number of each of these

rings is a minimum, also leaving J. Robinson’s question open.

The objective of this article is to obtain new Julia Robinson numbers, having either the JR property
or the isolation property, and hence produce new examples of totally real undecidable rings — see

[4] for recent results on this spectrum problem.

Given (non-zero) natural numbers v, A and xg, put ,, = /v + Ax,,_1 for every n > 1, and consider
the ring O equal to the union of all the Z[z,]. Vidaux and Videla [7], and Castillo [1], study the
definability of N in O when A = 1. Generalizing their results, we have the following:

In section 2 we will start studying properties of the sequence (z,) and we will give necessary and
sufficient conditions for the ring O to be totally real (which is necessary to be able to apply Julia

Robinson’s techniques).

Theorem 2.7. O is totally real if and only if either v > 23 — Azg and v > 2)? or v < 2% — Azg

and Azy < 2 — \2v.

Later, we will give sufficient conditions for the tower (K,,),>0, of the fraction fields of O,, = Z[x,]
is a 2-tower, that is, such that [K,,4+1: K] = 2 for all n > 0 (the latter is necessary to apply the
argument given by Vidaux and Videla in [7]). More precisely, we will show that the tower grows
when v + Azg is congruent to 2 or 3 modulo 4, and X is congruent to 1 or 3 modulo 4 (Proposition

2.13).

In section 3 we will study the increasing case, giving rise to our main result (in the following

theorem, the case A =1 is done in [7] and [1]):

Theorem 1.2. Assume v > 2% — A\vg and v > 2\%2. Assume that for every n > 0 we have

[Knt1: Kn) =2, If A\ =1 and v # 3, then O has JR number equal to [a] + « and satisfies the JR

property. If X > 2, v >2X2+2, and zq > 2

> 4, then O has JR number equal to [a] + o and satisfies

the JR property.

This theorem gives us new values of JR numbers, e.g. for the parameters A = 3, v = 20 and xy = 2,

the JR number is equal to 13.217 approximately, but with A = 1 this number is not obtained.

In section 4 we present two new theorems: the first of them is a direct adaptation of 7, Proposition

3.4, Proposition 3.5 and Proposition 3.6]:
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Theorem 1.3. Assume v < 23 — Axg and N3zg < v — \2v. Assume that for every n > 0 we have
[Knt1: K] = 2. Assume that v — A x1 > 1 and 1 < |a| + 1. The JR number of O is o] + a+1
and satisfies the isolation property. Moreover, there are infinitely many rings O that satisfy these

hypotheses.

The following theorem solves the problem for infinitely many values of the parameters v and xg
when A = 3, removing the hypothesis v — Ax; > 1. The proof of this theorem can be easily adapted
to A =2,4,5, ..., as long as )\ is not too large, nevertheless, despite the fact that the number of
cases to be considered seems to decrease as A grows, we were not able to find a pattern that would

allow as to write a proof for arbitrary .

Theorem 1.4. Assume v < 2% — 3w and 27Tzy < v? — 9uv. Assume that for every n > 0 we
have [Kp41: Ky = 2. If 21 < |a) + 1 and v # 19, then O has JR number equal to |a| + a + 1
and satisfies the isolation property. Moreover, there are infinitely many rings O that satisfy these

hypotheses.
This article is a contribution to two long term projects:

1) Does the ring of integers of any 2-tower over a number field have undecidable theory?

2) Study the topology of the set of JR numbers on the interval [4, 400) — e.g. is it a dense set?

2 Basic properties of the tower

We define the sequence (z,) whose general term is x,, = /v + Az,—1 and

e v and xy are non-negative integers and not zero simultaneously,
e )\ > 0 is a rational integer, and

o v # 13 — \zp (in order to avoid z1 = wg).

We define the following rings and their field of fractions:

OO =7 KO = Q
On = On—l[xn] Kn = Kn—l[xn]
n>0 n>0

Let us begin by stating the following lemma, whose proof is essentially the same as those given in

[7, Lemma 2.2, 2.3 and 2.14].
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Lemma 2.1. (1) The sequence (x,,) is strictly increasing if and only if v > x3 —\xg or is strictly

decreasing if and only if v < x3 — \xg.

(2) The sequence (x,,) converges to the limit o = 2FVA"+4v W’.

(3) If O is totally real, then the JR number of O is finite, in particular the extension of K over
Q is infinite.

Lemma 2.2. There exists an integer ng > 0 such that for every n > 0, we have n < ng if and

only if x,, is a rational integer.

Proof. If x,, ¢ Z for some n > 0, then x,, ¢ Q since z,, is an algebraic integer. Hence, Az, ¢ Q for
every A > 1. So, p41 = Vv + Az, ¢ Z. Since (x,,) is bounded, the sequence takes finitely many

integer values. We choose ng to be the largest index n such that x,, is a rational integer. O

2.1 The totally real condition

As was indicated in [7], Julia Robinson’s criterion is only applicable for rings of totally real algebraic
integers. In this section we will give a sufficient and necessary condition for the ring O to be totally

real.

Lemma 2.3. We have v > 2)2 if and only if v > Aa.

Proof. Observe that v > A« if and only if

2 2
1/2/\</\+ ; +4y> 2%7

which implies 2 > A2. Therefore, we have

v>20\ = 4?2 >8\ % — 42—+ N> N+
= -2 >N\ +4d) = 20— N>\ A2+

= v > Ao O

Lemma 2.4. If O is totally real and v > x3 — A\xg, then v > 2\2.

Proof. Since K,, ;1 has degree 2 over K, for infinitely many n by Lemma 2.1, we have a subsequence
of (z,,), namely (z,,), such that /v — Az, is a conjugate of z,, 1. In particular, v > Az, for
every k > 1 since the ring O is totally real. From this, and the fact that z,, converges to a, we

can deduce v > Aa. We can conclude using Lemma 2.3. O
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Lemma 2.5. If O is totally real, then we have A3z, < v* — N2v, where ng comes from Lemma

2.2.

Proof. We write ny = ng + 1. By the definition of ng, we have z,, ¢ K,, and therefore K, is a
quadratic extension over K,,,. Thus /v — Az,, is a conjugate of x,,4+1. Since O is totally real,
\/V — Ax,, will be a real number, which is not zero because Az, is an irrational number and v is

a rational integer. So we have v > Az, = A\\/V + Az, if and only if N3z, < v? — \?v. O

Remark 2.6. Let x € O. We use the notation m for the largest absolute value of conjugates of x

over Q.

The following theorem gives us a characterization of when our ring O is totally real and therefore,

will allow us to use Julia Robinson’s methods.

Theorem 2.7. The ring O is totally real if and only if

(1) either v > 2% — Azg and v > 2)?, or

(2) v < a3 — Azg and N3z, < v? — \?v.
If O is totally real, then m =z, for each n > 0.

Proof. Let us start proving that |z,| = z,, for each n > 0 if O is totally real. We will show this by

induction over n. The case n = 0 is trivial. Assume |z, | = z,, for some n. We have

Tntl = VV+ ATy, > £V + A2g

for every embedding ¢ and since the only possible conjugates of x,, 1 are of the form im
for some embedding o, we are done. For the rest of the proof, the implication from left to right is an
immediate consequence of Lemma 2.4 and Lemma 2.5. We show the other implication by induction
on n. Let ny =ng+ 1. If n < ng, then O,, = Z which is totally real and hence m = x,. For ng
we have x,,, ¢ Z and hence its conjugates are of the form +/v + Az,,,. Therefore, O,,, = Z[z,,] is
totally real and @ = &, . Suppose that for some n > n;, O, is totally real and m = x,. Note
that the conjugates of x,,+1 are of the form im for some embedding o. Since m = Zn,
we have m = Zp41 and it will be enough to prove that v > Az, for each n > n;. We can

separate the proof into cases where the sequence (z,,) is increasing or decreasing:

o If v > 22 — A\zg and v > 2)\?, then (z,) is strictly increasing by Lemma 2.1 and hence

Az, < da < v by Lemma 2.3.

o If v < 2% — Azg and Az, < v? — A%, then (z,,) is strictly decreasing by Lemma 2.1 and

Ax,, < v. Hence, Az, < Ax,, <v for each n > n;. O
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We can assume, without loss of generality, that ng = 0, since if ng > 0, then we can define a new

sequence Y, = Tpnin,, and the rings O corresponding to (z,,) and (y,) are the same.
Assumption 2.8. The number x1 is a non-rational integer
Lemma 2.9. In the decreasing case, we have v > 3 and xy > 3.

Proof. This is an immediate consequence of the inequalities v < x3 — Azg and N3z¢ < v — \?v,

and the fact that \ is at least 1. O

Lemma 2.10. Assume that (x,,) is increasing. If v > 2X2 + 2, then x, > 2 for each n > 1.

Proof. Since the sequence (z,,) is increasing, we have

xnlez\/u+)\x02\/2)\2+222.

for each n > 1. O

Lemma 2.11. We have o > 2.

Proof. If (x,,) is decreasing, then by Lemma 2.9 we have v > 3, and if (z,,) is increasing, then

v > 2X2 > 2. In all cases, we have v > 2. Hence, we have

20 =X+ VN2 +4v >4

because A > 1 and v > 2. O

2.2 Conditions for the tower to increase at each step

For the induction arguments to work in the next sections, we will need the tower (K,,) to increase

at each step. In this subsection, we will provide sufficient conditions for that.
2

A

Let f(t) = be a function of the real variable t. We define for each n > 1
P, = /\2“—1fon(t) _ /\2”—1x0’

where f°" stands for the composition of f with itself n times.



394 C. Munoz Sandoval

Lemma 2.12. The polynomial P, is monic for each n > 1.

Proof. We prove it by induction on n. If n = 1, then P, = A\f(t) — Arg = t?> — v — Azg is monic.

Suppose that for some n > 2 the polynomial P, is monic. We have

n n n on t 2 _ n
Py (t) = A2 Lol () N2 gy = 320 (W) a2

n n+1 n+1 n 2 n+1 n+1
— )2 +172(fon(t))2 _ 2tttz et g = ()\2 71fon(t)) _ 2tttz et “1g,

n 2 n n
_ (Pn(t)+)\2 —1%) 22, )2 +1_1$0,

and since P, is monic by hypothesis, P, is monic too. O

Proposition 2.13. If v+ Az is congruent to 2 or 3 modulo 4 and X is congruent to 1 or 3 modulo

4, then for each n > 1, we have [K,11: K] = 2.

Proof. From the definition of f we have f°"(x,) = zo for each n > 1. Therefore, z,, is a root of

P,,. Also note that, by Lemma 2.12, P, is monic for each n > 1. Given a,b € Z, we have
Pi(t+a) = (t+a)® —v—Ixg =t2 + 2at + a® — (v + Axo), (2.1)
and

Po(t +b) = N2 f2(t + b) — N3 (2.2)
=t* 4+ 4bt® + 2(3b% — V)12 + 4(b% — b))t + (b* — 20%0 + 12 — N2 (v 4 Axy)).

Also, for each n > 1, we have

Pn+2(t) _ )\2"+271(fo(n+2) (t) _ IO) _ )\2"’+271(f02(fon(t)) o 930)
— N <f°2 (:Cn(_t)l + xo) - xo)

P2 P@z(f) + 9 P (t
_ 2 ()\2 T ) +ao | —w | =1 —1)P2( (1) +1‘0> (2.3)

A3 A2 —1

= Pt) + 42\ "o P2 (1) 4+ 222C" "D (322 — 1) P2(t) + 4X3C" 7V (23 — o) P, (1)

+ A4 (25 — 223 +1° — X2 (v + Aap)) -

We prove by induction on n that the polynomial P, is irreducible. If n = 1, then using Equation
(2.1) we choose a = 0 if v+ Axg is congruent to 2 modulo 4, and a = 1 if v + Az is congruent to 3
modulo 4. In both cases P (t+a) is an Eisenstein polynomial for 2. If n = 2, then using Equation

(2.2), we have that Py(t+z0) is an Eisenstein polynomial for 2, because z¢ —222v+12 — A% (v+Axo)
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is congruent to 2 modulo 4 when v + Az is congruent to 2 or 3 modulo 4 and A is congruent to 1
or 3 modulo 4 (we leave the verification to the reader). Note that A? is congruent to 1 modulo 4 by
hypothesis. Therefore, the constant term of P,;2(t), seen as a polynomial in P,(t), is congruent
to 2 modulo 4. So, using Equation (2.3), if P,(t 4 ¢) is an Eisenstein polynomial for 2 for some
¢ € Z, then P,12(t+c) is an Eisenstein polynomial for 2 too. Thus, we can prove the irreducibility

of P, by induction on n, separating into two cases:

e If n is odd, then P, (t+ a) is an Eisenstein polynomial for 2 (with the respective choice of a).

e If n is even, then P, (t + x¢) is an Eisenstein polynomial for 2. O

From now on, we assume
Assumption 2.14. K,, is a quadratic extension of K,,_1 and the ring O is a totally real.

Lemma 2.15 (|7, Lemma 2.19]). Let r be any real number and a,b € Op,—1 withn > 1. Forn =1,
if 0 < a+bry < 2r, then [b] < =. Forn > 2, if 0 < a+bx, < 2r, then [b7] < s v for
every embedding o of O,,.

3 Increasing case

Assumption 3.1. For this section, let us assume v > 2> + 2, g > %

and the sequence (x,,) is
strictly increasing.

Definition 3.2. For each n > 1, let k,, be the only rational integer such that

[a] = (kn+1) <z, < [a] — ky.

Remember that x; is not a rational integer by Assumption 2.14 and note that the sequence (k) is
(non strictly) decreasing, hence the k,, take only finitely many values, and since the sequence (z;,)
tends to «, eventually k,, is 0.

The main result we use to compute the JR number in the increasing case is the following lemma:

Lemma 3.3. Assume x € O. We have 0 € x < 2[a] if and only if x € X.

The set X is defined as follows:

Xo={1,2,...,2[a] — 1},
Xpn=XoU{[a]+j+as:0<j<ks and 1 <s<n},

X = UXn.

n>0
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Lemma 3.4. If A > 2, then 1 + 22 + [z1] > 2[a].
Proof. It is enough to prove that we have o + 2z1 > 2(a+ 1). We have

2
2/ 4 Azo +\/ v+ MW+ Ao > \/4y+/\2+\/2/\2+2+/\\/2A2+2+):1

> VA 4+ X2+ VA2 AN+ 4 =2(a+1),

where the first inequality is by Assumption 3.1. O

Lemma 3.5. Letn > 1. If 0 € a £ bz, < 2[a], with a,b € O,_1, then |b| <2 (in the inequality,

the plus-minus means that both inequalities hold).

Proof. Since v > 2)X2+2 and v € N, we can write v = 2\2+k, for some k > 2. Since 0 < a+bz,, <

2[«], combining both inequalities we obtain |b| < [If—ﬂ So, we have

|b|<m< a+1 A VA 42N 4 k) 42
Tn 222+ k4 Azp_1 24/222 + k + Azp1
<A+2+\M2+\/8/\2+4k<1+ 22X +2 <14 22X +2 <9
- V82 + 4k - V8N + 4k VBXZ 18 T
where the last inequality is true because 2\ + 2 < /82 + 8 for every A > 1. O

Lemma 3.6. We have v — Ao > 1.

Proof. Since v > 2X%2 + 2 and v € N, we can write v = 2A\? + k, for some k > 2. Hence, we have

A /A2 40202 + k
(2)\2+k)—)\< i +2( + )>>1<:>3)\2+2k—2>)\\/9>\2+4k
= Ak + 12677 — 8k + 90 — 1202 + 4 > 9N +4kN? = 4k% + (8)\2 — 8)k +4 — 12)? > 0,

and since k > 0, the latter is true for

8 — 8A2 + V64A1 + 6472
> 3 =

k 1— 224/ 422

We consider the continuous function z + 1 — 22 + v/2% + 2. The line y = % is an horizontal

asymptote for this function, hence we have

3
1-22 4+ MEN <o,

for every A > 1. O
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Lemma 3.7. Let v = a+bx; € O, with a,b € Z. If 0 < a + bx; < 2[a], then x € X;.
Proof. By Lemma 3.5, we have b = 41 or b = 0.

o If a < [a] — (k1 + 1), then b = 0. Indeed, if |b] = 1, by choosing o such that 7 = a — ||z,
we obtain:

a—1blzy <[a]— (k1 +1)—21 <0,
by the definition of ki, contradicting our hypothesis.

e If a > [a] + (k1 + 1), then b = 0. If || = 1, by choosing o such that 7 = a + |b|z1, we
obtain:

a+|blzy > [a] + (k1 + 1) + 21 > 2[a],

again contradicting our hypothesis.

Therefore, we have either |a — [a]| > k1 + 1 and b =0, or |a — [a]] < k1 + 1 and |b| < 1. In both

cases, we have x € X;. O

Lemma 3.8. Assumen >m > 1 and \ > 2.
(1) We have [a] £+ @ + 0 > 2[a] for every 0 < j < kyp,.
(2) We have [a] £ — @ — 2y <0 for every 0 < j < ky,.
Proof.

(1) Note that [z1] = [a] — k1. By Lemma 3.4, and using the fact that (z,) is increasing, we

have

T + T, + [a] — k1 > 2[a],
for each n > m > 1. Since ky > k,,, for each m > 1, we have
T +Tp + [a] £ > 2[a],

for every 0 < j < kyp,.

(2) For every 0 < j < ky,, we have [a] +j — 2, — 2, < 0if and only if z,, + 2, + [a] £ 5 > 2[«].

So we can conclude by item (1). O
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Lemma 3.9. Assume A > 2. We have [z, ] +x, > [a] +2 for each n > 1. In particular, we have
Ty > kn + 2 for each n > 1.

Proof. Since (x,) is increasing, it is enough to prove that we have z1 + [z1] > a + 3. If A = 2,

then we have (recalling that we have 2o > 1 and v > 10 by Assumption 3.1)

o1+ [21] >V +24+ [V +2] > Ve + 1+ [V12] =3+ a.

For \ > 3, we have

21 +2[x1] > VA + A2 + VON2 + 8 > VA + A2 + A+ 6 = 2(a + 3),

where the first inequality is by Assumption 3.1, and the second inequality is because A > 3. In
particular, using [x,] = [a] — ky, for each n > 1, we have [z,] + z, > [«] + 2 if and only if
Ty > ky + 2. O

Lemma 3.10. Let z € O. If 0 € z < 2[«], then z € X.

Proof. For A = 1, this is [7, Lemma 4.9]. For A > 2, which we now assume, we start as in |7, Lemma
4.9]. We prove by induction on n that if z € O, is such that 0 < z < 2[a], then x € X,,. This
is clear for n = 0. For n = 1, we have x € X; by Lemma 3.7. Assume n > 2. Let us fix
x =a+bx, €O, with a,b € O,,_1. By Lemma 2.15, we have 0 < a < 2[a], so a € X,,_1 by
induction hypothesis. Also, by Lemma 2.15, we have

since v/ — Aa > 1 by Lemma 3.6. Hence, we have 0 < [a] + b < 2[a], and by induction
hypothesis we have [a] + b € X,,_;. From the definition of X,,_1, we have either b € Z, or
|b| = |j £ x| for some 1 < s <n—1and 0 < j < k,. In the first case, we have either b = 0
or b = +1 by Lemma 3.5. In the second case, we have, also by Lemma 3.5, either |j + z5| < 2
or |zs —j] < 2. If |[j + x| < 2, then z, < 2 —j < 2 and we have a contradiction by Lemma
3.9. If |zs — j| < 2, then 5 < j 4+ 2 < kg + 2, which is a contradiction, again by Lemma 3.9.
Therefore, we have b € {—1,0,1}. For b = 0, there is nothing to prove, as we already know that
x = alies in X,,_1. Assume |[b] = 1. We can write z = a + x,,, and since a € X,,_1, we have either

a€{l,....2[a]—1},ora=Ja]+jtas forsome 1 <s<n—1and 0<j<ks.
o Ifae{l,...,[a] — (k, + 1)}, then we can choose an embedding o such that:

2 =a—x, <[a]l = (kn+1) —z, <0,



New values of the Julia Robinson number 399

by definition of k,, which contradicts our hypothesis.

o Ifa € {[a] + (kn+1),...,2[a] — 1}, then again we can choose o such that
27 =a+x, > [o] + (kn + 1) + 2, > 2[a],

which again contradicts our hypothesis on x.

o If a=[a] £j+xs, with 0 < j < kg, then
a+ 1z, =la]£j+xs+x, >2[a],

by Lemma 3.8, a contradiction.

o If a=[a] £j—x,, with 0 < j <k, then
a—x, =la]ltj—xs—x, <0,
also by Lemma 3.8, again a contradiction.

So, we have a € {[a] =k, ..., [a] + kn}. Therefore, if |b| = 1, then z is of the form [o] £j £z,
where 0 < j < k,,. In all the cases we obtain x € X. O

Proof Lemma 3.3. Thanks to Lemma 3.10, we need only to prove the lemma from right to left.
Assume z € X. For x € X, there is nothing to prove. Assume z € X,, for some n > 1, so that
x = [a] £ j £z, for some s and j such that 1 < s < n and 0 < j < ks. By definition of kg, we

have z, + ks < [a]. Hence, we have
[a]l )+ xs < [a]+ks+zs <2[a],
and
[a] £ —xzs > [a] — ks — x5 > 0.
Thus, we have 0 < 27 < 2[«] for every embedding o of O, since |x,| = z, by Lemma 2.7. O

Proposition 3.11. The ring O has the JR property and JR(O) = [a] + «a.

Proof. For each n we have z,, + [a] < a4 [a]. By Theorem 2.7, we have |z,| = z,,, and hence,
there are infinitely many « € O such that 0 < = < [a] + a. Since the sequence (z,,) is increasing
and converges to «, for each £ > 0, there are only finitely many n such that z,, + [a] < a+[a] —e¢.
Moreover, almost all n we have k,, = 0. Hence, there are only finitely many elements of the form

Zn + [a] + j where 0 < j < k,, and k,, > 1. In particular, only finitely many of them satisfy
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0 <€ z, + [a] + j < [a] + a. Therefore, by Lemma 3.3, for each £ > 0, there are only finitely
many ¢ € O such that 0 € z < [a] + a —e. O

4 Decreasing case

Assumption 4.1. For this section, let us assume that the sequence (x,,) is strictly decreasing.

We define the following sets:

Xo={1,2,...,2a| + 1}
Xpn=XoU{la]+1xtazr: 1<k<n}

X:UXn.

n>0
The following lemma and theorem are exactly as [7, Lemma 3.2, Proposition 3.4 and Proposition
3.5], changing their hypothesis v — 21 > 1 by v — Az; > 1. For this reason, we will omit the proof.

Lemma 4.2 ([7, Lemma 3.2]). Assume v —Ax1 > 1 and x1 < |a] +1. For eachn >0, if x € O,
and 0 € x < 2|« + 2, then z € X,.

Theorem 4.3 ([7, Propositions 3.4 and 3.5]). Assume v — Ax1 > 1 and 1 < |a) + 1. The JR
number of O is |a] + a+ 1 and O satisfies the isolation property.

The following proposition proves that there are infinitely many pairs (v, zg) for which Theorem

4.3 holds.

Proposition 4.4. For any A congruent to 1 or 8 modulo 4, there are infinitely many distinct

values of a corresponding to pairs (v,xg) of rational integers such that

(1) v< x% — Az,

(2) Vv + Axg is not a rational integer,

(3) For every n > 1, we have [K,: K,,_1] =2,
(4) Nxo < v? — Ny,

(5) v—2Azy > 1,

(6) Vv+ Azo < o] +1.

Proof. For any A > 1 which is congruent to 1 or 3 modulo 4, we choose v = 4\* and x¢g = 2A2 + \.

The first two conditions are immediate. The condition 3 holds by Proposition 2.13. The condition
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4 holds because % > X2v + Axzq iff 16A* > 4X2 + 2\ + 1 which is true for all A > 1. For the
condition 5 we have

V=1 >v—Arg =4 ' — 223 — )\ > 1.

for each A > 1. Finally, we have

A VAZ+4r A+ VIBAN X2 A +4X2 4+ A -1 , 1 €

for some 0 < & < 1. Since \ is congruent to 1 or 3 modulo 4, we have [«] = 2A? 4+ 252, Therefore,

we have

A+1)\?
(LaJ+1)2:4A4+2A3+2A2+<;) > 4N 4203 + 22 = v+ A,

so the last condition is satisfied. O

For A = 1, M. Castillo [1, Theorem 1] was able to remove the hypothesis v—z1 > 1 and 21 < |a]+1,

and obtain the following theorem:

Theorem 4.5. Assuming A =1 and v > 3, O has JR number |a| + a + 1 and it satisfies the

isolation property.

Now we will present some new results for A = 3. The same proof can be easily adapted to the case
A=245... We could not find the general pattern that would let us write a general proof since

for each value of A\ there are cases that must be studied independently.

We will prove the following theorem at the end of this section.

Theorem 4.6. Assume A =3. If z1 < |a] + 1 and v # 19, then O has JR number || +a +1

and it satisfies the isolation property.
Assumption 4.7. For the following lemmas we assume that A = 3.

Lemma 4.8. Ifx; < |a] +1 and v # 19, then v — 3z > 1.

Proof. Since x1 < |a] + 1, we have
v—3ry>v—3(laj+1) >v—3a—3.

Therefore, it suffices to prove v — 3a — 3 > 1. This is satisfied if and only if 2v — 17 > 3v/9 + 4v,
which is true for every v > 24. By Lemma 2.9, we have v > 3, so we must analyze the cases when
v € {3,...,23}. A simple calculation shows that for v € {3,...,18}, there is no z( that satisfies
the inequalities given in Theorem 2.7. Hence, v € {19,...,23}, and again solving the inequalities

given in Theorem 2.7, we obtain the following cases:
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v To T To v—3x, | v— 329
19 | 7 | V40 | /19 + 340 | 0.03 0.51
o0 |7 VAT | V20 +3v41 | 0.79 1.21
8 | V44 | /20 +3v44 | 0.10 1.05
7 | V42 | V21 +3V42 | 1.56 1.92
o1 | 8 | V45 | V214345 | 0.88 1.76
9 | V48 | /21 +3v48 | 0.22 1.61
7 | V43 | V22+3V43 | 2.33 2.63
8 | V46 | /22 +3V46 | 1.65 2.48
22 g |7 V22 1 3V49 | 1 2.33
10 | V52 | V22+3v52 | 0.37 2.18
7 | V44 | /23 +3V44 | 3.10 3.35
8 | VAT | /23 +3V47 | 2.43 3.20
0y |2 V50 | V23 +3v50 | 1.79 3.05
10 | V53 | V23 +3V53 | 1.16 2.91
11 | V56 | /23 +3v56 | 0.55 2.78

Table 1: Approximate values of v — 3zy and v — 3z for v € {19,...,23}. O

Lemma 4.9. Letz € Oy be such that 0 < = < 2|a|+2. If (v,20) € {(20,7),(20,8),(21,8),(21,9)},
then r € X;.

Proof. Let © = a + bxy; € Oy, with a,b € Z, be such that 0 < = < 2|a] + 2. Note that in all
cases we have |a] +1 = 7 and z; > V41. Since 0 < =z < 2|a] + 2, by Lemma 2.15, we have
a€{l,...,13} and

la] +1 < 7

Ty T /A4l

so we have b € {—1,0,1}. Finally, using a computer program (we used SageMath 9.2, see below)

bl <

we can analyze all the cases to see that z is indeed in Xj. O

def cases_X1(x_0, nu, 1):
x_1=sqrt (nu+l*x_0)
floor_alpha=math.floor ((1+sqrt (1**2+4*nu))/2)
for a in srange(1,2xfloor_alpha+2,1):
for b in [-1,0,1]:
if O<a+b*x_1<2*floor_alpha+2 and
O<a-b*x_1<2xfloor_alpha+2:
print (at+b*x_1)
cases_X1(7,20,3)
cases_X1(8,20,3)
cases_X1(8,21,3)
cases_X1(9,21,3)
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Lemma 4.10. Letx € Oy be such that 0 < z < 2|a]+2. If (v,z0) € {(20,7),(20,8),(21,8),(21,9)},
then x € Xs.

Proof. Let x = a + bxy € Oy, with a,b € ;. Note that in all cases we have z1 > V41, x5 >
v/20 + 3v/41 and la] +1=7. Since 0 < a + bxs < 2|« + 2, by Lemma 2.15 we have 0 < a <
2|a] + 2. Hence, a € {1,...,13} U {7+ 2} by Lemma 4.9. We will prove that we have [b] < 1.2.
Assume, for the sake of contradiction, that this is not the case. We will see that for whatever
choice of a, there is an embedding ¢ such that x7 is either negative or larger than 14, contradicting

our hypothesis.

e Assume first a € {1,2,3,4,5,6}: We choose o such that 27 = a — |b|xz, so that we have

2% =a—|blze <6 — x5 < 0.

Assume a € {8,9,10,11,12,13}: We choose o such that 7 = a + |b|z3, so that we have

(a+bx2)? = a+ |blxg > 8+ 3 > 14.

e Assume a =7+ x1: We choose ¢ such that 7 = a + |b|z2, so that we have

a+mx227+x1+m2>14.

e Assume a = 7 — 21: We choose o such that 7 = a — |b|z2, so that we have
a—mxg <T7T—z1—22<0.

e Assume a = 7. We choose o such that 7 = a — [b|zs, so that we have

a+ [blzg > 7+ 1200 > 7+ 1.24/20 + 3V/41 > 14.

We conclude [b] < 1.2.

Write b = by + boxq, with by, by € Z, so that

|bl —|—b21‘1| < 1.2.

Hence in particular, we have |b1| < 1.2 and |by] < \1/%. The only choices for by and by are

(b1,b2) € {(—1,0),(0,0),(1,0)}. Therefore, ifa € {1,...,6}U{8,...,13}U{7+x;}, then b =0 by
the first four cases above. Otherwise, if a = 7, then we can have either x =7 — x5, or x = 7 + X2,

or x = 7. In all cases we obtain x € X5. O
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Lemma 4.11. Assume x; < |a]+1 and v # 19. For eachn >0, ifx € O, and 0 € = < 2|a]+2,
then x € X,,.

Proof. If v — 3x1 > 1, then we are done by Lemma 4.2. Assume v — 3z; < 1. By Lemma 4.8, the

only cases where v — 37 < 1 are when
(v,20) € {(20,7),(20,8),(21,8),(21,9), (22,10), (23, 11)}

(see Table 1). However, when (v,x0) € {(22,10),(23,11)}, a simple calculation shows that z; >
la| + 1, so we may assume (v, z9) € {(20,7),(20,8),(21,8),(21,9)}. We will prove by induction
on n that if € O, is such that 0 < z < 2[a| + 2, then z € X,,. It is clear for n = 0. For n =1
and n = 2 we are done by Lemmas 4.9 and 4.10 respectively. Assume n > 3. By Lemmas 2.15 and

4.8 we have
o] +1 < o] +1
\/l/—3l‘n_1 - \/V—?)LL'Q

for every n > 3. The rest of the proof goes exactly as the proof of [7, Lemma 3.2]. O

b7] < <la|+1

Lemma 4.12. Assume x1 < |a) +1 and v #19. Let x € O. We have 0 < x < 2|« + 2 if and
only if v € X.

Proof. By Lemma 4.11, we need only to prove the lemma from right to left. Let z € X. If z € X,
then there is nothing to prove. Assume = € X, for some n > 1, so that z = |«| + 1 &z, for some

1 < k < n. Since the sequence (z,) is decreasing, we have
laf + 14z < 2| +2,

and

la]+1—2, >0
for every 1 < k < n. Therefore, we have 0 < x < 2|« + 2 since |x;| = x3 by Theorem 2.7. O
Proof Theorem 4.6. We will prove that |«| + a+ 1 is the JR number of O and that it satisfies the

isolation property. Since (z,) is a decreasing sequence and converges to «, for every € > 0 there

exist infinitely many n such that
Tn+ o] +l1<|al+a+1+e.

So, by Lemma 4.12 and Theorem 2.7, for every € > 0, there exist infinitely many z € O such that
0<z < |a)]+a+1+e Also, for each n > 1, we have |a| + 1+ z, > |a] + 1+ a. Hence, if
x € O is such that 0 < z < |a] + @ + 1, by Lemma 4.12, then we have z € {1,...,2|a| + 1}.
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Therefore, | + a + 1 is the JR number of O, and it is not a minimum. We now show that it

satisfies the isolation property. Let M = |a] +1 — a and z € O be such that
0«2z <JR(O)+ M =2]a] +2.
By Lemma 4.12, we have
re{l,2,...,2)a]+1}U{|la]+1xz, :n>1}
and since (z,,) is decreasing with limit «, we have
lo] + 142, > o) +14+a+¢

for only finitely many n. O
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1 Introduction

The Kirchhoff-Schréodinger problem is a class of partial differential equations that combines aspects

of Kirchhoff and Schrédinger equations. It takes the form:
M (/ |Vu|2dx> (—Au) + V(x)u = f(z,u),
Q

where M is a function representing the Kirchhoff-type nonlinearity, V(z) is a potential function,
and f(z,u) denotes the nonlinearity in the system. This type of system generalizes the classical
Schrédinger equation by incorporating a nonlinear term dependent on the integral of the gradient,

reflecting the influence of the entire domain on the local behavior of the solution.

The Kirchhoff-Schrédinger system arises in various physical contexts, such as the study of quantum
mechanical systems, nonlinear optics, and the dynamics of elastic strings and membranes. These
systems are particularly challenging due to their nonlocal nature and the potential presence of sin-
gularities in the nonlinearity f(z,u), which can complicate both theoretical analysis and numerical

simulations.

In this study, we consider the following fractional Kirchhoff-Schrédinger equations with singular

nonlinearity,

K ( /Q V() [o[Pds + /Q . [wix) = wiy)? dy) (250 + V(s) 2]

|k — y|FeP

1 —
ﬁf(ﬁﬂw\‘@lv\l‘ﬂ in Q,

I<(/2L%K”0Wdﬁ4-/;XQ1KH)_U@DWdﬁdy>{bﬂﬁﬁv—kVKmﬂvp%ﬁ (1.1)

|k — y|dtop

= na(m)ful*u+

1—71 _ _
sy Sl T, o,

= (B(k)|v]T %0 + 5

w=7v =0, on R4\ Q,

where @ C RY (d > 3) is a bounded domain with smooth boundary, s € (0,1), 0 < 7 < 1,

0<o<l,d>ps,2—p—7T<p<po<q<pi= di—’;w a, B3, € C(Q) are non-negative weight

S

functions, 7, are two parameters, (—A)p

[10])

is the fractional p-Laplacian operator defined as (see

Ayl — 2t [ 120 0P () — ()

dy, keR?,
p N0 O\B. ‘K _ y‘d—&-sp Y

and K : (0, +00) — (0, 400) is the continuous Kirchhoff function defined by

Kt)=k+1t' withk>0,1, 0 >1. (1.2)

Recently, there has been a lot of interest in examining non local problems of this kind. For an
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interesting one, we refer to learn more about Kirchhoff problems, specifically those dealing with
the Laplace operator and a singular term, in references like [19-22]. Additionally, the study of the
fractional Kirchhoff problem, which involves a singular term like © =7, can be found in [14]. This
research combines a variational approach with a specific truncation argument. For more details on

the fractional system, you can check out [23,36].

These problems involve studying how things spread unevenly in complicated environments. This
happens because of random movements, like jumps, where entities can move to nearby places or
make longer trips using a specific kind of flight pattern called Lévy flights. These issues are also
used to model things like turbulence, chaotic movements, plasma physics, and financial dynamics.

Check [1,7] and references therein for more information.

The system expressed in (1.1) without a Kirchhoff function and potential function has been thor-
oughly explored in recent years. For the case involving the fractional p-Laplacian, the existence
results have been investigated using Morse theory, as discussed in [18]. Perera-Squassina-Yang [25]
introducing a novel abstract result based on a pseudo-index associated with the Zs-cohomological
index. These constraints are employed to establish the existence within a certain range of the
Palais-Smale condition. It is worth noting that, in this study, bifurcation and multiplicity results
are obtained with specific limitations on the parameter n. Additionally, the investigation into the
multiplicity of solutions is conducted through the Nehari manifold and fibering maps in works like

[6,15,29,31].

In a distinct context, the investigation of the problem was undertaken in [6].

20
_As — q—2 0—2 T :
(=) = w2 =L fule 2ol in Q.

2T
Ay = q—2 Olq|T—2 :
(=A)pv = ([ v+ ———fwlep[, - in @,

u=v=0, onRI\Q,

where @) is a bounded domain in R™ with smooth boundary 9Q, d > sp, s € (0,1), p < o+ 7 < pf,
7, ¢ are two parameters. The scholars investigated the Nehari manifold associated with the problem,
employing fibering maps, and established the existence of solutions under certain conditions for

the parameter pair (7, ().

The problem expressed in (1.1) without a Kirchhoff coefficient has been thoroughly explored in

recent years. For the case involving the fractional p-Laplacian, the existence results have been
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investigated using Morse theory, as discussed in [24]

Hw ) )
(-t ulrtu = L) e
K
Hy(k,u,v)
S -2 _ w y Yy d
(—A)pv + |w|? = PR n R¢,

where d > 1,0 < s < 1, d = ps, v € (0,d) and H has exponential growth. By using a version
of the mountain pass theorem without (PS) condition, they established the existence of nontrivial
solution to the above system. In [35] the authors studied the existence of solutions to the following

quasi linear Schrodinger system

(—A)yu+ a(k)[w|92u = Hy(k,u,v) in RY,

(=A)sv+ B(k)|w|1?u = Hy(k,u,v) in RY,

where 1 < ¢ < p, sp < d, they used the critical approach, to obtain the existence of nontrivial and

non negative solutions for the above system.

Following this, the issue has been explored by various authors in the context of Laplacian, p-
Laplacian, and fractional N-Laplacian operators, employing either the technique employed in this
paper or employing critical point methods. Noteworthy references encompass [2,4,5,9, 12,16, 28,
30, 34].

Motivated by the results above, by using minimization arguments and implicit function theorem
together with variational approach, we prove the existence and multiplicity of nontrivial, non-
negative solutions for the singular fractional Kirchhoff-Schrédinger system described in (1.1) within

suitable fractional Sobolev spaces.

This paper is organized as follow: In the second section, we discuss familiar properties and results
related to fractional Sobolev spaces. In the third section, we show the existence theorem and
its proof, which uses the Nehari manifold and fibering map approach. In the fourth section, we

demonstrate the existence of multiple nontrivial positive solutions for our problem (1.1).
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2 Preliminaries

In this paper, Q C R? represents a bounded domain with a smooth boundary, and (-,-) denotes

the standard duality between X and its dual space X*.

Let u: @ x Q@ — R be a measurable function,

is the Gagliardo seminorm. We denote by W*?(Q) the fractional Sobolev space given by

WP(Q) :={u e LP(Q) : [w]s,p < 00},

with the norm

1/p
ol = (Il gy + wl2,)

1/p
|wllLe (@) = (/ |w|pdﬁ> )
Q

For our analysis, we assume the following assumption:

where

(V) VeL5.(@Q)\{0}, ess infreqV (k) > 0 and meas({z € ¢: V(z) < L}) < oo, for all L > 0,

where meas(-) denotes the Lebesgue measure in Q.

When V satisfies (V), the basic space
Wo(@) = {w e W(Q): ViwP e LY@ w=0 in R\Q}
denotes the completion of C§°(Q) with respect to the norm
s, <= (ol + [12,)

where
1/p
ol vy = ( /Q v<n>|w|pdm) .

In W, we have the following embedding

Lemma 2.1 ([33]). Let 0 < s < 1 < p < +oo with ps < d and suppose that the assumption (V)
holds. Then,

W, (Q) = LYQ) for all q € [p,py). (2.1)
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When r + 1’ € (p,p*), then, for any u € Wy, we obtain

[wllgrrr gy < Sllwllw, - (2.2)

Let us define the functional ¥, , : Wy — R by

lw(k) —w(y)P /
Wy p(w ——/ ——————dkdy + V(k)|w|Pdk.
p( ) o |I€ y|d+PS ( )| |

At this point, we introduce our working space W = W, x W, which is a reflexive Banach space

endowed with the norm

I, 0) oy = (W) + 0 (0) (23)

We say that (w,v) € W is a weak solution to system (1.1) if u,v > 0 in @, one has

K (|[wlw, ) (/Q V(m)|w|p_QU¢dn+/Q [wix) = wy) P (wix) — wly))(#(k) = ¢(y)) d/idy)

|k — y|dtsp
po s [ 008 = o)) — o) W) ~ ¥l)
Kl ([ Vo [ b iy
= a(k)|w]T%u ®) w9 20p)dk _1-e r)u v " dr
= | (el ug 4 3l e)an + 52 2 | e T
1= r)ur """ dk
gy [ T

for all (¢,¢) € W.
Now, with the essential tools in place, we are ready to state our main results, which take the

following form:

Theorem 2.2. There exists

g+o+T1—-2 iz 2—p—7T—q Pi=a\ P-4 2,7
Ay = () ( Q| ¥ SptetT—2,
1Clock(a = 7) peEpE—l

such that if
0 < (nllaloe) =" + (ClIBlloc) =7 < Ao,

then system (1.1) has at least two nontrivial positive solutions.
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3 Nehari manifold & fibering map analysis

In this part, we gather basic information about a Nehari manifold and discuss fibering maps.

Obviously, the energy functional J, ¢ : Wy — R associated with problem (1.1) is given by

Bntm) = 1 (KQlwlfy) + K(lolf)) =3 [ (notolult + ¢an)ol)

1
2—o0—1

[ etnwryewty e,
Q

t
where K(t) = / K(p)do. This together with (1.2) gets to
0

l

Bncl0,0) = & (W) + Vup(0) 4 - (Vapl) 4 ¥20)

o | (ot cap)as — s [ ety ety an
= Dl o)l + 0l [ (nelol® + GBI
5y L SR (3.1)
where r+ = max{r, 0} and r~ = max{—r, 0} for r € R.

Keep in mind that J, ¢ does not behave smoothly in W. So, standard variational methods will
not work here. If (w,v) is a weak solution for the problem (1.1), it means that both w and v are

positive in @) and satisfy the equation

K([[wllw,) sp(w) + K(|[v]w,) T p (V) = n/cga(ﬁ)lwqdﬂ

- C/ B(r)[v|*dk — / E(r)w['~2fo]' " dr =0,
Q Q
which implies by using (1.2) that

bl ) + o)~ [ alluftds ¢ [ st~ [ gGolol~lol' " dx =0,
Q Q Q
(3.2)
It is simple to confirm that the energy functional J, ¢(w,v) is not bounded below in the space W.
However, we will demonstrate that on the Nehari manifold, defined below, J, ¢(w,v) is bounded
below. We will establish a solution by minimizing this functional over specific subsets. The Nehari

manifold is defined as follows:
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Ny = { ) € WA L0.0% Tl o)y + Ll o) = | aoluas

¢ [ stlatran— [ ool a0}

Now, understanding that the Nehari manifold is intricately connected to a fibering maps which
is introduced by Drabek and Pohozaev in [11]. The form of the fibrering maps is as follows,

Yy t = Jnc(tw, tv) for t > 0 defined by

Toyw(t) =

(R lll) + K ))_Z/Q(na(m)|wq+gﬁ(n>|u|q) s

T [ e
— R)|w v K.
2—9—7_ Q

The first and second derivative of T respectively, is given by

o (0) = k= a0y + 170 = 07 [ (el + s 1”) a

(3.3)
—tlmemr ®)|w|t=2v|' 7T dk
' /Q () [l o]
and
T () = (p— Dk (w, 0)|[fy + Lpo — 172 (w, v) |55
— (g —1)t72 a(k)|wl|? k)|v]?) dk
(@10 [ (ot + ¢3ol) 5.4)

(g /Q £()lew[*e o[V ds

Now, we prove some useful inequality. Using Holder’s and Sobolev inequalities, one has

/Q (naw)ll? + BRI )dr < 1QIFF (llalloclieolis, +CIBlclvll: )
<101 57 (lallocllw] + ClBlllloll?)

<1QI7 573 ((llalloe) ™7 + Bl 77 ) 7 (] + o]l

< C1QIF" 57 ((lalloe) 77 + (€))7 )y
(3.5)
and
el 1ol dn < Il (2 [ woemans 22T [ e ae)
/ / / (3.6)

277

< I¢lloeS™ i ®™"

[[(w, v
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Lemma 3.1. Let (w,v) € W\ {(0,0)}. Then (tw,tv) € Ny ¢ if and only if 11, () = 0.

Proof. The conclusion is derived from the observation that

Yo (t) = (@ ¢ (w,0), (w,v))
=kt~ (w, v) [y + 17| (w, o) 57 — 47 (/Q W(H)leqdn/QCﬂ(H)vlqd'f>

et / £(s) [V 2Jo] " dis = 0
Q

if and only if (tw, tv) € N, ¢. O

Due to Lemma 3.1, we have (w,v) € N, ¢ are associated with stationary points of T, ,(tw, tv)

and in particular, (w,v) € N, ¢ if and only if Y/, ,(1) = 0. Hence, we split N, ¢ into three parts:

N, = {(w, v) €Ny T4 (1) > o} = {(m,w) € W\ {0,0} : T, (£) = 0,7 () > o},
Ny = {(w,0) €Ny 10, (1) < 0} = {(tw, t0) € WA\ {0,0}: 7, ,(8) = 0,77, (1) < 0},

NO ., = {(w, v) €Nyt T (1) = o} - {(tw,tv) €W\ {0,0} : T, () = 0,14 (1) = o}.

For the proof of the following lemma we refer to [32].

Lemma 3.2. If (w,v) is a minimizer of J, ¢ on N, ¢ such that (w,v) ¢ N%,C‘ Then, (w,v) is a

critical point for J, c.

Our initial result is as follows:

Lemma 3.3. J, ¢ is bounded below on N, ¢ and coercive.

Proof. As (w,v) € N,, ¢, then using (3.2) and the embedding of W, in L27¢77(Q), we obtain

Buctn) =k (5 = L) N olest (oo =D~ (5= =7 ) | ol lop " a

Then by (3.6), we obtain

1 1 1 1
In.c(w,v 2k<—> w, v p—l—l(—) w,v) |5
n¢(w,v) p ) 1w ol + {22 = 2 (vl

1 1 2—o—71 2—o—T
— S 2
(Q_Q_T q) ¢l (w,v) %

Since 2 — o — 7 < p < po, it follows that J, ¢ is coercive and bounded below on N, .. O
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Lemma 3.4. For every (w,v) € N, ¢ (respectively N;;C) with u,v > 0, and all (¢,v) € N, ¢ with
(p,9) > 0, there exist € > 0 and a continuous function h = h(r) > 0 such that for all r € R with
r| < we have h(0) =1 and h(r)(w +ro,v +rip) € N, - (respectively N;;C).

Proof. First, let us introduce the function f : R x R — R defined by

flt,r) = kP2 (w + r, v+ ) [P+ WP [(w v, v+ ) [P

(o2 [ () )+ (B0 + )

- [ etow ) o+ i) Ta.
Q

Therefore,

d
L 6r) = k(p+ o7 =)o w60+ PP

+ l(po +o+T1— 2)t”‘7+9+T—3||(w + 7o, v+ r)||P?

—gatetT=2 /Q (na(n)(w +7¢)! + (B(K)(v+ rz/1)‘1>dn.

Hence, % is continuous. Recall that (w,v) € N, . € N ¢, we have f(1,0) =0, and

1,0 = k(p+o+7=2)ll(w, )5 +1(po + o+ 7 = 2) [l (w, )7

dt
7(q+9+772)/

. (na(n)wq + Cﬂ(ﬁ)vq)dn <0.

Thus, by applying the implicit function theorem to the function f at the point (1,0), we deduce
the existence of ¢ > 0 and a positive continuous function h = h(r) > 0, defined for » € R with

|r| < 4, satisfying:
h(0)=1 and hA(r)(w+rd,v+719Y) €N, ¢, forallreR, |r|<d.
Hence, for a small possible € > 0 (¢ < d), we obtain

h(r)(w +ré,v+r¢) € N

me VrER, [r|<e.

Similarly, we prove the other case. O
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Lemma 3.5. There exists

p

Q+Q+T_2 p+giﬂ'72 Q_Q_T_q 2¥—q\  p—q 21
Ay = () < Q| % SrtetT—2,
CTock(a = 7) A p——

such that for 0 < (77||04H00)ﬁ + (CHBHOO)ﬁ < Ao we have:

(i) If/ (na(li)\wr] + Cﬂ(li)\v\‘I) dr > 0, then, there exist a unique Ty > 0 and to < T; < t;
Q
such that

Tw,v (tO) = T'w,v (t1)7
T,.0(to) <0< Ty, ,(t);

that is, (tow,tov) € N,J;C, (tiw,tiv) € N, . and

Jﬂa((towﬂ tOU) = 02%1 37]7§(twa t’U),

J t t = J tw, tv).
JU»C( 1w, 1'0) g%fdn»C( w, U)

(i1) If/ <na(/<a)|w\q+§6(n)|v|q) dr < 0, then there exists a unique Ty > 0 such that (Tyw, Tiv) €
Q

N, ¢ and 3¢ (Tiw, Tiv) = rgg{ﬁmg(tw,tv).
Proof. (i) Suppose that / (na(/@)|w\q—|—Cﬂ(f£)|v\q) dr > 0. Define the function ¢, , : Rt — R
by ©
ww(t) = KtP | (w, v) 5 + W77 (w, 0) [ — tQQTq/Qf(H)leQWlT dr.
Note that (tw,tv) € N, . if and only if
o) = [ (ool + ¢RIl
Now, the first derivative of the function v is

(1) = K(p — )P~ (w, 0) [ + (po — )ltP = |0, 0) 27
L@ p—r—gqieT / £(m)|w ' o[\ dis
Q
= 70 (ko — )17 (w. ) [y + (00 — 17| (. ) |57

—@-gmr—ar e [ gl dx).
Q
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It is clear that 1), ,(t) — —oo as t — oco. Moreover, using (3.7), it is simple to see that
lim;_,o+ 9, ,(t) > 0 and lim; ¥y, ,(t) < 0. Thus, there exists T} > 0 such that ty, . (t)
is decreasing on (7j, o), increasing on (0,7;), and 4y, ,(T;) = 0. Thus,

w.o(T1) = KT ™| (w, )5y + 1Tl (w, v) Iy Tf"rq/Qﬁ(%)lwllglvllT dr,

where T; is the solution of

k(p — Q)| (w, )l + (po — Ut || (w, v)lly

(3.8)
~-omr— gt e [ gl ol dk =
Q
Then, using (3.8), we obtain
1
(2—Q—T—q fﬁ; wl_Qvl_TdK p+7+eo—2
_ o Sl . o)
k(p — q)l|(w,v) Iy

From inequality (3.9), we can find a constant C' = C(p, ¢, 9, 7) > 0 such that

ww,v(ﬂ) Z ww,v(TO)
> KT (w, v)|y — T()Z_“’_T_q/ E(R)[wl' ol " drk
Q

gatotr—2
2 T+o

o+T q+o+T—2\7¢ [l (w, )|y
> Ky =) ==
(Jp €09lwl* o]~ dr)

* q
25

— 11 7% ((llalloe) ™5 + (C181e) %) i, 0) Iy >0,

if and only if

(llellse) 77 + (Cl1Blloc) 77

2
k(g —2) )_9+T (q+g+7’2 2§q>_2—q etr=2_ g
< 1TerT T 2 ig SEFT T = A,
(s Ko+ @ 0

Then, there exist exactly two points tg < T; and t; > 1; with
Vioalte) = [ (rale)fuwl? + CB(9el") di = 0, (1),
Q
Also, ¢y, ,(to) > 0 and ¥, ,(t1) < 0. That is, (tou,tov) € N:;C and (tju,tv) € N .. Since

1) = ¢ (u0lt) - /Q (1ol + GB(x) ol d ).
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Thus, Y7, ,(t) <0 for all t € [0,t0) and T3, ,(t) > 0 for all t € (to,t1). Hence J, ¢(tow, tov) =

02i<nt JIn.c(tw,tv). In the same way, Y/, (t) > 0 for all t € (to,t1), Y, ,(t) = 0 and
>ttt

Y, ,(t) <0 for all t € (t1,00) that is J, ¢ (Liw, t1v) = Itr;aiupxﬁmg(tw,tv).
by

(i) Suppose that / (na(m)|w|q + Cﬁ(/{)\v\q) dr < 0. So ¥y (t) — —o0 as t — oo. There-
Q
fore, for all (n,() there exists 7, > 0 such that (Tw,Tiv) € N, . and J; ¢(Tiw, Tiv) =

r?;gi"”’g(tw’ tv). O

The consequence of Lemma 3.5 is summarized in the following Lemma.

Lemma 3.6. There exists

__p __pP_

q+Q+T—2 pFofr—2 Q—Q—T—q P::q p—a 2—o—7

e (ST Y T (8o g )
[¢llock(q — p) k(2—o—1—p)

such that for 0 < (nlelee) 77 + (C||B]lse) 77 < Ao, we have Nig #0 and N} . = 0.

Proof. From Lemma 3.4, we infer that Nic are non-empty for all (1, ¢) with 0 < (n]jal|so)7-7 +
(CHBHOO)ﬁ < Ap. Next, we employ a proof by contradiction to show that N%C = () for all (n, (),
with 0 < (7]]alls) 77 + (¢[|Bllee) 77 < Ag. Let (w,v) € N} ¢+ Then, we have two cases:

Case 1: (w,v) € N;FC and / (na(m)\wrl + Cﬁ(/ﬁ)h}‘q) dr = 0. Using (3.3) and (3.4) with ¢t = 1,
’ Q
it follows that
(p = Dkl (w, v) I3 + Upo = Dl (w, v) [y — (1 -0~ T)/Qi(/f)lwll_glvll_T dr

=+ o+ 71— 2)k||(w,v)|[f + l(po + 0+ 7 — 2)||(w,v) [y >0,

which is a contradiction.
Case 2: Let (w,v) € N, . and / (7704(/@)|w|‘1 + C,@(/i)|’1}|q) drk = 0. Using (3.3) and (3.4) with
Q
t =1, it follows that
(= @)kll(w, v) Ity + l(po — @ll(w, V)7 =—(a+o+7) /Q (k) |w|* 2ol T dr,  (3.10)
2-o—7=pkl(w,v)[§ + 12— o—7—po)ll(w,v)[l57

= (2—Q—T—q)/Q <na(/ﬁ)|w\q+Cﬁ(f£)|v\q> dk. (3.11)
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Now, define €,  : N, - — R as follows

2—p—17—-p 2—0—17—-po -
€ c(w,v) = — Flltw )l + 35— —— I, V)l

S E—— 3
- /Q (el + CB(w)o]?) di.

Therefore, from (3.11), &, ¢(w,v) =0 for all (w,v) € N%C. Furthermore,

2—p0—T7—
€ v) > 52T =L (w,0) - /Q (nat) el + B[ di

2—0p
>wk“(w,v)”€v
T 2—-p—-7T—gq

p* b—q
Pg p

= QI 574 ((llallee) 7 + (CIBw)77) 7w vl
2—o0—1

. )
S e e [

P—4q
D

1@l 573 ((rlal) 5 + @A) 7).
Then, utilizing (3.6) and (3.10), we get

1 __2-0-7 _ k(p—q) et
I )| 2 T (72_Q_T_q) . (3.12)

From (3.12) we get

2 — 0—T—Dp 2—o—7 k‘(p—q P+g‘;f*2
€yclw,v) = ||<w,v>||§w<wk (ke — @) ¢l 577 ) (qu)

—C1QI5F 57 ((nllalloe) 5 + <<5||oo>fq)p>.

This implies that for 0 < (n]|alle)77 + (¢[|Bllec) 77 < Ag, we have &, ¢(w,v) > 0, for all
(w,v) € Ng,c' The proof is complete. O

Due to Lemmas 3.3 and 3.4, for 0 < (n]|alle)™7 + (C[|B8]lec)77 < Ao, we can write N, =

N:;C U N;C and define

cpe= inf  Jpclww), ¢ = inf  Jyc(w ).

(w,v)EN:}',C (ww)EN
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3.1 Existence of a minimizer on N:C'

In this subsection, we establish that the minimum of J,, ¢ is found within N:;’C. Furthermore, we

demonstrate that this minimizer also serves as a solution to problem (1.1).

Lemma 3.7. If0 < (n]e]loe) 77 + (C[|Blloc) 77 < Ao, then for all (w,v) € N, we have c;;c < 0.

7,¢7
Proof. Let (wg,vy) € N;C, then T’(’ . +)(1) > 0 which from (3.2) gives
) wq ,vy
—o|y|1- k(p—aq) l(po —q) o
ER)|w| 2o T dk < ———F—||(w, V) ||f + ————]|(w, V)% . 3.13
A;(N I*~¢]vl 5o 7 gl @Ollw+ o= Il vl (3.13)

Thus, according to (3.2) with (3.13), we obtain

1 1 1 1
~ < - _ = p = po
Snclw,0) <K(0 = ), v)lf +1 (pg q) I, o)

- (2_;_ - j]) /Q E(lw 2ol dr
e
R N R P

Hence, using (3.14), we get

(3.14)

k(g—p)lp+o+T1—2)
pq(2—0—7)

s )P+ “qp’(p“”2)||<w7v>ll””) <0,

%£@HO<( pa(2—o0—71)

Therefore, the definition of C;C owing to ch ¢ <0. O

Theorem 3.8. If 0 < (n]|alle)?7 + (C[|Bllec)77 < Ao, then there exists (wi,vl) in N;,C
satisfying J3y.c(wd,vy) = inf  J,c(w,v).

(w,v)eN;<
Proof. From the fact that J, ¢ is bounded below on N, ¢, then it bounded on N;’ I Thus, there

exists {(w;}, v;})} C N . a sequence such that

no n)

‘SW»C(wn » Up, ) - inf ng(w, U) asn —r 00.
(w,U)EN;C
Since J,, ¢ is coercive, {wy,v,} is bounded in W. Then, there exists a sub-sequence, still denoted

by (w;,v}) and (wg,vg) € W such that, as n — oo,

n»-n
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wi —wd, v — ol weakly in W4 (Q),

wi — wg, v — vl strongly in L™(Q) for 1 < r < p?,

wi — wd, v — v ae in Q.

Claim:

lim ak)|w, |~k :/ ak)wg |~ 2dk. (3.15)
Q

n—aoo
Q

Indeed, due to Vitali’s theorem (see [26, pp. 133]), we only need to prove that
{ / a(k)|w 'k, n € N } is equi-absolutely-continuous.
Q

Since {wy,} is bounded, by the Sobolev embedding theorem, there exists a constant C' > 0 such
that |wy|, < C < 0o. Moreover, by the Holder inequality we have

P3
prto—1 ‘w

/Q a(w)w!edr < [lao /Q w2k < J|a|o|Q e (3.16)

From (3.16), for every ¢ > 0, setting

Ps

5 e prty—1
- <||a0001—g) ’

when A C @ with meas(A4) <, we have
- pito—1 pito—1
/ a(k)|w | edk < llelloo ][ = Q(meas(A)) T < af|eoCTT T P <e
A s
Thus, our claim is true. Similarly, we claim that

lim B(r) v Tdk :/ B(k)vg |* " dk. (3.17)
On the other hand, by [3] there exists I € L"(RY) such that

lwy (5)] < 1(8),  |og (K)] < 1(k), ask— o0
for 1 <r < p%. Therefore by the dominated convergence theorem,

/Q (n\wilq + C|U;z‘—|q)d,‘€ — /Q (77|w8'|q + C|U(—)’_\q>dﬁ.

Furthermore, from Lemma 3.5, there exists tg such that (towo+ , tov(}L ) € NTT ¢ Now, we shall prove
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that w} — war strongly in W, v — U(J]’ strongly in W,. Suppose otherwise, then
l(wg ,vg) lw < liminf [[(wy}, o) ||
n—aoo

n» n

On the other hand, since (w;7,v;") € NJF<7 one has

lim Y .,

n 50 wi ot (

to) = tim_ (5w )P+ 187 o) P
g /Q (et 7 + CA0) | )7) di — £ /Q e el )
S R G o) P+ 1020 (i o) P
‘tg_l/Q( a(Wed | + B dn—té‘Q‘T/Qf<H>|w3|l-@vml-wn

= Tiqu v (to) =0.
070

Therefore, Y' . . (to) > 0 for n large enough. Furthermore, (wt,vb) € Nn ¢» and we can see for

all n that Y/, () <0 forte (0,t) and Y/ , (1) =0. Thus we must have to > 1. Moreover
T+ o+ (1) is decreasing for ¢ € (0,79) and that is

dnC(tOwOatovo)<Jn<(wo+»var): lim Jnc( wl,vt) = Hlf Jn,c(w»v)

+ — v strongly in W and

which gives a contradiction. Thus, w;} — war strongly in Wy, v,y

Jnctwd,vg) = inf  J,c(w,v). The proof of Theorem 3.8 is complete. O

(w,v)ENjch

3.2 Existence of a minimizer on N;C

In this subsection, we aim to establish the existence of a solution to problem (1.1) by demonstrating

the existence of a minimizer for J, ¢ within the set N; ¢

Lemma 3.9. If0 < (n]|alls) 77 + (¢[|B]loc) 77 < Ao, then for all (w,v) € N

n.cr onehasc, - > do
fOT some dO = dO(Q7 T7paq7a75777)C’ |Q|) > 0.

Proof. Let (wg ,vy ) € N, -, then we have Y _ (1) < 0 which from (3.2) gives

0 %Yo

k(p — l(po — -
/Qg(ﬁﬂw'l-gvp—r dr > 2_(;”_Tq)_q||(w,u)||§;V + %H(MW)H@. (3.18)

Hence, using (3.6), we get

1
__2-0-7 k(p — T pFetT-2
(w0, )l > 5~ D (M) e (3.19)

1
1¢1loo 2—0—-T—q
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Therefore, by (3.5) and (3.19), we obtain

Smclw,) = k(L - L Vs - (L )
In (V) = p 2—90—T W q 2—-9—71 ‘

P—4q

x 575 ((llalloe) 755 + (CBlI) 77 ) 7 w0l

=) | (- V- (2 - e
ST p 2—p—17 P q 2-o0-T1 ‘

—9q

x 57 (nllallec) 75 + <<||/a||oo>pf«)“]

1 1 (p—q) p—q P+Zlff2
> (o)l k(== 5——= )5 7 (57—
p 2—-o0-—T 2—0—-T—q

(- g )l s (Gl 4 <</3||oo>ﬂq)”].

q 2—-o0-T

Hence, if 0 < (n]|allse) 77 + (C||B]lsc) 77 < Ao, then Jn,c(w,v) > do for all (w,v) € N, for some
do = dy (Q,T,p, q, o, 3,1,¢, \Q|) > 0. Therefore ¢, . > dy follows from the definition c, . O

Theorem 3.10. If 0 < (n]|alls)?7 + (Cl|Bllee)77 < Ao, then there exists (wg,vy) in N, .

satisfying Jn.c(wg , vy ) = inf  Jp.c(w,v).
(ww)eN]

Proof. As J;¢ is bounded below on Ny, ¢ and then on N, .. Thus, there exists {(w,,,v,;)} C N, ¢

ny)vn

a sequence such that

37774(1% » Up ) — inf Jn,((w, 'U) as n —r OQ.
(w,v)EN;Y<

Since J,, ¢ is coercive, {(wy, v,)} is bounded in W. Then there exists a sub-sequence, still denoted

by (w;,,v,;) and (wg ,vy ) € W such that, as n — oo,

wh —wy, v, vy weakly in W,(Q),
w, — wy, v, — v, strongly in L"(Q) for 1 <r < pZ,

w, — wy, v, — v, ae. inQ.

Furthermore, similar to the proof in Lemma 3.8, we have

H —1-0 . — —|l-0
lim_ /Q fwy [~ 2dn /Q g [1~2dr,

. —|1-7 _ —|1-7
nh_r}n@/@v“ dli—/QUO| dk,

/Q (nawlwis1? + Bl ) d — /Q (na(mlhud1? + Bl 1) drc



CUBO

Fractional Sobolev space: Study of Kirchhoff-Schrodinger systems... 425

26, 3 (2024)

Moreover, by Lemma 3.5, there exists t; such that (1w ,t1v5) € N;C. Now, we prove that

w, — w, strongly in Wy, v, — v, strongly in W,. Suppose otherwise, then

w03 )l < liminf (v

Thus, since (w,, , v, ) € N - and Jy,¢(twy , tvg ) < Jn,c(wg ,vg ), for all t > 0 we have

Inc(tiwg g ) < lim (g, tioy) < m Jyc(wy,,0,) = € ¢,

which gives a contradiction. Hence, w,, — wq strongly in W(Q), v;; — v, strongly in W,(Q)

and J, ¢(wy,vy) = inf  J, ¢(w,v). Which complete the proof. O

(w,0)EN_

4 Multiple solutions

In this section, we shall prove Theorem (2.2), which gives the multiplicity of solutions for problem

(1.1).

Proof of Theorem 2.2. To begin, let us establish the existence of non-negative solutions. Initially,

according to Theorems 3.8 and 3.10, there exist(wg ,vy) € Nt

e (wy ,vy ) € N, . satisfying

3n,<(w5ra“o+) = inf JW,C(w7’U)7
(ww)ENT

377’4*(1007,1107) = inf _ STI’C@U’U)'
URENS

Also, from the fact that J, ¢ (wg, vd) = Jn.c(|wi ], lod |) and (Jwg |, jvg|) € N:C' Similarly we have

In(wy ,v9) = Jnc(|wg |, |vg ) and (jwg |, vy |) € N -, thus we can assume (w,vE) > 0. Due

to Lemma 3.2, (wE,vT) are the nontrivial non-negative solutions of problem (1.1). Finally, we

need to establish that the solutions obtained in Theorems 3.8 and 3.10 are distinct. Given that

N, N N;}' = (), it follows that (w(jf, v(jf) are indeed distinct. This completes the proof. O
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1 Introduction

When studying mathematical inequalities, it is often useful to find generalizations of known results.
These generalizations can provide deep insights into the structure of inequalities and their applica-
tions in various areas of mathematics. They can be established using integer series expansions of

well-known elementary functions. For a more rigorous treatment of this topic, see [2,5,7,9,11-15].

A brief discussion of recent progress in the inequalities of some trigonometric and hyperbolic

functions is given below. In 2021, Bagul et al. [2] studied the following inequalities: For r > 0 and

2 sinh 2
(1 + z2> e’ < 2T o (1 + ;1:2) b
s x 7T

where a = In [7?(sinh7)/r(7? + r%)] /r? and b = 1/6 — 1/ are the best possible constants in the

x € (0,r), we have

exponential term. To prove these inequalities, the author used the concept of series expansion.
For the details, see [2]. Later, in 2023, Li et al. [8] presented the proof of the following inequalities

involving sine and hyperbolic sine functions using power series expansion: For |z| < 7/2, we have

4 L u 2 3 _sin(20) sz 4 L u 2 3. 1
— l|cosz+— | ——- < —= —l|cosx+ — | ——+-—=zx
4 4= 2 z 15

and, for x € R and an integer n > 2, we have

- inh (2 inhe _ 4 11\* 3
1+2008hm+2bkm2k < sinh (2) D e < — (coshx—i— ) - -
= 2z T 15

where by, = (22F — 4k)/(2k + 1)! for k =2,3,...,n.

In 2018, Malesevié, et al. [10] gave the following generalized inequalities: For 2 € (0,7/2) and an

integer n > 1, we have

2+ coszx 2n sinx 24 cosx 2ol
i —1)**1B(k)z?* < < —1)**1B(k)2?*
3 +l§< ) Bk < — ; +k222< ) B k)",

where B(k) = 2(k —1)/[2(2k + 1)!].

The following result gives us sharper bounds on the above inequalities established by Bagul et al.

[4]: For an integer n > 1, m =2n — 1, and = € (0, 7), we have

sinx

F(z) <

< G(x),
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where .
m+
2m + cosx 2 k—m &
F(z) = 1)kt 2k
@) = =1 +2m+1kZ:1(2k+1)!( )
and )
(2m +1) 4 cosx 2 Ek-m-1 bl 9k
G(x) = —1)kttg?h,
(@) om + 3 2m+3; Ghr e

In parallel to these remarkable modern results, there are some open problems on similar functions.
For example, in 2019, Bagul et al. [3] posed the following open problems on some trigonometric

and hyperbolic functions:

(1) For x € (0,7/2) and p > 2, we have

Pt (cosz)? > sin (px) . (smx) .
px T

(2) For x € (0,7/2) and p € (0, 2], we have

sin (px) Jrp(smx) o1t peose,
px T

(3) For x € R — {0} and p € (0,2], we have

p+ (coshz)? >

sinh (px) +p (sinh at)

px T

(4) For z € R — {0} and p > 2, we have

inh inh
sinh (pz) tp <sm x

) > 1+ pcoshz.
px

X

This article is an attempt to prove two open problems, namely those presented in Items 2 and 4,
which are further listed in the main results. Our focus is to show that these inequalities hold for a
wide range of p. It is important to note that while the inequalities we prove are useful for a wide
range of p and x, we do not claim that these inequalities are optimal in the sense of sharpness.
There is scope in the future to find sharper bounds on these inequalities for particular values of
p. In particular, the first inequality we prove holds for p > 2, and the second for p € (0, 2), which

may also be useful to researchers for further development.

The plan is as follows: First, Section 2 gives some preliminary remarks that will be useful for the
gradual development of this article. Section 3 deals with our main results, supported by graphics,

and Section 4 is the concluding part.
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2 Preliminaries

Well-known power series expansions derived from sinh x and cosh z are the following formulas:

[eS)
x2n+1

sinhz = ;m7

st 2n+1 2n+1
sinh (px) Z
(p T (2n+ 1)
oo :L,Qn
coshx = E o1
n=0 ( n)
and, an immediate consequence of the previous formula,
0 x2n+1
xcoshz = o e
— (2n)!

We may refer to [1] and [6].

3 Main results

(2.1)

(2.2)

In this section, using power series expansion and some trigonometric identities, we present the

proof of two inequalities.

Theorem 3.1. For x > 0 and p > 2, we have

inh inh
sinh (px) tp (sm x

) > 1+ pcoshz.
px

Proof. To prove this result, let us consider the following function:
f(z) = sinh (pz) + p® sinh & — px — p®z cosh z.
A differentiation work gives

f'(x) = pcosh (px) 4+ p? cosha — p — p*{coshx + sinh 2’}
= pcosh (px) + p® coshz — p — p? coshz — p?x sinh

= pcosh (pz) — p — p*xsinhz

and

f"(x) = p*sinh (pz) — p*{sinh z + x cosh x}.
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From Equations (2.1), (2.2) and (2.3), we can decompose f”(x) as

e’}
2n-+1 2n+1 z2n+1 I2n+1

" 2 Dop S
fi(x)=p Z (2n+1)! _;(2n+1)!_gm

_ p2 i p2n+1 2n+1 2n+1 i (QTL + 1)I2n+1
(2n+1)! (2n+1)! o (2n+1)!

0 2n+14.2n41
) pn n

Lo
2n+1)! g (2n+1)! (2n+1)!

Ln=0

2 + 2TL 2n+1‘| o, o [p2n+1 _ (2 + 271)] JC271—0—1
n=0

For p > 2, the Bernoulli inequality gives
p (24 2m) > 14+ 1) —(2420) > 14+ (2n+1) — (24 2n) = 0.

Therefore, for any « > 0, we have f”(x) > 0. Hence, we conclude that, for z > 0, f/(z) is strictly
increasing. As a result, we have f/(z) > f/(0) with f'(0) = p — p = 0. This implies that f(x) is
strictly increasing, so f(x) > f(0) with f(0) = 0. By taking into account the definition of f(z),
we find

sinh (pzx) +p <sinh x
px x
The proof ends. O

> > 1+ pcoshz.

Thus, through Theorem 3.1, we provide the solution to one of the open problems in Bagul et al.
[3]. Figures 1 and 2 illustrate the validity of Theorem 3.1 by considering the following bivariate

function with respect to z and p:

fu(z,p) = M +p (Sinhx

pr

) —1—pcoshzx,

with £ > 0 and p > 2.
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Figure 1: Three-dimensional shape plots of the function f,(z,p) for x € (0,2) and p € [2,4).
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Figure 2: Three-dimensional intensity plots of the function f,(z,p) for x € (0,2) and p € [2,4).

It is clear that the zone corresponding to the negative values is never reached, implying that

fi(x,p) > 0 for the considered configuration, which is consistent with Theorem 3.1 as expected.

The next result concerns another open problem in Bagul et al. [3].

Theorem 3.2. For z € (0,7/2) and p € (0,2], we have

sin (pz) +p <smx> 14 peost.
pT T
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Proof. To prove this theorem, let us consider the following function:
g(x) = sin (pz) + p*sinz — pr — p*x cos .
A differentiation work gives
g (x) = pcos (px) + p*cosx — p — p*(cosz — wsinx) = pcos (pr) — p + p*rsinz
and
g"(x) = —p?sin (pz) + p*(sinz + z cosz) = p*[sinx + x cos z — sin (pz))].

Owing to basic trigonometric identities, we obtain
sin (pz) = sin[(p — 1)z + x] = cos [(p — 1)x]sinz +sin [(p — 1)z] cos x.
Hence, we can rewrite ¢”(x) as

g"(x) = p*{sinx + x cosx — cos [(p — 1)z]sinz — sin[(p — 1)x] cos z}

= p?[{1 — cos[(p — 1)z]} sinx + {x — sin[(p — 1)z]} cos z].

We know that, for z € (0,7/2), we have sinz > 0 and cosz > 0. Also, for any p € (0, 2] we have
cos[(p — 1)z] < 1, implying that 1 — cos[(p — 1)z] > 0.

Now, let us discuss the sign of the term x — sin[(p — 1)z] by distinguishing the cases p € (0,1] and
pe (1,2

For p € (0,1] and z € (0,7/2), it is immediate that
—sin[(p — 1)z] =sin[(1 — p)z] > 0.

Hence, we can conclude that z — sin [(p — 1)z] > 0.

Now for p € (1,2] and z € (0,7/2), thanks to the classical sine inequality: siny < y for y > 0, we
have

sin[(p—1)z] < (p— 1)z < .
Thus, we have = —sin [(p — 1)z] > 0.

As a result, we can conclude that ¢g”(x) > 0. Thus, for z € (0,7/2), ¢’(x) is strictly increasing. As
a result, we have ¢'(x) > ¢’(0) with ¢’(0) = p — p = 0. This implies that g(x) is strictly increasing,
so g(x) > ¢(0) with g(0) = 0. Thanks to the definition of g(x), we establish that

sin (pz) +p<smx> ~ 14 peosa.
px T
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This achieves the proof. O

Hence, through Theorem 3.2, we offer a solution to one of the open problems in Bagul et al. [3].
Figures 3 and 4 illustrate the validity of Theorem 3.2 by considering the following bivariate function

with respect to x and p:

sin (px sinx
gx(x,p) = sin (pz) +p (—) —1—pecosu,
pT T

with z € (0,7/2) and p € (0, 2].
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0.10

0.05

Figure 3: Three-dimensional shape plots of the function g,(z,p) for = € (0,7/2) and p € (0, 2].
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Figure 4: Three-dimensional intensity plots of the function g, (z,p) for z € (0,7/2) and p € (0, 2].
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We note that the zone associated with the negative values is never reached, suggesting that
gx(z,p) > 0 for the configuration under consideration, which is in expected agreement with Theo-

rem 3.2.

During our graphical investigation, we found that Theorem 3.2 can be conjectured to be valid for
x € (0,7) instead of just z € (0,7/2), as shown in Figure 5 with the absence of a negative value

zone. The rigorous proof, however, remains a new challenge to be investigated in the future.

0.8
0.6
0.4

-02

L L L L L L
0.0 0.5 1.0 15 20 25 3.0

Figure 5: Three-dimensional intensity plots of the function g.(x,p) for z € (0,7) and p € (0,2].

4 Conclusion

In this article, we have given simple and elegant proofs for two open problems posed by Bagul et
al. in 2019 [3], which concern inequalities related to trigonometric and hyperbolic functions for a
large range of p and x. The presented inequalities generalize existing results for large values of p

and provide researchers with valuable insights and tools for further developments in this area.
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ABSTRACT

We show that there are finite distributive lattices that are not
the congruence lattice of any finite semidistributive lattice.
For 0 < k < 2, the distributive lattice (Bg)++ = 2 + By,
where B denotes the boolean lattice with k£ atoms, is not the
congruence lattice of any finite semidistributive lattice. Nei-
ther can these lattices be a filter in the congruence lattice of
a finite semidistributive lattice. However, each (Bj)4 with
k > 3 is the congruence lattice of a finite semidistributive
lattice, say Li. These lattices Li cannot be bounded (in the
sense of McKenzie), as no (Bg)++ (k > 0) is the congruence
lattice of a finite bounded lattice. A companion paper shows
that every (Bx)4++ (kK > 0) can be represented as the congru-
ence lattice of an infinite semidistributive lattice. We also
find sufficient conditions for a finite distributive lattice to be
representable as the congruence lattice of a finite bounded

(and hence semidistributive) lattice.
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RESUMEN

Mostramos que existen reticulados distributivos finitos que
no son el reticulado de congruencia de cualquier reticulado
semidistributivo finito. Para 0 < k < 2, el reticulado dis-
tributivo (By)++ = 2 + By, donde By, denota el reticulado
booleano con k atomos, no es el reticulado de congruencia
de cualquier reticulado semidistributivo finito. Estos reticu-
lados tampoco pueden ser un filtro en el reticulado de con-
gruencia de un reticulado semidistributivo finito. De todas
formas, cada (Bk)++ con k > 3 es el reticulado de con-
gruencia de un reticulado semidistributivo finito, digamos
Li. Estos reticulados Lix no pueden ser acotados (en el
sentido de McKenzie), puesto que ningan (Bg)i4+ (k > 0)
es el reticulado de congruencia de un reticulado finito aco-
tado. Un articulo acompanante muestra que todo (Bg)4++
(k > 0) puede ser representado como el reticulado de con-
gruencia de un reticulado infinito semidistributivo. También
encontramos condiciones suficientes para que un reticulado
finito distributivo sea representable como el reticulado de
congruencia de un reticulado finito acotado (y por lo tanto

semidistributivo).

Keywords and Phrases: Distributive lattice, semidistributive lattice, congruence lattice.
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1 Introduction

R. P. Dilworth proved in the 1940’s that every finite distributive lattice is the congruence lattice
of a finite lattice. Not every finite distributive lattice is isomorphic to the congruence lattice of a
finite join semidistributive (or meet semidistributive) lattice, but it turns out that there is only one
restriction; see Theorem 1.1 below, from [1]. This note shows that there is at least one additional
restriction on a finite distributive lattice D in order for D to be the congruence lattice of a finite

(meet and join) semidistributive lattice; see Theorem 3.1.

In the paper K. Adaricheva et al. [1] it was shown that a finite distributive lattice D = O(P) is the
congruence lattice of a finite join semidistributive lattice if and only if every non-maximal element
of P is below at least two maximal elements. In fact, the equivalence of five conditions is proved

in that paper.

Theorem 1.1. The following are equivalent for a finite distributive lattice D. Let D = O(P) for
an ordered set P (isomorphic to J(D)).

(1) D = Con L for a finite join semidistributive lattice L.

(2) D = Con S for a finite lower bounded lattice S.

(3) D = Con G for a finite convex geometry G.

(4) D = Con A for a finite, lower bounded, atomistic convex geometry A.

(5) Every non-mazximal element of P is below at least two mazimal elements.

(6) The three-element chain is not a filter in D.

We will show that there is at least one additional restriction for the congruence lattice Con K
when K is a finite lattice that is both join and meet semidistributive. The restrictions are perhaps
best expressed in terms of the lattices (By)y 4 obtained by adjoining a new zero twice to a boolean
lattice with k& atoms. Theorem 3.1 is that neither (Bg)yy4 nor (Bz)4y can be a filter in the
congruence lattice of a finite semidistributive lattice. (Since (Bg)yy is a three-element chain and
(B1)++ is a four-element chain, excluding the latter is redundant.) We can show that every (By)4+
with k > 3 is the congruence lattice of a finite semidistributive lattice (Theorem 4.8). However, a
lattice K with Con K = (By) 44 for K finite, semidistributive and k£ > 3 cannot be bounded in the
sense of McKenzie (Theorem 4.2). To complicate matters, it turns out that every lattice (By)4+
with k > 0 is isomorphic to the congruence lattice of an infinite semidistributive lattice, as shown
by the author and G. Grétzer [11]. It remains open whether every finite distributive lattice is the

congruence lattice of an infinite semidistributive lattice.



446 J. B. Nation

2 Preliminaries on congruence lattices and semidistributivity
A lattice is join semidistributive if it satisfies the condition
xVy=2xVzimplieszVy=zV(yAz).

The dual is called meet semidistributive, and a lattice is semidistributive if it is both join and meet
semidistributive. This notion was introduced in Jonsson [12] as a basic property of free lattices;

summaries of semidistributive lattices can be found in [3,7].

A lattice homomorphism h : K — L is lower bounded if for every a € L, h='(fa) is either empty
or has a least element. Dually, h is an upper bounded homomorphism if h~1(| a) has a greatest
element whenever it is nonempty. A homomorphism that is both lower and upper bounded is

called bounded.

A finitely generated lattice is said to be bounded if it is a bounded homomorphic image of a free
lattice. The basic historical sources are R. McKenzie [15] and A. Day [5]; again more recent

summaries can be found in [3,7]. Bounded lattices inherit semidistributivity from free lattices.

For k > 0, Bx denotes the boolean lattice with k atoms; in particular, Bg is a one-element lattice.
Given a lattice K, let K denote the lattice obtained by adjoining a new zero element. The lattices

(Bg)++ will play an important role in this paper.

For finite subsets X, Y of a lattice L, we say that X refines Y, written X <« Y, if for each z € X
there exists y € Y such that < y. An inclusion p < \/ @, where p € L and @ C L is a finite
nonempty subset, is a minimal nontrivial join cover if p & g for all ¢ € @ and @ cannot be properly
refined, i.e.,if p <\/ Rand R < @, then Q@ C R. When p <\/ @ is a minimal nontrivial join cover,
then @ is an antichain of join irreducible elements. We say that a minimal nontrivial join cover

p <V Q is doubly minimal if there is no minimal nontrivial join cover S with p <\/ S <\ Q.

A join irreducible element p in a finite lattice has a unique lower cover, denoted p,. A finite lattice
L is meet semidistributive if and only if for each join irreducible element p € J(L), there is a
unique element x(p) that is maximal with respect to the property of being above p, and not above
p; see e.g. Theorem 2.56 of [7]. Thus z < k(p) if and only if p, V& # p. Indeed, x(p) will be
meet irreducible with the unique upper cover k(p)* = p V k(p). Note that if p </ @ is a minimal
nontrivial join cover and ¢ € @, then \/(Q\{q}) < k(q); else ¢ could be replaced by g, for a proper

refinement.
Let us review congruence lattices of finite lattices and the special properties of bounded ones.

Define five relations on the set of join irreducible elements J(L), the first three requiring meet

semidistributivity.
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e pAqifqg<p<qVk(q),

pBqifp#q,p<p.Vq,pLpeV g, or equivalently, p # ¢, ¢ £ (p), ¢« < k(p),

C=AUB,

pDq if g € Q for some minimal nontrivial join cover @ of p,

pFE q if ¢ € R for some doubly minimal nontrivial join cover R of p.

Now in a finite semidistributive lattice £ C C' C D, and the containments can be proper (The-
orem 2.59 of [7]). Form the reflexive, transitive closures of the last three: C, D, E. These are

quasi-orders.

An order ideal of a quasi-ordered set (Q, <) is a subset I C @ such that s <t € I implies s € I.
The order ideals of Q form a distributive lattice O(Q, <). A standard result is that for any finite
lattice, Con L 2 (J(L), D), see Chapter 10 of [17] or Section I1.3 of [7]. But for bounded finite

lattices, we also have Con L = O(J(L), E), see Section 6.6 of [3] or Section 9 of [4]. (This does not

mean that D and E are the same, but their reflexive, transitive closures D and E are.)

We assume a familiarity with the following basic facts of lattice theory.

e Every finite distributive lattice is isomorphic to the lattice of order ideals of its join irreducible

elements, D = O(P) where P = (J(D), <). By convention, O(P) includes the empty ideal.

e Equivalently, D is isomorphic to the lattice of order filters of meet irreducible elements,

D = F(Q), where Q = (M(D), <) and filters are ordered by reverse set inclusion.

e TFor disjoint unions of ordered sets, O(PUQ) = O(P) x O(Q), while lattices satisfy Con(K x
L) = (Con K) x (Con L). Hence we may restrict our attention to connected finite ordered

sets.

e For any finite lattice L, the congruence lattice Con L is isomorphic to the ideal lattice of the

quasi-ordered set Q = (J(L), D), i.e., Con L = O(J(L), D).
e In particular, maximal members of Q correspond to simple homomorphic images of L.

e The two-element lattice 2 is the only finite simple semidistributive lattice. (Infinite simple

semidistributive lattices exist; see [8].)

e Thus for a finite semidistributive lattice, coatoms of Con L correspond to maximal members
of Q = (J(L), D), which in turn correspond to join prime elements of L. That is, the maximal
proper congruences on a finite semidistributive lattice are exactly those with two classes, Tp

and | k(p), where p is a join prime element.



448 J. B. Nation

e Every element in a finite join semidistributive lattice has a canonical join representation [13].
This canonical representation is the unique non-refinable join representation of the element,
and refines every other join representation. Thus if @ = \/ B canonically and also a = \/ C,

then B <« C.
e In a finite join semidistributive lattice, the canonical joinands of 1y, are join prime.

e The atoms of a finite meet semidistributive lattice are join prime.

While the whole theory of Day doubling of intervals is relevant to bounded lattices, for this paper
we need only double points, which is easily described; see [5,6,10]. If L is a lattice and a € L, let
L[a] be the lattice on the set L\ {a}U{(a,0), (a,1)} with the order <’ such that, for z, y € L\ {a}
and i € {0, 1},

o < yiff x <y,

e (a,0) <’ (a,1),

o x < (a,i) iff x < a,
o (a,i) <" yiff a <y.

Note that (a, 1) is join irreducible in L[a]. Doubling intervals, and in particular points, preserves

both meet and join semidistributivity, and both lower and upper boundedness [5].

3 Congruence lattices of finite semidistributive lattices

Consider the two ordered sets in Figure 1.

Theorem 3.1. The distributive lattices O(2) and O(Y) are not the congruence lattice of a finite

semidistributive lattice.

Recall that the homomorphic images of a finite semidistributive lattice L are semidistributive.
(More generally, bounded homomorphisms preserve semidistributivity; see the proof of Theo-
rem 2.20 in [7].) It follows that neither 2 nor Y can be a filter in (J(L), D) when L is a finite semidis-
tributive lattice. Note that O(2) = 3 is the three-element chain (Bg)44, while O(Y) = (Ba)44.
The four-element chain 4 = (B1),4 has 3 as a filter, so neither is it the congruence lattice of a

finite semidistributive lattice. See also Lemma 3.3 below.

Proof. Elements of (J(L), D) may be equivalence classes induced by the quasi-order D, but maximal

elements of (J(L), D) correspond to singleton classes with one join prime element. This is because
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Figure 1: Ordered sets 2 and Y

every finite nontrivial semidistributive lattice contains join prime elements, and a join prime ele-
ment p has no nontrivial join cover, making p D q impossible when p is maximal in (J(L), D). Now
2 is the only finite semidistributive lattice with only one join prime element, and its congruence
lattice is 2 = O(1), not 3 = O(2). We conclude that Con L 2 3 cannot occur. (This argument

applies with join semidistributivity only; see Theorem 1.1.)

So suppose L is a finite semidistributive lattice with Con L 2 O(Y). Then L has two join prime
elements, which includes its atoms and the canonical joinands of 1. The trivial case with one atom
and 1y, join prime would give L 2 3, while Con 3 = 2 x 2, so that does not occur. Thus L has
exactly two atoms, say r and s, and 1y, = r V s. Since r is an atom, k(r) is the largest element
not above r, and similarly for x(s). So the coatoms of L are x(r) and «(s), and they satisfy

k(r) A k(s) =0p. Thus L = {0,1} U[r, s(s)]U[s, x(r)], as in Figure 2.

Put U = [r,k(s)] and V = [s,k(r)]. Note u Vv =1and uAv =0 for any u € U and v € V.
Hence congruences behave independently on the sublattices U and V. It follows that Con L is
isomorphic to Con U x Con V with three additional elements on top, as illustrated in Figure 2.
If Con L = O(Y), then Con U x ConV = 3 = O(2), which is impossible by the first part.
Therefore there is no finite semidistributive lattice with Con L = O(Y). O

In the preceding argument, U and V are intervals of L, and hence finite semidistributive lattices.
On the other hand, one or both of these could have only one element. Hence, from the proof we

conclude:

Corollary 3.2. The following are equivalent for a finite distributive lattice D with two coatoms.

(1) D= Con L for some finite semidistributive lattice L.

(2) D is a glued sum D = E @ (2 x 2) where E = Con K for some finite semidistributive lattice
K.

While the corollary applies only to distributive lattices with two coatoms, it allows us to con-
struct a multitude of examples of distributive lattices, both representable and non-representable
as congruence lattices of finite semidistributive lattices. The construction in the positive direction

mimics Figure 2 with say U = K and |V| = 1.
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A

Figure 2: L and Con L for a finite semidistributive lattice with exactly two join prime elements,
r and s. The congruence 9, collapses the intervals [r, 1] and [0, x(r)], the congruence ¥ collapses
the interval [s, 1] and [0, k(s)], so that L/ (¢, A ¢)s) =2 2 x 2.

It is currently unknown whether additional restrictions apply to congruence lattices of finite
semidistributive lattices. By analogy with situation for finite join semidistributive lattices (Theo-

rem 1.1) we conjecture that the restrictions of Theorem 3.1 are the only ones.

Conjecture: A finite distributive lattice D is the congruence lattice of a finite semidistributive

lattice if and only if neither the 3-element chain nor O(Y) = (Bz2) 44+ is a filter of D.

With respect to such characterizations, we remind the reader of an elementary fact.

Lemma 3.3. Let S and P be finite ordered sets. Then O(S) is isomorphic to a filter of O(P) if
and only if S is a filter of P.

Proof. If S is a filter of P, let L = P\ S. Clearly 1L is a filter of O(P) isomorphic to O(S).

Conversely, assume that O(S) is isomorphic to a filter of O(P), say O(S) 21+ K. Set T = P\ K
and T = (T, <) with the order inherited from P. As the complement of an ideal, T is a filter in
P. Now S = J(O(S)). We want to establish an isomorphism v : T = J(1 K) between T and the
ideals that are join irreducible in the filter 1 K (which need not be join irreducible in O(P)).

For t € T, define v(t) = KU | t. Note that v(¢) is join irreducible in 1 K. In fact, for an ideal
L>K,teLiff L >v(t).

On the other hand, if L is join irreducible in 1 K, then there is a unique ideal L; with L > L; > K.
There is only one element in L \ L;, and it must be in 7. Denote this element by 7(L), so that
7(L) € T and L = L; U{r(L)}.

Now 7v(t) = t because v(t) = v(t) \ {t} > K. Let us show that v7(L) = KU | 7(L) = L when
L is join irreducible in 1 K. Clearly KU | 7(L) C L. Suppose the reverse inclusion fails. That

means there exists an element ¢y € L N'T with £ f 7(L). Let £; > £y be maximal in L, so also
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¢y € Tand ¢; # 7(L). Then L = L\ {¢1} > K, yielding another lower cover of L in 1 K besides

L4, contrary to the assumption that L is join irreducible in the interval. Therefore v(7(L)) = L.

It remains to show that for I, L join irreducible in 1 K, 7(I) < 7(L) if I < L. But I = v7r(I) =
Kulr(I)and L =v7(L) = KU | 7(L) with 7(I) and 7(L) not in K, from which the claim follows

immediately. O

4 Congruence lattices of finite bounded lattices

Now we turn to finite lattices that are bounded homomorphic images of a free lattice. These inherit
semidistributivity from the free lattice. Finite bounded lattices have many special properties, which
we summarize here from [3], Sections 3-2.6 and 3-2.7, or [7], Sections II-4 and II-5, both of which

have references to the original sources.

Theorem 4.1. The following are equivalent for a finite semidistributive lattice L.

(1) L is bounded.
(2) L is lower bounded.
(3) L is upper bounded.

(4) J(L) contains no D-cycle
poDp1 Dpa D ... Dpm—1D po.

(5) J(L) contains no E-cycle
poEprEpa B ... Epn1 Epo.

(6) |J(Con L)| = [J(L)].

Condition (6), from Pudlak and Ttma [19], is particularly important for us: if L is a finite bounded
lattice with Con L 2 O(P), then there is a bijection between J(L) and P. This is not true for

unbounded semidistributive lattices in general, because of the presence of D-cycles as in (4).

Moreover, bounded finite lattices have Con L = O(J(L), E), where E is the relation on J(L)

determined by doubly minimal join covers. This need not be true for unbounded lattices.

Recall that By denotes the boolean lattice with k& atoms, and L, denotes the lattice obtained by

adding a new least element 0 to L.

Theorem 4.2. For k > 0, the distributive lattice (Bg)1+ is not the congruence lattice of a finite

bounded lattice.

The proof uses a technical lemma, which is Theorem 2.60 in [7].
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Lemma 4.3. Let K be a finite semidistributive lattice, and let ¢ € J(K). Assume ¢ < \/ R is a
doubly minimal nontrivial join cover. Then there is a unique ro € R such that ro £ ¢, and ¢ Bry

holds. The remaining r € R\ {ro} satisfy r < q and g Ar.

Proof. Assume that ¢ <\/ R is doubly minimal, and consider any € R. Let S = R\ {r}, noting
that \/ S < k(r) else rV\/ S = r.V\/ S, contradicting minimality. If r < ¢, thenr < g <rvy S <
rV k(r) = k(r)* so that ¢ Ar holds.

Meanwhile, ¢ < \/ R implies \/ R £ (q). Hence q < g. V ro for at least one ry € R. This refines
to a minimal nontrivial join cover ¢ < \/ T with T < {q«,70}. Clearly \/ T < ¢V 1o < \/ R; by the
double minimality, \/ T = ¢V ro =\ R.

We have ¢ < g, Vro =\ R. Suppose g < g, V ro.. Then by the double minimality of \/ R we get
V R =q.Vro. Put S =R\ {ro}, noting \/ S < ¢, by the preceding paragraph. Recall that in a
join semidistributive lattice, u = \/ a; = \/ b; implies u = \/; ;(a; A b;). (This is Theorem 1.21 in

[7], from Jonsson and Kiefer [13].) Thus we calculate

\/R:\/S\/ro:q*\/ro*:\/S\/(TO/\q*)\/ro*:\/S\/ro*

which contradicts ¢ < \/ R being a minimal (nonrefinable) join cover. So g % ¢. V ro., whence

q By holds.

By (SDy), R =T consists of the canonical joinands of g V rg, all except one of which, namely 7o,

lie below g,. O

Corollary 4.4. If ¢Es and s £ q in a finite semidistributive lattice, then q B s.

Now we can prove Theorem 4.2.

Proof. We may assume k > 3, as the cases 0 < k < 2 are covered by Theorem 3.1.

Suppose that L is a bounded lattice and that Con L 2 (Bg), . Then (J(L), E) is isomorphic to
the ordered set drawn in Figure 3. Note that because L is bounded, the relation E is antisymmetric
(as there are no E-cycles), making E-classes singletons. So each point in Figure 3 represents an

element of J(L).

Moreover, the elements labeled 71, ..., 7 in the top row are join prime in L. Let Ry = {ry,...,r¢}
be the join prime elements with r; < g, and let Ry = {re41,...,7%} be those with r; £ ¢. As the
diagram indicates, we have p E ¢ and q E'r; for all 7. Since p F ¢, in L there is at least one doubly
minimal nontrivial join cover p < ¢ V\/ S with S C Ry U Rs.

Clearly SN R; = @, i.e., we cannot have s < ¢ with both in the same minimal join cover. So
S C Ry. But if sg € Ry, then ¢ B sy by Corollary 4.4, so ¢ < g« V s9. Thus p < ¢. V'V S,
contradicting the minimality of {¢} U S. O
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Ry Ry
1 LA AR Tk

Figure 3: (J(L), E) for (By)4+

But now we encounter an unexpected surprise. The lattice U in Figure 4 is obtained by dou-
bling the point py in a lattice Uy from [14]. Now U is not bounded, because it has the D-cycle
po Ap1 Aps Bps Bpg. However, its congruence lattice Con U is (Bg) .

Theorem 4.5. The lattice (B3)4 is the congruence lattice of a finite semidistributive lattice.

A couple of lemmas are required to prove this.

When a point a is doubled in a finite lattice L, then the principal congruence oo = Cg((a,0), (a, 1))
has only one nontrivial congruence class, so that « is an atom of Con L[a] with L[a]/a = L. But
we need a little more information as to which congruences lie above a. The calculation is based

on the following straightforward lemmas.

Lemma 4.6. Let L be a finite lattice. Double a join irreducible element a € J(L), replacing a by
(a,0) and (a,1). Note that both (a,0) and (a,1) are join irreducible in L[a].

(1) If aDb in L, then (a,0) Db and (a,1) Db in L[a).
(2) If cDa in L, then ¢ D (a,0) in L[a], but ¢ P (a,1).

(3) If L is meet semidistributive and k(a) # a., then (a,1) D (a,0).

If p and g are join irreducible elements with p D ¢, then we have the congruence inclusion Cg(p, p«) <
Cg(q, g+). Thus whenever there is a D-cycle po Dp1 D ... D p,—1 D po, then Cg(p;, pix) = Cg(pj, pj«)

for all 7, j. We refer to this congruence as the congruence generated by the cycle.

Lemma 4.7. Let L be a finite, subdirectly irreducible, semidistributive lattice with Con L = D.
Suppose the monolith p of L is generated by a proper D-cycle, and let a be a join irreducible
element in that cycle. Then Con Lja] = Dy.

The crucial observation is that if po Dp1 D ... Dp,—1 D pg is a D-cycle in L, then by Lemma 4.6(1)
and (2),
poDp1D ... D(p;,0)D ... Dpy—1Dpo



454 J. B. Nation

Figure 4: A finite semidistributive lattice with Con U = (B3z)44. On the left U, on the right
(J(U), D).

is a D-cycle in L(p;].

In our situation, for Theorem 4.5 we have the original lattice from [14] with congruence lattice
isomorphic to (Bs)4. Doubling py to get the element labeled m in U, as in the figure, yields
Con U = (B3)4++ and thus Theorem 4.5.

With the lattice U as a pattern, we can find more examples. The lattice Uy from [14] has a D-cycle
of the form AABB and 3 join prime elements. We would like to find finite, subdirectly irreducible,
semidistributive lattices Ly whose join irreducibles consist of a D-cycle and k join prime elements,
so that Con Ly = (Bg)4+. Then double an element p in the D-cycle to obtain (Bg)i4 as the

congruence lattice of Lg[p].

In [18] there is a finite, semidistributive, unbounded lattice Vg based on a D-cycle of the form
(AB)? that has Con Vg = (Bg)y. Doubling a join irreducible in the cycle yields another finite
semidistributive lattice Wg with Con Wg = (Bg)44+. A straightforward generalization of the
construction in [18], using a cycle of the form (AB)™ for m > 3, gives a finite semidistributive
lattice Wa,,, with Con Wy,,, = (Bag,,;)+4. The general construction to represent all (B,,) with

n > 4 is somewhat more complicated.

Theorem 4.8. For all k > 3, the lattice (Bg)1+ is the congruence lattice of a finite semidistribu-

tive lattice.

As noted earlier, all the lattices (Bg)4++ (k > 0) can be represented as the congruence lattice of

an infinite semidistributive lattice [11].
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Proof. The case k = 3 is Theorem 4.5, so let us consider n > 4. We will construct a finite

semidistributive lattice X,, whose join irreducible elements have the following properties:
e there is a D-cycle of the form B2A"~2,

pPoBp1 Bps Aps A ... Ap,_1 Apg ;

e there are n join prime elements Py, P14, T3,-- ., Tn ;
o for each join prime element ¢ there is a p; such that p; Dq ;

e there are no more join irreducible elements in X,,.

Thus Con X,, & (B,)+. Applying Lemma 4.7 to double an element in the cycle yields a lattice
Yn with Con Yn = (Bn)++.

A standard duality for finite lattices is to regard L as a closure system on the ordered set of
its join irreducibles J = (J(L),<). Given L, the map a + ] a N J represents the lattice as an

intersection-closed collection of subsets of J. The corresponding closure operator v on J is given

by

zeqr({y})ifz <y,
zeryy) ifxg\/Y

for z, y € Jand Y C J. Then L is isomorphic to the lattice of vy-closed subsets of J (which are
automatically order ideals by the first rule, including the empty ideal @).

To construct a lattice using the duality, we must specify the ordered set J and a basis for the desired
join operation. Following custom, we write the closure rules as ¢ < y and z < \/Y, respectively.
Part of the verification will include checking that < is a partial order, and that v(z)\{z} =, 2\ {z}

is closed for x € J, so that z is join irreducible.

To construct X,, with the properties described above, for n > 4 we take

Jn = {p0*7p07p1*ap1ap2a vy Pn—1,T3, .- 7xn}-
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Ln Tn—1 Tn-2 T3
¢« o 0 P3

D4 p1

Pn-1 Pix

Do

Do

Figure 5: The order on the join irreducibles of X,,

The order on J,, is given by

P2>p3 >+ > Pn-1>Po > Pox
z; >pjp1 for3<j<n—1
Tn—1 > Po

Tn > Pox

P1 > Pix

as illustrated in Figure 5. The defining join covers are

Po < pox V P1
P1 < P1x V P2

p2 < p3Vag

Pn—2 S Pn—-1 V Zpn_1
Pn-1 <poV Tp

P1 < P1x V T3

The last is a bit of a mystery, but is required for meet semidistributivity, and does the job.

Set X,, to be the lattice of closed ideals of J,,. Routine checks, with multiple cases, show that the
elements of J,, are join irreducible, with the lower covers u, as indicated in Figure 5, and that the
join covers given in the basis (f) are minimal (nonrefinable). Thus for each inclusion u <y V z in
() we have u Dy and u D z. These facts give the desired properties from the first paragraph of

the proof. It remains to prove that X,, is semidistributive.
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To see that X,, is meet semidistributive, we must show that every join irreducible element ¢ has a
unique element k(q) € X,, that is maximal w.r.t. being above g, and not above gq. The elements
P0x,P1. 3, - .., Ty, are join prime, so for them x(q) = \/{u € J : u # ¢}. For the rest, we calculate

as follows.

n(pO) =p1x V Xy

K(p1) = p1s V3V \/ T
4<j<n

K(p2) =p1Vp3V \/ T
4<j<n

k(ps) =p1VasV \/ zj
5<j<n

K(pa) =p1VagV \/ xj
6<j<n

n(pn—Q) =p1 VT2V,

H(pn—l) =D VZy_1

Now we appeal to two lemmas from [18], the second one slightly enhanced.

Lemma 4.9. Let L be a finite lattice. Then L satisfies (SDA) if and only if k(a) exists for each
a € JL).

Lemma 4.10. Let L be a finite lattice that satisfies (SDA). The following are equivalent.

(1) L satisfies (SDv/).
(2) There do not exist a, b € J(L) such that a Bb B a.

(3) There do not exist a, b € J(L) such that a # b and k(a) = k(D).

Proof. The equivalence of (1) and (2) is Theorem 8 of [18].

The definition of a Bb is equivalent to a # b, b, < k(a), b £ £(a). Thus a Bb implies x(a) < k(b)
in a meet semidistributive lattice (though not conversely). If a Bb B a, then a # b and k(a) = k(b).

Finally, assume a # b and x(a) = k(b) = m, say. Then aVm =m* =bV m > (a Ab) V m, since

aANb<a,oraAb<b,. Thisis a failure of (SDy). O

We have just checked that x(a) exists for each a € J(X,,), with the values given above. By
Lemma 4.9, X,, satisfies (SD,). Moreover, it is straightforward to check that the values of x(a)
are all distinct, so X, satisfies (SDy) by Lemma 4.10. Thus X,, is semidistributive.
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This completes the proof of Theorem 4.8. O

Some comments on the differences between representing congruence lattices of bounded versus

unbounded lattices are in order. The problems are twofold.

First, while Con L 2 O(J(L), D) holds for all finite lattices, we would like to use the order induced
by the E-relation. However, Con L = O(J(L), E) holds for all bounded finite lattices, does not
hold for all finite join semidistributive lattices, and it is unknown whether the F-relation suffices

for finite semidistributive lattices. See the discussion in Section 6.6 of [2].

The second difficulty is that unbounded finite semidistributive lattices contain D-cycles, making
the order on J(L) a proper quasi-order rather than a partial order. In that case it is necessary
to work with D-equivalence classes of join irreducibles. Little is known about the structure of
unbounded finite semidistributive lattices, except that they fail Whitman’s condition (W) [16].
The examples used above, from [14] and [18], may be the only examples in the literature.

W. Geyer counstructed others using formal concept analysis in connection with [9], but they may

not have been published. Our general construction was modeled on [18].

5 A sufficient condition

If behooves us then to find sufficient conditions for a finite distributive lattice to be the congruence

lattice of a finite semidistributive lattice.

Theorem 5.1. Let P be a finite ordered set satisfying

(&) P is a tree, i.e., no element has more than one lower cover,

(&) every non-mazimal element in P has at least two upper covers.

Then O(P) is isomorphic to the congruence lattice of a finite bounded (and in particular semidis-

tributive) lattice.

In fact, the condition ({) that P be a tree is much stronger than needed for the construction to

work, and is just the simplest way to guarantee that the technical condition of Theorem 5.11 holds.

Here is a sketch of our itinerary. We are given the ordered set P = (P, <). Define a new ordered
set P = (P,C) with the same base set but a different order, described below. In fact, it will have
the property that = C y implies > y. The lattice M that we construct with Con M = O(P) will
be the lattice of closed ideals of a closure operator on P. The join irreducible elements of M will

be the principal ideals |cu with u € P.

When there is any chance of confusion, we write either (P, <) or (P,C). The base set of both is
P, and P by itself means (P, <).
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The order C uses a function { : P — P so that if « is not maximal in (P, <), then z+ is the unique
lower cover of z in (P,C). This will imply that if |- 2 is not an atom of M, then | xy is its
unique lower cover in M, whence | z is join irreducible. The basic idea is to define the join on M
so that x C x4 Vy whenever z+ # y > « in (P, <). There is a slight complication: if x C x4 Vy is a
minimal nontrivial join cover and y C y; V z, then meet semidistributivity implies & z1 V 2. The
recursive definitions in the construction are a way of addressing this difficulty. With that guide,

let us proceed.

Assume that P satisfies (). For each non-maximal p € P, choose an element p; > p in (P, <). If
p is maximal, then p; is undefined. Let p; T p, and take the reflexive, transitive closure of C as

the order C on P. (There will in general be many options for the -function, but choose one.)

Let us consider the order C on the elements of P. The ideal of (?, C) generated by an element
u€ Pis | u={u,ut,us, ... }. Use ug to denote uy...t with k daggers.

Lemma 5.2. The order T on P satisfies the following.

1) w E v if and only if u = vy for some k > 0.
(k)

(2) u C v implies u > v.

(3) lc v is a chain.

(4) Tc u is a tree.

The proofs are straightforward. Note that (3) and (4) are equivalent in any ordered set.

Next, for each x € P, we partition P into subsets K(x) and L(xz) = P\ K(z). This is done

recursively on the depth of z in (P, <). If z is a maximal element, then

K(x)={z2€P:zx ¥z}
Lz)={z€P:2Cz}="Tczx.

If « is not maximal in (P, <) and K(u), L(u) are defined for all v > z, set

K(z)= ﬂ Kiy) N{zeP:zz}

T+ AY-x
L(z) = U Ly) U {zeP:xCz}.

T+ AY-T

By induction on the depth of z in (P, <), and using DeMorgan’s laws, one can show that P =
K(x)UL(z) for all z € P.
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Lemma 5.3. Forz € P,

(1) x € L(z), whence = ¢ K (x),

(2) if zt #y =z, then y € L(z),
(3) if zCue K(z), then z € K(z),
(4) if t Jwv € L(x), thent € L(x).

The last pair says that K (z) is an order ideal in (P, C) and L(z) is an order filter. Item (3) requires

an easy induction, and (4) follows by complementation.

Let us describe L(z) and K (z) more completely. Recursively define subsets L*(x) C P for x € P
by

{z} if x is maximal in (P, <),

{z}u Uzﬁﬁw_x L*(y) otherwise.

L (x) =
Lemma 5.4. For all x € P,

(1) L*(z) is contained in T< x,

(2) we L(z) if and only if wJ v for some v € L*(x).

The proofs are straightforward induction using the definitions of L(x) and L*(z).

Now to describe K (z).

Lemma 5.5. For each x € P,

K@) =P\ |J fcu

ueL*(x)

Proof. If x is maximal, K(x) = P\ 1c z. So assume the statement holds for all u > x. Then

K@) = () K@) n{zeP:aiZz}

T AY-x

= ﬂ P\ U Tcul| N (P\1Tc )

TiFEY-T uweL*(y)

= ] @P\1cw

ueL*(x)

:P\ U T;u

u€L*(x)

by DeMorgan’s laws. O
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Now we make additional assumptions about (P, <) and f:
(V) if 24 #y > 2 in (P, <), then

(a) = € K(y),
(b) y € K(=y),

(c) yi € K(a).

The condition looks mysterious, so some discussion is in order.

Long aside on (Q).

The first observation is straight from the definitions, using (a), but important.

Lemma 5.6. If (V) holds and x € P is not mazimal in (P, <), then 23 € K(z).
Consequently, condition (c) is equivalent to

(c') if both y and ¥’ satisfy x4 # u > x, then y; € K(y').

Corollary 5.7. Assume (V) holds and x € P is not mazimal in (P, <). If w € P satisfies w J xt
and w 2 x, then w € K(x).

Proof. If w ¢ K(x) then w € L(x), which means that w J ¢ for some ¢ € L*(z). Remember that
lc w is a chain, so x4 = w(;) and t = w;y for some pair 7, j. But w 2 z, so t € L*(y) for some y
with xy # y = x. This implies ¢ > . Hence ¢ < j, making =1 1 ¢, which is a contradiction since

xy € K(z) and t € L(z). O

How could (V) fail? Consider z # y > z in (P, <), and for (iii) also 4 # 3’ > «. Here are some
failures of (a), (b), and (c¢’) respectively.

(i) If yt # x() = y for some k > 0, then 2 € L(y), whence z; € L(y) since xy 3 2.
(ii) If i # yeo) = x4 for some £ > 0, then y( € L(xt), whence y € L(xt) since y 3 y().

(iil) If yﬁf # Ymy = ¥ for some m > 0, then y.,) € L(y'), whence y; € L(y’) since y+ 2 y(m),

contra (c¢’).

Figures 6 and 7 illustrate these situations. Figure 6 shows the conditions (i)—(iii) prohibited by
(), while Figure 7 indicates the exceptions allowed. Solid black lines are covers, solid red lines
are covers of the form u; > wu, and dashed red lines indicate sequences of covers from u to u)

with k& > 1.
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Yioo T

Figure 6: Configurations prohibited in (P, <) by (9)

T(k) =Yt

b=

Figure 7: Exceptions allowed by (©)

The failures of (V) in (i)-(iil) were direct, in that they used z; and y. The next type of failures

are once removed, using a cover z of one of those elements. Again let z1 # y > .

(iv) If zpy = z = y for some k > 0, with x() # 21 and z # y;, then x4,y € L(y), whence
zi € L(y).

(v) If yoy = 2z = x4 for some £ > 0, with y # 2t and z # w4, then y) € L(xt), whence
y € L(zy).

(Vi) If y(my = 2 = ¢’ for some m > 0, with y(,) # 2+ and 2z # y;, then y,) € L(y’), whence
y € L(y'), contra (c).

Cases (iv)—(vi) are illustrated in Figure 8.

Continuing in this manner, we arrive at the following characterization.

Theorem 5.8. An ordered set P with a t-function satisfies (V) if and only if there do not exist

k, £ > 2 and elements u, x and covering chains

U=cy>C6 > +>C-1~2

u=dg>=dy > >=dp_1>x

with ¢;_1 =c¢;4 for 1 <i<k—1andd;j_1 #dj; for1 <j<{-—-1.
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Tk) t 1

Yi Tt

Figure 9: Prohibited configuration from Theorem 5.8. The blue and green edges can be red or
black, but not both red.

The forbidden configuration is illustrated in Figure 9 where again red edges indicate c;—1 = ¢4
and black edges indicate d;j_1 # d;;. The blue and green edges can be either, except they cannot

both be red, i.e., we can have x+ = cy_1 or x4 = dy—; or neither, but not both.

This must be balanced with the requirement that x; be defined for every non-maximal z € P.
As an immediate consequence of Theorem 5.8, we see that there is a j-function satisfying (©)

whenever

e P is a tree (the condition (¢) of Theorem 5.1), or

e the height of P is at most 2, i.e., P contains no 3-element chain.

To find a more general sufficient condition for P, satisfying (), to admit a f-function satisfying

(©), we imagine that f is given, and color the edges (covers) of the form (c,ct) of P red, the



464 J. B. Nation

Figure 10: An ordered set with an edge-coloring that satisfies the conditions of Theorem 5.9, and
hence O(P) is representable by Theorem 5.11.

remaining edges black. Classify the non-minimal vertices of P thusly.

An element of P is a A-node if it has > 2 lower covers.

e An element with 1 lower cover is an S-node.

s is a red A-node if all its lower covering edges are red.

e tis a black A-node if all its lower covering edges are black.

u is a red S-node if its unique lower covering edge is red.

v is a black S-node if its unique lower covering edge is black.
e w is a mized node if it is a A-node with both red and black lower covers.
Theorem 5.9. Let P be a finite ordered set that satisfies (&). Suppose there is a coloring of the
edges of P such that
(i) P has no mized nodes,

(ii) every non-mazimal node has exactly 1 red upper cover and > 1 black upper covers.

For non-mazimal elements x € P, define x4 to be the red upper cover of x. Then P with the

function 1 satisfies (V).

For the configuration of Theorem 5.8 cannot occur, as every A-node is either red or black. Item
(ii) guarantees that there is a unique choice for ;. Examples are given in Figures 10 and 12.
Conjecture: If P is planar, then it has a coloring satisfying the conditions of Theorem 5.9.

The ordered sets P for which O(P) is known not to be representable as the congruence lattice

of a finite semidistributive or bounded lattice are all excluded by the condition (&). It takes a
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Figure 11: The ordered set Q at the top that satisfies (&) but has no {-function satisfying (©).
Note that Q is a torus: my is depicted twice. Nonetheless, O(Q) = Con K for the bounded lattice
at the bottom.

little effort to find an ordered set Q that satisfies (&) but fails (©). Nonetheless, they exist, and
the ordered set Q at the top of Figure 11 gives one such. By circular symmetry we may assume
mot = ag. To avoid the configuration of Figure 9, that implies m1+ = ag. Hence mi; # a1, whence

mat 7 a1. That in turn leads to ma; = a2 and mo; = as, a contradiction.

Even though Theorem 5.11 does not apply, O(Q) is the congruence lattice of a finite bounded
lattice. The lattice K at the bottom of Figure 11 was obtained from B3 by two sets of doubling

three intervals, so it is bounded. The minimal nontrivial join covers in K are

m; < a; Vaig
by <m; Va4

bi <mip1 Vaio

where the subscripts are taken modulo 3. Thus (J(K), D) & Q.

The argument against the ordered set in Figure 11 satisfying (©) depended on having an odd
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Figure 12: An ordered set that is a torus and has an edge-coloring satisfying the conditions of
Theorem 5.9.

Pt Vy

Py Yy P

Figure 13: Illustrating a basic closure rule: on left p;, y = p in P, on right p C p; V y in M.

number of squares across the top row. With an even number, there is no problem satisfying the

conditions of Theorem 5.9, and the pattern can be extended downward as well, as in Figure 12.

Finally we are in position to construct the lattice M. Assume that (P, <) satisfies (&) and that
the f-function has been chosen to satisfy (©). Form the ordered set P = (P,C) with u C v iff
u = v(y) for some k > 0. Then define closure rules on P by setting p € v({y}) if p C y, and

p € v({py,u})

for each non-C-minimal p € P and every u € L(p). With a slight abuse of notation, it is convenient

to think of v as a join operation and write the closure rule as
pEpiVu

for each w € L(p). The condition (&) makes this not vacuous. Let M be the lattice of ~-closed

order ideals of (P, L), i.e., subsets closed under joins and downward containment .

The closure rule p T p; Vy when p; # y > p in (P, <) is illustrated in Figure 13. In general there
will be other closure rules: if p; # v = p and y; # 2 > y, then we also have p C p; V z, etc.

Lemma 5.10. Let M be the lattice constructed above. Then the order C on P and the set of
closure rules x T x+ Vu with u € L*(x) are a basis for M. Moreover, the join irreducible elements

of M are ezxactly the ideals |cu for u € P.
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Figure 14: Representing a small distributive lattice as Con M with M semidistributive: P, O(P),
M.

Proof. The first part follows from Lemma 5.4.

Clearly every ideal in M is the join of the principal ideals |- u that it contains. Note that for any
u € P, [ uis closed with respect to the join operation in M, since |c u is a chain. Thus you can
identify u with the ideal |c u, as usual, and observe that u; is the unique lower cover of u in M.
In particular, each u € P is join irreducible in M. (This is slightly more subtle than it appears.
If we had p; C w and p £ u, then u € K(p) by Corollary 5.7. That implies |c u € K(p), so no

closure rule can apply in c u.) O

Now we can state the stronger version of Theorem 5.1.

Theorem 5.11. Let P be a finite ordered set with a T-function satisfying (9) and (&). Then O(P)

is isomorphic to the congruence lattice of a finite bounded (and hence semidistributive) lattice.

Figure 14 provides an example of the construction, giving P, O(P), and M. The defining relations
for M are @ J ay 3 ayi, a & ay V¢, and ay E a4 Vb It is straightforward to verify that
Con M = O(P).

Figure 15 provides another example of the construction. The defining relations for M are ¢ J a4,

bbi,ala; Vby, and bC at V by,
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la )

Figure 15: Representing a small distributive lattice as Con M with M semidistributive: P, O(P),
M.

le id

CZCLT:bT :: i: d
a b

la b

Figure 16: The same P as Figure 15 with a different {-function: P, O(P), M.

Figure 16 has the same ordered set P as Figure 15, with a different {-function. Thus O(P) remains

the same, but the closure rules for M’ are cC a, band a, b C cV d.

Now let us return to the business of proving that the construction works, i.e., produces a bounded

lattice M with Con M = O(P) when the two conditions (©) and (&) are satisfied.

Lemma 5.12. Let Q C P. The join \/ Q in M is obtained by:
(1) for each g € Q, add lc q to obtain Q1;
(2) recursively, if z+, u € Q; with uw € L*(z), let Q41 = Q; U {z}.

If Q. denotes the end result of applying (2) as long as possible, then Q. is a closed ideal of
(P,C), and hence \/ Q = Q.. In particular, one need not go back to (1).

The crucial observation here is that when one adds z to @; in step (2), we already have |- z+ C Q;.

Lemma 5.13. Let © € P. Then every join cover x T \/ Q refines to a join cover x T \/ R with

R <« Q and R C T< x. Thus every minimal nontrivial join cover of x is contained in 1< .
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Proof. Suppose x € Qp, with m’ < m from Lemma 5.12. If m’ = 1 then x C ¢ for some q € Q;
note that implies z > ¢ in (P, <), i.e., the trivial cover {2} refines ). So assume m’ > 1. Then
there exists u € L*(x) such that x4, v € Q1. Note x < x4, < u, and both =4, u <\/ Q. By
induction, there exist Ry C 1< x4 with Ry < @ and zy T \/ Ry, and Ry C 1< u with Ry <« @ and
uCV Ry Then RiUR < Q, RiURy C (t<x4) U (T<u) Ct< z, and

xExTVUEVRl\/\/RQ

as desired. ]

Lemma 5.14. For each x € P, K(z) is a closed ideal of (P,C).

Proof. Since maximal elements of (P, <) are join prime in M, this certainly holds for them. So

assume z is not maximal and that K (y) is a closed ideal for every y > x. Recall that

K@= () Ky n S,

TiAY-x
where S, ={z € P:z [ z}.

Suppose K (z) is not a closed ideal. Now K (x) is an ideal with respect to C by Lemma 5.3(3).
Assume it is not join-closed. Let u T ut Vv be the first instance where a basic closure rule applies,
e, u ¢ K(x)but uy, v € K(x) and v € L*(u). (We can do this because K (x) is J-closed.) Then,
since each K (y) is closed, we must have u ¢ S, and uy, v € S;. Now uy € S, means ;) # « for
all k > 0. But that implies u(y11) # « for all k& > 0. Meanwhile u ¢ S, says u() = = for some
£ > 0. This only makes sense if £ =0, i.e., u = x. But then v € L*(z) C L(x), whence v ¢ K(x),

a contradiction. O

Lemma 5.15. If zt #y >« in (P, <), then « T x4 Vy is a minimal nontrivial join cover in M.

Hence x Dxy and x D y.

Proof. Let x € P, so lc « € M. We have x4t € K (1) by Lemma 5.6, while y € K(z4) by (©)(b).
Thus 4+ Vy C \/ K(z4) = K(x) using Lemma 5.14, while z ¢ K(x;) since 1 x4. Therefore
x Lzt Vy.

Similarly, x4 € K(z) by Lemma 5.6, while y; € K(x) by (©)(c). Thus 3 Vy; T\ K(z) = K(x),
while z ¢ K(z). Hence z I x4+ V ys. O

Lemma 5.13 does not tell us exactly which join covers are minimal. It is often the case in semidis-
tributive lattices that compounding the defining join covers produces more minimal nontrivial join

covers (though not doubly minimal join covers!). However, we know the following.
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(i) The join irreducible elements of M are exactly the ideals |- « for € P (Lemma 5.10).
(ii) If z > p in (P, <) then D z (Lemma 5.15).
(iii) If p C \/ Q is a minimal nontrivial join cover in M, then p < ¢ in (P, <) for each ¢ € @

(Lemma 5.13).

Consequently, the dependency relation D on M satisfies <pC D C<p and we get Con M = O(P).
Moreover, in view of (iii), there can be no D-cycles. Thus M is lower bounded, and hence join

semidistributive

(It is interesting to note how the construction fails on the ordered set Y, which fails (&). On the

other hand, in nature the defining closure operators need not use only covers.)

Now let us prove that M is meet semidistributive by showing that x(x) exists for each x € P. It

is useful to have a slightly enhanced technical version of Lemma 4.9.

Lemma 5.16. In a finite lattice L, the following conditions are equivalent (to (SDa)).

(1) For all x € J(L) there exists k(z) such that x £ k(x) and for allw € L, v £ x, V u implies
u < k(x).

(2) For all x € J(L) there exists k(x) such that x £ k(x) and for all join irreducible elements
we J(L), x £z Vw implies w < k(z).

Condition (1) is a traditional equivalent to meet semidistributivity, and (2) allows us to check it

at join irreducibles only.

Proof. Clearly (1) implies (2). Conversely, assume that L satisfies (2) and that £ x. V u for
some u € L. Let u = \/ u; with each u; € J(L). Since u; < u we have z £ x, V u; for all i, whence

u; < k(x) by (2). Thus u =\ u; < k(x) as well. O
For each « € P we claim that K(x) C P has these properties.

(a) K(x) is a closed ideal of (P,C), i.e., \/ K(z) = K(x),

(b) =y € K(x),

(¢) « ¢ K(),

(d) for all uw € P we have x £ x V u if and only if v € K(z).

Indeed, (a) is Lemma 5.13, (b) is Lemma 5.6, and (c) is Lemma 5.3(1). For (d), if v € L(z) then
x C x4 V u by the definition of join in M. If u € K(x), though, then z; Vu € K(x) by (a) and (b),
while z ¢ K (z). Thus we cannot have x C z+ V u if u € K(x).
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We conclude by Lemma 5.16 that M is meet semidistributive. Moreover, since M is lower bounded

and semidistributive, it is also upper bounded by Theorem 4.1.

Thus M as constructed is a finite bounded lattice with Con M = O(P, <), completing the proof
of Theorem 5.1.
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1 Introduction

In the field of robotics, the metric dimension problem is important. A robot is an automated
machine designed to move through space while avoiding obstacles. It does not understand either
direction or visibility. However, it is presumable that it can detect the separation of a collection
of landmarks. Evidently, the robot can establish its precise location in space if it is aware of the
distances to a significant number of landmarks. In order to perform this, the idea of “landmarks
in a graph” was created [12], and later it was expanded to the metric dimension in which networks

are taken into consideration within the framework of the graph structure.

Finding a metric basis for the graph is the goal of the metric dimension problem in graph theory; the
landmarks that make up a metric basis are known as landmarks, and the cardinality of a metric
basis is referred to as the metric dimension of the graph. Harary and Melter [10] did the first
investigation into the metric dimension problem. They provided a description of the trees’ metric
dimensions. Melter and Tomescu investigated the grid graphs’ metric dimension problem [18]. For
each arbitrary graph, the metric dimension problem is NP-complete [9]. Since then, a great deal
of study has been conducted on this problem. In many fields of science and technology, the metric
dimension has several uses. For grid graphs and trees, the metric dimension problem has been
studied [12], hexagonal and honeycomb networks [15], silicate networks [16], torus networks [14],
and enhanced hypercubes [17]. Metric dimension is used to address issues with robot navigation
and pattern recognition [12], network discovery and validation [5], and issues with coin weighing

and graph joins [20,22].

In this paper, in Section 2, preliminaries and basis definitions are discussed. Section 3, deals with
the metric dimension of the cyclic hexagonal chain, honeycomb triangular mesh, and pencil graph.
Finally, the Significance and Contributions of the Results, concluding remarks and, open problem

are given in Section 4 and Section 5 respectively.

2 Basis concepts

A finite simple connected graph G = (V, E) is used in this paper, where V and E are the set
of vertices and edges respectively. The distance between two vertices a and b in a graph G,
denoted as d(a,b), is defined as the minimum number of edges in any path from a to b. It is
normal to have questions about the characterizations of graphs based on their metric dimension.
Researchers are continuously interested in determining whether the metric dimension of a network
family is constant, bounded, or unbounded. Consequently, there has been significant research
focused on finding the metric dimension of networks, resulting in numerous findings. Examples of

such findings include: Muhammad et al. [19] investigated the metric dimension of some chemical
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structures. Akhter and Farooq [3| investigated the metric dimension of the Indu-Bala product of
graphs. The metric dimension of the subdivided honeycomb network and Aztec diamond network
was determined by Xiujun et al. [23]. Ahmad et al. [1] found the metric dimension for benzenoid
hammer graph. A bicyclic network’s metric dimension was examined by Khan et al. [11]. Bokhary
et al. [11] studied the metric dimension of the subdivision graph of a circulant network. Koam
et al. [13] investigated the metric dimension and exchange property of nanotubes. Resolving sets

have been discussed across the literature [2,4,8,10,18].

In this study, we obtain the metric dimension of specific planar architectures. To prove the main

results we need the following.

Definition 2.1. The diameter of a graph is the greatest distance between any pair of vertices,

where the distance is defined as the length of the shortest path connecting them.

Definition 2.2. The metric basis or resolving set for a graph G = (V, E), a resolving set of G
is a subset of vertices S C V' such that every vertex v € V is uniquely determined by its distance
vector to the vertices in S. For each vertex v € V, its distance vector with respect to S is defined
as (d(v,s1),d(v, s2),...,d(v,s)), where s1,892,...,8; € S, and d(v,s;) is the shortest distance

between v and s; in the graph.

The subset S is a metric basis if, for any two distinct vertices u,v € V, their distance vectors

relative to S are distinct, i.e.,

d(u, s;) # d(v,s;) for at least one s; € S.
The cardinality of the metric basis or resolving set S is called the metric dimension of the graph
and is denoted as dim(G).

Theorem 2.3 ([7]). A simple connected graph G has a metric dimension 1 if and only if it is

precisely identical in structure to the path graph P,.

Theorem 2.4 ([12]). Suppose G is a graph with a minimum metric dimension of 2, and let {a, b}
be a subset of the vertices set V' that forms a metric basis in B. In this context, the subsequent

statements hold true:

(a) Only one shortest route is possible between a and b.

(b) Each a and b has a maximum degree of three.



478 R. N. Raj, R. S. Rajan & I. N. Cangul CUBO

26, 3 (2024)

3 Main results

In this section, we determine the metric dimension of the cyclic hexagonal chain, honeycomb

triangular mesh, and pencil graph.

3.1 Cyclic hexagonal chain

A catacondensed hexagonal structure known as a hexagonal chain has each hexagon being next
to no more than two other hexagons. The graph representation of linear polyacene is a linear
hexagonal chain, which is a hexagonal chain. A cyclic hexagonal chain is created when the ends
of a linear hexagonal chain are bent to touch. The symbol H,, will be used to represent a cyclic
hexagonal chain of dimension n respectively. We split the vertices of H,, as I and J, where [
and J are the set of all vertices in the inner and outer cycle respectively. The cyclic hexagonal
chain is symmetric in rotation and has 4n vertices in which 2n vertices are in each of the inner
and outer cycles labeled as I = {i1,i2,13,...,%2,} and J = {j1,72,73,.-.,J2n} in the clockwise
direction respectively. For example, the labeling of a cyclic hexagonal chain of dimension n is given

in Figure 1.

jZn J1

Figure 1: Labeling of cyclic hexagonal chain H,,
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Theorem 3.1. The metric dimension of the graph of the cyclic hexagonal chain H, is more than

2 forn > 2.

Proof. Based on Theorem 2.4, suppose that there exists a resolving set T' with size 2. There are

two cases for T'.

Case 1. Suppose that T' = {j, j;} for some k and [ where 1 < k < n+1 (by the symmetry of H,,
it is enough to consider the first half of the cycle). Then we have r(i;11|T) = r(ji42|T) =
(2,1 —k+2).

Case 2. Suppose that T = {iy,j;} for some k,I = 1,2,...,n+ 1. If k& = 1, then we have
r(ik—1|T) = r(ix+1|T) = (1,2). If k < I (without loss of generality), then we have two sub-
cases: if I is odd, then r(4|T) = r(j;—1|T) = (1,1 — k), and if [ is even, then r(ix2|T) =
r(Je+1|T) = (2,1 — k= 1).

From these two cases, we find two vertices having the same representations. Therefore, T" is not a

resolving set of H,,, a contradiction. O

Theorem 3.2. The metric dimension of the graph of the cyclic hexagonal chain H,, is 3 forn > 2.

Proof. Let T = {4j1,j2,jn+1} be a resolving set of H,. To prove that T is a resolving set. It is
enough to prove that all the vertices j;, iy 1 < [ < 2n of H, have unique representations with

respect to T'.

For 1 <1 < 2n, the representation j; of H, with respect to T is given as follows:

(I—1,1,n), ifli=1
GulT) (-11-2n—-1+1) if2<i<n
i =

(1—1,1—2,0) ifl=n+1

2n—I1+1,2n—-142,l-n—-1) if n+2<1<2n.

For 1 <1 < 2n, the representation of i; of H,, with respect to T is given as follows:

(3,2,n+1) if =1
) (Il—1,n+2-1) if2<i<n
T\ =

(n+1,n,1) ifl=n+1

2n—1422n—1014+3,l—-n) if n+2<1<2n.

We can see that each vertex of H, has a distinct representation and satisfies the notion of a

resolving set with regard to 7. Hence dim(H,,) = 3. O
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3.2 Honeycomb triangular mesh

In this section, we show that the construction and the metric dimension of the honeycomb tri-
angular mesh are discussed. Honeycomb triangular mesh is built recursively using hexagonal
tessellations with three pendant edges. The honeycomb triangular mesh HT M is a single vertex.
The honeycomb triangular mesh HT Ms is obtained by adding 3 pendant edges to HT'M;. In a
similar manner, the n-dimensional honeycomb triangular mesh HT M, is adding (n — 2) hexagons
to the boundary of HT'M,,_, with three pendent edges in the triangular form. The number of
, and (2n — 2) respectively.

. . 3(n2— 2_
vertices, edges, faces, and diameter of HTM,, are n?, ("2 n) n e

A honeycomb triangular mesh HT' My, HT Ms, HT M3, and HT M, are shown in Figure 2.

(@) ®) () (d)

Figure 2: Honeycomb triangular mesh (a) HTM;, (b) HT Ms, (¢) HT M3, and (d) HT My

The strip between two successive lines is marked in Honeycomb Triangular mesh is called the
segments and it is denoted by Sy. The representation of any two points p(l1,m1) and ¢(lz, ms)
in the honeycomb triangular mesh is defined by if [y = I3, then p and ¢ lies in the same segment,
and if I; # Iy, then p and ¢ are lies in the different segments. The distance between any two
vertices p(l1,m1) and ¢(lz, m2) is non zero, when p and ¢ lie in the same and different segments.
We partition the vertices of HT'M,, into n segments, namely S1, S2, S3, ..., S,, and the segment

representation of Honeycomb triangular mesh is shown in Figure 3.
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————————— Sn-1
- Sn
(L, ,mp) (ln,my)  (ln,my) (L, my)
a b
Figure 3: Honeycomb triangular mesh of dimension HT M,, with segments S1, 5, ...,5,

Theorem 3.3. The metric dimension of the graph of the honeycomb triangular mesh HT M, is 2
forn > 2.

Proof. Based on Theorem 2.3, we have dim(HT M,,) > 2. Next, we will show that dim(HT'M,,) < 2.

Let A ={z:deg(x) =1} and T = {a,b} where a,b € A. We will show that T is a resolving set or

not.
Now, we have the following cases.

Let p = (I1,m1) and g = (I3, m2) be any two distinct vertices in HT M,,.

Case 1: If [; = Iy and m; # mg, then p and ¢ are resolved by either a or b. Suppose that,
if d(p,a) = d(gq,b), then p and ¢ are resolved by either a or b, i.e., d(p,a) # d(g,a) or
d(p,b) # d(q,b).
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Case 2: If I} # ls and m1 = mg, then both p and ¢ are resolved by a and b.

Case 3: If [; # ls and m; # mo, then p and q are resolved by either a or b. Suppose that, if p
and ¢ are at equal distance to a, then p and ¢ must be resolved by b, i.e., if d(p,a) = d(q, a),

then d(p,b) # d(q,b).

From the above cases if we take any two vertices in a honeycomb triangular mesh are resolved by

a and b. Therefore dim(HTM,,) > 2. Hence, dim(HTM,) = 2 O

3.3 Pencil graph

In this section, we determine the pencil graph’s metric dimension. In 2015, Simamora and Salman
[23] introduced and studied vertex rainbow connection numbers for a new cubic graph called pencil
graph. Pencil graph are a specific type of graph in graph theory that consist of a central hub vertex
connected to a set of outer vertices called spokes. Pencil graphs have applications in various areas,

including network topology, and algorithm design.

Definition 3.4. Suppose that n is a positive integer with n > 2. The graph PC,, is a pencil graph
with 2n + 2 vertices and the vertex and edge sets are as follows: V(PC,) = {a} U{b}U{x; : 1 <
i <n}Ufyi 1 <0< n} and E(PCy) = {(az1), (an), (ab), (bon), (byn)} UL (i), (wigisn) 5 1 <
i<n-—1}U{(zy):1<i<n}

For n > 2, the pencil graph PC,, is a 3-regular graph with diameter [n/2] + 1 and 3(n + 1).

X1 X2 X3 X

\~
=
(&1
X
3
[N
x
S

Y1 V2 V3 Va Vs Yn-1 Yn

Figure 4: Labeling of pencil graph of dimension n

Theorem 3.5. The metric dimension of the graph of the pencil graph PC,, forn > 1 is

2 if n is even

dim(G) =
@) 3 if nis odd



CUBO

The metric dimension of cyclic hexagonal chain honeycomb... 483

26, 3 (2024)

Proof. Case 1 (For n even):

Let T = {a, x%} be a resolving set of PC',. To prove that T is a resolving set, it is enough to prove
all the vertices a, b, 1,2, 3,...,%, and y1,Y2,Y3, ..., yn of PC, have distinct representations

with respect to T
The representation of a and b in PC,, with respect to T" as r(a|T) = (0, §) and r(b|T) = (1, 5 +1).

For 1 <i < n, the representation of x; in PC,, with respect to T is given as follows:

(i, "5*) if1<i<y
r(x|T) = :
(n—i+2,21) if 241<i<n

For 1 <i < n, the representation of y; in PC,, with respect to T is given as follows:
(i, =342 if1<i<%

r(y;|T) = )
i) (n—i+2,2=042) if 24 1<i<n

Since all vertices have distinct representations we obtain dim(PC,,) = 2 in this case.

Case 2 (For n odd): Let T = {a,m%,y%l} be a resolving set of PC,,. To prove that T is a
resolving set, it is enough to prove all the vertices a, b, x1,22,23,...,T, and y1,Y2,Y3, .- -, Yn Of

PC,, have distinct representations with respect to T'.
The representation of @ and b in PC,, with respect to T as r(a|T) = (0, 2L, 251) and r(b|T) =

(1258, 250).

For 1 < i < n, the representation of z; in PC,, with respect to T as follows

(3, b2, 22 i1 <a< agt
r(z;|T) = (i,0,2) if i =12t

(n i 2’ 21’—;1,—17 27?—;L+3) if n—2i-3 < i <n

For 1 <i < n, the representation of y; in PC,, with respect to T" as follows

('L’, n+3272i n71272i) lf 1 S Z S ’anl
r(yi|T) = (i,1,1) if §=ntl

(TL —i + 2’ 2i—;+1’ 2i—;1+1) lf n—2|-3 S i S n

)

It is clear that every vertex of PC,, has a unique representation with repect to T. Therefore

dim(PC,,) < 3.

Next we show that dim(PC,) > 3. We suppose on contrary that dim(PC,,) = 2. Now we have

the following cases.
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Subcase 2.1: For 1 <i < n, let T = {a, b} be a resolving set, then r(x;|T") = r(y;|T), which is a

contradiction to our assumption.

Subcase 2.2: Let T' = {a,x1} be a resolving set, then r(z,|T) = r(y,|T), which leads to a

contradiction.

Subcase 2.3: For 2 < i < 2 let T = {a,z;} be a resolving set, then r(anJrs|T) = T(ynT-H|T)7

which is a contradiction to our assumption.

Subcase 2.4: For 243 < i < n, let T = {a,z;} be a resolving set, then r(:UnTH|T) = r(ynTJrs|T),

which is a contradiction to our assumption.

Subcase 2.5: For 2 < i < %t let T = {xq,,;} be a resolving set, then r(z;1|T) = r(y;|T),

which is a contradiction to our assumption.

Subcase 2.6: For "7% <i<mn,let T ={x1,2;} be a resolving set, then r(z;11|T) = r(y;—1|T),

which is a contradiction to our assumption.

Subcase 2.7: Let T = {z1,11} be a resolving set, then r(x,|T) = r(y,|T), which leads to a

contradiction.

Subcase 2.8: For 2 <i < f3 let T = {xy,y;} be a resolving set, then T(l‘#‘T) = r(y#ﬂ’),

which is a contradiction to our assumption.

Subcase 2.9: For %2 < i < n, let T = {x1,y;} be a resolving set, then r(@ags|[T) = r(yau|T),

which is a contradiction to our assumption.

By the symmetrical nature of the pencil graph the remaining possibility of resolving sets for
1<i<n, T={{a,b},{a,yi},{b,x:},{b,yi}, {yi,xi}} is ruled out. From all the above cases it is
clear that dim(PC,,) > 3. Hence dim(PC,,) = 3. O

4 Significance and contributions of the results

This research offers valuable insights into the metric dimension of cyclic hexagonal chains, hon-
eycomb triangular meshes, and pencil graphs, with direct applications in modern network design,
particularly in the field of robot navigation for smart home environments. The primary significance

and contributions are as follows:

Novel Metric Dimension Analysis: This study presents a detailed investigation of the met-
ric dimension of three distinct graph structures: cyclic hexagonal chains, honeycomb triangular
meshes, and pencil graphs. The results contribute to expanding the mathematical foundation of

graph theory, particularly in relation to chemical, geometric, and computational networks.
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Applications in Robot Navigation: By determining the metric dimension of these structures,
the research provides optimized strategies for robot navigation. The results are critical for local-
ization and pathfinding within networks like smart homes, where robots or autonomous agents

need precise positioning with minimal sensors.

Insights for Chemical Graph Theory: Cyclic hexagonal chains represent fundamental struc-
tures in chemical graph theory, modeling molecular systems. Understanding their metric dimension
helps chemists analyze molecular distances and design efficient chemical compounds or materials

with predictable properties.

Optimizing Network Design: The honeycomb triangular mesh and pencil graphs offer useful
models for wireless networks and sensor systems. Analyzing their metric dimension improves
the efficiency of node placement and minimizes redundancy, supporting the development of more

reliable and cost-effective communication networks.

Bridging Theory and Practical Applications: This work bridges theoretical graph metrics
with real-world applications, especially in robot-assisted smart homes. The findings enable better
design of indoor networks, where efficient navigation plays a critical role in tasks such as surveil-

lance, cleaning, and elderly assistance.

Framework for Future Studies: The approach and results of this research provide a basis
for future investigations into other graph families with similar structures. Researchers working
on emerging technologies, such as smart cities or the Internet of Things (IoT), can build on the

analytical methods presented here.

In summary, this study significantly advances the understanding of the metric dimension in three
important graph classes, contributing to both theory and practice. It offers practical solutions for

smart environments while enriching the field of graph theory with new perspectives and methods.

5 Concluding remarks

In this paper, we investigated the metric dimension of three significant graph structures: cyclic
hexagonal chains, honeycomb triangular meshes, and pencil graphs. Metric dimensions of honey-
comb networks and hexagonal-type derived networks have constant metric dimensions, according
to research by Manuel et al. [15]. In this article, a different kind of honeycomb network known
as a triangular honeycomb mesh was created and it was demonstrated that its metric dimension
is 2. This research also looked at pencil graphs and the metric dimension of cyclic hexagonal
chains. Further obtaining the metric dimensions for symmetric types of honeycomb and hexago-
nal networks is under investigation. Moreover, computing the metric dimension of the triangular

honeycomb network is still an open problem.
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1 Introduction

Dirac Hamiltonians of the type D,, + V', where D,, is the free Dirac operator and V represents a
suitable perturbation, are used in many problems where the implications of special relativity play
an important role. This is the case, for example, in the description of elementary particles such
as quarks, or in the analysis of graphene, which is used in research for batteries, water filters, or
photovoltaic cells. For these problems, mathematical investigations are still in their infancy. The
current study focuses on analyzing the three-dimensional Dirac operator with a singular interaction

on a closed surface X.

Mathematically, the Hamiltonian of interest is formally represented as
Dy = Dy, + By +0s = Dy, + (n1s + 78) 6x:, (1.1)

where B, , 1= (77 Iy —|—7'B) is a combination of electrostatic and Lorentz scalar potentials of strengths
n and 7, respectively. Physically, the Hamiltonian D, , is used as an idealized model for Dirac op-
erators with strongly localized electric and massive potential near an interface ¥ (e.g., an annulus),

i.e., it replaces a Hamiltonian of the form

Hi 7z = Dy + (714 + 758) By, (1.2)

where By, is a regular potential localized in a thin layer containing the interface X.

The operators D, have been studied in detail recently. The initial direct study on the spectral
analysis of the Hamiltonian D,, , dates back to Ref. [9], in which the authors treated all self-
adjoint realizations for spherical surfaces. Besides, they also noted that a shell can confine a

2 = —4, a phenomenon known in physics

particle under the coupling constants assumption: 1% — 7
as the confinement case, which indicates the stability of a particle (for example, an electron) within
its initial region during time evolution. In other words, if the particle is confined within a region
Q) C R? at time t = 0, it cannot cross the boundary 99 and enter the region R3\ € for all subsequent
times ¢ > 0. Mathematically, this implies that the Dirac operator under consideration can be
decomposed into a direct sum of two Dirac operators acting on  and R3\ ), respectively, each with
appropriate boundary conditions. Subsequently, spectral analyses involving Schrédinger operators
coupled to §-shell interactions have developed considerably, while research into the spectral aspects
of é-shell interactions associated with Dirac operators were comparatively inactive. However, in
2014, a resurgence in the spectral study of d-shell interactions of Dirac operators occurred in [1],
where the authors developed a new technique to characterize the self-adjointness of the free Dirac
operator coupled to a d-shell potential. In a special case, they treated pure electrostatic d-shell
interactions (i.e., 7 = 0) supported on the boundary of a bounded regular domain and proved

that the perturbed operator is self-adjoint. The same authors continued their investigation into
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the spectral analysis of the electrostatic case, exploring the existence of a point spectrum and

associated issues in works such as [2] and [3].

The approximation of the Dirac operator D, ; by Dirac operators with regular potentials with
shrinking support (i.e., of the form (1.2)) provides a justification of the considered idealized model.
In the one-dimensional framework, the analysis is carried out in [17], where Seba showed that
convergence is true in the norm resolvent sense. Subsequently, Hughes and TuSek established
strong resolvent convergence and norm resolvent convergence for Dirac operators with general
point interactions in [11,12] and [20], respectively. In the two-dimensional case, [8, Section 8]
addressed the approximation of Dirac operators with electrostatic, Lorentz scalar, and magnetic
0-shell potentials on closed and bounded curves. A related problem was also considered in [7] for
a straight line scenario. More precisely, taking parameters (77, 7) € R? in (1.2) and a potential B,
that converges to dy; when € tends to 0 (in the sense of distributions), then D,, + (ﬁ Iy + %ﬁ)%%
converges to the Dirac operator D, , with different coupling constants (n,7) € R? that depend
nonlinearly on the potential BS5,. This dependence has been observed in the one-dimensional case,

for example [17,20], and in higher dimensional cases, see [8,15].

In the three-dimensional case, the situation seems to be even more complex, as recently shown in
[15]. There, too, the authors were able to show convergence in the strong resolvent sense in the
non-confining case, however, a smallness assumption on the potential B%. was required to achieve
such a result. On the other hand, this assumption unfortunately prevents us from obtaining an
approximation of the operator D,, » with the physically or mathematically more relevant parameters
n and 7. Recognizing this limitation, the authors of the recent paper [4] delved into and verified
the approximation problem for two- and three-dimensional Dirac operators with J-shell potential
in the norm resolvent sense. Without the smallness assumption on the potential 85 no results
could be obtained here either. Finally, in [14], the authors of [15] treated the approximation of
the operator (1.2) in the case of the sphere without assuming any hypothesis of smallness on the

potential.

The primary aim of our work is to extend the approximation result explored in [8, Section §]
to the three-dimensional case. We seek to verify whether the methodologies employed in the
two-dimensional context allow us to establish a comparable approximation in terms of strong
resolvent. Specifically, we aim to achieve this in the non-critical and non-confinement cases (i.e.,

when 1? — 72 # +4) without relying on the smallness assumption as stipulated in [15].

Organization of the paper. The present paper is structured as follows. We start with Section
2, where we define the free Dirac operators D,, and the model to be studied in our paper by
introducing the family {&; 7 .}, which is the approximate Dirac operators family of operator
D, . We also discuss our main results by establishing Theorem 2.2. Moreover, in this section we

give some geometric aspects characterizing the surface X, as well as some spectral properties of the
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Dirac operator coupled with the §-shell interaction presented in Lemma 2.6. Section 3 is devoted
to the proof of Theorem 2.2, which approximates the Dirac operator with §-shell interaction by
sequences of Dirac operators with regular potentials at the appropriate scale in the strong resolvent

sense.

2 Model and main results

First, let me define the free Dirac operator and describe some of its properties. Given m > 0, the

free Dirac operator D,,, on R3 is defined by

D,, .= —ia-V +mp,

where
0 o I 0 1
ap = for k=1,2,3, B= , o= )
Ok 0 0 -1 0 1
and
0 1 0 —i 1 0
g1 = 5 g9 = 5 03 = 9
1 0 i 0 0 -1

is the family of Dirac and Pauli matrices satisfying the anticommutation relations:
{ajaak} :26jk]147 {ajaﬁ} :Oa and ﬂ2 :H4a jak S {17273}7 (21)

where {-,-} is the anticommutator bracket. We use the notation o -z = 23:1 ajz; for z =
(71,22, 73) € R3. We recall that (D,,,dom(D,,)) is self-adjoint (see, e.g., [18, Subsection 1.4]),
and that

SP(Dim) = SPess(Dim) = (—00, —m] U [m, +00).

Throughout this paper, for @ C R?* a C*°-smooth bounded domain with boundary ¥ := 99, we
refer to H(Q, C*) := H(Q)* as the first order Sobolev space

HY(Q)* = {p € I*(Q,C*) : there exists p € H'(R?)* such that @|q = p}.

We denote by H'/?(%,C*) := H'/?(%)* the Sobolev space of order 1/2 along the boundary ¥, and
by ty : H'(Q)* — H'Y/?(X)* the classical trace operator. The surface ¥ divides the Euclidean space
into the disjoint union R® = Q, UXUQ_, where 0, :=  is a bounded domain and Q_ = R3\ Q.
We denote by v and dS the unit outward pointing normal to €2 and the surface measure on X,
respectively. We also denote by f+ := f | Q4 the restriction of f in Q4 , for all C*—valued functions
f defined on R3. Then, we define the distribution dx, f by
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(0sf, g) = %/(tzf+ +tsf_)gdS, for any test function g € C5°(R?, C*).
b

Finally, we define the Dirac operator coupled with a combination of electrostatic and Lorentz scalar

d-shell interactions of strengths n and 7, respectively, which we will denote D, » in what follows.

Definition 2.1. Let Q be a bounded domain in R® with boundary ¥ = 0. Let (n,7) € R%. Then,
D, ; = Dy, + By -5 := Dy, + (s + 75)d5 acting in L2(R3)* is defined as follows:

Dn;rf = Dmf+ S2) Dmffv
Vfedom(D,,) ={f=fr®f € H(Q)'o H' (R*\Q)*:

the transmission condition (T.C) below holds in H'/?(%)*}.

Transmission condition:

. 1
la-vitsfs —tofo) + Snla+78)(tsfs +tcf) =0, (22)
where v is the outward pointing normal to Q.

Recall that for n> — 72 # 4, the Dirac operator (D, ,,dom(D,, )) is self-adjoint and verifies the

following assertions (see, e.g., [6, Theorem 3.4, 4.1])

(i) Spess(Dn,T) = (_Oovm] U [m’ +00).

(i) Spais(Dy,+) N (—m,m) is finite.

Now, we explicitly construct regular symmetric potentials Vj 7 . € L>(R3,C***) supported on a

tubular e-neighbourhood of 3 and such that
Vi ze A—(? (714 + 7B8)dx,  in the sense of distributions.
E—

To explicitly describe the approximate potentials V3 7 ., we will introduce some additional nota-
tions. For v > 0, we define ¥, := {z € R?, dist(z,¥) < v} a tubular neighborhood of ¥ with

width v. For v > 0 small enough, ¥, is parametrized in a similar way as in [5,15], given by
Yy ={zs+pv(rs), zxs €X and pe (-7} (2.3)

1
For 0 < & <, let h.(p) := gh (‘g), for all p € R, with the function h verifies the following

1
h e L*(R,R), supph C (—1,1) and / h(t)dt = 1.
-1
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Thus, we have:
€

supp h. C (—¢,¢), / he(t)dt =1, and hH(l) he = dp in the sense of distributions, (2.4)
E—

—€

where d is the Dirac d-function supported at the origin. Finally, for any e € (0,7), we define the

symmetric approximate potentials V5 7 . € L>(R3, C**4), as follows:

By zhe(p), it x=uax+pr(ry) €.,
Vizelw) =4 ) (2.5)
0, if xcR3\X..

It is easy to see that lim._,o Vj 7 . = Bj 05, in D' (R3,C*4). For 0 < & < v, we define the family

of Dirac operators {&j 7 }. as follows:

dom(%ﬁj@) :=dom(D,,) = Hl(R3)4, .
&iireV = Dith + Vi z 4, for all ¢ € dom(&j7c). .

The main purpose of the present manuscript is to study the strong resolvent limit of &j 7. at

€ — 0. The following theorem is the main result of this paper.
Theorem 2.2. Let (7},7) € R? such that d := 7> — 72. Let (n,7) € R? be defined as follows:
tanh (\/ —J/Q)
——=—"(0,7),
V—d/2

e ifd=0, then (1,7) = (7, 7),

e ifd <0, then (n,7) =

. tan (\/ZZ/Q)
o ifd > 0 such that d # (2k + 1)?72, k € NU {0}, then (n,7) = 7,7)-

iz

Now, let &; . be defined as in (2.6) and D, as in Definition 2.1. Then,

&ii 7 e - D, ; in the strong resolvent sense. (2.7)
E—

Remark 2.3. We mention that in this work we find approximations by regular potentials in the
sense of strong resolvent for the Dirac operator with §-shell potentials & 7 . in the non-critical
case (i.e., when d # 4) and the non-confining case, (i.e., when d # —4) everywhere on X. This is

what we will show in the proof of Theorem 2.2.

Now, we will introduce some notations and geometrical aspects which we will use in the rest of the

paper.
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2.1 Notations and geometric aspects

Let ¥ be parametrized by the family {¢;,U;,V;, };es with J a finite set, U; C R?, V; CR3, ¥ C
Ujes Vj and ¢;(U;) = V; NS C X C R3 for all j € J. We set s = ¢; ' (x) for any 5 € .

J

Definition 2.4 (Weingarten map). For zx, = ¢;(s) € XNV, with s € U;, the Weingarten map

(arising from the second fundamental form) is defined as the following linear operator

Wes i=Wlxg) : Toy — Tag
0i9j(s) = W(rs)[0:¢;](s) == —0iv(d;(s)),

where T, denotes the tangent space of ¥ on xx and {al-¢j (s)}iz1,2 are the basis vectors of Ty, .

Proposition 2.5 ([19, Chapter 9 (Theorem 2), 12 (Theorem 2)|). Let 3 be an n—surface in R" T,
oriented by the unit normal vector field v, and let x € . The principal curvatures of ¥ at x (i.e.,

the eigenvalues k1 (x),. .., kn,(x) of the Weingarten map W) are uniformly bounded on 3.

2.1.1 Tubular neighborhood of X

Recall that for Q C R? a bounded domain with smooth boundary ¥ parametrized by ¢ € {¢;}jer.
Let {¢, Uy, V,,} belong to {¢;,U;,V;};es and set vy =vo¢: Uy C R? — R3, with v the outward

pointing unit normal to (2.

For v > 0, ¥, (2.3) is a tubular neighborhood of ¥ with width . We define the diffeomorphism

®4 as follows:

By : Uy x (—7,7) — R

(5,p) = @y(s,p) = ¢(s) + pr(d(s)).

For sufficiently small v, ®4 is a smooth parametrization of X,. Moreover, the matrix of the

differential d®, of ®, in the canonical basis of R? is given by
A0y (5,p) = (010(5) + pA(@16)(s)  D20(5) + pA(B26)(s) va(s))- (2.8)
Thus, the differential on U, and the differential on (—v,~) of ®, are respectively given by

ds®y(s,p) = 0i0;(s) —pW(xx)0;¢;(s) for i=1,2 and zx = ¢(s) € X,

dp®s(s,p) = vo(s),

(2.9)

where 0;¢, v, should be understood as column vectors, and W (xy) is the Weingarten map defined
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in Definition 2.4. Next, we define

Py = (%1)1 15, — Uy CR% Py(o(s) +pr(o(s))) = s € R,

(2.10)
= (857), 53— (2 2 (606 + prl0(s) =

Using the inverse function theorem and equation (2.8), for z = ¢(s) + pr(¢(s)) € 2., we obtain
the following differential

1 and VP (z) = vy(s), (2.11)

1
VPy(x) = (J%l)1 =10
0

with Jg-1 the Jacobian matrix of the diffeomorphism @;1 given by the following formula:
@

T

1
= x Adj .
® det(Jq)(p) X d.](J(I’é)

Here Adj(Js,) is expressed in terms of the partial derivatives of ¢, Jp, is the Jacobian matrix
of the diffeomorphism ®4 and det(Jgp,) = 1 + pry + p%ko (see, for example [13, Lemma 2.3 (1)]),

where x1 and ko depend on the principal curvatures kq,...,k, of X.

2.2 Preparations for the proof

Before presenting the tools for the proof of Theorem 2.2, we state several properties satisfied by the
operator D, -, which appeared in almost the same form in several papers, for example, [8, Section

5] and [6, Section 3].

Lemma 2.6. Let (n,7) € R%, and let D, . be defined as in Definition 2.1. Then, the following
hold:

(i) If n? — 72 # —A4, there exists an invertible matriz R, . such that a function f = f1 & f_ €
HY (Q4)* @ HY(Q_)* belongs to dom(D,, ;) if and only if ts f+ = Ry +tsf—, with R, , given
by

i - v -1 i v
Ry - = (H4 - T(U Iy + Tﬁ)) (1[4 + T(Tlh + Tﬁ)) : (2.12)

(ii) If n* — 7% = —4, then a function f = f1 & f— € H'(Q4)* & H'(Q_)* belongs to dom(D,, ;)
if and only if

(H4 - z’a2~ ame +BT)> tofr =0 and (H4+ mT.V(U]LL +57)> tnf-=0.
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Proof. Let us show (i). Using the transmission condition in equation (2.2), we find that for all

f=f+r@f- edom(D,,),
) 1 ) 1
(W v 5 (s + Tﬂ)) tofy = (wé v = (s + Tﬂ)) tof-.
Thanks to properties in (2.1) and the fact that (ia-v)~! = —ia - v, we have
(L — M)tsfy = (I + M)tsf_, (2.13)

with M a 4 x 4 matrix having the following form

o v
2

M=

(77 ]14 + ﬂ’r)a

thus (2.12) is established.

Now, using the anticommutation relations from (2.1), we have:

44+d
4

M? = —%h and (Iy — M)y + M) = Iy,

4
where d := n? — 72. When d # —4, then Iy — M is invertible with (Iy — M)~ = m(h + M).

Consequently, using (2.13) we obtain that ts, f = R, -ts f—, where R, ; has the explicit form

4 4—-d )
R, .= 11d <4H4 +io - v(nly + Tﬁ)) . (2.14)

For assertion (ii), we multiply (2.13) by (I4 £ M), giving
Iy + M)*tsf- =0 and (I — M)?*tsf, =0.

Moreover, we mention that in the case d = —4, we have (I; + M)? = 2(I4 = M). This completes
the proof of Lemma 2.6. [

3 Proof of Theorem 2.2

Proof. Following the ideas in [8, Section 8], the key step in proving Theorem 2.2 is to establish the
convergence (2.7) in the strong graph limit sense. Let {&} 7 c }cc(0,y) and D, ; be as defined in (2.6)
and Definition 2.1, respectively. Since the singular interactions Vj z . are bounded and symmetric,
the Kato-Rellich theorem implies that the operators & 7 . are self-adjoint in L?(R3,C*). Moreover,
we know that D, . is self-adjoint, with dom(D, ,) C H'(R®\ X)% Thus, the convergence of

{&5.7.c}ec0,y) to Dy 7 in the strong resolvent sense as ¢ — 0 holds if and only if it converges in
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the strong graph limit sense, as shown in [16, Theorem VIII.26]. This means we must show the

following:

For 1) € dom(D,, ;) there is a family of vectors {t:}.c(0,y) C H*(R?)* such that

() lim¢po =3 and  (b) lim &; 7 -¢pc = Dy -4 in L*(R%)4, (3.1)

e—0

with H1(R3)* = dom(&; 7 ) for all € € (0,7).

Let ¢ = ¢4 @ v¢_ € dom(D,, ;). From Theorem 2.2, we have that

d=n?—72 = —4tanh? (\/ /2) if d<o,

d=n*— 1% = 4tan? (\/5/2) . if d>0, (3.2)

d=n?>-72=0, if d=0.
In all cases, we have that d > —4 (in particular d # —4). Then, by Lemma 2.6 (i),
s = Ry .t
where R, , is given in (2.14). Moreover, using Definition 2.1, we obtain that txiy € HY/2(X)%.

Show that
ei(x-VBﬁ,-F — R"]»T' (33)

Recall the definition of the family &; 7 . and the potential V; . defined in (2.6) and (2.5),
respectively. We have that

(ia-vB;)? = (ia-v(ijly + 78))? = —(#? — 7%) = D?,  with D = /(72 — 72) = \/:z.

Using this equality, we can write: e!®VBi7 = e DI + eDH+, with £D the eigenvalues of

ta - vBj , and 111 the eigenprojections are given by:

io - VB
II T, + — 17 )
= 2(4 D )

eliavBiz) — e’ +e® Iy + o VNBM eD — =D
2 D 2

s1nh(

7,7

Therefore,

= cosh(D)h + ) (i - v(ly + 7).
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Now, the idea is to show (3.3), i.e., that it remains to show

4 4—d WD

ird < 1 Iy +ia - v(nly + Tﬂ)) = cosh(D)Iy + sin ( ) (to-v(7ly + 7)) . (3.4)
4—d 4 h(D

To this end, set U = 1+d —cosh(D ) and U = ird st( ) . If we apply (3.4) to the unit

vector e; = (1 0 0 0)!, and, since the matrices I4 and - v(nly +73) are linearly independent

for (n,7) # (0,0), then we find that {{ = U = 0. Hence, (3.4) makes sense if and only if

~ 4—d sinh(D) 4
(D) = ——2 2 ).
COS ( ) 4+d and _D ("7’ ) 4+d(’r}?7—)
Consequently, we have R, , = el®VBa.7,
. nh(D) . sinh(D) 1 ,_ _
Dividin, by (1 + cosh(D)) we obtain , = ,T).
g v ( (D)) (n,7) = I+ cosh(D )D/Q(n )
sinh(0)

0
Now, applying the elementary identity tanh (2) = for all € C\ {i(2k + 1),

k € Z}. We conclude that

1+ cosh(0)’

tanh\/i/Q _ o 3
T ( 7)=(n,7), ifd<0,

and so, for d > 0 we apply the elementary identity —itanh(if) = tan(@) for all § € C \
1
{71' (k + 2) , ke Z}, and then we get that

tanh (\/—7&/2) tan (\/3/2)

V—d/2 Vd/2
- ~ t 2)
Hence, for d > 0 such that d # (2k + 1)?72, we obtain (n,7) = an\}[/ (7,7). Conse-
d/2
quently, the equality e***Ba7 = R,, - is shown, with the following parameters satisfying:
tanh(v/ —d/2) ~
o VI Gy it d <o
V—d/2
t d/2) ~
o BOI2) 0y e,
V)2

i (777%) = (777T)7 ifd=0.
Moreover, the fact that [°_he(t)dt =1 (see, (2.4)) with the statement (3.3) make it possible
to write

0

exp [( —1 he(t) dt) (a- an,T)

—€

tsih_.  (3.5)

ty = exp [(Z /0E he(t) dt) (a-vBy ;)
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Remark 3.1. We mention that, in the case where D = 0, the phenomenon of renormalization
of the coupling constants does not arise. This was already observed in the one-dimensional
setting in [20]. Indeed, using (3.2) and equation (3.4), we find that (7,7) = (n,7), where

inh(D ~
st( ) is taken to be equal to 1 when D = 0.

Construction of the family {t.}cc(0,y). Proceeding as in the construction of [8, Section 8],

one can construct the following family. The reader should look at that paper for the details.

For all 0 < € < 7, we define the function H, : R\ {0} — R as follows:

/ he(t) dt, it 0<p<e,
P
P

H.(p) : _/ he(t)dt, if —e<p<O,

0, if |p|>e.

Clearly, H. € L*°(R) and is supported in (—¢, ¢). Since ||H.||r~ < ||h||L1, we get that {H.}.
is bounded uniformly in e. For all £ € (0,7), the restrictions of H. to Ry are uniformly
continuous, with finite limits at p = 0 exist, and are differentiable a.e., with a bounded
derivative, since h. € L (R,R). Using these functions, we set the matrix functions U, :

R3\ ¥ — C*** such that

e(m‘V)Bﬁst(971(:10))7 if ze¥.\X, )
U.(z) := € L>®(R3,CH1), (3.6)
Iy, if zeR3\ X,

where the mapping &, is defined as in (2.10). The functions U, are bounded, uniformly in
g, and uniformly continuous in 4, with a jump discontinuity across . Then, 1. can be

constructed by

Ve = B Y :=Up € LQ(R3,(C4), where Vry € X, yyr € Q4 :

Uutog) = i Ualyo) = exp i [ hal0)at) (@ vios)) B

Yy——zrs

(3.7)

UnGed) =t Unlon) = exp [ ([ he(0)at) (o v(as) By

Since U, are bounded, uniformly in &, using the construction of 1. we get that ¥, —1 := (U —
I4)e. Then, by the dominated convergence theorem and the fact that supp (U, — I4) C ||

with [X¢| — 0 as € — 0, it is easy to show that
Y. — ¢ in L*(R®,C*). (3.8)
e—0

This proves assertion (a).
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Show that ¥, € dom(&;,7,c) = H'(R®)%. This means that we must show, for all 0 < e < 7,
(i)thex € H'(Qx)* and  (ii) tnthe 4 = totpe,— € H'/?(D)".

Let us show point (i). By the construction of ., we have 1. € L?(R3,C*). It remains
to show that 9;U. € L (R3,C**), for j = 1,2,3. To do so, recall the parametrization
¢ of ¥ defined at the beginning of Subsection 2.1 and let A € C°°(R? C**%) such that
A(s) =i v(¢(s)) By 7, for s = (s1,s2) € U C R%. Thus, the matrix functions U in (3.6)

can be written

61‘1(9’¢>(w))H5(91(48))7 if rex. \ ¥,
U.(z) = € L®(R3,CH4),
L4, if zeR3\X,,

where P, is defined as in (2.10).

For j =1,2,3, we have supp 9;U. C X.. By the Wilcox formula as used in [8, Eq. 8.12], we
obtain that

0,Uc(w) = / 1 [exp(zA(%(x))HE(%(x»)aj (AP (@) Ho(P 1 (2)) ) x
exp((l - z)A(g’qg(x))HE(@l(x)))} dz.

Based on the quantities (2.11), for z = ¢(s) +pr(é(s)) € X, and for s = Py(x), p = P (x),
with Py (x) and P, (z) the mappings introduced in (2.10), together with

05 (AP (@) Ho(1(2))) = 0 (Ao (@) ) Ho(p) = A()he(p)(v5(5));
yields that 0;U. has the following form
0,1 (2) = ~A(s)he(p) (v (3)),Ue(a) + [ €0 [, (A(o(@)) H )] 40z, (3.9

0

with

0,(4@a@) = 3 %y

k=1

where (Jg-1); is the coefficient of the k-th row and j-th column of the matrix (J(I);l) given
¢
in (2.11).

We denote by E, ; the second term of the right-hand side of the equality (3.9), i.e.,

1
E.; — / A H.(p)
0

2
6‘4(8) 1—2)A(s)H.
asA(s)x; . (J<D¢1)kj><HE(p)] U= AGHP) g2 (3.10)
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Thanks to Proposition 2.5, the matrix-valued functions E. ; are bounded, uniformly for
0 <& <7, and suppE. ; C E.. Moreover, we have U. and 9,;U. € L>(Qy,C***), and we
deduce that for all 4 € H'(Q4)* we have that .+ = Uspy € H'(Q4)? and statement (i)

is verified.

Let us now check point (ii). Since 1. + € H'(Q4)?%, we get that txtp. 4 € H'/2(¥)%. On the

other hand, as U, is continuous in Q4 , we get
tzﬂ/)gi(JCz;) = Ug(sz:)tz¢i(xz) for a.e. zx € X

see [10, Chapter 4 (p.133)] and [8, Section 8| for a similar argument.

Consequently, (3.5) with (3.7) give us that tgi. y = tx. — € HY2(X)*. With this, (ii) is
valid and . € dom(&j 7 .).

To complete the proof of Theorem 2.2, it remains to show the property (b), mentioned in

(3.1). Since (&;,7 1. — D, 1) belongs to L?(R3,C*), it suffices to prove the following:
Eiretbet — Dysthe —=0 in L3(Q,CY. (3.11)
E—r
To do this, let ¥ = ¢ & ¢_ € dom(D,,-) and ¢ = Y. + ® Y. _ € dom(&; 7). We have

gﬁ,%,swe,:l: - Dn,T'l/):I: = —ia- v1/}5,:|: + mﬁ(we,i - ¢i) + Vﬁ,%,ewe,:t + i Vi/&

= —io - V(Uethx) + i - Vi + mB(Ue — La)ths + V7 ctbe 4 (3.12)

3
= =i Y o [(0Ue)¥x + (Us — L)0jths] + mB(Uz — Lo + Vi 7 cthe =

j=1
Using the form of 9;U, given in (3.9), the quantity —i Z?Zl a;(0;Ug)y+ yields
3 3
—iY 0 Uo)ps = =i ¥ aj[ —ia- V7 v Ucthy + Ee jibs |

j=1 j=1

3
= —(a-v)*Visrethe s — izajEe,j¢i = —Vizete,+ + Ry,

j=1

where E, ; is given in (3.10) and R, = —i 23:1 a;E. ;, a matrix-valued function in L>(R3, C*4),

verifies the same property of E, ; for all € € (0,7). Thus, (3.12) becomes
3
Eiretet — Dyrtpr = —i Y a;[(Us = 11)05902] +mB(U. — Ly)yps + Reth.
j=1

Since ¢+ € H'(Q4)?%, (Us — 1) and R, are bounded, uniformly in ¢ € (0,7v) and supported

in ¥, and |X.| tends to 0 as ¢ — 0. By the dominated convergence theorem, we conclude



Approximation of the §-shell interaction 503

&5 7cthex — Dyrthx —=0, holds in L*(Q4,Ch), (3.13)
e—

and this achieves the assertion (3.11).

Thus, both conditions mentioned in (3.1) (i.e., (a) and (b)) of the convergence in the strong
graph limit sense are proved (see, (3.8) and (3.13)). Hence, the family {&j; 7 c}.c(0,4) con-
verges in the strong resolvent sense to D, , as ¢ — 0. The proof of the Theorem 2.2 is

complete. O
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1 Introduction

The following inequality, which is known in the literature as the Hermite-Hadamard inequality,

holds for any convex function f defined on R and all a,b € R:

f(a+b)(ba)é/abf(t)dtéw(ba)- (1.1)

2 2

Let a,b € R with a < b, f: [a,b] — R be a differentiable mapping on (a,b) with M > 0 such that
|f'(z)| < M for all x € (a,b). Then the following inequality, known as the Ostrowski inequality:

s [ o] <

holds for all = € [a,b]. The constant % is best possible in the sense that it cannot be replaced by

( L+b

(b—a)?

>2] (b—a)M, (1.2)

a smaller constant. Note that when f is convex and xz = (a + b)/2, the Ostrowski inequality (1.2)

provides a sharp bound for the midpoint difference

/f £ dt — <a+b>(b—a), (1.3)

in view of the middle and the left-hand terms of (1.1). The following result provides some sharp

bounds for the midpoint difference (¢f. [5, Corollary 2.3]). We note the use of the notation f} to

denote the right-hand and left-hand derivatives of f, which exist for any convex function f.

Proposition 1.1. Let f : [a,b] = R be a convex function on [a,b]. Then we have the inequality

() (Dot [ (o o

/2 (0) = £ (@] (b= a)”.

oo\»—*

The constant % s sharp in both inequalities.

In what follows, a similar result provides some sharp bounds for the trapezoid difference (cf.

|6, Corollary 2.3]):
b
M (b—a) —/a () dt, (1.5)

in view of the middle and the right-hand terms of (1.1).
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Proposition 1.2. Let f : [a,b] — R be a convex function on [a,b]. Then we have the inequality

osé{fi (a;b> - <“;b)] (ba)2§W(ba)/abf(t)dt (L6)
<L) - @] 6 o),

The constant % s sharp in both inequalities.

There are many results in the literature which provide bounds for both midpoint and trapezoids

differences. We refer the readers to the survey paper [9].

Let X be a real linear space, x, y € X, x # y and let [z,y] := {(1 — Nz + Ay, A € [0,1]} be the
segment generated by x and y. We consider the function f : [z,y] — R and the associated function
g(z,y):[0,1] =R,

g(z,y) () = flA-t)z+ty], tel0,1].

It is well known that f is convex on [z, y] if and only if g (z,y) is convex on [0, 1], and the following

lateral derivatives exist and satisfy the following properties:

(1) g4 (z,y) (s) = (V£f[(1 = s)z+sy]) (y — z), s € [0, 1);
(i) g% (z,9) (0) = (V+f (2) (y — 2);

(iii) g~ (z,9) (1) = (V-1 () (y — 2);
where (V4 f (2)) (y) are the Gdteaux lateral derivatives, i.e.

(V+f(2)(y) := lim [z +hy) - f(x)

h—0% h ’

for z,y € X.

Now, assume that (X, ]|-]|) is a normed linear space. The function fy(s) = %HI”Q, x e X, is

convex and thus the following limits exist

() (@), = (V4fo ) (@) = lim ly + t“!t — |yl

() {eg)y o= (7 fo ) () = tim | WL 0

for any z,y € X. They are called the lower and upper semi-inner products associated to the norm
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In [14] Kikianty et al. obtained, among others, the following midpoint p-norm inequalities:

1
os/‘M1—ww+wwm—
0

r+y P
2

T max{|lz (P~ [y [P~}

1

q(p—1) a(p—1)\ 4

< plly — 2| - (|33|| + [yl ) s,
2(q'+1) 7 2

TP~ + llylP=1),

that hold for any z,y € X. The constants in the first and second cases of (1.7) are sharp.

Furthermore, in [13], the following trapezoid p-norm inequalities are obtained:

o< Lllety |ty aty
S 8p B) Yy 1T . Y 1T )
p p
1 —2 —2
gyﬂmw @*%@yﬂﬂﬁ —a.),]

that hold for any z, y € X whenever p > 2; otherwise, they hold for linearly independent z, y € X.
The constant % is best in (1.8).

In this paper, we provide bounds for the term

1 p p
L+ B - e

which can be seen as a combination of both the midpoint and the trapezoid p-norm inequalities.

x—!—y

This is done via a series of results on twice differentiable convex functions and we take integrals

with respect to a weight function as outlined in Section 2.

2 Main results

Let ¢ be a twice differentiable convex function on [0,1], w integrable and non-negative on [0, 1],

and A € (0,1). In this section, we establish bounds for the following

(/}\1“’(8)(18)@(1)—0— (A’\w(s)d3>@(0)—/01w(t)<p(t)dt

W/A (1t)w(t)dt+w/o tw (t) dt,

using Ostrowski’s and CebySev’s inequalities (¢f. Propositions 2.1 and 2.4 below).
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Recall the following inequality by Ostrowski [16], which was proven in 1970.

Proposition 2.1 (Ostrowski). Let h be integrable and n < h < N for some constants n, N on

[a,b], while g is absolutely continuous and its derivative is essentially bounded. Then,

b b b
= [sonma— = [gwa= [ hoa| < o-ag@-nlgl.. e

The constant é is best possible in the general case.

We derive the first set of inequalities.

Theorem 2.2. Let ¢ be a twice differentiable convex function on [0,1], w integrable and non-

negative on [0,1] and A € (0,1). Then
1 A 1
0<(/>\ w(s)ds)go(l)—i—(/o w(s) ) -/Ow
_ 1 ,\

(1—A>2(/:w<s>ds)+v(/(fw<s>ds>]||so“| o

Proof. Let A € [0,1]. By using integration by parts, we have

and

Then we have the following identity of interest

/01 (/:w(s)ds> s@'(t)dt/: </:w(s)ds)<p’(t)dt/0A (/jmgw) o (t)dt  (2.3)
= <//\1w(5)ds)<,0(1)+ (A/\w(s)ds>@(O)—/Olw(t)g;(t)dt

for A € [0,1]. If we use (2.1) for h (¢ f)\ s)ds and g (t) = ¢’ (t) on the interval [\, 1], then we
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get

o< [ ([ roe tom- 2450 L ([t
:/: (/:w(s)ds> ¢’(t)dt—WAl(l—t)w(t)dt
g;(l—)\f(/:w() )”90 oo, a1 -

We also have, again using (2.1) for h (t) = — j? w(s)ds and g (t) = ¢’ (t) on the interval [0, A],
that

A A _ A A
Og—/o (/t w(s)ds)gp’(t)dt+wv/o (/t w(s)ds)dt
o o £ =) Lo
LL<A1M$@>¢@MHAAtwmms8v<4w<>>|woM

If we add these inequalities, then we get

0<//\1 </}\tw(s)ds><p’(t)dt—/0)\ (/jw(s)ds) o' (t)dt

_(p(li:fmAl(l—t)w(t)dt+¢(A);¢(o) ' w (t)dt

<;(1—A)2</:w() )II@ oo, 1y + A2(/ )HSD o0,
S;[(l)\f(//\lw(s)ds)Jr/\z( )]Ilw lloo0,1]

and by (2.3) we obtain (2.2). O

When A =1/2 in Theorem 2.2, we have the following corollary.

Corollary 2.3. With the assumptions of Theorem 2.2, we have

<< @) (/%@mﬁw@—lﬁwwww
[ 11 (1 — ) w () dt — [(p (;) - 90(0)} /Oétw (t) dt] (2.4)
gé(fw@mﬂwmmw



CUBO

Perturbed weighted trapezoid inequalities... 513

26, 3 (2024)

The following result obtained by éebyéev in 1882, [2]. For a function ¢ with a bounded derivative,

we use the following notation

¢l = sup [¢" ()]
t€la,b]

Proposition 2.4. Let g, h be differentiable functions such that g', h' exist and are continuous on

[a,b]. Then,

b b b
bia/a g(t)h(t)dt—ﬁ/a ()dtb%/ h(t)dt| <

The constant % cannot be improved in the general case.

1
5 0= M9l - (25)

We now derive the second set of inequalities.

Theorem 2.5. Let ¢ be a twice differentiable convexr function on [0,1], w bounded and non-

negative on [0,1] and A € (0,1). Then

og(xiu@@)wn+(éﬁw ) Aﬂu

M- [ o) [,
-2 e as EEEE g a

1
= [0Vl AH+FHM|WAMWW o)

1 1\’ ”
Z+3 )\—5 Hw||oo,[o,1] 16"l J[0,1] -

Proof. If we use (2.5) for h (¢ f)\ s)ds and g (t) = ¢’ (t) on the interval [A, 1], then we get

([ (o)
:/: (/:w(s)ds> gp’(t)dt—W//\l(l—t)w(t)dt

1
ﬁ(l—A)3 sup w () [l¢" [l oo, 217 -
sEN1]

IN

1
12

IN

Again, by (2.5) for h(t) = — ftAw (s)ds and g (t) = ¢’ (t) on the interval [0, \], we get

0<—/0A (/tAw(S)ds> <p’(t)dt+“’(A);“"(O)/OA </jw(8)ds> dt
=— w(s)ds | ¢ e =»(0) /\tw (t)dt
AA<KA ) (wﬁ+¢<>Awwa

1
< =\ sup w 4
5 5 W) 1 o
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If we add these inequalities, then we get

og/: (/}\tw(s)d8> cp’(t)dt—/o/\ </t/\w(s)ds) o' (t)dt
PO [ yw s POy

1
<= [(1—A> sup w (5) ¢ oo g + A° sup w0 (s) [l [OA],
s€M] s€[0,A]

which proves (2.6). O

When A = 1/2 in Theorem 2.5, we have the following corollary.

Corollary 2.6. With the assumptions of Theorem 2.5, we have

|
[\
| — |
| — |
AS)
—~
—
S—
|
©
N
o |

1)} /él(l—t)w(t)dt— [gﬁ (;) —<p(0)] /O%tw(t)dt] (2.7)

//H //||

1
< o5 [l 3.0 + 10l o] 19" e o < 5 I loc o0y 10”0

3 Symmetrical weight functions

Simpler forms of the inequalities in Theorems 2.2 and 2.5 (also, Corollaries 2.3 and 2.6) are obtained

when we consider the case that the weight w is symmetrical on [0, 1]. Assume that w is symmetrical

on [0,1]. Then,

1

l[%1—wwuyu=17wqoa.

2

By assuming the symmetry of w on [0, 1] in Corollary 2.3, we have

ogwﬂxy”m<41u@@)—/iuw¢@ﬁ (3.1)

0

4{¢“);¢“”¢<;)]A muﬂdtgé;(élw@%ﬁ)ﬂ¢ww@ﬂ,

and similarly in Corollary 2.6, we get

ng(/Olw(s)ds>—/01w(t)<p(t)dt (3.2)

[P0 (D) [ @t < K Mol 197

N|=
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We give now some examples for simple symmetrical weights.

Example 3.1. First, consider the weight w (t) = |t — %

, t €1[0,1]. Observe that

1

1 1
1 1 : /1 1
/é(lt)(tQ)dtZIS, /Ot(2t>dt48
1 AW 3 /1 ol
40—2)t—%;(2—0 =1

and

From (3.1) we obtain

1 1 ! 1 1
< — 1 - _ _ = < " )
0< 35 [w( )+¢(0)+¢<2)} /0 t 2‘<ﬂ(t)dt_ 128 19" o 0,11 (3.3)
while from (3.2)
0< - (1) +¢(0) + : _/1t—1 (t)dt<*1 1" (3.4)
S5 |% 2 ¢\ 3 ; 5% =96 17 Nloo,f0.1] '

which is not as good as (3.3).

In the above example, we choose a weight function w for which the bound obtained from Corollary
2.3 (and thus Theorem 2.2) is better than that obtained from Corollary 2.6 (and thus Theorem
2.5). Is this always the case? In what follows, we choose a weight function for which we obtain

identical bounds.

Example 3.2. Consider the weight w (t) =t (1 —t), ¢t € [0,1]. Observe that

1 1
/ (17t)2tdt:i, /2t2(17t)dt:i
1 1927 J, 192

2

and

1 3 1
t(l—t)dt:/ F(1—t)dt = -
0

o

From (3.1) we get

1
0< 5 Bl e +100 (3)] - [ta-000 < G Iy, G
while from (3.2)
0< % [3 [© (1) 4+ ¢ (0)] + 10 (;)] - /0 t(1—t)p(t)dt < F}2 ||%0”Hoo,[0,1] ) (3.6)

which is the same as (3.5).
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In other cases, the bound obtained from Theorem 2.2 is better than that of Theorem 2.5, as

outlined in the next two examples.

Example 3.3. If w=1 in Theorem 2.2, then

0<

N =

for all A € (0,1). Since

then (3.7) can be written as

1

2
1 1(1 1
03l +1-NpW 0]~ [ parsg|i+3(r-3) ] " oo o (35)
In particular, we derive the inequality
1 [e(1)+¢(0) 1 /1 1 "
< - | ==L — — < — . .
0< 5 B ' 5 ; p(t)dt < 39 16" | 0, 0,11 (3.9)
Example 3.4. If w =1 in Theorem 2.5, then
1 ! 1 (1 1\?
05l +1-NpW a0 [ v 5|33 (x-3) ] "oy (3:10)
0
for all X € (0,1). In particular, we have
1[e1)+¢(0) 1 /1 L
< - | —— - = < — . A1
0<3 5 +els ; P () dt < o 119" oo o, (3.11)
These inequalities are better than the ones in Example 3.5.
4 Applications for norms
We assume that (X, || - ||) is a real normed space throughout the sequel.

4.1 Smoothness of the norms and semi-inner products

The terminologies, definitions, and results in this subsection follow those of [7]. Let z,y € X with

x # 0, then the following limits exist

2 2
ety — ||
t—50% 2t '
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The mapping [,-] : X x X — R given by

e+ tyl® — =)
=1 -
oals= Iy

is called the T-semi-inner-product.

Definition 4.1. The T-semi-inner-product [-, -] is said to be continuous on X if
lim [y, x + ty] = [y,z], forallz,y € X.
t—0

Proposition 4.2. The normed space X is smooth if and only if

ol tyll ==l ety =
lim ————=lim ———
t—0+ t t—0— t

for all z,y € X with x # 0.

Proposition 4.3. The normed space X is smooth if and only if the T-semi-inner-product is

continuous.

Definition 4.4. A smooth normed space (X, || -|) is of (D)-type if the following limit

t —
lim ly,  +ty] — [y, z]
t—0 t

exists for all x,y € X, in which case the above limit is denoted as [y, x|’
Every inner product space is a smooth normed space of (D)-type. Every (P space is a smooth
normed space of (D)-type when p > 2.

Proposition 4.5. Let (X, | ‘]|) be a smooth normed space of (D)-type and x,y € X. Then, the
mapping ¢z ,: R = R given by
2
Pay(t) = |lz+ty|

is twice differentiable on R,
Oryt)=2[y,x+tyl, @ () =2y, z+ ty]', forallt€R,

and wg)y s mon-negative on R.

Definition 4.6. A smooth normed space of (D)-type is of (BD)-type if there exists a real number
k > 1 such that
ly, 2] <k |lyll*, for allz,y € X. (4.1)

The least number k such that (4.1) holds will be called the boundedness modulus of |-,-] and we

denote such a number by kg.
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Example 4.7. Every inner product space is of (BD)-type. In fact, X is an inner product space if

and only if its boundedness modulus ko is exactly 1. For all z,y € X, we have [y,z] = ||y||* .

Example 4.8. Fvery P space is a smooth normed space of (BD)-type when p > 2. In particular,
for all x,y € P, x # 0, we have
2
[y, 2] < (4k +1) |1yl

with k = (p — 2)/2.

4.2 Convex functions on normed spaces

Let (X, | -||) be a smooth normed space of (D)-type and z,y € X. Let f;,: R — R be given by
Fay (@) = [[(1 = Oz + ty||* = &+ t(y — )|

By Proposition 4.5, f is convex and twice differentiable on R, and

fr,®)=2[y—=,(1—-tz+ty], and [, (t):=2[y—=z (1—t)z+ty],

for all t € R.

Let (X, -]|) be a smooth normed space of (D)-type, z,y € X, and 1 <p < co. Let g5, R = R
be given by

(SIS

Goap(®) = (1= )z + ty]” = (I(1 = )z + ty)*) "

Then, for all ¢t € R, we have

’ _p 2\2-1 d 2 p—2
Goyp® =5 (I =Dz +1y1?) " 2L =D +tyl* = pllL = Do+ tyl” > [y — 2, (1 = O+ ty],
and

1 d — - d
Goyp(t) =D [[y —a, (L= tz+ty] 2 (0= + 7 + (10 = e+ )" 2 [y — o, (1= )z + ty]

=p[(p =2 =tz + iy’ [y -2, (1 = )z + ty]* + (|1 = )z + ty[)** [y — 2, (1 = )z + ty]']

=pll(1 =tz +ty|" " [(p—2) [y — &, (1 = )z +ty]* + (|(1 = )z +tyl)* [y — 2, (1 - )z + ty]'] .

Note that since [y —z, (1 —-)z +-y] is non-negative, then g ,  is also non-negative and thus g, , ,
is convex. If we assume further that X is (BD)-smooth with constant k& > 1, then, for all ¢t € R,

we have

9y =21 =z +ty"~ (0= 2) [y — 2, (1 — )z + ty]* + (11— )z +tyl)* [y — 2, (1 — )z + ty]]

<plld =t +tyl”* [0 = 2) ly — 2l 11 = )+ ty]* + & (|1 = )z + ty ) |y — z]|”]
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=p(p =2+ k) (1 =t + ty " |ly — ||
Consequently,

2 2 2
19 0 0ll o g < 20 = 2+ K2) ly = all® max { ]2 1yl } (4.2)

Remark 4.9. Recall that when X = (P with p > 2, we have that
[y, 2]}, < (4k +1) |1y,

with k = (p — 2)/2, that is
[y, 2]}, < (2p = 3) Iyl ,

for all z,y € P with x # 0. We use the subscripts p in the notation for the norms and semi-inner
products here to highlight the fact that we consider the special case of P spaces. Therefore (4.2)

becomes
2 —2 -2
19 yoll o g0y < 20— 2+ @0 = 3)2) 1y — 2]} max {21122, yll5 >}

(4.3)
2 —2 —2
= (4p* = 119% + 7p) lly — @y max { 2572, Jyl2~* }

4.3 Application of Theorem 2.2

Let w be a non-negative, bounded, integrable weight on [0,1] and A € (0,1). Then, applying

Theorem 2.2 to the function g, , ,, we have

os(Aﬂwﬁdﬁnmv+(Aﬁugdanﬂv—ﬂfwwnu—wx+wWﬁ

p_ B p sl _ P _ P pA
iyl ||(11 i)m—f—)\yH / (1= 1) (8)di + (1= Nz +/\AyH &3] / f (£) dit
_ A 0

1 1 A
<3 l(l_A)Q (/ w(s)ds) 42 (/ w(s)d )] (7
A 0
When the weight w is symmetrical on [0,1] and A = 1/2, we have
P P 1 1
0< M (/ w(s)ds) —/ w(t) (1 — D)z + ty|? dt
0 0

el + gl " L[

2
We obtain a simple inequality when w = 1 and we assume further that X is (BD)-smooth

P p

r+y
2

x—l—y

— 32”911/10” ,[0,1]
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1 2 2 2
< b0 =2+ k) Iy — )P max {[lal” 2 y)” %}

4.4 Application of Theorem 2.5

Let w be a non-negative, bounded, integrable weight on [0,1] and A € (0,1). Then, applying

Theorem 2.5 to the function g , ,, we have

0< (/:w(s> ) Il + (/OAw@) ds> ol —/Olwu) 11— by + ] de

p_ _ p 1 _ P _ P A
iyl ||(11 i\\)x—k)\yH / (1— 1) (£)dt + (1= Nz +/\>\yH &3] / f (£) dt
_ A 0

1
5 [ = 2 0l oy A% 10l o] 19500l o

1|1 1\
12[4+3(/\—2>]||w| 01]||9x7yp|| J[0.1]°

When the weight w is symmetrical on [0,1] and A = 1/2, we have

p p 1 1
OSW(/O w(s)ds)/o w(t) (1= t)a + ty|” dt

p P
_4[|$II |1

IN

Tr+y P
2

%
. ]/o tw(t)dt< ||wH J[0,1/2] HgmypH 0,1

We obtain a simple inequality when w = 1 and we assume further that X is (BD)-smooth

01[

:c—!—y

IN

&\Hw‘

p_|_ p
Lzl |y||} /” e+ tyl bt < 1= okl o

—2 -2
p(p =2+ k) Iy — > max { 2”2 "}

4.5 Case of inner product spaces
In the case that (X, (-,-)) is an inner product space, we have

Iy =L =tz + iy~ [(p = 2) (y — 2, (1 = )z + ty)” + (|(1 = )z + ty])* (y — 2, (1 — D)z + ty)’]
<pll =t +tyl” [0 = 2) ly — 2”11 = e + ty]* + 11 = )+ ty]* [ly — z]|*]

=pp =) (L =t +ty|"~* |y — 2|,

and specifically when p = 2,

2
g.'/r/,y,2(t) < 2 ”y - I” )
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We obtain simple inequalities when w = 1, from (3.9) and (3.11),

1 z||? —|— Y p 1
=3 [H + 122 ol / I =)z +tyl|"dt < op(p — 1) ) [ly — «[|* max {|=|["~, [ly||”~*}
(4.4)
and
1 z||P + P 1
0< 3 [H H I Iyl } / (1 —t)z + ty||” dt < @p( p—1) |y —z|? max { ||z||"~ 2 wlP 2}
(4.5)

In particular, when p = 2

os;[ oty ol *'y”] [ra-nesmias w-er 0o
and
og;Ux; e R L P e P N
This last inequality is, in fact, an equality, since
I BT e = [0 + Lol +2 ) +

- / (1= 02 >+ 260 — 1) () + 2 ]t
S G l2l® + 31yl +2 (@) — 5l + Iyl + {,0))
= ol + Iyl = 2.2, 9)) = 57 ly = all*
The above shows that (4.5) is sharp, and consequently (2.6), (2.7), (3.2), (3.10), and (3.11), are

also sharp.

We again consider p = 2, and we further consider the weight w () = ‘t — %|7 t € [0,1], as in

_/01

We conjecture that the above bound is not sharp.

Example 3.1, then (3.3) becomes

+y

0= 2

~ 64

£ H

1
= 5|10 = Bl e < g ol

We again consider p = 2 with the weight w (t) =¢(1 —t¢), t € [0,1], as in Example 3.2, then (3.5)

becomes

1 2

1
0< L [(Hxﬂ i) +10H = [0 - el i< oyl
0

— 96

We conjecture that the above bound is not sharp.
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ABSTRACT

In this paper, we present semilocal convergence of Steffensen-
like method for approximating zeros of a vector field in
Riemannian manifolds. We establish the convergence of
Steffensen-like method under Lipschitz continuity condition
on first order covariant derivative of a vector field. Finally,
two examples are given to show the application of our theo-

rem.
RESUMEN

En este articulo, presentamos la convergencia semilocal del
método de tipo Steffensen para aproximar los ceros de un
campo de vectores en una variedad Riemanniana. Estable-
cemos la convergencia del método de tipo Steffensen bajo
la condicién de continuidad Lipschitz de la derivada cova-
riante de primer orden de un campo de vectores. Finalmente,
damos dos ejemplos para mostrar la aplicabilidad de nuestro
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1 Introduction

There are many problems in applied sciences and other including engineering, optimization, dy-
namic economic system, physics, biological problems which is formulated in an equation by using
mathematical modeling to find the zeros of equations (see for example [7,9,10,17,19] and the
references therein). To solve the nonlinear equations many types of iterative methods have been
studied in Banach spaces. The most famous second order iterative method to solve a non-linear
equation in Banach space is Newton’s method. Recently, attention has been paid in studying
iterative methods in Riemannian manifolds. There are many types of numerical methods that
have been studied in manifolds which arise in many contexts. Some problems including eigen-
value problem, minimization problems with orthogonality constraints, optimization problems with
equality constraints, invariant subspace computations (see for example [1-3,6-8,12-15,21] and the
references therein). To solve this problem, we have to find the zeros of a vector field in Riemannian
manifolds. Generally convergence of iterative methods are usually centered on two types: semilo-
cal and local convergence analysis. The convergence analysis which provides information around
a solution and calculates the radius of convergence, it is local and when the convergence analysis
provides information around an initial point, it is semilocal. The Steffensen-like method [5] which

is second order method in Banach space is defined as:

xo € Q,
Yn—1 = Tp—1 — am(xn—l)a ac RJra ne Na
Zn1 = Tp_1+ M(zy_1), bERT,

Ty = Tpo1 — Yn-1, Zn—1; D " M(2-1),

where 901 is a nonlinear operator defined in an open convex subset €2 of a Banach space B into itself
and 9N is first Fréchet differentiable in 2. The computational efficiency of Steffensen-like method is
the same as Newton’s method, when it is applied to find the solution of finite dimensional system
of nonlinear equations. The convergence of this second order method in Banach space has been

studied in [5]. As motivation, the numerical solution of the vector field
G(ur,uz,uz) = (—ug, uy — uru3, uyusus)

using Newton’s and Euler-Chebyshev’s method on R? is difficult to find as the Jacobian is a non-
invertible matrix at the point (0,0, —1)7, but using the algorithm given in [11] such singularity is
found on the two-dimensional sphere S2. In this paper, we extend the method (1.1) to the case of

equations in Riemannian manifolds to find the singular point of a vector field.

The paper is organized as follows: Section 2, contains all the necessary background on fundamental

properties and notation of Riemannian manifolds. In Section 3, we present the semilocal conver-
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gence of Steffensen-like method under Lipschitz continuity condition on the first order covariant
derivative of vector field. In Section 4, two examples are given to show the application of our

theorem. Finally, in Section 5, some brief conclusions are given.

2 Preliminaries

In this section, we introduce some basic definitions and properties of Riemannian manifolds (for

more details see [16,18,20]).

Let @ be a real n-dimensional Riemannian manifold, X(Q) be a set of all vector fields of class C*°

on @, T,,Q be a tangent space of @ at u, and TQ be a tangent bundle defined as TQ = |J T.Q.
ueEQR
Suppose @ is equipped with a Riemannian metric (.,.) with corresponding norm || - ||. The arc

length of piecewise smooth curve v : [0,1] — Q joining u to v is defined by I(v)) = fol Il (2)||d=
and the Riemannian distance joining u to v is defined by d(u,v) = infy I(¢). Let D(Q) be the ring

of real-valued functions of class C* defined on ). An affine connection V on @ is a map

Vo Q) xXQ) — x(Q)
(X,G) — VxG

which satisfies the properties
(1) Vixt+9cT = fVxT + gVeD.
(il) Vx(G+ ) =VxG+ VxD.
(il) Vx(fG) = fVxG+X(f)G,

where X, G,0 € X(Q) and f,g € D(Q). The covariant derivative of G determined by the connec-

tion V defines at each point u € @ a linear application as

v — DG(u)(v) = VxG(u),

where G € X(Q) of class C! on @ and X is a vector field that satisfies X (u) = v. We define the

open and closed geodesic ball with centre v and radius v respectively, as
Viu,v)={t € Q:d(u,t) <v} and V]u,v]={te€Q:d(u,t) <wv}.

A parametrized curve ¢ : I — @Q is said to be a geodesic at to € I if V(4?9 (t) = 0 in the point
to. If ¢ is a geodesic at ¢, for all ¢ € I, we say that ¢ is a geodesic. If [p, ¢] C I, the restriction of
¥ to [a, b] is called a geodesic segment joining ¥ (p) to ¥ (q). By the Hopf-Rinow theorem, if Q is
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complete metric space then for any u,t € @) there exists a geodesic 1, called minimizing geodesic
joining u to t with

1Y) = d(u,t).

Also, if v € T,Q, then there exists a unique minimizing geodesic ¥ such that (0) = w and
1’'(0) = v. The point (1) is called the image of v by the exponential map at w, i.e.

€XPy, * TuQ — Q

such that exp, (v) = ¢(1) and for all p € [0,1], ¥(p) = exp,(pv). Let ¢ be a piecewise smooth
curve, then for any z,y € R, the parallel transport along 1 is a mapping from Ty )@ to Ty, Q-
It is denoted by My, . and given by

Myay + Tp@)Q — Typy@
v o— V(y(y),

where V' is the unique vector field along 1 which satisfies V)V = 0 and V(¢ (z)) = v. It is
easy to show that My ; , is linear and one-to-one. Therefore My . @ Ty@)@ — Ty, @ is an
isomorphism and inverse of parallel transport is denoted by My y .. Thus My, ; , is an isometry

between Ty(,)Q and Ty, Q. For i € N, we define M}, as

where

pr,m’y(ul, U,y ... ,ui) = (I\/Hw’m’y(’u,l)7 Mw@,y(ug), . ,Mw,z,y(ui)).

It has the important properties:

Mo =Myy, MyayoMyy.=My,..

Y, T

Definition 2.1. Let G € X(Q) of class C* on Q and j € N. The covariant derivative of order j
of G is denoted by D'G and defined as:

DIG: CH(TQ) x CH(TQ) x --- x CH(TQ) — C*(TQ),

J-times

where
DjG(Al, Ay, A1, A) = VADj_lG(A17A2, LA )

o (2.1)
_ ZD]_lG(A1)A2’ . ,VAAi) .- "Aj_l)

i=1

fO’/‘ all Ay, A, . .. ,Aj,1 S Ck(TQ)
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Definition 2.2. Let U C @ be an open convex set and G € X(Q). The covariant derivative
DG = V()G is Lipschitz with constant € > 0, if for any geodesic ¢ and x,y € R such that
Yz, y] C U, and it holds the inequality

184 DG~ DG < € [ "o o).

and we write DG € Lipe(U). If Q is finite dimensional Euclidean space, then it coincides with
Lipschitz condition for DG : Q — Q.

Definition 2.3. Let U C Q, be an open convex set. Suppose v is a curve in @, [t,t+de] C Dom(v)
and G € X(Q) of class C° on Q. The divided difference of first order for G on the points ¥(t) and
P(t + de) in the direction ' (t), is defined by

1

[(t +62), Y(2); G/ (6) = 5 (M, o100 G0t + 5¢)) — G(0(1)) (2.2)

When Q is a Banach space, if 1 is the geodesic joining uy and us, such that
() =up +t(ug —uy), teR,
then from (2.2), we obtain
[ug, u1; Gl(ug — uy) = G(uz) — G(uy).
Also if DG(u) exists, then DG(u) = [u,u; G].

Proposition 2.4. The covariant derivative of G in the direction of ¥'(t) is defined as:

DG ()Y (t) = Vi 1yGy(r)

= Jim & (M 500G+ 6)) — GUAE),

where 1 is a curve on Q and G € X(Q) of class C' on Q. If Q is finite dimensional Euclidean

space, then it coincides with the directional derivative in finite dimensional Fuclidean space.

Next, we will show Taylor-type expansions in Riemannian manifolds which will be used in the

proof of the convergence of our iterative method.

Theorem 2.5. Let 1) be a geodesic in Q and G € X(Q) of class C* on Q. Then

My,t,0G((1)) =G(¢(0))+/0 My,e,0 DG((e)) (e)de. (2.3)

Proof. See [4]. O
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3 Steffensen-like method in Riemannian manifolds

In this section, we will prove convergence and uniqueness of Steffensen-like method in Riemannian

manifolds. The method (1.1) in Riemannian manifolds has the form

ug € U,
L, 1=—-aG(u,_1), a €R", neN,
Un—1 = €XPy,,, _, (Ln-1),
VYn_1(t) = exp,, _ (tLn-1),
My_1 = bG(un_1), beR*,
Wp—1 = exp, _ (M,_1),
N, =My, 1 1.0vn-1,wn—1;G] "My, 01G(Un-1),

up = exp,, _ (Np).

Assume that G(u) satisfies the following conditions:

(1) 1G(uo)|l <€,
(2) [IDG(uo) | < Co,

(3) |IMg, ;i DG(o(5))My,i; — DG(¢(3))]] < Kfij ¢’ (x)||dx, where ¢ is a geodesic such that
¢li, j] € O.

Firstly, we shall show that a operator [vg,wo;G]~! is bounded. Let I, : Tp,,Q — Tu,Q be a
identity operator, v, and a, be a family of minimizing geodesics such that 1,,(0) = uy, ¥ (1) = vy,

an(0) = wyp, ap(l) = v, for each n =10,1,2,..., we have

IDG (uo) ™ Myg,1,0[v0, wo; GIMyg0,1 — Luo | < DG (10) ™ Myq 1,0([v0, wo; G] = DG(vo)) My 0.1l
+ [|DG (10) ™" (Miyy,1,0DG (v0) My, 0,1 — DG(ug))||

1
< HDG(UO)_lH/ [Mag,1,0DG(o(t))May 0,1 — DG (vo)||dt
0

+ [IDG () ™ [[Miysy,1,0 DG (v9)Miyy 01 — DG (uo) ||
K 3a+b
< (o (Kd(v07u0) + gd(Umwo)) < %K@f,

if (3a + b)K&(y < 2, then the operator My, 1,0[vo, wo; G]My, 0,1 is invertible and

% .
(Ba+b) K&

l[vo, wo; G171 < 5—
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Now, we define the polynomial

f 3a+b

(n=2r-Le L:K(1+

) L feln g (3.2)

1—+4/1—2L&c2 14 +/1—2L&c?
Let f* = Tﬁc and f** = +L—C£C
0< f*< f* < fif L&? < 1. Also for all n > 0, define the sequences

be two positive roots of z(f) such that

#(fn)

2 (fn)’

s = G _
1-— C()Kd(un+1, UO)

fn+1 = fn -

fO = 07
(3.3)

Before proving the convergence of iterative method firstly we will prove some lemmas which will

be used to prove the theorem.

Lemma 3.1. Let G € X(Q) of class C* on Q, then for any n € N, we have

Mg, 1,0G(un) = (/0 (My1,0DG(p(t))Mg 0.1 — DG (un—1))dt

+ (DG (un—1) — My, _1,1,0[Un—1, Wn—1; G]Mwn_l,o,l))Nn,
where ¢ is a family of minimizing geodesics such that ¢(0) = up—1, ¢(1) = uy,.

Proof. We know that

’

[0+ 1), 6(5); G160 (5) = 7 (Miss.sGl((s + ) = G(9(s)) )

S| =

put s =0 and h =1 in above equality, we get
[t tn—1; G]g (0) = Mg, 1 0G(un) — Glun—1).

Since  ¢(t) = exp,,, _, (tNy), we have ¢'(0) = N,.
‘We obtain that
[Un, Up—1; G]Nﬂ = M¢7110G(u”) - G(u”_l)' (34)

By (3.1), we have
Ny = =My, 1 1,0[vn-1, Wn—15G] "My, 0,1G(un—1)

or

G(un—1) = =My, ,1,0Un-1,Wn—1;GMy, , 0,1 Nn. (3.5)
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By (3.4) and (3.5), we obtain
M(f),l,OG(un) = ([un7 Up—1; G] — Mwn71,170[0n717 Wn—13 G]Mwn,h(),l) Nn
1
= </ (Mg,1,0DG(p(t))Mg,0,1 — DG(upn—1))dt
0

+ (DG (upn—-1) — My, 1 ,1,0[Un—1,Wn_1; G]Mwnl,o,1)> N,. O

Lemma 3.2. Suppose the sequence {f,} is generated by (3.3). If L&c? < 5 and f € [0, f*], then

the sequence {f,} is increasing and bounded above. Hence converges to f*.

Proof. We define the function h by

Wf) =1 - j,((’;)).
Then differentiating both sides, we get
Wi = 2026

as z(f) >0, 2”(f) >0, 2/(f) <0in [0, f*]. We have

wip = D20 S 0 e, .

2(f)

~

It shows that the function h is increasing on [0, f*]. So, if fi € [0, f*] for some k € N, then

2(fu) _
Je < fre — I fry1
and ) ()
B 2(fr . 2 .
karl_fk_Z,(fk) S _Z/(f*) _f :
Thus, it completes the proof of Lemma 3.2. O

Now we can demonstrate the convergence of our method.

Theorem 3.3. Let QQ be a complete Riemannian manifold, U C @Q be an open convex set and

G € X(Q) satisfies the conditions (1) — (3) with:

(Ba+h)EKG <2, LEA <o, CKf <1, KQBf +&+f7) <2 V(u, f*)CU.

N[ =

Then, the method given by (3.1) converges to a singular point u* of the vector field G in Vug, f*]

and the solution u* is unique in Vug, f** +£].
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Proof. To prove the theorem, at first we shall prove some conditions for all i =0,1,2,...

(C1) u; € Viug, f*], (C3) w; € Vluo, f*],

(C2) vi € Vuo, f7], (C4) |DG(ui) ™| < G-
For ¢ =0, (C1) and (C4) are trivial and since
d(’l)o,'l_l,o):aggf*, d(w()vu()):bggf*a
therefore (C'1) — (C4) are true for ¢ = 0. Now we will prove for i € N. We have
d(ur,u0) < |[[vo, wo; G HI|G(uo)|| < c€ = f1 = fo < [,
therefore u; € V{ug, f*]. By Lemma 3.1, we have
1
M¢,170G(’U,n) = </ (M¢71,0DG(¢(t))M¢,071 — DG(Un_l))dt
0
+ (DG(un-1) — My, _, 1,0[Vn—1, Wn—1; G}Mwnl,o,1)> Ny,.
For n = 1, we obtain that
1
[G(un)]| = [Mg,1,0G(w)|| = (/ (My,1,0DG((t))My,0,1 — DG (uo))dt
0

+ (DG (ug) — My, 1,0[v0, wo; G]Mwo7071)) M

1
< [ 1M610DG(6(0)Ma 0.1~ DG(uo) [N it
0

+ [[DG(uo) — Mys,,1,0[v0, wo; G]My,,0,1
+ My,,1,0DG (v0)Mys,0,1 — My, 1,0 DG (v0) My 0,1 || V1]

< 2 s, o) + Mgy 10 DG ()M 0.1 —~ DGLaio) M|

+ oo, w05 6] — DG (o) 1M

= s, 00)? + My 10 DG ()M 0, —~ DG (i) I M|

+ 01 [ (Mag,1,0DG(ao(t))Mag,0,1 — DG(vo)) ||| N1 |dt

< B atun,u0)? + EEED i) o)

< X107 + BB ) — o) < 20— o) = ()
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As the sequence (3.3) is increasing and the polynomial (3.2) is decreasing in [0, f*], we have

d(v1,u0) < d(ui,ug) +d(vi,ur) = d(ur, up) + || L1 ]| = d(u1, uo) + a||G(w)| < f7,
d(wi,uo) < d(ui,ug) + d(wi,ur) = d(u1, uo) + || M1]] = d(ur, uo) + b||G(u1)]| < f*,

so that vy, wy € Vug, f*]. We suppose that u;,v;_1,w;—1 € V[ug, f*], for i = 2,3,4,...,n. Then

we will prove for i = n + 1. Since

A= | (s 2 Fut)) = () — o)

1
= L/O x(fn - fn—1)2d37 = g(fn - fn—1)27

we have |G(un)|| < z(fn), for all n € N, as
1
1G ()| = IMg,1,0G (un)|| = H (/ (My,1,0DG(¢(t))My,01 — DG(up—1))dt
0

+(DG(’U’R71) - Mwn—lxl,o[vnfla Wn—13 G]Mwnhoxl)) Nn

1
S/ Mg,1,0DG(6(8))Mp,0,1 — DG (un—1)[[[[Nn]ldt
0

+ [|DG(un—1) =My, ,.1.0Vn-1,Wn—1; G My, ;.01
+ My, 1,1,0DG(Wn—1)My, ;01 =My, ; 1,0DG(vn—1)My, 01 Nnl

K
A(tn, tn-1)* + [|My, _, 1.0DG(vn-1)My, ;01 — DG(un—1)||[[ Nn|

< =
-2
+ llon-1,n13 G) = DG(wn )] [N
K
- Ed(u"’u”_l)Q + My, _1,1,0DG(vn—1)My,_, 0,1 = DG (un—1) ||| Nl
1
+ [ I1(Ma,_, 1,0DG(an—1(t))Ma,_, 01 — DG(vn—1))|l[[Nn | dt
0
K K(3a+b
< Rt + B G ) )
K K(3a+b L
A N L A B A ]

We have

d(vn,uo) < d(un,uo) + d(vn, un) = d(tn, uo) + al| Ln|| = d(un, uo) + al|G(un)|| < 7,
d(wn,uo) < d(un,uo) + d(wn, un) = d(tn, uo) + bl My || = d(un, uo) + bl|G (un)|| < f7,

so that v, w, € V{ug, f*]. Now we will show that the operator [v,,w,;G]™! is bounded. Let 7



CUBO

Steffensen-like method in Riemannian manifolds 535

26, 3 (2024)

be a minimizing geodesic such that 7(0) = ug, 7(1) = v,,. We have
||DG(UO)_1MW,1,()[vnawn;G}Mw,O,l — L, < ||DG(U0)_1MW,1,0([Umwn§G] — DG(vy))My 01|
+ DG (u0) ™! (Mr,1,0 DG (v)Mir,0,1 — DG(uo)) |
1
< HDG(UO)_lll/ M, 1,0DG (an(t))Ma, 01 — DG (vp)||dt
0
+[|DG (o) ™[ Mr,1,0 DG (v3)Mr 0,1 — DG (uo) |

(2(fn — fo) + (Ba+b)z(fn)) < 1,

therefore M 1,0[vpn, wn; G]My o1 is invertible and

||[Un7wn;G]71|| ||M7T,1,O[vnawn;G]ile,O,ln
DG (uo) || —1

< < .
~ 1= |DG(uo)H[[Mr 1,0[vn, wn; G] "Mz 01 — DG (uo)|| — 2/'(fn)

We have
_Z(fn)
2'(fn)

d(tn1,un) < [[[on, wn; )G (un) || <

= fn+1 —In (36)

and

d(un+17u0) < d(un+laun) +d(unau0) < fn+1 - fn + fn - .fO = fn+1 - fO < f*

So that up+1 € Vug, f*]. Suppose (C4) holds for ¢ = 1,2,...,n and then we will prove for
i =n+1. Let § be a minimizing geodesic ¢ from [0, 1] to @ such that 6(0) = ug, 6(1) = wpy1, and
[[6"(0) || = d(un+1, uo)-

We obtain that
1
My 100G (ttns1)Ms 01 — DG(ug)|| < K / 16(0))|ds = Kd(unsr, u0) < K f*
0

and

|DG(uo) ™ ||[Mis,1,0 DG (un+1)Ms o1 — DG(uo)|| < (oK f* < 1,

as (oK f* < 1. Therefore Ms1,0DG(un+1)Ms 0,1 is invertible by Banach’s lemma and

) . DG (o)
DG(unt1) || = [Ms,1,0DG (tn41) "M < !
H (U +1) H H 4,1,0 (u +1) 51071H =1 HDG(UO)_lH||M§71,0DG(U7L+1)M5,071 — DG('LL())H
¢o s
= 1—CoKd(ung1,uo) "

therefore it holds for ¢ = n + 1. Thus (C1) — (C4) hold for all i € N.

Now we will prove the Theorem. Since {f,} is a convergent sequence and hence it is a Cauchy

sequence therefore from (3.6) the sequence {u,} is also a convergent sequence and let the sequence



536 C. Prasad & P. K. Parida CUBO

26, 3 (2024)

{u,} converges to u* € Viug, f*]. Now we will show that u* is a singularity of G. As for all n € N,

G (un)ll < 2(fn),

taking n — oo both sides, we get
1G] < =(f7) =0.

Then, we have G(u*) = 0. Finally, we will show that the singularity is unique in V[ug, f** + £].
Let v* be another singularity of G in V{ug, f** + £]. Let p be a minimizing geodesic from [0, 1] to
@ such that p(0) = u*, p(1) =v*, and ||p/'(0)]] = d(u*, v*).

We obtain
t
HMmdm@@mmw—DmmmSK/NwmmmszwwﬂSKﬂawmﬂ+awww
0

and

1

1 —1
DG [ IMy10DG o000 — DG e < (Ci - Kf*) Kt (d(uo,u”) + d(uo, v)) di
0

1 A7t
f(a‘Kf)
1

T= M, +,0 DG (p(t))M, 0, dt
0

X S~

(ff+fr+9<1.

It shows that the operator

is invertible by Banach’s lemma and we have

1
0=M,,1,0G(v") = G(u") = /O M, 1.0 DG(p(t))Mip,0.¢(p'(0))dt.

So that p'(0) = 0. We have 0 = ||p/(0)|| = d(u*,v*), implies that «* = v*. Thus it completes the
proof. O

Theorem 3.4. Suppose that u* is a singular point of G in V{ug, f*], if V(ug, f**) C U, then the
only singular point of G in V]ug,r] is u*, where f* <r < f**.

Proof. Let v* be a singular point of G in V{ug,r]. Let A be a minimizing geodesic such that

A(0) =up, A(1l) =v*. Then by (2.3), we have

MA’LOG(’U*) = MAJ’()G(’U*) — G(UO) + G(UO) + DG(UU)AI(()) - DG(’U,())A/(O)

= | Mas,0DG(A(t))Ma 0, A'(0)dt — DG(ug)A'(0) + G(uo) + DG (ug)A'(0)

= /1 (Ma 1,0 DG(A(t))Ma 0,0 — DG(ug))A'(0)dt + G(ug) + DG(ug)A'(0).
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Thus, we have

Ld(ug,v*)? _ Kd(ug,v*)? , 1 3 ,
. > ; > ||G(uo) + DG (ug) N (0)]| > DG [DG(uo) ™" G(uo) + A(0)]|
1 _ d(ug, v*) d(ug, v*)

> L (18(0) - DG () Gu ><_)><_ |

> (VO = IDG() " Gluo)l) > (T —¢) = (T —¢
Therefore )

2(d(uo, v")) = Ld("‘;’” L dwt) ez
c

Since d(ug,v*) < r < f**, we have d(ug,v*) < f*, hence by Theorem 3.3, u* = v*. O

4 Numerical examples

In this section, two examples are given to show the application of our theorem.

Example 4.1. Let us consider the vector field G from U = (-1,1)3 C Q =R3 to U = (-1,1)3
given by

Uy e'r —1
Gluy | = |ud+us
u3 u3
with the maz norm || - ||oo. For the point u = (u1,us,us3)’, the first and second Fréchet derivatives
of G are:
e 0 0 e 0 010 0 0|0 0O
DG(w)= |0 2us+1 0|, D’Gwy=|0 0 0|0 2 0|0 0 0
0 0 1 0 00|0 OO|0 OO

Initially for uy = (—0.005, —0.005, —0.005)7', we obtain

|G(up)|| = max(| — 0.005],| — 0.005],| — 0.005|) = 0.005 = &,
|DG(up) ™| = 1.0101 = ¢y, ||D*G(u)| = max(0.995,2,0) =2 = K.

Now, for a = 1, b = 1, all the assumptions of the convergence theorem are satisfied and the

Steffensen-like method can be applied to get the desired singular point.

Example 4.2. Let us consider the vector field G from R? to R? given by

cos u1+4uq

U U
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with the max norm || - ||eo. For the point u = (u1,u2)”, the first and second Fréchet derivatives of
G are:
—sinui+4 0 — COS U1 0 0 0
DG(u) = 4 , D*G(u) = 4
0 1 0 010 0

Initially for ug = (0,0)T, we obtain

=K.

B~ =

1
IGuo)ll = 5 =& IDG(uo) M| =1=Co,  [[D*G(u)]| <

Now, for a =1, b =1, all the assumptions for convergence are satisfied and the Steffensen-like

method can be applied to get the desired singular point.

5 Conclusion

In this paper, we have studied the semilocal convergence of Steffensen-like method for approximat-
ing the zeros of a vector field in Riemannian manifolds and established convergence theorem under
Lipschitz continuity condition on the first order covariant derivative of a vector field. Finally, two

examples are given to show the application of our theorem.
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ABSTRACT

In this article, we want to discuss variational methods such
as the Mountain pass theorem and the Symmetric Mountain
pass theorem, without the Ambrosetti-Rabinowitz condition.
We prove the existence and multiplicity of nontrivial weak

solutions for the problem of the following form

(oofs
ool

where a > > 0, A, (y)v is the ¢(z)-Laplacian operator,

|VU|"’(I)d:v> Ayyv + 0P @2y
= An(z,v),
T € ),
PO dw) wur@-22Y _ g
v

z € 09,

is a smooth bounded domain in RY with smooth boundary
99 and v is the outer unit normal to 99, ¢(z),¥(z) € C(Q)
. No(x)
with 1 < ¢(z) < N, ¢(z) < ¢(z) < ¢*(z) = ——F—,
@) ) < 9o < ') = e
A > 0 is a real parameter and 7n(z,t) € C(Q2 x R, R).
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RESUMEN

En este articulo discutimos métodos variacionales, como el
teorema del paso de la montana y el teorema simétrico
del paso de la montafia, sin la condicion de Ambrosetti-
Rabinowitz. Demostramos la existencia y multiplicidad de

soluciones débiles no triviales para el problema de la siguiente

forma

1

— |« —ﬁ/ ——| Vo MI)dm) AoV + [u[¢ @2y

(a2 [ w0 sv+ ol
= An(z,v),
T € Q,
(a — B/ L |Vv|“p(z> da7> |VU\“’(I)728—U =0

aq P(z)

x € 09,

donde oo > 8 > 0, Ay, es el ¢(x) operador Laplaciano, Q
es un dominio acotado y suave en RY con borde suave 0 y

v es la normal unitaria exterior a 99, ¢(z), ¥ (x) € C(Q) con

1< ¢(x) <N, p(z) < 9(z) < ¢*(z) == %

un parametro real y n(x,t) € C(Q x R, R).

,A>0es

Keywords and Phrases: Generalized Lebesgue-Sobolev spaces, weak solutions, mountain pass theorem, symmet-

ric mountain pass theorem.

2020 AMS Mathematics Subject Classification: 35J60, 35J20.
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1 Introduction
In this article, we consider the following problem

( -6 Jq— |Vv|‘/’("” dx) Ay + |v|P@ =20 = X n(z,v), z€Q,
al (L.1)
1 ov :
o(z) o(z)—2 — [9)
=B [o0 —— @) WU\ da:) |Vl £ 0, x € 99,

where a > 8> 0, A,y is the o(z)-Laplacian operator, defined as A, (,yv := div(|Vou|#®)=2Vy) =
ov
\vJ3) o(z)—2
£ (o202
v is the outer unit normal to 9Q and ¢(x),%(x) € C(Q) with 1 < p(z) < N, ¢(z) < ¥(x) <
] Ne(x)
p*(x) = ,
@ N et _ )
¢, = infq p(z) and s = supq p(z), for all p(z) € C(). The function n(x,t) € C(2 x R,R)

, 2 is a smooth bounded domain in RY with smooth boundary 9§ and

A > 0 is a real parameter. We define ¢, and ¢, for convenience as follows:

satisfies:

(m) |n(z,t)| < c(l+|t@®-1), V(z,t) € Q x R, where ¢ > 0 and ¢(z) < r(z) < ¢*(z),

n(z,t)

(n2) }1_>0 TG = 0, uniformly a.e. x € ,
t
(n3) lim n(z,t) = 400, uniformly a.e. x € {,
[t]—o0 s

(n4) there exists a constant ¢y > 0 such that H(z,t) < H(x,s)+ ¢o for each z € Q, 0 < |t| < s,
where H(x,t) :=tn(x,t) — s H(z,t) and H(z,t) fo x, s)ds,

(n5) n(z,—t) = —n(z,t) for all (z,t) € Q x R.

In addition to the conditions given for n, the functions ¢(z), ¥ (x), r(x) must satisfy the following

condition, which we call the (¢1r)-condition:
L<p, <o) <ps <t <tplx) <ths <20, <7, <7(2) <715 < P (2).

Sobolev spaces are essential in contemporary analysis, especially in the study of partial differential
equations (PDEs) and functional analysis. These spaces generalize the classical concepts of dif-
ferentiability and integrability, offering a more adaptable structure for analyzing functions whose
derivatives might not be classically well-defined. By incorporating weak derivatives, Sobolev spaces
allow for the examination of broader issues in areas such as mathematical physics, fluid dynamics,

and engineering applications, see [1,4,5,7-9,12,20,21, 26,27, 32, 34, 38].

The necessity of Sobolev spaces arises from their ability to handle irregularities and discontinuities
in functions that appear naturally in real-world problems. For instance, solutions to PDEs often

lack classical differentiability but possess weak derivatives that allow their analysis within Sobolev
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spaces. This makes them indispensable in addressing variational problems and boundary value

problems.

Kirchhoff’s problems, named after the German physicist Gustav Kirchhoff [28], are fundamental in
the study of mechanics and mathematical physics, particularly in understanding wave propagation
and elasticity theory. Kirchhoff’s equations describe the motion of elastic surfaces and play a key
role in modeling vibrating systems, such as strings, membranes, and plates. Recent research in this
field has focused on nonlinear versions of Kirchhoff’s equations, particularly in higher dimensions,

where the complexity of the problem increases, see [2,6,10,11,14,17-19,24, 25,31, 34, 37].

Variational methods have a relatively long history. Many scientists have studied in this field and
have achieved many successes. Due to the applicability of this method in experimental sciences, it
has always been of interest [?,3,8,13,15,16, 22,23, 26,29, 33,35,36]. In these methods, especially
those used to solve boundary value problems, the Palais-Smale condition ((P.S)-condition in short)
plays a crucial role in ensuring the existence of critical points, which correspond to solutions of the
problem. This condition provides a framework for the analysis of functionals in infinite-dimensional
spaces, such as Sobolev spaces. On the other hand, the Cerami condition ((C')-condition in short)
is a variation of the (PS)-condition that is particularly useful in dealing with problems where the
(PS)-condition might not hold. This modified condition is often more applicable in certain classes

of problems, particularly those involving non-compact domains or complex geometries.

Now we state our main results.

Theorem 1.1. Suppose (n1) — (n4) and the (@yr)-condition hold. Then problem (1.1) has at least

a nontrivial weak solution for all X < Ao (Ao which has been given in Section 3).

Theorem 1.2. Suppose (1), (n2), (n4), (n5) and the (@yr)-condition hold. Then problem (1.1) has

infinitely many weak solutions for all A < Ay (Ao which has been given in Section 3).
To prove our results, we will use inequalities and applied theorems such as Holder and Poincaré

inequalities and the embedding, Mountain pass and Symmetric Mountain pass theorems.

2 Preliminary results

In this section, we recall some important definitions and essential characteristics of the generalized
Lebesgue-Sobolev spaces L#®)(Q) and W1#(@)(Q) where Q € RY is an open set. In this regard,
we refer readers to the book of Musielak [32] and the papers [20,21]. Set

Ci(Q):={h:heCQ),h(z)>1 foral xzcQ},

and for each ¢(z) € C(Q)
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LF@(Q) = {’U : a measurable real-valued function such that / lo(z)|?®) da < oo} ,
Q

is the definition of variable exponent Lebesgue space, that by mentioned the following norm (so-

called Luxemburg norm) is reflexive and separable Banach space

()
[0llp(e) = inf { 1o > 0; / de <1\,
Q

These spaces are similar to classical Lebesgue spaces in many aspects [35]:

v(z)
I

a) If 0 < |Q] < oo and ¢1(x), p2(x) are variable exponents so that ¢1(x) < pa(x) ae. z € Q,

then there is a continuous embedding

L72@(Q) — LP®(Q).

’ 1
b) The Holder inequality holds, i.e., if L¥ (‘”)(Q) is a conjugate of LV’(I)(Q), where @ +
o(x
1
- =1, we have
¢’ ()

/uvdx
Q

The modular plays an essential role in manipulating the L¥(®*) spaces and is defined by the

1 1 T "(z
: (so i ¢> lullp@ IVllprey, V€ LE(Q), Vo e LE)(Q).
l

l

following relation, p,(4) : LP®) 5 R;

potor®) = [ o],
Q

Proposition 2.1 ([20]). If v,v, € L¥®)(Q) and ¢, < 400, then the following relations hold

D) Il > 1 = vl < Pew(©) < 1015,

®s

@) [Wllp@ <1 = [V, < P ®) < 0I5,

(3) [vllp@) <1 (respectively, = 1; > 1) <= pyz)(v) <1 (respectively, = 1; > 1);
(4) lvnllp) = 0 (respectively, — 4+00) <= py(q)(v) =0 (respectively, — +00);
(5) nh—>Holo [vn = V|lpz) =0 <= nh—>120 Po(z)(Un —v) = 0;

v
(6) Forv#0, [v]pm) =1 < p(5)=1.
Definition 2.2 ([21]). If Q C RY, the Sobolev space with variable exponent Wh¢(*)(Q) is defined
as

W@ (Q) :={v: Q = R:v e L¥D(Q), [Vo| € L¥@(Q)},
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endowed with the following norm

[ollwree = o]l = [vlle@) + 1Vlloe),

or equivalently
o(z) + HUH%D(I)

Vo(z)||2 N
[vll| = inf { p > o,/ ” oo 20) g < 1
Q u@(f)

Proposition 2.3 ([20]). The Poincaré inequality in W% (Q) holds, that is, there exists a positive
constant ¢ so that

||’U||<p(x) < CHV’UH@(I), Yu € Wl’W(w)(Q). (2.1)

Proposition 2.4 (Sobolev embedding [21]). If p(x),¢(z) € CL(Q) and 1 < ¥(z) < p*(x) for

each x € €, then there exists a continuous embedding
Wwhe@)(Q) — L¥Y@(Q). (2.2)
If 1 < 9(x) < p*(x), the continuous embedding is compact.

In the sequel, the constant c,,; represents the Sobolev embedding quantity, and we denote by

X = Wh#@)(Q); X* = (WH#(®)(Q))*, the dual space and (-, -), the dual pair.

Lemma 2.5 ([21]). Suppose

J(v):/ L ur @ dz, o e X,
o w(z)

then J(v) € C*(X,R) and the derivative operator J' of J is
(J' (v),9) = / VolP@ =20V de, Yu,9 € X
Q
and the following relations hold:

(1) J is a convex functional,
(2) J': X — X* is a strictly monotone operator and bounded homeomorphism,

(3) J' is a mapping of type (Sy), it means, v, — v (weakly) and grf sup(J'(v), v, —v) <0,
imply v, — v (strongly) in Wol’sa(x)(ﬂ).
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Definition 2.6. v € X is a weak solution of problem (1.1), if

1
<a—ﬂ/ ——|Vo|#®) da:) / |VU|W(I)7QVUVZ/CZJU—|—/ Y@ 20vde = X | n(z,v)vde,
o ¢(z) Q Q Q

Vv e X.

The energy functional related to our problem, Jy : X — R such that

N B T X Y B e
JA(U)—a/QLP(x)|VU|“" dz 5 (/Q <)O(x)|Vv|“0 dx)

+/ ! ‘U|¢(z)dﬂ;7)\/H($,U)d$, Yoe X, (2.3)
o ¥(2) Q

which is also well defined and of class C1 in (X,R).

Now we define J} as the derivative operator of Jy in the weak sense, by the following formula,

(Jy(v),vy=(a-7 L|Vu|“’(ﬁ) dx / Vu|?@ =20V da
a ¢(z) Q

—|—/ |U|¢(r)72vudx—/\/n(x,v)yda:, Yo,v e X. (2.4)
Q Q

A critical point of Jy is clearly a weak solution of problem (1.1).

Definition 2.7. If (X, - ||) is a real Banach space and J € CY(X,R), then we can say that
J ensures Cerami-condition in level ¢ ((C).-condition in short), if for all sequence {v,} C X
satisfying

J(vn) = ¢ and || (vn)llx+(1+ [[onllx) = 0, (2.5)

then, {v,} contains a convergent subsequence.

If this condition holds for each ¢ € R, it can be called (C)-condition.

3 Proof of Theorem 1.1

To prove Theorem 1.1, we will use the following Mountain pass theorem.

Theorem 3.1 (Mountain pass theorem [8]). Let X be a real Banach space, let Jy : X — R as
Jy € CH(X,R) that ensures the (C).-condition and Jx(0) = 0, such that

(a) there exists R > 0 and a > 0, so that Jx(v) > « for each v € X with |||v]|| = R,

(b) there is a function e € X such that |||e||| > R and Jx(e) < 0.

So, Jx has a critical value ¢ > «, that is v € X, such that Jy(v) = ¢ and Ji(v) =0 in X*.
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First, we prove that Jy has the geometry of the above Mountain pass theorem.
Lemma 3.2. (a) Under the condition (n3) the functional Jy is unbounded from below.

(b) Under the conditions (1) and (n2), v =0 is a strict local minimum for J.

Proof.  (a) By (n3), we have

VM >0, Jear > 0;  n(z,t) > M|t

s —cpy, VreQ, telR. (3.1)

If v € X for v > 0, and (3.1), we have

) 8 o) 2 (@)
Ja(tv :a/ Vv‘p(r)dx—</ Vv ”(m)dx) +/7vw(r)dx
m=a ) o™ 2 Un ol V! o o))"

®
—)\/ H(z,tv)dx
Q

1 B 1 2 1
< at®s / —|Vo|?@®) dr — 2424 </ —|Vo|?®) dx> + t¥s / — Y@ gy
@ 2" oo VY o @

—M)\t“’s/ [0|?@) dz + Aepr|Q] = —o0, as  t — 400,
Q

since ¢, < s < 2¢,, thus, Jy is unbounded from below.

(b) According to the conditions (n1) and (72), we have
Ve >0, 3e. > 0;  H(z,t) < e|t|?@ + et @, V(z,t) € QxR.

Therefore, if v € X with [||v]|| < 1, by Poincaré inequality and Sobolev embedding (2.2), we

have

1 . i N .
J U:a/VU‘P("‘)dx—</ VUW(l)dx> +/ v‘/’(‘)dac—)\/Hx,v dx,
A Q<p(:1:)| | 2 Q| | Q¢($>| | Q (@)
2
= IVvl*"“)dar:—ﬂ2 (/ Vol #) dm) —EA/ |v]#@) dx_ch/ o]"® da
Ps Jo 250, Q Q Q

2
[0 ﬁ T
— — e /VU“”(””)dx—</ Vv‘p($)dx> —c A vty + vl
(£ -cxe) [ 170l ([ vl (w1t + 017,

v

Y

@ . B 2 r . )
> (% 025A> I[[v]]]#s — 2<p?|||v||| ZEPY (Celmb\HUHI” 4o ol )
oo B

8]
z(—@a)w|
Ps

where embedding constant ce.,,;, > 0. By selecting € <

I8 .
2 1IPF = e (el + g ) NIl
l

er g\ we have

B

s 2 T -
# = gl = e (el + o el

«
Jr(v) > —|||v
A( )_Q%IH I
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By dividing the previous inequality sides on the positive value |||v|||¥* and since, we know

that ¢ < 2¢, < r,, we have

8 N S »
Taw) 2 Ml |52 = g el = eeh (el + g ) Nlellin = |
S l
now, we can choose |||v||| = R > 0, such that
o p R2P,—s A ™ s R —¥s 0 3.2
2¢ - ﬁ ~ CeA(Comp Tt Cemp ' > 0. (3.2)
S 1

We can infer that

@ iRmozﬂos - ap] — BpsR*#1— %

s — Qg
e (Cops €l ) R0 < 20, 277 20507
S S

since ¢. and Cepp > 0, we can infer that

OZQD% — /8905R259l7§95

A< ] Ts 2 pr;—
205 (Cemb + Cemb) PsPq Rri=es

= Ao, (3.3)

therefore, by (3.2) and (3.3) we have

(6% ﬁ — T T T, — Qs
ro 2—%232% 2 = e (Clhg + i) B9 >0, WA € (0, 00).

So, there exists § > 0 so that Jy(v) > ¢ > 0 for all v € X with |||v||| = R. Thus, the proof

is complete. O

Now, we prove that Jy ensures the (C).-condition.

Lemma 3.3. If (1) — (n4) hold, then for all X > 0, Jy ensures the (C).-condition at any level
2
ce (—oo7 gﬁ)

Proof. At the beginning, we consider the boundary condition for {v,}, let {v,} C X be a (C),

sequence related to the Jy, such that
Ia(vn) = ¢ and |3 (05| x+ (1 + [[[vnl]]) = 0. (3.4)

Using (n3) and (3.4), we can write

pac+ 0n(1) = @ada(vn) — (JA(v0),vn)

_ ps o) Ys w()
“f (so(m) 1)'“"‘ d“/g(wx) 1)'“"' e

o[ e ( [ oo ([ [12 1] wao ).
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Since a > 8 and 2¢p, > ¢, we have

11 () )2 (T/’s _> ()
%HO”(l)Zﬁ(% 2%)(/52'%”' da +/Q U(x) L) loal ™ de

+ A /Q(H(x, 0) — co) dz

oL 2oy Vs _ V() 2 -~
25<% 2%) [llvnll]™ +/Q <¢(m) 1) |vn] d:ra—i—)\/Q(H(x,O) co) dz,

therefore

11 20, Vs () : _
wsc+ On(1) 26(@5 2%> lvn|]*¢ —|—/Q (dJ(CU) 1) |Un] dr + \ Q(H(.%‘,O) o) di.

Since A > 0, we have

1 1
@ (1) P

> [llonl[[*#t = Aol

thus

1 1
4 ( - ) Hon]lIP# < @sc+ On(1) + AcolQ-
Ps 2901

Since s < 2¢,, f >0 and A > 0, it is clear that {v,} is bounded in X. Then
v, — v weakly in  X. (3.5)
By Sobolev embedding (2.2), we have the following compact embedding
X < L*@(Q) for 1<s(x)<*(x). (3.6)
From (3.5) and (3.6), we can infer that
vp—v in X, vy,—v in L*9Q), wv,(z)—=ov(x), ae in Q. (3.7

Using Holder inequality and (3.7), we have

/ \Un|"/’(’”)_2vn(vn —v)dx
Q

g/ [U | Y@L |0, — 0| dz
Q

< Mol @ st Jon = vlloey >0 as > ox,

thus

/ \vn|w(m)72vn(vn —v)der —0, as n — oco. (3.8)
Q
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By (1) and (72), we have that for each € € (0, 1), there is ¢. > 0 so that
In(z,vn)| < 6|Un‘so(gg)_1 + Cs|Un|T($)_1~ (3.9)

By Sobolev embedding (2.2), Holder inequality and (3.9), we have

‘/Qn(x,vn)(vn —v)dx

< /(5|vn\“"(m)’1|vn — v+ c€|vn|r("’”)’1|vn —v|) dzx
Q

< eflfon] 71 ee) [lvn = Vlloe) + ceel[ [ || r@ f[on = vllr@) =0,
p(z)— T(z)—

as n — 0o. Therefore

/ n(x,v,) (v, —v)dr — 0, as n— . (3.10)
Q
From (3.4), we have (J{(vy,),v, —v) — 0, as n — 00, so, we can infer that

1
(a - ; @|an\‘p(‘r) dm) /Q |an|“’(””)_2VUn(an — V) dx

+/ [0 | Y@ 20, (v, — ©) da — )\/ n(x,vn) (v, —v)dr — 0. (3.11)
Q Q
From (3.8), (3.10), (3.11), we can write
1
(a - ﬁ/ —— |V, [#@ d:v) / VU, |? @72V, (Vu, — Vo)de — 0, as n—oo. (3.12)
o ¢(z) Q

Since {v,, } is bounded in X, therefore, it is necessary for the following positive sequence to converge

to a non-negative value such as v,, which means,

1
/ﬁ|VUn|w(z)dx—>vp20, as m — 00.
Q P\r

1
Similar to the proof of Lemma 3.1 in [23], we have the sequence {a — ﬁ/ ﬂ|an|“0(””) dx} is
Q P\T
bounded, when n is large enough. So, it follows from (3.12) that

/ |an|“”(m)_2an(an —Vv)dx — 0,
Q

as n — 00. So, by the (Sy) property (see Lemma 2.5), we get |||u,||| — |||v]|| (strongly) in X,

that means J) ensures the (C).-condition. Moreover, considering the proof of Lemma 3.1, Lemma
2

3.2 and Remark 3.1 in 23], we deduce that the (C).-condition is satisfied for ¢ < %' O
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3.1 Proof of Theorem 1.1

Proof. Tt is clear that Jx(0) = 0, by Lemma 3.3, J\ ensures the (C).-condition where ¢ €
2

28
theorem, thus, all the assumptions of Mountain pass theorem are satisfied, therefore, for each

—00, . Considering Lemma 3.2, we prove that J, has the geometry of the Mountain pass

A < Mg, our problem has at least a nontrivial weak solution in X. O

4 Proof of Theorem 1.2

In this section, we will prove that problem (1.1) has many pairs of solutions by using the following

Symmetric Mountain pass theorem.

Theorem 4.1 ([8]). Let X be a real Banach space, and Jy € C1(X,R) that ensures the (C).-

condition and J5(0) =0 and Jy be an even functional, such as

(A) there exist two constants a, R > 0, so that Jx(v) > a for each u € X with |||v]|| = R,

(B) for each finite dimensional subspace E C X, there exists Rg > 0 so that Jx(v) <0 on E\Bpg.
Then Jyx has a sequence of critical points {v,} such that Jx(v,) — +00.

It is clear that for the even functional Jy, we have J)(0) = 0 and by Lemma 3.3, J ensures the
2

0o, &
Y 2/8
and (B) of the Theorem 4.1 are true for the functional Jy. On the other hand by the proof of

(C)c-condition where ¢ € | — . Therefore, it suffices to prove that the two conditions (A)

Lemma 3.2 (a), where
gt — B, 2o

T Ts 2 Pr;— s
205 (Cemb + Cemb) PsPq Rri=e

ag =

and a = agR?* for each A € (0, ap), there is a > 0 so that for each v € X with |||v||| = R, we have

Jx(v) > a > 0. Thus, it suffices to consider only the condition (B).

We use the indirect proof method, thus assume that {v,} C E such that if |||v,||| =& +o0 as

n — 400, then there is M € R so that it is a fixed constant, then

Ix(vp) > M, Vn e N. (4.1)

Un

[H[vnll]

Now, for any v, € E C X, put V,, := . It is clear that |||V,]|| = 1. On the other hand, since
dim E < 400, we have

WV e E\{0}; [[[Va = VI[[ =0

We can infer that

Valz) > V(z) ae x2€Q, as n— oo,
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since V(z) # 0 — |vp(2)] = 400, as n — +oo, (by (4.1)).

By (n3), we can infer that

Jim B onle) im Ii(f (U;Eo Dy, @) = +oo,
for all x € Qg := {x € Q: V(x) # 0} and by (n4), there is sp, such that
H|£x¥;s) >1, Ve and |[s|> so. (4.2)
Now by (11), we can write
3Cs > 0;  |H(z,s)| < Cq, V(z,8) € QX [—80, 50]- (4.3)
Using (4.2) and (4.3), we conclude that
AC, e R, H(z,s) > Cy, V(z,8) € QxR (4.4)
Thus
Hron) =Ci o g vicq vneN.
Then, we have
mvn(xﬂ% — |||Uf|4|% >0, VzeQ, VneNlN. (4.5)

Thus, by Poincaré inequality, (4.1) and (4.5), we can infer that

0< lim 7JA(Un)
n=too || |vy||[#e

o g [ es@!Vealt® e+ o giloa " de / H(z,v,)
= Toall? o Toalll#

n—-+4oo

Since 15 > s, and A > 0, we have

1 () 1 |, [%(x)
« Vu,|?*) dx ~| v, dx
0< lim Jo (p(a:)| nl n Jo w(1)| L|¢ B )\/ H(z,vy,)
n—+o0 Il[onl#* Hlvnlll : a lllvnll[#:
Cs H( n
< e + — A lim (@, L dx
(pl 1/)8 n—-+o0o
Cs H( n
gg—f———)\liminf (@, 4 dr
(pl 1/)8 n—-+4o0o
5 H
<o, G )\liminf/ 7(:” Un) 2|V (2)|* daz — o0,
o, s ot Jou [un(@)|?e

which is a contradiction. Then, the proof of (B) in the Theorem 4.1 is complete.
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4.1 Proof of Theorem 1.2

Proof. Now, by Theorem 4.1, we can deduce that Jy has a sequence of critical points {v,} such
that Jy(v,) — o0, thus, we prove that our problem has infinitely many weak solutions and the

Theorem 1.2 is proven. O
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