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A note on Buell’s theorem on length four Biichi
sequences

FABRICE JAILLET!
ABSTRACT
XAVIER VIDAUXZE

Biichi sequences are sequences whose second difference

! UCBL, CNRS, INSA Lyon, LIRIS, of squares is the sequence (2,...,2), like for instance
UMRS5205, F-69622 Villeurbanne, (6,23,32,39) — so they can be seen as a generalization of
France. arithmetic progressions. No (non-trivial) length 5 Biichi se-
fabrice.jaillet@liris.cnrs. fr quence is known to exist. Length four Biichi sequences were

parameterized by D. A. Buell in 1987. We revisit his theo-
2 Universidad de Concepcion, Facultad rem, fixing the statement (about 26% of the Biichi sequences
de Ciencias Fisicas y Matemdticas, from R. G. E. Pinch’s 1993 table were missed), and giving a
Departamento de Matemdtica, Casilla much simpler proof.
160 C, Chile.

RESUMEN

zvidauz@udec. cl™

Las secuencias de Biichi son secuencias para las cuales la
segunda diferencia de sus cuadrados es la sucesion (2, ..., 2),
como por ejemplo (6,23,32,39) — luego pueden ser vistas
como una generalizaciéon de las progresiones aritméticas. No
se sabe de la existencia de ninguna secuencia de Biichi (no-
trivial) de largo 5. Las secuencias de Biichi de largo 4 fueron
parametrizadas por D. A. Buell en 1987. Revisitamos este
teorema, corrigiendo el enunciado (faltan alrededor del 26%
de las secuencias de Biichi de la tabla de R. G. E. Pinch de

1993), y dando una demostracion bastante méas simple.

Keywords and Phrases: Representation of systems of quadratic forms, Biichi’s n-squares problem, second dif-

ference of squares.
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1 Introduction and result

Recall that the first (forward) difference of a sequence (yy,),, is the sequence (yYn4+1 — Yn)n, so the
second difference is ((Yn+2 — Yn+1) — Un+1 — Un))n = (Yn+2 — 2Yn+1 + Yn)n- A Bilichi sequence is a
sequence (21, ...,xp) whose second difference of its sequence of squares is the constant sequence
(...,2,...), namely, it is a sequence which satisfy the system of Biichi equations 22, — 222 | +
22 =2 forn = 1,...,M — 2. We call trivial Biichi sequence any such sequence such that
22, = (z,+£1)? for every n = 1,..., M — 1. Biichi’s problem asks whether there exists an M such
that every Biichi sequence of integers of length M is trivial. It is not known whether any such M
exists, and actually no non-trivial length 5 Biichi sequence of integers is known to exist. However,
Biichi’s problem has a positive answer, namely, an M can be proved to exist, under some classical
conjectures in Number Theory — see [11] and [6]. For a general survey on Biichi’s problem and

variations, see [5] and the references therein.

Length 3 Biichi sequences of integers were characterized by D. Hensley [2,3] through a parametriza-
tion in two variables coming from the line and circle method, and later by P. Siez and the sec-
ond author [8] using matrices. In [1], D. A. Buell builds on Hensley’s parametrization to find a
parametrized family, say by a pair (k, ¢) of integers, of quadratic equations whose solutions corre-
spond to length 4 Biichi sequences of integers (BS4 in the sequel) — see Equation (1.1) below. As
J. Lipman pointed out in [4, page 4], it is not clear how to characterize the pairs (k,¢) for which

the equation is solvable.
See [7], [10] and [9] for other approaches to the problem of understanding the BS4.

In this short note, we fix two mistakes in the statement of the original theorem — see the comments

before the proof — and give a much simpler and more transparent proof.

Theorem 1.1 (D. A. Buell, 1987, revisited). A sequence o = (x1,...,x4) is a Biichi sequence of
integers if and only if there exist coprime integers k and £ of opposite parity, an integer x, and a

rational number y such that 3y € Z, which satisfy

x1 = x(—20+ 3k) + y(—3¢ + 6k)
xo = x(—L+ 2k) + y(—2¢ + 3k)

r3 =zxk+yl

xy = xl+ 3yk

and

(€ —k)2x? + (202 — 6kl + 6k%)zy + (£ — 3k)%y* = 1. (1.1)

The proof below allows to find easily some of the possible parameters k and ¢ from a given BS4
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— this was our original motivation, as this is not clear how to do it from [1|. This is also how we
realized that the possibility of having a 3 in the denominator of the y cannot be dropped, as can
be seen with the Biichi sequence (16,87, 122,149), for which yk = —4?0. Indeed, about 26% of the
sequences with some entry at most 1000 need a 3 in the denominator (see [7] for the list). This
phenomenon was overlooked in Buell’s statement, though one could detect it while going through

his intricate proof: his quotient ;jfk, line 4 before the Theorem, can actually have a 3 in the

denominator. The other issue in Buell’s original statement has to do with trivial sequences, which

cannot be put aside in the statement, as our proof shows.

Proof. If direction. When computing the second difference of squares of the z;, one obtains the
left hand-side of Equation (1.1) multiplied by two. So ¢ is a Biichi sequence. If y is an integer,
there is nothing else to prove. Otherwise, replacing y by % in Equation (1.1), then multiplying by

9 and taking modulo 3, we see that 3 divides ¢, so the z; are indeed integers.

Ouly if direction. Assume that (z1,...,xz4) is a Biichi sequence of integers. The idea is to pretend
that wy := zk is a variable, as well as wy := ¢, w3 := yk and wy := y¥, so that the system of the

statement can be seen as a linear system:

T 3 -2 6 -3 zk
T 2 -1 3 -2 zl
2| = (1.2)
T3 1 0 0 1 yk
Ty 0o 1 3 0 yl
By inverting the system we get:
2wy = —x1 + 229+ 23
20.)2 = —2.’E1 + 31’2 + x4
(1.3)
6wy = 2x1 — 329 + 14
2w, =x1— 229 + x3.

Observe that, since x; and x;11 have opposite parity for each ¢ (which can be easily seen from the
Biichi equations), wi, ws, 3wz and w4 are integers.

If w; = wp = 0, then one can choose x = 0, and y = 1, £ = z3, k = % if 3 divides x4, and

Y= %, ¢ =3z and k = x4 if not. From (1.3), we get x5 + 2x3 — 24 = 0, which, together with the
Biichi equation x7 = 22% — 23 + 2 gives (72 + 23)% = 1, hence the sequence is trivial. Similarly,
if wg = wy = 0, then one can choose y =0, z = 1, k = x3 and ¢ = x4, and again the sequence is
trivial. Since in both cases the sequence is trivial, we have x4 = +x3 £ 1, so in particular, k& and
¢ are coprime and of opposite parity. One readily checks that (1.2) and (1.1) are satisfied in both

cases.



4 F. Jaillet & X. Vidaux

We assume now that (wy,ws) # (0,0) and (ws,wy) # (0,0). A direct computation gives
12(wiwy — wows) = o3 — 323 + 322 — 2% = (2% — 223 +23) — (25 — 222 + 23) =0,
so we have
Wiy = Waws3. (1.4)

Hence w; = 0 if and only if w3 = 0, in which case we choose k =0,/ =1, £ = wy and y = wy, so
that ¢k = w1, ©f = we, yk = w3 and yf = wy. Similarly, we = 0 if and only if wy = 0, in which
case we choose / =0, k=1, x = w; and y = ws, so that xk = wy, ol = w9, yk = w3 and yl = wy.
Assume that wiwowsws # 0. Let € be the sign of wiws. Choose © = e ged(wy, wa), k = 22, £ = 22
(so k and ¢ are coprime integers), and y = %7 where y' = ged(3ws, 3wy). Note that if both w; and

wsg are positive, then we obtain
3ws ged(wr, we) = ged(3wiws, 3waws) = ged(3wiws, 3wiws) = wy ged(Bws, 3wy).

In general, we have 3ws ged(wy, we) = ew ged(3ws, 3wy ), hence

EW1q /
3wy = ———— X ged(3ws, 3wy) = k
w3 ged(wr, wa) ged(3ws, 3wa) Y
hence ws = yk. Since wy # 0, we have wy = ‘”f)—‘f?’ = % = yf. By inverting the system (1.3), we

see that the system (1.2) is satisfied.

Equation (1.1) comes from replacing the x; in x3 — 222 + 22 = 2 (for instance) by their expression
in terms of z, y, k and ¢. Equation (1.1) implies immediately that k and ¢ cannot have the same

parity. O

While working on this note, we realized that the solutions of (1.1) with k = ¢ + 1, described in
Section 5 of [1], are precisely the BS4 that were found by the second author in [10] with a different
method.
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ABSTRACT

In this paper we introduce a new generalized fractional in-
tegral unifying most of previous existing fractional integrals.
Then, we prove some essential properties of this new opera-
tor under some classical assumptions. As application, we use
this novel fractional integral to establish a several inequali-
ties of Minkowski type. Our results recover a large number

of a well known inequalities in the literature.
RESUMEN

En este articulo introducimos una nueva integral frac-
cionaria generalizada, que unifica la mayoria de las inte-
grales fraccionarias existentes. Luego demostramos algunas
propiedades esenciales de este nuevo operador bajo algunas
suposiciones clasicas. Como aplicacién, usamos esta nueva
integral fraccionaria para establecer varias desigualdades de
tipo Minkowski. Nuestros resultados recuperan un amplio
nimero de desigualdades bien conocidas en la literatura.

Keywords and Phrases: Fractional calculus, fractional integral, Riemann-Liouville integral, reverse Minkowski

inequality.
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1 Introduction

Fractional calculus has been the subject of a lot of works during the last years. Fractional models
has been used to diverse problems in various domains of science, see [43]. In fact, it is mainly
used in modeling different phenomena, as mechanics [6], economy [45], human body modeling [14],
visco-elasticity [18,30], biology [28], circuits [31], material sciences [41], porous-medium equations
[36] and many other domains. In order to modeling such problems, different integral operators
or differential operators were defined. Nevertheless, some of fractional operators defined with a
special “kernel” are used only in some cases. In [27], the authors defined a fractional integral
according to another function v as a general integral. Choosing a particular function v, we obtain
a pre-existing non-integer integral. This allows us to select the most adapted integral for proving

the result under examination.

In [47], Sousa-Oliveira defined a new fractional-derivative according to another function; the “i-
Hilfer fractional derivative”. They proved many interesting properties and they presented also
a large number of integrals and derivatives as a special cases of the y-Hilfer derivative and the

integral according to another function.

In [25], Katugampola defined the following new fractional integral

(1 ) =

1-Bk oz p(l4n)—1
p x/ a f(w)du.

O(@) Ju (o —w)i=e
He proved that the above integral unifies six pre-existing fractional integrals.

With the numerous propositions of fractional derivatives and integrals, it was very important to
propose a new definition of fractional integral that unifies most of the pre-existing definitions. The
new generalized 1-fractional integral proposed in this paper, will be the first step in order to obtain
a single general model, which can be used to different problems and to prove different results only
for this general model, rather than proving similar results each time in each different model. In
the first part of this paper, our purpose is to define this new fractional integral. Then, we prove
some important properties to justify the originality of this new generalization. Among other, we

show that the new operator is well defined, bounded and satisfies the semigroup property.

As application of the numerous fractional integrals proposed in the last years, a large number of
works are interested to several important inequalities for different definitions of fractional integrals.
See for example [2,8,19,48,49] for the Ostrowski type inequalities, [7,10, 16, 20, 40] for the Griiss
type inequalities, [4,11,12,17,26,35] for the Hermite-Hadamard type inequalities, [21,23,34,42, 46|
for the éebyéev type inequalities, [5,13,15,17,32,33,37-39,44] for the Minkowski type inequalities
and many others, (see [3,29]). Such types of inequalities are very important in different areas of

science, (see [32,38]).
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Motivated by the above large literature and as application of the new generalized 1-fractional
integral defined in the first part, our second aim in this work is to generalize the Minkowski type
inequalities using the new generalized v- fractional integral. Our results recover the Minkowski type
inequalities proved in [5,13,15,17,33,37-39] and [44]. Then, we prove different other inequalities

related to the Minkowski’s inequalities.

The remainder of the paper is organized as follows. In the next section we present the definition
of the new generalized i-fractional integral and some examples. In section three we give some
principal properties of this new operators. In section four, we prove the main results related
to Minkowski inequality and in the last section, we prove other inequalities related to the new

fractional integral.

2 Definition and examples

Definition 2.1 ([24]). Let f € Li(a,b) and ¢ be a positive function such that its derivative is
continuous and satisfying ¢¥'(x) > 0,Vz € (a,b). For 1 < p < oo, we denote

X (a,b) :={f : (a,b) = R, Lebesgue-measurable s.t. HfHXfZ < 00},

b
91, = [ e pesas

1Fllxe = esssup /() f(3)]
s€(a,b)

where

For p = o0,

When (s) = s, the space X} (a,b), (1 <p < 00), is identical to Ly(a,b).

Definition 2.2. For1 <p<oo, let f € sz)(a, b) and v as defined in the previous Definition 2.1.
Fora >0, 8,v,n,k,p, € R, we define the following new generalized v -fractional integral, (left side
and right side), by

fg*ﬁ;ﬁk,w,fu):[w” PO [l exp (~ () (960) - w(w)* ™ fwdu (21

iy = O ”"I?(Xp)( T(z) / [ (1) exp (1) ($(w) — $(@)* fdu  (2.2)

Remark 2.3. Most of the pre-ezisting fractional integrals are a particular cases of integrals (2.1)
and (2.2). For example, if () =2z, « >0,7y=0,k=0,n=0, p>0, 8 =0, then we obtain
the integral of Riemann Liouville (left sided). For a = —oo, we obtain the integral of Liouville
LIS f(z). If a = 0 then (2.1) is the analogue of the integral of Riemann %I f(z). For a general

case of function 1, (2.1) is reduced to the integral of Riemann Liouville according to a function 1,
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S0 = o / " () () — ()™ f(s)ds,

IfY(x) =Inz, a >0,7y=0,k=0,n=0, p>0, 8 =0 then (2.1) is reduced to the integral of
Hadamard ng+f(x) and for v € R and a = 0, we get the integral of Hadamard type (called also

Butzer et al. integral),

@ = [ () ()T W

IfY(x) =2, a >0,7y=0,k=—-a—n, p>0, =0, then we get the fractional-integral of
“Erdélyi-Kober”,

- prp(a%»n) T . a—1
PRI o f (@) = Tl F(s)sPIFM=L (P — 5P)* 7 s

” Ela

a-‘r;n,pf(‘r) and fOT P = 1; a = O, we get the

For a =0, we get the fractional-integral of “Erdély:

fractional-integral of “Kober”, KI(‘j‘+;n7pf(x).

If(z) =2, a >0,peR, v=0, 8 =a,n=k=0, then (2.1) is reduced to “Katugampola”
integral, and for n € R, B € R, k = s/p, we get the “generalized Katugampola” fractional integral

xS

a,B _ C o(l4m)—1 a—1
pIa_,’_;n,sf(CC) = W/{; Up( +77) (.’L’p — Up) f(u)du
IfY(x) =z, v = %1, a>0,k=n=0,pe(0,1], 8 = «, we obtain the fractional (left sided)
generalized proportional integral Ig, ., f(x) (Jarad-Abdeljawad-Alzabut integral) and for a general

case of 1, we obtain the fractional (left sided) proportional integral in the general form according

to a function 1,

12, 0) = s [ wwen |22 (06) - 0() | (000) = ()" ()

ZPtT

If ¢(x) = 1 =0,a>0,k=n=8=0,p¢ (0,1], and r € R, we obtain the generalized
f@). Ifp(z) =lnz, y=22L a>0 k=n=

conformable fractional (left sided) integrals, "K&

a+;p p
0, p € (0,1], B = «, we obtain the generalized proportional integral of “Hadamard” (left sided),
I, ).

In the following, we plot some examples of the new )-fractional integral of the function f(x) from
Theorem 3.2, in the case p = 0.5, 8 = 1, k = 1 for a different example of 1 and different values of ~.

The first two figures plot the expression of I{‘j_f ;;pk v f(x) against the variables x and «. The third

and fourth figures plot the expression of Ifffk o

fractional integral of the above mentioned function f(z) = [¢(2)] ™" exp (yi)(z)) (¢ () — w(a)))\_l

f(z) against the variables  and A. Since the

is the solution of many well known fractional differential equations (see [43]), each figure is the
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solution of a specific differential equation. This fact will be the subject of a forthcoming work.

P(z) == U(w) = 2? P(x) = Vo P(z) = log(z)

Figure 1: t-fractional integral Igfnl/’kwpf(x) where f(z) = [¢(x)] " exp (yi(z)) (¢ (z) —w(a)))\_l
withy=1,A=2,1<z<10and 0.1 <a<0.9.

Y(z) =V P(x) = log(z)

Figure 2: 1-fractional integral Igfnwk,ypf(m) where f(z) = [¢(z)] " exp (yi(z)) (¢ (z) —w(a)))\_l
withy=-1,A=2,01<a<09and 1 <z <10.

Figure 3: 1)-fractional integral Igf_;?wk ,f(x) where f(x)

)
.
withy=1,a=0.5,1 <z <2and 0.5 <X <10.
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P(z) =2 U(x) = 2? P(x) = Vo P(z) = log(x)

Figure 4: 1)-fractional integral I;)‘fnw L pf (@) where f(z) = [1(z)] 7" exp (voo(2)) (¥ (x) —¥(a))
with vy = -1, a=0.5,1 <z <2and 0.5 < X < 10.

A—1

=

3 Main properties of the new generalized 1/-fractional inte-
gral

We present in this section some essential properties of the new generalized i-fractional integral.

First, we give some elementary properties having obvious proofs.

Theorem 3.1. Let o > 0, 8,7, k,n,p,€ R and ¥ as defined in Definition 2.1. For 1 < p < oo
and f € XZ(a, b), we have the following properties:

* Is-f#kmpqu(m))\f(x) - Igf;?ﬁ/Mkmpf(x)’
o 100 ep(N()) f(w) = exp(Mp(@)) T30 o5 F (),
o IO @ (@) = I (@),

o I exp(Mp(w) (o) = exp(b(x)) 0% L F(a).

Theorem 3.2. Let a« >0, B,7,k,n,p, € R and ¥ as defined in Definition 2.1. We have

—1 k X a—1
o L 0 e (o) (v~ via) = TOLOEEP QRN ()7
o I O exp (—0(0) (v0) - v(0) = T W;)(]: fz)(p; () (v —v)

Next we prove that for a positive increasing function ¢ on (a,b), the new -fractional operator

Ig_fnwkv , is well-defined and bounded on the space X} (a,b).

Theorem 3.3. Lety >0, a >0, B,k,n,p € R and ¢ as defined in Definition 2.1. For 1 < p < oo
and f € X} (a,b), we have

IfﬁﬁwaXi < K|\ fllx,

where

fM a+n+k v
R ) /w I
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Proof. Let 1 < p < co. Using (2.1) and Definition 2.1, we have

o= (|Gt [yt exp(—sn)

< ($(2) — ()" F(w)d| ¥ (e )dw)

= r(;)pﬁ( [ @ exp (2(0() = w8 () (60) — 00)  F a4 ”‘”)5
< e"fi((g;ffﬂb)) ([] [ worswpwr (4 1) s vwe)”

exp (’yw(b)) b "Z’_l(i:;) ktntay, l—n—a a-1
o = e (L e s @) o)

<o (o (5)

o, B3
IaJr;n,k,%Pf

P

w’(;c)dm> "

Using the generalized Minkowski-inequality ([1]), we obtain

a,B;y
Ia+nkvnf

< exp (71/1 b)) / 1(1%((2;) "

X3 I'(a)p? 1) 1
(v )| ) e

X( ’ Y/ ()
gy o - Dol ([ T s var) " as

w1 (@) ¥(S)
- exp (yi(b)) /wl(wa))(
(a)p? P=1(1)

< K[y

where

<

NCo)

S e [
I(a)p p-1(1)

Thus, the result is proved for 1 < p < co. For p = 0o, we have

Iaﬁiﬂ f

a+;n,k,7v,p

_ =esssup ()Igffkwpf(t)‘
X5 te(a,b)
[Y()]* exp(r¥ (b)) [* !
< POLEPRO) [y
exp (W(b)) k4+n+a v
< A werre

v=1(1)

Theorem 3.3 is thereby proved.

In the next result, we prove that the new generalized i-fractional integral satisfies the property of
semigroup.
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Theorem 3.4. Let o > 0, 8,k,n,p,v € R and ¥ as defined in Definition 2.1. For 1 <p < oo and
fe Xf;(a,b), we have:

ay,fP1; ag,B2; ay+az,B1+p2;7
T k1vplaj o pd (£) = Toia i 0 f (),
a1,B1;9 az,f2;¢ _ gartaz,fi1+B2;59
Ib M1, —1M2,7,P Ib in2,k2,7, pf(x) - Ib—;nl,k2mp f(x)

Proof. Using Definition 2.1, we have

—1

Ky ex r o1
oy qentet gy - @I op((n) / O™ exp(—1(1) ((x) — (1))

I'(a1)p™
ko x -
< 0 )}F oz r;;zb / W (5)[(5)]™ exp(—y(s)) [ (t) — (s)]** " f(s)ds dt
[w( kl X ,(/) 2 1 2
" T(a eaf:ﬂlwz / Y'(s )™ exp(— / V(¢ )tk

x(wm—wmflwww—wﬁfzwuw

t —
For k; = —m; and supposing that u := () — ¥(s) we derive that

(@) = (s)’
[ @y (vt - vw) ! (w0 - ()™
= (w(l') _ w(s))aﬁ-az—l/ (1 _ u)al_lua2_1du

0

T () — () T

Thus,
a,fB1; az,B2;¢
Ia-ﬁl- ni k1,70 Iai nz —n1,7, pf(x)

kl * a+oag—
- [116 (a1 +Z;p’§f+ﬁ2 / V(s )] exp(—y3(s)) (d(x) — 1(s)) " 1f(s)ds

+a2,B1+82;
= Igphas bt Y r ().

The first identity in Theorem 3.4 is thereby proved. The second one follows using the same

arguments. O

Theorem 3.5. Let a > 0, B, k,n,p,v € R and ¢ as defined in Definition 2.1. For 1 < p < oo, we

have

/a b F(u) [Igf;;fkwg] () (u)du = / ' g(u )[15 %Wf} () ().

a
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Proof. We have

b u keX u
[ (125 0) i = [ g oL )

b M exp(— b o
= [ oty OEERED ) [ oo ) exp (o) (o) — 000)* )t

/ W (u Ig“ b f) (u)du. O

Theorem 3.6. Let a >0, 8,k,n,p,v € R and ¢ as defined in Definition 2.1. For f € X7°(a,b)
and x,y € (a,b), we have

2| ) exp(—yw@) fw)| .
SR exp(r() [b) — v@)]

v, Byt v, B3
Ia+nkvpf Ia+nkvp H* a+1)pﬁ

Proof. We have

285 10 = 12, ) = | ZRED [ oty exp (= o). i) — wa0] ™
w [ wtre e (= 1) (60) - vw)" fuda
H 2 [ @) @ e (< 5ww)
()b (v (sc)—ww)“*—exp(vww)))wy)]’“[w(y)—wwﬂ‘“)dt
-SRI [ e (= 700 (wl) - w() " fu)da
< e ST [ 0ot el ) 60 — )
e )1kexp< G () - ¢<u>)“‘1)du
+H[ (v )]neXp ”XOC/ o (u Eexp(y(y)) (¥ (y) — ¥(w)" " du
< it ”"e’;lzi dulic )”Xff ([w@c)} *exp(a () (4() ~ v(a)

— (NI ([H0) - @] - [46) - vo)] )

()] exp(=725(w) S ()] .
+ REERA: [0 w))* exp(r(v) () — (@)

2| (u)]" exp(—vy1(uw u oo a
< OIS gt expionson o)~ )] . O
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27, 1 (2025)

Theorem 3.7. Letn—1 < a <n, 8,n,k,p,v € R and ¢ as defined in Definition 2.1. For (f,)n>1

a sequence uniformly convergent in X;O(a, b), we have

a, Bt : T a,B;
Ia+;77,k,'y,p 7}1_{20 fn(‘T) - nh—>ngo IaJr;n,k,'y,pfn(x)'

Proof. Let f(zx) = li_>m fn(x). We have

a+in,k,y,p a+in,k,y,p

- ([B@)]"exp (v(4()))
B I(er)p?

< | ep(=r @I (0 — Fw)|

L&) = L 1 (@)

/I[w(U)]”w’(U) exp (= (¥(w)) (Y(@) = (w)* | fulw) = F(w)]du

([¢($)]kexp(v(¢(x)))(
X I'(a+1)pP

W(z) —(a)”.

Since the sequence (fy)n>1 is uniformly convergence, the result follows. O

Theorem 3.8. Let [ be a uniformly continuous function on [0,b]. For 8,n,k,p,v € R and ¢ as
defined in Definition 2.1, if there exists a € (0, 1] satisfying

Jim 120 5@ =0,

then
lim |f(z)| = 0.

T—>00

Proof. Arguing by contradiction, we assume that there exists an unbounded sequence (z;);en and
€ > 0 such that
|f($l)| €, vxl € [07b]

Using the fact that f is uniformly continuous, we deduce that for each x;, 3 > 0 such that

|f(@:) — f(2)] < =, Vo€ lz—px+ 4

| ™

Thus, for all z € [z; — u, x; + p] we have:

@)= |If @) = 1f ) = f@)l| = (3.1)

| ™

From another part, we have

2:)]F ex T w1 a
12835 1m0 = LA OLEEIN (o exp (= 60) om0 = )"~ ()

[ Tl @ exn (= 2 () (61) = ()" )

i—1
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[ e esn (- 10) (6@ - v)" lf(wld).

If we suppose that [1)(u)]"y (u) exp (— v(¥(w))) (¢(z;) — w(u))afl >1, Vt € [x; — 1,24, then

z;)]¥ ex x; ziml
2850l )| > LB OLD (] e (<10@) 62

< (Wl — o) faut [ || [

i—1 i—H

Zq

| f(u>ydu> .

Using (3.1) and (3.2) and denoting ¢ = ([(0)]" exp(¥(1(0)))), we obtain

o, B , ce
at+;n,k,y,p flai)l = 2T () pP’
which contradicts the hypothesis of the Theorem. O

4 On a Minkowski type inequality

First, we recall the celebrated Minkowski inequality as follows, (see [1,22]).

Theorem 4.1. Ifp > 1 and f, g two positives functions in LP([a,b]), then

(/ £(8) + gt |Pdt> (/ £ Pdt)l/p+</ab|g(t>|'“dt)w.

As a reverse of Minkowski’s inequality, Bougoffa [9] proved the following result.

Theorem 4.2. Ifp > 1, f and g two positives functions satisfying 0 < m < ﬁg < M, Vt € [a,b],
then
b 1/p b 1/p b 1/p
( / f(t)l”dt> ¥ ( / |g<t>|Pdt> < ( [ 15 +g<t>|Pdt> ,
where ¢ = +

M+1 m+1

The above result was generalized by Dahmani [17] using Riemann-Liouville fractional integral, by
Chinchane-Pachpatte [13] and Taf-Brahim [44] using the Hadamard fractional integral, by Sousa-
Oliveira [15] using Katugampola generalized fractional integral, by Aljaaidi-Pachpatte [5] using
the ¢ Riemann Liouville integral, by Rahman et al. [37] using generalized proportional fractional
integral, by Rachid-Jarad-Chu [39] using generalized proportional integral according to another
function, by Rachid et al. [38] using generalized conformable integral, by Nale-Panchal-Chinchane

[33] using generalized proportional Hadamard fractional integral.
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27, 1 (2025)

In the following, we prove the reverse of the Minkowski inequality using the new generalized -

Hilfer integral, recovering the results of the above cited papers.

Theorem 4.3. Let B, k,n,p,vy € R,a >0, p>1 and ¢ as defined in Definition 2.1. Let also f, g
t
be two positive functions in XfZ(a,b). Ifo<m< fEt)) < M, Vt € [a,b] for m and M two strictly
g

positive constants, then:

=
o=

(1005557 + (1057 ®)" < (1250, + )

] M
w erec—m+M+1.
Proof. Since @ < M, Vs € [a,b], then
9(s)
f(s)+Mf(s) < M(g(s) + f(s)), Vsel[a,b],
thus

(M + 1) fP(s) < MP(f(s) +9(s))", Vs € [a,b].

[¥(2)]" exp(y¥)(x))

I'(a)p?
grating with respect to s, we obtain

' (s)[1(s)]" exp(—y1p(s)) [w(a:) - w(s)]a ' and inte-

Multiplying both sides by

(o + 1 2L o W / () ()] exp(—yab(s)) [le) — (s)] " £ (s)ds

gMpW” i / V)] exp(—(s) [9@) — 9()]" 7 (F + 9 (s)ds.

Which implies that

I P M g »
(i o7 @) < 5y (I o + D7 (@) (4.1)
From another part, since 0 < m < chéj)), for all s € [a, b], then
f(s)
< v b
g(s) < o s € [a, b
Thus
1
g(s) (1 + ) < T L 96) e ),
m m m

and consequently
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[¥(2)]* exp(y¢(x))

Multiplying both sides by V' (s)[1h(s)]" exp(—y1(s)) [1h(z) — @b(s)]ail and inte-

(a)p”
grating with respect to s, we derive that
P X a—
(1+4) el ewute / YN exp(—w(s)) [p@) — v(s)] " g7 (5)ds
< (5) el oo ’W D[ e expt—utsn (e - v)]" olo) + 1(6)] ds
Thus, ) )
(1200 @) < — (1 (o + 1P(@) " (12)
Using (4.1) and (4.2), the result follows. O

Theorem 4.4. Let B,p,v,k,n € R, a >0, p>1 and Y as defined in Definition 2.1. Let also f,g

f(%) < M, Vt € [a,b] form >0,M >0, then:
g

be two positive functions in Xi(a, b). If0 <m <

=
=

eps e+ [ @] e ) e ew]’,
(M+1)(m+1)

- 2.
M

where ¢ =

Proof. From (4.1) and (4.2), we have:

(M+1)(m+1) (o bl 5 (s g
M ( a+ﬁ7l¢k77 pfp( )> ( a+ﬁnwk 7,09 Pz )) ’ < (Ia-ﬁn!f}kmp(g + f)p(x)> . (4.3)
Using Minkowski’s inequality, we obtain
1 1 1
(1 pla+ D2 @) < (1055 @)+ (185597 (@) (4.4)

Using (4.3) and (4.4), we deduce that

s
s

W (I‘?‘f”wk T pfp( )) ( ‘?+Bnd)k .09 "= ))% ((I‘?‘fﬁw’w Vs pfp(z)) + <I:Ll+ﬁnwk 7.9 P (@ )> %) 2-

Thus,

o
SIS

M+1)(m+1 a.f: 7 (ra P (B o,
($_2) ([aﬁnifkmpfp(x)) (Ia‘Fﬂ”Iwk"fﬂq (z )) =< (Iaﬁni{kmpfp(x)) + (]afndkqu (z )) .
Remark 4.5. Using Remark 2.3, it is easy to see that Theorems 4.3 and 4.4 recover Theorems
2.1 and 2.3 of [17], Theorems 3.1 and 3.2 of [13], Theorems 2.9 and 2.10 of [44], Theorems 7 and
8 of [15], Theorems 3.1 and 3.2 of [5], Theorems 3.1 and 3.2 of [37], Theorems 5 and 6 of [39],

Theorems 3.1 and 3.2 of [38] and Theorems 3.1 and 8.2 of [35].
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5 Other inequalities related to the Minkowski type inequality
In this section, we state other inequalities related to the Minkowski type inequality, using general-
ized 1-fractional integral.

Theorem 5.1. Let B,n,p,7,k €R, a >0, p>1 and ¥ as defined in Definition 2.1. For f,g two
positive functions in Xﬁ(a,b), if0<m< f(s) <M and 0 <n < g(s) <N forall s €la,b], then

=
=

(I:Jrﬁnlbkvpfp( )) (Igfnwk“/pg (z ))% s¢ (Igfnwk“/p(g—’—f) ( )) ’
M N

Here ¢ = :
TS Mtn Nim

Proof. Since 0 < n < g(s) < N for all s € [a,b], then

%gﬁg%, Vs € [a, b]
Thus, ()
m _ f(s M
7S Fo) < (5.1)
From (5.1), we deduce that
9(s) (5 +1) < g() + 1) (5:2)
(37 +1) () < gls) + £(5): (5.3)
Thus,
70 < () 06+ 1) (5.4
P < (35) 66+ 1P, 5.5
T kex T a—1
Multiplying both sides of (5.4) by [ )]r (a%glﬁ( ))¢’(s)[¢(s)]"exp(f’yd)(s)) [(x) — (s)]
and integrating with respect to s, we obtain
L eXp P / W ((s)]7 exp(—16(s)) [(2) — ()] g7 (s)ds
< ol owtils / VOO () [b) )" (3 ) +ars
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which implies that

=

" h N b
(I;ﬁf;;{kmpgp(x)) ’ < m-+ N (Igf;;;{kmp(g + f)p(x)) ’ (5.6)

From another part, using the same argument to equation (5.5), we derive that

D=

1
o, P M o,
(Fhin o7 @) " < == (1 (g + 1P (@) (5.7)

Adding (5.6) and (5.7), the result follows. O

Theorem 5.2. Let B,p,k,n,v,€ R, a >0, p>1 and ¥ as defined in Definition 2.1. Let f, g two
positive functions in Xf;(a,b). Ifo<m< @ < M,Vs € [a,b] for m,M € R, then

q(s)

S
=
s =

(120 P @)) 4 (1850, @) < 2 (1200 2 0l) + £2)

where h(g(x) + f(x)) = max { (J‘nf 4 1) (@) = Mg(x), MFm9@) = flw) }

m

Proof. Since 0 < m < @ < M, Vs € [a,b], then
9(s)
O0<m< M- @ +m
g(s)
Thus
ol5) < L mse) = (0)
which implies that
g9(s) < h(f(s),9(s)). (5.8)
From another part, since 0 < % < gizg < %, then
1 1 1 g(s)
MM T sy
Thus,
1 (ot A) ) - o
M f(s ’

which implies that

1) <0 (7 + ) 106 - bagto) < (B 1) 1) Mo(o) <G g(s). (59
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From (5.8) and (5.9), we get

£7(5) < W (S(5)g(6)), (5.10
7(5) < W(7(5),9(5)). .11
Muliplying both sides of (5.10) by (PO )1y )1 sy o) - ()™

and integrating with respect to s, we derive that

el it /¢ Y oxp(—19(5)) [9e) — ()] 77(5)ds

< [ B / 9 (5) [ 5)]" exp(—126 () [ () — ()] P (F(5), (5))ds.
Which implies that
(105, 7)) < (12055 W0 (al@). £@)) (5.12)
Using the same argument to equation (5.11), we obtain
(150" @)) " < (1850 P a(@), ()7 (5.13)

and the result follows. ]

Theorem 5.3. Under the hypothesis of Theorem 5.2, we have
o, 85 < 1 o, Bt 20 < L (o8
(Ia+ .k, pf(x)g(x)) = m (Ia-l-;'r/,k,%p(f +9) (I)) = m (Ia—&-;rz,k,v,pf(x)(g)(x))‘

Proof. Since 0 < m < ——= < M for all s € [a, b], then

g(s)(1+m) < f(s) +g(s) < g(s)(1 + M). (5.14)

1
Additionally, using the fact that 0 < i < @ <

(s)

9 (3 +1) <060 +a) < 560 (14 1), (5.15)

From (5.14) and (5.15), we deduce that

1
—, Vs € [a,b], we obtain
m’

9(3)f(5) _ (9(9)+£()* _ f(s)g(s)
M —Q+mQA+M) - m

(5.16)
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[¥(2)]* exp(y(2))
()
w(s)]a_l and integrating with respect to s, we obtain

Multiplying both sides of equation (5.16) by V' (s)[1(s)]" exp(—yi(s)) [ (z) —

[ exp(—9(s)) [(x) — 9(s)] """ f(5)g(s)ds

[ (x )] eXp w / (s

—(m[ﬁ(l))]@jxif’ s / V()] exp(—7(s)) [0(e) — 9()]" (7 + 9)2(5)ds
< e ” T W’ / W ()[(5))7 exp(—10(9)) [() — (s)] " F(5)g(s)ds.

Thus,

(e | @) < m(mfiy{;w(f +0P (@) < (12850, F@e@). O

6 Conclusion

Minkowski type inequalities play a crucial role in various fields of science. In recent years, these
inequalities have been proved by numerous researchers using different fractional integrals. The
aim of this work was to prove a generalized Minkowski type inequality which recovers most of
the previous results. For this purpose, we defined a new generalized 1 fractional integral, which
generalizes most of the pre-existing fractional integrals. Then, we gave some essential properties of
this new operator and we presented some examples. As an application, we used this generalized
fractional integral to prove a Minkowski type inequality and several related ones. These inequalities
recover a large number of a well known results. Many other interesting inequalities as Griiss-type,
Hermite-Hadamard type or éebyéev type inequalities can be proved using the newly defined integral

operator. These questions will be discussed in a forthcoming paper.
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1 Introduction

The current paper deals with the existence and uniqueness of p-pseudo almost automorphic solu-

tions for the following evolution equations:

u'(t) = A(t)u(t) + f(t), teR (L.1)
and
u'(t) = A(t)u(t) + f(t,u(t), tEeR, (1.2)
and the perturbed delay system
u'(t) = A)u(t) + f(t,u(t),u(t — 7)), teER, (1.3)

where (A(t), D(A(t))), t € R is a family of closed linear operators that generates a strongly
continuous evolution family (U(t, s));>s on a Banach space X which has an integrable dichotomy
on R. The function f is p-pseudo almost automorphic in ¢ for each x € X and Lipschitzian with
respect to the second and third arguments, 7 > 0 is a fixed constant . This work is a continuation

of the works done in [21,22].

In the theory of differential equations, exponential dichotomy is a classical concept and it plays a
central role for getting important results. So, there exist many researchs on this topics see [15,20]. It
is well-known that the concept of integrable dichotomy is a generalization of exponential dichotomy
[1,21,22]. This concept was introduced by Pinto et al. [21], they proved the existence and
uniqueness of bounded periodic solutions of nonlinear integro-differential equations with infinite
delay. In [22], the authors proved the existence and uniqueness of almost periodic and pseudo-
almost periodic mild solutions of equations (4.1) and (4.2) under the light of integrable bi-almost
periodic Green’s functions. In fact, the authors established some examples of purely integrale
dichotomy (i.e., which is not necessarily of exponential type). Recently, in [1], Abadias et al.
investigate the semi-linear differential equation z'(t) = A(t)z(t) + f(t, z(t), pla(t,z(¢¥))]), t € R,
where (A(t), D(A(t))), t € R, generate an evolution family which has an integrable dichotomy.
They obtained several results of existence and uniqueness of (w, ¢)-periodic mild solutions under
some assumptions on the nonlinear term. To our knowledge in the literature, there are few papers

which deal with integrable dichotomy.

The concept of almost periodic functions is introduced by H. Bohr [12]. This notion has been much
invested before being generalized by the concept of almost automorphic functions introduced by S.
Bochner [8-11]. In [24], the authors introduced the notion of pseudo almost automorphic functions
which is more general than the notion of almost automorphic functions. Moreover, they proved that

the space (PAA(R, X),| - |lo) is complete and they obtained an existence and uniqueness result
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of pseudo almost automorphic mild solutions to equation (4.1) in Banach spaces. In [4], Blot et
al. introduced the notion of weighted pseudo almost automorphic functions which generalizes the
concept of pseudo almost automorphic functions. For more details on these topics, one can see
[19,26]. More recently, the concept of p-pseudo almost automorphy due to Ezzinbi et al. [5,16]
generalizes both notions of pseudo almost automorphy and weighted pseudo almost automorphy.

For more details, one can see [4,14,17,24].

In this work, our main results are Theorems 3.1 and 4.3. We show that equations (4.1) and
(4.2) have respectively, unique bounded almost automorphic and p-pseudo almost automorphic
solutions. It should be noted that we obtained these results under light of integrable dichotomy,
dominated convergence Theorem, Banach fixed point, standard and locally Lipschitz conditions.

The nonlinear term f is in PAA(R, X, ).

The rest of this paper is organized as follows. Section 2 is devoted to some preliminaries. In
sections 3 and 4, we present some criteria ensuring the existence of p-pseudo almost automorphic
mild solutions to equations (4.1) and (4.2). An example is given to illustrate our theoretical result

in section 5.

2 Almost automorphic functions and integrable dichotomy

This section is concerned with some notations and preliminary facts that are used in the sequel of

this work.

Definition 2.1 ([12]). A continuous function f : R — X is to be almost periodic if for every
e > 0, there exists . > 0, such that for every a € R, there exists T € [a,a + l.] satisfying:

lf(t+7)— f@)] <e forallteR

The space of all such functions is denoted by AP(R, X).

Definition 2.2 ([9]). A continuous function f : R — X is called almost automorphic if for every
sequence (s))n>0 of real numbers, there exist a subsequence ($p)n>0 C (S )n>0 and a measurable

function g : R = X, such that

g(t) = lim f(t+s,) and f(t)= lim g(t—s,) forallteR.

n—oQ n—oo

The space of all such functions is denoted by AA(R, X).
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Remark 2.3 ([3]). An almost automorphic function may not be uniformly continuous. Indeed,

1
the real function f(t) = sin ort € R, belongs to AA(R,R), but is not
f fe) (2 + cos(t) + cos(\/it)) i g (R, R)

uniformly continuous. Hence, f does not belong to AP(R,R).

Then, we have the following inclusions:
APR, X) Cc AAR, X) Cc BC(R, X).

Definition 2.4 ([3]). A bounded continuous function f : Rx X —Y is called almost automorphic
if for each bounded set K C X and for every sequence of real numbers {7} }n>0, there exist a

subsequence {Tn Yn>0 C {7/ }n>0 and a mesurable function f:R x X =Y, such that

f(t.2) = lim f(t+7,2) and f(t,0) = lim f(t -7, 2)

n—oo
are well defined int € R and x € K C X.

Definition 2.5 ([3]). A continuous function F : R X R — X is said to be bi-almost automorphic
if for every sequence (s, )n>0 of real numbers, there exist a subsequence (Sp)n>0 C (Sh)n>0 and a

measurable function G : R x R — X, such that

G(t,s) = lim F(t+ sp,s+sn) and F(t,s)= lim G(t — sp,s —sn) forallt,s eR.

n— oo n—oo

The space of all such functions is denoted by bAA(R, X).

2.1 p-pseudo almost automorphic functions

This section is devoted to properties of p-ergodic and p-pseudo almost automorphic functions. In
the sequel, we denote by B(R) the Lebesgue o-field of R and by M the set of all positive measures
w on B(R) satisfying u(R) = 400 and p([a,b]) < +oo for all a,b € R with (a < b), we denote also
by Y any other Banach space. We assume the following hypothesis.

(M) For all 7 € R, there exist 8 > 0 and a bounded interval I such that
p{a+7:a€ A}) <Bu(A) where A € B(R) and ANT =0.

Definition 2.6 ([6]). Let € M. A continuous bounded function f : R — X is called p-ergodic,

if
1
lim ———— t)||du(t) = 0.
JRICET

r=¥oo ([ 7))

The space of all such functions is denoted by (R, X, u).
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Proposition 2.7 ([6]). Let u € M. Then,

(i) (EMR, X, 1), |l - lloo) 2s a Banach space.
(i) If v satisfies (M), then E(R, X, ) is translation invariant.

Example 2.8. (1) An ergodic function in the sense of Zhang [25] is a p-ergodic function in the

particular case where the measure p is the Lebesgue measure.

(2) Let p: R — [0,+00) be a B(R)-measurable function. We define the positive measure {1 on
B(R) by
u(a) = [ oot for € B®).
A

where dt denotes the Lebesque measure on B(R). The measure p is absolutely continuous
with respect to dt and the function p is called the Radon-Nikodym derivative of p with respect
to dt. In this case p € M if and only if the function p is locally Lebesgue-integrable on R

and it satisfies

/R p()dt = +oc.

(3) In [18], the authors considered the space of bounded continuous functions f : R — X
satisfying

N
Jim i/ 1Ol =0 and lim —— S ||fm)| =0.
[—r,7] ——N

r—+oo 27 N—+o00 2N +1 .

This space coincides with the space of p-ergodic functions where p is defined in B(R) by the
sum w(A) = p1(A) + pa(A) with py is the Lebesgue measure on (R, B(R)) and

card(ANZ) if ANZis finite,
p2(A) =
oo if ANZ is infinite.

Definition 2.9 ([5]). Let p € M. A continuous function f : R — X is said to be p-pseudo

almost automorphic if f is written in the form:

=g+,

where g € AAR, X) and ¢ € E(R, X, p).

The space of all such functions is denoted by PAA(R, X, u).



34 A. A. K. Dianda & K. Ezzinbi

Proposition 2.10 ([5]). Let u € M satisfy (M). Then the following are true:

(i) The decomposition of a p-pseudo almost automorphic in the form f = g+ ¢ where g €
AAR, X) and p € ER, X, 1), is unique.

(ii) PAAR, X, u) equipped with the supnorm is a Banach space.

Definition 2.11 ([7]). A continuous function f: R x X — Y is said to be almost automorphic

in t uniformly with respect to x € X if the following two conditions hold:

(i) For allz € X, f(-,z) € AAR,Y),

(it) f is uniformly continuous on each compact K C X with respect to the second variable x,
namely, for each compact K C X, for all ¢ > 0, there exists 6 > 0 such that all x1,x5 € K,

one has ||x1 — x2|] <0 = sup,ep || f(t, 1) — f(t,22)] <e.

Denote by AAU(R x X,Y") the set of all such functions.

Definition 2.12. Let p € M. A continuous function f: R x X — Y is said to be p-ergodic in t
uniformly with with respect to x € X, if the following two conditions hold:

(i) Forallx € X, f(-,z) € ER,Y, ),
(i) f is uniformly continuous on each compact K C X with respect to the second variable x.

Denote by EU(R x X,Y, i) the set of all such functions.

Definition 2.13. Let p € M. A continuous function f : R x X — Y is said to be p-pseudo

almost automorphic in t uniformly with with respect to x € X, if f is written in the form:
f=g9+h

where g € AAUR x X,Y) and h € EUR x X, Y, p).

PAAU(R x X,Y) denotes the set of such functions. We have
AAUR x X,Y) Cc PAAUR x X,Y).

Proposition 2.14 ([5]). Let u € M and f : Rx X — Y be a p-pseudo almost automorphic in t
uniformly with with respect to x € X. Then

(i) For allz € X, f(-,z) € PAA(R,Y, 1),

(i1) f is uniformly continuous on each compact K C X with respect to the second variable x.
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Theorem 2.15 ([5]). Let p € M, f € PAAUR x X,Y, ) and x € PAA(R, X, ). Assume that
the following hypothesis holds:

(C) For all bounded subset K of X, [ is bounded on R x K.

Then [t — f(t,z(t))] € PAAR,Y, p).

2.2 Integrable dichotomy

Let X and Y be any Banach spaces with norms || -|| and || - ||y respectively. Throughout this work
we will assume that Y is densely and continuously imbedded in X i.e., Y is a dense subspace of

X and there is a constant C such that
1€l < Cliglly for £ €Y.

Consider the following linear evolution equation:

u'(t) = A(t)u(t), t>s,

(2.1)
u(s) =z € X,
The associated inhomogeneous equation is given by:
d
au(t) =A(t)u(t) + f(t), teR, (2.2)

where f : R — X is continuous and bounded.

Definition 2.16 ([20]). Let X be a Banach space. The family (A(t))i>0 of infinitesimal generators
of Cy-semigroup on X is called stable if there are constants M > 1 and w € R such that

(w,00) C p(A(t)) fort>0

and
k

TR A®))| < MO —w)7*

j=1
for A > w and for every finite sequence {t}?zl with0<t; <---<tpy <o and k=1,2,...

Definition 2.17. For each t € R, let A(t) be the infinitesimal generator of a Coy semigroup Ty(s),
s€R, on X. A subspace Y of X is called A(t)-admissible if it is an invariant subspace of Ty(s),
s € R, and the restriction of Ty(s) to Y is a Cy semigroup in'Y (i.e. it is strongly continuous in

the norm || - ||y ).
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We will make the following assumptions.

(A1) (A(t))ter is a stable family with stability constants M, w.

(A,) Y is A(t)-admissible for ¢ € R and the family (A(t));cr of parts A(t) of A(t) in Y, is a stable
family in Y with stability constants M, &.

(Aj3) For each t € R, D(A(t)) DY, A(t) is a bounded operator from Y into X and ¢ — A(t) is

continuous in the B(Y, X) norm || - |ly>x-

It is well known that if a family (A(t)).cr satisfies conditions (A)-(As), then one can associate a
unique evolution family (U(t, s))s<; with the equation (2.1), (see [15,20]). Throughout this work
(A(t), D(A(1))), t € R satisfies conditions (A;)-(Agz).

Definition 2.18 ([15,20]). An evolution family (U(t,s))s<t on a Banach space X is said to have
an exponential dichotomy (or hyperbolic) in R if there exists a family of projections P(t) € L(X),

t € R, being strongly continuous with respect to t, and constants 6, M > 0 such that

(1) U(t,s)P(s) = P()U(L, ),
(ii) U(t,s) : Q(s)X — Q(t)X is invertible with the inverse Ul(t,s),

(iii) UL, $)P(s)]| < Me="¢=) and [T(t, $)Q(1)]| < Me=3=9),

for allt,s € R with s <t, where, Q(t) = I — P(t).

Definition 2.19. Let (U(t,s))s<: have an exponential dichotomy. We define the Green function
by:
U(t,s)P(s), t,seR, s<t

G(t,s) = -
(i) —U(t,s)Q(s), t,seR, s>t

For a given evolution family (U(t,s))s<¢ associated to equation (2.1), that has an dichotomy

exponential, the Green function associated to the evolution family satisfies

Me0t=5)  ift>g

lewsl=4
Me 96— if s > .

where M > 0 and § > 0 are positive constant.

Definition 2.20 ([22]). We say that equation (2.1) has an integrable dichotomy with data (A, P)
if there are projections P(t), t € R, uniformly bounded and strongly continuous in t satisfying (7)

and (ii), with Q(t) = I — P(t) and there exists a function \ : R? — (0,00) such that

IG(t, )| < A(t,s), forallt,seR, (2.3)
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and

Sup/ A(t, s)ds < L < 0. (2.4)
teR JR

In the pseudo almost automorphic context, we will make the following additional assumption for

the function A(¢, s) in Definition 2.20.

(A) Let /\1 : (=00, =T) — (0,00) and Ag : (T, 00) — (0,00) defined by A;(s f A(t, s)du(t),
Aa(s f A(t, s)du(t) for all T > 0. We assume that there exists a constant C' > 0 such
that for all T > 0,

T s

/ A(t, s)du(t) < C, and / At s)du(t) < C, (2.5)
siT OofT

/ A1(s)ds < C, and / A2(s)ds < C. (2.6)
oo T

Remark 2.21. We notice that some differences between exponential dichotomy and integrable
dichotomy. In the case of exponential dichotomy, if we consider the Lebesgue mesure on B(R), the

constante C' quoted in (A) is equal to max{2, 21} and L = 24 Indeed, for T > 0, we have

532
t [oe} M
/ G(t,s)ds = M/ et s 4 M/ e 06 s = 2? =1L, (2.7
t
fort>s, M/ bt=agy — M [ e 0T=9) +1} < =, (2.8)
5 0
-7
fort > s, M/ / e 0= dtds = % (2T —e70T) / e’*ds < 5%2[ (2.9)

If t < s, we obtain the same results. Moreover a system that admits integrable dichotomy is
not necessarily exponentially stable what means that integrable dichotomy is more general than

exponential dichotomy. For more details, one can see [13, 22].

Theorem 2.22 ([21]). Assume that equation (2.1) has an integrable dichotomy and f is a bounded

function. Then equation (2.2) has a unique bounded integral solution given by

u(t) = /}RG(t,s)f(s)ds7 teR. (2.10)
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3 Almost automorphic and pseudo almost automorphic solu-

tions in the nonhomogeneous linear case

(H1) We assume that (A(t)):cr generates an evolution family {U (%, 5) } s<ter), on X i.e. (A(t), D(A(t))),
t € R satisfy conditions (A;)-(Ags).

(H2) The evolution family U(t, s) generated by A(t) has an integrable dichotomy satisfying (2.3)
with function )\, dichotomy projections P(t), t € R, and Green’s function G(t, s).

(H3) The Green’s function G(t, s)z function is bi-almost automorphic in ¢,s € R, for all z € X.

We first consider the nonhomogeneous linear case
u'(t) = A(t)u(t) + f(t), (3.1)

where f: R — X is a function.

3.1 Almost automorphic solutions of equation (3.1)

Theorem 3.1. Assume that (H1), (H2) hold and f € AA(R,X). Then equation (3.1) has a

unique almost automorphic mild solution given by

u(t) = /}RG(t,s)f(s)ds7 teR. (3.2)

Proof. By the Theorem 2.22, u is a unique mild solution to equation (3.1). Now, it remains to
show that v € AA(R, X). Let {7/} be a sequence of real numbers. Since f € AA(R, X), there

exists a subsequence {7,} of {7/} such that
liTanG(t + T, 5+ 1) = G(t,s), and lirrln Gt —Tn,s — ) = G(t, 5),
f(t) =limy, o0 f(t + 5,) and f(t) = lim, o0 f(t — s,,) for each t,s € R. Now, we define
a(t) = /R G(t,s)f(s)ds, teR.
Note that

ut + ) — ()] = \

/G(t—l—Tn,s)f(s)ds—/é(t,s)f(s)ds
R R

/G(t+7n,s+7n)f(s+7n)ds—/G‘(t, s)f(s)ds
R R
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§/RHG(t+Tn,$+Tn) {f(erTn) 7]5(3)] Hds
[ ote ms = G0 ) s

Let
Ly = / Gt~ Tn, s+ Tn) [f(s +7) — f(s)} ds
R
and
Iyn = / [G(t Ty 8+ Th) — C:'(t,s)} F(s)ds.
R
We have

I g/R/\(t, ) [£s +7) — ()] ds.

Since f € AA(R, X) and by the dominated convergence Theorem, it follows that I, — 0 as

n — o0.

For I, since G(t,s) is bi-almost automorphic, given ¢ > 0, there is N > 0 such that for n > N,
we have

IG(t + 7o, s +70) f(5) = Gt ) f(s)] <ellfllos tis ER,

so forn > N,

L, < / |Gt + 7, 5+ 1) f(5) — Gi(t, 5) F(5) | ds
R

Thus, by the dominated convergence Theorem we have that I, — 0 as n — co. Thus lim,, u(t +
Tn) = G(t). We can show in a similar way that lim,, 4(t — 7,) = u(t). Hence, lim,, u(t 4+ 7,) = a(¢)

and lim, 4(t — 7,,) = u(t), for ¢ € R. Therefore, we conclude that u € AA(R, X). O

Theorem 3.2. Let u € M. Assume that (H1)-(H3) are satisfied and f € PAA(R, X, ). Let u
be a bounded solution of equation (3.1). Then u € PAA(R, X, ).

Proof. Let f = g+ h € PAAR, X, 1), where g € AA(R,X) and h € ER, X, ). Then u has a
unique decomposition:

U = Uy + us

where, for all t € R, we have

() = /]R G(t, 5)g(s)ds
and

ug(t):/RG(Ls)h(s)ds

Using Theorem 3.1, we obtain that u; € AA(R, X). It remains to show that us € E(R, X, ). Let
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r > 0. Then,

s)ds|| du(t)

oy [ @l duty

s)ds

/Gts s)ds

du(t)

dp(t)

For any fixed r > 0, we have

[ ot

) < s [ [ 16t @ lasdut)
//”Gts )lds dya(t
// A(t, 8)[[h(s)lds dpu(t)

<[—,r1>/_T/_,. (1, ) |A(s)]ds d).

By assumption (H3) and by changing the order of integration, we have

| [ el ldsia /_O:(/_ixt,s)du(t))||h<s>||dss||h||oo | nutelas < i

and

//Atsuh )lds diut) /(/Msdu >)||h llas < [ uis)las

By a similary way, we have

ﬁ H/ G(t, s)h(s)ds

1
du(t) < // |G (¢, s)h(s)||ds du(t)
p(l=r,7])
L
A(t, s)||h(s)||ds du(t)
= [ s
1
//)\ts”h Vil ds dp(t)
( r]) ¢
A(t, 8)||h(s)]|ds du(t).
:u’( -nr ) [r[ H || ’u

By assumption (H3) and by changing the order of integration, we have

[ [ aommenasaney= [ ([ o) s <c [ insias

1:

t
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and

[ [ xasmenasao = [~ ([ e o) i < [~ rats)is <l

T
Thus, we have

1 " 20 r
M/ |ua (t) | dp(t) < i) <||h|oo+/ |h(s)||ds). (3.3)

) -

From (3.3), we claim that

i~ [ fua(t) () =0

T /,L([—’I“, ’I“]) —r

Hence, uy € PAA(R, X, ). We obtain the proof of the theorem. O

4 pu-pseudo almost automorphic solutions of equations (4.1)

and (4.2)

Let X and Y be Banach spaces and BC(R x X,Y") be the Banach space of all bounded continuous
functions from R x X in Y with the supremum norm of || - ||o. In this section, we consider
the nonlinear differential equation (4.1), where f : R x X — X is a function under convenient

conditions,

u'(t) = A@)u(t) + f(t,u(t), teR, (4.1)

and we analyze the delay case, were 7 > 0 is fixed,
u'(t) = A(t)u(t) + f(t,u(t),u(t—71)), teR. (4.2)

Definition 4.1. A bounded continuous function u : R — X is called a mild solution of equation
(4.1) of
u(t) = /RG(t, s)f(s,u(s),u(s —7))ds, teR. (4.3)
Definition 4.2. A bounded continuous function u : R — X 1is called a mild solution of equation
(4.2) if
u(t) = / G(t,s)f(s,u(s))ds, teR. (4.4)
R
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4.1 Existence of almost automorphic solutions to equation (4.1)

We need the following additional assumption:
(H4) There exists x > 0 constant such that
lf(t,ur) — f(t,uz)|| < Kllug —uzl], forallteR, up,us € X. (4.5)

Theorem 4.3. Let i € M satisfy (M). Asumme that (H1)-(H4) hold and f € PAARXx X, X, 1)
with

<1
k< —
L

Then, equation (4.1) has a unique mild solution u € PAA(R, X, i) given by

u(®) :/RG(t,s)f(s,u(s))ds, teR.

Proof. Let define the functional A on PAA(R, X, ) by

(Ag)(t) = /}RG(t,s)f(s,qﬁ(s))ds7 t e R.

By the composition Theorem 2.15 and Theorem 3.2, one has A(PAA(R, X, u)) C PAAR, X, p).
Moreover we prove existence and uniqueness of solution to equation (4.1). Considering the fact

that || f]|eo < 00, for all t € R, we have

[ee]

mwwms/ m@amw@mws/ Mmmmwwmmswm/ A(t, 5)ds < L[ f]|oo-
This proves that A¢ is bounded. Now, we will prove that A is a contraction.

1(A¢) (1) — (Ag)(D)]] S/ G, s)[[11f(s,6(s)) = f(s,0(5))llds

g[fxm@wwww»—ﬂaﬂﬂmm

S%¢*MM/A@ﬂM§HMMfMM-
R

Therefore, by the Banach fixed point theorem, A has a unique fixed point such that A¢ = ¢, which

is a p-pseudo almost automorphic mild solution of equation (4.1). O
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4.2 Existence of almost automorphic solutions to equation (4.2)

We need the following additional assumption:

(H5) The function f(¢,u,v) is locally Lipschitz in u,v € X 4.e. for each positive number 6, for

all, uq, ug, vy, ve with |lu;|| <0, ||v;]] <6,i=1,2

1 (8 ur, 01) = F(t ug, v2) || < k1 (0)[Jur — gl + k2(0)[[or — val|, (4.6)
where k1, kg : [0,00) — [0,00) are functions and there is a positive constant p, such that
2max(k1(p), k2(p)) < 1 and supeg || £(t,0,0)[| < £ [1 — 2L max(k1(p), k2(p))]

Theorem 4.4. Assume that (H1)-(H3) and f hold (H5). Then, equation (4.2) has a unique

bounded solution u(t), t € R, with ||ulle < p.

Proof. Let G(t,s) be the Green’s function associated with the equation (4.2) and we define the
functional on X by

wow - [ Gt ) f (5. 0(5), b5 — T))ds, 1€ R

We show that I' has a fixed point. First, we prove that I' is bounded. There are p constant positive
and a ball B(0, p) which satisfies assumption (H5). Thus, we have,

o0

1T < / IG(t, )£ (s, B(5), d(s — 7)) lds < / A ) (5, 6(5), 6 — 7)) ds
< () +halo)) [ A Gs)lds + [ AE)]5.0.0)ds

< Lk1(p) + k2(p) |9 lloc + Lsup 1£(#,0,0)]

< 2Lmax(k1(p), k2(p))p + p[1 — 2L max(k1(p), k2(p))] < p

This proves that I'¢ € B(0, p) for all ¢ € B(0,p). Finally, we prove that I' is a contraction in

B(0, p). In fact,

1(T) () = (T)(®)]| < /_oo IG(, s)I[[].f (s, ¢(s), ¢(s = 7)) = f(s,0(5), p(s = 7))llds
< /jo At 8)[|f(s,0(s),¢(s — 7)) = f(s,0(s), (s — 7))l ds

S L/_ kL (p)lI(s) — ()l + E2(p)llo(s — 7) — @(s — 7)llds

< L(k1(p) + k2(p) ¢ — ¢lloo-

Using Banach fixed point Theorem, we deduce by (H5) that " has a fixed point ¢. O
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Now, we will prove that equation (4.2) has an almost automorphic solution.
Theorem 4.5. Assume that (H1)-(H3) and (H5) hold and f € AAR x X x X,X). Then,

equation (4.2) has a unique almost automorphic mild solution u(t), t € R, with ||ul|s < p.

Proof. We define the functional on X as in Theorem 4.4 by
— [ Gt f(s.006). 005 - s, teR

We show that T'(AA(R, X)) C AA(R, X). Since f € AA(R x X x X, X), and for each u € B(0, p)

there exists a subsequence {7,} of {7] } such that
lirrln Gt + Tn,s + )z — G(t,s)z =0, and lirrlné(t — T, S8 — Tp)x — G(t,s)x =0,
ftu(t),ut—71)) = B f(t+ sn, u(t + sn), ult + sp — 7))
and

f(t) = lim f(t — Sp,u(t — sp),u(t — s, — 7))

n—oo

for each t,s € R, z € K. Thus, we have

/Gts a(s),u(s —7))ds, teR.

Note that
ITu(t + 7,) — Tu(t)|= H/ Gt +7n, ) f(s,u(s),u(s — 7 dsf/Gt s ,u(s — 7))ds
/Gt—|—Tn,s—&—7’71)1"(5—&—77,7 (s 4 sn),u(s+ s, — 7))ds
/Gt s Ju(s —7))ds
/HGt—&—Tms—f—Tn) [f(HTn, (54 sn)su(s + s — 7)) — F(s,(s), (s — 7) ”]ds
+/RH G(t+rn,s+rn)—é(t,s)} f(s,ﬂ(s),ﬁ(s—r))Hds.
Let
:/RG(t—f—Tn,S—i—Tn) [f(s+7n,u(s+sn),u(s+sn—T)) F(s,a(s), (s—T))} ds
and

o = / (Gt + 7,5+ 7) = Gt )] F(s,ils). (s — 7))ds.
R
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We have

Jim < /RA(t,s) [f(s b (5 80),u(5 + 8 — 7)) — F(s, als), (s — T))} ds.

Since f € AA(R x X x X, X) and by the dominated convergence theorem, it follows that J; ,, — 0

as n — oQ.

For Js, since G(t,s) is bi-almost automorphic, given € > 0, there is N > 0 such that for n > N,

we have
Gt + 7y s+ 1) f(s,a(s), als = 7) = G(t, ) f(s,als) als =) < el flloo, t.5 €R,
so for n > N,
Jon < /R |Gt + Tns 5+ 70) (5, a(s), (s — 7) = G(t, ) f (s, s), @ls — 7)) || ds.

Thus, by the dominated convergence theorem we have that Jz ,, — 0 as n — oo . Thus lim, T'u(t+
7n) = Tu(t). We can show in a similar way that lim, Tu(t — 7,) = Tu(t). Hence, lim,, Tu(t +7,) =
Tu(t) and lim,, Tu(t—7,) = Tu(t), for t € R. By Theorem 3.2, equation (4.2) has a unique bounded
mild solution u(t), t € R, with [|u]le < p and u € AA(R, X). O

Theorem 4.6. Let u € M and p satisfy (M). Assume that (H1)-(H3) and (H5) hold and
f € PAARX X x X, X, ). Then, equation (4.2) has a unique p-pseudo almost automorphic mild
solution u(t), t € R, with ||u)|e < p.

Proof. We define the functional on X as in Theorem 4.4 by

Po(0) = [ Glt9)f(s606). 65— 7)ds. 1€ R

— 00

By Theorem 4.4, equation (4.2) has a unique bounded mild solution u(t), t € R , with [Ju|lcc < p.
Let f=g+h € PAARXX x X, X, 1) where g € AARXx X xX,X)and h € ERx X x X, X, u).

Thus, I'¢ has a unique decomposition:
L(t) = ur(t) + ua(t)
where, for all ¢ € R, we have
ui(t) = /RG(Ls)g(s,u(s),u(s —7))ds

and

us(t) = /R G(t, $)h(s, u(s), u(s — 7))ds.
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Using Theorem 4.5, we obtain that u; € AA(R, X). It remains to show that us € E(R, X, ). Let
r > 0. Then,

m /_ i|u2<t)||du(t> i /
S Iu -, 7’ /_r
b [

For any fixed r > 0, by calculations similar as to the Theorem 3.2, we have

1 r 20 r
M/_r luz(®)lldpat) < =) <||h||oo + /_r ||h(8)||ds) (4.7)

From (4.7), we claim that

du(t)

/Gts (s,u(s),u(s—7))ds

dp(t)

/ G(t, s)h(s,u(s),u(s — 7))ds

/Gts (s,u(s),u(s—7))ds

du(t)

im [ Jua(0)dute) =0

e (e

Hence, uy € PAA(R, X, 1). We obtain the proof of the Theorem. O

5 Applications

In the next example, we show that integrable dichotomy is a generalization of exponential di-

chotomy.

Example 5.1. We give an example of family of operators (A(t))ier that generates an evolution
family with an integrable dichotomy. Let {by}rez be a positive Riemamn sequence such that by =
L Let J == [k — b2,k + 2], for k € Z. Let £ : R — (0,00) be continuously differentiable

EEN
function given by £(t) =1, if t € J and in Ji, £(t) € 1} where (k) = by. We have

1
k211>

GEn k*+1
Z ds—Z/ R ds =2 G

kEZL kEZ (k2+1)2 kEZ

<2<1+2Zk2> <2(3 +1>

Consider the scalar differential equation

one has

u(t) = upe”*"U(t) where ug is the initial data .



Almost automorphic solutions for some nonautonomous... 47

It is well-known that the evolution family of the equation (5.1) with projections P(t) = I, t € R
is given by Ul(t,s) = e“’(t_s)%. We have Green’s function G(t,s) = U(t,s) has an integrable
dichotomy. Indeed,

t ¢ 2
[mU(t,s)dSS[ elt=s) 4 Z/ ds<+2<7;+1><oo

k=—o0

Condition (2.4) is satisfied with L = 1 +2 (%2 + 1). The equation (5.1) is not exponentialy stable.
In fact,
Uk +0b3,k) = (K* +1)e” 0% 00, as k — o0o.

Thus integrable dichotomy is more general than the exponential dichotomy. Note that
|U(t,s) |[< e @) £ \g(s), s<t

with

Zf $)X . (s

keZ

where xj, is the characteristic function on Ji. It is clear that A\g € L*(R). Then equation (5.1)
has an integrable dichotomy with A(t,s) = e=*¢=%) 4 \o(s), s < t satisfying

t
sup/ A(t,s)ds < L. (5.2)
teR

In a similar way, we can prove that
sup/ Ul(t,s)ds < L, (5.3)
teR Jt

but the evolution family is not exponentially stable at —oo. Let the diagonal matriz
A(t) = diag(bi(t),b2(t), ..., bn(t))

with each b; satisfying (5.2) fori=1,...,k and satisfying (5.3) fori =k+1,...,n (k >0). Then,

this construction yields the linear system

which has an integrable dichotomy with

Atys) =e =5l £ 0\o(s), t,sER,
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Ao integrable in R. We consider the projections

I, 0 0 0
P(t) = , t)y=1-P(t) = ,
(t) 0 0 Qt) (t) 0 1.

where I. and I,_, are identity matriz of order respectively v and n — r. Finally, one extend the

diagonal and integrable caracter of the dichotomy of A(t) to a diagonal infinite dimensional.

Example 5.2. Let i be a mesure with a Radon-Nikodym derivative p defined by:

et, t<0
p(t) = (5.4)
1, t>1.

We consider the existence and uniqueness of a p-pseudo almost automorphic solutions for the

following system.:

Ou(t,§) _ *ult )

+a(b)ult, &) +g(t,ult,€)), teR, £e0,],

o 0¢ (5.5)
u'(t,0) =u/(t,m) =0, teR,
where a(t) = % sin (m) € AAR,X). Take X = L?[0,7] with norm || - || and inner

product (-,-)2. g: R x L2[0,71] — L2[0, 7] is u-pseudo almost automorphic with
g(t,€) = e My (),
where t — e~ 1!l belongs to E(R,R, u). The function v is Lipschitzian. Let k > 0
() = ¥(y) < Klz —yl.
Let f: R x L?[0,7] — L2[0,7] be a function defined by
f(t,0)(@) = e Mp(u(x)).
We define A: D(A) C X — X by
Ap=¢" for ¢(-) € D(A),

with domain

D(A) = {u € H*0,7) : «/(0) = u/(r) = 0}.
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It is well-known that the operator A generates a Co-semigroup (T'(t))i>0 on X such that | T'(t)] <1

fort > 0. Moreover, we have

T(t)p = Z e_"2t(¢, €n)2en, forall t>0, ¢ € X,

n=0

with ey, (t) = \/gcos(nt) for each n € N. Define a family of linear operators A(t) by:

2

A(t) = % tat)=A+at)] forteR,

with domain

D(A(t)) = D(A) = {u € H*(0,7) : u'(0) = u'(7) = 0}.
It is easy to see that the family of linear operators A(t) satisfy assumptions (A1)-(Az). Indeed,
just takeY =X, M =1 and w = %

Let v(t) = u(t, ). Then (5.5) becomes

d

The operators A(t) generate an evolution family (U(t,s))t>s given by:
U(t,s)p = Z ef-:[a(T)_"z]dT(qS, €n)aen, forallt>s, ¢ € X.
n=0

Lemma 5.3. The evolution family has an integrable dichotomy with data (A, P).

Proof. We divide the series in two parts i.e., thus
U(t, 5)¢ = e 10 ( g)00 4 5 o= (g ¢ Yoo forall ¢ > 5, ¢ € X.
n=1

For t > s and ¢ € Vect{ey},

1

U, 5)9] = |e: D (6, e0)ae0] < e2=)]g).

Let ¢ € Vect{en;n=1,2,...},

< 6f:[oz(f)fl]d <e f 1—« ’T)]d‘l"¢|

= Z Sl =l (4 0 Voe,

n=1

o0
Z b, en 2€n
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Let I— P = diag(1,0,...,0,0,0,...) and P = diag(0,1,1,...) be projections with Rank(I—P) =1
and Rank(P) = oo. Thus, the Green function is defined by

Ult,s)P =% elile@=—n’ldre iy > g
G(t,s) = (~ JP= 2 ,
—U(t,s)(I — P)=—e JooMdrey - if ¢t < s.

Then, v'(t) = A(t)u(t) has an integrable dichotomy with data (A, P), where A is given by:

e~ f:[l—oz(T)]cl‘r'7 ift > s,
A, 8) = .,
e~ Jo aln)dr ift <s.

Let us calculate L and C' as mentioned in Definition 2.20. Let ¢ € R, using the fact that —3 <

a(r) < 3, one obtain

t o]
sup/ A(t, s)ds = sup </ e~ Ji—a(mldr g +/ e Il O‘(T)des>
teR JR teR \J—oco t

t [e'e]
< </ e~ 2(t=5) g +/ eé(ts)ds) =4=1.
—0o0 t

Now, let us verify hypothesis (A). Let T' > 0, we have

oo T e 0 . T .
/ / )\(t,s)du(t)ds:/ / etei(tfs)dtJr/ ez(=9)qt | ds
T J-T T -T 0

oo
< (; +265T) / e 3ds < %6 =C.

T

In a similar way, we can show that

/T At s)du(t) < C, / A, s)du(t) < C,  and /_T /T At s)du(t)ds < C. O
s =T

—oo J =T
Hence, (H1) and (H2) hold.

Lemma 5.4. The Green’s function is bi-almost automorphic.

Proof. Let a € AA(R, X), then, for every sequence (s}, )r>o of real numbers, there exists a subse-

quence (Si)k>0 C (8}, )k>0 and a measurable function &, such that

h/lcm a(T + sg) = a(r) and h/lcm &(t —si) =a(r) forall 7 €R.
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Let us define, U(t, s)¢ = T(tfs)ef: alr)dr gy for all t > s, ¢ € X. Since U is bi-almost automorphic,

we have

ttsy

liin Ut + sp, s+ sx)p — Ult,s)¢ < liin T(t— s)efﬂﬂ‘k' omydr T(t— s)eff a(r)dr g

tsy

<lim | 7(t - ) (efsw ardr _ o} d“"”) ¢H

< lim T(t . 8) (ef: a(t—s)dr _ ef: &(T)dT) d)H
Tk

kK
As o € AA(R, X), we have
elila(r=s)=a(@ldr _ 1| s as k — oo.

Then

m U (t + sp, s+ s6)¢ = U(t, )0 = 0.

In a similar way, we can prove that limy U(t — sy, s — sx)p — U(t, s)¢ = 0. Then, U is bi-almost

automorphic. O

Consequently, all assumptions of the Theorem 4.3 are satisfied. We can deduce by the Theorem 4.3
that the problem (4.1) has an unique p-pseudo almost automorphic mild solution on R, under the

condition k small enough.
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1 Introduction

In [5] it was shown that the best constants a and b such that inequalities

o0

> <

k=n-+1

1
2n +b

1
<
2n+a

hold for every n > 1 are a = 177&2 —2~1.258891 and b = 1.

In the paper [1] it was proved for the nth remainder R, (p),
- 0 (_1)k+1
Rn(p) = Z I (1.2)

k=n-+1

for alternating p-series (for Dirichlet eta function 7n(p), i.e. for the Riemann alternating zeta

function),
B et (71)k+1
n(p) == Z T (1.3)
k=1
the relations
1 1
=— < |R, < ——— =:b(n,p), 14
a(n, p) ST = o) = [ Rn(p)| < 57 + o (p) (n,p) (1.4)
true for integers n > 1 and p > 2 and with (the best) constants
+1 1 1
p(p) :=2PT — and o(p) : —2. (1.5)

1— (1—2-7)((p) T 1-(1-27)((p)

Accuracy or sharpness of the double inequality A(z) < F(z) < B(z) at the point x we define
as the difference B(z) — A(x), i.e. as the width of the interval [A(x), B(z)]. For example the

double inequality (1.1) has the sharpness equal to 3 i.e. O(-), using the Landau big

a—b
(2n+a)(2n+b n?
O notation. Similarly, the double inequality (1.4) has the sharpness (’)(np—lﬁ)
Motivated by [3,4] and [5], and especially by [1], where the validity of (1.4) is based on the
supposition that p is a positive integer different from 1, we shall provide some estimates of the

remainder R, (p), which are close to the relation (1.4) and are valid for any p € RT.

2 Background

We shall use the results from the paper [2|, where appear special sums!

la/2] By, - p2i—1)
o, (z,p) = Z (41_1)m (geN, p,x eR), (2.1)

=1

!By definition, 37" x; = 0 if m > n.

i=m
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where Bj, denotes the kth Bernoulli coefficient (or Bernoulli number)?, defined by the identity
= =30 Bk% (|t| < 2m), where the symbol z(*) designates the upper (rising) Pochhammer
product defined as
k—1
2@ =1, 2™ =JJ@+i)=a@+1)--(z+k-1) (€R, keN), (2.2)
i=0
and where the symbol |z| denotes the integer part (the floor) of any = € R*.

We will use the following lemma.

Lemma 2.1 (|2, Theorem 1]). For p € R* and every k,n,q € N, with n > 2k +1 > 3, the nth

remainder R, (p) :=n(p) — Z?Zl(—l)jJrl%p is given in the form

Rn(p) = Aq(n,p) + 5q(kap)7
with

AQ(nap)_ 2(2LnT+1J)p q(2|_ 2 J?p)7

and

5pla—1) 1

|5q(k7p)| < a1 ’ (2]€)p+q_1 .

3 Asymptotic estimates of the remainder R,(p)

n—1
2

as ”7*1—1 <rv< "T’l Consequently n — 3 < 2v < n — 1, that is

Now, for any integer n > 3, the floor (the integer part) v := L J is a positive integer estimated

n—2<2v<n-1L1 (3.1)

Therefore, using k = v in Lemma 2.1, together with the new naming e, (p, ¢) := d4(v, p), we obtain

the next result.
Proposition 3.1. For integers n > 3 and ¢ > 1, and for p € R, we have

B (—1)" La/2] . B, .p(2i71)
Bulr) = Sy > (-1 G ) ) +en(p.a),

i=1

os]

w
I
Sy

5:B7:~'~:07B4:BSZ—%,36151---
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where
5pla—1) 1 5pla—1) 1

Bma=l (g gL [)PFeT S Bl (n_gpra

len(p,q)| <

Here ¢ is a parameter controlling the magnitude of the error term e, (p, q).

Using ¢ = 1 in Proposition 3.1, we obtain the first corollary.

Corollary 3.2. For an integer n > 3 and p € R™ there hold the following estimates:

(1" 5 (1" 5
- <R, < +
PR LT L T LRl
and
1 5
R, < =+ = .
|Ry(p)] Q(n—l)p 3(n_2)p
Putting ¢ = 3 in Proposition 3.1, we get the following corollary.
Corollary 3.3. For p € RT and every integer n > 3, the formulas
(=" p
R’n(p) = n - +5n(p73)7
205" )™
hold true, where
5  plp+1) pip+1)
|5n(p73)| <33
L) e
and
(=1)" P p(p+1)
Ra(p)| - - .
‘ ) ‘Q(QL”TJ)” 4(2) 2L )P T B (n - 2)rt?

Setting ¢ = 5 in Proposition 3.1, we provide the following result.

Corollary 3.4. For every integer n > 3 and p € R™, there holds the equality

p plp+1)(p+2)
220251))"  a(elz)"T o as(2left))n

+ en(p,5)

with the estimate

5 plp+1)p+2)(p+3) p+1)(p+2)(p+3)
len(p,5)] < 34 (2LL_1J)p+4 < 58 (n — 2)p+4
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4 Approximations of ’Rn(p)|

1
Using the Landau big O notation, the relation (1.4) means that |Rn (p)’ =0 (p) as n — oo, for
n
integers p > 2. However, the next Proposition 4.1 improves this result.
_1)n
Proposition 4.1. Forintegersn > 3 and ¢ > 1, for anyp € RY, and for S, (p,q) := 2(2(“_2”)1)
2
la/2] i
) By, - p2i—1) 1
Z (4Z — 1) 2 p]jr%il , we have |Rn(p)| =0 (-l——l) as n — 00; more precisely’
P 2["+]) - (20) e

5pla—1)
3ma—1(n — 2)pte-1"

5pla—1)
3na—1(n —2)pta

S0 (p, q)| — < |Ra(0)] < |Su(p, 0| +

Proof. Thanks to Proposition 3.1, using the triangle inequalities, we have

[Ba(®)] = |02 )| = (|Sa(p,0)] = [Ra(®)])| = [Su(p.0)] = [[Su(p.0)] = [Ra)]|

> ’Sn(pa q)| - ’Sn(pa q) - Rn(p)‘ = ‘Sn(pv Q)| - |5n(p7 Q)|

and

[Ba ()] = [1920.0)] = (|20, 0)] = [Balp)])| < S0P )] + || p.0)] = | Ralp)|

< |5u(p, )| + |[Sn(p, @) — Ru(p)| = |Sn(p, )| + |en(p, 9)]- O

Numerical experiment. Using the Mathematica computer system [6] and considering (1.4),

together with Proposition 3.1, we obtain for functions

/2l . )
L (*1)71 (4% _ 1)B2i .p(2z 1) 5p(q 1)
A(n,p,q) == ‘M o ; (2 LHT_HJ)er%fl - (20)! T 3pa—lppta—1

and

la/2]

(1"
B(n,p,q) == | == — 2i-1
o0 = oy~ ()" e

(47 — 1)By; - p2—1 5pla—D)
3ra—lprte-1

the following estimates:

A(n,3,3) > a(n,3), for6<n <100,
B(n,3,3) <b(n,3), ford<mn <100,
B(n,3,3) — A(n,3,3) <b(n,3) —a(n,3), fors<n<100.

3At g = 1, the given lower bound for | Ry (p)| is negative.
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Similarly, we get

A(n,3,5) > a(n,3), ford<n <100,
B(n,3,5) < b(n,3), for3<mn <100,
B(n,3,5) — A(n,3,5) < b(n,3) —a(n,3d), for3<mn <100.

These inequalities are illustrated in Figures 1-3, where the graphs of the functions
n— An,3,q)/a(n,3), n— B(n,3,q)/b(n,3) and n — (B(n, 3,q) — A(n, 3, q))/(b(n, 3) —a(n, 3)),
having q¢ € {3,5}, are plotted using the Mathematica software [6]. Thus, numerical examples
confirm that our estimates of |R,(p)|, given in Proposition 4.1, are more accurate, for n > 5 and
q > 3, than that given in (1.4). This is consistent with the fact that the sharpness of the estimates
for |R,(p)| given in Proposition 4.1, is equal to O (#)

1.10 ¢ Lool
105 '\ 0.95 ¢ /
B(n, 3,9
1.00 = 090 % ‘0 -
A(n,3,9) s b, 3)
095}° ————  4<n<I100, q=3 0.85F 4 <n <100, q=3
a(n,3)
0 20 40 60 80 100 0 20 40 60 80 100

Figure 1: The graphs of the sequences n — A(n,3,3)/a(n,3) (left) and n — B(n,3,3)/b(n,3),
(right).

125¢ 1.00 F
120 o An, 3,9 0.95F

4
L15F & a(n,3) 0.90 B(n,3,q)

L) F] JE—
1.10 Fe Qs 100, g=5 085F ¢ b(n, 3)
1.05 ¢ 080F ¢

4<n=<100, g=5

1.00 [ 075 ¢

0 20 40 60 80 100 0 20 40 60 80 100

Figure 2: The graphs of the sequences n — A(n,3,5)/a(n,3) (left) and n — B(n,3,5)/b(n,3),
(right).
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0010

1.0+
0.008 - .

0.8} B(n,3,9)- A(n,3,9) B(n3.9-An3.q

. 0006

0.6 R b(n,3)-a(n,3) b(n,3)-a(n,3)

04F % 5<n=100, q=3 00T o Hizn=100, g=s

02F '\ 0002F %

. . * ———— R K
0 20 40 60 80 100 0 20 40 60 80 100

Figure 3: The graphs of the sequences n — W (left) and n — %{W (right).

4.1 Conclusion

The paper easily provides several asymptotic estimates of a remainder of an alternating p-series
for all p € RT. The presented relations supplement the double inequality for a remainder, given
in the paper [1|, which works only for integers p > 2. In addition, the derived estimates are very

useful even in the case of p ~ 0.

Acknowledgment. The author would like to thank the reviewer for carefully reading the paper

and correcting several slips.
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1 Introduction

Congruence lattices of lattices are distributive, and every finite distributive lattice is isomorphic
to the congruence lattice of a finite lattice. We would like to know more about: Which finite

distributive lattices are the congruence lattice of some semidistributive lattice?

Not every finite distributive lattice D is isomorphic to Con L for a finite semidistributive lattice L.
There are two known restrictions [2,9]: if D is the congruence lattice of a finite semidistributive
lattice, then considering D as the lattice O(P) of order ideals of an ordered set, neither 2 nor YV
(Figure 1) can be an order filter in P. An equivalent formulation is that neither a 3-element chain

nor (Bg)4+ = 2+ 22 can be a filter in D. There may be other restrictions.

This note presents a construction to show that many finite distributive lattices with 3 or (Ba)44+

as a filter are isomorphic to the congruence lattice of an infinite semidistributive lattice.

BQ 2 Y

Figure 1: Ordered sets referred to in the text: Bs, 2, Y

2 Background
The join-semidistributive law for lattices is
(JSD) xVy=xVz implies xVy=2xV(yAz).

Its dual is the meet-semidistributive law, (MSD). Lattices that satisfy both are called semidis-
tributive, abbreviated SD. The semidistributive laws were found by B. Jonsson as a property of

free lattices; see [6-8] and the survey [1].

Finite distributive lattices are isomorphic to the lattice of order ideals (downsets) of an ordered
set. In fact, D = O(P), where P = (J(D), <) is the set of join-irreducible elements of D. This
reflects the fact that join-irreducible elements in a distributive lattice are join-prime. Our results

are formulated in terms of this duality.

Let n denote an n-element chain, A, an n-element antichain, and B, the boolean lattice with
n atoms. For the ordered sets, P and @, the ordered set P U @ has the elements of P and Q

incomparable, while the ordered set P + @ has every element of P below every element of (). For
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the lattices K and L with 0 and 1, let K#L denote the glued sum, where 15 = 0f.

Lemma 2.1. Let P and Q be ordered sets. If O(P) = K and O(Q) = L, then

(1) OPUQ)=K x L,

(2) O(P+Q) = K#L.

If L is a lattice, then Ly denotes the lattice obtained by adjoining a new zero element, that is,
Ly =1+ L. Thus L, = 2+ L. Likewise, LT is the lattice obtained by adjoining a new top
element, that is, LT = L + 1.

The congruence lattice of a finite lattice is a finite distributive lattice. There are two restrictions
mentioned in the introduction: if O(P) = Con K for a finite semidistributive lattice, then neither
2 nor Y can be an order filter (upset) of P. Note that O(2) = 3 and O(Y) = (B3)+; remember
to include the empty order ideal. The following elementary technical observation [9] then shows

that neither 3 nor (Bg)44 is a filter of O(P).

Lemma 2.2. Let S and P be finite ordered sets. Then O(S) is isomorphic to a filter of O(P) if
and only if S is an order filter of P.

Now 2 is the only finite simple SD lattice. Indeed, if L is JSD and has a largest element 1, then it
has a prime ideal, and hence L has 2 as a homomorphic image. There are however infinite simple

SD lattices [4].

The original lattices in [4] contained no completely doubly irreducible (c.d.i.) elements, that is,
elements that are completely join-irreducible and completely meet-irreducible. A straightforward
modification of the construction yields infinite simple semidistributive lattices containing infinitely
many c.d.i. elements; see [3]. (Replace the defining relations (7) and (8) in [4] by b; < b;+1 and
d; < d;y1; these are slightly stronger.)

The infinite simple SD lattices constructed in [3,4], containing an infinite chain of c.d.i. elements,
are called FN lattices. The letter F' will denote an arbitrary FN lattice with c.d.i. elements. An
infinite simple semidistributive lattice necessarily has neither 0 nor 1. We will use FN lattices as

the building blocks for our constructions.

The least congruence on a lattice is denoted by A, and the greatest congruence V. In this note we
are dealing with infinite lattices that have finite congruence lattices. Of course, that is not always

the case.
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3 Direct products

The first operation for building new representations from existing ones is the direct product.

Lemma 3.1. If K and L are lattices, then Con(K x L) = Con K x Con L. For ordered sets, this
translates to the disjoint union, that is, if Con K = O(P) and Con L = O(Q), then

Con(K x L) 2 O(P) x O(Q) = O(PUQ).

The lemma allows us to represent B, = O(A4,,) as Con 2™ or Con F™ where F' is an FN lattice.

The following properties will play a role later.

IGD(K) The congruence generated by collapsing any nonempty ideal of K is V.

FGD(K) The congruence generated by collapsing any nonempty filter of K is V.

A lattice satisfying both IGD and FGD is called half-simple, and FN lattices (being simple) clearly

are half-simple. Half-simple lattices can have neither 0 nor 1.

Lemma 3.2. A finite direct product of lattices with FGD has FGD. Likewise, for IGD and half-

simple.

Proof. Let L = K; x --- x K, with each K; having FGD, and let G' be a nonempty filter of L.
Let 6 denote the congruence on L obtained by collapsing G. We want to show that 6§ = V.

Lattices have factorable congruences, as a consequence of congruence distributivity. This means
that there exist congruences 6; € Con K; such that, for xz, y € L, we have z 0y iff x; 0; y; for all
1 <4 < n. But each 6; is the congruence generated on K; by the projection of the filter G onto K,
which is a nonempty filter. Since K; has FGD, this implies that §; = Vg,, whence § = V. O]

4 Replacing a c.d.i. element with a half-simple lattice

Let d be a c.d.i. element in a lattice K, and let H be half-simple. The lattice K(d — H) is the set
(K — {d})UH with the natural order, that is, for k € K — {d} and h € H, k < h iff k < d, and
k> hiff k > d. Joins and meets are well-defined in K(d — H), because d is doubly irreducible.
Indeed, K — {d} and H are sublattices, while

h, if k<d;
kVh=
kVvd, otherwise;
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and dually. Thus, K(d — H) is semidistributive, if both K and H are semidistributive. The

construction is illustrated schematically in Figure 2.

2(a — F) K(d— F)

Figure 2: Schematic representation of the construction, replacing a c.d.i. element with an FN
lattice F'

One can also replace multiple c.d.i. elements independently, forming K(dy < Hy,...,d, — Hy).
Let us now analyze Con (K (d — H)).

For any element u € K, considering how joins of congruences work, there is a unique largest
congruence ¢, in Con K such that the congruence class [u]y is a singleton, that is, [u]g = {u} iff
6 < (u. Note that when Con K = O(P), the congruence ¢, corresponds to an order ideal of P,

which we also denote (,.

Theorem 4.1. Let K be a lattice with a c.d.i. element d, and let H be a half-simple lattice. Form
L=K(d< H). Then

Con L =~ {(8,a) € Con K x Con H: 0 £ ¢4 — a=Vg}.

In terms of ordered sets, if Con K = O(P) and Con H = O(Q), then Con L = O(R) where
R = QU P with the order ¢ <p iff p ¢ {4 forp e P, q € Q.

Figure 3 illustrates how Theorem 4.1 applies to N5(c <— F') and (. > A.

Proof. Let ¢ be the congruence on L = K(d < H) that collapses H back to a single point, so
that L/ = K. By the isomorphism theorems, 1 ¢ in Con L is isomorphic to Con K. Explicitly,
if f: L - K with ker f = ¢ and ¢ > ¢, then k f(¢) k' if and only if there exist x, 2’ in L with
k= f(x), k¥ = f(2'), and z¢ 2’. Equivalently, in view of ) > ¢, for all z, 2’ in L, we have that
f(z) f(¥) f(2') if and only if x ¢ 2.

Let S be the sublattice of Con K x Con H given in the theorem. We establish inverse lattice

homomorphisms ¢: Con L -+ S and 7: § — Con L.
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For ¢p € Con L, let o(¢)) = (f(¥ V ¢),¥|u). For (0,a) € S and k, k' € K — {d}, h, b € H, let

kr(0,a) K iff KOK,
h7(0,a)h" iff hal',
k7(0,0) hiff kO d.

The crucial observations are these.

o If f( V) £ Ca, then k f(¢ V @) d for some k € K — {d}. Hence k1 h for some h € H (as
f(h) = d).

o If k1 h for some k € K — {d} and h € H, then 1 collapses either an ideal or a filter of H (or
both). Because H is half-simple, this implies ¢|g = Vg.

e The condition |y = Vg is equivalent to ¢ > ¢.

On the other hand, if # € Con K with 8 < (4, and € Con H, let £ be the relation on L such
that §|x {4y = 0|k —(a}, {lz = @, and £ contains no pairs of the form (k,h) or (h, k). Then & is a

congruence on L and £ = 7(#, «). The remaining details are left as an exercise to the reader. O

Corollary 4.2. Let K be a lattice with a c.d.i. element d, and let H be a half-simple lattice. If
Cd = AK, then

Con K(d — H) = Con H# Con K.

In particular, with an FN lattice,

Con K(d — F) =1+ Con K = (Con K); when (4 = Ak,
Con F(d— H) = Con H+ 1= (Con H)" when H is half-simple.
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N5= c

Figure 3: Example N5(c¢ < F) for Theorem 4.1. Note (. = Cg(a,b).

Recall that for n > 3, the n-element chain is not the congruence lattice of a finite semidistributive

lattice (or even a finite join-semidistributive lattice [2]).

Corollary 4.3. For every n > 2, the n-element chain n can be represented as the congruence

lattice of an infinite semidistributive lattice.

2=0(1) F

3=0(2) F(dy — F)

4=0(3) F(dy < F{ds — F))
5=0(4) F(dy — F{dy — F(d3 < F)))

etc.

As an application of direct products (Lemma 3.1):

Corollary 4.4. For positive integers nq, ..., ny, the lattices ny X --- X ng are congruence lattices
of infinite SD lattices.

If any n; > 3, then n; x --- X n; is not the congruence lattice of a finite SD lattice.

The lattice O(Y) = (B2)+4+ is the other lattice minimally not representable as the congruence
lattice of a finite SD lattice. However, O(Y) = Con K for both of the following infinite SD

lattices:

o K = By(a— F(d = F))
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o Ky = N5(agp < F) where N5 = Bsa], doubling an atom.

These lattices are drawn schematically in Figure 4.

O
K Ky

Figure 4: Schematic representation of lattices K; with Con K; = O(Y).

One can just as easily use K = B,, and one of its atoms to represent (B,,)++ for any n > 2 as the

congruence lattice of an infinite SD lattice, generalizing either of the representations K or Ks.

A dual tree is a connected finite ordered set such that every element has at most one cover. A
dual forest is a disjoint union of finitely many dual trees. When P is a dual forest, there is a
straightforward way to represent O(P) as a congruence lattice. For branching in the dual tree, we

replace multiple c.d.i. elements.

Theorem 4.5. If P is a finite dual forest, then O(P) is the congruence lattice of an infinite SD

lattice.

Proof. Without loss of generality P is a dual tree, as we can use direct products for a dual forest.

Let w > v1,...,v, in P, and assume inductively that each O() v;) = Con H; for a half-simple
SD lattice H;. Let F' be an FN lattice, and choose distinct c.d.i. elements dy,...,d, € F. Form
L =F(dy — Hy,...,d, = Hp). Then L is half-simple, and Con L = O(] u) by the straightforward

extension of Corollary 4.2 for multiple substitutions. O

Figure 5: Dual tree example
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The method is best illustrated by an example. Let P be the dual tree in Figure 5. To find an
infinite SD lattice K with Con K = O(P), we use K = Fy(by — Hj,by < Hs,bs — H3) where

H1 = F2<b4 — F3>
H2 = F4<b5 — F5,b6 — F6>
Hs = F.

Also observe that Theorem 4.5 includes O(4,, + k) = B,/ "t with k “+” signs.

5 Conclusion

We have shown that many finite distributive lattices that are not the congruence lattice of a finite
semidistributive lattice, are the congruence lattice of an infinite semidistributive lattice. Some of

these examples were included in an earlier version of this note [5].

This suggests two problems.
Question 1. Are there additional restrictions on congruence lattices of finite SD lattices?

Question 2. s every finite distributive lattice the congruence lattice of an infinite SD lattice?

We conjecture that the answers are NO and YES, respectively.
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1 Introduction

Fractional calculus is a branch of mathematics in which we obtain definitions of derivatives and
integrals with arbitrary positive real order so that the classical derivative can act as a special case.
There are many more definitions of fractional derivatives, see the monographs [17,28,29]. It is worth
obtaining the most generalized fractional differential operator to unify all these definitions. Later,
Sousa and Oliveira (2018) [35] investigated the most generalized ®-Hilfer fractional derivative. In
[14,21,22,27], significant theoretical advancements concerning various forms of nonlinear ®-Hilfer
fractional differential equations and several important properties of their solutions are examined.
Development of theory after the proposal of the ®-Hilfer fractional derivative, other versions of
fractional operators were studied. For example, a work that addresses the fractional derivative in
variable order with respect to the ® function [38] and the work on calculus of ®-Hilfer fractional
derivative with an additional parameter k£ > 0 and associated fractional differential equations

[15,20].

We note that fractional calculation has been extensively studied and its theory, although well
consolidated, still new versions of fractional operators are presented and, certainly interesting and
important applications arising from them, will be discussed in the near future. On the other hand,
we can also highlight problems of fractional differential equations with p-Laplacian, which have been
attracting the attention of researchers. In 2022, Sousa et al. [39] first work on variational problems
using the ®-Hilfer fractional derivative was presented. In the work, the authors presented a new
fractional Sobolev space for the ®-Hilfer fractional derivative, and built a variational structure
so that it was possible to investigate the existence of weak solutions to a fractional p-Laplacian

problem via Nehari manifold (33,34, 37].

The differential equations which involves the iterates of unknown function is called as Iterative
differential equations (IDEs). IDEs are especially useful for simulating real-world systems where
the rate of change is dependent on both the function and the number of times the unknown function
is applied. They extend traditional differential equations to capture more complex, nonlinear, and
self-referential dynamics, with applications across various fields, including biology, physics, and
engineering. Examples include infectious disease models [45], the motion of charged particles with
retarded interaction [11], insect population dynamics [2], and Nicholson’s blowflies model [16]. Due

to their wide range of applications, IDEs are an essential area of study.

Eder [7] studied the IDEs of the form

and showed that every solution either identically vanishes or is strictly monotonic. Feckan [§]
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investigated the functional differential equation

Vasile Bernide [1] proved convergence theorems under weaker conditions than those suggested by

A. Buica [3] and proved the existence of solutions for first-order iterative differential equations.

TIterative fractional differential equations (FDEs) deals iterative differential equations associated
with various types of fractional derivatives. They serve as powerful tools for modeling complex
systems that exhibit memory effects, non-local interactions, and long-term dependencies. Here, we

highlight a few significant studies on iterative FDEs.

Ibrahim [11] investigated the existence and approximation of solution for the iterative Riemann-

Liouville FDEs of the form
DSu(t) = h(t,u(t),u(u(t))), u(0)=uo.
Damag et al. [4] proved the existence of solution for the iterative FDEs
DSu(t) = h(t,u(t), u(u(t)), v’ (t), u(te) =uo, to€ J,

by applying non-expansive operator method and Browder-Ghode-Kirk fixed point theorem. Guerfi
and Ardjouni [9] investigated existence, uniqueness, continuous dependence and Ulam-Hyers sta-

bility of mild solution for the Caputo iterative FDEs of the form

CD§, ult) = h (u[O] (), (), ... ul (t)) :

u(0) = u’(0) = 0.

Existence and approximation problems for the iterative differential equations are solved in [5,6,12,
24,44-46,48|. Also, iterative integro-differential equations are studied [10,13,18,32]. For further

development of iterative differential equations see [26,31,41,42] and the references therein.

Vivek et al. [40] examined the class of ®-Riemann-Liouville iterative fractional differential equation

with non-local condition

DS®u(t) = h(t,u(u(t)), 0<E<1,
u(0) + f(u) = uo.
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Motivated by interesting work mentioned above on iterative differential equations we consider the

non-linear iterative FDEs of the form

D5 M u(t) = b (((@() - 2(0)w)” (1), (@) — @(0))'~<u)" 1),
(@) = ®(0))=Cu)™ (t)) ted, (1.1)

19 %u(0) =ug, uo >0, C=E+n(1-¢), (1.2)

where J = [0,T], ® is an increasing function on .J such that ® € C*(.J) and ® (¢) # 0, for all t € J,
HDS’JFW; ®(.) is the ®-Hilfer derivative of order ¢ € (0,1) and type 5 € [0,1]. Further,

(1.4)

are the iterates of the function (®(-) — ®(0))' “w and h € C(J"*!,R) is a positive non-lincar

function that fulfills a few other requirements, which are detailed subsequently.

We believe that the main results of this paper are best presented as follows:

(1) Before attacking the main results, it was necessary to discuss some properties for the space

with weight C1_¢;0(J,R, M).

(2) The first contribution of the paper was to investigate the existence and uniqueness of solutions

to the problem (1.1)-(1.2) through the theory of fixed points.

(3) In addition to the above, we investigated the continuous dependence and Ulam-Hyers stabil-
ity.

(4) Finally, we present an example, in order to elucidate the results discussed.

We analyzed iterative differential equations associated ®-Hilfer fractional derivative for the exis-

tence and qualitative properties of solutions in the space of weighted Lipschitz functions.

The iterates of unknown functions defined by (1.3) and (1.4) that appears in the equations (1.1)-
(1.2) make the study challenging as it requires domain and codomain of unknown functions should
be same and hence appropriate solutions space is required to deal with the solutions of itera-
tive FDEs (1.1)-(1.2). In this context the two weighted spaces are defined. The weighted space
Ci—¢.o(J,R, L) ensures that that the iterates are well defined and Ci_¢.¢(J,R, M) ensures the

existence of solution for the iterative FDEs.

The ®-Hilfer fractional derivative is the most generalized form of fractional derivatives, encompass-

ing various fractional differential operators described in [35] as special cases for varying values of
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1 and different choices of the function ®. In this context, the ®-Hilfer fractional derivative serves
as a powerful tool in fractional calculus that unifies the study of fractional differential equations
(FDEs) under a single framework. As a result, it is no longer necessary to conduct independent

analyses of FDEs using various fractional derivative operators.

This paper is organized as follows. In Section 2, we discuss about ®-fractional calculus, define
some weighted spaces that required for further calculation. Section 3 deals with the properties
of weighted space. In Section 4, we investigate existence via fixed point theorem and uniqueness
result. Further Section 5 includes continuous dependence, Ulam-Hyers and generalized Ulam-Hyers

stability of solution. In Section 6, example is provided to illustrate our results.

2 Preliminaries

In this section, we provide definitions and few basic results pertaining to ®-fractional calculus.

Further, we provide the suitable weighted space to deal with solutions of iterative FDEs.

2.1 &-fractional calculus

Definition 2.1 ([17]). The ®-Riemann-Liowville fractional integral of order & >0 (£ € R) of the
function u € C ([a,b],R) is given by

1% (t) = 7/ ' () (D (t) — D () " u(s)ds. (2.1)

Definition 2.2 ([35]). The ®-Hilfer fractional derivative of a function u € C™ ([a,b],R) of order
m—1<&<m and type n € [0,1], is defined by

Hp&m®, o mm—gno (1 d (1—n)(m—¢); @
DS Pty = 17 (@/(t)dt) 14 u(t), te(a,b).

Lemma 2.3 ([35]). Let m—1<&<meN,ue (C™a,b],R) and n € [0,1]. Then

(i) 15" DL u(e) = wlt) - 3 R 0 P (a), where ul () =

T(E—k+1)
1 d m—k
(q>/( )dt) u(t),

(ii) FDET I u (1) = u (1),

where ( = &+ n(m — &).
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2.2 Weighted spaces

Consider the weighted space
Ci-g;a(J,R) = {u: (0,T] = R (B(t) — (0))' " u(t) € C[0, T]}

with the norm

ulloy_¢ o (rr) = sup ’(‘I)(t) ~3(0) ult)|, 0<(<L
S

Then the space (01_<;<1>(J, R),|| - Hleg;@(J,R)) is Banach space.

For 0 < L < T and M > 0, we define the following sets
Ci—cio(J,R; L) = {u € C_cia(JR) 10 < (B(t) — ®(0)) Cu(t) < L} :
and
Ci_co(J, Ry M) = {u €Ci—¢o(JR;L):
’(@(tg) —®(0))' " ulty) — (B(t1) — B(0))' " ults)| < M|tz — t1] ,t1,ts € J}.
If { = 1 then above weighted spaces reduces respectively to
CUR,L)={ueC(J,R):0<u(t) <L, Vte J}
and
C(LR;M)={ueC(J,R;L) : |u(te) —u(tr)] < M|te — t1|, Vt1,t2 € J}, M >0

which are defined in [9].

Lemma 2.4 ([48]). If ui,us € C(J,R; M), then

’ ’ u[ln] . u[n]

n—1
< M7 |luqg — us , n=1,2,...
i S Sl

where C(J,R) = {u|u: J — Ris continuous} is Banach space with the supremum norm.
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3 Properties of weighted space C\_¢,¢(J,R; M).

To prove existence of solution of iterative FDEs (1.1)-(1.2) we use the following Schauder’s fixed

point theorem.

Theorem 3.1 (Schauder’s fixed point theorem [30]). Let U be a non-empty compact convex subset

of Banach space (B,||-||) and A:U — U is a continuous mapping. Then A has a fized point.

In the view of Theorem 3.1, we have to prove that the space C1_¢, 4 (J, R; M) is non-empty, convex
and compact subset of a Banach space C1_¢,o(J,R), and the proof of the same is provided in

following theorems.

Theorem 3.2. For 0 < L < T and M > 0, the weighted space Ci_¢.o(J,R; M) is non-empty,
closed and convex subset of Ci_¢. o (J,R).

Proof. Define v : (0,T] — Rby v(t) = (®(t) — ®(0))* "' L, t € (0,T]. Then (®(t) — ®(0))' " v(t) =
L € C(J,R). Therefore v € C1_¢, o(J,R; L). Further for any t1,t; € J, we have
\(<I>(tz> — ®(0)' " v(ta) — (@(tr) — 2(0)" " w(tr)
= |(@(t2) = @(0))' (@(t2) = @(0))° ™ L= (@(t2) — D(0))' "~ (@(t1) ~ @(0)) ' L

=0< Mlta — t1].
From above discussion it follows that v € C1_¢,o(J,R; M).
Let {u,}p2, be any sequence in C1_¢;¢(J,R; M) and u € Ci_¢, o(J,R) is such that
Jim jun = ulle,_ 5 (2) =0 (3.1)
Note that

0< ‘(<I>(t) —®(0))" 7 (un(t) — U(t))'

< sup | (@(8) = 2(0)' ™ (ua(t) ~ u(®)] = l[un ~ vlley . w10 (32)

Using squeeze theorem for sequences from (3.1) and (3.2) it follows that
lim |(®(t) — ®(0))' ™ un(t) — (®(t) — ®(0))' S u(t)| = 0. (3.3)
n—0o0

Further if u,, € Ci_¢;o(J,R; M) then u,, € Ci_¢;o(J,R; L) for all n. Thus

0< (®(t) — ®(0)) “un(t) <L, forallnandtel. (3.4)
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Taking limit as n — oo in inequality (3.4) and using the continuity of modulus and the limit (3.3),

we have
0< (®(t) —®(0) “u(t) <L, foralte.l
Therefore u € Ci_¢, o (J,R; L).

Consider for tq,t € J,

[(@(t2) — ©(0)) ultz) — (@(12) — @(0)'~ u(t)
< ‘(@(tz) — ©(0))" ™ (un(t2) — u(tg))‘ + ](@(tl) —@(0))' ™ (un(t1) — u(tr))
+ |(@(t2) = @(0) ™ wnlta) — (®(t1) — @(0)' wn(ty)|

< 2un —ulle, 4wy + Mlt2 = tal.

Letting n — oo we get, ’((b(tg) —3(0)" Cults) — ((t1) — @(O))l_cu(tl)‘ < Mlt, — t;|. Thus
(S Cl_C;q)(J,R,M).

Consider any v,w € Ci_¢;0(J,R,M) and s € [0,1]. Then (®(t) —®(0))""“v(t) and
(®(t) — ®(0))" " w(t) are continuous on J hence (®(t) — ®(0))' ¢ (sv + (1 — s)w) (¢) is contin-
uous on J. This gives sv + (1 — s)w € Ci_¢;0(J). Slnce v,w € Ci_¢a(J,R,L) we have
0 < (®(t) —®(0)" “wv(t) < L and 0 < (®(t) — ®(0))' “w(t) < L. Therefore for any t € J,
yields that

0 < (D(t) — ®(0) " (sv+ (1 —s)w) (¢)

=5((t) — 2(0)' " v(t) + (R(t) — @(0))' " w(t) — s (D(t) — D(0)' " w(t)
<sL+L—sL=01L.

This proves sv + (1 — s)w € Ci—¢;5(J,R, L). Consider any t1,t, € J, then

|(@(t2) = @(0))' ™ (su+ (1 = $)w) (t2) = (@(t1) = ©(0))' ™ (sv+ (L = $)uw) (1)
— 5 |(@(t2) — @(0)' " v(tz) — (B(t2) — D(0))'C v(t1)|
+ (1= 5) [(@(t2) = ©(0))' ~C w(ta) = (@(t2) = @(0)' w(ty)|
< sMlta —t1]| + (1 — 8) M|ty — t1| = M|ty — t1]-

From above discussion it follows that sv + (1 — s)w € Ci1_¢, (J,R; M) for any s € [0,1]. Thus
proof of Ci_¢. ¢ (J, R; M) is non-empty, closed and convex subset of C1_¢; ¢(J,R) is completed. [
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Theorem 3.3. For 0 < L < T and M > 0, the weighted space Ci_¢.o(J,R; M) is uniformly

bounded and equicontinuous.
Proof. Let any u € Ci—¢, o(J,R; M) then u € Ci_¢. (J,R; L). Hence
0< (D(t) —®(0) “u(t) <L, foralte.l

This gives [|ullc,_,. ,(r) < L, for all u € C1—¢.0(J,R; M). This proves C1—¢; o(J,R; M) is uni-
formly bounded.

Let any u € C1_¢,a(J,R; M). Then (®(t) — ®(0))*~Cu(t) is continuous for each ¢ € J. Further,

we have
(D(t2) — ®(0)) " ulty) — (D(ty) — D(0)' " u(ty)| < Mlty —t1], for all t1,t5 € J.
Let any € > 0. Define § = §7. Then t1,t5 € J, [t2 — t1| < 0 implies
(®(t2) — (0)'~“ u(tz) = (B(t1) = ®(0)'“ultr)| <e.

This proves Ci_¢.o(J,R; M) is equicontinuous. This completes the proof of Ci_¢, o (J,R; M) is

uniformly bounded and equicontinuous. O

Remark 3.4. From Theorem 3.3 and Arzela-Ascoli theorem it follows that Ci_¢.o(J,R; M) is
relatively compact. But Ci_¢,o(J,R; M) is also closed subset of Ci_¢;0(J,R) and
hence Ci—¢,o(J,R; M) is compact subspace of Ci_¢;o(J,R).

4 Existence and uniqueness results

Theorem 4.1. Assume that the function h: J*Tt — [0,00) satisfies the Lipschitz type condition
n

|h(t, w1, gy ..y upn) — h(t,v1,02,...,00)] < ch|ul —wv;|, where ¢; > 0. (4.1)
i=1

Then, the iterative FDEs (1.1)-(1.2) has at least one solution in the weighted space
Ci—¢;o(J,R; M), provided

Yo p _ £—C+1
6 T ) - 20) <L, (4.2)
and .
P = C+1)(®(c) — (0) ¥ (c)| <M, for some c e (0,T), (4.3)

E+1)
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where
n i—1

p =sup{h(t,0,0,...,0)} and p*:p—i—LZciZMj.
tes =1 j=0

Proof. Considering equivalent fractional integral equation [36] to the iterative FDEs (1.1)-(1.2),
we define an operator A on C1_¢, o(J,R; M) by

— (o)~
oG

x h (((@(-) - <1>(o))1*<u)

(Au)(t) = (20 w0+ g / &' (1) (0(t) — B(r))¢ "

(0]

(7). (@) - 20 0)" (0),.... (@) - 2(0) )" (7)) ar
(4.4)

where t € (0,T]. In the view of Schauder’s fixed point theorem, we have to show that the mapping
A:Ci¢c.o(J,R;M) — Ci_¢,0(J,R; M) is well defined and continuous. Proof of the same is given

in several steps.

Since h is continuous on J we have h € Ci_¢,4(J). Further, Igf is bounded from Ci_¢. ¢(J) to
Ci—¢;o(J) implies Igfh € Ci_¢;o(J). This gives Au € Ci_¢,0(J), for all u € C1_¢,o(J). Thus
the mapping A is well defined.

Now, we show that the mapping A is continuous. Using Lipschitz condition on h, for any ¢t € J,

one has

(@) = 2(0))' ¢ (Au — 40) (1)

—~~

3

1-¢ ot
h ((@(-) - ‘P(O))I_C“)

[0]
X

t "(r —®(r))E
< P0G — [ om@n -
e (@0) 20 )" (1)~ (@)~ 2(0))<0) " (7) ar
(@(1) ~ 9(0))
=TT
<Soa (@0 - w0 ) " - (@0 ey <0)| [ @o-ewa
i=1 C(JR) /O

_ g—¢41 m o iml
< OB S e Y @0 - 20)' ¢ u— (@0) - o) o

B e-¢r1 izl
_ ((I)(t)r(;I)J(FO)l)) Doy M (@) = (0)"C (u— ”)chm
n i—1 £t

5 (®(t) —@(0
:ZciZM ( ()F(ﬁ-(‘r)l)) ||U*UHC17<;<I)(J’R)'
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Therefore, we get

|
—

| Au — A’UHCl_(;q,(J,R) <

1 n 7 ,
S MI(®(T) — ®(0))6 St |u — . 4.
METT) 2 2 M @) 2O = vl ooy (49

I
<)

Let any € > 0. Define
el'(€+1)

(®(T) — B(0))e—<+1 ;

5= —
> M
=0

J=

Then for any u,v € C1—¢;¢(J,R; M) and ||U_/UH017<Y¢(J’R) < 6 we have |‘AU_AUHC'17C;¢(J,R) < e.

This proves A is continuous mapping. Next we prove that
A(Cr1—¢;o(J,R; M) C Cr¢0(J,R; M),

Let any v € Ci_¢.o(J,R; M). Then,

(@0 - 20 (o] < s+ LOROPZ ] 8 () (1) — B(r)E !
h (((«b(-) —9(0)* )

[0]
X

) (@0 - 20)¢0) " (... (@0 - 20) ¢ 0) " () ) o

(4.6)

Using Lipschitz condition on A for any u € Ci—¢; o (J,R; M), it follows that

i ((100) =200 <0) " ) (00) = 20 <0) " ). (@0) - 20 0) " ()|

(7)erees (@0 - 20) ) " ()

+ p.
C(J,R)

Using the inequality in Lemma 2.4, we obtain

i ((120) =200 0) " 0. (100) = 20" " (7). (@0) - 20D 0) " ()|

1
<pt+y iy M
i=1 0

Jj=

(®() —®(0)' ¢ “ch,R) '

Using the definition of space Ci—¢;o(J,R; M), we get

(1]

i ((100) = 20 ) " ). (100) = 20 " (7)o (@0) - 20D 0) " ()|

<p+Y. Y ML=p", ueCigallRM). (4.7)

i=1 ;=0



104 S. A. Kalloli, J. Vanterler da C. Sousa & K. D. Kucche

Using inequality (4.7) in (4.6) for any u € Ci_¢;4(J,R; M), we obtain

_ 1=¢( Au Uuo L* _ 1—¢ k "(r —d(r)NE Y
(@(t) = 2(0)) (A ®)] < T + gy (20 — 2(0)) /O<I>()(<I>(t) @(r))"d

o P _ £—¢c+1 _ U0 p* B e
STQ ey PO 2O S w1 F (00 — 200
< L.

Therefore
0 < (@(t) — D(0))~(Au)(t) < |(®(t) — B(0)<(Au)(t)| < L, u € Crc o (LR M), (4.5)

This proves Au € Ci_¢;o(J,R; L).

Further, for any t1,ts € J with ¢; < to, using inequality (4.7), we have

O (t2) — (0))' "¢

[(@(t2) — @(0))' ™ (Au)(t2) — (B(t1) — ©(0))' ™ (Au)(t1)| = ‘ ( /0 T (1) (@(t2) — D))

(1]

(@0 - 200 ) " . (@0 - 200" ) " (). (@00~ 00 0) " (7))

X

- r /0 () (@) - B
0

‘F(ﬁ) £ r'() €
P e .
- ’F(& +1) [((D(tQ) —®(0))5 T — (®(t1) — @(0))* T ]

Define g(t) = (®(t) — ®(0))s~¢*1 ¢t € [0,T]. Then clearly g is continuous on [t;, ;] and differen-
tiable on (t1,t2) for any t;,ty € J with t; < to. Therefore using mean value theorem there exists

¢ € (0,T) such that
g(t2) — g(t1)
to—t;

g'(c) =

Using definition of function g, it follows that
(@(ts) — ®(0))5~SH — (@(t1) — 2(0)5™H! = {(€ — C+1) (@(c) — ©(0)) @' (c)}t2 — 1)

Therefore, using condition (4.3), one has

|(@(t2) = @(0))' ™ (Au)(t2) — (®(t1) — ©(0))' (Au)(t1)]

< ﬁ {(E=C+1) (@) - ®(0) ¥ (O} (2 — 11) < Mtz — ta]. (49)

From inequalities (4.8) and (4.9) , it follows that (Au) € Ci_¢. o(J,R; M). This completes the
pI'OOf of A (lec q;(J, R; M)) - leg; q;.(J7 R; M)
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We have proved that A fulfills all the conditions of Schauder’s fixed point theorem. Therefore, A
has at least one fixed point which is the solution of the iterative FDEs (1.1)-(1.2). O

Theorem 4.2. Suppose that all conditions of Theorem 4.1 hold. Then the problem (1.1)-(1.2) has
a unique solution in Ci_¢, o(J,R; M) provided

_ E41-¢ i ,
(Q(T)F(;:(_Ol))) ZQ_ MI < 1. (4.10)

Proof. If possible the iterative FDEs (1.1)-(1.2) has two distinct solution v, and vs in the weighted
space Ci—_¢;o(J,R; M). Then in view of equivalent fractional integral equation to the iterative

FDEs (1.1)-(1.2) and the operator A defined in (4.4), we have Av; = v; and Avy = vs.
Therefore

o1 = 2|y (. o (1r) = [[Av1 = Avallo, . 5 (s R)-

Proceeding as in the proof of Theorem 4.1, we obtain the estimation on the line of equation (4.5),

as follows

llvr —v2lley (o (rr) = |[Av1 — Avallo,_ o (sR)

n

i—1
1 .
< - ) J _ E—C+1 _ )
< FETT o & 2 MO ~ 0N et

Using condition (4.10), in above estimation, we obtain

||’01 - ’U2||017<;<I>(J.,R) < ||Ul - UQHCH—(;@(J,]R)v

which is not possible. Therefore iterative FDEs (1.1)-(1.2) has a unique solution. O

5 Continuous dependence and stability results

5.1 Continuous dependence results

To investigate the data dependency of solution of the nonlinear iterative FDEs (1.1)-(1.2), we

consider the another nonlinear iterative FDEs of the form

(1]

") = i (@0 - 20)a) " 0. (00 - 2(0)~2) " 0,.... (@) - 20) 7))

teld, (5.1)

29 %a(0) = G0, @0 >0, ¢=¢&+n(l-¢), (5.2)

where h is a function different from h that satisfies all the assumptions of h.
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Theorem 5.1. Suppose that all the assumptions of Theorem 4.2 hold. Then, solution u of iterative
FDEs (1.1)-(1.2) and solution @ of iterative FDEs (5.1)-(5.2) satisfies the inequality

1
- ING) -
& —ulle,_., o (sr) < p— g(i)ﬂ —————— o — wo|
1 ncwee 5 Sy
=1 j=0

(B(T)=®(0))—*"
C(E+1)

B(T)—d(0))s—c+1 o =l
g § S

- (5.3)

ol

Proof. Using equivalent fractional integral of iterative FDE (1.1)-(1.2) and (5.1)-(5.2), for any
t € J we have

X

(00 - 200 ) " (). (@0) - 20 2) " (..., ((00) - 00 1) " ()
(1]

+[Jf- A
C(J,R)

C(J,R) .
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Using Lemma 2.4, for any 7 € J, we obtain

[0]

i (100~ 200 2)" ). (00) — 20 <2) " ()., (@00 - 200 ) " ()
=1 ( (@0 - 20y~ u)"

<=, * gcigw (B() — 2(0)' @ (@() - o) u
= HE - hHC’(J,]R) + z"; i ]Z; Ma = ulle, . o8- (5.5)
Using estimation (5.5) in the inequality (5.4), for any t € J, we have
[(@(t) — @(0))~(a(t) — u(?))]
< |ﬂ<}(—50| + 2u I:(fq)j—o)l))gc+1 HE - hHC(J,R) + écﬁ';z_;Mj o —ulle, .,

lag — uo| | (®(T) — ®(0))s<*! H;L

n i—1
RIS
=TT T TeE+wy C(J,R)+;Cj;0 oo

Therefore, we obtain

L
')

P(T)—P(0))E—¢+1 ;
1- GO Y a W

& —ulle, ¢ a(r) <

(®(T)—®(0)*—*!

+ o Hh hHC(J]R -
(T)—d(0)E—c+ o '
== 22 M

Remark 5.2. (1) Theorem 5.1 gives the continuous dependence of the solution of the problem

(1.1)-(1.2) on the initial condition as well as on the nonlinear functions.

(2) If h = h in (5.3) then Theorem 5.1 gives the dependency of the solution of (1.1)-(1.2) on

mitial condition.

(3) If up = g in (5.3) then Theorem 5.1 gives the dependency of the solution of (1.1)-(1.2) on

the nonlinear functions.

(4) If h = h and uy = g in (5.3), Theorem 5.1 gives the uniqueness of solution of the problem

(1.1)-(1.2).
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5.2 Stability results

To discuss the Ulam-Hyers stablity results we need the following definitions.

Definition 5.3 ([19]). The iterative FDEs (1.1)-(1.2) is said to be Ulam-Hyers stable if there
exists a real number K > 0 such that for each € > 0 and for each solution v € Ci_¢.(J,R; M) of
the inequality

H , ;@
| Dy ()

(@0 - o0 0)

(0]

(1), ((@() — 2(0)) )

with I;_:C;‘bv(()) = wyg, there exists a solution u € Ci_¢,o(J,R; M) of problem (1.1)-(1.2) that
satisfy
HU_U”Cl_(;@(J,R;M) SKG, teJ

Definition 5.4 ([19]). The iterative FDEs (1.1)-(1.2) is said to be generalized Ulam-Hyers sta-
ble if there exists x € C(J,RT) with x(0) = 0 such that for each ¢ > 0 and for each solu-
tion v € Ci—¢;0(J,R; M) of the inequality (5.6) with I;;C“I)U(O) = wg, there exists a solution
u € Ci—¢.a(J,R; M) of the problem (1.1)-(1.2) satisfying

Hu - U||leg;<1>(J,]R;]\/I) S X(e)a teJ

Theorem 5.5. Assume all the assumptions of Theorem 4.2 hold. Then the problem (1.1)-(1.2) is
Ulam-Hyers stable.

Proof. Consider v € Ci_¢,0(J,R; M) be a function such that Ii_:c;q)v(O) = wugp, that satisfy the
inequality (5.6). Then integrating it, we obtain

_ ¢—1 t
o) - POZZOE - o [ we - e
< ( (@0 - 20)<0)" () ((00) 200" 0) " ()., (120) - 2(0)'0) " (1)) e
<IEPe= S (@(t) — ®(0)5, te(0,T).

rE+1)

If u e Ci—¢;(J,R; M) is the solution of the iterative FDEs (1.1)-(1.2) then using Lipschitz con-

dition of h, we obtain
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Using the inequality in the Lemma 2.4, we have

[v(t) — u(t)]
€ 3 ¢, (@) —2(0)° < B e ) B 1\
< rEea @0~ PO + Eey ;c (@)= @) v) " = ((@() - @(0))"u) o
: e, (@) —0(0)S N~ = aiami—C e
<t (@0 — 2O + ;Q;JM (@) — ®(0)) v — (®(-) — B(0)) Hw)
€ _ g n 1—1 )
= FE @0 20 + WZZM lo—ullo, .y tE
Therefore consider for all ¢t € J,
o= wlle, . atman=sup|(®() = 2(0)) (o (t) — u(t)|
€ e — g—¢+1 izl
< 7F(£+1)(<I>(T) —P(0)E ¢ 4 ((I)(T)F(;)—i(-ol))) ;ci;w lo—ulley . yon-
This gives
v —ullg, 0 < rern (21 — 2O
1-¢ @ - n i—1 :
L= e X o X MI(2(T) — $(0))¢H
(®(T) — ®(0))* <!
Define K = ,F(g +1) . Then K > 0 and we have

n K]

—1
- i 35 e 5 MI@(T) - a(0) =6
lv — UHCI,C;W) = Ke.

This proves iterative FDEs (1.1)-(1.2) is Ulam-Hyers stable. O
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Corollary 5.6. Suppose all the assumptions of Theorem 5.5 are satisfied then the iterative FDEs
(1.1)-(1.2) is generalized Ulam-Hyers stable.

Proof. Follows by taking ¢(e) = Ke. O
6 Examples
Example 6.1. Consider the following initial value problem for iterative fractional differential
equations
"3 ey = CEZZOE ¢ (@) - 90 ¢
2—¢ 1
+ (@0 — o)~ (2 (LU= o)) - L ((@0) - 20)0) " ¢
— s (@) — @) ) o), (61)
I;79%0(0) =0, teJ=10,1] (6.2)
Define the function & : J% — [0, 00) by,
_ (@) -®(0): | 1 N 2-¢
bt ) = 2O @) - 5(0)
RS 1-¢ (©(t) — 4’(0))2(> B ) 1 1
+ 200((13(15) ®(0)) ((b( 5 (0) %0 106"

Then for any t € J and u;,v; € J, (i = 1,2), we have

1 1
|h(t,u1,uz) — h(t,v1,v2)| < %Wl — | + ﬁ|u2 — val.

This shows h satisfies Lipschitz type condition (4.1) with ¢; = 5—10 and ¢y = ﬁ. We have T' =1,

choose L = 1 then the condition 0 < L < T hold. Further, in the view of condition (4.2) and (4.3)
choose ¢ = %, M > 0 and the function ® such that

< M, (6.3)

and
(®(1) — ®(0))2 " ° <1, (6.4)
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where

p= sup {h(t,0,0)}

t€[0,1]
_ (@) —2(0)F | (B(1) —(0))* ¢ (2(1) —2(0)' ¢ (®(1) — 2(0))*¢
- VT * 100 * 200 (q) ( 2 ) a MO)) ’
(6.5)
p*:p+cl+02(1+M):p+i+i(l+M). (6.6)

50 100

With the choices of constant M and the function ® that satisfies conditions (6.3) and (6.4), all the
assumptions of Theorem 4.1 are satisfied. Thus Schauder’s fixed point Theorem 3.1 guarantee the
at least one solution of the iterative FDEs (6.1)-(6.2) in the weighted space Cy_c.¢(J, R; M). By

actual substitution one can verify that
o(t) = ————=, te€0,1], (6.7)

is the solution of the iterative FDEs (6.1)-(6.2). Further in addition to the conditions (6.3) and
(6.4), if the constant M and the function ® satisfy the condition

2(®(1) —\/‘;(0))2 (510+1(1)0(1+M)) <1, (6.8)

the problem (6.1)-(6.2) has unique solution in the weighted space C;_¢.a(J, R; M).

Note that the function v defined in (6.7) is the unique solution of the problem (6.1)-(6.2). If we
take ®(t) =t, t € [0,1] and n = 1 the problem (6.1)-(6.2) involving ®-Hilfer fractional derivative

reduces to the following initial value problem for iterative FDEs of the form

1
oot 1 1 L 1
D?2 t) = — —t+ —t— — t) — — t .
0+v(?) /7 T100" T 00" " 50" ®) = 1507 @ (6.9)
v(0) = 0. (6.10)
In this case
1 1

1
=t —— = 0.5766.
P="7z 100 " 100

If we choose M =1 then

§ 12
p* = 05766+ — + o = 0.6166.
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Further, the conditions (6.3), (6.4) and (6.8) reduce respectively to
~0.6166 x 2

(-9 (e(3)-o0) v (5)]- 5%

7 (@(1) - e(0)} ¢ = 222

2p*
VT

1
2

3

1\ 7
(> |:O.6025< 1 (6.11)

= 0.6957 < 1 (6.12)

and

VT

Note that all the conditions of Theorem 4.2 are satisfied. Therefore the initial value problem

for Caputo iterative FDEs (6.9)-(6.10) has a unique solution in the space C'(.J,R;1). By actual

2(®(1) ;(0))2 (510 N 171)0(1 +M)) _ 2 (510 n 130> —0.0451 < 1. (6.13)

substitution, one can verify that
u(t) =

is the unique solution of the problem (6.9)-(6.10).

2 t €[0,1], (6.14)

We remark that the constants ¢; and ¢y appears naturally as h satisfy Lipschitz condition. T =1
is the end point of the interval on which the problem (6.1)-(6.2) is considered. The constant L
(0<L<T),ce(0,T)and M > 0 one choose in the view of condition (4.2) and (4.3). These

constants depends on the choice of function ®.

7 Conclusion

Through analytical approaches we examine the nonlinear iterative FDEs with ®-Hilfer fractional
derivative for existence, uniqueness, stability and dependency of solutions. The conditions (4.2)
and (4.3) required to prove the existence and uniqueness results Theorem 4.1 and Theorem 4.2 are
strong. Achieving the same kind of outcomes by removing the restrictions in (4.2) and (4.3) will
be very interesting. We have given specific examples to demonstrate our findings. Investigating
alternative conditions with weaker constraints is essential for ensuring the existence and uniqueness
of solutions for iterative ®-Hilfer fractional differential equations (FDEs). In this context, one can
analyze iterative ®-Hilfer FDEs under various types of initial and boundary conditions to study
their existence, uniqueness, different forms of stability, and other qualitative properties. Further,
the work explored in [23,25,43,47,49] can be analyzed by integrating the iterates of unknown

function and the fractional calculus.
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ABSTRACT

This paper investigates the properties of weighted composi-
tion operators acting between different weighted [P spaces.
Inspired by recent advancements in the field, we explore cri-
teria for the continuity and compactness of these operators.
Specifically, we provide simple conditions, in terms of normal-
ized canonical sequences, for the continuity and compactness
of the difference between two weighted composition opera-
tors, Wy, and Wy, ,,. Furthermore, we calculate the essen-
tial norm of these operators. Our results extend and general-
ize previous works, offering new insights into the behavior of
weighted composition operators in Banach sequence spaces.
The findings contribute to the understanding of these opera-
tors’ topological properties, particularly their applications in
sequence spaces and functional analysis.

RESUMEN

Este articulo investiga las propiedades de operadores de com-
posicién con peso actuando entre diferentes espacios [P con
pesos. Inspirados por avances recientes en el area, exploramos
criterios para la continuidad y compacidad de estos ope-
radores. Especificamente, entregamos condiciones simples, en
términos de sucesiones candnicas normalizadas, para la con-
tinuidad y compacidad de la diferencia entre dos operadores
de composicién con peso, Wy o ¥y Wy, Més atin, calculamos
la norma esencial de estos operadores. Nuestros resultados
extienden y generalizan trabajos previos, ofreciendo nuevas
formas de entender el comportamiento de operadores de com-
posicién con peso en espacios de Banach de sucesiones. Los
hallazgos contribuyen a la comprension de las propiedades
topologicas de estos operadores, particularmente sus aplica-
ciones a espacios de sucesiones y analisis funcional.
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1 Introduction

The study of the properties of weighted composition operators has captivated numerous researchers
worldwide. These operators play a significant role in various areas of functional analysis and have
applications in sequence spaces and spaces of analytic functions. Specifically, in the context of
Banach sequence spaces, weighted composition operators are useful for studying processes where
the inputs are infinite collections of data {z(k)} that undergo an organization and selection process,
and are finally assigned a weight to obtain an output, similar to creating frequency tables in
statistics. Organizing a sequence & = {x(k)} involves defining a function ¢ : N — N, while
assigning weights involves multiplying by a sequence w = {u(k)}. This leads to the definition of

the weighted composition operator W, ,, by
Wol@) i=u- (@ o).

The operator W, ,, can be seen as a composition of two important classical transformations: the
multiplication operator M, and the composition operator C,. In fact, when ¢ is the identity, W .,
becomes M,,, and when u(n) =1 for all n, it becomes C,,. The properties of these operators have
been widely studied in various contexts, including weighted sequence spaces [5,9,14,15], which we

define in the next paragraph.

Throughout the development of this document, p represents a fixed parameter in [1,00). A nu-
merical sequence x = {z(k)} is said to belong to the weighted [P space, denoted as = € [P(r),

if
1/p
]| p (py = <Z|~”” ) < 00, (1.1)

where r = {r(k)} is a weight, that is, (k) > 0 for all k£ € N. The pair (lp (r), ||'Hlp('r')) constitutes
a Banach space. These kinds of spaces naturally appear in the literature when studying properties
of some operators in sequence spaces. For instance, for p > 1, the Cesaro space ces,, is contained

in [P (klfp), indicating that every evaluation functional on ces), is continuous.

Inspired by the work of Carpintero et al. [5], where they explored in detail the properties of
weighted composition operators acting on weighted ¢>°(r) sequence spaces, and as a continuation
of the recent work of Cardona-Gutierrez et al. [4], which characterized the functions u and ¢
that define weighted composition operators with closed ranges when acting between two different
weighted [P spaces and analyzed when this operator is upper or lower semi-Fredholm, we aim to give
simple criteria in terms of the normalized canonical sequences for the continuity and compactness
of the difference of two weighted composition operators W, ,, — W, 4 acting between two different
weighted [P spaces. An important consequence of our results is the computation of the essential

norm of the weighted composition operators W, ,, acting between two distinct weighted [P spaces.
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Our findings significantly extend and generalize previous works, such as those by [8, 10], which
analyzed the case of weighted £2, and more recently, the work by Albanese and Mele [2], where the

continuity and compactness of W, ,, between two different weighted [? spaces were characterized.

In this article, we are particularly interested in knowing when W, . (x) € IP(s) for all € [P(r)
(continuity problem) and in establishing other topological properties such as the compactness of
the difference of two weighted composition operators (compactness problem). These problems
have been widely studied in the context of holomorphic function spaces (see [7,11,13] and refer-
ences therein), but in the context of Banach sequence spaces, they are still under development.

Specifically, we shall prove the following properties:

(1) The operator W, ,, is continuous from [ (r) into I? (s) if and only if

W w(€en)l
Ly, = sup Woulen)llins) _
neN ||enHlP(7‘)

In this case, [|[W, 4| = Ly,u-

(2) The difference of weighted composition operators Wy, — Wy, from [P (r) into P (s) is

compact if and only if
tim W = Wy o)(en)llvs _
n—co llenlliv ()

(3) The essential norm of W, ,, from [P () to I? (s) is computed by

Wy ulle = limsup
n—00 ||enHlP(r)

This last result extends a result by Castillo et al. in [6].

The problem (1), was recently solved by Albanese and Mele [2]; however, in Section 2, for the sake

of completeness and to benefit the reader, we provide a simple proof.

Additionally, in Section 3, we establish a very general criteria for the compactness of pointwise
continuous operators acting between different weighted [P spaces, which allows us to characterize

the compactness of the difference of two weighted composition operators (see Theorem 3.1).

Finally, in this article, we use = {z(k)} to denote a numerical complex sequence, while (x,,)
denotes a sequence of sequences. Also, for a fixed n € N, we consider the canonical sequence e,,,

defined as e, (k) =1 if k = n and e, (k) = 0 otherwise.
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2 Continuity of the weighted composition operators on [?(r)

In this section we characterize all continuous weighted composition operators between two different
weighted [P spaces in terms of the norm of the images of the normalized canonical sequence. From

now, for a function ¢ : N — N, it is convenient to define
Ran (¢) = {n € N:n = (k) for some k € N}.

We can see that

IWpulele = S0 (k) stk

k:p(k)=n
and ||Wy, ., (en) ||lp(s) = 0 whenever n ¢ Ran (). The following result is due to Albanese and Mele

[2], and we include a brief proof for the benefit of the reader.

Theorem 2.1 ([2]). Let r,s be two weights. Suppose that u = {u(k)} is a complex sequence and

let ¢ : N —= N be a function. The operator W, : IP(r) — [P(s) is continuous if and only if

W u(en)l;
U L YN[
neN ||enHlP('r')

In this case, [[Weull,, = Le,u-

Proof. Since e,, € IP(r) for all n € N, the condition (2.1) holds when we suppose that the operator

Wy o IP(r) — [P(s) is continuous. Conversely, if there exists L, , > 0 such that
||Ww,u(en)||lp(s) < Leu ||enHzp(r) = Ly,ur(n),

and we fix any @ = {x(k)} € IP(r), then we have

[We,u (2 Z\u P |z (k) Ps(k)? < D |2(n)[PLY, r(n)?

n€p(N)

<1y, Zn JPr(n)? = L2 2| -

and the operator W, ,, : {P(r) — IP(s) is continuous. The above argument also proves that

||W<p7u(en)Hlp(s)

HWQOJJHOP = = Lap,u~

neN ||enHzp(r)

This proves the result. O
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Since weighted composition operators generalize multiplication and composition operators, we have

the following two important consequences:

Corollary 2.2. Let r,s be two weights and suppose that uw = {u(k)} is a complex sequence. The

multiplication operator M, : IP(r) — IP(8) is continuous if and only if

sup

(| My, (en)Hlp(s) - s(n)
neN ||enHlP('r') (

= sup —|u(n)| < oc.
wp 20 lutr)
Proof. Tt follows from Theorem 2.1 with ¢ = Id, the identity function on N, and by recalling that

Wigu = M,. O

Corollary 2.3. Let r,s be two weights and let ¢ : N — N be a function. The composition operator

Cy, : IP(r) — IP(s) is continuous if and only if

Co (en)ll;p(s
7” a )”l(): sup L Z s(k)P < 00.

negp(N) Hen”ll’(r) ”GLP(N) T(n) k:Lp(k;):TL

Proof. It follows from Theorem 2.1 with u(n) = 1 for all n € N, a constant function on N, and by

recalling that, in this case, W, , = Cj,. O

Similar results were obtained in [3] in the context of analytic functions (see also [12]).

3 On the compactness

In this section we shall obtain a characterization for the compactness of the difference operator
Weou — Wy 1 IP(r) = [P(s) in terms of the canonical sequences. We said that a linear operator
K :1P(r) — IP(s) is pointwise continuous if for each sequence (x,) C IP(r) such that &, — 0
pointwise ( lim z,(m) = 0 for all m € N), we have
n—oo

lim (K (x,))(m) =0

n—oo
for all m € N. Clearly, the difference between two weighted composition operators is pointwise
continuous. For this kind of operators, we have the following result which could have some interest

by itself. A much more general result can be found in [1]. We include a proof for benefit of the

reader.
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Theorem 3.1. Let 7, s be two weights and suppose that K : [P(r) — IP(s) is a pointwise continuous
operator. The operator K : [P(r) — IP(8) is compact if and only if for each norm-bounded sequence

(x,,) CIP(r) such that x, — 0 pointwise, we have
T (1K ()] = 0. (3.1)

Proof. Let us suppose first that K : IP(r) — IP(s) is a compact operator. Let (x,,) C [P(r) be any
norm-bounded sequence such that x,, — 0 pointwise and suppose that the condition (3.1) is false.

Then, there exists an € > 0 and a subsequence (i, ) of (x,) such that
1K (wnk)HlP(s) > € (3.2)

for all k£ € N. Thus, the compactness of K implies that, by passing to a subsequence, if necessary,

we can suppose that (K (x,,)) converges to y € [P(s). That is,

lim [|K (zn,) = Yllp(s) =0 (3.3)

k—oc0
We shall prove that y = 0 (the null sequence). Indeed, for m € N arbitrary but fixed, we have

» 1

~ s(m)P

Y, (M) — y(m)] [ K (2, ) — y”fp(s) )

with = K (x,, ). Thus, since K is pointwise continuous, we can write
ng k ’ Y

1
P— — P < lim ——
[ym)l” = Jim g, (m) = y(m)l” < lim

”K (wnk) - y”fp(s) = 0.
This last fact produces a contradiction between (3.2) and (3.3). Therefore
Tim (1K (@) 1) = 0.

and the implication is proved.

Next, we suppose that for all norm-bounded sequence (x,,) C [P(r) such that x,, — 0 pointwise,

we have

lim (| K (@) 15y = 0-

n— oo

We are going to show that the operator K : [P(r) — [P(s) is compact. To see this, we fix any
(Y,) € IP(r) such that [y, |/, < 1 for all n € N. The numerical sequence {y,(1)} of all first

components is bounded since

[n (DI (1) <D ya (R (k) = [[y,llf . < 1.
k=1
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Hence, the Bolzano-Weierstrass theorem guarantees that there exists a convergent subsequence

{y,(bl)(l)} of {y,(1)} and we can find y(1) € C such that

lim [y (1) = y(1)] = 0.

n— oo

Hence, we obtain a subsequence (y%l)) of (y,,) whose first component is a convergent numerical

sequence.

Arguing similarly, we have ‘yr(ll)(Q)’ r(2)P <1, so there is a y(2) € C and a subsequence (y%2)> of

(yS)) such that

lim_[y2(2) - y(2)| = 0.

n—oo

Furthermore, we also have

lim [y (1) - y(1)| = 0.

n—oo

Thus, by repeating this process, we obtain a subsequence (yn k) of (y,,) and a numerical sequence

y = {y(j)} such that y,, — y pointwise. Also, for H € N fixed we have

H H
Z DIFr()P = 11msupz [Yn,, (3)[Pr(5)P < hm sup HynkHll’(r) <1

*}Oojl

and y € [P(r). Thus, applying the hypothesis to the sequence x; = y,,, — y which converges to

zero pointwise, we conclude that

Jim K (@) o) = Jim [[K (y,) = K (@)]]5) =0
and the operator K : [P(r) — [P(8) is compact. O

As an important consequence of the above result we have:

Theorem 3.2. Let r,s be two weights, suppose that w = {u(k)} and v = {v(k)} are complex
sequences, ¢, : N — N are functions and Wy o, Wy, 2 P (1) — [P (s) are continuous operators.
The difference W, ., — Wy, from [P (1) into IP (s) is compact if and only if
W u W K €n p
i (W, ) (€n)llings) 0. (3.4)

. leallis

Proof. Let us suppose first that the difference W, ,, — Wy, ,, : I? (1) — [P (s) is a compact operator.

For each n € N, we set

e,
Ty = T—.
" lealling

Then (x,) is a norm-bounded sequence which converges pointwise to the null sequence. Hence,
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Theorem 3.1 implies that the expression (3.4) holds.

Assume now that (3.4) holds and suppose that (x,) is any bounded sequence in [? (r) such that

33, on(m) =0

for all m € N. We shall prove that

hm H(ng,u - W’LZJ.,’U) (mn)”lp(s) = 0

n—oo

We can write

| (W%u — Wy) (xn) ||lpp(s) = S1(n) + S2(n),

where

Sin) = Y Julk) v R |za (@ ()7 s (K)",

k:p(k)=4 (k)

Sa(n) = D Julk)za (@ (k) — v (k) @n (¢ (k)5 (k)"

ko (k)4 (k)

For the first sum we have

o |Weps = W) (el
§10) S D fon (m)"rlam)? = e
m=1 milip(r)

While for the second sum we can see that

Son) <22 N (lu(k)@n (@ () + v (k) 2n (¥ (k)7) s (k)" < S3(n) + Sa(n)
ko (k)4 (k)

with
Sa(n) =27 > fea(m)l” Y > u (k)" s (k)"
mep(N) leyp(N)—{m} kep=t({m})ny=1({I})
San) =20 > Jz. O D > v (k)" s (k)"
ley(N) mep(N)—{l} kep=t({mhHny =1 ({1})

But, if k € o=t ({m}) ny~L ({I}), then (k) = m and (k) = | # m and thus e,, (p(k)) = 1,
em (¥(k)) = 0 and the third sum on the right of S5(n) can be written as

> [ (k) em (#(K)) = v(k)em ((R))[" s (k)"

kee=t({mhny =1 ({1})

he (W — W) ()2
e u \U €m P(s
Sa(n) <203 Jan (m)[F r(m)p =" rie)

m=1

Hemep(T)
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and the same is also true for Sy(n). Therefore,

| o | (W = W) (€5
(W = W) (@) l[5 gy < 2772 D Jam (m)[” 7 (m)? o o
m=1 mllip (r)

Finally, by hypothesis, for any € > 0, we can find mg € N such that

||(Ws0,u - Ww,v) (em)pr(s) €
< opre

||emep(T)

for all m > my. Also, there exists M > 0 such that ||mn||lp(T) < M. Thus, we can write

< [(We o = W) (€m) 70
NWos = W) @)y < 277 3 e (m)] (am)P = e MP
1 Hem”lp(r)
and the result follows from Theorem 3.1 since (x,,) converges pointwise to zero as n — oco. O

As an immediate consequence, we have:

Corollary 3.3. Let r,s be two weights, suppose that u = {u(k)} is a complex sequence and

¢ : N — N is a function.

(1) The operator W, ., from 1P (r) into IP (s) is compact if and only if

im
n=oelenllp

This result was recently obtained by Albanese and Mele in [2, Theorem 3.12].

(2) The multiplication operator M,, as defined in the proof of Corollary 2.2, from [P (r) into
P (s) is compact if and only if
Mo (e )ll1s () . s(n)

lim ———— = = lim
n—oo ||e’ﬂHlP(7') n—oo 1(n)

|u(n)| = 0.

(3) The composition operator C,, as defined in the proof of Corollary 2.3, from IP (r) into IP (s)

is compact if and only if

Cy,(en)]»
lim 7” o (en)l ) — fim L Z s(k)P =0.

n—00 ||en||l1’(7‘) n—oo 7(n) ko(k)=n
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4  On the essential norm of Wy, : [’(r) — [P(s)

In this section we calculate the essential norm of weighted composition operators acting between
weighted [P spaces in terms of canonical basis. We recall that if X and Y are Banach spaces and
K(X,Y) denotes the set of all compact operators from X into Y, then the essential norm of T is
denoted by ||T]| and it is the distance of T to C(X,Y"). That is,

T =inf{||T — Kllop : K € K(X,Y)}.

It is clear that T : X — Y is compact if and only if ||T'|| = 0. Hence, in virtue of Corollary 3.3 (1),

the following result is expected.

Theorem 4.1. Let r, s be two weights, suppose that u = {u(k)} is a complex sequence, p : N — N

is a function and suppose that the operator W, ,, : I? (r) — [P (s) is continuous. Then

”Ww-,u (en)”lp(s)

[Weull, = limsup
n—ro0 lenlln )

Proof. 1t is convenient to consider, for € > 0 fixed, the following set

Wuen P(s
SGZ{%N:'N)IUZ\?}.

Hen”lp(r)

Then
. HW%u (en)Hlp(s)
limsup —————=

n—00 ”en”lp(r)

=inf{e>0:S, is finite}.
Clearly S, C ¢(N) for all ¢ > 0 and S., C S, whenever €; > e5. The set
S ={e>0:5, is finite}
is bounded from below by zero, hence we can consider the number
n=inf{e>0:8, is finite}.

We have two case: n = 0 and n > 0. We are going to prove that in both of the cases we can

conclude [|[Wy ||, = 7.

Suppose first that n = 0. Then S, is finite for all ¢ > 0. We shall prove that the operator
Wy IP(r) — IP(s) is compact. Indeed, if W, : IP(r) — [P(s) is not a compact operator, then
by Corollary 3.3, we can find an ¢y > 0 and an unbounded and increasing sequence {n;} C N such

that
W (€)1 o)

llen,. Hlp(r)

= €0
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for all £ € N. This means that S, is an infinite set and it is a contradiction to the fact that n = 0.

Suppose now that > 0. Consider € > 0 such that n — %e > 0. Then by definition of infimum,

n—3e¢ S, the set
W ,u (€l
S, 1 :{neN:“"”s’)zn—;

e lenllin ()

is infinite and we can find an unbounded and increasing sequence {ny } of positive integers contained

in S, _1.. Hence, the sequence (x) defined by

€n,
L k

B ||emcHlp(r)

is bounded in IP(r), it converges pointwise to zero as k — oo and therefore, Theorem 3.1 allows us

K €np
||enkHlP(r)
for any compact operator K from [P(r) into [”(s). Thus, for any K € K (I?(r),IP(s)) we have
en
W — K) | —2—
v ||e’ﬂk||lp(r)
llen,. Hlp(',-) 1n(s)

1 e
> n— 567 K 67’&
HenkHlp(r)

for all nj, € S, ... Taking k — oo, we obtain

to say that

lim
k—o0

P(8)

[Weu — K| =

Ir(s)

K|S
llen,. Hlp(r)

r(s)

r(s)

1
Weu — Kl 21— 5¢

and since K € K (IP(r),[”(s)) and € > 0 are arbitrary, we really have ||W, .||, > 7.

Next, we shall prove that |[W, .||, < 7. By definition of infimum, for any ¢ > 0, the number 7 + €

is not a lower bound, hence the set

W (€n)llin (s
Sn+6={n€N:W>n+e

”enHlp(r) B

is finite. We set the symbol v by

(k) = u(k), if p(k) € Spie,

0, otherwise.
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Since Sy 4 is finite, it is clear that

”Ww,’u (en)Hlp(s)

n—roo Hen”lp( )

=0.

Indeed, for n > max Sy 4., we have
W0 (€)1 (s) = Zlv W len(@EDPs(k)P = > u(k)I” en (o(k)[ s(k)P = 0.
k:p(k)ESn e

In particular, W, : I?(r) — I?(s) is a compact operator (see Corollary 3.3 (1)). Hence, the

definition of essential norm of W, , allow us to write

”W Ju—v (en)H p
Weall, < 1Weu — Wl :sup{ ‘ 2 eN

lenllin ()

{ W ,u—v (en)Hlp(s)
= sup

||en||lp(r)

,neN\S,,JrE} <n-+e,

since u(k) — v(k) = 0 when @(k) € Sy 4. Hence, we conclude that |[W, .||, <7 and the proof of

theorem is complete. O

Remark 4.2. From the proof of the above theorem, we can see that n = 0 when (N) is finite.
Hence, any weighted composition operator W, from IP(r) into IP(s) in which the symbol ¢ is
a bounded function is a compact operator. Furthermore, since a linear operator K : X — Y s
compact if and only if its essential norm is zero, an immediate consequence of our Theorem 4.1 is

Theorem 3.12 in [2], which is stated in Corollary 3.3 (1).

Corollary 4.3. Let r,s be two weights, suppose that u {u(k)} is a complex sequence and

¢ : N — N is a function.

(1) Suppose that the multiplication operator M, : IP (r) — IP(s), as defined in the proof of
Corollary 2.2, is continuous. The essential norm of this operator M, from IP () into [P (s)

1s computed by

M, (en)l;
lim sup m = lim sup M|u(n)|
n—o0 Hen”lp(r) n—oo T(n)

(2) Suppose that the composition operator C,, : P (r) — [P (s), as defined in the proof of Corollary
2.3, is continuous. The essential norm of this operator Cy, from IP (r) into P (s) is computed

by
1/p

Cy (en)llp(s
lim sup M = lim sup % Z s(k)?
n

n—00 Hen”lp(r) n—oo T k:p(k)=n
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1 Introduction

Cohomogeneity-1 metrics with U(2) symmetry have the form

9= A@)dr® + B(r) (' +C0) (07 + ()?) (1.1)

where 7', n?, n® are the usual left-invariant covector fields on S®. Naively the topology is R x S3,
but there could be a quotient on the S? factor, and topological changes occur at locations where B
or C reach zero. We classify canonical metrics of this form including the Bt-flat metrics, and create
new explicit examples of canonical metrics using the ambiKé&hler techniques of [2]. This project
began as a way to develop supporting examples for other work, and treads such familiar ground
that we expected few surprises. But we did find surprises, two of which we feel worth reporting to

the wider community.

The first is how the B!-flat metrics fit among the other canonical metrics. The space of U(2)-
invariant extremal Kéahlers is rather small—up to homothety the moduli space is 3-dimensional—
and except for the B! flat metrics there are basically no other canonical metrics. Up to a choice
of conformal factor, the Bach-flat metrics are a 2-parameter subspace of the extremal' metrics.
The Einstein and harmonic-curvature metrics [14] are identical, and up to conformal factors are
exactly the Bach-flat metrics. Half-conformally flat metrics are conformally extremal, and up to
conformal factors the metrics with W+ = 0 (or W~ = 0) form a l-parameter subspace of the
Bach-flat metrics. The KE metrics and the Ricci-flat metrics are each a 1-parameter subclass of
the Bach-flats. Up to homothety there are exactly three complete Ricci-flat KE metrics: flat R?,
the Eguchi-Hanson, and the Taub-NUT. The Taub-NUT is extraordinary; see Proposition 2.5 and

Section 4.

The B*-flat metrics of [25] are exceptions to this framework. A B'-flat metric is a metric satisfying

the Euler-Lagrange equations of the functional

Bt:/|W|2+t/52 (1.2)

where t € (—o00, 00|, and we set B>* = fsQ. The B° extremals are the Bach-flat metrics, and the
B> extremals are either scalar-flat or Einstein (see [5| for stable points of the [ s? functional).

8" order system. After an

For t # 0, 00 the B! Euler-Lagrange equations are an overdetermined
appropriate reduction we find a 5-dimensional moduli space of B!-flat metrics up to homothety.
If the constant scalar curvature (CSC) condition is imposed, the CSC B*-flat metrics constitute a
4-parameter family up to homothety. Intuitively, as ¢ varies in [0, cc], the Bt-flat metrics would
seem to interpolate between the Bach-flat metrics at ¢ = 0 and the Einstein metrics at ¢ = oc.

As we pointed out, up to conformal factors these are exactly the same class, so it would stand

IWe will use extremal to mean extremal Kihler, and KE to mean Kdhler-Einstein.
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to reason that the B!-flat metrics would stay within this class. We find this is not the case; see

Theorem 1.4.

The second surprise has to do with the global nature of certain complete ambiK&hler pairs. Any
metric (1.1) is automatically compatible with two complex structures which give opposite orien-
tations that are both conformally K&hler—in short, each Kéhler metric of the form (1.1) is a
partner in an ambiK&hler pair [2]. In Section 4 we consider four examples: an ambiK&hler pair
conformal to the classic Taub-NUT, and an ambiKéahler pair conformal to the classic Taub-bolt.
The two metrics conformal to the Taub-NUT are complete extremal Kéhler metrics, one of which
has zero scalar curvature (ZSC) and is 2-ended, and the other of which is one-ended and strictly
extremal. The two metrics conformal to the Taub-bolt are complete extremal metrics, and exist on
two different underlying complex surfaces, O(—1) and O(+1) ~ CP?\ {pt}. The metric on O(+1)
is the only complete extremal Kédhler metric, known to the authors, with a curve of positive self
intersection. For instance the Eguchi-Hanson [17] and LeBrun metrics [29] lie on the total spaces

of various O(k) with k < 0.

Placing the metric (1.1) in a more useful form, we solve dz = LCABdr for z to obtain
1
5= (s + PP+ 02 + () (13
where we have abbreviated F = g, now a function of z. If f = f(z) is any function and {e1,e;,e3}

is the S? frame dual to {n',n?,73}, then

0 1 .
Jf:*2f&®'fll+ﬁ61®d2’*62®7]3+63®’f}2 (1.4)

is a complex structure; see Lemma 2.1. Setting f = £F, the two complex structures J* = Jip

are compatible with g, and produce opposite orientations. The (1,1) forms are
1
wt =g(J*r, ) =:I:§Cdz/\7]1+0n2/\7]3. (1.5)

From dn' = —¢';n? AnF we have dw® = (£C + C,)dz An? An?, so a U(2)-invariant metric g is

always conformally Kéahler, and is K&hler when the conformal factor is C' = CyeT?, respectively.

The following linear operators appear frequently:

1d d 1d d
+ (= _ - 2 -
c _( 2dz+1)< dZ+1>, c <2dz+1>(dz+1> (1.6)

as does the 4" order linear operator £t o L~ = i 5. — % 5,z T 1. The third-order nonlinear
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operator B also appears:

B(F,F) = (—;F + gF iy - 1) (LH(F) = 1)+ F. (LT (F)).. (1.7)

This is a bit messy, but B can be understood as a first integral of the inhomogeneous operator
F — LT(L™(F))—1; see equation (3.15). We will often use {0, 0!, 02,03}, where 0 = ﬁdz and

ot = ﬁni, to mean the orthonormal frame found by normalizing orthogonal frame {dz,n', % n}.

Proposition 1.1. The metric (1.3) has scalar curvature

2F 1 3
s=—4C"" (ng +5F - 2) - 240—%% <F aacz ) (1.8)

and trace-free Ricci tensor

2
R?C4F<8 1 1

1
veloave i) (7 -6
1 0 o 1 1 ([10°F 3 02 1\2 99 309
The Weyl curvatures and their divergences are

1 2
W = —6(£i(F) -1) (wi @uwt — 31d,\i>

SWE =W+ (v1og ‘ei%Z(,ci(F) —1)WWC

a','a')' (110)
The Bach tensor is

Bach = % P (L7(LH(F) 1) - (— 2(c")? + (0)* + (03)2)

¢ (1.11)
+ 50 BEE) - (= (@) = (") + (0% + (o))
If the metric is Kdhler with respect to JT, then the scalar curvature and Ricci form are
5= f% (LH(F)—1), and
p= _% (LHF) - 1wt - % <<_;88z + 1) (aaz + 1) F— 1) w. (1.12)

We remark that the U(2)-ansatz linearizes the Bach-flat equations Bach = 0, reducing them to
LT oL7(F)—1=0. The equation B(F, F) = 0 is then an algebraic restriction on initial conditions.

When studying metrics—rather than just solutions of ODEs—it is useful to reduce the metrics by
homothetic equivalence. In our setting this reduces the dimension of the solution space by two:

one dimension for translation in z and one for multiplication of g by a positive constant.
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Proposition 1.2 (Extremal and Bach-flat metrics). The metric (1.3) is extremal with complex

structure J if and only if C = Coe™* and LT (L™ (F)) — 1 =0, meaning
1 —2z —z z 1 2z
F(z) =1+ §C’1€ + Coe™ " + C3e” + 5046 : (1.13)

Such a metric is Bach-flat if and only if, in addition to (1.13), also C1Cy — C2C5 = 0.

Consequently, up to homothety, the extremal metrics form a 3-parameter family, and up to homoth-
ety and conformal factors the Bach-flat metrics constitute a 2-parameter subfamily of the extremal

metrics.

A metric is said to have harmonic curvature if § Rm = 0, which is equivalent to 6W = 0 and

s = const; see [7,14]. In the U(2)-invariant case 6W = 0 actually implies s = const.

Proposition 1.3 (Einstein and harmonic-curvature metrics). For the metric (1.3) the following

are equivalent: 1) SW =0, 2) 6 Rm = 0, 8) the metric is Einstein: Ric =0, 4) F and C satisfy

—Zz

e

1 1
F=1+ 5016722 + Coe™ % + C3€” + 504622, C=
with the two relations C1C5 — C2Cs = 0 and C5C5 — C4Cs = 0. Given (1.14), scalar curvature is
the constant s = —24(CoC2 — 2C5Cs + C5CZ).

A U(2)-invariant metric is Bach-flat if and only if it is conformally Einstein. The metric (1.14)
is KE with respect to J* if and only if Cs = 0 (so also C; = C3 = 0), and KE with respect
to J~ if and only if C5 = 0 (so also C, = Cy = 0). Up to homothety, there is a 1-parameter
family of Ricci-flat metrics, and exactly three complete Ricci-flat KE metrics: the flat metric, the

Taub-NUT metric, and the Eguchi-Hanson metric. See Propositions 3.2 and 3.5.

Theorem 1.4. In the U(2)-invariant case, the space of solutions to the Bt-flat equations is 7-
dimensional. Up to homothety, these constitute a 5-parameter family of metrics and the CSC
Bt-flat metrics constitute a 4-parameter family. When t # 0,00, there exist CSC Bt-flat metrics

that are not conformal to any extremal metric.

The overdetermined 8" order Bf-flat system is complicated, but appears explicitly in Lemma
3.8. In Section 4 we discuss the ambiK&ahler transform, and examine complete extremal metrics

conformal to the classic Taub-NUT and -bolt metrics.
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2 Complex structures, metrics, and topology
The metric (1.3), complex structures J*, and (1, 1) forms w* = g(J*-, -) are

g = O(gpd= + F') + (P + (0P)?)

0 1
Jt = :F2F8 ®n' :l:ﬁq@dzfeg@n +e3@n° (2.1)

+ :l:iCdz/\n + Cn? AP,

&
Il

In Section 2.1 we study the complex structures. In Section 2.2 we compute curvature quantities
up through the Bach tensor. In Section 2.3 we examine the topology and asymptotics which the
U(2) ansatz may produce.

2.1 The complex structures

Here we check the integrability of the left-invariant almost complex structures Jy. We also study

the right-invariant compatible complex structures that we call I*.

Lemma 2.1. Given any f = f(z) # 0, the complex structure Jy is integrable.

Proof. The splitting AL = A% & A %! into +1/—1 eigenspaces of J; gives

/\0’1 = spcmc{dz—\ﬁn , \/_—1773}. (2:2)
On bases we compute
S
d (i1 —V=1i®) = 20* AP + 2V =1t An? =2 =1n' A (2 — V=11 .

Therefore d A%' € AT AN = A @ A”? s0 we conclude that J; is integrable. 0O

Lemma 2.2. The complex structures J* are metric compatible. Their (1,1) forms w* = g(J*-,-)

are closed if and only if C = CyeT?, respectively.

Proof. Checking compatibility with the metric is an elementary computation which we omit. From

(1.5), dw® = 0 if and only if C' = Cpe™>. O

To create right-invariant complex structures and relate them to the metric (which is left-invariant)

we require background coordinates. Polar coordinates on R* ~ C? are

(r,,0,0) — (rcos(0/2)e 50+ sin(9/2)eE (V- @) (2.4)
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The three “Euler coordinates” (v, 8, ¢) have ranges | £+ ¢| < 27 and 0 € [0,7]. The transitions

between the coordinate framing and the left-invariant framing are

0 _ _ VF _ 0 _ NNE 2

n—dZ—mdr €0 =3 = Svcor

n' = 3 (dy + cos 0 dy) el :2% 25)
n? = %(Siﬂd}d@ —cosysinfdy) ey =2 (coswcot 9% + siniﬁ% - Cosdzcscg%) .
N = % (cost df +sinysinfdp) ez =2 (— Sinwcotﬁ% —l—cosz/;% —l—sinwcsce%) .

To create the right-invariant frames we apply quaterionic conjugation T'(z,w) = (z, —w) to C2,

which changes the parameterization of C? to
(r,,0,0) — (r COS(H/Q)e%(“"J“/’), —r sin(@/Z)eéW—wU . (2.6)

In coordinates, T is T'(r,1,0, ) = (r, —p, —0, —). The left-invariant forms 7¢ pull back to right-
invariant forms 77° = T*(n*). In the bases {n'}, {#'}, the linear map T* : A* — Al is

1 0 0 0
0 —cosf cos Y sinf —siny sin g
0 —sinfcosy —costypcosfcosp+sinysing siny cosdcosp + cospsin

0 —sinfsing —cosicosfsing —sinycosyp sin coslsinp — cos cos p

In the bases {e;}, {&;} we have that T\ : TM — TM is the transpose T, = (T*)T. One can check
directly that T*, T, € O(4).

Let 0% = ﬁnz be the unit length forms

| C
o = Edz, o' =VCFn', o>=VCn?, o =VCn? (2.8)
and let {f;} = ﬁei be the corresponding frame. Then the complex structures J* are

JE = Ffooc' £iwd - @0+ fs00% (2.9)

Under T, J* are conjugate to right-invariant complex structures I ¥, given by T, o I* o T, = JT.
Because IT are isomorphic to J* under a diffeomorphism on M* (the S* antipodal map), I+ and

I~ are integrable. We summarize this in the following lemma.

Lemma 2.3. The structures I are integrable, right-invariant, and g-compatible. The structures
JT,IT produce a common orientation, with corresponding (1,1)-forms w*,w?‘ € /\+. Similarly

J~, 1~ produce a common orientation, and w™,w; € \".
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The Hermitian structures (g, J*) produce a very flexible array of Kéhler metrics, as F' may be
chosen freely. By contrast, the Kihler conditions for (g, I*) are far more restrictive. This is because
the left-action of SU(2) fixes g but permutes I* among an S? worth of complex structures; therefore

if w?[ is Kahler, it is part of a hyperK&hler structure. In particular dei = 0 forces Ric, = 0.
Proposition 2.4. Letting w; = g(I~-,-), then dw; = 0 if and only if

Coez

F=0+Ce*)? and ¢ = —9&
( ! ) (1+0162)2

(2.10)

Any such metric is Ricci-flat. The same holds for w}r after replacing z by —z in (2.10).

Proof. We may compute dw; explicitly using the matrices for 7% in (2.7) and its transpose T..

The computation is tedious but completely elementary, and works out to be

2 1 1
*dwy = \/a<0056 ((—2+F2) —&—Fi%log C’) n'

_1 . 1 0 0 9
— F 2sinfcosy <2F - 2F$ log C — 82F> 7 (2.11)
1. . 1 0 0 3
— F 2ginfsiny (2F2 —2F—log C — —F |n°|.
0z 0z

Setting this to zero gives the partially decoupled system

9 ps_ (—1+F%), 9 o 0 = (—1+2F*%) (2.12)
0z 0z
which has genera] solution F' = (1 + 4 ez)Q7 C = %. Ricci-flatness follows from the general
fact that any hyperKéhler metric is Ricci flat [5], or from Proposition 3.2 below. O

Proposition 2.4 gives a two parameter family of solutions. Up to homothety we have two metrics.

Proposition 2.5. Up to homothety, there are exactly two metrics g of the form (1.3) for which
I~ is a Kdhler structure. The first is

F=(1-¢) and C= (1_676)2 (2.13)

This hyperKdhler metric has an ALF end at z =0 a nut at z = +o00. The second is

z

2 (&
This metric is incomplete, with a nut at z = —oo and a curvature singularity at z = 400.

For an analysis of the nut-like topology see Section 2.3.1 and for ALF ends see Section 2.3.2. To
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verify the claim that (2.14) has a curvature singularity as z — +o00, we may use (2.27) below to

find [W+|? = 384(—1 + €*)%. The metric (2.13) is the Euclidean Taub-NUT; see Section 4.

2.2 Curvature quantities

It is useful to place the metric (2.1) into LeBrun ansatz form [30]. Referring to the polar coordinates

of (2.4), from (r, ¢, 0,1) we change to (Z, 7, z,y) where x = log tan %, y =, T =1, and Z solves

dz = %Cd& Then (n*)* + (n°)% = i(dez +sin? 0 dp?) = 4CO;h2$(dcc2 + dy?) and the metric is
c 2 2 FC 2 4 s
=5 — — h —dZ”. 2.1
g 4cosh2x(dx +dy°) + 1 (dT — tanh(x)dy)” + ch (2.15)

Written this way, the metric (2.15) is precisely in the form of Proposition 1 of [30]—the LeBrun

ansatz—where w = FL‘C and e = 165)%. The complex structures in these coordinates are
JE(dZ) = F2FCnt,  JE(dx) = —dy. (2.16)
We record the useful fact that n? An? = mdx A dy.

Proposition 2.6 (Ricci Curvature in the Kihler case). If g is Kdihler with respect to J*, its Ricci

form p = Ric(J-,-) and scalar curvature are

p= —% (LH(F) 1wt - % K—égz + 1) (882 + 1) F— 1] wo, (2.17)
5= —% (LY(F)-1). (2.18)

Proof. Setting C = Cye™* we follow the computation in [30]. From that paper, the Ricci form is
p = —i0du = $d(Jdu) where in our case u = log(FC?) — log(16cosh?(x)), as we found in (2.15).
Using coordinates (z, 7, ,y) (specifically using z, not Z from (2.15)), we have J(dz) = —2Fn' and
J(dz) = —dy from (1.4) and (2.16). Using also dz A dy = 4 cosh®(z)n? A5 and dn' = —2n An?,

u=log F — 2z + 2log Cy — 2log(4 cosh x)

du = (F,F~' —2)dz — 2tanh(z)dz (2.19)
Jdu = (=2F, + 4F)n* + 2tanh(x)dy

dJdu = (=2F,, + 4F,)dz An' + (—4F, — 8F + 8)n* A i

From (2.1), dz An' = C~Hw' —w™) and n* An® = $C~(w + w™). Therefore

2 (1 3 2 (1 1
= -:F.4+F -F+1l)wt+ 5 (:F P —F4+1)w™ 2.2
p C<2 +3 +)w +C<2 5 +>w (2.20)
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as claimed. Scalar curvature for any Kihler metric is s = 2 % (w™ A p), so (2.17) along with the

facts wt Aw™ =0 and *x(w™ Aw™) = 2 gives (2.18). O

Proposition 2.7 (Ricci curvature, general case). Scalar curvature is

2 1 .
s = —407! (‘Z; +5F - 2) - 240—%% (FiCz) . (2.21)

Using the unit frames o® of (2.8) the trace-free Ricci curvature is

o 1 (0% 1 1 1
Ric =4FC™ 2 (8320 2 ZC 3| . ((0.0)2 _ (0,1)2)
_1 a 3 1 1 1 aZF 3 (222>
42 (C = <F8ZC ) —c (2522 ~iF+ 1))

. ((0_0)2 + (0_1)2 o (0_2)2 o (0_3)2) .

Proof. We use the conformal change formulas from [5]. The scalar curvature (2.21) follows from
(2.18) along with the formula § = U~2(s —6U ' A,U) when g = U?g. In the Kihler metric where
C = e™*, the Laplacian A\, acting on any U = U(2) is AgU = 4e** 2 (e *F2Z). To obtain (2.21),

1 1
use U = ez*(Cz.

To compute Ric, again we start with the Kéhler case; (2.17) gives
1 1
Ric, = 2¢7 <2FZZ —gF - F 4 1) (=69 = (6")? + (6%)* + (¢°)?) (2.23)
The trace-free Ricci conformally changes by Ric; = Ric, +2U(V3U*1 — %(AgU*I)g). Then using

20 (V20 i(AgUfl)g) = AUFEU).). (~(0%? + (01)?)

(2.24)
—2U(*F (U™)2):=( = (6%) = (¢1)* + (0*)* + (%))
and U = e27C'2, we add (2.24) to (2.23) to give (2.22). O
Proposition 2.8. The metric (2.1) has Weyl curvatures
_ 2
W* = —C7 (L(F) - 1) (wi ®w* — 31d/\i> : (2.25)

Proof. We use Derdzinski’s Theorem (see [15, Section 3, Proposition 2|) to find W™ in the
Kihler case, then conformally change to the arbitrary case. By Derdzinski’'s Theorem W+ =
15 (%w Qw — Id/\+) where w is a Kihler form. When C = ™%, w™ is Kiihler and Proposition 2.6
gives

wt = —% e* (LT(F) —1) <2w+ Qw't — Id/\+> : (2.26)
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Conformally changing from C = e™* to any C = C(z) gives (2.25). Computing W~ is the same,

after setting C' = e* to make w™ rather than w™ into a Kihler form. O

From Proposition 2.8, [W*|? and |[W*|2dV ol are

2
W2 = 32 (£*(F) - 1)2 and
3C? 2.27
+2 16 .4 2 1 2 A3 (2.27)
|[W*|*dV ol = E(ﬁ (F)=1)"dzAn" An* Anp.
We compute the divergences §W* and the Bach tensor.
Proposition 2.9. For the metric (2.1),
SWE = w* (Vlog‘ei%z(ﬁi(F) — e, -, ) (2.28)

Proof. Again we first conformally change the metric so it is Kéhler. By Lemma (2.4) the metric
g = e *C~'g is Kihler and the form @ = §(J*-,-) is closed. Then 6w = —*dw = 0 so also
S(@®®) =0, and 5(Id/\+) = 0 because Id,+ is covariant-constant. Therefore (2.25) gives

5W+(.,.,.) -4 (_62(£+(F) -1) (UJ QW — gld/\+>) ()
—_ (w@)a— ;fd/w) (Ve @ -1, .- )

(2.29)
=W (Viogles(£*(F) = 1), -, -, -)
=W (Vlog|ez(£+(F) — 1)|, e ) .
Derdzinski’s conformal change formula, equation (19) of [15], is
L 1
SWH =Wt — §W+ (Vliog (e*C), -, -, +) (2.30)
so changing the metric back with conformal factor e*C, (2.29) and (2.30) give
SWH =W (v1og e%Z(£+(F)—1)\@’7 o ) (2.31)

The argument for §W ~ is entirely the same, after conformally changing so @~ not @ is closed. [

Proposition 2.10 (The Bach Tensor). The Bach tensor of (2.1) is
Bach = -0 F (£~ (LH(F)) 1 2(c")? %)? %)?
ach = 5 F(E7(EH(F) = 1) (=26 + ()2 + ()

+ %B(F, F)- (= (092 = (012 + (0% + (09)?).

(2.32)
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Proof. In the Kéhler case we decompose the Bach tensor into its J-invariant and J-anti-invariant
parts Bach™, Bach™ respectively. It is known that Bach™ = %(V%)g + %s Ric and Bach™ =
—+(V?2s)7; see Eq. (39) of [15], Eq. (20) of [1] or Lemma 6 of [10]. We have

4F
V2s=—s..0'®@0° +5,Vdz

C
2F? 2F

(2.33)
_ (455 S (F‘lC)Z> (00 4 L5 (FC), (01 + s.C (027 +(5%)2).

In the Kéhler case where C = e~ * and s = —8¢*(L 1 (F) — 1), we compute

(V25)™ = —32e%F (L~ (LV)(F) — 1) ((00)2 - (01)2)

(V2s)T = —16¢%* (2F(L™(LT(F) — 1) — F.LT(F. + F) — 1) ((00)2 + (01)2)
(2.34)

+16eF (LT(F. + F) — 1) ((00)2 + (oY) + (02)? + (03)2)

As = 4e % (FC) (FCs.)..

Then (Vs)$ = (V2s)T — 1(As)g and using the expression for Ric of (2.23),

16e?* (1
Bach™ = “B(F,F)+F- (L (LY(F)=1))-( = (%)= (") + (¢%)* + (¢*®)?
(5 < ) ) o

16 2z
Bach™ = c

(L7 (e F) = 1) - (02 = (1))
Conformally changing from C' = e™* to arbitrary C, we obtain (2.32). O

Compare also with Proposition 14 of [1].

Compare equation (2.32) with (3.3) of [34]; after substituting C = 1, F = f? and dz = 2fdt the

expression here and the expression there are identical.

2.3 Topology: “nuts”, “bolts”, and asymptotics

Here we discuss global aspects of U (2)-invariant metrics. Ostensibly the metric (2.1) is well defined
on R x S3 but topology changes occur if F or C attain 0 somewhere. If F reaches zero, the metric
most naturally lives on a quotient I x (S*/I")/ ~ where I is some discrete subgroup of SU(2), and
~ identifies some 3-sphere to a 2-sphere, via the Hopf map. Where F or C is infinite, there is a

(possibly incomplete) manifold end.
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2.3.1 Bolts, Nuts

Bolt, Pos. Bolt, Neg.
Self-Int. Self-Int.

Figure 1: A compact manifold with a bolt of positive and of negative self-intersection. A nut at
Z = +00.

The first kind of topology change occurs when the Hopf fiber collapses but the conformal factor
remains non-zero, meaning F but not C reaches zero. When F(zy) = 0, the locus z = z is not a

3-sphere but a 2-sphere, colloquially known as a “bolt” [21] (see also [17,29,32]).

As this is well known, we describe it only briefly. Recalling the coordinates of Section 2.1, transver-
sals to the bolt are 2-dimensional submanifolds locally given by 6 = const, ¢ = const, and the
metric is smooth at the bolt provided it is smooth on such transversals. The inherited metric on
the transversal is go = 7=dz? + £dy? with ¢ € [—2m, 27), which we write go = dr? + (VFd(3¢))?
by solving dr = \/%dz with » = 0 at z = 2. If VF = kr + O(r?), where k # 0, then
(\/Fd(%w))Q ~ r%(d(£1))? so the metric go will be conical at r = 0 with cone angle 27|k| (so
smooth if and only if ¥ = £1). If k € Z\ {0} however, we can obtain a smooth metric on the quo-
tient I x S?/T" where I is a cyclic subgroup of order |k| of the Hopf action. From v F = kr+ O(r?)
we have k = %, and because % = 2\/17%, k = %. We summarize this in the following
Proposition.

Proposition 2.11 (The “bolting condition”). Assume z = zq is a zero of F(z) but not C(z). If

dF

p - 2.
ol = * (2.36)

20
where k # 0 then we may identify the locus {z = zo} with a 2-sphere (a “bolt”). Assuming
k € Z\ {0}, then taking the |k|-to-1 quotient of the S® factor, the metric is smooth near {z = z}

and the “bolt” is a 2-sphere of self intersection number k.

It is possible that two bolts occur, one at zp and one at z; where zy < 21, as in Figure 1. We
certainly must have % >0 at zp and % < 0 at z1, so the bolts, assuming they are both smooth
after resolution, must have self-intersection numbers k and —k where k € Z \ {0}. With either

complex structure J* or J—, this is the “odd” Hirzebruch surface Yop_1; see [33].

A nut, by contrast, occurs when the S? factor contracts to a point; the nearby topology is that

of a ball in R*. This occurs when C becomes zero but F remains finite. When w is Kahler and
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C = Cye™*, a nut may occur at z = +o0; this is depicted in Figure 1. When w™ is Kéhler and

C = Cye™ % a nut may occur at z = —oo.

Proposition 2.12 (The Nut condition at z = o). Assume C = O(e”?) and F =1+ O(e™?) as
z — 00. Adding a point at z = oo, this point is a finite distance away and has a neighborhood with

bounded curvature and the topology of a ball.

2.3.2 ALE, ALF, and cusp-like ends

/
ALE End — C=0(")

F=0(%)

ALF end Cusp-like End

Figure 2: ALE, ALF, and cusp-like ends in the U(2) ansatz.

If ¢ is Kéahler with respect to J~ so C = Cye?, an ALE end can occur as z — oo, as depicted in
Figure 2. If instead ¢ is Kéhler with respect to J* then replacing z by —z, Figure 2 is flipped and

an ALE end occurs as z — —o0.

Proposition 2.13. Assume g is Kdhler with respect to J*, so C = e 2. If F =1+ O(272) as

z = —00, the metric is ALE with better-than-quadratically decaying curvature.

Proof. Letting r be the distance function that solves dr = 1\/C/Fdz = %e_%z(l + O(272))dz,
by assumption we have r = e~ 2% + O(z7!). Then C = e % = 72 + O(r—%), so the metric is
g~ dr? + (r> + O(r=*))dogs as r — 00, so it is ALE. To check curvature decay, Proposition 2.6

gives

1 3 1 1
p=—20"1 (2FZZ — §FZ +F— 1) w4201 (QFZZ - §Fz —F+ 1) w” (2.37)
so asymptotically p ~ e*O(z72)w + ¢*O(272)w™ = o(r~2). The expressions for [W*|, |[W~| in
(2.27) give the same decay rates. Thus the Riemann tensor decays like | Rm | = o(r=2). O

The ALF end has cubic volume growth, cubic curvature decay, and R? tangent cone at infinity.
See for example [13,16,18,26]. By a “cusp-like” end, we mean an end that locally resembles a
Riemannian product of a tractrix of revolution (sometimes called a pseudosphere) with a sphere.
Toward infinity the scalar and Weyl curvatures decrease rapidly, whereas the Ricci curvature ap-

proaches a constant bilinear form of signature (—, —, +,+). These two kinds of ends are conformal

e?

to each other: we have C' = e in the ALF case and C' = e~ or C = €® in the cusp-like case.

In both cases F' has a second-order zero at z = 0. See Figure 2.
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Proposition 2.14. Assume F = 22 4+ O(z3) near z = 0.

If C' remains finite then the manifold forms a complete, cusp-like end near z = 0. Asymptotically
the Hopf fiber shrinks to zero and the metric has the local geometry of the product of a psuedosphere

times a sphere.

If C = O(272) then the the metric forms an ALF end near z = 0.

Proof. The distance function r satisfies dr = %\/gdz so in the cusp-like case, where C' remains
finite, then vF = O(z) gives r ~ }log|z| near 0 and indeed the distance to 0 is infinite so the
metric is complete. From w Aw = —C?dz An' An? An>, we see the volume is finite. Checking the
tensors W, from F = 22+ O(z%) we find that L¥(F) -1 = O(z) and so |[W*| \ 0 as z — 0. In
the Kéhler case p is a multiple of w added to a multiple of w™. The multiple on w is also O(z), but
the multiple on w~, by (2.17), approaches 4C~!. This justifies the assertion that, in the Kéhler
case, the local geometry approaches a +1 times a —1 curvature surface. In the non-Kéhler case,

the usual conformal change formulas for Ricci curvature shows this remains true.
Next we verify that when C = 272 + O(1) near z = 0, the metric has an ALF end. Then

dr = %\/gdz = (32724 0(1))dz so r = 27* + O(z) near z = 0. To compute volume, we use
C% =0(r3) and F2 = O(z) = O(r~1), so we have

dVol = —C32 Fidr A doss ~ r2dr A dogs. (2.38)

Integrating (2.38) and noting that r is a distance function, indeed we observe cubic volume growth.
Next we check curvature decay. From (2.27) we have £L*(F) — 1 = O(1) so that |[W*| ~ 32C~2 =
O(2?%) = O(r~2) and similarly for |W~|. Inserting F, C into the Ricci form p from (2.19), we see

Ricci curvature decays quadratically. O
We close by noting that ALE ends are conformal to nuts and vice-versa—by changing between
C = e % and C = e*—and similarly ALF ends and cusp-like ends are conformal to each other.

3 Special Metrics

We use the computations of Section 2.2 to determine what conditions are needed to make a U(2)-

invariant metric special or canonical.



150 B. Weber & K. Naff

3.1 Scalar Curvature

From (2.21) of Proposition 2.7, specifying scalar curvature is equivalent to

: L (O°F 1 0 0 1
C 4402 (Zo +-F—2)+24— (FZCz2) =0, 3.1

et (822+2 >+ 82(8,2 ) (3:-1)
for given s = s(z). This underdetermined equation is linear in F. Imposing the Kéhler condition

C = Cye™? creates a critically determined linear equation.

3.2 Extremal Kahler metrics

A Kéhler metric is extremal if the functional g — [ s2dVol is stable under those perturbations of
g that preserve the Kéahler class. From [9] the Euler-Lagrange equations are that the gradient Vs
is a holomorphic vector field, but there are several ways to assess whether (1.3) is extremal. In
our context we are less concerned with global functionals such as f 52. We use the local condition

that a K&hler metric is extremal if and only if JVs is Killing.

Proposition 3.1 (The extremal condition). The metric (2.1) with complex structure J* is ex-
tremal Kdihler if and only if C = Coe™* and L~ (LT (F)) = 1, which is
1 —2z —z z 1 2z
F=1+ 5016 + Che™ % + C3e® + 5046 . (32)
. _ 24 —z

Its scalar curvature is s = — & (Cre™* 4+ Ca).
Likewise, the metric with complex structure J— is extremal Kdhler if and only if C = Cye* and
again L~ (LT(F)) = 1. Its scalar curvature is s = —%(03 + Cye?).
Proof. From (2.1) and (2.5), we have Vz = 4%% = %J%. Because the coordinate field %
is itself a Killing field and because s = s(z) is a function of z alone, the extremal condition is
Vs = —4aJ% = —ae*Vz = V (ae™?) where « is a constant. Therefore s = ae™* + 3 where f is
another constant. Using s = —8C; 'e*(L*(F) — 1), from (2.18) we obtain

19°F 30F

— -1z S — — = -z
8C; e (2 5.2 39, + F 1) ae * 4 5. (3.3)

After setting Cy = —57aCy and Cy = —5;3Cy we obtain (3.2).

For J~ in place of J¥, reverse the sign on z in all computations. O



Canonical metrics and ambiK&hler structures 151

3.3 Einstein metrics

By (2.22), Ric = 0 if and only if

0? 11 e, 0 1 10°F 3
~ =20z s 2 (o2 =222 _2F . 4
82’20 40 and - C 0z < 82’0 ) (2 022 4 + 1) (34)

This is critically determined and partly decoupled. It is 4*" order in total so we will have a

4-parameter solution space. The general solution is

e*Z

1 1
F=1+4-Cie %+ Coe " + C3e” + =Cye**, C= ——
2 2 (Cs 4+ Cge™?) (3.5)

where 0105 — CQCG = 0, and 0305 — 0406 =0.

With six constants and two algebraic relations we have the expected four-parameter family of
solutions. Compare with Proposition 2.4. The algebraic relations on the C; are equivalent to the
pairs (C1,Cs), (C3,C4), and (Cs,Cg) being proportional to each other. These imply also that
C1C4 — CoC5 = 0, so we recover the fact that Einstein metrics are Bach-flat; see (3.14) below. By
Lemma 2.2 the metric is Kéihler when Cg = 0 (for J¥) or C5 = 0 (for J 7).

To be Ricci-flat, C' and F require, in addition to (3.4), that s = 0. This third relation appears to
make the overall system overdetermined, but it does not, for the reason that s is a first integral

for the system (3.4) so only contributes an algebraic relation. From (3.1),
s = —24(02052 —2C5Cs + 03062) (36)

Proposition 3.2 (The Einstein conditions). The metric (1.3) is Einstein if and only if

6*2

1 1
F=14-Cre % 1 Che >+ C3e* + ~Cye®, C=— "
2 2 (Cs + Cge?) (3.7)

0105 — CQCG = O, and CgC5 — 0406 =0.

Its scalar curvature is the constant s = —24(CoC2 — 2C5Cs + C3C3).

Up to homothety, there is a 2-dimensional family of Einstein metrics. Up to homothety, there is
a 1-dimensional family of Ricci-flat metrics, a 1-dimensional family of KE metrics with respect
to J*, and a 1-dimensional family of KE metrics with respect to J—. Up to homothety and

biholomorphism, there are exactly five Ricci-flat Kdhler metrics, three of which are complete.

Proof. We have proven everything except the final assertion, that exactly five metrics of the form
(1.3) are Ricci-flat Kéhler, up to homothety. We prove this regardless of the complex structure,
whether one of the structures considered here or not. A U(2)-invariant metric is Einstein if and

only if it has the form (3.7). By Derdzinski’s theorem [15], if a scalar-flat metric is K&hler—
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regardless of the complex structure—then it is half-conformally flat. In particular C; = Cy =0 or

Cs=C4=0.

So assume C3 = Cy = 0; the case C; = Cy = 0 is identical under the isomorphism z — —z. We
have four remaining variables C7, Cs, C5, Cs and two relations: C1C5 — C2Cg = 0 from (3.5) and
CoC2 — 205Cs = 0 from (3.6). If in addition to C3 = Cy = 0 we have both C; = Cy = 0 then

either Cs = 0 or else Cs = 0 and in either case we have the flat metric: F = 1 and C = Cpe*=.

Suppose C7 = 0 but Cs # 0; then the two relations force C5 = Cg = 0, an impossibility. Suppose
C1 # 0 but Cy = 0; then the relations force Cg = 0 so

1

1 —2z —
F:1+§C]_€ 5 C:?ge

: (3.8)

which is Kihler with respect to J*. Up to homothety, there are exactly two such metrics: the first

z

is given by F' = 1—e~2?, C = e~ ?, which is the Eguchi-Hanson metric, and the second is given by

F=14e¢2% (C=¢* (3.9)
which is incomplete and has a curvature singularity at z = —oo.
Lastly it is possible that neither C; nor Cy are zero. The two relations now give g—g = % and
% = %, so Ch = %C’% Therefore the metric is
2
1 1 Cie =
F=14-C3e % +Che " = (1 + 028_z> , C= LT (3.10)
4 2 (1 + %Cge_z)

Under the isomorphism z — —z this is the Kéhler metric of Proposition 2.4 which is Kéhler with
respect to the complex structure I~ ; therefore the metric (3.10) is Kédhler with respect to the
complex structure I'". As in Proposition 2.5 there are two such metrics: one where Cy < 0 (which

is the Taub-NUT metric) and one where Cy > 0 (which has a curvature singularity). O
3.4 Half-conformally flat, half-harmonic, and Bach-flat metrics
Proposition 3.3. The metric (1.3) has W* = 0 if and only if LT (F) — 1 =0, meaning

1 1
F=1+Cse” + 504622 or F=1+ 5016_2Z + Coe™?, (3.11)

respectively. Up to homothety, each case constitutes a 1-parameter family of such metrics, each a
subspace of the 2-parameter family of Bach-flat metrics.

In the case g is Kihler with respect to JT so C' = Coe™?, then W+ = 0 implies s =0, and W~ =0
implies s = —%(C’le_z + Cs).
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The half-harmonic condition §W* = 0 (or W~ = 0) is underdetermined, and requires an addi-

tional condition to be critically determined. Three possibilities are s = const, the Kahler condition,
and both 6W* = 0.

Proposition 3.4. The metric (1.3) has oWt =0 if and only if a constant ki
exists so 3% (LT(F) —1)C = ky, and §W~ = 0 if and only if e~ 2% (L~ (F) — 1) C = ko for some
ko € R.

Assume (2.1) is Kdhler with respect to J*, meaning C = Coe™*. Then
a) W+ =0 if and only if F =1+ Che™* +Cse® + %04622. In particular s = %002 is constant.
b) W= =0 if and only if F = 1 + %C’le*% + Coe™* + %C’4622. In particular the metric is

extremal and s = 724%0(0167’2 + Cs).

Proof. For W = 0 this follows from Proposition 2.9 with C' = Coe™?, e2*(LH(F) — 1)v/C = ky
and finding the general solution. In the Kéhler case, a) and b) follow from Proposition 3.1. O
In the U(2)-invariant case, 6W = 0 is equivalent to the Einstein condition.

Proposition 3.5 (Harmonic curvature). The metric (2.1) has SW = 0 if and only if g is Einstein.
Proof. Because W+ € T*M @ A1 and §W~ € T*M @ A, we have §W = 0 if and only if W+
and §W ™ are both zero. Then by Lemma 2.9 constants ki, ko exist so

3

e2*(LY(F) = 1VC =k and e 2*(L7(F)—1)VC = k. (3.12)
Eliminating C, we obtain kye2(LT(F) — 1) = kye~2%(L(F) — 1) which has solution
1 -2z —z 2 1 2z
F=1+k 5016 + Cye + ko | Cre% + 5026 . (313)

Coeiz

Using either equation in (3.12), C' = il

By Proposition 3.2, the metric is Einstein. [

Next we consider the case of Bach-flat metrics. By Proposition 2.10, F solves the fourth order
linear equation £~ (L1 (F)) — 1 = 0 and the third order non-linear equation B(F,F) = 0. This

seems to be overdetermined, but due to (3.15) the two equations are not independent.

Lemma 3.6. If F solves LY (L™ (F)) — 1 then B(F,F) = const. If F solves B(F,F) = 0, then
LY(L™(F))—1=0. Lastly B(F,F) = LT (L (F)) — 1 =0 if and only if

1 1
F=1+ 5016_22 + Coe™ % + Cze® + §C4€2Z and C1Cy — CyC3=0. (314)
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Proof. A tedious but completely elementary computation shows

%B(F, F)=2(LY (L (F)) —1)

oF

= (3.15)

Therefore B(F, F) is indeed constant on solutions of LT (L™ (F)) —1 = 0. Next, B(F,F) = 0
implies either F = const or LT(L~(F)) = 1. By direct computation the only constant that
satisfies B(F,F) = 0 is F = 1, which indeed solves LT (L™ (F)) —1 = 0. We conclude that
B(F,F) =0 implies LT (L~ (F)) —1=0.

The general solution of LT(L7(F)) =1is F =1+ 5C1e™% + Coe™* + C3e* 4 5C4e?*, and in this
case direct computation shows that B(F, F') = 3(C2C3 — C1Cy). Therefore the general solution of
LY(L™(F)) =1, B(F,F) =0 is the three parameter family of (3.14). O

Proposition 3.7. The metric (2.1) is Bach-flat if and only if
1 —2z —z z 1 2z
F=1+ 5016 + Coe™? + C3e” + §C4e and C1C4 — CyC5 = 0. (3.16)

In particular g is Bach-flat if and only if it is conformally Einstein. Up to conformal factors and

translation in z, the Bach-flat metrics constitute a 2-parameter family of metrics.

Proof. The metric g is Bach-flat if and only if LT (£~ (F)) —1 =0 and B(F, F) = 0. From Lemma
3.6, this holds if and only if FF =1+ %Clefzz + Coe™* + Cze® + %C462Z and C1Cy — CsC3 = 0,
giving a 3-parameter family of solutions. Factoring out by translation in z, this is a 2-parameter
family, as claimed. To see that any Bach-flat metric is conformal to an Einstein metric, simply let

C be a conformal factor from Proposition 3.2. O

3.5 Bi-flat metrics

The B!-flat metrics |25] extremize the functional B*(g) = [ |W|*+t [ s, where we take B® = [ s2.

The Euler-Lagrange equations of this functional [25] are
—4Bach+tC =0 (3.17)

where C = 2 (V%s — (As)g — sRic). The Bach tensor is always trace-free and Tr(C) = —6As, so
tracing the Bt-flat condition (3.17) gives As = 0. Then we can rewrite the B'-flat condition as the
two equations 2Bach + t(s Ric —V?s) = 0 and As = 0. We can express these as an ODE system.

Lemma 3.8 (The unreduced B'-flat equations). In the metric (2.1) the B'-flat equations As = 0,
2Bach + t(s Ric —V?2s) = 0 are equivalent to

% (CFZD =0, F(F,C)=0, FpfF,C)=0, T(F,C)=0 (3.18)
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where F1, Fo and T are the operators

Fi(F,C) = 24% (F%C%) 1402 (ZZTF + %F 2) +sC%
e LG R e O U R T = et =
T(F,C) = 16 B(F, F)718th—C? 6t C%z% :

- gtsc_l (C (—16 +4F + Cs) + 12F (%S) +gc‘2§ gf)

and B is the operator from (1.7).

Proof. In coordinates, A = \/d}nga(zi (\/det ggij%). Using (Z, T, x, y)-coordinates of (2.15) we

have det g = mCQ and g!'!' = 4FC. Because s = s(Z) is a function of Z alone, then 0 = As
is
4cosh?(x) 0 C s 4 0 0s
0= — AFC— | =52 (FC*— ). 3.20
c 0z <4cosh2(x) az) 08Z< az) (3:20)

The coordinate change from z to Z of (2.15) gives C’% = %, so we obtain the first equation of

(3.18). The second equation Fi(F,C) = 0 is precisely the scalar curvature equation (3.1). With
As = 0 the Hessian V?s is trace-free; then a straightforward computation gives
s O(FC?) s O(FCO) ds 0C
V2s = —20~* 202 N2 4 opC -2 ( ). (3.21
e G G 920, (@) (@) (321
Now for the third and fourth equations we use (2.22), (2.32), and (3.21). We expect precisely two
additional relations, due to the fact that each of the tensors Bach, Ric, and V2s have four non-zero
components, but also the two algebraic relations of being trace-free, and having identical (3, 3) and
(4,4) entries. We take one relation from 2(Bachgg + Bachas)+t(s Ric oo + s Ric 20 — S,00—8,22) =0.
Using (1.9), (1.11), and (3.21), this is

Po= 11 tCOF 0 aC 9
—(r+ _ 2 c _+ + rtvoros S _
(L= (LT (F)) — 1) + tsC ( .7 ) t 57 5:9: 8, 5s =0 (3.22)

w| oo

which is F»(C, F) = 0. We take another relation from 2Bacho + (s Ric gy — $,09) = 0, which is

oC Os OF 0s
0=16B(F,F) — 18tF8—8— — 6tC— 57 55
P ocC oC oF
— 4tsC’ <C (=16 + 4F + sC) + 12F <8z> +8C— 5, 9 (3.23)

3 1 L (OPF 1 o ( _oc3 P

Using (3.1) to eliminate the last term, this is F;(F,C) = 0. O
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The equations (3.18) give four equations for the three unknowns s, F', C, so the system appears

to be overdetermined. But the equations of (3.18) are not independent.

Lemma 3.9. We have the following relation:

(3.24)

oT =3t 9(sC) OF _6t810g(C3F) 0 0s
0z 0z 0z 0z )"

5 " aus o R crZ

In particular T (F,C) is constant along solutions of the system JF1(F,C) = Fa2(F,C) = As = 0.

Proof. This follows from a tedious but completely elementary computation. O

Lemma 3.10. At all points where C # 0 and F # 0, the 8" order system

0 Os
5 (CFaz) =0, F(F,C)=0, F(F,C)=0 (3.25)

is critically determined, T is a constant of the motion, and (3.25) combined with the restraint

T(F,C) =0 admits a T-parameter family of solutions.

Up to homothety, in the U(2)-invariant setting the Bt-flat metrics form a 5-parameter family, and
the CSC Bt-flat metrics form a 4-parameter family.

Proof. To ascertain whether the system (3.25) is critically determined, we examine the coefficients
on the derivatives of s, F', and C. These coefficients of the form FC, CF~1, C’%, C”%, FC—3% and
so on. Provided F' and C remain bounded away from 0 and 400, we have a non-singular principal
symbol. We conclude that the system (3.25), which has three unknowns and three equations,

remains critically determined when F' and C' remain positive.

We count the degrees of freedom in the solution space. The equations a% (CF %) =0,F =0,
and F» = 0 are fourth order in F', second order in C, and second order in s, which makes eight
derivatives in total, requiring eight initial conditions. Then we restrict to 7 = 0. From Lemma 3.9,
T is constant along solutions so is completely determined by the system’s initial conditions. T (F,C)
is third order in F', second order in C, and first order in s, so 7 = 0 is a single algebraic relationship
among the initial conditions, and reduces the solution space from eight dimensions to seven. Up to
homothety the solution space is therefore 5-dimensional. Finally, requiring s = const is the same
as imposing an initial condition of s, = 0, so the CSC B?-flat solution space is 4-dimensional up

to homothety. 0

Theorem 3.11. The ZSC Bt-flat metrics, t # co, are the ZSC Bach-flat metrics.

Assume g is Bt-flat, conformally extremal, and t # 0,00. Then it is CSC if and only if it is ZSC

or Einstein.

Ift #0, %, oo there exist CSC Bt-flat solutions that are not conformally extremal.
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Proof. The CSC B'-flat equations are (3.18) with initial condition s, = 0. As discussed above,
this is a system with 6 degrees of freedom (4 up to homothety). First we examine the ZSC case,
where s = 0. In this case 7 = 1685, so B(F,F) = 0 and so the metric is Bach-flat. Thus F lies
in the 3-parameter family given by Lemma 3.6. Fixing F', F; = 0 gives a 2-parameter family of
solutions for C' and we obtain the expected 5-parameter solution space of ZSC Bach-flat metrics

(which has 3 parameters up to homothety).

Next assume the metric is CSC Bt-flat, s # 0, and ¢ conformally extremal. By Proposition 3.1,
F = %Clefzz + Coe™* + Cse® + %04622:. Plugging in this, along with % = 0 into F5 = 0, we
obtain

2
(aazzc—% - ic—%> =0. (3.26)

Therefore C = m Plugging this into F; = 0 provides

0= C5(C1C5 — Coly)e™ + (—i 02 — 20505 — 03062) 4 C(C4C6 — C3C5)e*. (3.27)

We have the seven unknown constants C1,Cs, Cs, Cy, Cs5, Cg, and s, and (3.27) contributes three

relations so we have a 4-parameter solution space. We consider the possibilities. First, the expres-

sion for C makes it impossible that C5 and Cg are both zero. If C5 # 0,Cs = 0 then C = C’5_2e_z

so the metric is Kihler with respect to JT, and (3.27) forces C; = 0, Co = 5167+ Then 0 =T is
5

1
0= —5¢%s (35t —4e* (1 = 30)C5C3) (3.28)

and because ¢t # 0, this forces s = 0, contradicting the assumption s # 0. (Similarly assuming

C5 = 0,Cg # 0 also gives s = 0, again contradicting s # 0.)

Therefore both C5,Cg # 0. Then (3.27) forces C1C5 — CoCs = 0, C4Cs — C5C5 = 0, and by
Proposition 3.2 the metric is Einstein. We conclude that if a CSC B*-flat metric is conformally

extremal, it is ZSC or Einstein.

Finally we prove that some CSC B?-flat metrics are not conformally extremal. The family of
Einstein solutions is 4-dimensional, and therefore, by what we just proved, the family of CSC
Bt-flat that are conformally extremal is also 4-dimensional. But the space of CSC Bt-flat metrics

is 6-dimensional. We conclude that some CSC Bt-flat metrics fail to be conformally extremal. [J
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4 AmbiKahler Pairs

AmbiKahler pairs are from [2]. An ambiKdhler structure on a manifold is a pair of Kéhler manifolds
(M™, Jy,¢g1) and (M™, Ja, g2) where the complex stuctures J; and Jo produce opposite orientations
and the Kahler metrics g; and g2 are conformal. Either member of the pair can be called the

ambiKdhler transform of the other. From Lemma 2.2, every U(2)-invariant metric on a 4-manifold

+z z

has an ambiKihler structure using J*, conformally related by letting C' be et# or e™=.

Consequently the classic U(2)-invariant Kéhler metrics all have ambiKéhler transforms. Most of
these ambiKé&hler transforms produce nothing interesting. The ambiKé&hler transform of the Burns
metric is the Fubini-study metric, for example, and the transforms of the other LeBrun instanton
metrics are extremal Kéhler metrics on weighted projective spaces—these are Bochner-flat metrics
found by Bryant in [8, Section 2.2], although their conformal relationship with the LeBrun instan-
tons was not discussed there. The transform of an odd Hirzebruch surface is precisely itself. The

transforms of the Taub-NUT-A and Eguchi-Hanson-A metrics have curvature singularities.

The Taub-NUT and Taub-bolt cases, however, are more interesting. The Taub-NUT is hyperKahler

with its family of complex structures being I~ and its left-translates. By Propositions 2.4 and 2.5

Coe™*

F:(l—e_z), C:m

(4.1)
with coordinate range z € (0,00]. The nut is located at z = oo, and the ALF end is at z = 0;
see Section 2.3 and Figure 3. Separate from the hyperKé&hler structure an ambiKahler structure
exists, given by complex structures J~ and J' and conformal factors C = Cye?, C = Cpe™>.
Thus the conformal orbit of the Taub-NUT meets three complete canonical metrics: itself which
is hyperKéahler, a 2-ended ZSC Kahler metric, and a 1-ended extremal K&hler metric. We call the
latter two the modified Taub-NUT metrics of the first and second kinds.

The modified Taub-NUT of the first kind has complex structure J— and conformal factor C = Cye?,
which gives it the same orientation as the original Taub-NUT. This metric is two-ended: the nut
at z = —oo becomes an ALE end, and the ALF end at z = 0 becomes a cusp-like end. This
complete, 2-ended metric is scalar flat by Proposition 1.1. Letting J* be the complex structure
with conformal factor C' = Cpe™* produces the modified Taub-NUT of the second kind. This
metric is one-ended: it still has a nut at z = oo, but the conformal change turns the ALF end into
a cusp-like end. By Theorem 3.1 it is extremal K#hler. It has scalar curvature s = 48(1 — e™%),

which is positive and approaches 0 asymptotically along the cusp.
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! /
\ezae
F=(1-e~)? F=(1-e?)?

ALF end [Cusp] [Cusp|

Figure 3: The Taub-NUT and modified Taub-NUTs of the first and second kinds.

The modified Taub-NUT of the first kind on C? \ {(0,0)} is the ZSC Kihler metric of [19] for
n = 2, and the modified Taub-NUT of the second kind is a complete Bochner-flat metric from
[8, Section 2.2] (see also [39]) and is explored in [20].

Bolt, - [ALFend]  [Bolt, - Bolt, +

Figure 4: The Taub-bolt, and the modified Taub-bolts of the first and second kinds.

The classic Taub-bolt is Ricci-flat but not Kéhler (and certainly not hyperKéahler) with respect to

any complex stucture?. The Taub-bolt metric is

Coe™* 1 1 9 9
C= 0¢ F=1—_e 24 ¢7—"¢" 4 _¢* (4.2)

(1—e2)% 8 4 4 8

on z € [—1og(3),0). This metric is complete, Ricci-flat, Bach-flat, but not half-conformally flat:
both W+ and W~ are non-zero by Proposition 3.3; see [35,36]. It has an ALF end at z = 0
and a bolt of self-intersection —1 at z = —log(3). The underlying manifold is the total space of
O(-1). Tt is conformally Kihler with respect to either J~ or JT, creating an ambiKéhler pair—the
modified Taub-bolt metrics of the first and second kinds, respectively. Changing between J~ and

JT reverses the orientation, so changes the self-intersection number of the bolt from —1 to +1.

With the complex structure J~ and conformal factor C' = Cye* we obtain an extremal Kéahler
metric we call the modified Taub-bolt of the first kind. This metric continues to have a bolt of
self-intersection —1 at z = —log(3), but the ALF end at z = 0 has been transformed into a cusp-
like end. The scalar curvature is s = 54C; 1(1 — ¢€*), which is positive and approaches 0 along
the cusp. Its underlying complex manifold is the total space of O(—1). Its ambiKéahler transform

has complex structure J* and conformal factor C' = Cpe™*

; we call this extremal Kéahler metric
the modified Taub-bolt of the second kind. The orientation has been reversed and the bolt has
self-intersection +1 at z = —log(3). The ALF end at z = 0 has again been transformed into a

cusp-like end. The scalar curvature is s = 6C, 1(71 + e~ %), which again is positive and approaches

2If it were Kahler with respect to any complex structure, whether a complex structure considered here or not,
Derdzinski’s theorem would imply it is half-conformally flat which it is not.
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zero asymptotically along the cusp. Its underlying complex manifold is the total space of O(+1),
which is CP? \ {pt}.

Like the Taub-NUT, the Taub-bolt’s conformal orbit meets three canonical metrics: itself, which
is Ricci flat, and two extremal Kéhler metrics. See also [6] which explores the Taub-bolt among
other topics (electronically released almost simultaneously with this paper). Neither of the modified

Taub-bolts is Bochner-flat or half-conformally flat.

Notable is the presence of a rational curve of positive self intersection in the modified Taub-bolt
of the second kind. This is the only example of a complete extremal Kahler metric with a curve of
positive self-intersection, that is known to the authors. By contrast there are many examples with
curves of zero or negative self intersection. These include the Burns, Eguchi-Hanson, and LeBrun
metrics which are all Kdhler metrics on O(k) with & < 0 [29]; the Chen-Teo metrics [11,12] and
conformally related Kéhler metrics [6] which are on surfaces with rational curves of non-positive
self-intersection; and the extremal Kihler “asymptotically equivariantly R? x S?” [40, 41] metrics

which all have rational curves of non-positive self-intersection.



Canonical metrics and ambiK&hler structures 161

References

[1] V. Apostolov, D. M. J. Calderbank, and P. Gauduchon, “The geometry of weakly
self-dual Kahler surfaces,” Compositio Math., vol. 135, no. 3, pp. 279-322, 2003, doi:
10.1023/A:1022251819334.

[2] V. Apostolov, D. M. J. Calderbank, and P. Gauduchon, “Ambitoric geometry I: Einstein
metrics and extremal ambikdhler structures,” J. Reine Angew. Math., vol. 721, pp. 109-147,
2016, doi: 10.1515/crelle-2014-0060.

[3] R. Bach, “Zur Weylschen Relativititstheorie und der Weylschen Erweiterung des Kriimmung-
stensorbegriffs,” Math. Z., vol. 9, no. 1-2, pp. 110-135, 1921.

[4] L. Bérard-Bergery, “Sur de nouvelles variétés riemanniennes d’Einstein,” Inst. Elie. Cartan,

vol. 6, pp. 1-60, 1982.

[5] A. L. Besse, Einstein manifolds, ser. Ergebnisse der Mathematik und ihrer Grenzgebiete (3).
Springer-Verlag, Berlin, 1987, vol. 10, doi: 10.1007,/978-3-540-74311-8.

[6] O. Biquard and P. Gauduchon, “On toric Hermitian ALF gravitational instantons,” Comm.

Math. Phys., vol. 399, no. 1, pp. 389-422, 2023, doi: 10.1007/500220-022-04562-z.

[7] J.-P. Bourguignon, “Les variétés de dimension 4 a signature non nulle dont la courbure
est harmonique sont d’Einstein,” Invent. Math., vol. 63, no. 2, pp. 263-286, 1981, doi:
10.1007/BF01393878.

[8] R. L. Bryant, “Bochner-Kéhler metrics,” J. Amer. Math. Soc., vol. 14, no. 3, pp. 623-715,
2001, doi: 10.1090/50894-0347-01-00366-6.

[9] E. Calabi, “Extremal Kéhler metrics,” in Seminar on Differential Geometry, ser. Ann. of Math.

Stud. Princeton Univ. Press, Princeton, NJ, 1982, vol. No. 102, pp. 259-290.

[10] X. Chen, C. Lebrun, and B. Weber, “On conformally Kéahler, Einstein manifolds,” J. Amer.
Math. Soc., vol. 21, no. 4, pp. 1137-1168, 2008, doi: 10.1090/S0894-0347-08-00594-8.

[11] Y. Chen and E. Teo, “A new AF gravitational instanton,” Phys. Lett. B, vol. 703, no. 3, pp.
359-362, 2011, doi: 10.1016/j.physletb.2011.07.076.

[12] Y. Chen and E. Teo, “Five-parameter class of solutions to the vacuum Einstein equations,”

Phys. Rev. D, vol. 91, no. 12, pp. 124005, 17, 2015, doi: 10.1103/PhysRevD.91.124005.

[13] S. A. Cherkis and A. Kapustin, “Hyper-Kahler metrics from periodic monopoles,” Phys. Rev.
D (3), vol. 65, no. 8, pp. 084015, 10, 2002, doi: 10.1103 /PhysRevD.65.084015.


https://doi.org/10.1023/A:1022251819334
https://doi.org/10.1515/crelle-2014-0060
https://doi.org/10.1007/978-3-540-74311-8
https://doi.org/10.1007/s00220-022-04562-z
https://doi.org/10.1007/BF01393878
https://doi.org/10.1090/S0894-0347-01-00366-6
https://doi.org/10.1090/S0894-0347-08-00594-8
https://doi.org/10.1016/j.physletb.2011.07.076
https://doi.org/10.1103/PhysRevD.91.124005
https://doi.org/10.1103/PhysRevD.65.084015

162 B. Weber & K. Naff

[14] A. Derdzinski, “Classification of certain compact Riemannian manifolds with harmonic cur-
vature and nonparallel Ricci tensor,” Math. Z., vol. 172, no. 3, pp. 273-280, 1980, doi:
10.1007/BF01215090.

[15] A. Derdzinski, “Self-dual K&hler manifolds and Einstein manifolds of dimension four,” Com-

positio Math., vol. 49, no. 3, pp. 405-433, 1983.

[16] T. Eguchi, P. B. Gilkey, and A. J. Hanson, “Gravitation, gauge theories and differential
geometry,” Phys. Rep., vol. 66, no. 6, pp. 213-393, 1980.

[17] T. Eguchi and A. J. Hanson, “Asymptotically flat self-dual solutions to Euclidean gravity,”
Physics letters B, vol. 74, no. 3, pp. 249-251, 1978.

[18] G. Etesi, “The topology of asymptotically locally flat gravitational instantons,” Phys. Lett. B,
vol. 641, no. 6, pp. 461-465, 2006, doi: 10.1016/j.physletb.2006.08.080.

[19] J. Fu, S.-T. Yau, and W. Zhou, “On complete constant scalar curvature Kéahler metrics with
Poincaré-Mok-Yau asymptotic property,” Comm. Anal. Geom., vol. 24, no. 3, pp. 521-557,
2016, doi: 10.4310/CAG.2016.v24.n3.a4.

[20] P. Gauduchon, “The Taub-NUT ambitoric structure,” in Geometry and physics. Vol. I.  Ox-
ford Univ. Press, Oxford, 2018, pp. 163-187.

[21] G. W. Gibbons and S. W. Hawking, “Classification of gravitational instanton symmetries,”
Comm. Math. Phys., vol. 66, no. 3, pp. 291-310, 1979.

[22] G. W. Gibbons and M. J. Perry, “New gravitational instantons and their interactions,” Phys.
Rev. D (8), vol. 22, no. 2, pp. 313-321, 1980, doi: 10.1103/PhysRevD.22.313.

[23] G. W. Gibbons and C. N. Pope, “CP? as a gravitational instanton,” Comm. Math. Phys.,
vol. 61, no. 3, pp. 239-248, 1978.

[24] G. W. Gibbons and S. W. Hawking, “Gravitational multi-instantons,” Physics Letters B,
vol. 78, no. 4, pp. 430432, 1978.

[25] M. J. Gursky and J. A. Viaclovsky, “Critical metrics on connected sums of Einstein four-

manifolds,” Adv. Math., vol. 292, pp. 210-315, 2016, doi: 10.1016/j.aim.2015.11.054.

[26] S. W. Hawking, “Gravitational instantons,” Phys. Lett. A, vol. 60, no. 2, pp. 81-83, 1977, doi:
10.1016/0375-9601(77)90386-3.

[27] A. D. Hwang and S. R. Simanca, “Distinguished Ké&hler metrics on Hirzebruch surfaces,”

Trans. Amer. Math. Soc., vol. 347, no. 3, pp. 1013-1021, 1995, doi: 10.2307,/2154885.


https://doi.org/10.1007/BF01215090
https://doi.org/10.1016/j.physletb.2006.08.080
https://doi.org/10.4310/CAG.2016.v24.n3.a4
https://doi.org/10.1103/PhysRevD.22.313
https://doi.org/10.1016/j.aim.2015.11.054
https://doi.org/10.1016/0375-9601(77)90386-3
https://doi.org/10.2307/2154885

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

Canonical metrics and ambiK&hler structures 163

A. D. Hwang and S. R. Simanca, “Extremal K&hler metrics on Hirzebruch surfaces which are
locally conformally equivalent to Einstein metrics,” Math. Ann., vol. 309, no. 1, pp. 97-106,
1997, doi: 10.1007/s002080050104.

C. LeBrun, “Counter-examples to the generalized positive action conjecture,” Comm. Math.

Phys., vol. 118, no. 4, pp. 591-596, 1988.

C. LeBrun, “Explicit self-dual metrics on CPs# - - #CPy,” J. Differential Geom., vol. 34,
no. 1, pp. 223-253, 1991.

C. LeBrun, “Bach-flat Kéhler surfaces,” J. Geom. Anal., vol. 30, no. 3, pp. 2491-2514, 2020,
doi: 10.1007/s12220-017-9925-x.

C. W. Misner, “The flatter regions of Newman, Unti, and Tamburino’s general-
ized Schwarzschild space,” J. Mathematical Phys., vol. 4, pp. 924-937, 1963, doi:
10.1063/1.1704019.

J. Morrow and K. Kodaira, Complex manifolds. Holt, Rinehart and Winston, Inc., New
York-Montreal, Que.-London, 1971.

N. Otoba, “Constant scalar curvature metrics on Hirzebruch surfaces,” Ann. Global Anal.

Geom., vol. 46, no. 3, pp. 197-223, 2014.

D. Page, “A compact rotating gravitational instanton,” Physics Letters B, vol. 79, no. 3, pp.
235-238, 1978.

D. N. Page, “Taub-NUT instanton with an horizon,” Physics Letters B, vol. 78, no. 2-3, pp.
249-251, 1978.

J. F. Plebanski and M. Demianski, “Rotating, charged, and uniformly accelerating mass
in general relativity,” Ann. Physics, vol. 98, no. 1, pp. 98-127, 1976, doi: 10.1016/0003-
4916(76)90240-2.

K. Schwarzschild, “On the gravitational field of a mass point according to Einstein’s theory,”

Gen. Relativity Gravitation, vol. 35, no. 5, pp. 951-959, 2003, doi: 10.1023/A:1022971926521.

S.-i. Tachibana and R. C. Liu, “Notes on Kéhlerian metrics with vanishing Bochner curvature

tensor,” Kodai Math. Sem. Rep., vol. 22, pp. 313-321, 1970, doi: 10.2996 /kmj/1138846167.
B. Weber, “Asymptotic geometry of toric K&hler instantons,” 2022, arXiv:2208.00997.

B. Weber, “Analytic classification of toric Kéhler instanton metrics in dimension 4,” J. Geom.,

vol. 114, no. 3, 2023, Art. ID 28, doi: 10.1007/s00022-023-00689-z.


https://doi.org/10.1007/s002080050104
https://doi.org/10.1007/s12220-017-9925-x
https://doi.org/10.1063/1.1704019
https://doi.org/10.1016/0003-4916(76)90240-2
https://doi.org/10.1016/0003-4916(76)90240-2
https://doi.org/10.1023/A:1022971926521
https://doi.org/10.2996/kmj/1138846167
https://doi.org/10.1007/s00022-023-00689-z




C b CUBO, A Mathematical Journal
u 0 Vol. 27, no. 1, pp. 165-177, April 2025
A Mathematical Journal DOL: 10.56754/0719-0646.2701.165

Rational approximation of the finite sum of some
sequences

Xu Youl®=
ABSTRACT

Department of Mathematics, Beijing In this paper, we give some rational approximations of
n

Institute of Petrochemical Technology,

1
) S(n) = E by the multiple-correction method and
Beijing 102617, P. R. China.

=
=t
youzulbipt.edu.cn™ present the bounds of its error.

RESUMEN

En este articulo, entregamos algunas aproximaciones
n

racionales de S(n) = -
( ) ; n2 + j

ci6on multiple y presentamos las cotas de su error.

por el método de correc-

Keywords and Phrases: Rational approximation, continued fraction, inequalities, multiple-correction method.

2020 AMS Mathematics Subject Classification: 40A05, 40A25, 41A60, 26D15

Published: 30 April, 2025 (@) BY-NC

Accepted: 25 April, 2025 (©2025 X. You. This open access article is licensed under a Creative Commons
Received: 23 September, 2024 Attribution-NonCommercial 4.0 International License.



http://cubo.ufro.cl/
https://doi.org/10.56754/0719-0646.2701.165
https://orcid.org/0000-0003-2591-5365
mailto:falta%20email

CUBO

166 Xu You

27, 1 (2025)

1 Introduction

It is well known that we often need to deal with the problem of approximating the factorial function

n!, and its extension to real numbers called the gamma function, defined by
I'(x) :/ t*te~tdt, Re(x) >0,
0
and the logarithmic derivative of I'(z) called the psi-gamma function, denoted by

v(@) = L) = FF’((;”)).

dx

For 2 > 0, the derivative v/(x) is called the tri-gamma functions, while the derivatives 1) (x),

k=1,2,3,... are called the poly-gamma functions.

In recent years, some authors paid attention to giving increasingly better approximations for the
gamma function using continued fractions. For detailed information, please refer to the papers [1,2,
9,11,12] and references cited therein. In fact, it is quite well-known in the theory the algorithm for
transforming every formal power series into an associated continued fraction, see [6]. In particular,

n—1

there are certain methods of transforming the power series ZZOZO CnT” into continued fractions,

see [10, Section ITI|.

For any integer ¢ and « > 0, we have

7!

W0 +1) = (@) = (-1

and when ¢ = 0, it yields

By adding equalities of the form

from j =n% +1to j = n? +n, we get

n

PP +n+1) =g +1) =Y

J=1

1

T =50 (1.1)

Graham, Knuth and Patashnik [5] proposed the problem of obtaining the asymptotic value of the

finite sum .

1 1 1 1
S = = e
(n) j;n2+j n2+1+n2+2+ +n2+n

(1.2)

with a given absolute error.
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In this paper, we handle the problem with the aid of the multiple-correction method [3,4,13]. We

n 1
j=1 n2+;
and prove some inequalities for the upper and lower bounds. Throughout the paper, the notation

will give some rational approximations of S(n) = > by the multiple-correction method,

P(x; k) means a polynomial of degree k in z, which may be different at each occurrence.

2 Some lemmas

The following lemma gives a method for measuring the rate of convergence, for its proof see Mortici
[7,8].

Lemma 2.1. If the sequence (z,)nen s convergent to zero and there exists the limit

ngrfoon (n — Tpt1) =1 € [—00,+0], (2.1)
with s > 1, then
l
lim n* 'z, = . 2.2
WD = 5T 22)

We also need the following intermediary result.

Lemma 2.2. For every positive integer k, we define

S1
fe(z) =lnz+ = ,
r+t + PR P ——
_ 1 1. . 1 13, . _ 9 _ 17, . _ 6241 417941,
where s1 = —5, t1 = —§; S2 = 35, t2 = — 3755 53 = 55, 13 = — 5355 54 = szr60 14 = — 763060
Then for x > 1, we have
1
f2($+ 1) — fQ(fE) < E < fg(l' + 1) — fg(l’) (23)

Proof. We will apply the multiple-correction method [3,4,13] to study the two-sided inequality
(2.3) as follows.

tep e initial-correction. Since (Inx)’ = -, so we choose fy(x) = Inx and develop
S 1) The initial i Si Inz) 916 I f 1 d devel

Fy(z) := fo(w + 1) — fo(x) — % into power series expansion in <, we have

Fo(l’):fo(x+1)—f0(l")—;=—;;+;;+O(;). (2.4)
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(Step 2) The first-correction. Let fi(z) = Inaz+ % and develop Fi(z) := fi (z41)—fi(z)-2

into power series expansion in %, we have
1 1 1 1 1
Then let the coefficients of 2% and Z; in (2.5) equal zero, we have s; = —3, t; = —% and
11 1

(Step 3) The second-correction. Let f3(z) = Inz + ———— and develop Fy(z) := fo(x +

atti+ o5
1) — fa(z) — L into power series expansion in 1, it can be derived that

1 3s9) 1 11 759 1 1
F ) = _—— — — — —_— 2 t = e . 2~
2() <24 2>x4+< 270 T 3 +822>x5+0<x6> 27)
Then let the coefficients of ?14 and x% in (2.7) equal zero, we have sy = 3%, to = —% and
1 11 1
Fg(m):fg(l’-i-l)—fg(l‘)—x:—4016“!‘0(x7>~ (28)

Furthermore, we obtain

_ P(z)
~ 322(1 + 2)(1 — 62 4 1022)2(5 + 14z + 1022)2’

Fy(x)

where P(z) = 75 — 480x — 50822 + 36802 + 4500z*.

As all coefficients of P(z + 1) = 7267 + 27544z + 3753222 + 2168022 + 45002 are positive,
which implies that Fy(x) is strictly increasing. Since Fy(oo) = 0, it can be found that

F5(z) < 0 on x > 1. This finishes the proof of the left-hand inequality in (2.3).

(Step 4) The third-correction. Similarly, let f3(x) =1Inz + T——==—— and develop
w+t2+wj'r73ts
1

F3(z) := f3(@ + 1) — f3(x) — % into power series expansion in <, we have

1 5s3\ 1 802 — 227553 — 1750s3t3 1 1
F: =\l—-——=+ == — — . 2
3(@) ( 10" 72)m6+ 21000 x7+0( 8) (29)
Then let the coeflicients of % and ;—7 in (2.9) equal zero, we have s3 = %, ts = —% and

Fg(m):f?,(xﬂ)—fg,(x)—i:4?;‘61(1)0;+0(;). (2.10)
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Furthermore, we obtain

Q)
Fi(z) =
3(@) 322(1 + 2)(—79 + 600z — 79022 + 12602%)2(991 + 2800z + 299022 + 126023)2’

where Q(r) = 18387502563 — 1753986756002 — 226510750180 2% — 5009665465602° —
1400497343100z* — 19039835808005 — 8322897744002°.

As all coefficients of Q(z + 1) = —5021259168077 — 22246965738440z — 41656576872460x2 —
4178858721496023 — 23404761863100x* — 68977222272002° — 8322897744005 are negative,
which implies that F3(x) is strictly decreasing. Since F3(oco) = 0, it can be found that
F5(z) > 0 on x > 1. This finishes the proof of the right-hand inequality in (2.3).

The proof of Lemma 2.2 is completed. O
3 Main results
By adding inequalities (2.3) of the form
1
fo(2 1) = fa(2) < — < falw+1) = fs(2)

from x =n? 4+ 1 to x = n? +n, we get

n

fo(n®+n+1)— fo(n* +1) <Y i < fs(n?+n+1) — fs(n®+1). (3.1)
j=1
This two-sided inequalities give the estimate of Z;;l nz—lﬂ So we have

Theorem 3.1. For positive integer n > 1,

n P(n;5) o1 n 5P(n;9)
In(1 —— <In{1 3.2
n( +n2+1)+3P1(n;4)P2(n;4) <Zln2+j < n( +n2+1)+3P1(n;6)P2(n;6)’ (3:2)

j=

where

P(n;5) = 44n + 85n* + 170n® + 150n* + 150n°,

Pi(n;4) =5+ 14n? + 10n*,

Py(n;4) = 5+ 14n + 24n? 4 20n°® + 10n*,

P(n;9) = 387838n + 655457n> + 1744984n> + 1983990n* + 2717310n°

+ 2199960n° + 194292017 + 952560n° + 476280n°,
Py (n;6) = 991 + 280002 + 2990n* + 1260n5,
Py(n;6) = 991 + 28001 + 57901 + 724003 + 6770n* + 3780n° + 1260n°.
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Proof. The double inequality (3.1) can be equivalently written as (3.2). O

Theorem 3.1 gives an asymptotic formula of the sum S(n) = 2?21 n%ﬂ., but we want to ob-
tain the rational approximation. It ensures the following approximation formula as n — oo,

In (1 + n2L+1) ~ o7, but the rate of convergence is not satisfied. Now we estimate the function

In (1 + n%ﬂ) as following.

Theorem 3.2. For positive integer n > 1, we have

2, 133 769 1
i 550 <ln(1—|— & >< ) (3.3)
3, 3752 , 768 2401 2 2., b 59 :
N3 + 513N + g2+ 5180 ns+1 n®+ fn+ g5
2
Proof. Developing the function In (1 + 2 1) _ n3si?2 :ﬁ?i?to into power series expansion in %,
we have
2
n Son“ + s1n + S
In(1+ - LAELL (3.4)
n?+1 n3 4+ ton2 + tin + to

- 1 1 2 )\ 1
—(1—82)5—"- —5—81+82t2 ﬁ—’_ —§—80+82t1+81t2—82t2 ﬁ

2\ 1
+ Sgto + Sltl + Sotg — 252t1t2 — Sltg + Sgtg> F

1

+ s1tg + Sot1 — Sgt% — 289ttty — 281t1ty — Sot% + 38275115% + 5175% — 82t§> E
2
+ (—3 + soto — 2s9tpt1 — Slt% — 281tota — 2s0t1ts + 352t%t2 + 382t0t% + 381t1t§

1 1
+ sots — 4sot ts — sits + 32t§> 5+0 ( ) .

n?
According to Lemma 2.1, to get the highest rate of convergence, we have so = 1, 51 = %,
_ _ 769 _ 375 __ 768 _ 2401
SO—-m,tQ—m,tl—m,to—Tgoand
m (14 n B s9n? + s1m + S :31721i+0 1 .
n?+1 n3+ton?2 +tin+tg 305200 n” n8
z o’ + i e— g
Furthermore, we denote G1(x) = In (1 + w2+1) — m3+%w2+%;+%7 then we can get
, 1409315 + 4813232z + 3457589z
G1 (.13) - — < 0,

(14 22)(1 + 2 + 22)(2401 + 3072z + 375022 + 218023)2

which implies that G;(x) is strictly decreasing. Since G1(00) = 0, it can be found that G1(n) > 0

for every positive integer n. Then we have

n2 4+ 133, 769

109 6540 n
<hn <1 n > . (3.5)
375 7683 2401
n® + 5n® + gEn+ 510 n®+1
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This finishes the proof of the left-hand inequality in (3.3).

Similarly, developing the function In (1 + n;ﬁrl) _ n2u~¢171—~7_:i)7-’0 into power series expansion in %, we
have
n U1n + Ug
In{1+ - 3.6
( n2—|—1> n? 4+ v1n + vg (36)

1 1
= (1 — uﬁg + <—2 — Ug + 11,11]1)

2 9\ 1
3—|-u1v0—|—u0v1—u1111 =
1

ai O\ )

According to Lemma 2.1, to get the highest rate of convergence, we have u; = 1, ug = —55

%,vozﬁand

66
n un + ug 109 1 1
In{1 — =_ —10(=].
n( +n2—|—1> n? 4+ vin + v 198On5+ <n6>

Furthermore, we denote Go(x) = In (1 + w;fH) - =

+
3
+ 1 + ugvg — 2u1vov1 — uovl + ulv

v =

then we can get

() = ~503 — 840 + 119922 -0
2T (L4 221+ + 22)(59 + 307 + 6622)2

when x > 1, which implies that Ga(z) is strictly increasing. Since Ga(o0) = 0, it can be found
that G2(n) > 0 for positive integer n > 1. Then we have

1
n n— g5
In (1 < 22__ 3.7
This finishes the proof of the right-hand inequality in (3.3).

The proof of Theorem 3.2 is completed. O

Combining (3.2) and (3.3), we have

Theorem 3.3. As n — oo,

(3.8)

where

P(n;10) = —19225 + 251314n + 915243n2 4 2580666n°> + 4566456n" + 6735890n°
+ 7304720n° + 651490017 + 433130018 + 2106000n° + 6540001°,
P(n;3) = 2401 + 3072n + 3750n2 + 2180n3,
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P(n;13) = —8838729 + 283891048n + 72433170512 4 2291454430n° + 3803306340n*
+ 6508603530n° + 77756286601° 4 915358446007 + 8099239500n° + 6891737400n°
+ 43191792000 4 25492320000 + 92874600002 + 314344800n'3,
P(n;2) = 59 + 30n + 66n°.

So we can get the rational approximation 3P(n_3)§;57(21:2;},2(n,4) of the finite sum S(n) = 3°7_, n‘%ﬂ"
and the error can be bounded as following,
Theorem 3.4. Asn — oo, we have
1 P(n;10)
—  ~T(n)= . 3.9
; w15~ T = 3y (ns ) P ) (3:9)
Furthermore, we can give the bounds of the error estimation,
1 109 1
0 -T —_— . 3.10
<;n2+j (") < Tos0 78 (3.10)
Proof. Set D = 192 from (3.8) we can get
P(n; 13) e (3.11)
3P (n;2)P1(n; 6)Py(n;6) nd '
P(n;24)

- 0
198015 P(n; 2) P (n: 3) Py (113 ) P (r; 4) Py (1 6) Pa (1, 6)

where

P(n;24) = 379103668732775 + 2810435887808320n + 14242250073272280n>
+ 52307052296627116n° + 157936445498291068n* + 3999738205421202961°
+ 882209143385828432n° + 1711892774844546448n" + 2970795182632943800n°
+ 4635720249539129840n° + 6558910458343361680n° 4 8434105620517736160n"*
+ 9897520754047548080n% + 10594749646379864160n'2 + 10355798883536793600n
+ 9208131536164270400n"° + 7433462344335679600n'° + 5402752686291200000n"7
+ 3514488757828417600n® + 2012863116859364800n'° + 10017706064503200001%°
+ 417999105909504000n%" + 141577633391040000n>2 + 34754556120480000n>*
+ 541468443600000072%.

Proof of Theorem 3.4 is completed. O
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Remark 3.5. Asn — oo, we also can get the rational approximation

P(n;13)
3P(n;2)P;(n;6)Py(n;6)

W(n) = (3.12)

of the finite sum S(n) = Z?=1 ﬁ

Remark 3.6. Using the Maclaurin series of the left and right hand of (3.2), we obtain

20 1 1 1 1 "1 1 1 11 1
o — ] < - <" - —=— — . 1
440 nt1 + 30 nl2 +0 (n13) - Z n?+j Uln) < 11ntt 24 nl2 +0 <n13> (3.13)

j=1

So we have another approximation, as n — oo,

2”21 U()111 11+11 21 11 11 11 71 11
~ n)=——— —_—— _—_—_————_ . Y—_---——_———_——_— — — — —_——_— e ——_—
j=1n2+j n 2n2 6n3 4n* 15n° 1208 42n7 2408  90n® 10ni0
(3.14)

Furthermore, we denote Hy(x) = In (1 + mzﬁ_l) + 3P1(§SS;1§2)(I;4) —U(z) — &5 -4, then we can get

_ P(x;19)
Hi (55) - 120112(1+I2)(1+E+12)Plz(r;4)P22(z;4)7 where

P(x;19) = 54375 + 2838752 + 12235502 + 35414752 4- 8928955x* + 180036202°
+ 3238651225 + 4894597627 4 666085042° + 768400642° + 797349202°
+ 68524380z + 52231532212 + 29887232213 + 142148642 + 198864027
— 117992026 — 246840027 — 9272002'® — 48000027,

As all coefficients of

P(z + 3;19) = —1095798626414130 — 69221388697359242 — 20458381656316617 >
— 377306832410401092° — 487980432152255572* — 471075539059501722°
— 352479171321020642° — 2094082313921777627 — 100324002148882482°
— 39126131168557722% — 1247976394963924x'° — 3257012049118922*!
— 692915962656042'2 — 119156744588802:'3 — 163259614593624 — 1742029195205
— 1396206272026 — 79125720027 — 282872002'% — 4800002'°

are negative, which implies that Hi(x) is strictly decreasing on x > 3. Since Hi(0co) = 0, it can be

found that Hy(n) > 0 for positive integer n > 3. Then we have

29 1 1

j=1
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Similarly, we denote Hy(x) = In (1 + xgﬁ_l) + SPI(E;fé;CILZ)(x;G) — U(z) — {41, then we can get
_ P(x;27)
Hé(x) - 303)12(1+$2)(1+$+$2)P12(:C;6)P22(3:;6)’ where

P(x;27) = 28934492716830 4 1635047015280002 + 78178315529201 12
+ 25616408915193412% + 7366886663076127* + 174652440229456012°
+ 3729304750878411625 + 6971542816942754527 + 1192369828472806852°
+ 1834719229299043702° + 2607457438127680402° 4 3380600351896706852!
+ 4069692016169170852'2 + 4500145490324201002"% + 4630053666316704002
+ 4384054644614730002° + 3858775227007240002:1¢ 4 31175644852706580027
+ 2330759820079210002'® + 1586238486135525002° 4 9891657749096250022°
+ 5517773221552200022" 4 27657182228634000x2% + 119621759187420002:%3
+ 44597214843300002%* + 13166474832000002%° + 2966957683200002:%°
+ 378071064000002>".

As all coefficients of P(x;27) are positive, which implies that Hy(x) is strictly increasing. Since
Hy(00) =0, it can be found that Ha(n) < 0 for every positive integer n. Then we have
n

1 11
> e Ul < o (3.16)

2
Pl

So we can give the upper and lower bounds as follow, for positive integer n > 3,

n

29 1 1 1 1
=<y - < 1
_j - —U(n) < il (3.17)

440 nit —n?+

4 Some new estimates and double side inequalities
In order to prove the announced inequalities, we use the direct consequence of Theorem 8 of Alzer
[2] who proved that the double-sided inequalities for the function of arbitrary accuracies

2n—1 2n
B%
I = 5y = D gy < V@) <he f—ZM (z>0,neN),  (&1)

where Bj, j > 0 denote the Bernoulli numbers which may be generated by

ez_,1::§:£%37'

Jj=1
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In particular, for i = 2, we deduce that:

Iz -~ Qala) < ¥(a) <Inz — - - Qu(a). (42)

1 1 1 1 1 1 1 s
where Q6() = 1357 — 2057 1 353500 @8(%) = 137 — 2027 T 35395 — 31075+ Combining (1.1) and

(4.2), we get

n?+n+1 Py (n;25)

1
<S(n) =
P T VT Sy s I ) ; n2+ g

In

n?+n+1 P5(n; 25)
n?+1 5040(n2 + 1)%(n2 +n + 1)8°

= +n+1)—¢n?+1)<n (4.3)

where

Py(n;25) = —21 4 31860 + 1565102 + 69238n> 4 2023560 + 529934n°
+ 112235315 + 216026207 + 3588004n° + 5473222n° + 7408367n'°
+ 92678661 4 10416693n'% + 10852108n'3 + 101939941+ + 8875980n1°
+ 694314616 4 5020008n'7 4 3220812n'® + 1898232n° + 966000n%°
+ 44688012t + 167580122 + 56280123 + 1260012+ + 2520n2°,

and

Py(n;25) = 21 + 3312n + 22842n2 + 105784n3 + 354605n* + 972552n°
+ 222900415 + 4439168n" + 77499150 4 12075104n° + 16850506n°
+ 21261744n't + 24267221n'? + 25182808n ' 4 23708364n'* + 20294352n'°
+ 1571409016 + 1100282417 + 68996761 + 38621521 + 1894620n2°
+ 8080801 + 287700122 + 84000123 + 17640n>* + 2520n2°.

So we can immediately obtain the new estimates of the finite sum S(n) = 22:1 n%_” as following,

Theorem 4.1. As n — oo, we have

n

3 1 V(n) = I n*+n+1 252012
n2 4+ j N n2+1 5040(n2 4+ 1)8(n2 +n + 1)8°

(4.4)

=1

Remark 4.2. If we select a lager n in the double-sided inequalities (4.1), we can get others double-

sided rational estimates for the considered function S, with arbitrary accuracies.
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