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ABSTRACT

Given a perfect Polish space X, a compact subset K C X
and a countable ordinal o < w1, we show that there exists a
compact subset K C X such that

R® =k,

where K(® denotes the a-th Cantor-Bendixson derivative
of K. In other words, every compact subset of a perfect Pol-
ish space admits an a-primitive with respect to the Cantor—
Bendixson derivative. This extends to perfect Polish spaces
a result previously known for countable compact subsets of
the real line. The proof proceeds in three steps: first, we
construct primitives for singletons; then, for countable com-
pact subsets; and finally, for arbitrary compact subsets, using

separability of Polish spaces.
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RESUMEN

Dado un espacio polaco perfecto X, un subconjunto com-
pacto K C X y un ordinal numerable a@ < wi, mostramos

que existe un subconjunto compacto K C X tal que
K@ =K

donde K™ denota la a-ésima derivada de Cantor—
Bendixson de K. En otras palabras, todo subconjunto com-
pacto de un espacio polaco perfecto admite una a-primitiva
con respecto a la derivada de Cantor—Bendixson. Esto ex-
tiende a espacios polacos perfectos un resultado conocido
previamente para subconjuntos numerables compactos de la
linea real. La demostracion procede en tres pasos: primero
construimos primitivas para singletons; luego, para subcon-
juntos numerables compactos; y finalmente, para subconjun-
tos compactos arbitrarios, usando la separabilidad de espa-

cios polacos.

Keywords and Phrases: Cantor—Bendixson derivative, descriptive set theory, Polish spaces, primitive.

2020 AMS Mathematics Subject Classification: 03E15; 54H05.
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1 Introduction

The Cantor—Bendixson derivative is a classical tool in topology and set theory. It was introduced by
Cantor in [4] and later refined by Bendixson. It plays a significant role in several areas, including the
study of Boolean frames [3], the structure of compact and o-compact spaces [9], and applications

to the semantics of finite logic programs [5].

In [3], Avilez Garcia shows that the Cantor-Bendixson derivative can be used to measure how
“Boolean” a frame is by producing for each element the largest Boolean interval containing it.
This viewpoint leads to a tower of derivatives and to relationships between derivatives at different
levels, which in turn characterize when a frame admits a Boolean reflection. In model theory, the
Cantor-Bendixson rank is closely related to Morley rank in w-stable theories. Furthermore, the
Cantor—Bendixson derivative appears in the characterization of compact and o-compact spaces
and in the construction of co-inductive operators; see, for instance, [9]. In [2], the authors give a
necessary and sufficient condition for an ordinal to be a Polish space and describe some properties

of the Cantor-Bendixson derivative on compact and countable subsets of a Polish space.

These results illustrate the relevance and versatility of the Cantor-Bendixson derivative in different

contexts and motivate further study of its structure and possible inverses.

In [1], Alvarez-Samaniego and Merino proved the existence of a “primitive” on the real line: for
every countable compact set K C R and every countable ordinal o < w1y, there exists a compact
set K C R such that

K©® =K.

The compact set K is then called an a-primitive of K. The goal of the present paper is to generalize

this result from R to perfect Polish spaces.

More precisely, we work in a perfect Polish space (X, d) and we prove that, given any compact
subset K C X and any countable ordinal a@ < wy, there exists a compact set K C X such
that K(® = K. Our argument follows the same general strategy as in [1], but several technical

modifications are needed to accommodate the more general setting.

The paper is organized as follows. In Section 2, we study the behavior of Cantor—Bendixson
derivatives for certain countable unions of compact sets whose derivatives at a fixed level are
singletons contained in a family of pairwise disjoint balls. In Section 3, we collect some basic
properties of perfect Polish spaces and prove the existence of pairwise disjoint families of open
balls around countable discrete subsets. In Section 4, we first construct an a-primitive for any
singleton, and then use this to build primitives for countable compact sets and, finally, for arbitrary

compact subsets of a perfect Polish space.
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Throughout the paper, w denotes the set of natural numbers, and we identify each n € w with the
set {0,1,...,n—1}. We write w; for the first uncountable ordinal, and we only consider countable
ordinals « (i.e., &« < wyq). Let (X, 7) be a topological space, and let A C X. A point z € X is a
limit point of A if every neighborhood V' of x satisfies

(VA\{z})nA#0.

The set of all limit points of A is denoted by A’ and is called the derivative of A.

Using transfinite recursion, we define the Cantor—Bendixson derivative of a subset of a topological

space.

Definition 1.1 (Cantor—Bendixson derivative). Let A be a subset of a topological space X, and
let o < wy be an ordinal. The a-th Cantor-Bendizson derivative of A, denoted by A, is defined

by
o A0 = A;
o Aletl) — (A(a))/ for every ordinal o;

o Al®) = ﬂ AW for every nonzero limit ordinal c.
y<a

Definition 1.2. A topological space (X, 7) is metrizable if there exists a metric d on X such that

the topology induced by d coincides with 7. This metric d is called a compatible metric for (X, 7).

Definition 1.3. A topological space X is called a Polish space if it is separable and completely

metrizable, that is, if there exists a compatible metric d on X for which (X,d) is complete.
A subset P of a topological space is called perfect if P’ = P, that is, if every point of P is a limit

point of P.

2 The derivative of a countable union

In this section, we study the behavior of Cantor—Bendixson derivatives for certain countable unions
of compact sets. We will work in a fixed topological space (X,7) and consider the collection of

countable compact subsets of X.

Definition 2.1. Let (X, 7) be a topological space. We set

Kx ={K C X : K is countable and compact}.

We begin with the following elementary fact; see, for example, [8].
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Proposition 2.2. Let (X, 1) be a topological space, let « < wy and let A be an arbitrary family of
subsets of X. Then
()
J 4@ ¢ (U A) :
AeA AcA

In a Hausdorff space, the Cantor-Bendixson derivatives of a closed set form a decreasing family of

closed subsets of X (see, for instance, [8]). For countable compact sets, we obtain the following.

Proposition 2.3. Let (X, 1) be a Hausdorff topological space and let K € Kx. Then, for every
ordinal a < wy, the set K@) belongs to Kx, and the family (K(a))a<w1 is decreasing: if « > f3
then K@ C K8,

Indeed, K is closed and compact, so each K(® is closed, and the standard transfinite recursion
defining the derivatives yields the monotonicity (see [7] for details). Moreover, K(®) C K for all

a, so each K(®) is countable and compact, hence K(® e Kx.

Our next goal is to compute the derivative of a special type of countable union. We will work in a

metrizable space and consider a convergent sequence () together with a family of countable

new
compact sets whose derivatives at a fixed level « are the points x,, and that are contained in
pairwise disjoint balls. Under these hypotheses, we can describe all derivatives up to level « of the

union of the K, together with the limit point of the sequence.

The following proposition generalizes a construction that appears in the proof of [1, Theorem 2.1].

Proposition 2.4. Let (X, d) be a metrizable space, let o < wy, and let (v,),, o, € X be a sequence

satisfying:

(i) (Tn),e,, converges to a point x € X;

(it) there exists a family (K,) in Kx such that K\ = {zn} and

new

K, C B(Jﬁn, Tn)

for all n € w, where (B(xpn,7n)), ¢, 95 a family of pairwise disjoint open balls.

Set
K= |]J K,U{z}.

new

Then, for every 8 < «a, we have
K® — U K® U {z}.

new
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Proof. Let 5 < a. Using Proposition 2.2 and the monotonicity of the derivative with respect to

the inclusion (see [8]), we obtain

(8) )
U &P < (U Kn> - (U Knu{az}> =K®,

new new new

On the other hand, by Proposition 2.3 and the monotonicity of the derivative with respect to the
inclusion, we have

{zp:necw}= U K C U KP c K®,

new new

Since (z,) converges to x and z,, € K for all n, it follows that z is a limit point of K%), so

new

re KPtY ¢ g6,

Thus, for every 8 < «,
U K® U{z} c KW,

new

It remains to prove the reverse inclusion. We again proceed by transfinite induction on 5.

e For 8 =0, the result is immediate. Assume 8 < « and

KW < | JEP u{a}. (2.1)

new
Let z € KA+ = (K(ﬁ))/. Then z € K®, and by (2.1) either z = x or there exists M € w

such that
z € KJ(\ZB) C B(za,mMm)-

If z = z, then z € U Kffﬂ) U {z} and we are done. Suppose z # x. We necessarily have

new

ze K ](5“); otherwise, z would be an isolated point of K ](5), so there exists 1 > 0 such that

B(z,e1) N KW = {z}. (2.2)

Let

e =min{e1, ry —d(z,2m), d(z,2)}.

Then B(z,e) € B(xa,7a), and since the balls B(x,,r,) are pairwise disjoint and K, C

B(xp,ry,) for all n, we have

B(ze)n | |J KW | =0. (2.3)
m#M



CUBO

A primitive associated with the Cantor—Bendixson... 233

28, 2 (2026)

Combining (2.2) and (2.3), we obtain

{z} = B(z,e) N KR[;)U U KP u{z} :B(z,a)ﬁ<U K,(f)u{x}> = B(z,e)NK®,
m#M new

which contradicts z € (K(ﬂ))/ = K+ Hence z € K](V‘;H), and therefore

KB+ ¢ U KT(lﬂH) U {z}.

new

e Let v < a be a nonzero limit ordinal, and suppose that

KO ¢ | KD u{a},

new

for all § < ~. Let z € K(); using the induction hypothesis, we have that

KO =K< (U K U{z}>.

o<y §<y \n€w

Then, for every § < ~y, either z = x or there exists m € w such that z € Kﬁ,f).

If z =z, we are done. Otherwise, z # z and for § = 0 there exists M € w with
z € Kz(v?) = Ky C Bz, mar).

We claim that z € KJ(\fI) for every § < 7. Suppose not, and let §; < v be minimal such that
z ¢ Kl(\jo). Thus, since z € KM, 2z # ¢ and z ¢ KI(S,O), for §p, there exists mg € w with
mg # M such that

z € K}jg) C Ky € B(@mg, T'mg )-

Thus B(zar,7a) N B(Tmg,Tmg) # 0, contradicting the fact that the balls B(z,,r,) are
pairwise disjoint. Hence
ze () Ky = Ky7.
5<y
We conclude that
K" c U KT(L"/) U {z}.

new
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Combining the three steps, we obtain
K® — U Kff) U {z},
new
for every 8 < a, as required. O

The previous result suggests replacing the singleton {z} by a more general countable compact set.

This leads to the following variant.
Proposition 2.5. Let (X,d) be a metrizable space, let o < wy and let K C X be a closed set
satisfying:

(i) K\ K'={x, :n € w} is infinite and the points x,, are pairwise distinct;

(i1) there exists a family (K,) in Kx such that K\ = {zn} and

new

K, C B(xy,mn)

for all n € w, where (B(xp,1y)) is a family of pairwise disjoint open balls.

new

Set

Then, for every 8 < «, we have

Proof. We first prove that K C K® for every 3 < «, using transfinite induction.

e For 5 =0, the result is immediate.

e Assume that K C K® for some 8 < a. Then K’ C K#+D and, using (ii),

ENK' = |J{za} = |J K € | KFHD € RO,

new necw new

Thus
K=K U(K\K')CK®,

e Let v < a be a nonzero limit ordinal, and suppose
K C ]A{(fs)’

for all 6 < . Then
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Hence K C K® for every 8 < a. On the other hand, for each 5 < «, Proposition 2.2 yields
8) 8)
U &P < (U Kn> c (U KnuK> =K®.
new new

Combining these inclusions, we obtain

UEPUKCE®, forall g<a.

new

To prove the opposite inclusion, we again use transfinite induction on §.

e For 8 =0, again, the result is immediate.

e Assume that f < « and
E®c|JEP UK. (2.4)

new

~ PN ~
Let x € KA+ = (K(ﬁ)) . Then = € K® so by (2.4) either z € K or there exists M € w
with
ze K C B(x
M = MsTM)-

!/
If x € K, there is nothing to prove. Suppose z ¢ K. If x ¢ K](\gﬂ) = (K](\f;)) , then x is an

isolated point of Kj(\g), and there exists €1 > 0 such that

B(z,e)) N K\ = {z}. (2.5)
Since K is closed and x ¢ K, we have
d(z,K) :=inf{d(z,2z) : z € K} > 0.

Let

e =min{ey, ry —d(x, ), d(z, K)}.

Then B(z,e) C B(za, ) and

B(m)m( U K,<,§>) =0 (2.6)
m#M
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Moreover, by the definition of ¢, B(x,¢) N K = (). Combining these facts with (2.5) gives

{g} =Bz,e)n | KU | KPP UK | =B(z,e)n (U K®) UK) = Blz,e) N K®),

m#M new

~ r A
which contradicts x € (K(B)) = KB+D Hence z € Kj(gﬂ), and therefore

[/(\'(54-1) C U Kr(bﬁ-i'l) UK.

new

e Let v < a be a nonzero limit ordinal, and suppose

E®c |JEY UK, (2.7)

new

for all § < ~. Let z € KO = ﬂ K©®, By (2.7), for each 0 < 7, either z € K or there exists
6<y
m € w such that z € Kr(,f).

If 2 € K, we are done. Otherwise, z ¢ K and there exists M € w such that z € Kz(v?r) =
Ky C B(za,rar). We claim that z € K](\g) for all 6 < . If not, let dg < ¥ be minimal with
z ¢ K(SO) Then, for dy, there exists mg € w with mg # M such that

2 € KR C King € B(@mg, Tmo),

so B(zar,7ar) N B(Tmg,Tm, ) # 0, contradicting that the balls are pairwise disjoint. Hence

z € ﬂ K, (6)
6<y
Thus
K - U K7(L7) UK.
new
This completes the induction and the proof. O

3 Some properties of perfect Polish spaces

In this section, we collect several standard facts about perfect Polish spaces that will be needed
later. We also construct, for each countable discrete subset, a family of pairwise disjoint open

balls, as required in Propositions 2.4 and 2.5.
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The next lemma expresses the fact that in a perfect metric space, every point is the limit of a

sequence of distinct points.

Proposition 3.1. Let (X,d) be a Polish space and let A C X be perfect. Then, for every x € A,

there exists a sequence () € (A\{z})¥ such that (z,) converges to x.

new new

The next statements are well-known, and their proofs are straightforward, so we omit them. Propo-
sition 3.2 follows from the fact that every non-empty open subset of a perfect Polish space is
uncountable. Proposition 3.3 is a standard consequence of basic properties of compact countable
sets. Finally, Lemma 3.4 is the classical construction of pairwise disjoint balls around a countable

discrete set in a metric space.
Proposition 3.2. Let (X,d) be a Polish space and let K € Kx. Then K is not perfect.

Proposition 3.3. Let (X, d) be a Polish space and let K € Kx be infinite. Then K has infinitely

many isolated points.

We now construct disjoint balls around a countable discrete subset. This is a standard fact; we

provide a version convenient for our purposes.

Lemma 3.4. Let (X,d) be a metric space and let A C X be a countable, infinite, discrete set.
Write A = {z,, : n € w} with x,, # T, for n # m. Then there exists a sequence of positive real

numbers (ry) such that

new

{lg(xnvrn)}nEw

1
is a family of pairwise disjoint open balls. Moreover, we may additionally require r, < o for
n

alln € w.

4 Existence of primitives

In this section, we prove the main results of the paper. We begin by constructing, for each point
z lying in an appropriate Cantor—-Bendixson derivative of a Polish space and each ordinal o < wy,
an a-primitive contained in an arbitrarily small ball around z. We then use this construction to
obtain primitives for countable compact sets, and finally for all compact subsets of a perfect Polish

space.

Although the main theorem could be stated and proved in a single step, we intentionally develop
the argument in three stages: first for singletons, then for countable compact sets, and finally
for arbitrary compact sets. This stepwise organization reflects the way the construction naturally

extends from isolated points to countable compact sets and then to general compact subsets.
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4.1 Primitives for singletons

We begin with the key step: primitives for singletons.

Proposition 4.1. Let (X,d) be a Polish space, let a < wy, let z € X®) and let 7 > 0. Then there
exists K € Kx such that
K C B(z,r) and K ={z}.

Proof. We proceed by transfinite induction on a < ws.

e If o = 0, it suffices to take K = {z}. Then K C B(z,r) and K(© = K = {z}.

e Assume that for some o < w; the following statement holds: for every Z € X(® and every

r > 0, there exists K e K x such that
K C B(Z,7) and K©® = {Z}.

We prove the statement for o + 1.

Let € XD and » > 0. Since z € X (@D by Proposition 3.1 there exists a sequence
(Tn)pew € (X(O‘) \ {x})w converging to z. Using Lemma 3.4, we may choose a family of

pairwise disjoint balls {B(zy,7s)}new Wwith 7, <1/(n+ 1) for all n.

Since x, — x, there exists N € w such that, for all n > N,

d(zy,x) < and

N3
S

+

—

If n > N and z € B(xy,r,), then
r
d(z,x) < d(zaxn) + d(I,L,JC) <Trp+ 5 < ntl 5
so B(xy, 1) C B(x,r) for alln > N.
For each m € w, apply the induction hypothesis to z,, € X and r,, > 0 to obtain

K, € Kx such that
Ky C B(&pm,rm) and K = {2,,}.

Define
K= |J Knu{z}.

m>N+1
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We now verify the required properties.

— K C B(z,r). Form > N+ 1, K,;, C B(xm,"m) C B(x,r), and clearly {z} C B(z,r),
so K C B(z,r).

— K is countable and compact. The set K is a countable union of countable sets, so it is

countable. To see that K is compact, it suffices (in a metric space) to show that K is

sequentially compact.

Let (zr)kew € K¥ be a sequence in K and set S = {z; : k € w}. We distinguish three

cases.

(a)

(b)

()

If SN K is infinite, then there is a subsequence of (z)re., contained in K, and since
K is compact, this subsequence has a further convergent subsequence.
If there exists m € w such that S N K, is infinite, then a subsequence of (2x)kew
lies in K,,,, and since K, is compact, it has a convergent subsequence.

Suppose that SN K is finite and S N K, is finite for every n € w. Then the set
I={new:SNK, #0}
is infinite. For N, M € w, set

Sy ={z:k>M} and I(NM)={ne€w:SynNkK,#0, n>N}.

A simple counting argument shows that I(/N, M) is infinite for every N, M € w
(otherwise I would be finite). Using this, we recursively define strictly increasing

functions 0,1 : w — w as follows:
c(0) =min I, ¥(0) = min{k € w: zx € Ky(0)},

and, for m € w,

o(m + 1) = min I{o(m), (m)),
Y(m+1) =min{k € w: k> y(m) and 2z € Ky(mq1)}-

Then 1) is strictly increasing and zy(m) € Ko(m) € B(Zo(m), To(m)) for all m € w.

Hence

d(zw(7rL)7:Eo(7n)) < T'o(m) < #
~o(m)+1

Since (mg(m)) is a sequence in the compact set K (recall that each z,, € X ¢

new

X and later we will use them in a compact set), it has a convergent subsequence

(:Ea(g,(m)))new. The corresponding subsequence (z¢(¢(m))) is then Cauchy and

new
convergent in X. Its limit belongs to K by closedness. Thus (zx)rew has a conver-
gent subsequence.

In all cases, K is sequentially compact; it is compact.
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— K+ = {2} Since K5 = {zm} for each m and the balls B(x,, ) are pairwise

disjoint, Proposition 2.4 applied to the sequence (z;,) and the family {K,, }m>ni1

new

yields

(@)
K(a):< U Kmu{x}> = U K U{z} ={x,:m>N+1}U{z}.

m>N-+1 m>N-+1

Since @, — x, the only limit point of K(® is z, so

Klo+D) = (K@)I = {z}.

e Let A < w; be a nonzero limit ordinal, and assume the claim holds for all p < X. Let z € X

and r > 0. Choose a strictly increasing sequence of ordinals (o, )me, With p,, < A for all m

and sup pm, = A.

mew

Since z € XM, for each m € w we may choose a point
Ty € X (Pm) \ {z}

such that x,, — = and z,, € B(x,r). Applying Lemma 3.4 and shrinking the radii if
necessary, we obtain a family of pairwise disjoint open balls {B(z,, 7m) }mew such that, for

some N € w, we have B(zp,7m) C B(x,r) whenever m > N.

For each m we apply the induction hypothesis (at level p,,) to z,, and r,, > 0, obtaining
K,, € Kx such that
K € B(Tp,rm) and K% = {z,,}.

Set

K= |J KnuU{z}.

m>N-+1

As in the successor step, K is countable, contained in B(z,r), and compact.

For each m, the set K,(r’b\ ) is empty, since p,, + 1 < X and the derivatives form a decreasing

family. Applying Proposition 2.4 with the sequence (z.,) and the family {K,,}m>n~n+1,

new

we obtain

)
KW( U Kmu{x}> = U KDY Uuia}={a}.

m>N+1 m>N-+1

This completes the induction and the proof. O
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4.2 Primitives for countable compact sets

We now use the previous proposition to construct primitives for countable compact subsets of a

perfect Polish space.

Theorem 4.2. Let (X,d) be a perfect Polish space, let K € Kx, and let « < wy. Then there
exists K € Kx such that
K@ =K,

Proof. If a = 0, we may simply take K= K, so we assume o > 0.

By Proposition 3.2, K is not perfect, so K’ # K. We consider two cases.

Case 1: K is infinite. By Proposition 3.3, the set K has infinitely many isolated points, so
K\ K’ is infinite. Enumerate
K\K' ={z,:necw}
with pairwise distinct .

Each point z € K \ K’ is isolated in K, so there exists a neighborhood V' of x such that
VN K = {z}. In particular,

{z}=VNKCVN(K\K')CVNK = {x},

so x is also isolated in K \ K’, and the set K \ K’ is discrete.

Applying Lemma 3.4 to the discrete set {z,, : n € w}, we obtain a family of pairwise disjoint

open balls {B(xy, ) tnew with 7, < 1/(n+ 1) for all n.

Since X is perfect, then z,, € X(® for every n € w. For each n, applying Proposition 4.1 to
zn, € X and r, > 0, we obtain K,, € Kx such that

K, C B(xy,r,) and Kff’) = {x,}.

Since the balls B(x,,,r,) are pairwise disjoint, so are the sets K.
Define
K=|JK.,UK.

The set K is countable as a countable union of countable sets. A compactness argument
analogous to the one used in the proof of Proposition 4.1 (successor step) shows that K is

compact. Hence Kek X
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Finally, applying Proposition 2.5 with the family { K} and the set K, and using that K,(La) =

{zn} for all n, we obtain

(@)
K@ = (U KnuK> =JKWUK = |J{z}UK =K.

new new new

Case 2: K is finite. In this case, K \ K’ is also finite. We may write
K\K' ={z,:n€e M},

for some finite subset M C w. Since X is perfect, we have x,, € X(® for all n € M.

Fix 7 > 0. For each n € M, apply Proposition 4.1 to ,, € X(® and r > 0 to obtain K,, € Kx
such that
K, C B(xp,r) and K,(LO‘) = {z,}.

Define

K= |J K.UK.
neM

Since M is finite and each K,, and K is compact, K is compact. It is also countable; hence

I?G’C)(.

We now show that K(® = K. First, observe that K C K® for every 8 < a, by a transfinite

induction entirely analogous to the one used in Proposition 2.5. In particular, K C K@),

On the other hand, since (J, ¢, K = {zn :n € M}, we have

(@)
K©® = (U KnUK> = J KWUuK®C | J{z} UK =K.

neM neM neM
Combining these inclusions gives K@ =K.
In both cases, we have constructed Ke K x such that K@ = K, as required. O

4.3 Primitives for arbitrary compact sets

We finally remove the countability assumption on K.

Lemma 4.3. Let (X,d) be a Polish space, and let A C X be such that every point of A is isolated
i A. Then A is countable.

Proof. See, for instance, [6, p. 126]. O
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We can now state and prove the main theorem.

Theorem 4.4. Let (X,d) be a perfect Polish space, let K C X be compact, and let o < wy1. Then

there exists a compact subset K C X such that
K@ =K.

Proof. If K is perfect, then K(®) = K for all & < wy. Thus, taking K=K gives the result. Hence,

we may assume that K is not perfect.

If o = 0, we can again take K= K, so we assume « > 0. Since K is compact and not perfect, the
set K\ K’ consists precisely of the isolated points of K and is therefore countable by Lemma 4.3.
We write

K\K' ={z,:ne€ M},
for some (finite or infinite) M C w.

We distinguish two cases.

Case 1: M is infinite. As in the proof of Theorem 4.2, we may choose the points z,, to be
pairwise distinct and apply Lemma 3.4 to obtain a family of pairwise disjoint open balls

{B(Zn,7n) tnew with 7, < 1/(n+ 1) for all n.

Since X is perfect, then z,, € X(® for all n € w. For each n, applying Proposition 4.1 to z,
and r, yields K, € Kx such that

K, C B(zp,r,) and K ={x,}.

The sets K, are pairwise disjoint.

Define
K= J K. UK.

An argument analogous to the one in the proof of Theorem 4.2 shows that K is compact.

Moreover, by the same reasoning as in Case 1 of Theorem 4.2, we obtain
K@ =K.
Case 2: M is finite. In this case, K \ K’ is finite, and we may write
K\K' ={z,:ne€ M},

for some finite M C w. Since X is perfect, then z,, € X for all n € M.
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Fix r > 0. For each n € M, applying Proposition 4.1 with z,, and r, we obtain K, € Kx

such that
K, C B(zn,7) and K ={z,}.

Define
K= |J K.,UK.
neM
Since M is finite and each K,, and K is compact, the set K is compact. Repeating the

argument from Case 2 of Theorem 4.2, we conclude that K@ =K.

In both cases, we obtain a compact subset K C X such that K@ = K, as desired. O

Although Theorem 4.4 is stated for compact sets, the argument actually extends to arbitrary closed

subsets of a perfect Polish space.

Theorem 4.5 (Extension to closed sets). Let (X,d) be a perfect Polish space, let F C X be a

closed set, and let o < wy. Then there exists a closed set F C X such that

F(a) = F.

Indeed, the key ingredient, Proposition 2.5, only requires K to be closed rather than compact.
We restrict ourselves to the compact case in order to simplify the management of details in the
construction; nevertheless, the same method yields the corresponding result for closed sets without

any essential changes.
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1 Introduction

In this paper we solve the open problem 7.117 part (b) (see [11, p. 228]), which is about calculating

1
the quadratic series involving the nth harmonic number H,, = 1+ 3 +-+-4+ — and the tail of {(2)
n

In addition, we also calculate the series
S (g1 L
n 22 n2)’
n=1
which is new in the mathematical literature.
Further on we present some formulae and definitions which we shall need in our analysis.

Abel’s summation formula ([1, p. 55|, [5, Lemma A.1, p. 258|, [11, p. 38|) states that if (a,)n>1
n

and (b,,)n>1 are two sequences of real numbers and A,, = Z ay, then

Z agby = Apbny1 + ZAk(bk- — brg1).

k=1 k=1

We will be using the infinite version of this formula

Z akbk = nlLH;o(Anbn_H) + Z Ak(bk - bk+1). (11)
k=1 k=1

The Dilogarithm function Lis(z) is defined, for |z| < 1, by ([13, p. 176])

2. 2" In(1—1¢)
i = S5 B0y,

The special case Liz(1) = ((2) is worth mentioning.

Also, the Trilogarithm function Lis(z) is defined by

L
Lis(z :Z% / 12()dt, 2| < 1.

1
The nth generalized harmonic number of order k is defined by (k) =1+ 27 + — 3" +o 4+,

n
n>1,k>1.
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A classical symmetric summation formula involving generalized harmonic numbers is given by

e HT(LP) > 7(;1)
DY T =+ @)+ (), P> L (1.2)

np
n=1 n=1

A short proof of this formula is based on applying Abel’s summation formula (1.1) to the series

Y 1 ®) - (@ 1
2 , with af, = T and by = H,”'. We have, since A, = Hy," and b, — bpy1 = NCEET
that
1
H(Q) _
e H(P) e H((I) e n+1 (n_|_1)q
L (@) (P _ n — _
n=1 n=1 n=1
= HY
= ((a)¢(p) ~ Zl S+ +a),
and the identity (1.2) is proved.
2 The main result
The main result of this paper is the following theorem.
Theorem 2.1. The following identities hold:
(a) A linear series with the tail of ((2)
oo
H? 1 1
Infe@) -1 = - — ) =2¢(2)¢(3).
o O R R
(b) A quadratic series with the tail of {(2)

z 1 1\? 19 5

S8 (6 1- g = g = 00) — ) + 560) +20(2C03)

n=1

The convergence of series in Theorem 2.1 is based on the behavior of the sequence (ry,),>1, defined
by
1 1

ri= @) 1o gy oy L

Using Cesaro-Stolz lemma, the 0/0 case ([5, Theorem B.2, p. 265]), [11, p. 11|, one can prove that

lim n (((2) L 1) =1. (2.1)
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1 1 1
This implies that, for large values of n, we have ((2) — 1 — 2T peadie Thus,
H? 1 1 H?
n 2) 1 — — — ... — )~ n
n <<( ) 22 n2> n?
and ) )
1 1 H
2 n
(0@ -1 g~ ) ~ a2,

— H2 17
and since E — = ZC(ZL) (see [11, pp. 245-249]), we have that both series in Theorem 2.1
n
=1

n
converge.

3 Intermediate results

In this section we prove some lemmas which we shall need in obtaining our main result, i.e.

Theorem 2.1.

Lemma 3.1. An Euler sum and a logarithmic integral

The following identities hold:

(@) 3 = 50(5) ~ C(2¢(3);

n=1

Un? 2102(1 — o
o [ PR e = s00s) - 420603,

172,72
In“zIn“(1 —
Proof. We prove Lemma 3.1 by calculating the logarithmic integral / L(m) dz by two
0 X
different ways.
= In(1 —x)
First, we use the generating function for the nth harmonic number Z H,z" = 1 for
n=1
1
€ (—1,1) ([11, Problem, 3.63, part (a), p. 93]), combined with the formula / 2FInzde =
0
6 2In(1 —
R k > 0. We integrate by parts, with f(z) = In*(1 — ), f'(z) = —%, g (x) =
In?

1. -
, 9(x) = 3 In® 2, and we have that
T

1

1 2 2 !
In? 2 In%(1 — 1 2 [ 0=
/ o™ =2) 40~ Ly gyinda +7/ W =2) 134 de
0 z 3 o 3Jo 1-w

1 _ 1/
zg/ Mlngxdgc:—g/ H,z" | In®zdx
3 0 1—z 3 0 1

200 1 ) o) H
== H, "nd rde =4 _n
3; /Ox n® 2 do ;<n+1>4
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1
> H7L+1 >
=4 —_— 3.1
S 1)

Second, we calculate the same integral by using the Taylor series expansion of the logarithmic
> n

function —In(1 —z) = Z %, —1 <z < 1. It follows that

n=1

In"zln*(1 — x) :/ %z [ —
presste [ ERS
:222 m(n +m)3

)dx— i i ;/1 2" n? o de

n=1m=1

Vk e N={1,2,...}. A calculation shows that

1
since P e de = 3
O k

1 1 1 1 1 1 1
nm(n+m)® n3 mn+m) nP (n+m)2 n2 (n+m)d’

It follows that

n=1
— 1 < 1 1l 1 1l 1
D IE D S e D DIFEL T D
3 3 2 2 3
n=1 m=1 m(n + m) n=1 n m=1 (n + m) n=1 n m=1 (Tl + m)
o~ Hy o~ 1 1 1 =1 1 1
:2;7%—27;%(«2)—1_22 ..... 112>_27;HQ<4(3)_1_23 ..... n?>>
=2 P —4C(2)KB) +2) < St | =2) - 2(2)C6) +2(6). (3.2)
n=1 n=1 n=1
. . . 1 Hy oo .
We used in the previous calculations the formula Z ——— = — and identity (1.2) with
m(n + m) n

m=1

p =2 and ¢ = 3. Combining (3.1) and (3.2), we have that the desired results hold and parts (a)
and (b) of Lemma 3.1 are proved. O

— H
Remark 3.2. We mention that the linear Euler sum Z n—: = 3¢(5) — ¢(2)¢(3) is a special case

n=1

of a classical series formula due to Euler, which states that 2 i % =(n+2)((n+1) Z C(n

kE)C(k+ 1), n € N\ {1}. For reference materials related to ];}Tzls formula the reader is referred to
[5, p. 208]. Lemma 3.1 gives another proof of the identity i % = 3¢(5) — ¢(2)¢(3), which we
believe 1s new in the mathematical literature, based on calcuTlLa:t;ng a quadratic logarithmic integral

in two different ways.
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Lemma 3.3. Logarithm and polylogarithm integrals

The following formulae are valid:

1 1 toagn
p) —=- 1 >1;
(a) ((2) 22 ) /Olixnxdx,Vn_ ;
e ¢ H,
(b)/ ig( Q—?,V >1;

© [ Lijfx) = 2(2)¢(3) ~ 3C(5);

@ [ B g, — s - e

0 [ M g o)

@ [ MO g o) + o)

1
) 1
Proof.  (a) Using the formula / " Inzdr = ——5, Vn > 1, we have that
0 n

1 1 1 1
21— — — i — =
(@) -1-5 N O A e
1 1
:—/ x"lnmdx—/ " Mnaedr — -
0 0
1 1 "
:f/ (:c”+:c"+1+~~~)lnxdx:f/ Inzdx.
0 0o 1—x
(b) We have
! 1 ! RS - 1 [ 1
"~ Lig( )d:z::/ " — | dz = —/ 2"l dy
! e ) e,
_i 1 15":(1 1 ) ¢(2) H,
- 2 . m2 = 20
L= m*(n+m) n = \m (n+m) n n
H’n
s1ncez o e S
(¢) We have, based on part (b), that
/ Lij(x —/ ix”_l dx—il/lx”_lLl (z)dx
0 n=1 n? n:1n2 0
o0 (o)
1 (2 Hy, H,
-3 m (P TE) mee -2

and the result follows based on part (a) of Lemma 3.1.
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i i ; 2 , ln(l — :)j) 9
(d) We calculate the integral by parts, with f(z) = Liy(z)In“2, f/(2) = ———In“2z +
x
2Li 1 1
W’ g'(x) = 11—z g(z) = —In(1 — ), and we have that

1; 2
/0 W dz = —In(1 — 2)Liy(z) In? x|(1)
1 : _
+/ In(1 — ) (2L12(x) Inz In(1—x) 12 x) de
0 T T

17. _ 190201 2
:2/ Lig(z)InzIn(l — x) dx—/ In“(1 —z)ln L
0

T T

1 -2 1 2 2
L In“(1 —2)1
Iz Li2(z +/ de}_/ (1 —z)ln’e
0 € 0 €

-
/ %m /01 In?(1 fxm) In? z e
(3

= 6¢(2)¢(3) — 11¢(5),

where the last equality follows based on part (c¢) of Lemma 3.3 and part (b) of Lemma 3.1.

(e) We have

1L'()12 112 . 2
[ (g S

n=1 n=1

(f) We need the following Landen formula for the Dilogarithm function Lis ([13, entry 10, p.
177))
Lig(z) + Lia(1 — ) = ((2) —InzIn(1 —z), =z € (0,1). (3.3)

We have, based on (3.3), that

[0 g Y ) s 2) ~ Lip(@)
0 0

B ! Lig(2) B ' Lig(2) e L2 () )
— 4(2)/0 - dx /0 - InzIn(1 )d /0 . d
= ((2)Liz(x )3 /0 LIQT(x)lnxln(l—x d %d

x
Lig (x) da

T

Inx

= C2)¢(3) - [—2L @ |

1 12 T
— e -2 / L) 4,

T

5/

) x—/ Lij
0
1 171:2 1
1 'L
HE) dm] _/
T 0

= ~20(2)¢(3) + 5¢(5).

where the last equality follows from part (¢) of Lemma 3.3. O
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1 1
Lemma 3.4. The generating function of the sequence (C(2) —-1- 2T 2) .
n n>1
The following equality holds
- 1 1\ , <2 — Liy(2)
;<C(2)—1—22 ————— n2>x =1, z e [-1,1).
. 1 1
Proof. We apply formula (1.1), with a,, = 2™ and b,, = {(2) — 1 — T —, and we have,
n
. 1 9 n_ T— gt
since by, — bp41 = m and A, =z+z°+--- 2" = EETr that
> 1 r , . x—at 1 1
;(“2)‘1‘22 """ n>f = Jim = <<<2>—1‘22 """ (n+1)2>
00 T J}n+1 1 1 T — xn-‘rl
+n§1 -z  (n+1)2 17357;1 (n+1)2
1 x—z"  ((2)x — Lisg(x)
S l-x ; n? 11—z ’
and Lemma 3.4 is proved. O
Lemma 3.5. The following formulae hold:
Linear and nonlinear Euler sums
>, H, 7t 5
- = —_—= - 4 N
oo
H: 7
(b) Y3 =5¢(6) = C(2)¢(3).
n=1
A mosaic of series with the tail of ((2)
1 1 1
@3 (@1 ) =
— H, 1 1 7
d — 2)—-1— = —---— — | ==C(4);
@ 3 ()1 gy ) = e
— H, 1 1
© 3 5 (€@ -1 g == 3 ) = <@) - <6

n=1

Proof.  (a) The proof of this series, due to the famous German mathematician Christian Gold-

bach, can be found in [11, pp. 239-240].

(b) This nonlinear harmonic series is recorded in [4, p. 24|, [10, p. 209], and it also appears as

problem 4.23 in [14], with a detailed solution on pages 394-395.

(¢) This is problem 3.20 in [5, p. 142], with a solution in [5, p. 178].
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(d) This is problem 3.62 in [5, p. 149], whose proof can be found in the same book on pages
211-213. An alternative solution is given in [§8]. Another method for proving this equality,
which is based on an application of Abel’s summation formula, can be found in [6]. We

give below a new solution which uses the special generating function given in Lemma 3.4,
1

H
combined with the formula / 2" tin(l—z)dr = — Tn’ n € N. For a history of this formula

0
and reference materials related to it the reader is referred to [5, p. 206]. We have:

ifi( _1_2% ..... n12>:—i/olx”_lln(l—x)dm(((2)—1—212 ————— nﬂ)

n=1 n=1

"n(1 — z) & 1 1
:_A (x )1;(«2)_1—22— n2>x”d:c
Lemma 3.4 ! J)C(Q) - LIQ(Z‘) 1 (1 - J)) dLIJ

0 1—=z T

_ /0 Lig(z) 2L =) gy /0 (C(2) - L Q(x))lnil__;) d
_ Lij@) | - n(l—z)
=27 - [ €@ i)t

1 31—
+,/ In"(1-z)
0 20 X

:_7T4_1/11n3(1—x)dx:_7r4_1/1 ln3xdaj
0 0

72 2 x 72 2 1—=x
_ 0 1ty =, 5 IS Y s
__ZCM)_?/O In :c(;m )dx_—4g(4)—2§6/0 " In® z dz
5 > 1 5 7

Another proof of part (d) is based on part (a) of Lemma 3.3, i.e. the identity ¢(2) — 1 —

1 1 bogn
BT = —/ T Inzdx, n > 1, combined with the generating function of the
n 0 — Qf

H, 1
sequence () , d.e. E —x = Lis(z) + 3 In?(1 —z), z € [-1,1) (see |10, entry (25),
n /) n>1

p. 216]). We leave the detalls to the interested reader.

(e) This part of the lemma follows from Euler’s series Z (see [11, p. 238]) and the

identity E 5— = ((2)¢(3) + ¢(5) (see [10, Theorem 6, p. 210], [14, Problem 4.25, p.
n
n=1

293]). O
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4 Proof of the main result

In this section we prove Theorem 2.1.

H2
Proof. (a) We need the generating function of the sequence (">

n n>1

o~ M . 1.y
Z et = Liz(z) — In(1 — x)Lis(z) — 3 In®(1—z), zel-1,1).
n=1

The previous formula is recorded in [15, entry (4.42), p. 401] and it can also be found in an

equivalent form in [10, entry (38), p. 222]. Then, we have, based on part (a) of Lemma 3.3,

that
2. H? 1 1 L H?2 [t g
n ) W R R n Inzd
”;n <<() 22 n2> n;n/() 1_mnzx

1 o0 2 1
_ _/ llnxm (Z finy) dz :/ 11“”; (;m?)a — )+ In(1 — 2)Lia(2) —Lig(x)) dz.
o L=z \/z o 1—

1
Let I be the previous integral. We calculate I by parts, with f(x) = 3 In*(1 —z) +In(1 —

. ) In?(1—x) Lig(z) In*(1—=x) Liy(z) Inx
Lis(z) — L () = — _ _ _ R
o)Lis(x) — is(a), /(@) = —— 2 2@ W ) ) = 1
g(x) = Liy(1 — z), and we have that
1 1
I=Lixy(1—x) [3 In*(1 — z) 4+ In(1 — z)Lis(z) — Lig(l‘):|
0
! In*(1 — Li In*(1 — Li
[ s [P0 L), 1) it
0 1-2z 1-—2z x x
_ /1 Lig(1 — ) In*(1 — z) o+ /1 Lis(1 — o)Lia(x)
0 1—=x 0 1—2x
N /1 Lig(1 — z)In*(1 — z) dz + /1 Lis(1 — 2)Lis()
0 z 0 x
! Lig(x)In® z ! Lig(2)Lig(1 — z) ! Lig(z)In®z
:/ 7dx+2/ —dx—i—/ ————dz = 2¢(2)¢(3),
0 T 0 x 0 1-2z
where the last equality follows based on parts (d), (e) and (f) of Lemma 3.3.
1 1 -
(b) Let r,, = (¢(2) —1— 3T ol We calculate the quadratic series Z H?r2 by Abel’s

n=1
summation formula (1.1), with ay = H? and b, = 2. A calculation shows that Vn > 1:

Ap =Y H}=(n+1)H; - (2n+1)H,+2n = (n+1)Hy,, — [2(n+ 1)+ 1]Hppr +2(n+1),
k=1
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and we observe that

bn _bn+1 :7’2 —T,?lJrl = m(Tn—‘rT‘nJrl).

‘We have

o o e
2.2 1 2 2 2 _ 2 2
E Hnrn - nh—>Holo AnrnJrl + § :A’ﬂ(rn - Tn+1) - E An(rn - rn+l)
n=1 n=1 n=1

Tn + Tnyl
(n+1)2

o

[(n+ 1D Hpq — [2(n+1) + 1 Hppy +2(n + 1)]

3
I
=

(H2,, 2 1 2
- Hn 4 n n
[n+1 n+1+(n—|—1)2 Jrlen—i—l (rn +7n1)

[HZ,, 2 1 2 1

ntl o H, — | (2r, S —
n+1 (n+1+(n+1)2> +1+n+1}<r+1+(n+1)2)
[ HZ2 2 1 2 1
”—(+2>Hn+} <2rn+2>
_TL n n n n

oo 00 0o oo
H? H? H, H,
=2) ) TE A e =2
n=1 n=1 n=1 n=1

M

3
Il
N

M

3
Il
—

M

3
Il
-

~ H, <=H, o= T, = 1
_22n3_2ﬁ+42%+22$

= 6(3) — C(4) + 2¢(5) + 2(2)C(3),

where the last equality follows based on part (a) of Theorem 2.1, part (a) of Lemma 3.1 and

Lemma 3.5. We used in the previous calculations that lim Anri 41 = 0. This can be proved,
n—oo

based on (2.1), as follows

A
. 2 T n T 2 _
A Anryey = lim (n41)2 nh_r>noo((n + D) L (n+1)2

, H? 2n+1 H, 2n
= lim - .
nsoo\n+1 n+1 n+l1 (n+1)2

5 Concluding remarks

We illustrate the identities given in Theorem 2.1 by some numerical examples given in the next

tables.

H? 1 1
Let u,, = 7" <C(2) —-1- 3T n2>’ n € N. In Theorem 2.1, part (a), we have proved that

n
ILm Z ur = 2¢(2)¢(3). For the right-hand side we have
k=1

2¢(2)¢(3) = 3.954608700.. ..
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and for the left-hand side we have the numerical results given in Table 11,

Table 1: Theorem 2.1, part (a)

n Z U,
k=1
100000 3.952885141...
200000  3.953653756 . . .
300000 3.953934247 ...
400000 3.954082231 ...
500000 3.954174493. ..
600000 3.954237863. ..
700000 3.954284244 . ..
800000 3.954319753...
900000 3.954347867 ...
1000000 3.954370713...

1 1)°
Let v, = H? (C(?) —-1- 5T 2) , n € N. In Theorem 2.1, part (b), we have proved that
n

lim > v =6¢(3) — %94(4) + 24(5) +2¢(2)¢(3). For the right-hand side we have
k=1
19 5
6¢(3) — - ¢(4) + 5¢(5) + 2((2)¢(3) = 3.ATTII87T6...

and for the left-hand side we have the numerical results given in Table 2

Table 2: Theorem 2.1, part (b)

n Z Vg
k=1
100000  3.475475488 ...
200000  3.476244100. ..
300000 3.476524591 ...
400000 3.476672575. ..
500000 3.476764837 ...
600000 3.476828207 ...
700000  3.476874588. ..
800000  3.476910097 ...
900000 3.476938211...
1000000 3.476961057 ...

1For the numerical calculations given in this section we have used Maple 13.
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n
The numerical data from the two tables above illustrate that the sequences (Z uk> and
k=1 neN

n
<Z vk> are slowly convergent to their limits.
k=1 neN

The calculation of series, linear and nonlinear, involving combination of harmonic numbers and
tails of Riemann zeta function values is a relatively new topic in the theory of series. This direction
of research has been extensively studied in recent years by Furdui [5, Chapter 3], Furdui and Vilean
[7], Hoffman [9], Sintdmarian and Furdui [11, Chapters 2, 3, 4, 7], Somu, Haw, Nguyen and Khanh
Tran [12] and Vilean [14, Chapter 4], [15, Chapter 4].

In general, the computation of such series is connected to the evaluation of linear or nonlinear
© 1k

Euler series, i.e., series of the form Z —=, where k > 1, m > 2 are positive integers; see [2-4,13]
n

n=1
and the references therein for more information about the evaluation of such series.

For the numerical calculations given in this section we have used Maple 13.
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ABSTRACT

We propose an algebraic method for the classification of
branched Galois covers of a curve X focused on studying
Galois ring extensions of its geometric adele ring Ax. As an
application, we deal with cyclic covers; namely, we determine
when a given cyclic ring extension of Ax comes from a cor-
responding cover of curves Y — X, which is reminiscent of
a Grunwald-Wang problem, and also determine when two
covers yield isomorphic ring extensions, which is known in
the literature as an equivalence problem. This completely
algebraic method permits us to recover ramification, certain
analytic data such as rotation numbers, and enumeration

formulas for covers.
RESUMEN

Proponemos un método algebraico para la clasificacion de
cubrientes de Galois ramificados de una curva X centrandonos
en el estudio de las extensiones de Galois de anillos de su
anillo de adeles geométricos Ax. Como aplicacion, en el caso
de cubrientes ciclicos determinamos cuando una extension
ciclica de anillos de Ax proviene de un cubriente de curvas
Y — X, situaciéon que evoca un problema de Grunwald-
Wang, y también determinamos cuéndo dos cubrientes dan
lugar a extensiones de anillos isomorfas, lo cual se conoce en
la literatura como problema de equivalencia. Este método
algebraico nos permite recuperar la ramificacion, ciertos datos
analiticos como son los numeros de rotacién y férmulas de

enumeracion para cubrientes.
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1 Introduction

The classification of finite extensions of the function field ¥ of an algebraic curve X is a long-standing
problem with roots in the foundational work of Riemann, Klein, Hurwitz, and many others. The
standard techniques for dealing with this question ultimately rest upon analytic methods in the

theory of Riemann surfaces, appearing often in the guise of complex algebraic geometry.

Here we present a purely algebraic alternative approach based on the use of algebraic extensions
of the geometric adele ring A x of an algebraic curve X over an algebraically closed base field k.
The motivation is the following fact: a finite Galois cover Y — X with group G naturally endows
Ay with an Ax-algebra structure together with an action of GG, which makes Ay a Galois ring

extension of Ax with group G in the sense of Chase-Harrison-Rosenberg (CHR) [4].

The main object in our toolkit is the Harrison set H(R, G), defined for any commutative ring R
and finite group G (see §1.2). It consists of isomorphism classes of Galois ring extensions with fixed

Galois group G. For abelian groups, H(R, G) can be itself endowed with a group structure.

Although there is a geometric interpretation of the Harrison set in the language of torsors and the
algebraic fundamental group, we choose to work with the Harrison group H(Ax, G) rather than
G-torsors over Spec(Ax), since describing the full spectrum requires ultrafilters, which unnecessarily
complicates matters. In our method we can avoid having to deal with the complete spectrum
([16, Lemma 3.13, Theorem 3.14]). For the interested reader, the survey [18] discusses the connections
between the algebraic foundation of CHR and subsequent generalizations or alternative points of

view, including the Galois-Grothendieck theory.

Using these algebraic methods, we classify the cyclic covers of X of prime order different from
char(k). As must be the case, we recover the bijection between algebraic curves which are finite

G-Galois covers branched over n points and conjugacy classes of n-tuples (g1, ..., g,) generating G

and satisfying Hgi =1.

(2

The essential tool for this is the Kummer sequence for ring extensions, described, for example,
in [8, Theorem 5.4] and, from the point of view of étale cohomology in [14, Chapter III, Proposition
4.11]. For readers accustomed to the latter, we can show that H(R,C,) ~ HZ (Spec R,C,,) when n
is coprime with char(R), thus establishing an equivalence with our approach (but see the remark

above regarding Spec(Ax)).

The paper is structured around three main themes: the first is determining when, for a prime p,
given a C,-Galois ring extension of A x, there exists a C,-Galois cover of curves Y — X (§2.1) which

gives rise to it in the sense explained below. We shall refer to this as the existence problem.

The second deals with what is known as an equivalence problem, in this case, for function fields of
algebraic curves over algebraically closed fields (see [19] for a current survey of many instances of

this question), namely, when two such covers induce isomorphic extensions of Ax (§2.2).
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The third, and final question we will deal with, is how geometric data (such as ramification,
analytic rotation numbers, enumeration of covers, etc.) can be recovered from the constructions by

completely algebraic means (§3 and §4).

The first two problems are solved in §2, by relating the Kummer theory of the function field ¥ with
that of its adele ring A x. To be precise, the map induced by tensoring with A x induces a group
homomorphism H(X,C,) — H(Ax,C,). The determination of its kernel and image by the exact
sequence (2.8) in Theorem 2.3 solves the existence problem and also provides the key to answering

the equivalence problem, which admits various forms (Corollaries 2.7, 2.9, and 2.10).

Motivated by the fact that the notion of ramification locus appears naturally in the correspondence
between finite extensions of the function field ¥ and covers of the curve X, we are led to consider a
refinement of (2.8) in §3. For a finite nonempty subset R of closed points of X representing the
ramification locus, we study the Harrison group of the ring corresponding to the affine curve X \ .
The main results are encapsulated in the commutative cube (3.10) of Theorem 3.2 and applied in

§3.2 to obtain various filtrations of Harrison groups by ramification.

The third question is taken up in the last section of the paper (§4), which presents various situations
illustrating how our algebraic approach indeed recovers interesting geometric information. In §4.1
we show how our study of the Harrison group corresponds with the classification of p-cyclic Galois
covers in [1] and [5]. In §4.2 we recover the enumeration formulas for p-cyclic covers with specified
ramification given in [10,12,13]. In §4.3 we show how our methods allow one to define so-called
rotation data purely algebraically in terms of the local Kummer symbols at ramified points. We

prove that for k = C, our definition coincides with the usual analytic notion (see, for example, [7]).

We believe that the approach presented here based on studying Galois extensions of the adeles,
and in general, of finite A x-algebras, provides an interesting alternative algebraic perspective on
several geometric problems, and, although limited here to cyclic extensions as an illustration, can

be adapted to more general situations.

1.1 Geometric adeles

Let X be a projective, irreducible, non-singular curve over an algebraically closed field k. Let ¥ be
the function field of X. The notation x € X will be used to denote a closed point. A, K., my, v,
will denote respectively the completion of the valuation ring at = € X, its quotient field, maximal

ideal, and the completed valuation. Since k is algebraically closed, the residue field is A, /m, = k.
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Recall that the adele ring A x is the restricted direct product

Ax = H/(KMAQE) = {(az)zex : oz € A, for almost all z € X}
zeX
equipped with the restricted product topology. Ay is the direct limit over finite subsets F' of

(closed) points of X containing an arbitrary fixed Fy,

AX ~ h&l AXJ:*7 AX,F = H Kx X H Ax (11)
FDFy, zeF zeX\F

The limit topology is generated by the neighborhood basis at 0 consisting of the sets H m7®, where

xr
(nz)zex runs over collections of non-negative integers n, such that n, = 0 for almost all z. It
coincides with the restricted product topology. A third characterization is in terms of the k-vector

subspaces commensurable with A} = H A, as considered by Tate.
zeX

The idele group Ix of invertible elements of Ax is the restricted product of K} with respect to the

unit groups A’ and also the direct limit li_n>111 x,r where Ix p = A% p.

1.2 Galois theory of rings

Let us give a brief overview of the Galois theory of commutative ring extensions. Standard sources
for this include [1,4,8]. A far-reaching survey of this topic and how it has evolved may be found
in [18]. We have extracted the following definitions and results from our previous paper [16] and

copied them here for the reader’s convenience.

We begin by recalling the definition of a Galois extension of commutative rings (taken from [4,

Theorem 1.3], which generalizes the classical case of fields.

Definition 1.1 (Galois extension of rings). A Galois extension of a commutative ring R consists
of a pair (S,G), where S is a commutative ring extension of R and G is a finite group which acts
faithfully on S by R-algebra automorphisms, with invariants S¢ = R, and satisfying one of the

following equivalent conditions (we only list the ones which we will use later on):

1) S is a separable R-algebra and the elements of G are pairwise strongly distinct.
2) The map h: S® S — Maps(G, S) given by h(s @ t)(g) = sg(t) is an S-algebra isomorphism.

3) If g € G with g # 1, for any mazimal ideal m of S there is some s € S such that g(s) Z

s mod m.

In this case we say that S is a Galois ring extension of R with Galois group G, or simply a G-Galois

extension of R.
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Recall that the notion of strongly distinct for a pair of morphisms of commutative rings f,g: S — T

means that for every nonzero idempotent e € T there exists s € S such that f(s)e # g(s)e.

We will denote Galois extensions S of the commutative ring R with group G acting via R-algebra

automorphisms as pairs (5, G).

Definition 1.2 (Kummerian ring). Let n be a natural number. A commutative ring R is n-
Kummerian if n is prime to char(R) and its unit group R* contains a distinguished n-cyclic

subgroup fi, .

A field K with char(K) prime to n containing the n-th roots of unity p, = p, (K*), is n-Kummerian

and this is the only possible choice of subgroup.

In our context, having fixed an algebraically closed field k, choosing ., = g, (k*), the group of
nth roots of unity in k, induces the structure of an n-Kummerian ring on any k-algebra R of

characteristic prime to n. This is compatible with k-algebra morphisms.

Note that for the adele ring, k C ¥ is diagonally embedded in A x and we also have copies of k in
each completion K. This is an example of how there may be infinitely many choices of subgroups

tn € R*, highlighting the need to specify one.

A particular type of cyclic Galois ring extensions of a Kummerian ring may be constructed as

follows.

Definition 1.3 ((G, x)-Kummer extensions). For a fized n-Kummerian base ring R, a (G, x)-

Kummer extension of R is a triple (R{u'/"}, G, x), where
R{u"/"} = R[T]/(T" — ),
with uw € R*, and G is an n-cyclic group which acts on S via the character x : G — u, € R* by
9(T) = x(9)T. (1.2)

That this in fact is a Galois extension is shown in [8, p. 20].

Definition 1.4 (Equivariant Isomorphism). Let R be a commutative ring and G a fized finite group.
Fori=1,2, let S; be a ring extension of R with a faithful action of G by R-automorphisms of S;.
We say that the pairs (S1,G) and (S2, G) are equivariantly isomorphic, or simply G-isomorphic,
via @, if ¢ is an R-algebra isomorphism ¢ : S1 = Sy such that pog=gop, forall g € G.

It is clear that a G-isomorphism preserves the G-Galois property of a ring extension. Harrison
showed how to classify the set of Galois extensions of a given ring R and group G with a fixed

action, via the following object.
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Definition 1.5 (The Harrison group [4, p. 67]). Given a group G, the set of all G-isomorphism
classes of G-Galois ring extensions S over a fized base ring R with a fized faithful action of G
is called the Harrison set of (R, G) and denoted by H(R,G). When G is a finite abelian group,

H(R, @) can be endowed with a group structure. In this case it is called the Harrison group.

We review some of the basic facts regarding group actions on modules over a ring R. Let R
be an n-Kummerian ring with distinguished subgroup u,, and S an R-module. Suppose G is a
finite abelian group of order n acting on S via R-module automorphisms. Its dual group G will
be identified with Hom(G, p,,) and its elements referred to simply as characters of G. We may
consider the decomposition of S with respect to the action of @, namely, for y € @, we define the

X-eigenspace (or isotypical component)
SX:={a€ S:g(a) =x(9)a, Vg € G}.

Projection onto the x-eigenspace is given by a,, = e, a, where e, is the corresponding idempotent

in the group algebra,
1 _
SalTeT > x(g7")g € RIG.

geG

We then have the decomposition

S=p s (1.3)

xE@
If G is cyclic of prime order and the action is nontrivial, then each R-module SX is nontrivial.

With regard to the decomposition (1.3), the product of two G-Galois extensions S;/R for i = 1,2 is
given by
S1- 8 = EP(SY @ %), (1.4)

X

where G acts on the summand S¥ ® S¥ via g(s1 ® s2) = x(g)(s1 ® s2). One checks that this
product factors through equivariant equivalence and thus defines the group law on the Harrison
group H(R, G).

The neutral element with respect to this product is the so-called trivial G-Galois extension, defined
by R(©) = @X R, considered as the set of maps from G to R under the standard sum and
product, and with the action of G given by g((ry)y) = (Tg+x)x Where g* denotes composition with

multiplication by g.

For simplicity, as in the following result, we will restrict the rank n to be a prime number p, different

from the characteristic of k.
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Definition 1.6 (G-primitive element). Let R be a p-Kummerian ring and S an R-algebra on which
a p-cyclic group G acts via R-automorphisms. Given a nontrivial character x : G = u, C R*, an

element o € S is called (G, x)-primitive if:

o 1.« aP~ !

S Qe is an R-module basis of S.

e g(a) =x(9)a for g € G, i.e. a € SX.
In this case we also say that o is G-primitive with character x.

The subject of primitive elements in ring extensions is in itself a topic which has been studied by
various authors (see [15,17]). In this regard, we cite the following result, which is [16, Proposition
3.21].

Proposition 1.7. Let S be a separable algebra over a p-Kummerian ring R on which the p-cyclic
group G acts via R-automorphisms with S¢ = R. Fix a nontrivial character x : G — wp € R*. For

an element o € SX, the following are equivalent:

~1 is an R-module basis of S.

1) «is (G, x)-primitive, i.e. 1,a,02,...,aP

2) aP € R*.

3) a is invertible in S.
If this is the case, then:

4) « generates SX as an R-module, and S is a free R-module of rank p.

5) The characteristic polynomial of a is Co(T) = TP — o € R[T|. It is separable and generates
Ann(a).

6) S is equivariantly isomorphic to the (G, x)-Kummer extension (Definition 1.3) (R{u*/?}, G, x)

foru=aP.
The basic result in the Kummer theory of ring extensions is the following, which is [8, Theorem 5.4].

Proposition 1.8 (The general Kummer sequence). For an n-Kummerian ring, R, fizing a nontrivial

character x : C, = un C R* yields an exact sequence of groups:

U(R.x)

1= 9 H(R, C,) — Pic(R)[n] — 1. (1.5)

Here i = i(g ) sends u € R* to the (Cn, x)-Kummer extension R{u'/"}, and the second map is

projection onto the x-eigenspace. This sequence is called the Kummer sequence.
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It follows from the Kummer sequence that if R is n-Kummerian and Pic(R) has trivial n-torsion,
then
H(R,C,) = 1 /pen (1.6)

and thus every isomorphism class of C,-Galois extensions of R contains a representative which is
(Cn, x)-Kummer. In particular this holds for the function field R = 3 and, more interestingly, also

for the geometric adele ring R = Ax ([16, Theorem 3.11]).

Remark 1.9. As in [16, Lemma 3.41], one sees that iR,y is equivariant with respect to the action

of Aut(C,) ~ (Z/(n))* by
be (Z/(n)" — (u— u’) € Aut(R*/R*™) (L.7)

and the group isomorphism x* : Aut(u,) ~ (Z/(n))* = Aut(C,) induced by x : C,, =5 pn, C R*.

Example 1.10. Let p be a prime different from chark. For a choice of nontrivial character
X : Cp — pp(k*), the Kummer sequence yields an isomorphism ¥*/3*P =5 H(X,C,) given by

sending f € ¥* to the Galois ring extension
Qp = B[T]/(T" - f) (1.8)

with action via g(T) = x(9)T, which is a (Cp, x)-Kummer extension. Thus, without loss of generality,
we may work with pairs of the form (Q¢,C,) when considering general representatives of elements

in H(X,Cp).

By Capelli’s Theorem, f ¢ ¥*P if and only if Q is a p-Kummer field extension of ¥. In this case
Cp is identified with the classical Galois group Gal(Qs/X). Recall that by the Kummer theory of
fields, every p-cyclic field extension of ¥ is of this form (see, for example, Birch’s paper in [3, Ch.
11, §2/).

P
If f € X*P, then Qy is the trivial extension Q0 ~ H ¥, and Cp is identified with a subgroup of the

symmetric group S, generated by a p-cycle, permuting the copies of X.

We shall also need the following construction of cyclic Kummer extensions due to Borevich.

Theorem 1.11 ([1, §8, Theorem 2|). For an n-Kummerian ring R and fized nontrivial character
X : Cn = tn C R*, there is a one-to-one correspondence between n-cyclic Kummer extensions S of
R and pairs (£, ), where £ € Pic(R)[n] and ¢ is an isomorphism ¢ : £2" =~ R.

The construction sends an n-cyclic extension S/R to the pair consisting of the eigenspace SX
together with the map ¢ : (SX)®" — SX" = §% = R, which is easily seen to be an isomorphism.
The inverse sends a pair (£, ¢) to the quotient of @5, £* by the ideal generated by @(£&") —£2™,

where ¢ runs over the elements of £.
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In fact, this correspondence induces a group isomorphism of H(R,C,) to the set of pairs (£, ¢) with

group law given by (£1,¢1) - (£2,92) = (£1 ® £2,01 ® 2) ([1, §11, Theorem 1]).

Definition 1.12 (Conjugacy of G-ring extensions). Let R be a commutative ring. For i = 1,2, let
S; be a ring extension of R with a faithful action of a group G; by R-automorphisms of S;. We
say that (S1,G1) and (S2,G2) are conjugate via (o, T) if ¢ : S1 = Sy is an R-algebra isomorphism
and 7 : G1 =5 Gy is a group isomorphism, such that pog = 7(g) o for all g € G1. We will denote
this relation by (S1,G1) ~ (S2,G2).

Note that the group isomorphism 7 is in fact determined by the R-algebra isomorphism ¢, namely

1

7(g) = g% = pogopt, although it is convenient to denote it as part of a pair (¢, 7) as we are

doing here.

Remark 1.13. If one looks at the definition, it is immediately clear that being a Galois extension

S/R is preserved by conjugation.

Definition 1.14. Suppose (S,G) is a ring extension of R with G a group acting faithfully by
R-automorphisms of S. Given an automorphism T € Aut(G) of G, we define the twist of (S,G) by
7, denoted by (S,G)7, to be the same ring extension S/R but with the action of G now given by

9(s) =7(g)s.

We will make use of the bifunctoriality of the Harrison group, as expressed in the following result

taken from [8, Proposition 3.10, Corollary 3.11].

Proposition 1.15. Given a homomorphism of commutative rings Ry — Ro and a homomorphism

7 : Gy — Ga of finite abelian groups, we have a commutative diagram

H(Rl, Gl) 7—**> I[’H(Rl7 Gg)
Ro®R, *l lR2®R1 - (19)
]HI(.RQ7 Gl) ? ]HI(.RQ7 Gg)
of group homomorphisms of Harrison groups.

In particular, conjugacy classes of n-cyclic Galois ring extensions correspond bijectively to the

quotient set of C,,-isomorphism classes of C,-Galois extensions modulo Aut(C,), i.e.

{Conjugacy classes of n-cyclic Galois extensions (5, G) of R} AL H(R, C”)/Aut(Cn)' (1.10)
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1.3 Covers as Galois ring extensions

Since our main goal is to characterize Galois covers of algebraic curves in terms of Galois ring
extensions of the geometric adele ring A x, we need to begin by giving a precise notion of Galois

cover of a curve. Note that we include covers which are not necessarily irreducible.

Definition 1.16 (Galois cover). A cover of projective, non-singular algebraic curves, 7 :Y — X,
where X is irreducible and 7 is separable, is said to be a Galois cover if the quotient of Y by the
action of Gal(Y/X) is X.

Define two covers Y — X, Y — X to be equivalent when there is a birational map between them
as schemes over X (i.e., there are dense open subschemes U', U of Y', Y respectively and an
isomorphism of U' and U over X ).

Given X as in §1.1, let Cov(X,C,) denote the set of isomorphism classes of p-cyclic Galois covers
Y — X, where we restrict to' Y having connected components which coincide with its irreducible

components.

Note that with this definition, ramification is allowed (in accordance, for example, with the definition
of finite Galois branched cover in [20, p. 125]). Then each equivalence class has a distinguished
representative that satisfies the additional property that its irreducible and connected components

coincide.

An idrreducible cover Y — X, determines a finite separable extension /% of function fields.
Conversely, given such an €2, the Zariski-Riemann variety Y of €2, whose set of closed points is the
set of discrete valuations on €2, determines a cover of X. This is the classical equivalence between
the category of finitely generated field extensions of k of transcendence degree 1 and the category
of nonsingular projective irreducible curves and nonconstant morphisms (e.g. [22, Theorem 0BY1]).
A general cover, which may not be irreducible, determines a finite separable ring extension §2 of X,
which is isomorphic to a finite product of field extensions. In this case Y is the disjoint union of
the corresponding Zariski-Riemann varieties of these fields and €2 is the total quotient ring of any

affine dense open subscheme of Y.

Example 1.17. Consider X = P* with homogeneous coordinates [xq,x1] and the following two

P
covers. First, Y = HX with the action of C, by cyclic permutation. Second, the cover Z C P?
given by the zeros of the homogeneous ideal generated by x§ — x} where [xo, z1, 2] are homogeneous
coordinates on P2, with action [xq, 1, z2] — [T0, 21, (T2] where ¢ is a pth root of unity. Observe

that Z is connected and birational to Y. The conditions imposed above are satisfied by Y but not by

Z.

The following is an algebraic version of [3, (14.2)], taking into account the non-irreducible case.
The reader may check that the proof (discarding the topological aspects) is analogous to the case

of a global field considered there.
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Theorem 1.18. Let 2 be a finite separable ring extension of ¥ and let Ay denote the ring of
adeles of Q). Then
AX ®EQEAY (111)

as Ax-algebras. Furthermore, A; is the integral closure of A} mn Ax Qs Q.

A Galois cover Y — X gives a finite Galois extension of rings /¥ of group Gal(Y/X). In this

case, the isomorphism (1.11) is equivariant with respect to the action of Gal(Y/X), and
ASHYTX) — p (1.12)

The following result expresses the basic correspondence between the Kummer theory of the function
field 3, the Harrison group of isomorphism classes of C,-Galois ring extensions of ¥, and covers of

the algebraic curve X as we have defined above.

Theorem 1.19. Let X/k be a projective, irreducible, non-singular curve over an algebraically
closed field k with char(k) # p and 3 its function field. There are canonical identifications

H(X,C,)

(z/27), "V aut(c,) = Cov(X.Cy), (1.13)

(Z/(p)" =

where (Z/(p))* acts on ¥*/X*P as in (1.7).

Proof. Recall that throughout we fix a character x : C, — p,(k*) that serves to determine the

action used in defining the Harrison group.

The first correspondence in (1.13) is a direct consequence of (1.6) and equivariance with respect
to the action of Aut(C,) (see Remark 1.9). Thus we focus on the second correspondence between

extensions and covers.

Given an element of H(X, C,), i.e. a class of C,-ring extensions of ¥, we may choose a representative
which is a (Cp, x)-Kummer extension, namely, of the form Q; = X[T]/(T? — f) as in (1.8), with
action via g(T') = x(g)T. As we discussed above, €y is a finite separable ring, isomorphic to a
finite product of field extensions of . Let Y be the disjoint union of the Zariski-Riemann varieties
of these extensions, endowed with the Cp-action induced by a given isomorphism. This determines
a cover m: Y — X as in Definition 1.16.

Note that f°, where b € (Z/(p))*, gives an equivalent representative in H(X,C,)/ Aut(C,) and does
not change Y, i.e. it yields the same cover.

Conversely, given a p-cyclic Galois cover 7 : Y — X, the localization of the morphism of Ox-
algebras Ox — m,.Oy at the generic point of X yields a p-cyclic Galois ring extension > — € and
thus a class in H(3,C,)/ Aut(Cp). O
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Remark 1.20. A fundamental reason for specifying the conditions on Galois covers as in Defini-
tion 1.16 is that, under the correspondence (1.13), the neutral element of H(X,C,) indeed maps to

the trivial cover in that sense (see also Example 1.17).

Given a cover 7 : Y — X, the ramification locus Ram() is the image of the support of the sheaf of
relative differentials wy-, x. Equivalently, it consists of the points z € X such that #7 ' (z) < deg(n).

For a finite subset of closed points $& C X, it is natural to consider

Covr(X,Cp) = {m € Cov(X,Cp) : Ram(m) C R}, (1.14)
so that
Cov(X,Cp) = U Covr (X, Cp). (1.15)
R

We will study the relation between (1.15) and (1.13) in §3.2.

Remark 1.21. As in the classical topological theory of Riemann surfaces, in the geometric case
an element of Covr(X,Cp) corresponds to a member m € Cov(X \ R,C,) which is unramified, i.e.

Ram(7w) = & (see [20, Theorem 4.6.4]).

2 Relating the Kummer theories of Ay and X

In [16] we extensively studied the structure of the Harrison group H(Ax,C,), classifying the p-cyclic
Galois extensions of the ring of adeles of the curve X. Now, by means of the Harrison group of its
function field X, namely H(X,C,), we can now relate this to the classification of p-cyclic covers of
X.

By Proposition 1.15, tensoring A x ®x — yields a canonical map
H(X%,C,) — H(Ax,Cp) (2.1)

which is equivariant under the action of the automorphism group Aut(C,). Our main goal in this
section is to study (2.1), since it encapsulates the relation between the classical Galois theory of

field extensions of ¥ with that of its adele ring Ax.

2.1 The fundamental exact sequence

The valuation vector of an idele u € Ix is defined as

v(u) = (vz(uy) mod p), € @ Z/(p). (2.2)

zeX
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Clearly the map v is a group homomorphism and, since k is assumed to be algebraically closed, we

have
I% =kerv: Iy — @Z/(p) (2.3)
(see [16, (3.29)]). We summarize several important facts in the following.

Proposition 2.1. There is commutative diagram of groups

/w2 e 2 @,

rzeX
i<2~x>J1 IJZ-(AX«) (2.4)

H(X,C,) X225 H(Ax,C,)

where the bottom arrow is the map (2.1) which centers our attention, and the vertical arrows are
the first terms in the Kummer sequences (1.5) of ¥ and Ax, respectively. In addition, (2.4) is
equivariant with respect to the action of Aut(Cp) ~ (Z/(p))* as in (1.7) for R=3 or R = Ax, and

the action on valuation vectors given by multiplication, i.e.

be (2/(p))" — ((vz)z) = ((bvz)z) (2.5)

Definition 2.2. Given an extension (B,C,) of Ax, the valuation vector v(B, G, x) of the triple
(B, G, x) is the image of the Cp-isomorphism class of (B,C,) under v o i(_Alx,X) as in (2.4).

The valuation vector of an extension is an invariant which is explicitly given by

v(B, G, x) = v(aP) = (v (a”) mod p),, € @ Z/(p), (2.6)
zeX
where « is a (Cp, x)-primitive element (Definition 1.6 and Proposition 1.7). The existence of the
latter is guaranteed by [16, Theorem 3.22|, where it is also shown that the definition does not
depend on the choice of a.
Note that for a (C,, x)-extension Ax{t'/?} = Ax[T]/(TP? — t) where t € Ix, the class of T is a

(Cp, x)-primitive element, and thus
v(Ax{t'/7},Cp, x) = v(t). (2.7)

In order to proceed with our characterization of Hyat1(Ax,Cp), we need an auxiliary result, which

is interesting in itself, and points out the role played by the geometry of the curve.
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Theorem 2.3 (The fundamental exact sequence for H(X,C,) and H(Ax,C,)). Let X/k be a curve
satisfying our initial hypotheses, namely, a projective, irreducible, non-singular curve over an
algebraically closed field k with char(k) # p. Fiz a nontrivial character x : Cp — up, C k* and
consider the Harrison groups H(X,C,) and H(Ax,Cp) of Cp-isomorphism classes of p-cyclic Galois
ring extensions of the function field ¥ and the adele ring Ax , respectively, where in both cases the

Cp-action is via x. Then there is a canonical exact sequence of groups
P *
0 — Ix OZ/E*;) — H(%,Cp) — H(Ax,Cp) — Z/(p) — 0. (2.8)

Proof. Our assumptions imply that the Picard scheme PicO(X ) exists and is a projective k-scheme

isomorphic to the Jacobian variety Jac(X).

Consider the commutative diagram (of groups)

0 — ¥*/k* — Div(X) — Pic(X) — 0

e b b

0 — ¥*/k* —— Div(X) —— Pic(X) —— 0

where Div(X) = @

to its divisor, i.e. sz( f)z, and the vertical maps are raising to the pth power in the first arrow

zex Z denotes the group of divisors on X, the map d sends a function f € X*

and multiplication f)y p in the other two. The Snake Lemma yields the exact sequence
: »* d, Div(X Pic(X
0 — Pie(X)[p] — Zge 4 PV gy = P prexy — 00 29)

where Pic(X)[p] denotes the p-torsion subgroup of the Picard variety of X, which is easily seen
to coincide with Jac(X)[p]. The map d sends a function f € ¥* to its divisor modulo p, i.e.,

Z vz (f)z mod p. By (2.3), we have
T

DiV(X)/p(DiV(X)) o HX/]IZ;( ~ D ) (2.10)

zeX

and therefore

Jac(X)[p] = ker(d) = { f e E*/E*p :0(f) =0mod p, Vze€ X} _IEn E*/E*p. (2.11)
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Finally, consider the commutative diagram corresponding to the degree map and multiplication

by p,
0 —— Jac(X) — Pic(X) %5, 72 —— 0

R
0 —— Jac(X) — Pic(X) 2%, 72 — 0
Now, the group Jac(X)(k) of points of Jac(X) with values in k is divisible [22, Proposition 03RP],

hence the first arrow is surjective and hence we obtain an isomorphism Pic(X)/p(Pic(X)) ~ Z/(p).

Thus using (2.4) we obtain (2.8). O

Corollary 2.4. Given a positive integer n and a divisor D € Div(X) with degree equal to a multiple
of n, there always exists a function f € ¥* such that D = (f) mod n.

Proof. As we have seen in the proof of the theorem, Jac(X)(k) is a divisible group. Thus, given a

divisor D € Div(X) of degree d € nZ and any point xg, the composition

Jac(X) (k) —"s Jac(X)(k) —F2=%0

Jac(X) (k)
is surjective. Hence there is some D’ € Div(X)" such that D — dzg + nD’ ~ 0, where ~ denotes

linear equivalence; that is, D — dxg + nD’ = (f) for some function f as desired. O

2.2 The geometric adelic equivalence problem

In this section we deal with the problem of characterizing when two p-cyclic Galois extensions of 3

have the same image under the map (2.1).

This problem is analogous to the so-called equivalence problem for global fields. The latter has a
long history, dating back to the 19th century with Kronecker and Hurwitz. It deals in general with
the question of when an invariant associated to a global field might classify it up to isomorphism.
For example, one may consider its Dedekind or Weil zeta function, the Galois group, or its adele
ring, leading to various related notions of equivalence and counterexamples where non-isomorphic
fields turn out to have the same invariant. The first example, concerning the Dedekind zeta function,
dates back to Gassmann. Komatsu and Perlis considered the Galois group and the adele ring. The
problem constitutes an active area of research to this day, see, for example, [19] for a survey of

these classical results and the current state of the art.

Definition 2.5. Denote by H,an1(Ax,Cp) the subgroup of H(Ax,C,) which is the image of H(X,Cp)
under (2.1).

We may describe Hyat1(Ax,Cp) as follows. Given a rational function f € ¥*, consider

Ax{£/7} = Ax[T)/(T7 - ), (2.12)
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where f = (f;), is the idele such that f, € K, is the germ of f at « and C, acts on the class of T
via y. Note that the class of T is a (Cp, x)-primitive element. By Theorem 1.18, Ax {f'/P} ~ Ay.

This motivates the following definition.

Definition 2.6 (rational (Cp, x)-Kummer extension of Ax). A p-cyclic extension of Ax which is

Cp-isomorphic to one of the form (2.12) will be called a rational (C,, x)-Kummer extension of Ax.

Thus H,a0(Ax, Cp) consists of the Cp-isomorphism classes of rational (Cp, x)-extensions of Ax. This

subgroup can be characterized as a kernel and a cokernel as follows.

Corollary 2.7. The exact sequence (2.8) splits into the following two short exact sequences:

0 — Hraa(Ax,Cp) — H(Ax,C) = @ 2/, — 2/,) > 0 (2.13)
zeX
4 * *
0— Iy N E/E*p — H(Z,Cp) ~ Z/E*p — Hratl(AX7Cp) - 0. (2.14)

Remark 2.8. As we mentioned above, the maps between Harrison groups are equivariant under the
action of Aut(Cp) and hence induce actions on the cokernel in (2.13) and on the kernel in (2.14),

which is isomorphic to Jac(X)[p] by (2.11).

The sequence (2.13) determines when a given adelic extension comes from a corresponding extension
of the function field. This may be regarded as an adelic analog of the Grunwald-Wang problem, in

the form given in [11].

Corollary 2.9. In terms of the valuation vector associated to a Cp-extension (B,Cp) of Ax

(Definition 2.2), the previous result translates to the following set of equivalences:
1) The class of (B,Cp) belongs to the subgroup Hyan(Ax,Cp).

2) The valuation vector v(B,Cp, x) = (v2) € P, cx Z/(p) satisfies

sz = 0 mod p. (2.15)
x

3) v(B,Cp,x) = v(f) for some function f € ¥*. In this case, (B,Cp,) is Cp-isomorphic to
Ax{fY/P} ~ Ax @5 Q; as in (1.8) and (2.12).

From (2.14) we see that it is possible to have non-isomorphic field extensions of ¥ whose adele rings
are (topologically)! isomorphic as A y-algebras. An example is given below. This can be considered
the analog for an algebraically closed base field of the known equivalence results for global function

fields, which were originally studied by Tate [21] and Turner [23].

'We do not discuss topologies on A x-algebras here; see [16] for details.
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Corollary 2.10 (Geometric equivalence problem). There is an exact sequence

0 = Jac(X)[p] = H(%,C,) » @ L/, = 0. (2.16)
rzeX

where the notation indicates zero-sum modulo p tuples.

In particular, when g > 0, this shows that the geometric adele ring is not enough in general to

classify %-extensions.
Proof. This follows from the exact sequence (2.14), recalling (2.11), and Corollary 2.9. O

We illustrate the negative answer to the geometric equivalence problem with the following explicit

example.

Example 2.11. Let k be an algebraically closed field of characteristic different from 2,3 and set

p=2. Let X be the normalization of the completion of the affine plane curve of equation
v = (u—1)(u+1)u (2.17)

as a closed subscheme of the affine plane Speck[u,v]. A routine computation shows that X is an
irreducible, non singular, elliptic curve of equation mox% = (x1 — xo)(x1 + o)1 n homogeneous
coordinates of the projective plane Projk[zg,z1,x2]. Let © € X denote the point X N (xg)p with
coordinates (0,1,0). Using the Abel map with base point o, the law group of Jac(X) given by
addition of divisors (or tensor product of invertible sheaves) can be transported to X and, in this
way, © turns out to be the neutral element of the composition law on X. The reader may recognize
in this construction the addition law in plane cubic defined geometrically by union of points and
intersection of lines. Since X has genus 1, Jac(X)[2] consists of p?9 = 4 points which corresponds

via A to © and the three affine points of X whose tangent is parallel to the line 1 = 0. That is,
Jac(X)[2] = {Ox,O0x((1,-1,0) — (0,1,0)), Ox((1,0,0) — (0,1,0)), Ox ((1,1,0) — (0,1,0))}.

Now, observe that X3, the function field of X, is the given by the localization (k[u,v]/(v? — (u —

1)(u + 1)u)) oy so that any function in ¥ can be obtained as a rational function on u,v. Let us
-1

consider the rational function f = =2 € X*. The divisor of f is given by

u

() = (“ 1) — (Il IO) — (21— 70)0 — (21)0 = 2(1,1,0) — 2(1,0,0)

u I

so that v, (f) = 0mod 2 for all z € X. Note that f ¢ X*2, since if f = h? for some h € X* then h

would be a rational function with exactly one simple pole and one simple zero, which would imply
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1
that the curve X has genus 0. Proceeding similarly with the function g == L_'—l’ one concludes that
u—

2 *
I[XQE/E*Q :{1)f7g?fg}

Hence, Theorem 2.3 implies that we have the following four non-isomorphic 2-cyclic Galois extensions
of X:

(1),

a1y gy

3T
(T =gy AT~ fay
The latter three are nontrivial and, when tensored by Ax, all yield trivial 2-cyclic Galois ring

extensions of Ax. Thus we have an example of four distinct elements of H(X, Ca) which map to the

identity element in H(Ax,Cs), in particular, they become isomorphic after tensoring with Ax.

3 The role of ramification

3.1 The fundamental cube

As we outlined in the introduction, we will now consider a finite nonempty subset R of closed
points of X, which will represent the ramification locus. By studying the Harrison group of the
ring of the affine curve X \ R, we obtain a commutative cube (3.10) which refines (2.8).

In [16, §2] we introduced a notion of ramification for an adelic algebra A x {t'/"} = Ax[T]/(T™ — t)
for an idele t € Ix and n coprime to char(k), which we now briefly describe. First, the ramification

locus of t is
Ram(t) = {z € X : (n,v.(tz)) #n} ={x € X : vy(t;) Z 0 mod n}, (3.1)

and the corresponding ramification index at x is

(n, vz (tz)) '

The vector ¢ = (e,) of integers is the ramification profile of t. Observe that Ram(t) = {z €

ey =

X : e, > 1} is a finite set. By [16, Theorem 2.19], isomorphism classes of Ax-algebras of the
form Ay {t'/"} are classified by their ramification profile, namely, Ay {t;*/"} and Ay {t,/"} are
isomorphic if and only if e; = es.

Recalling the notation in §1.1, when n = p is prime, it is straightforward to check (see [16, Lemma
2.13]) that = ¢ Ram(t) if and only if the K,-algebra K,{t,'/?} is isomorphic to p copies of K.
Since the latter is the neutral element of H(K,,C,), this is also equivalent to Ax{t'/?} lying in
the kernel of the canonical map H(Ax,Cp) — H(K,,C,).
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Since every Cp-extension of Ay is isomorphic to a (Cp, x)-Kummer extension, we have the following

stratification by ramification detailed in [16, §3.E, Corollary 3.75]:

H(Ax,C,) 11 Conjugacy classes of p-cyclic Galois extensions (B, G)

Y Aut(C,) (3.2)

RCX of Ax ramified at R

where R ranges over finite subsets of closed points of X.

In the following we recall the notation from §1.1. For a finite subset 8 C X (possibly empty)

AX79§ = H K$ X H Aw, ngq = A},%
zER z€X\R

In addition, we will also denote
Ag = H°(X \ R, Ox). (3.3)

Theorem 3.1. Let X/k be a projective, irreducible, non-singular curve over an algebraically closed
field k with char(k) # p, and @ C R C X be a finite nonempty subset (of closed points). The

Harrison group H(Aw,Cp) is characterized as
H(Ax,Cp) ~{f € Z7/(E%) : vs(f) = 0 mod p, Va ¢ R} (3.4)

Proof. Consider the exact sequence of sheaves
02 0% =X =>X"/0% — 0, (3.5)

and restrict it to the open subscheme X \ R. From its long exact sequence of cohomology one
obtains

0 — X* /A% — Div(X \ R) — Pic(X \ R) — 0.

Observe that, since we assume R to be nonempty, X \ R is affine, equal to Spec(Ag;). This yields
the following analog to (2.9):

: x* Ll _ Div(A
0— PlC(Am)[p] — /A;{(E*)p — X/HXQQ]IT;( — IV( m)/p(DIV(Am)) —0 (36)
On the other hand the Kummer sequences (1.5) yield

0 —— Asy/ Az yp — H(An,C,) —— Pic(An)[p] —— 0

[ % J (3.7)

0 —— ¥ (gryp —— H(E,C)) 0 0,

where VU is induced by ¥ ® 4,, — and injectivity of the left vertical arrow is clear. The Snake Lemma
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yields
0 — ker U — Pic(An)[p] LN Z*/A;%(Zﬁﬁ)p — coker ¥ — 0,

where § denotes the connecting morphism. Observe that § coincides with the map on the Lh.s. of

(3.6). From the injectivity of the latter, we conclude that ker ¥ = 0 and
_ _ _I
coker § = coker U =Im ¢ = X/]Ix,mﬂ& (3.8)
Hence, one has the commutative diagram

0 —— A/ gz p — H(An,C,) —— Pic(dn)[p] —— 0

1
A¥ * *
0 — (s — "z — > T Az~ 0

which after another application of the Snake Lemma, using (3.8) yields

LN I
0 — H(An,Cp) — /(2*)1) — X/]IX,ERHI))( — 0, (3.9)

from which (3.4) follows immediately. O

Theorem 3.2. Let X/k be a curve satisfying our initial hypotheses, namely, a projective, irreducible,
non-singular curve over an algebraically closed field k with char(k) # p. For each finite nonempty

subset R C X, we have the following commutative cube:

5 I
Az Ik )
H(Aiﬁvcp) H(Ax,macp)
(3.10)
> I
/(5 Y \
H(Z,Cp) H(AX7CP)
where the notation is as above. Moreover, the front face of this cube is a cartesian square:
H(Am, Cp) ~ H(Z,Cp) X H(AXﬂ‘th)a (311)

H(Ax aCP)

Furthermore, (3.10) is equivariant with respect to the action of Aut(C,) on the various objects, as

described in Proposition 1.15 and (1.7).



CUBO

Cyclic covers of an algebraic curve from an adelic viewpoint 281

28, 2 (2026)

Proof. The diagonal maps come from the Kummer sequence (1.5), while the horizontal and vertical

maps arise from the functoriality of H(—,C,) in (1.9) and the following (cartesian) diagram:

Am e Axg{

J l (3.12)

¥ — Ax.

The three diagonal isomorphisms follow from the triviality of the respective Picard groups of Ax s
and Ax, shown in [16, Theorem 3.11] (and the field case for ). It is easy to check the injectivity
of the vertical maps in back. That of the front right vertical map now follows from the one in back.
Finally, the injectivity of H(Ax,C,) — H(X,C,) is part of (3.9), which was the injectivity of the
map denoted by ¥ in the proof of Theorem 3.1. Combining (3.9) with the front and right faces
of (3.10) we obtain

VG I
0 —— H(An,Cp) —— H(E,Cp) —— X/JIX,mH‘;( — 0

J J |

I
0 — H(Ax x,C,) — H(Ax,C,) — X/]Ix,mﬂgg — 0,

from which (3.11) follows. O

Corollary 3.3. There is an isomorphism from the direct limit over finite nonempty subsets R C X

of the top floor of (3.10) to the bottom floor.

Proof. The statement is straightforward for the right face of the cube, and for the left face, it means

that
H(S,Cy) = lim H(As, C,), 2/(2*),) ~ @Am/(%)p_
R R

The first follows from (3.9), and the second is then a consequence of this and (3.7). O

3.2 Algebraic vs. geometric ramification

The results of the previous section now let us take ramification into account in the Harrison groups
of Cp-extensions of both ¥ and Ax, allowing us to filter by ramification. We end by establishing the
concordance between the algebraic and geometric notions of ramification (Proposition 3.13), which
underlies the various geometric applications explored in §4. Keeping in mind (2.4), Definition 2.2
and (2.7), and that any class of Cp-extensions of Ax is represented by a (Cp, x)-Kummer extension

(see (1.6)), where the character y has been fixed beforehand, the following notions are well-defined.
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Definition 3.4 (Ramification for Cp-extensions of Ax). Given a class of C,-Galois ring extensions

B € H(Ax,C,), we define the ramification locus of B and the corresponding valuations and indices
b

Y Ram(B) := Ram(t), v,(B):=wv,(t), e(B):=e,, (3.13)
where t € Ix is such that B is represented by the (Cp, x)-Kummer extension Ax{fﬁl/p}.

Corollary 3.5 (Ramification filtration by subgroups). Ramification provides us with a natural

filtration by subgroups:

H(Ax,Cp) ~ h_;)nH(Axm,Cp) ~ %{B € H(Ax,Cp) : Ram(B) C R}. (3.14)

For a given finite subset R C X,
#{B c H(Ax,C,) : Ram(B) C R} = p*™. (3.15)

Proof. For a finite subset R C X, we conclude from the isomorphisms on the right face of (3.10),

that the following diagram is commutative.

H(Axn,Cp) —— HX’“/(]IX’ER)P — Baem Z/(]o)

J [ [ (3.16)

H(Ax,Cp) —— Ip 0 —— @.ex )

where, by Corollary 3.3, the bottom row is the limit of the top row. Thus, by observing that the

following three conditions are equivalent,
1) BeH(Axn,Cp),
2) Ram(B) C R,
3) vy (B) =0 mod p for = ¢ R,
we obtain (3.14) and (3.15). O

Corollary 3.6 (Stratification by ramification). There is a natural stratification of sets, indexed by

ramification:

H(Ax,Cp) ~| |{B € H(Ax,C,) : Ram(B) = R} ~| | (Z/(p))*. (3.17)
9% 95‘ Py

For a given finite subset R C X,

#{B c H(Ax,C,) : Ram(B) = R} = (p — 1)#™. (3.18)
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Proof. This follows analogously to the above by observing that the following three conditions are

also equivalent:
1) B e H(AX;R, Cp) \ Ug{/gm H(AX,DQU Cp)7
2) Ram(B) = R,

3) v (B) =0 mod p if and only if x ¢ R. O
In view of (3.16), for a finite (possibly empty) subset 8 C X, we may express the conditions
Ram(B) C R and Ram(B) = R respectively by

(v2(B))zex € @ Z/(p), (va(B))zex € @(Z/(P))*a
TER TER
if no confusion arises. We will also need to define a corresponding notion of ramification for

Cp-Galois ring extensions of the function field X.

Definition 3.7 (Ramification for C,-extensions of ¥). Given a class of C,-Galois ring extensions

QN e H(X,Cp), we define the ramification locus Ram(S) of Q via the map (2.1) as Ram(Ax ®x Q).

Remark 3.8. For f € £*, consider, as in (1.8), the C,-extension of ¥ given by Qy = L[T]/(T? — f)
with Cp-action by g(T') = x(g9)T, where x : C, = pp(k*) is a fived character. Then, from the
definition and (2.7), we have

Ram(Q) = Ram(Ax ®xQ;) = Ram(Ax {f/?}) = Ram(f) = {z € X : v,(f,) # 0 mod p}, (3.19)

where t = (fy). € Ix is the idele of germs as in (2.12).

Definition 3.9. The subset of classes of Cp-Galois extensions of ¥ with ramification contained in
R will be denoted by
Hx(X,C,) = {Q € H(X,C,) : Ram(2) C R}.

With a slight abuse of notation (recalling that the front face of (3.10) is a cartesian square), note

that Ram(€2) is the intersection of the finite subsets /% C X such that Q € H(Ax,C,).

Proposition 3.10.
H(Ax,Cp), if R is nonempty,
Hy (X, Cp) = g (3.20)
Jac(X)[p], ifR=2.
Proof. If R is nonempty, this follows from Corollary 3.3 and (3.11), while if R = & then it follows
from Corollary 2.10. O
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Remark 3.11. A posteriori, it follows that Hn (X, Cp) is in fact a subgroup of the Harrison group
H(X,C,), and there is a filtration by ramification

H(S,Cp) = lim Hyx(£,C,) = limg {Q € H(E,C,) : Ram(Q2) € %} (3.21)
R R

analogous to (3.14).

Proposition 3.12. For a given finite subset R C X, we have the following refinement of (2.16)
filtered by ramification:

 Z
0 — Jac(X)[p] = Hr(%,Cp) — @ /(p) — 0. (3.22)
TER
Proof. This follows by combining (2.16), (3.20) and (3.21). O

We can now relate the geometric notion of ramification of a cover of an algebraic curve with the

corresponding algebraic definition that we have given for extensions of its function field.

Proposition 3.13. If a p-cyclic X-ring extension (§2,Cp) corresponds to the cover m:Y — X as
in (1.13), then
Ram(2) = Ram(m). (3.23)

In particular, for a finite subset R C X,

Hm(z’cp)/Aut(Cp) = Covr (X, Cp) (3.24)

with notation as in (1.14).

Proof. With notation as in Example 1.10 and the proof of Theorem 1.19, it suffices to check that for
f € X*, we have Ram(€Q;) = Ram(w). Recall that, by (3.19), Ram(Q) = {z : v, (fs) # 0 mod p}.

e—1

Noting that in general (wy,x )y =~ (wy/i)/(m5

wx/k) where e is the ramification index at x = 7 (y),

there are two cases to consider:

o If vy (fy) # 0mod p, then T? — f, is irreducible in A,[T], hence the class of T is a local
parameter, provided that v, (f;) > 0. In this case, by uniqueness of extensions of valuations,
we have v, (f;) = pvy(T) where y is the unique point in #=!(z). Thus x € Ram(nm). If

vz (fz) < 0 then the argument is similar with 7! as local parameter.

p—1
o If v, (fz) = 0mod p, and v, (f;) > 0, then TP — f, splits completely as H (T - Cif;/”)
i=0

where ( is a primitive pth root of unity and f;/ P is any choice of pth root in A,. Now
71 (x) = {y1,...,yp} and for each i we have v, (f;/p) = vy, (T). Hence z ¢ Ram(n). The

case where v, (f;) < 0 is similar.

Finally, (3.24) follows from the previous results and (3.11). O
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Corollary 3.14. Let p be a prime number. Let X be a smooth, irreducible, non-singular curve
over an algebraically closed field k of characteristic different from p. Let R C X be a finite subset

of closed points containing at least two elements. Then there exist:
1) An irreducible p-cyclic Galois cover of X whose ramification locus is exactly R.

2) An irreducible polynomial TP — f € 3[T] which is ramified exactly at the points of R and

whose Galois group is Cp.

Proof. This follows from the previous result and Corollary 3.6. We need R to have at least two

elements so that we can have non-zero valuations which sum to 0. O

4 Geometric applications

The previous sections, concerned with C,-Galois ring extensions of the function field ¥ and the
corresponding adele ring A x, allow us to recover some classical geometric results regarding p-cyclic
Galois covers of an algebraic curve. Since we employ purely algebraic techniques, this is done
without any underlying appeal to the analytical and topological theory of Riemann surfaces, as is

the case in the standard approach.

4.1 Classification

We can give a second proof of Proposition 3.13, relating algebraic and geometric ramification, by
a direct argument of independent interest, since it shows the concordance of two points of view,
namely Borevich’s correspondence given in Theorem 1.11 (and sketched following its statement)
and that of Cornalba in [5, Lemma 1|. We refine these constructions to take into account a specified

ramification locus R, via (3.24), with notation as in §3.2.

Proposition 4.1 (Proposition 3.13 via Borevich and Cornalba). For a finite subset R C X,
%(Z’Cp)/Aut(Cp) pa COVm(X, Cp) (41)
Proof. Cornalba [5] showed that there is a bijection of sets

1:1 (L, D) where D € Div(X) is an effective divisor and £ € Pic(X)
Cov(X,Cp) e ~ (4.2)
is a line bundle with £P ~ Ox (D)

where two pairs are defined to be equivalent, denoted by (L1, D1) ~ (L2, D3) with D; = Z alx,

zeX
if there exists 1 < b < p such that:
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e bal = a2 mod p for all z € X,
o L8~ [, (Z cmx> with bal = c,p + a2 for each z € X.

In this correspondence, Y is not required to be irreducible. Indeed, the trivial cover Y = [[’ X
corresponds to the equivalence class of the pair (Ox,0). In addition, a given cover m € Cov(X,Cp)
corresponding to a pair (£, D) has ramification locus Ram(7) equal to supp(D).

Fix a character x : Cp, — pp,(k*), that determines the actions used in defining the different Harrison
groups involved, as well as a finite subset R C X.

Let © be a Cp-ring extension of ¥ with % D Ram((2), i.e. whose class lies in Hn(X,C,). By (3.20)
and (3.21), SR may be assumed nonempty and €2 € H(Ax,C,). The unramified case, where R = &,
is easily seen to follow from the general result.

Under Borevich’s correspondence, there is a pair (£, ¢) associated to €2, where £ € Pic(An)[p] and

@ LB 5 Ag. The exact sequence

P Za; - Pic(X) = Pic(X \ R) — 0,

x; ER
shows that there exists £ € Pic(X) such that £[x\,s ~ L. Then, applying Lemma 30.10.6
[22, Lemma OFDO| to ¢! : Ox\ot = L®(P) shows that there exists an effective divisor D with

support contained in R and a morphism of O x-modules
¢ 1:Ox(—D) — £2P
whose restriction to X \ R coincides with ¢ ~!. Choosing a suitable D, it can be assumed that @—*

is an isomorphism. Write D = pE + D for divisors E, D with support contained in % and such

that D = Z a;z; with 0 < a; < p—1. Then, ¢ yields
T, ENR

(&(-E))®" ~ Ox(D).

It is straightforward to check that the pair (£(—FE), D) is the data associated by Cornalba to the cover
corresponding to the extension Q and that its branch locus is {x; € R : a; # 0} = supp(D) C fR.
Thus we obtain an element of Cove (X, C,). If one chooses another character, the resulting pair is
equivalent in the sense of (4.2).

Conversely, let (£, D) be associated to an element of Cove(X,Cp) as in (4.2); thus R D supp(D).
Fix an isomorphism ¢ : L% ~% Ox (D), which is unique up to k*. Restricting to the open subset
X\R, let £:= HY(X\R, L) € Pic(An) and ¢x = @[ x\ : £ =5 Ax. Since X \ R is affine with
ring Agy, we obtain a Borevich pair (£, ¢mn), which then corresponds (via the choice of character x)

to an element of H(Ax,C,) = Hx(X,Cp).
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CUBO

Cyclic covers of an algebraic curve from an adelic viewpoint 287

28, 2 (2026)

Note that a different choice of character yields a conjugate extension, not necessarily an isomorphic

one. Thus we obtain an element of Hx (3, C,)/ Aut(Cp). O

Theorem 1.19 gave a geometric description of the Harrison group H(X, C,) and now, with the previous
discussion in mind, we obtain the following geometrical interpretation of its image Hyat1(Ax,Cp)

inside H(Ax,Cp).
Theorem 4.2. There is a canonical bijection of sets

Cov(X, Cp)/Jac(X) [p] ot Hrant (A, Cp)/Aut(Cp)' (4.3)

Proof. First observe that Jac(X)[p] acts freely on the right hand side of (4.2) since L € Jac(X)[p]
acts by sending a pair (£, D) to (D, £ ® L) and, thus, we conclude that

Cov(X, Cp)/Jac(X)[p] &5 { D € Div(X) such that deg(D) = 0 mod p }/N )

where Dy = Za;x and Dy = Zaix are equivalent if there exists b € (Z/(p))* such that

xr x
bal = a2 mod p for all .

On the other hand, recalling (2.10) and (2.13), it is clear that
Hyat1(Ax, Cp) =~ { D € Div(X) with coefficients in Z/(p) such that deg(D) = 0 mod p } .

Finally, from (2.11) one has an isomorphism Jac(X)[p] ~ IX. N ¥*/2*P, and now the statement is
deduced from the exact sequence (2.14), recalling Remark 2.8. O

4.2 Enumeration

Theorem 4.3. Let X/k be a projective, irreducible, non-singular curve of genus g over an alge-

braically closed field k with char(k) # p. For a finite subset R C X with r points,
1) The number of nontrivial unramified p-cyclic covers m € Cov(X,Cp) is

p? -1
p—1"~

(4.4)

2) The number of nontrivial p-cyclic covers m € Cov(X,C,) with ramification contained in ‘R,

assuming R nonempty, is
p29+r71 -1

4.5
— (45)
3) The number of nontrivial p-cyclic covers m € Cov(X, Cp) with ramification equal to R, assuming

R nonempty, is

P (o= 1)+ (=1)7). (4.6)
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Proof.

1) By (3.20), we have Hy (X, Cp) = Jac(X)[p], which has p?9 elements. Note that the isotropy
subgroup of a class in Hg (X, C,) under the action of Aut(C,) == (Z/(p))* is either trivial or
all of (Z/(p))*. Observing that the former only holds for the trivial cover and recalling (1.13)
yields (4.4).

2) Combining (2.16), Corollary 3.5, and (3.23), Hx (3, Cp) has p?9T7~1 elements. Reasoning as
before, we obtain (4.5).

3) Considering again (2.16) and the stratification by ramification (3.17), the number of elements
in H(X,Cp) with ramification exactly equal to R is p29 times the number of solutions to the
congruence

vi+--+v.=0modp, wvi,...,v. €(Z/(p))",
which is given by
1
;((p )"+ (=1)"(p—1)). (4.7)
To see this, for a subset A C R, let h(A) be the number of tuples v : R — Z/(p) with
support equal to A, i.e. v(z) Z 0mod p if and only if x € A, and satisfying Z v(x) =

TENR
0 mod p. We want to compute h(R). Set H(A) = Z h(A), which is the number of zero-
BCA
sum tuples with support contained in A. This is easily seen to equal p#4~1 when A is

nonempty and 1 when A = &. Note that this only depends on the cardinality of A. By
Mobius inversion, h(A) = Z (-1)#*A=#BH(B). Rearranging by cardinality we obtain
BCA

T
r
h(R) = (-=1)" + Z <k‘) (—=1)""*p*~1, which simplifies to the given formula.
k=1
In this enumeration we are not counting the class of the trivial extension, since it is unramified

and we assume R is nonempty. Noting that Aut(C,) acts freely on every class with prescribed

nonempty ramification R yields (4.6) after dividing by p — 1. O

Alternatively, (4.6) may be deduced from (4.4) and (4.5) by an analogous process of Mobius

inversion, which leads to

29+k—1 _

P (T kP
) = (P 3 ()

p

and simplifying. In either case (2.16) is the starting point.

Note that (4.4) is [13, Theorem 3| and is also found on [9, p. 490] and the first formula of [10, Theorem
7], while (4.6) is on [9, p. 500] and is the second formula in [10, Theorem 7|. These papers use
different methods, although they ultimately rely on the properties of the fundamental group of a

Riemann surface, as is common in this kind of problem. Thus we think it is interesting to point out
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that our approach, avoiding the dependence on the classical topological or analytic structure, allows
us to generalize several aspects of p-cyclic Galois covers, such as classification and enumeration, to
any algebraically closed base field of any characteristic (different from p) via the Galois theory of
the adele ring. We may also deal with the general abelian case using these tools.

The reader may compare our methods to the references above, for example, (4.7) is [12, Lemma 3]

although we have arrived at this congruence via quite a different path.

Corollary 4.4. There exists a p-cyclic Galois cover of X with exactly r > 0 ramification points,

except in the following two cases: g =0 andr =0, or g >0 andr = 1.
Proof. This is immediate from the formulas in Theorem 4.3. O

Recall that the Hurwitz existence problem is the question of whether a certain set of numerical data
associated to a curve X, foremost among these the Riemann-Hurwitz relation, is in fact realizable
by a cover Y — X. This problem has been extensively studied, beginning with Hurwitz himself. It
is known that for genus g > 0 the answer is affirmative (major advances were made in [6] and many
remaining cases dealt with later on), while the case g = 0 reduces to 3-point branched covers of the
Riemann sphere and remains a difficult question. In particular, when g > 0 and r = 1, although as
we see above, there are no p-cyclic Galois covers, other covers do exist as predicted by these general
results. For g = 0 and r = 2, (4.6) says there is a unique p-cyclic cover. For r = 3 there are p — 2

such covers.

4.3 Rotation data

In this section we give an algebraic definition of rotation numbers (Definition 4.5), and using the
Kummer pairing at ramification points, we prove that for k = C it coincides with the classical one
for the case of a compact connected Riemann surface. To achieve this, we begin by considering the
following classical construction of a p-cyclic cover of the projective line, which is standard in the
literature (see e.g. [2, §5] and especially [7, §1]).

Set k = C, X = P!, p a prime number, and R := {z1,...,7,} a finite set of distinct points of X.

Let Y be the normalization of
Y= flz) = (z —z1)" - (2 — )", (4.8)

where 7 : Y — X maps (z,y) to z, and the exponents v; satisfy 0 < v; < p and Z v; = 0 mod p

i
(the latter is equivalent to being unramified at oo). Observe that the Riemann-Hurwitz formula
implies that r > 1 in the above expression for f(x).

Fix a nontrivial character x : C, = pp, € C* and let ¢ = x(1) € pp, which is a primitive pth root of

unity. This defines an action of C,, on Y where 1 acts via the automorphism

7 (x,y) — (z,Cy). (4.9)
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Thus 7 is a generator of Gal(Y/X), and allows us to identify C, with Gal(Y/X).
If we assume that ged(vy,...,v,) =1, then Y is irreducible and Ox — 7.0y at the generic point
is

Y= C(x) = Qp = Zy]/ (" — f(=)),

as considered in Example 1.10. This is what we termed a (Cp, x)-Kummer extension (Definition 1.3).

Thus 7 : Y — X is a p-cyclic cover with ramification locus
Ram(7) =R = {z1,..., 2},

having ramification index at x; equal to p/(p,v;) = p. Thus 7 defines a class in Coven(X,C,) and
the class of {2y is an element of Hx (X, C,), related via the correspondence in Proposition 3.13.
Let us now change our point of view to the geometric adele ring. Under the canonical map (2.1),
the corresponding adelic algebra Ay = Ay {f!/P} is a rational (Cp, x)-Kummer adelic extension of
Ax (Definition 2.6), hence lying by definition in H,au(Ax,C,). The characteristic polynomial of y is
equal to Cy(T') = T? — £, and thus the associated valuation vector of this extension (Definition 2.2)
is
v; mod p, = =ux; €R,

(Vz)e = V(Ay,Cp, X) = (v (f))z =
Omodp, z¢NR,

where we take as y-primitive element the class of T' modulo 7?7 — f. This invariant satisfies

szEOmodp

in accordance with Corollary 2.9. Recall that these invariants classify (Cp,x) adelic extensions and
hence p-cyclic covers.

In the classical theory of Riemann surfaces, one considers the so-called rotation numbers. These
are defined in terms of the automorphism 7 given by the action (4.9), namely, choosing ¢ = €27%/?,
in a neighborhood of a branch point = (z;,0) one sees that 7 rotates a small disk around this
point by an angle 2mp, /p; the integer p, mod p is the corresponding rotation number. A simple

calculation shows they are the inverses modulo p of the valuations v,:
PzVz = 1 mod p. (4.10)

The usual approach based on complex analytic and topological methods (for example, [7]), classifies
the p-cyclic branched covers of the punctured Riemann sphere in terms of the rotation data (p.)ze9.
On the other hand, in §2.2, we have already classified p-covers in arbitrary characteristic prime to
p in a purely algebraic manner, reflected explicitly in the valuation vector (v,),. To complete the

algebraic picture, we will show how both the valuations and the rotation data arise naturally from
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the local Kummer symbols at each ramified point = € fR. For this we need to recall some notions
introduced in [16].

For x € R, by Kummer theory, there is a unique (up to isomorphism) abelian extension E, of
K, of exponent p, generated by adjoining the pth root of any non pth power in K,. This is the
algebraic analog of the classical Puiseux series expansion in the theory of Riemann surfaces, since,

for example, K, ~ k((z,)) where z, is a uniformizer at 2, and the local valuation v,,
ker (K;; N A Z/(p)) = {\:v,(\) = 0mod p} = K77, (4.11)
induces an isomorphism K}/K* ~ Z/(p). Now, we have the Kummer perfect pairing for E,,

(0.30 = 280 - G,/ ) K g — (112)
where A/? is any pth root of A in E,.

Now, as we saw in §1.3, the isomorphism Ay ~ Ax ®x Q (1.11) is equivariant under the action of
Gal(Y/X). Thus an automorphism 7 of Y/X can be restricted to each fiber of the cover 7 : Y — X.
In particular, for a ramification point x € R, 7 induces an element 7, € Gal(E,/K,) in each local
Galois group.

The explicit computations with local Kummer symbols carried out in [16, §3.E] lead to the following
algebraic definition of rotation data, valid over any algebraically closed base field k of characteristic

prime to p.

Definition 4.5 (Algebraic rotation data). The algebraic rotation data for an automorphism T of a
p-cyclic Galois cover w: Y — X with ramification locus R is defined by
(loge (s 22)2) o0 € L] 2/(0), (4.13)
TENR

where log, is the discrete logarithm associated to a fized primitive pth root of unity .

Proposition 4.6. The algebraic rotation data for a nontrivial automorphism T of the superelliptic
curve (4.8) coincide with the classical analytic rotation data, under the assumption that x(7) = (,

where we identify C, with Gal(Y/X) as above.

Proof. This follows from [16, Proposition 3.79], which together with our choices of x, 7 and ¢ show
that the numbers log, (Tw, 22) 2 are indeed the inverses modulo p of the valuations v, = v, (f) and

thus by (4.10) are equal to the rotation numbers. O

Remark 4.7. Note that (4.13) depends not only on the automorphism 7 but also on the choice
of primitive pth root of unity ¢, and that the relation x(7) = ( is needed for the equivalence in
Proposition 4.6. In general it would hold only modulo a constant multiple in (Z/(p))*.

Thus, the equivalence class of R-tuples as in (4.13) modulo the action of (Z/(p))* by multiplication
(see, for example, [16, Theorem 3.71]) is independent of these choices.
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1 Introduction

All Riemann surfaces in this paper are compact. A symmetry of a Riemann surfacX = H/! of
genusg! 2, where! is a Fuchsian surface group, is just an antiholomorphic involution! " G =
Aut* (X). The set of points Pxed by! consists of no more thang+ 1 disjoint simple closed curves
called ovals see Harnack [15]. If the seX \ Fix(!) is disconnected, then we call to be separating
and we call it non-separating in the other case. In addition, we debne thetopological type of !
to be a symbol +k, wherek ! 0 denotes the number of ovals off , and the sign depends on the
separability of | : + for separating, # for a non-separating symmetry.

The study of Riemann surfaces with extremal conbguration of symmetries has a long history and

focuses on two threads:

(1) studying surfaces with the maximal possible number of nonconjugate symmetries;

(2) studying surfaces with the conbguration ofk nonconjugate symmetries admitting the maxi-
mal possible total number of ovals.

We shall call the surfaces with the brst propertys-extremal and the ones with the second property
o-extremal. Now the maximal number of conjugacy classes of symmetries with bxed points was
established in [2]:

Theorem 1.1. (Bujalance, Gromadzki, Izquierdo [2]) Let X be a Riemann surface of genug! 2
and let us writeg =2"" *u+1 with u odd. Then the maximum number of nonconjugate symmetries
with Pxed points thatX admits is 2'*1. Furthermore, this bound is attained if and only if u !
2+ # 3,

Now the case including the bxed-point free symmetries was studied in [1] and gives the same
bound on the number of conjugacy classes of symmetries, while the only di"erence is that we
have to requireu ! r # 2. What is important, the group structure for s-extremal surfaces was
established in [14], where it was shown that the group generated by the symmetries must be of the
form G =D » $ Z}, for a Riemann surface of genug = 2" *u+1, u odd. This information shall

be crucial in our investigations.

The topic of surfaces with the maximal total number of ovals was also studied extensively. The
results concerning low values ok were obtained by Natanzon in [18D20], where he showed that the
bound for such number is given by2g+2%' 1 and it is attained for g% 1 mod ' 2 for k = 2,3, 4.
Later it was shown by Singerman in [22], that for arbitrary k there exist inbnitely many values
of g, for which there exists a Riemann surface of genug, admitting k non-conjugate symmetries
with 2g# 2+2K' 3(9# k) ovals in total. In his work, Singerman also conjectured that this is in fact
the best possible bound. This was shown in [9] to be false fdt > 9 by Gromadzki, who proved
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that for k! 9, the maximal possible number of ovals i2g# 2+ 2" 3(9# k), wherer denotes the

smallest positive integer for whichk & 2"* 1, and that this bound is attained for arbitrary k! 9 for
inPnitely many values ofg. However, the SingermanOs bound turned out to be true fdr=5,6,7, 8
in [11]. Similarly to the case of s-extremal surfaces, the structure of the automorphism group in
the o-extremal case was established in [11] fd&s & k & 8, in [14] fork ! 9 and in [4] for lower values
of k. The group structure is the same as for thes-extremal surfaces, with the group necessarily
being abelian for allk = 4,5. All these results are crucial for our studies.

The other aspect, that we need to underline is the topic of the real nervéN 4 of the moduli spaceM
of compact Riemann surfaces of genug. The notion of real nerve in this setting was introduced in
[12], where it was studied for even values of, and then in [13] it was continued for odd values ofg.
However, by Theorem 1.1 the maximal number of possible symmetries is onl§ for even values of
g. This makes the study for oddg much more complicated and in [13] a hypothesis was introduced,
concerning the necessary and su#cient condition for the homological genus &4 to be maximal.
In this paper we prove this hypothesis to be wrong and we propose the new condition and prove it
holds. As a byproduct of our studies we give some interesting properties of surfaces with extremal
conbgurations of symmetries, the most important being the one that uses-extremal surfaces to
prove that certain homology groups ofNg are non-trivial for odd g.

2 Preliminaries

2.1 Non-euclidean crystallographic groups

We shall use the combinatorial approach, based on Riemann uniformization theorem, Fuchsian
groups and non-euclidean crystallographic groups. Recall that &EC group is just a discrete and
cocompact subgroup of the groupG of isometries of the hyperbolic planeH, including those which
reverse orientation, and if such a subgroup contains only orientation preserving isometries, then
it is called a Fuchsian group. For every NEC group " we have the associatedsignature, which
determines its algebraic structure. It has the form

(h;£;[ma, ..., mJ{Cy,..., C, (¥)'}). (2.1)
The numbersm; ! 2 are called the proper periods the non-empty brackets C; = (njy,...,nis,;),
i=1,...,k, or the empty ones(#) are the period cycles the numbersn; ! 2 are the link periods

andh! Ois said to be theorbit genusof " . The orbit spaceH/" is a surface of topological genus
h, having k boundary components, and being orientable or not according to the sign being or #.
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The group with the signature (2.1) has the presentation given by the following generators and
relations, wheres; =0 if i >k :

|
generators:

@ x,i=1,...,r,
() ¢,i=1,...,k+1,j=0,...,s;,
(c) &,i=1,...,k+1,

(d &,b,i=1,...,hif the signis +,

# d,i=1,...,h,if the signis#,
(2.2)
relations:
A xM=1,i=1,...,r,
(B) Cﬁ. 1= Cﬁ :(Cij 1 1Gjj )n“ =1,i=1,...,k+ |,j =1,...,si,
(C) GCs, =€ 'Gog,i=1,....k+1,
(D) x;éak e aadé+ [al,hlaafm,,b]=1, if the signis +,
$ X, 4a% e 4aé. 02 4ad =1, if the sign is #.
The generatorsxy, ..., X, are calledcanonical elliptic generators ey, ..., &+ are called thecanon-
ical connecting generatorsand ¢; are the canonical ref3ectionsof " .
A Fuchsian group can be regarded as a NEC group with the signature
(h;+;[myq,...,m];{# ), (2.3)
which is usually shortened to (h; m4,...,m;); a Fuchsian group without proper periods is called
a Fuchsian surface group An epimorphism " :" (G, where" is a NEC group and G is a bnite

group, is said to besmoothif ker" is a surface group.

Any set of generators of a NEC group satisfying the above relations is called canonical set of
generators and re3ectionsc; | 1, C; are said to beconsecutive Every NEC group has an associated
fundamental region, whose hyperbolic areau(") , for a NEC group " with signature (2.1), is given

by 0/ *
’ o ) s O )
2#&$h+ k+ 1 # 2+ 1# — + 1 — + (2.4)
i=1 ! i=1 j=1 Njj

NI =

where $= 2 if the sign is + and $=1 otherwise.
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Now, if | is a Pnite index subgroup in a NEC group"”, then it is a NEC group itself and the

Hurwitz-Riemann formula applied to the covering H/! (H /" says:

u()
1(")

[*:N= .
Finally it is known that an abstract group with the presentation given by the generators and the
relations in (2.2) can be realized as a NEC groupg with the signature (2.1) if and only if (2.4) is
positive.

2.2 Topological type of a symmetry

To retrieve the topological type of a symmetry, one needs to bPnd its number of ovals and determine
its separability type. The following two results are essential in solving this problem.

Theorem 2.1 (Gromadzki [8]). Let X = H/! be a Riemann surface whose group of automor-
phismsisG =" /! for some NEC group"” containing ! as a normal subgroup and let : " ( G be
the canonical epimorphism. Then the number of ovals of a symmetry of X, having bxed points,
equals

[C(G,"(a)) = "(C(",a)],

whereC stands for the centralizer and the sum is taken over a set of representatives of all conjugacy
classes of canonical reections whose images undérare conjugate to! .

For a symmetry ! we shall denote by)!) the number of its ovals. In addition, we denote) X ) the

number of ovals of all non-conjugate symmetries on the surfac¥ .

The centralizers that appear in Theorem 2.1 have been described by Singerman in [21] and Gro-
madzki in [10] (see also [3] for more explicit explanation) and we shall use the following result,

where * stands for free product.

Theorem 2.2. Let ¢y, Cq,...,Cs, € be the system of canonical reRections corresponding to a period
cycle (ny,...,ng) of a NEC group " with signature (2.1). If all n; are even, then the centralizer
C(",¢) equals:

46,8 " Ha 16)" 2 H(G G )2 = 2,8 (2,72, fori =0,
10, $ " HCoC)"/ 2, * +€ H(co 1G5)"s/ %6, = Z2$ (Z2*Z,) fori=0,
o, $+e, =2,%$ Z fors=0.

Now to determine the separability type, one can use the following technique described by Hoare
and Singerman in [16]. Let us recall, that if# is a set of generators for' and * is a subgroup of
", then a right Schreier transversal S is a set of words in# such that every initial segment of a
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word in S is also inS and the mappinga ( *ais al# 1 correspondence fromS to the cosets of

-

" in

. Now for eacha " S and %" # there exists a uniqueb” S such that b= *a% With
these notations, the Schreier generatorsof * are all the elements of the forma%b *.

If " is a group with generators# and * is its subgroup, then the Schreier coset graphK is the
graph whose vertices are the cosets of in " and labelled directed edges at every vertex for each
a" # such that a: "%( "%a Now if a is a reBection and*%a= "a, then the corresponding
directed edgea : *%( “%ais called areRection loop. Let us delete all the rel3ection loops from
K. In such a way we obtain the Schreier graph®. Observe, that each path in ¥ corresponds to
a word in #, and so also to an element of . We shall call a path positive if it corresponds to an

orientation preserving element of" , otherwise we shall call a pathnegative

We are ready to state the main result of [16]:

Theorem 2.3 (Hoare, Singerman [16]) With the above notations, the following statements are
equivalent:

(i) X/ is orientable,

(i) the only orientation reversing Schreier generators are involutions (actually conjugations in
#),

(i) all circuits of ¥ are positive,

(iv) the cosets of* in " divide into two disjoint classes such that in the actiona: " &-( "( &3
orientation preserving elements of# Pbx the classes and (apart from ref3ections bxing cosets)

orientation reversing elements interchange the classes.

Now let us assume that we have an epimorphismi : " (G, where" is a NEC group andG = " /!

for I = ker " is the group of all, including orientation reversing, automorphisms ofX = H/!. Let
us also assume that " G is a symmetry of X . Now let us consider the subgroup! ; = "' 1(#,)
of ". It is a NEC group as the index[":! ] < +/ . In addition it is a surface group, so its

signature has the form

(h' £ #L{(#) ),

which also determines the topological type of the symmetry! , i.e. the sign decides about the
separability, as it decides about the orientability of the orbit spaceH/!, . Moreover, the number
of period cycles is equal to the number of connected components of the boundary of this space
and hence it is equal to the number of ovals of the symmetryl . We shall use the theorem above
taking =1 ,, which will allow us to determine the separability character of the symmetry ! .
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2.3 The real nerve Ny

We have introduced all the data necessary to deal with topological type of the symmetry, let us now
focus on the real nerveNgy of M 4. A smooth, irreducible, real, projective algebraic curve has three
important topological invariants: the number of connected components, the algebraic genus being
the ordinary genus of its complexibcation and its separability character in its complexibcation.

The complexibcation allows to map such curves of given genus into the classical moduli space
M 4 of smooth, irreducible, complex projective algebraic curves of genug. The image M gR, called

the real locus is covered by the subsetiM ;g'k proceeding from the real algebraic curves withk

connected components and given separability, as explained before. Now a subgétj kK overlaps a
subsetM gk! if and only if there is a complex algebraic curve of genug having two real forms of
the types +k and £ k. In this paper we study the nerve Ng, corresponding to this covering, as in
([23, 3.1.6]), called thereal nerve of complex algebraic curves of given genug.

The above covering of the real locusM 5 gives rise to the associated nervégy, which we call the
real nerve, being the simplicial complex whose vertices are the topological types k. The sequence
of distinct types "+ ko, ..., +k, isann-simplex in Ny if and only if there exists a Riemann surface

X of genusg having n + 1 symmetries of the typest ko, ..., K.

First of all, Ny has[(3g+4)/2] vertices, by the mentioned above results of Harnack and Weichold
(c.f. [6]). By the results of Buser, SeppSIS and Silhol [SN4 is connected and furthermore it was
shown by Costa and lzquierdo in [7], that giveng and a type £ k there exists a Riemann surface
X of genusg, having two symmetries!,' of the types £ k and # 1 respectively, which means that
#1is aspinefor Ny for arbitrary g. In [12,13] the properties of the nerve were studied, resulting
in some answers concerning its geometrical and homological dimension. In this paper we complete
the answer concerning geometrical dimension dfl 4 for odd genera and we use-extremal Riemann
surfaces to retrieve new information concerning homology groups dfg.

3 The combinatorial problem

In the last part of the paper [13] the authors have asked a following question:

Problem 1. Let us consider a number of points situated on a circle, coloured bl ! 3 colours in
such a way that no two consecutive points have the same colour. Moreover, we put weights on our
points in such a way that the weight is2 if a point has neighbours with the same colour and the
weight is 1 otherwise. Next, for every colour we debne its weight as the sum of all the weights of
points coloured with it. What is the smallest possible number of point§ (k), for which there exists

such a colouring and all the colours have distinct weights?
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Figure 1 depicts a toy example of a correctly coloured circle, where the number of colours equals

4. Since it useslO points, we can conclude that( (4) & 10.

Figure 1: Correctly coloured circle with weights of each point. Weights of colours are as follows:
yellow - 1, blue - 2, green - 5, red - 6.

Here, the most important is the casek = 2"*! # 1 and it was conjectured that ( (k) = 2" (2" +1) # 1.
However, as we prove below, the conjecture is not true. The problem is closely related to the later
part of this article, where we study properties of the real nerve of the moduli space of Riemann
surfaces. To state the general solution of the above problem, we need a combinatorial lemma and
preceding it a technical dePnition. The lemma will prove useful in lowerbounding( (k).

Debnition 3.1. Let k! 4 be the number of colours. Consides! k points on a circle indexed
clockwise from0 to s# 1 and coloured withk colours in such a way, that no two neighbour points
have the same colour. We say that the coloua satisbes the property) if there exists an index
i "{0,...,s# 1}, such that the point of index| is coloured with the coloura and the point of

indexj +2 mod s is not coloured with it.

One may think of the property ) in the following, equivalent way - the colour a possesses the

property ) if more than a half of points have colour di"erent than a.

Lemma 3.2. (see also [17])Suppose thatk ! 4 colours has been used to colous ! k points on
a circle in such a way, that no two neighbour points have the same colour. Suppose also that each
colour &, i"{1,...,k} satisbPes the property). Then at leastk points have neighbours of dilerent

colours.
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Proof. Without loss of generality, we can assume that consecutive points are coloured in the

following way
aaapag ... 4. (3.2)

The last point is a neighbour of the brst one, since the points are located on a circle and indexed
in a clockwise order. Suppose thai, "{ 2...s# 1} is the smallest index of a point coloured with
the colour a,, p " { 3,...,k}. Since it is the brst encounter of the coloura,, then the point of
index ip # 1 has neighbours of di"erent colours. In total it gives usk # 2 points with neighbours
of di"erent colours.

Consider now a bnite sequence

{ayfel {3 foh {3y fal - LByl {ay o) (3.2)
1 2 3 S s+l
of unordered pairs associated with the colouring given in equation (3.1). Each pair contains a
colour of a point and colour of its consequent. More preciselyi-th pair contains colours of points
of indicesi# 1 modsandi mods. There ares+1 such pairs, since the brst pair is repeated at
the last position.

"{iplbaq}l’{aalbar}l’ ... Il'i,i +1 denote indices of unordered pairs,
i i+1
... Il'i# 1,i,i +1 denote indices of points.
foo R A P

ity i+1

Observe that:

(1) Two consecutive pairs have one common element and can di"er on the second one,

(2) If (i +1)-th pair di"ers from i-th one, wherei "{ 1,...,s}, then the neighbours of thei-th
point have di"erent colours,

(3) From the property ) there exists a pair that does not contain the coloura; and there exists

a pair that does not contain the colour a,.

Let i; & s be the smallest index of a pair which does not contain the coloug; and j; & s+1 be
the smallest, but greater than i, index of a pair which contain the colour a;. Above observation
(point 3) and the fact that the last pair is {a;,a;} guarantees that such indices always exist.

ey (o (B g (=

ii!1 i1 jil 1 j1

R /%Ql /%i/%’l 1 (p,g,u,r=1)

i1!2 i1!1 ij_ jl!zjl!l jl
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Now, j; mod s is an index of a point with neighbours of di"erent colours. Clearly it was not taken

into account in brst k # 2 such points, since we considered colours di"erent tham; and a,. So we
pointed out one more such point. We can repeat above arguments for colow,, In total it gives

usk# 2+1+1= k points with neighbours of di"erent colour. O

In what follows, the following, easy to check, equality will be useful.

I
i k2+2k .
K 2n3 '# 1 if 2||(,
> =, (3.3)
n=1 i 2
$ % if 21k.

Theorem 3.3. For a number of coloursk ! 4, the minimal number of points required to satisfy
conditions from Problem 1 is equal to

|
W2
i% if k%2 mod4or k%3 mod 4
()=, (3.4)
Hop2
$ K -;3k if k%0 mod4ork%1l mod 4

Proof. In the brst part of the proof we will construct the required colouring to upper-bound the
number ( (k). Let us start with a special case, wherek = 4. We use labelsay, a,, ag, a4 to colour
the consecutive 7 points on circle in the following way

4z a4 Az a4 Az az.

Observe, that the weight of coloura isi fori =1,2,3,4. Total number of points is 7 which is
42 +3 44
equal to the postulated value ——— = 7.

Now, let k ! 5. The general idea is that we will dePne blocks of consecutive coloured points which
we will use to assign the colour to each point. To keep the notation simple, to this end we will use
the following notation

(ai q )n = . i 4 a zjoééaai
n
We consider the following four cases:
k %3 mod 4 We debne the blockB; as follows

Bi = (ui+2 4i)? Qivz uiv3 Asivz (Aaivz Qaiv1)? ™
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We use these blocks to compose the following sequence

azaaazaB;...Bes.
7

Observe that in each blockB;, weights of coloursay;, as+1,a4i+2,24i+3 are 4i, 4i +1,4i +
2,4i + 3 respectively. The construction has been prepared in such a way that the weight of
each coloura; is equal toj for eachj "{ 1,...,n}. So weights of each colour are di"erent. It
remains to calculate total number of points used in above construction. Each blockB; has
exactly (8i +5) points, so the total number of points is

5+ (8i+5)=5+5 ék#3+

i=1

8é1+5%§k#35k+5+(k#3Xk+Q _ kZ+3k+2
4 2 4 4 4 B 4 '

which equals to the postulated value.

k %0 mod 4 We debne blocksC; as follows
Ci = (i asir )" ¥ asi asn 1 g (aain 1 aan 3)2' L
We use these block to compose the following sequence

Ci...Ck.

ENE

Observe that in each blockC;, weights of colorsayi 3, @4i1 2, 84i1 1,84 aredi# 3,4i# 2,4i# 1, 4i
respectively. But i goes from1 to k/4, so the weight of colorg is equal toj for each
i "{1,...,k}. Each block C; has exactly2a(2i # 1)+3+2 &(2i # 1) = 8i # 1 points. In
total it gives us

1+ %k

k, k_kk+4) , k_ k*+3k
2 4 -

#Z' 4 4 4

@i#1)=84
i=1

points, which equals to the postulated value.

k%1 mod 4 We debne blocksD; as follows
Di = (aui asir 2)?" P aui agie1 aui (Agie1 auin 1)%.
We use these blocks to compose the following sequence

aD;...D1.
y
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Observe that in each block Dj, weights of coloursayi 2, a4 1,84, a4i+1 are 4i # 2,41 #

1,4i, 4i + 1 respectively. But i goes from1 to (k # 1)/4, so the weight of colour g is
equal toj for eachj "{ 2,...,k}. The weight of colour a; is equal to 1, since it appears
on only one point which has neighbours of di"erent colours. Each blockD; consists of
242i # 1)+3+2 a2i =8i +1 points. In total it gives us

T 1+KIk#1 k#1_ 4+(k+3)(k#1) k#1 _ k2+3k
1+ 8i+1)=1+8 & 4 + = + = :
Lo S 4 Z 4

points, which equals to the postulated value.

k %2 mod 4 At brst, we have to consider a special case, wheki = 6. The following sequence

as &y (as as)° (a3 au)® @ &

is correct colouring of points on a circle. It is straightforward to check that for each]j
{1,2,3,4,5,6}, the weight of the colour g is equal toj. This sequence consists of

_62+346+2

14
4

points, which equals to the postulated value.

Now let k! 10. We debne blocksE; as follows
Ei = (asiv2 a4i)® Qis2 aaiv1 uivz (uisy A 1)%.
We use these blocks to compose the following sequence
a a; E; a Ez...Ek'-Tz.

Observe that in each blockE;, weights of coloursagi: 1,a4i,a4i+1,84i+2 are 4i # 1,4i, 4i +
1,4i + 2 respectively. But i goes from1 to (k # 2)/4, so the weight of coloura; is equal
toj for eachj " { 3,...,k}. The weights of coloursa;,a, are 1 and 2 respectively, since
a; appears only once anda, twice, each time between neighbours of di"erent colours. Each
block E; consists 0of242i + 3+2 42i = 8i +3 points. In total it gives us

L. k# 6+12
3+ (8|+3):3 6 +

i=1

851+¥k#2_3k+6+(k+2)(k#2)_k2+3k+2
4 ) 4 4 4 - 4 ’

points, which equals to the postulated value.

Above constructions give us an upper bound or{ (k). Now we will prove a lower bound which will
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match it.

Notice that the description of the Problem 1 requires that colours have distinct weights. We
start by showing that the choice of weights{1,2,...,k} is optimal. We use the word OoptimalO in
the sense that if one has the correct colouring o6; points on a circle and colours have weights
{ws,...,w}, then there exists a correct colouring ofs, points on a circle in which weights have
colours{1,2,...,k} and s, & s;. For the sake of clarity, we will assume that the set of weights

{wa,...,w} is sorted,i.e. if i<j thenw; <w;j.

Observe that each occurrence of a colour on some point on a circle can addor 2 to the total
weight of a colour. So the minimal number of points required to achieve the weightv; is Ow;/ 21
(wi =2+ ...+2if 2Jwj orw; =2+ ...+2+1 otherwise). To realize all the weights from the set

{w1,...,wx}, we will need at least
'k 2 3

= (3.5)
i=1

points on a circle. Consider now the special case, where every second point has a colaur Suppose

its weight is equal to w-. The number of points of coloura- is the same as the number of all other

oints, so there are at least
P 4,.2 3 . 2 35
24 Wiy —
. 2 o 2

i=1 i="+1

points on a circle. This sum is minimized for* = k and the following weights{1,...,k}. We can

lower-bound this sum
k12 3 k112 3 2 2 2
24 Wi | 24 n | zé(k#l)+2(k#1):2ék #1:k#1

., 2 hep 2 4 4 2

(3.6)

which for k ! 4 is greater than our upper bound on( (k). It implies that having half of points
coloured in the same colour is not an optimal strategy. We can discard it and assume that

assumptions of Lemma 3.2 are satisbed.

To achieve minimal number of points, each odd weight has to be composed from only 2s and one
1 and each even weight has to be composed from only 2s. Lemma 3.2 implies that there had to be
at least k points with weight 1. Suppose that there ares & k odd numbers in the set{wz, ..., wy}.

Then Lemma 3.2 forces us to add additionak # s points of weight 1. Consider two cases

2k # s: we swap(k # s)/ 2 points of weight 2 into k# s points of weight 1. Then minimal number
of points required to realize the weights from the set{ws, ..., wy} is

Such conbguration consists ok points of weight 1 (which is required by Lemma 3.2) and
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uses minimal number of points required to realize weights from the sefws, ..., wg}.

2! (k# s): we swap(k# s+1)/2 points of weight 2 into k# s+1 points of weight 1. Then minimal
number of points required to realize the weights from the sef{wy, ..., wy} is

'k 2 3 'k 2 3
: ﬁ#k#5+1+k#s+1— “ ﬁ+k#s+1
2 2 o 2 2

These expressions lower-bound minimal number of points required to realize weighfavy, ..., wg}.

They consist of two factors: main sum and the correction forced by Lemma 3.2. Observe that

¥ If the weights {wy,...,wy} are not subsequent integer numbersi.e. there existsi such that
w; +1 <wj,, then there exists a set of weightgw, ..., w} for which minimal number of

points is not greater than for {wa,...,wx}. Indeed, if we debPn€{w, ..., v} as follows

!
o= w, ifjei+l

$ Wi o= w+l

then three cases can occur:

b w1 and wi.; have the same parity,i.e. both are even or both are odd andw;.; #
Wi+1 | 2. Then the penalty term does not change and the following inequality holds

'k 2 3 'k 2 3
ﬁ+2" %.

i=1 2 i=1 2

The penalty term will not increase, so the new set of weights gives us lower number of

points.

b Wi, is odd andw;.; is even. Surely

w2 3 .2 3

b w1 is even andw;,; is odd. Then Ow;.; /21 #0w;.1 /21! 1, so

Wioiqow Wi
i=1 2 i=1 2

The penalty term can increase but at most by 1, so the number of points for weights

{w,..., v} will not increase.
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¥ If wy > 1then we can debne the sefw., ..., w} as follows

g =w ifj=1
$ w =1

The same arguments as above can show that the minimal number of points required to realize
{w1,...,w} is not greater then for {wyq, ..., wg}.

It follows from above observation that the minimal number of points required to realize subsequent
weights starting from 1 is not greater than the minimal number of points required to realize every
other set{wsy,...,wx} of di"erent weights.

We showed that{1, 2,...,k} is an optimal choice of weights. Now we can lower-bound the number
of points required to realize weights from this set. To achieve this, we consider the following four
cases

¥ k%0 mod4:

K 273+ k# % _k2+2k k _ K2+3k
2 2 4 4 4
n=1
¥ k%1 mod4:
'k 2 3
““n L k#SE K H2k+l k# 1 k243K
2 2 4 4 4
n=1
¥ k%2 mod4:
K an+ k#t §+1 _ k2+2k  k+2 _ k?+3k+2
2 2 4 4 4
n=1
¥ k%3 mod4:
'k 2 3 k+1
no k#5541 KP4+2k+1  k+1  K2+3k+2
2 2 - 4 4 4
n=1
As one can see, the lower bound matches the upper bound. This Pnishes the proof. O

Authors of [13] were interested in the special cage, whejle = 2™1 # 1. Our solution gives the

following answer to the problem( (2"** # 1)=2" 2" + >
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4 Topological types of the symmetries on Riemann surfaces

Let us start with observations concerning possible topological types which are admissible on Rie-
mann surfaces of our interest, that is Riemann surfaces which admit the maximal possible number
of nonconjugate symmetries. By the results of [2] it is known that forg = 2" u + 1, u odd,

the maximal possible number of conjugacy classes of symmetries of a Riemann surface of genus
gis 2'** and by the results of [14] it is known that the automorphism group generated by these
symmetries is isomorphic toD,s $ Z5,. We shall call the surfaces realizing the maximal value
s-extremal. In the sequel we shall assume thag is odd, which means thatr | 2.

Theorem 4.1. Let X be ans-extremal Riemann surface of odd genug such that at most one of the

symmetries in question is bxed-point free. Then all the symmetries in question are non-separating.

Proof. Let X be ans-extremal Riemann surface of genug = 2" u+1, whereu is odd. This
means that X admits the maximal number of 2'*! nonconjugate symmetries and the automorphism
group G of X is isomorphic to Dys $ Z5 = 4,0 $+!4,...,!(,. We know that G may be viewed
as a quotient group" /! for a NEC group " with a general signature(2.1) and! being a kernel of
an epimorphism" :" ( G. Clearly we can assume that the representatives of th@ *' conjugacy

classes of all the symmetries oK are of the forms
ax, bx, ! (ap? I,

where x is a word of even length in!,,...,!, and! is a word of odd length in!4,...,!,. The
prst two ones are non-central and the remaining two are central. Now it is clear that for all but
at most one of the symmetries above there is a canonical re3ection which contributes ovals to it.
We can also assume, without loss of generality, that there are canonical rel3ections

Cay Cb! C' i

fori=1,...,r, which are mapped to

by the canonical epimorphism". Now it is clear that any of the symmetries can be written as
a word of odd length ina,b,!;j. This also means that any of the non-generating symmetries can

be seen as the image of a certain product of canonical reRectiortg, ¢y, ¢ .. This clearly makes

any of the non-generating symmetries non-separating. Now actually the same applies also to any
of the generating symmetriesa, b,!; as each of them can be written as a product of three other
symmetries with Pxed points. Say, if! = al;!; is an image ofc, , then a is the image ofc, ¢, ¢, .

This means all the symmetries are nonseparating. #
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Now we shall consider the total maximal number of ovals of the symmetries og-extremal Riemann

surfaces with the automorphism group as before. The key elements here are the centralizers
mentioned in Theorem 2.2. Let us brst consider a central symmetry . Obviously, its centralizer

in G has order|G| = 2"*s*1 | Now, we shall observe what is a possible contribution of any reRection
¢ such that "(c, ) = !. If the re3ection corresponds to an empty period cycle, then the possible
numbers of ovals contributed are|G|/ 2 or |G|/ 4, depending on whether"(e) = 1 or not for the
corresponding connecting generator of the empty cycle. Now in the case of a honempty period
cycle, the possible values are bounded from above h|/ 4 if there are equal neighbors, meaning
that the images of the neighboring reRections undet are the same, and from below by|G|/ 25*2 if
the neighbors generate a dihedral group of orde2s*! . Therefore, we see that any such occurrence
has to contribute at least 2'' * ovals. Surprisingly, the case is exactly the same for noncentral
symmetries. Even though their centralizers inG are of order2'*2 | the possible numbers of ovals

are 2'*1 or 2" for an empty period cycle and at least2'*2/8 = 2"  for a nonempty period cycle.

Theorem 4.2. The maximal total number of ovals for2"*! # 1 symmetries of an s-extremal
Riemann surface with G as above is equal to

2ru+(7 # 2r+1)2r+s! 2+2r_

Proof. By the general result of [9] we know that the maximal total number of ovals of k

non-conjugate symmetries, on a Riemann surfac& of genusg, which generate the groupG, is

|G
20# 2+ (9 # k) al—gl.

In our caseg = 2" tu+1 and we shall assume that our surface is-extremal, s0G = D s $ Z5.
As we are going to look for the maximal total number of ovals, by the proof of the main result in
[9], we may assume that the signature of a NEC group' in the quotient G =" /! contains just

one, nonempty, period cycle

(h;x;[my,...,myL;{(n1,...,Nns)}).

Furthermore, by the Hurwitz-Riemann formula

'v( ) ‘S( ) rl 1
Sh# 1+ 1# — + 1m_2 u_u

. ~ T Tores T os+l
- =1 n; 2 2
and sinceu is odd, this means that there is an odd number of link periods equa2® in the signature

of " . Going even further into the details,

u 1 1 s# 1
zs—ﬂ!# 1+é#¢523—+l+T
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and so

s& +3+ (4.2)

st 1 s+l '

As there is an odd number of link periods2® in the signature, it means that at least k rel3ections

in the cycle have neighbors labeled with di"erent labels, meaning they have distinct images under

Indeed, otherwise, by Lemma 3.2, half of the re3ections of the cycle would have the same image
under ", which contradicts the assumptions. Therefore, summing up, at leastk = 27+ # 1
ref3ections have neighbors with distinct labels. Therefore, the total number of ovals holds inequality

Gl |G Gl [G] , o1 |Gl
X kd—+(s# kld—=sa—+ —#2 —
)X) & a8 (s )a4 sa4 5 a8
and using the inequality (4.1) on s we obtain
C . )
)X)& W+3+ ZST é2r+s!1+2r+s!2# 2I‘+l é2r+s!2=2ru+2r+2r+s!2é(7# 2r+l).

#
As a corollary, we obtain the following interesting result concerning relations betweers-extremal

and o-extremal Riemann surfaces.
Corollary 4.3.  An s-extremal Riemann surface is nevero-extremal.

Theorem 4.4. If a Riemann surface of genusg = 2"' 'u+ 1, odd u, has 2'*! nonconjugate

symmetries such that each of the symmetries has a distinct topological type, then 22" +27" 1# 3,

Proof. First of all, we shall assume that one of the symmetries ha® ovals. This assumption is
natural: our aim is to minimize u, which is strictly connected to the signature of* inG="/!. To
make sure that all the symmetries have distinct numbers of ovals, we are allowed to assume that at
most one of them is bxed-point free. However, if we allowed all the symmetries to have bxed points,
then our number k in the previous theorem would be equal to2"*! as we have to incorporate one
more colour in our setting, being the symmetry as the image of a canonical re3ection. This makes
the total admissible number of ovals even smaller and the conditions of the theorem are fulblled
automatically. Hence, let us consider the case where one of the symmetries is bxed-point free.
Now, as by Theorem 4.1, all the symmetries are nonseparating and the minimal contribution of a
reRection is2"' 1, the minimal number of ovals that they have together is

lézr! l+2 ézr! l+ ééa(2r+l # 1)é2r! l,
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which is equal to 22" 1(2"*1 # 1). Now it has to be that

22r! 1(2I’+1 # 1)& 2ru+(7 # 2(+1)2I’+S! 2+2r.

This in turn means that
ul 220 +2" 1S # 1) # 1# 742 2

Forr! 3,s! 2we get that
ul 22 +2" 1% 3

Now if r =2,s! 3 we need to show thatu! 15 and we have
u! 16# 2# 1+2=15.

If r = s=2 we get
ul! 16# 2# 1+1=14

andisr =2,s=1 we get

1 1
u! 16# 2# 2+ -~ =13=.
2 2
However, u is an odd integer, which means thatu! 15in both cases. #

Theorem 4.5. The bound onu is sharp. Moreover, for any oddu ! upyin, =27(2" +1/2)# 3 there

exists a Riemann surface of genug = 2" 'u+ 1 having 2'*! symmetries of distinct topological

types.

Proof. In this proof, we will use the construction from the solution of the combinatorial Problem
1. It is necessary to show, how it can be applied to debPne a Riemann surface. L¥t= H/! be a

Riemann surface of genug with the following automorphism group
Aut(X)=" /1= Z)*? = 4,,24442++2,,
where" is a NEC group with signature

()= O+ #1{2.P:
#

Theorem 2.1 gives us the method for calculating number of ovals for symmetries. Suppose that

the epimorphism™ :" # " /! is debned on generators;, 1,G, C+1 as follows

"G)=ta, "(@)=te, "(Gn)=le
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Sincez,*? is abelian, then |C(Z5™,!)| = |25 | =272, Theorem 2.2 describes the structure of

C(" ,¢) and since each period of period cycles equals then

"(C(.a)) = #(ar ), 2+7(6), 2+ (G )

#73 if (1) = "(G)
. C . , - - 2 H L
(€ .a) $ 72 (i) = "(Ga)

r+2 r+2

or —— ovals depending on whether' (¢ 1) = "(Gi+1)

Hence,"(¢) contributes to !, either 8 7]

or "(c 1) = "(ci+1) respectively.

Now, the correspondence between constructing epimorphisthand combinatorial problem is straight-
forward. Colours correspond to symmetries and points on circle correspond to the generators
Co,...,Cs Oof a NEC group ". Assigning colours to the points corresponds to the debPnition of
epimorphism ". Moreover, weights of points correspond to the number of ovals contributed to
symmetries by each image'(c;). To conclude, the solution of combinatorial problem, allows us to

debne epimorphism" in such a way that each symmetry has distinct number of ovals.

Let g=2" tu+1, whereu is odd. We will construct a Riemann surface of genugy which has
exactly 2'*1 symmetries of distinct number of ovals.

Let ( )
1
%=2" 2"+ 5 +1, (4.2)

and" be NEC group with the following signature
S() =@+ #1{Q2 . D
#

Let X = H/! be a Riemann surface of genug with the following automorphism group
Aut(X)=" /1= Z42 = 4,,24442+.2,.

Observe that based on Hurwitz-Riemapn formyla, the necessary condition for a Riemann surface
. . 1

X to be realised asH/! isthat u=2" 2"+ > # 3. Indeed,

g , - L

5 22 u+1l #2=2""2 #1l+

i=1
r r I'( r 1)
U Qu=2 (W4 A u=2" 2+ #3

2g# 2= 8Zr2+2g #2+1+

NI =

Now, we will debPne an epimorphism” : " # " /!. On a generatore; of a group" we debne

"(e1) = 1. Next, the construction from Theorem 3.4 gives us a recipe how to dePne the epimorphism
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" on generatorsc;. Notice, that one symmetry can have no bxed points, so we do not include it in

the construction from Theorem 3.4. For this construction we will need

(
1
2T of 4 =
2

@ # 12 +3 42 #1)+2 )

4
( )

: . 1 . . .
periods from period cycles. But there are2" 2' + > + 1 periods from period cycles in the

( ’2r+l # 1- -

signature s(") . It is not a problem at all, since we can modify the construction from Theorem 3.4

by adding one point of colourayk+z in the following way
az a; ap az ap ax+3 Bi ééﬁk"TA,

where in our casek = 2"*1 . Weight of colour as+3 Will increase by 1 and weights of all other
colours will not change, so the construction will remain valid. With small modibcation of a solution
for combinatorial problem, we have constructed the epimorphism" whose kernelker(*) =! is a
surface Fuchsian group of genuy. We; have constructed then a Riemann surfaceH/! of genus
g=2"1lu+1, whereu =2" 2"+ > # 3, which has 2'*' symmetries of distinct topological
types.

Now, let u>unmin and" be a NEC group with the following signature
0= 0110 Ly APy 2
$ #

where ( ( ) )

1 1
+=Z u#2 22+ +3
2 2

and %is debned as in (4.2). We debne the epimorphisthon generatorsc, the same way as above.
Moreover for each generatorx; we put "(x;) = ! 1! 2. It only remains to debne" on the generator
e;. We do it as follows: if + is even, we put"(e;) =1 and "(e1) = ! 1!, otherwise.

Observe that the process of counting ovals is the same as earlier. The only one change may occur,
when "(e;) = !1!2. However, since our group is abelian it does not introduce any change in
the ovals count. Such debnition of the epimorphism' is correct, since relations from NEC group
presentation are satisbed and the kernel of, ker(") = ! is a surface Fuchsian group. It only
remains to check, if! (so as the constructed Riemann surfacéd/! ) has a genusg = 2" tu+ 1.
We do this by checking Hurwitz-Riemann formula



316 E. Koz!lowska-Walania & L. Sikorski ES:LZJEZ?

> (

)
171 + o
- 29#2=2""2 #1+ -+ =
2 2 * & 2" 2
( ( l) ( l) )

# g=2"l@++%w# 4)+1 A g=2""1 u# 2 2r+é +3+2° 2r+é +1#4 #1

' $ V4
2g# 2= ng;zg #2+1+

3% g=2"tu+1l.

For eachu ! umn, we have constructed a Riemann surface of genug= 2" u + 1 having 2'*!
symmetries of distinct number of ovals, which implies distinct topological types. #
As a Corollary, we obtain the main result of this paper, which also gives an answer to the question

posed in [13]

Corollary 4.6. The geometrical dimension of the real nerveNg for odd values ofg is maximal if
and only if u! umi .

Now we shall present another application ofo-extremal surfaces. This time we shall show extremal
conbgurations of symmetries which prove the nontriviality of certain homology groups. Before we
proceed to the main result, let us make an easy observation aboup-extremal surfaces. By the

results of [9], we know that on a Riemann surface of genug, k non-conjugate symmetries with

Pxed points have at most

|G|

29# 2+ (9 # k) arg- (4.3)

ovals. Asg is odd, we are going to play with at least8 symmetries on ano-extremal Riemann
surface, it is known by [14] and [12] that they commute. Therefore the structure of the group
is known, being Z§+2 , Where a is the smallest possible integer such thak & 22*! for k ! 9, or
Z8 for k = 8. What can be easily observed by(4.3) is, that with the growth of k, the maximal
possible number of ovals does not grow, and even more, it drops down for arly! 9 being the
power of 2. Therefore the idea for the next results is as follows. We are going to prove that there
exists a nontrivial cycle in certain (k # 1)-th homology group. To show this, we shall construct
(k# 1)-dimensional facets of what-could-be a simplex of dimensiok, but we do it in such a way,
that one of the facets comes from arp-extremal Riemann surface. This means, that the sum of
absolute values of all vertices is maximal. Therefore the said hypotheticak-dimensional simplex
cannot exist, as long as we are sure that the total maximal number of ovals fok symmetries is
strictly smaller than the one for k # 1 symmetries. This is guaranteed for the values ok being of
the form k = 23*1 for some integera. Now we can proceed with the main result.
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Theorem 4.7. Letg=2" tu+1 for some oddu andr ! 2. Let a& r # 1 be a positive integer.

Then, for u! 22" +2" # 3, the homology groupsH s« | 1(Ng) =0.
Proof. Let us consider a NEC group" with signature
O;+[2,™,2];{(2,.2.,2)}), (4.4)

wherem = u &2 ' a+2 # (23*1 +2)(223* # 1) and s = (232 + 4)(23*1 # 1). Our goal will
be to dePne” : " ( G = Z3"% = 4|1%i=1,...,a+2, insuch a way, that X = H/ ker" is
an o-extremal Riemann surface, having2®** non-conjugate symmetries with distinct topological
types. Next, we shall debne2®*! # 1 Riemann surfacesX;, i =1,..., 22" # 1 with the same genus
and automorphism group asX in such a way that each of them ha2®*! non-conjugate symmetries
with distinct topological types, but the types for X; are the same as the ones foX , with the only
exception of! ; which shall have22** = |G|/ 2 ovals in the new construction. First, we construct X
by debning" on the canonical generators: all the elliptic generators;, i =1,...,m, are mapped
to I'1!, and the connecting generatore; is mapped to 1 if m is even and! !, if m is odd, to
satisfy the long relation. Now, reRections corresponding to the unique nonempty period cycle are
mapped in the following way. We divide the cycle into 22*1 # 1 segmentsS; of increasing length -
the length of S; is (i +1) &4 and its reRections are mapped consecutively td; and !, :

Iy, !

'i+15|

Iy, ! |

'i+l!---|-lyl

'i+15|

Iy, !

T+l

Obviously, each of the reRections contributing to! ;.1 yields |G|/ 4 ovals, as its neighbors have the
same images undel'. It is almost the same for re3ections corresponding td 1, except for the brst
one, which has neighbors with distinct images and so it contributeqG|/ 8 ovals to ! ;. Therefore,
the total contribution to !; from the segmentS; is (i +1) 4a{5|/2# | G|/ 8 and the contribution
to i« is (i +1)|G|/2. As the symmetries, except! ;, do not appear outside their respective
segments, all of them have distinct numbers of ovals. It is also clearly visible that the total number
of ovals is maximal possible and so we have constructed amextremal Riemann surface of genus
g=2" tu+1. Now by the method that could be called surgery of the signature (4.4) of , we shall
construct the surfacesX;+1 mentioned above. Let brsti +1 | 2. We shall replace the signature
(4.4) above by the signature

0;+:[2, ™., 21:{(2, 5.,2), (#))}), (4.5)

where s; = s# 4i. Let us call the corresponding NEC group” j+1 an now we modify " to "j4; :

"i+1 (G - all the segments remain unchanged except from the segme® which is replaced by
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a segment of length4 whose refl3ections are mapped to

1, i+1 1, i+1 -

This exchange can be seen as a surgery @: we cut the middle of the cycle out and leave only
the prst two and the last two elements of the segment. Now the symmetry j,; has |G|/ 2 ovals.
Clearly ! ; lost i &{5]/2 ovals. These ovals are added again in the empty cycles &f;, as all the
canonical re3ections are mapped by;.; to ! ; and all the corresponding connecting generators are
mapped to 1, except for e; for odd m, where"(e;) = !1!,. In such a way, we have obtained the
surfaceX 41 , of genusg=2""' u+1 which has2**! symmetries of distinct topological types and

all the types are the same except the one corresponding tbj.; .

Let us now construct X;. We have to replace the number of ovals of ; by |G|/2. This clearly
requires a di"erent approach than the one presented above for+1 ! 2. The idea is as follows:
for all i I 3, we replace the segment; by i + 1 empty period cycles. All of these period cycles
have corresponding reRRections being mapped by; to !;+; and the connecting generators tol.
Observe that in this construction, each period cycle contributes|G|/ 2 ovals to ! j+; and so in total
it has (i + 1) |G|/ 2 ovals again. Now let us considelS; and S,: together they have 20 ref3ections
contributing |G| ovals to !, and 3|G|/2 ovals to ! 3. We have to debPn€’; in such a way that these
numbers of ovals stay the same fotl ,, ! 3 and ! ; gets |G|/ 2 ovals. We introduce a new period
cycle of length 8 which maps its ref3ections consecutively td ,, ! 3 giving each of them|G| ovals.
Then we add two more empty period cycle, one of them contributing to! ; and the other to ! .
Summing up, we consider a NEC group

(L;#:[2,M.,2:{(2,2,2,2,2,2,2,2),(#)", (#), #)}),

wherem is as before and = (22 +2)(22*! # 3). Now d, is mapped to! 1, all the elliptic generators
Xj, i=1,...,m are mapped to! ;! ,, all the connecting generatorse;, i | 2 are mapped to1, the
connecting generatore; is mapped to1 if m is even and! ;! if m is odd. Now the refRections of
the unigque nonempty period cycle are mapped consecutively td,, ! 3, and we divide the empty
period cycles into segments in the following way: there ar@**! # 3 segments and segmenE;
consists ofi +3 empty period cycles where the canonical re3ections involved in the segmeBt are
mapped to ! j.3. The relRections of the last two empty period cycles are mapped tbz and ! ;. In

such a way we obtain the surfaceX ;, of the same genus a¥X, as announced above.

Now, when it comes to homology groups of the real nervélq, in such a way we have constructed a
cycle which is not a boundary in dimension22*! # 1. Indeed, if it were a boundary, then there would
have to exist a simplex with more than 22*1 vertices where the sum of absolute values of marks
of the vertices, coming from the corresponding symmetry types, is at least the same as the one for
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simplex debPningX . This is clearly not possible, asX is o-extremal and any o-extremal surface with

more than 22*1 symmetries has total number of ovals which is strictly smaller than the maximal
value for 22*1 symmetries. Therefore indeed the homology group is nontrivial in this dimension#

Remark 4.8. The same method cannot be used in any other dimension. In fact, in such a case
our symmetries do not exhaust all the orientation reversing involutions in the grougs and we can
always add aO-vertex to our simplex and obtain a simplex of a larger dimension which admitX

as a face, without changing the maximal possible number of ovals. This means, that in all the other
dimensions, our constructed cycle is a boundary of gk + 1) -dimensional simplex, where the new

vertex corresponds to a bxed-point free symmetry.
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RESUMEN

Estudiamos la aproximaci—n cuantitativa multivariada
simetrizada de funciones continuas con valores complejos
en una caja, a travZs de operadores de redes neuronales
simetrizados y multivariados perturbados con valores com-
plejos. Estas aproximaciones se derivan al establecer de-
sigualdades de tipo Jackson, que involucran el m—dulo de
continuidad de las derivadas parciales de alto orden de la
funci—n utilizada. Los tipos de nuestras aproximaciones son
trigonomZtricas e hiperb—licas. Nuestros operadores mul-
tivariados simetrizados se debnen usando una funci—n de
densidad multivariada generada por una funci—n tangente
hiperb—licag-deformada y ! -parametrizada. Estas aproxi-
maciones mejoradas son puntuales y en la norma uniforme.
Las redes neuronales prealimentadas con valores complejos
relacionadas tienen una capa oculta.

Keywords and Phrases: g-deformed and ! -parametrized hyperbolic tangent, complex valued symmetrized mul-

tivariate neural network approximation, complex valued multivariate quasi-interpolation operator, modulus of con-

tinuity, trigonometric and hyperbolic enhanced approximation.
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1 Introduction

The author in [2] and [1], see Chapters 2-5, was the brst to establish neural network approxima-
tion to continuous functions with rates by very specibcally debned neural network operators of
Cardaliaguet-Euvrard and OsquashingO types, by employing the modulus of continuity of the en-
gaged function or its high order derivative, and producing very tight Jackson type inequalities. He
treats there both the univariate and multivariate cases. The debPning Obell-shapedO and OsquashingO
functions for these operators are assumed to be of compact support.

Again the author inspired by [10], continued his studies on neural network approximation by
introducing and using the proper quasi-interpolation operators of sigmoidal and hyperbolic tangent

type which resulted into [3], by treating both the univariate and multivariate cases.

The brain asymmetry has been observed in animals and humans in terms of structure, function
and behaviour. This lateralization is thought to ref3ect evolutionary, hereditary, develop mental,
experiential and pathological factors. Therefore it is natural to consider for our study deformed
neural network activation functions and operators. So this article is a specibc study under this
philosophy of approaching reality as close as possible.

Consequently, the author here performs multivariate symmetrizedg-deformed and! -parametrized
hyperbolic tangent function activated high order multivariate neural network approximations to
continuous functions over boxes with complex values. All convergences are with rates expressed
via the moduli of continuity of the involved functions high order partial derivatives, deriving by

very tight multivariate Jackson type inequalities.

The basics of our higher order approximations here are some newly discovered by the author
trigonometric and hyperbolic type multivariate TaylorOs formulae.

Our boxes are not necessarily symmetric to the origin. The applied symmetrization technique and
the newly introduced related multivariate operators cut in half the feed to neural networks, thus
enhancing immensely their convergence speed to the unit operator.

A multilayer feed-forward neural network can be debned as follows (withm ! N hidden layers):

Let x! R®% s! N, wherex =(Xg,...,Xs); "j,G ! R% B! R,with 0" j" n,n! N.

Here #'; ax$is the inner product, thus # (#'; ax$+ ) ! R;and N, (x)! R% by ¢ ! R® asitis
In

comingfromNn(x):' C# (#j &x$+ ). We debne:
j=0
"$ " % %
In In In
NP ()= g#@#;aNa (O$+ )= g#¥# "j&  gr(#,; s+ )& +pé&.
j=0 j=0 j=0
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Furthermore, we can debne

im0 o4
NP )= g# "jaNP () +h
j=0
And, in general we debne:
In 0 4+
N{™ (x) = g# "jaN{™V(x) +h ,form! N.

j=0

For more studies in neural networks read [11D17]

2 Basics

Initially we follow [8, pp. 455-460].

Our perturbed hyperbolic tangent activation function here to be used is
, Lg> 0 x! R. (1)

Above ! is the parameter andq is the deformation coel!cient, typically itis 0<!,q " 1.

For more read of [8, Chapter 18]: @Deformed and! -Parametrized Hyperbolic Tangent based
Banach space Valued Ordinary and Fractional Neural Network ApproximationO.

The chapters 17 and 18 of [8] motivate our current work.

The proposed Osymmetrization methodO aims to use half data feed to our multivariate neural
networks.

We will employ the following density function

Mas (= 7 (G (X+1) %G, (X%1) >0, &1 Riq,1> 0 @)
We have that
Mg, (%) = M%,! x), & ! R;q,!> 0, (3)
and
M%’! (%)= Mq: (x), & ! R;qg,!> 0. 4)

Adding (3) and (4) we obtain

Mg, (%) + Mﬁ,! (%x) = Mg (x)+ Mé,! x), (5)
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the key to this work. So that

Mq‘! (X)+ M;’! (X)
— ©)

I( x):=
is an even function, symmetric with respect to they-axis.

By [8, (18.18)], we have

"Ing _ tanh(!) ’Olnq- _ tanh(!) |
Mq'! 2| - 2 and M %Y! A]27| - 2 y s > O (7)
sharing the same maximum at symmetric points.
By [8, Theorem 18.1, p. 458], we have that
" 1"
Mg (x%i)=1, & ! R,!,g> 0; and M%’! x%i)=1, & ! R,,,q> 0. (8)
=1 i=r
Consequently, we derive that
"
'(x%i)=1, &! R. 9)
=
By [8, Theorem 18.2, p. 459], we have that
Mg (x) dx=1 and M 1 (x) dx =1, (20)
" "
so that
I(x)dx=1, (11)
o
therefore! is a density function.
By [8, Theorem 18.3, p. 459], we have:
Let0<"< landn! N, with n* " > 2 q,!> 0. Then
!" / 10
Mg, (nx %K) < 2max q,a g 2@ — pdan ) (12)
k="
[nx! kJ# nt!
/ 0

where T := 2 max q,é et .
Similarly, we get that

M%,! (nx %k) < Te' 2N arn )
k="
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Consequently we obtain that

I( nx %k) <Te'2n ") (14)

k=1
[nx! kJ# nt!

/ 0
where T := 2 max q,% et .

Here 'a( denotes the ceiling of the number, and)a* its integral part.

We mention

Theorem ([8, Theorem 18.4, p. 459]) Let x ! [a,bj+ Randn! N so that'na(") nb*. For
g,!> 0, we consider! 4 >zq> 0, such thatMg, (zo0) = Mg, (0), and ! 4> 1. Then

; 5
1 1 1
< ma , + =" . 15
?nb% X3 Mq,! (l q) M1, \!l 6 ( q) ( )
q’ q

Mg, (nx %Kk)
k= &na’

Similarly, we consider! 1>21> 0, such that M L (z)= M L (0), and ! 1> 1. Thus

: :
1 JI + 1 ="
— <max3M1I\!1 Mg (196 (9. (16)
M1, (nx %k) R
k=&na"' !
Hence
:fnb% 1
Mg, (nx %Kk) > o 17
k=&na' a
and
q_Snb% 1
M1, (X %K) > ——. (18)
k=&na' ! ( q)
( +
$10% Mg, (nx %K) + Mé,! (nx %k) N 2 1 (19)
k=&na’ 2 2o (9
so that
1
( +<"( 9, (20)
$b% Mg, (nx %K) + Mé,! (nx %Kk)
2

k= &na'
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that is
1 "
o <"(q. (21)
I( nx %K)
k=&na'

We have proved

Theorem 2.1. Letx ! [a,bj+ Randn! N sothat'na(") nb*. For q,! > O, we consider

1'q>20> 0, such that Mg (zo) = Mg, (0), and ! 4 > 1. Also consider ! 1>21> 0, such that

M%’! (z2) = M%’! (0), and'! i > 1. Then

1 "
$nb% <"(9.
I'( nx %K)
k= &na'
We make
Remark 2.2. I) By [8, Remark 18.5, p. 460], we have
?nb%
lim Mg (nx1 %k) =1, for somex;, ! [a, b,
O ena
and
?nb%
lim M1, (nx2 %K) =1, for somexz ! [a,lb].
n k=&na' !
Therefore it holds
( +
§nbo% Mq’! (nxy %Kk) + Ml,! (nx2 %Kk)
lim d =1
n( 2
k=&na'
Hence ( +
§nbo% Mq’! (nx1 %K) + M;'! (nxy %Kk)
lim 4 =1,
n(" 2
k= &na'
even if
anb%
lim M1, (nxy%k)=1,
n k=&na"' ‘
because then b
nb %
! 0
lim Mq’! (nxl A‘)k) + 1 _1,

n(" , 2 2

(22)

(23)

(24)

(25)

(26)

(27)

(28)
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equivalently
$nb%
. : M %k 1
k=&na"'
true by
?nb%
lim Mg, (nxy %K) = 1. (30)
nt k=&na'

II) Let[a,b + R. Forlarge n we always haveéna(") nb*. Alsoa" % b i "na(" k") nb*.

So in general it holds
:?nb%

I'( nx %K) " 1. (31)
k= &na'
Next, we move on to the multivariate case, see [8, Chapter 17, pp. 419-452], as a model of action.

We make

Remark 2.3. We introduce

N A +
Z(X1,...,Xn) = Z(X) = (O X))= =— Mgr + M1, (X)), (32)
2N a
i=1 i=1
X=(Xg,...,Xn)! RN;L,g> O, N ! N.
Properties:
(i)
Z(x)>0 &x! RNV, (33)
(ii)
! I" 1" I"
Z (x %k) := aaa Z (X1 %kq,...,xNy %ky) =1, (34)
k=" kp=!"  kp=1!" ky=1"
k:=(Kg,....kn)! ZN, &x! RN, hence
(iii)
"
Z (nx %k) =1, (35)
k=1
&x! RV, n! N,
(iv)
Z(x)dx=1, (36)

R

that is Z is a multivariate density function.

Here denote:
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-X-.o=max { X, .. Xl xRN, =L ,0,0), % =(%. ,...,%. ), 'na( =
("nai(,...,"nan (), )nb*:=()nb*,...,)nby*), a:=(ag,...,an), b:=(hby,...,b).

We obviously see that
" 0
S!Snb% anb% 8 N 9 N $pbi% %
Z (nx %Kk) = I( nx; %k;) = # L( nx; %k;)& . (37)
k=&na"' k=&na' i=1 i=1 ki=&na;'
(v) We derive that
?nb% .
Z(nx %k)<Te' 2" where0<$ < 1, (38)
k=&na'
-k X = > n#
withn! N:n*#> 2 x! [ai,b].
i=1
(vi) It holds
1 "
$nb% < ( ( q))N 1 (39)
C Z(nx %K)
k=é&na'
8 9
N
& x| [ai,B] ,n! N.
i=1
It is clear that
(vii)
I" L
Z (nx %k) <Te' 20 "7 (40)
k="
-k x-, > nL
where0<$< 1,n! N:n¥#>2 x1 RN,
Furthermore, it holds
:?nb%
lim Z (nx %k) =1, (42)
n( k=&na'
8 9
for at least somex ! [a,b]
( . i=1
Here X, -a-4 is a Banach space.
8 9
A

N
Letf ! C [a,b], X , x = (Xg,...,XN) ! [a,B], n! N:'na(") nb* i

i=1 i=1
1,...,N.
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We introduce and debne the following multivariate linear normalized symmetrized neural

network operator, letx := (X1,...,Xn) ! iN:1 [a,b]:

?nb% y -
o Z(x%k)

a’

O/ﬁ(f,xl,...,XN):: O/ﬁ(f,X):: k= &n _

?nb%
Z (nx %K)
k=&na'
ﬁ.ﬁbl% a’]bz% $!1bN% ] k k - 87\| ( +9
aaa o2t Mqs (nX; %ki)+ M1, (nx; %ki)
ki=&na' ko= &na,' KN T &ay’ n n i=1 0% ¢
N e ( +
# Mqy (nxi %ki) + M1, (nx; %ki) &
i=1  ki=8&na;'
(42)
. . ki
For large enoughn ! N, we always obtain'na;(") nb*, i =1,...,N. Also & " ﬁl " b,
il "na(" ki") nb*i=1,..., N.
87* 9
Wheng! C [ai,h] we debne the companion operator
i=1
?nb% y -
g - Z (nx %K)
k=&na"'
%(e0= = (43)
Z (nx %k)
k= &na'
Clearly, 9% is a positive linear operator. We have that
"N
o/ﬁ(l,X):l, &x! [aivb]'
i=1
8 9 8 9
A N
Notice that 9% (f) ! C [a,b],X and%(g)! C [ai,B]
i=1 i=1
Furthermore, it holds
( + N
SR (Fx)-g" B -f-g.x , &! [ai,b] (44)
i=1
and
N
%(cg.X)=c%(9.x), &x! [a,hb], (45)

i=1
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and
%(c)=c, anyc! X.
We call
:1_Snb% f -
Vg (f,x) := f = Z(nx %Kk). (46)
k=&na"' n

( +
Deb?ition Z.i ([6, p. 274]). Let M be a convex and compact subset ofRN ,—é-p P! L. ],

and X, -a&-4 be a Banach space. Let ! C (M, X ). We debne the Prst modulus of continuity of
f as
& (f," )= supM -f (x) %f (y)-g, 0<' " diam (M). (47)
Xy *
X! y+, %
If '>diam (M), then
& (f," )= & (f,diam (M)). (48)

Notice & (f,"' ) is increasing in* > 0. For f ! Cg (M, X ) (continuous and bounded functions)
&; (f," ) is debned similarly.

Lemma 2.5 ([6, p( 274)). Vye have& (f," )/ Oas' 00,i! f! C(M,X), whereM is a convex
compact subset of RN ,-&-, , p! [1,. ].

In this study we work only for the case ofp =

Clearly we have also:f | Cy RN X (umformly contlnuous functions), i" & (f," )/ 0as' 00,
where &; is debned similarly to (47). The spaceCg RN X denotes the continuous and bounded
functions on RN .

8 9
7\|
Let now f I C™ [a,b] , m,N ! N. Heref- denotes a partial derivative of f, " =
i=1
I !N
"o "N) MY Ze,i=1,0.0,N,and | = "y =1, wherel =0,1,...,m. We write also
(o i=1
( — and we say it is of orderl.
We denote
&M (f., h):= n|1a|x & (f+,h). (49)
M Em
Call also
-fa = Imlax -fo-u }, (50)
! m

where-4a-. is the supremum norm.

From now on we useX = (C,|a) the complex numbers, which is a Banach space.
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(1) Multivariate New Taylor formulae

We will use

Theorem 2.6 ([7]). Let f ! C?([c,d],C), wherea,x ! [c,d]. Then

" X %a
+

f (x) %f (a) = f (a)sin(x %a)+2f ~(a)sin?
X >( + ?
f@)+f(t) %(f (a)+ f (a) sin(x%t)dt. (51)

a
We make

Remark 2.7. Let now Q be an open convex subset dR*, k 1 2, z = (zy,...,%), Xo =
(Xo1,...,Xok) ! Q. We considerf ! C?(Q,C) each second order partial derivative is denoted
by f. := Exf where" =("q,...,"%),";! Z2*,i=1,....,kand |"| = a "i =2. We consider

I
g, (1) = f (Xo+ t(z%Xp)), 0" t" 1. Clearly xg + t(z%Xg)! Q. Then

% 0)=f(x), g @)="f(2),
1k

M= (2 %xo) (% (Xor + (20 %Xor) 1 - Xok + (2 %X0)) (52)
i=1 !
1k (f
g, (0) = (z %xoi) o (Xo1, - - - » X0k) »
i=1 !
and
@hlk 9, B
ch=A (2 %xOn(i_ FC(xot + (20 %Xo1) - Xox + (2 %oXok)) s (53)
i=1 :
@hlk 9, B
GO=A (2 %xm(i, FC(Xot, 1 Xok)
i=1 !

Notice above the second order partials commute.

Clearly g, ! C?([0,1],C), and by Theorem 2.6 we obtain

f(z1,...,2z) %f (Xo1,...,Xok) = G (1) %0, (0) =

' - 1>( + +?
g, (0)sin(1)+2g, (0)sin2 > + 0, (1)g. (1) % g, (0)+ g,(0) sin(19%t) dt. (54)
0

We also mention
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Theorem 2.8 ([7]). Let f ! C?([c,d],C), wherea,x ! [c,d]. Then

' X %a
+
2

f (x) %f (a) = f(a)sinh (x %a) +2f ~ (a) sinh?

T X ¢ < =?
f(t) %f (1) % f(a) %f (a) sinh(x %t) dt. (55)

a

We make

Remark 2.9. Consequently, we get that

f(z1,..., z) %f (Xo1, - - -, Xok) = 9 (1) %g; (0) =
- -1 >< ?

’ = < =
g;(O)sinh(1)+Zg;(0)sinh2 % + g, (t) %09, (t) % g, (0) %g, (0) sinh(1%t) dt.

(56)

We make

87\| 9
Remark 2.10. Letf ! C2 [@i,8],C ,N! N.
i=1
Clearly, the mixed partials commute.
k_ 'k ke

Here — :=
n n

8 9

A
,and x :=(Xq,...,Xn), With %,x ! [ai,b] , then (by (54), where
- i=1

g (1):=f x+1t %%x ,0" t" 1) we have

1 B 4
K Ty g 280y (92c > oL
R = Moopy. A i A Moy, i =
f - 0% f (X) N e (Xi(x) S|n(1)+23 N 00X 0 f (x)6 sin 5
. DD@]N y - 92 By ’ - ’ ) - E
+ A 2 opx, i fC x+t E%x +f x+t — %X
0 N (X n n
DG . 9, B EE
IN e (
% A H'%xi o fCx)+ f(x)  sin(1%t)dt. (57)
i=1 i

Denote the remainder

11 B 4
-122@3!N.k_ - (92 ; "k -- , K - 5
R:= A L oox; — fC x+t —%x +f x+t = %x (58)
0 33 NP (X n n 6
1 B 4
2@!N "k - ( 92 5
0 A Mooy, A C i 0
/o3 . 00 X x f (x)+1‘(x)6 sin (1%t) dt

i=1
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- ! 2 87*’|<i O "k, ’
_ g E ﬁ%xi fo X+t ﬁ%x %f- (x)

NTmm -

+ f x+t %%x %f (x) sin (1%t) dt.

Therefore it holds

E " %8 9
o ! B 2K -
[R|" L §N25 | %%Xig E X+t %%x %f - (X)E

(59)

+E X+ t %%x %f (x)5_ |sin(1%t)| dt

1
E %
: . ) H87“ | EP E E
§N g %X & fo,tF— %X
0 E (" ) Ze ! i=1
=1 N, = ovy=2 17D
i=1 4

+ & ft EE %XE Elsin(l%t)ldt " (2

Notice here that 0<$ < 1)

k E n 1 i Ell 1 i
En %X ni# 34 E%)ﬁ ni#, | —1 ..... N (60)
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We further see that:
1 " % 4
" %
- | 8le 9 -
' 1 2 1 ’
2" &TSX f ToE §N 5 N +& f, — (61)
E =" 1 NPT Zs ’ "l i=1 &
i=1,..N, |"|::_!_ nio=p 171
@ v % B
" %
S ma . 10 ! §2|:|1 o1
[sin (19%t)| dt ¥&1'5 f-v,n—# N oy st & f, —
0 E( " N )Y 2 "i! &
i=1 N, |"|= 'i‘ =2 171
1 : 1 ' 4
Fears f.,— N2 : 1-E
(1%cos(1))=(1 %cos(l))E ¥ + & f, F E .
We have proved that
1 ) - 4
Faps f, o N2 -k
, L. ’ 1
RI" (@ %cos (V) 7 RO (62)
| K E o1
given that En %X ” pr
We notice also that
E " . E
- ! ) 87* ".9
IRI" T (b %a) ' 2-f.-. +2-f-. _ [sin(1%t)] dt
0 E (" N R Ze "oy i=1
N I
i=1,..N, |"|::_: =2
(63)
%

" %

v -1 -

2-b%a-? -fo - +2-f-, |sin (1%t)| dt
0

(M NN Zs N

i=1,N, = =2 g
i=1
+

— T NTmm e
N
HOOOH
h-A
N
RITTTT

2-b%a-l -fo-M5N2+2-f-.  (1%cos(1)),

San), b=(by, ..., ).

wherea = (aq,..
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We have proved that

( +
IR|"  2-b%a-? -f.-MN2+2-f-. (1%cos (1)) =:). (64)

3 Main results

We start with symmetrized and perturbed trigonometric approximation by using the smoothness
of f.

8_'N 9 87\1 9
Theorem3.1. Letf ! C? [a,b],C ,0<$< Ln N! N,n"#>2:xxq! [ai,b] .
a=(a,...,an), b:=(bl,..|.:,1m). Then: =
0)
8 9
™
(f,x) %f (x) % x| ———98 ((A%x;),x) sin(1)% (65)
i=1
E " % E
! 1 °p ° "1
4 foX)@=—H% (A%x;) ' ,x sin2 >
E (U NS Ze N ...|& i=1
i=1,..N |"|::,!i‘ =2 i=1 a
1@ 1 4B
NE E&max "’ni# N2 , 1_E
NAE) EMl%COS(l»E 7 + & f, - EQJF
4
2-b%a-? -f- - N2+2-f-.  (1%cos(1))Te 2" (1' )E ,
(i) assume that(f (Xo) =0,i=1 N, andf- (xg)=0," :|"|=2 h that
o SO iEheaN, " (Xo)=0," :|"| =2, we have tha
1@ 1 ) 1° 4B
NE%( E&rlnezlx f"17# N2 ’ 1 Eg
0, 0, " " 0, _
19 (f,x) %f ()" ("( ) E 1 A)cos(l))g 7 f, = E +



gLZJBO Multivariate symmetrized, g-deformed and! -parametrized. ..
, 2 (2026)

339

ormmm S

> ? .
2-b%a-2 -f+-THNZ+2-f-. (L%cos(1)Te 2" ', (66)
and
(iii)
N 0
19 (F.x) %f (01" ("( )" %%E L a(h%a)Te " sin)+
=1 !
1 % 4 4
o) 8 9 P ]
4E | |f - (X)|§ E % ! (b %a)' Te& 20" Esinz,l E+
E I |_2 7\1 Ili!& n i=1 2 E
1@ = L 4B
E%( E&max ”'ni# N2 , 1 Eg
; 1%cos(1))E 5 ,n—# E (67)
44
> ? .
+ 2-b%a-? -f--T%NZ+2-f-.  (1%cos(1)Te 2" (1' )E ,
and
(iv)
11
EED N E E 1 " oE
B (F)wf-. (" ( q)) EE L o +(b %a)Te om @) sin(1) +
1 4 4
E ~f o Ol+87d hO/-"igT!Z!“‘“')PE'2’1_E 68
E T n2# |:1( 0a;) € 3 E (68)
»
E@ bapy 1 2 N
&max S N2 , _
+ M oscos 1) 2#”# ve f~ N
i 5 n " g
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4 4
> ? -
+ 2-b%a-? -f.-MN2+2-f-. (1%cos(1)Te 2" ’E = *, (f).
We observe that%§ / | (unit operator), as n/. , pointwise and uniformly.
Proof. HereR is as in (58). We see that
?nb% ?nb% ?nb%
Uy := Z(nx %k)R = Z (nx %k)R + Z (nx %k)R.  (69)
k= &na’ k= &na’ k= &na’
- K1 x- % K x-, > A
Therefore
" %
?nb%
[Un]" g Z (nx %k)g (70)
k=&na'
-k x-, =
@ 1 , 1 4B
max  f,  — N2 , -
le’/ 1E " i v &y f EN+T'2'““"
6cos ( ))E T I ey E )Te
@ 1 , 1° 4B
b ery f.,— N2 , 1-5
" ' @)
Ml %cos(l))E o t& E@+ )Te! 2n
We have established that
@ 1 ’ 1 - 4B
M E&?%X f",n—# N2 ) 1'5@
|Un| 1%cos(1))E ¥ + & f, F E
> ?

@)

+ 2-b%a-? -f-MEN2+2-f-, (1%cos(1)Te 2" (71)
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By (57) we observe that

%
?nb% y - ?nb%
f - Z (nx %Kk) %f (x)# Z (nx %k)& (72)
k= &na' k=&na'
" " % %%
!N ?nb% y k. - (f
=# #H# Z (nx %k) — %x; & —— (x)&& sin(1)
i=1 k=&na’ n (i
1 " % 4
; %E
E ! 2 ?nb% 87\‘ H k - "i9 L l-
2 fa () T # Z (nx %Kk) — %Xx; & _ sin? 5 +Un.
E"::("1 ..... TN Ze "o k= &na’ E
IN ]
i=1.N, [Tl =2 =1
The last says
" 0
e O i
Vo (F,x ) %f (x)# Z (nx %k)& % L) 0R ((A%K),x)  sin(1) %
1 k= &na’ i=1 (i 4
E " %
! 2 Hyor 1 o P
2 fa () T % (&4%%«;) ' ,x _ sin 5 = Un. (73)
E (Mt N Y Zs "o =1
IN [
i=LN = =2 i=1
We notice that
?nb% )
D9 ((a%),x)| ") 9 (& %], x) = L %x; RZ (nX %K) (74)
k=&na'
?nb% _ anb% _
= L %x; %2 (nx %k) + L %x; BZ (nx %k)
k=&na' k=&na'
Ky x-, n% - K1 x-, >n1.,
$nb% 1
J -
"+ (b %a) Z (nx %K) "+ (b %a)Te 20
k=&na"'
-kyx-, > nl.,
We have proved that
POR((a%) 01" -+ (0 %a)Td 2, (75)
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Next we see that

874 " 9 8_'N " 9 $nb% 9
% (a%x) ',x R % la%xi| ', x ! %x Z (nx %k) (76)
i=1 i=1 k= &na' i:
$nb % 87\1 ) |9 $nb% ',N 9
= L %X Z (nx %k) + ! %x Z (nx %Kk)
k=&na' i=1
kx-S —k—lx— >
8. 9
L, 7 (b %a)' Te& 2"’
nﬁ 03 .
i=1
We have proved that
8 9 8 9
N 1 N " | 2In @' ")
% @wx) ', x R o+ (b %a) ' Te 2" : (77)
i=1 n i=1
At last we observe that
8 9
(N EY)
8 (f,x) %f (X) % x| 9% ((A%x;),x) sin(1)% (78)
=1
1 % 4
! 1 "1
4 ' (%) T % (4 %x;) sin? >
L e N R Ze L& i=1
N s
i=1,...N, |"|__'_1 i=2 i=1
%
?nb%
CCCAN Unl = CC a)" RO (F.x) %F () # Z (nx %k)& %
k= &na'
M 0 i
L) of ((4%) ,x)  sin(1)%
=1 (Xi
T 4
E ! 1 n "1
4 fu (x)§N75 ) %4 (a%x;) ',x _ sin’ >
E (M e N Y Zs o i=1
=1 N, M= =2 =1
i=1
Putting all of the above together we prove the theorem. O

We continue with the hyperbolic symmetrized and perturbed approximation.
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8_4N 9 8_'N 9
Theorem 3.2. Letf | C? [a,B],C ,0<$< 1;n,N! N,n"#>2:xxq! [a,b] ,
i=1 i=1
a:=(ay,...,an), b:=(by,...,by). Then
0)
8 9
™
8 (f,x ) %f (x) % x| % ((A%x;),x) sinh(1)%
=1
1 4
8 9 8 9
| » 2 %k
4 f.(x) dracl ;! % (4%x;) ' ,x _ sinh? >
T e NN 2 i=1 i=1
i=1,..N, |"|:=" Iim]i-tsé\‘:li'FZ , 1_ 4B
, . N h 1E E&T%X f"vni# N2 ) 1 Eg 79
“( q) cos()E 2¢ T ,n—#g+ (79)
4
> ?
-b%a-? -f.-TX N2+ fo, T2
(i) assume that(f((i)_(c’):o, i=1,...,N,andf- (xo) =0, " :|"| =2, we have that
I
, - 4B
1
&max fo, — N2 ,
1% (f,x) %f (x)] " (“( )" (Cosh(l))E E " : E@*
o Eh2g ¥ g
4
> ? e )E
-b%a-7 -f T N2+ -f-, T 2N £’ (80)

(iii)

EDD!N I%f 1 ) oE
19 (F.x) %f (01" ('( q))Ng (x(-X)E S (b %a)Te " T sinh(1)+
i=1 !
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% 4

1 4
E o) 8 9 PE E
! 1 1 N . e 1
4E [f+ ()] H (b %a) ' Te 2N sinh® =
=2

1@ 1 ) 1° 4B
max 2 -
+<:osh(1)E }E& " ve f, L EN+ (81)
E ZE n2# T 0 L E
44
> ? . E
-b%a-? -f-TENZ4 fo, TEET
and
(iv)
11
SR () %f-. (YN o o+ (b %a)Te 2 “7 sinh()+
1 4 4
4E | f g : ao L o7 (b O/a)"‘gTe! 2in (“”PE sinh? 1-E
L CE-TR ~ R 0 5
E":r' |=2 » .I& n i=1 2 E
i!
1 @ , 1° 4B
max 2 -
M o5 N . Eg
+cosh (1) 2% + & f, pea E +
4
> ? a ")E
-b%a-Z -f -TH N2+ fo. Te 2T E = +,(f). (82
We observe that%f / | (unit operator), as n/. , pointwise and uniformly.
Proof. As it is similar to the proof of [9, Theorem 5.8, pp. 175-179], it is omitted. O
We give
87“ 9
Remark 3.3. By (42) we get that-% (f)-. "-f-. <. ,and %(f)! C [a,B],C ,
8 9 i=1
N

given thatf ! C [a,B],C .

i=1
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Clearly then
|:%Z(f)lz.. =-BCORE)- " R(F)- - f (83)
etc.
Therefore we get
|E(0/§)k (f)|E" "o f-., &k! N, (84)
the contraction property.
Also we see that
t("/ﬁ)k (f)t, ' IE(f’/ﬁ)“ 1(f)t, "aaar -9 (f)-. -t (85)
Also % (1)=1, (%) 1)=1, &k! N.
Following [5, 18.14, pp. 401-402], similarly we obtain that
-(R) ' f %f-. " r-9%(f)%f-. , r! N. (86)
We give
Theorem 3.4, All as in Theorems 3.1, 3.2. Then
(i)
-(B) f %f-. " (), (87)
where*, (f) as in (68).
(ii)
-(B) f %f-. " r+,(F), (88)

where +, (f ) as in (82).

So that the speed of convergence to the unit operator ¢#4)" is not worse than of %, see

also [4].
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1 Introduction

Throughout this paper, all rings are assumed to be commutative with unity, all modules are
unital. By I(R) (and I (R)'), we denote the set of (proper) ideals of a ringR. It is well-known
that Q ! 1(R)' is called prime if wheneverx,y ! R with xy ! Q then either x ! Qory! Q.
Equivalently, if whenever 13 " Q for some idealsl,J of R, then either| " Q orJ " Q. Since the
notion of prime ideals plays an important role in commutative ring theory, several generalizations
of the concept of prime ideals have been studied in the literature, for example: almost prime,
strongly prime, weakly prime, S-prime and S-almost prime ideals. Recall from [8] thatQ ! I (R)'
is said to be weakly prime if forx,y ! R with 0# xy ! Q, then either x! Q ory! Q. Clearly
every prime ideal is weakly prime, but the converse is not true, obvioush{ 0} is always weakly
prime, but not prime provided that R is a ring which is not an integral domain. For non-trivial
examples, refer to [8]. In 2005, Bhatwadekar and Sharma [11] sai® ! |(R)' where R is an
integral domain to be almost prime if for a,b! R with ab! Q$ Q?2, then eithera! Q orb! Q.
It is evident that this debnition can be applied to any commutative ring R. Consequently, any
weakly prime ideal is almost prime. Furthermore, an idealQ ! 1 (R)' is almost prime if and only
if Q/Q? is a weakly prime in the quotient ring R/Q 2.

Consider a multiplicative set (brie3y, m.s) S of a ring R that satisPesOV S, 1! S,andxy! S
forall x,y ! S. In recent times, the notion of S-extensions of certain ideal structures has assumed
considerable signibcance within the domain of commutative algebra, thus attracting the interest
of numerous authors. The concept of (resp. weakly)S-prime ideals has been introduced and
thoroughly investigated in (resp. [5]) [16]. An ideal | of a ring R disjoint with an m.s S is said
to be (resp. weakly) S-prime ideal if there existss! S such that for all a,b! R if ab! | (resp.
O# ab! 1),thensa! | orsb! I. (See also, [1,20D22].)

The primary focus of this study is the debnition and study of almost prime ideals in [4]. LetP be
an ideal of R disjoint with an m.s S. Then P is an S-almost prime ideal of R if there exists an
s! S such that for all a,b! R if ab! P $ P2, thensa! P orsh! P.

This paper presents a new type of ring of which every ideal disjoint withS is S-almost prime
(called S-AP ring) as a generalization of ring in which every proper ideal is almost prime (called
AP ring). If S" U(R), then the conceptsS-AP ring and AP-ring coincide. Nevertheless, these
two types of rings are signibcantly dissimilar in general. Subsequently, an example is presented
in order to demonstrate that [4, Theorems 2.20 and 2.21] do not hold in general. The subsequent
investigation will address the potential transfer of the ring property that every ideal disjoint with

S is S-almost prime in localization, direct product, homomorphic image, trivial ring extensions,
and the amalgamation rings along an ideal. This property is employed to construct new and
intriguing examples. An example is provided in order to demonstrate that the statement [4,
Theorem 2.9] is not generally valid. In order to conclude the relationship between arS-AP ring
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and its homomorphic images, we discuss the extensions and contractions of @&@ralmost prime

ideals under a homomorphic image. Afterwards, we present the corrected and generalized version
of [4, Theorem 2.9] (see Proposition 3.1 and Corollary 3.2, and then Theorem 3.3). We give
characterizations for (S % E)-AP rings regarding the trivial ring extension of a ring R by an
R-module E denoted by R % E (see Theorem 4.1). Moreover, we investigate the relationship
between S-AP rings A and the ideals of the ringA I' f J the amalgamation of A and B along J
with respect to f (see Theorem 4.7 and Corollaries 4.8, 4.9).

2 Main results

To avoid repetition, throughout the article unless otherwise stated, let R be a ring and S a
multiplicative set (brieBy, m.s) of R. As it is frequently used in this sequel, we should recall from
[4] that an ideal P ! | (R) disjoint with S is said to be anS-almost prime ideal of R if there exists
ans! Ssuch that for all a,b! Rif ab! P $ P? thensa! P orsh! P. In this case,P is said

to be an S-almost prime ideal associated withs. Now the following is our key depPnition.

Debnition 2.1. A ring R with an m.s S is called S-AP ring if every ideal disjoint with S is
S-almost prime.

It is interesting to note that the authors in [4] have been studying this class of rings in [4, Theorems
2.20 and 2.21]. However, we show by the following example that those theorems do not hold in
general.

Example 2.2. Let R= D & K whereD is a domain andK is a beld, and let the multiplicative
subsetS = D' &{ 1} of R whereD' = D ${ 0}. Then the ideals ofR which are disjoint with S are
just 0& K and | & 0 wherel is an ideal of D. Note that 0& K is prime and so S-almost prime.
Clearly, 0& 0 is almost prime and soS-almost prime. Finally, if | is a nonzero ideal ofD, then
for a! | ${ 0}, we conclude that(l & 0: (a,1)) = D & 0 is a prime ideal of R, and hence,l & 0 is
S-prime by [16, Proposition 1]. Thus, | & 0 is also an S-almost prime ideal of R. Thus, R is an
S-AP -ring.

Remark 2.3. (1) Let S be a multiplicative set of a ringR. If R is an AP ring, then R is an
S-AP ring.

(2) If S" U(R), then R is an S-AP ring if and only if R is an AP ring.

(3) Let S; " S, be multiplicative subsets ofR, and P an ideal of R disjoint with S,. Clearly,
if P is an S;-almost prime ideal of R, then P is S,-almost prime. Nevertheless, it has been
demonstrated that the converse is not true in general. Indeed, leR = Z[X], S = {2" :
n! N} andT = {1} " U(R). Consider the idealP =4X Z[X] of R. From [16, Example 1],
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P is an S-prime ideal of R, and henceP is an S-almost prime ideal of R. Note that P is
not a T-almost prime ideal of R as4X ! P $ P2 but neither 144! P nor 14X ! P.

The converse of Remark 2.3(1) is not true in general since not every almost prime ideal is an
S-almost prime ideal by [4, Example 2.3].

In

Let Ry,...,R, berings andSy,...,S, be m.ss of ringsRy,...,R,, respectively. ThenS = ' Si
in i=1
is an m.s of the ringR = Ri. We study the property of the stability of S-AP rings under direct
i=1
products.
!n
Theorem 2.4. Let S,,...,S, be m.ss of ringsRy,...,Ry, respectively. PutR = R; and
" i=1
S= Si. If R is an S-AP ring, then R; is an S;-AP ring foreach 1' i' n.

i=1
In order to demonstrate the validity of the aforementioned theorem, it is necessary to verify the

following lemma.

Lemma 2.5. Let R; and R, be commutative rings,S; and S, be m.ss ofR; and R, respectively,
R=R;&R;andS=S;&S;. If | andJ be proper ideals ofR; and R, respectively, it can thus
be concluded that the following statements are true.

(1) I is an S;-almost prime ideal of Ry if and only if | & R, is an S-almost prime ideal of R.

(2) J is an S;-almost prime ideal of R, if and only if R; & J is an S-almost prime ideal of R.

Proof. (1) Assume that | is an S;-almost prime ideal of R;. Let (a,b),(a’,b) ! R such that
(a,b(a’,b) = (aa,bb) ! 1 & R, $ (I & Ry)?. Thenaa' ! | $ 12 which implies that there
existss; ! S; such that s;a! | orspa ! |, Put s=(s;,1)! S. Hences(a,b) ! | & Ry or
s(a,b)! | & Ry, then | & R, is an S-almost prime ideal of R.

Conversely, suppose thatl & R, is an S-almost prime ideal of R, and a,b! R; such that
ab! | $12. Then (a,0)(b,0)! | & R2$ (I & R,)? and there exists(s1,s;) ! S such that
(s1,2)(,0) ! | & Ry or (s1,52)(b,0) ! | & Ry, hences;a! | ors;b! I. Thus, | is an

S;-almost prime ideal of R;.

(2) Similar to (2). O

Proof of Theorem 2.4. It is sulcient to demonstrate the claim for n=2

Assume that R = R; & R, is an S-AP ring. Let P; be an ideal of Ry disjoint with S;. Then
P: & R, is an S-almost prime ideal of R, and soP; is S;-almost prime by Lemma 2.5. Therefore,
R; is an S;-AP ring. Similar to the argument above, we conclude thatR; is an S,-AP ring. The
rest of the proof is clear by using the mathematical induction onn. O
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The following example is given to demonstrate that the converse of Theorem 2.4 is not true in

general.

Example 2.6. Let (R,M) be a local ring which is not a beld wherd12 =0 and S = {1}. Then
R is S-AP ring by [6, Theorem 17], but R & R is not necessarilyS & S-AP ring.

Proof. We only need to show thatM & M is not S-almost prime, let 0# x! M so(1,x)(x,1) =
Xx)! (M &M)$ (M & M)? but neither (1,1)(1,x) ! M &M nor (1,1)(x,1)! M & M, as
desired. O

3 Extensions of S-AP rings

In this section, we discuss behavior 05-AP rings under some ring extensions such as ring homo-
morphism and localization. Moreover, a characterization forS-Noetherian ring is obtained.

We note that the second part of [4, Theorem 2.9] does not hold in general. By the following
theorem, we give a generalized and corrected version of [4, Theorem 2.9].

Proposition 3.1. Letf : R; ( Rz be aring epimorphism,S be an m.s ofR;. Then the following
assertions hold.

(1) If I is an S-almost prime ideal of R; containing kerf, then f (1) is an f (S)-almost prime
ideal of R,.

(2) If J is an f (S)-almost prime ideal of R, and kerf " f#1(J)?, then f#1(J) is an S-almost

prime ideal of R;.

Proof. (1) First, we show that f (S) is an m.s of R,. Clearly, for any f(s1),f(s2) ! f(S),
f(s)f(s2) = f(s152) ! f(S). Now, assume thatO! f(S). Then f (s) =0 for somes! S.
This implies that s! kerf. Sincekerf " | and1l ) S = *, we havekerf ) S = *, a contra-
diction. Thus, 0V f(S) and f (S) is an m.s ofR,. Assume thatf(s)! f (1)) f(S) for some
s! S.Then f(a) = f(s) for somea! | which yieldsa$ s! kerf " |I,andsos! |) S,
a contradiction. Hence,f (1)) f(S) = *. Suppose thatxy ! f (I)\f(l)? for somex = f (a),
y := f(b) in Ry. From kerf " 1, we haveab! | and clearly ab!/ 12. Sincel is an S-almost
prime ideal of R;, there existss! S such that sa! | or sb! |. Thus, there existsf (s) !
f (S) satisfying f (s)f (a) ! f(I) orf(s)f (! f(l), as required.

(2 If s! f#1(J)) S, then f(s) ! J) f(S), a contradiction. Hence, f#1(J)) S = *. Let
f(s)! f(S), an element associated withJ. Let a,b! Rj such that ab! f#1(I)\f#1(J)2. It
is clear that f (a)f (b) ! J and ab!/ f #1(J)?. Now, we show thatf (a)f (b) ¥ J2. If f(ab) ! J?,
then there is ¢ ! f#1(J?) such that f (ab) = f(c), henceab$ ¢! kerf " f#1(J?) and
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ab! f#1(J2) = f#1(J)?, which is a contradiction. Hence,f (a)f (b) ! J\J?, and therefore,
either f (s)f (@) ! J, henceas! f#1(J), orf(s)f (b ! J, hencebs! f#1(J),andf#1(J) + Ry
is S-almost prime. O

Let R be aring,S" R be m.s andl an ideal of R suchthatl ) S= *. Lets! S. By s, we
denote the class ofs in R/l and setS = {S:s! S}. Itis clear that S is a m.s ofR/I .

Now, we are ready to give the following relationship betweerS-almost prime ideals of a ring and

those of their quotient rings.

Corollary 3.2 (The corrected version of [4, Theorem 2.9]) Let S be an m.s of a ringR and
P,1 ! I(R)suchthatP " 12andS) P = *. Then | ! I(R) is S-almost prime if and only if
/P ! 1(R/P) is S-almost prime.

In view of Corollary 3.2, we conclude the following result.

Theorem 3.3. Let S be an m.s of aringR andP ! I (R) such thatS) P = *. Then R is a ring
of which every ideall satisfying P " 12 is S-almost prime if and only if R/P is a S-AP ring.

Proof. The claim is clear by Corollary 3.2. O

Let R and T be rings, let S a multiplicative subset of R andf : R (T a ring homomorphism.

Then it is easy to see that wheneveikerf ) S = *, f(S) is a multiplicative subset of T.

Theorem 3.4. Letf : R ( T be a surjective ring homomorphism andS a multiplicative subset
of R with kerf ) S= *. If R is an S-AP ring, then T is an f (S)-AP ring.

Proof. Let J be a proper ideal of T disjoint with f (S). Sincef is a surjective ring homomorphism,
there exists an idealf #1(J) of R such that f (f#%(J)) = J. Note that J) f(S) = * if and only
if f#1(J)) S = *. SinceR is an S-AP ring, f#*(J) is an S-almost prime ideal of R and clearly
kerf " f#1(J). Hence,J is anf (S)-almost prime ideal of T by Proposition 3.1(1), and thus, T is
an f (S)-AP ring. O

The next proposition studies the S-AP property under the ring extension R" T, where (R, T) is
a pair of rings.

Proposition 3.5. Let R" T be a ring extension such thalT ) R = | for each ideall of R and
S" R a multiplicative set. If T is an S-AP ring, then so is R.

Proof. Let | be a proper ideal ofR disjoint with S. Now we will show that IT is a proper ideal of
T disjoint with S. Indeed, ifs! IT ) S,thens! IT ) R =1, a contradiction. SinceT is an S-AP
ring, then IT is an S-almost prime ideal of T. The rest of the proof is obtained by [4, Theorem
2.17]. O
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Let R be aring and S an m.s of R. The saturation of S is debned as

" #

S = x! R:% is a unit of S*IR

Note that S' is an m.s containingS.

Proposition 3.6. Let R be a ring andS be an m.s of R. Then the following assertions are

equivalent.

(1) R is an S-AP ring.

(2) Ris an S'-AP ring.
Proof. For any ideal P + R, we haveP ) S = * if, and only if, P) S' = * becauseS' = {k! R:
there existss ! S such that ks ! S}. On the other hand, if P + R is S-almost prime with
associated elemens ! S, so it is S' -almost prime with associated elements ! S'. Conversely, if

P + R is S' -almost prime with associated elementk ! S', there existss! S such thatks! S, so

it is S-almost prime with associated elementks. O

The next result gives the closed relationship betweerS-AP rings and AP-rings concluded from
[4, Theorem 2.12].

Proposition 3.7. If R is an S-AP ring, then S*!R is a AP ring.

Anderson and DumitrescuQs introduction of the concept oB-Noetherian rings constitutes a gen-
eralisation of Noetherian rings. As previously debned [7], ar8-Noetherian ring is one in which
any ideal | is S-bnite, i.e. there existss ! S and a Pnitely generated idealdJ of R such that
sl " J" |. The following result characterises theS-Noetherian ring property using the notion of

S-almost prime.

Proposition 3.8.  The following statements are equivalent.

(1) R is an S-Noetherian ring.
(2) Any S-almost prime ideal is S-pnite.
(3) Any almost prime ideal is S-Pnite.

(4) Any prime ideal is S-Pnite.

Proof. (1) =, (2) Suppose thatR is S-Noetherian. Consequently, it can be deduced that every
ideal is S-Pnite. Moreover, it is evident that every S-almost prime is S-Pnite.
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(2) =, (3) Assume the hypothesis that everyS-almost prime ideal is S-Pnite, it can be deduced
that if P is an almost prime ideal ofR and S) P # *, s! S) P, thensP " sR " |I.
Consequently,P is an S-principal ideal of R, soP is S-bnite. On the other hand, if S) P = *,
then P is S-almost prime ideal of R, so by hypothesis,P is S-pbnite.

(3) =, (4) Assume that every almost prime ideal isS-bnite. Let P be a prime ideal of R. By

debnition, P is an almost prime ideal ofR, and thus, by hypothesisP is S-Pnite.

(4) =, (1) This is obtained by [7, Corollary 5]. O

4 Applications in idealization and amalgamation rings

Let R be a ring and L an R$ module. The trivial ring extension of R by L (also termed the
idealization of L over R) is a commutative ring

R%L :={(al)|a! R and I! L}

under the usual addition and the multiplication debned by (a,l)(b,m) = (ab,am+ bl) for all
(a,), (b,m ! R%L. Itis clear that (1,0) is the identity of R % L, and if S is a m.s of R,
then S % L, and S % 0 are m.s of R % E. In the beld of commutative ring theory, trivial ring
extensions have been shown to play a pivotal role. This is due to the e"ectiveness of this method in
producing new classes of examples and counter-examples of rings subject to various ring theoretic
properties. For a more detailed exposition of this topic, the reader is referred to the following
source: [2,3,9,10,17,18].

Theorem 4.1. Let R be aring andL an R$ module, and letR %L be trivial ring extension of R

by L and S be an m.s ofR. Then the following statements hold.

(1) If R%L isa(S%L)-AP ring, then R is an S-AP ring.

(2) Let R be an integral domain with quotient beldQ and L be aQ-vector space. Then the following

assertions are shown to be equivalent.

i) R%L isan (S%L)-AP ring.

i) R is an S-AP ring.

To prove this theorem, we need the following lemmas.
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Lemma 4.2 ([9, Corollary 3.4]). Let R be an integral domain andL an R$ module. Then the

following conditions are equivalent.

(1) Any ideal of R %L is comparable to0 %L.

(2) Any ideal of R %L is of the form | %L for some ideall of R or 0% N for some submodule
N of L.

(3) Any ideal of R %L is homogeneous.
(4) L is divisible.

Lemma 4.3. Let R be an integral domain with quotient bPeldQ, L be aQ$ vector space andN be
a Q$ vector subspace of.. Then 0% N is a weakly prime ideal ofR %L.

Proof. Note thatif a! R\{ 0} andl! L\ N, thenall/ N. Hence foreverya! RandIl! L\ N,
we getal =0 or al Y N. Therefore by [19, Corollary 3.2] we haved % N is a weakly prime ideal
of R %L, as desired. O

Proof of Theorem 4.1.

(1) Clear by [4, Theorem 3.1].

) (i) =, (i) From (1).

(it) =, (i) Assume that R is an S-AP ring. By Lemma 4.2, every ideal of R % L has the
form P %L for some idealP of R or 0% N for some submoduleN of L.

Case 1. Suppose thatd = P %L is an ideal of R % L disjoint with S % L. Then clearly
P) S=* Let(x11),(y,l2) ' R%L such that (x,11)(y,l2) ! P %L $ (P %L)>?.
Then (xy,xlo+ yl1) ! P %L$ (P %L)? and soxy ! P $ P2, SinceP is S-almost
prime, there existss ! S with sx ! P orsy! P. Hence(s,0)(x,11)! P %L or
(s,0)(y,l2) ! P%L. Thus, P %L is an (S %L)-almost prime ideal of R % L.

Case 2: Assume thatJ =0 % N is an ideal ofR % L. ThenJ =0 % N is a weakly
prime ideal of R %L by Lemma 4.3, and so0 % N is an (S % L)-almost prime ideal
of R%L.

Thus R %L is an (S %L)-AP ring. O

Example 4.4. Consider the ring Z and the m.sS = Z\{ 0} of Z. Then Z % Q is an (S % Q)-AP
ring by Theorem 4.1 (2).
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Theorem 4.5. Let (R,M) be a local ring,S" R an m.s andL an R-module such thatML =0.
Then R %L is a (S %L)-AP ring if and only if R is an S-AP ring.

Proof. Let R be anS-AP ring. Suppose thatS! U(R). Let | be an ideal ofR %L disjoint with
S%L. Setlg={a! R: (a,0)! I}.Itisclearto see thatl is an ideal of R disjoint with S. Now
let (a,1),(b,m) ! R %L such that (a,l)(b,m) = (ab,am+ bl) ! | $ 12. There are three possible
cases:

Case 1: If a¥ M, thena! U(R), and so(a,l) ! URR % L) = UR) % L. Hence(b,m) =
(a,N*1(a,l)(b,m) ! 1, and so(s,0)(b,m)! | forall s! S.

Case 2: If b/ M. Similarly we get (a,)(b, m)(b,m)** =(a,l)! I, and so(s,0)(a,l) ! | for all
s! S.

Case 3: If a,b! M, we have(a,l)(b,m) = (ab,0)! 1 $12 soab! Iy andab!/ 12. Since if
N

ab= aih ! 12 with a;,b ! Io for everyi ! { 1,..,n}. Thus (a,0),(b,0)! | for every
i=1

$
i'{1,..,n}. Then (&,0)(h,0)=(ab,0)! 12 which is absurd. Soab! 1o$ 13. Hence

there existss! S SlIJ:Clh that sa! Ig orsb! Ig aslg is S-almost prime. We have already
assumed thatS ! U(R). On the other hand, since(R,M) is a local ring, U(R) = R\ M.
In conclusion,S) M # *. Lets' | S) M. If sa! lg, then (ss,0)(a,l) = (ssa,ssl) =
(ss'a,0) = (s,0)(sa,0) ! |. If sb! I, then similarly we get (ss,0)(b,m) ! I. Thus, | is
(S %L)-almost prime and R %L is an (S %L)-AP ring.

If S" U(R), then R is a local ring with every ideal is almost prime so by [6, Theorem 17]
M2 =0 and hence,R % L is a local ring with maximal ideal M % L. Now (M % L)? =
M?2 9% ML = 0, and hence every ideal oR % L disjoint with (S % L) is (S % L)-almost

prime by [6, Theorem 17] as desired. The converse part follows from Theorem 4.1. O

Example 4.6. Let S= Z\ pZ wherep is a prime number. ConsiderR = Z, = S#17 which is
a local domain with maximal idealM = pZ.,. Let E be anR/M -vector space. ThenR %E is a
(S % E)-AP ring.

Let (R,R") be a pair of rings,J be an ideal ofR" andf : R { R’ be a homomorphism. In this
section, we consider the following subring oR & R’

RI'fJ={(@f@+j):a! R and j! J}

is called the amalgamation ofR and R" along J with respect to f. If f is the identity homo-
morphism on R, then we get the amalgamated duplication of R along an idealJ, R ! J =
{(a,a+j):a! R,j! J}. As a natural generalization of the duplication construction in [14], the
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amalgamation ring was initiated by DOAnna, Finocchiaro and Fontana. For more details regarding

amalgamation rings, we refer the reader to [12,13, 15, 21].

Let S be an m.s of a ringR. Notice that S" = {(s,f(s)) : s! S}isan mssofRI'" J. Also, if
0V f(S) thenf(S)isan m.sofR". SetT = {II' T J: 1| ideal of R}.

Theorem 4.7. Let R and R" be two rings, S be an m.s ofR, J an ideal of R"andf :R¥ R’
be a ring homomorphism. Then the following statements hold.

(1) I RIf JisanS-AP ring, then R is an S-AP ring.

(2) Let f#1(J) = {0}. Then R " J is an S-AP ring if and only if f(R)+ J is an f (S)-AP

ring.

(3) Let f(a)d =0 for every nonunit a! R. Then R is an S-AP ring if and only if every ideal in
T is an S’-almost prime ideal of R I' T J.

Proof. (1) Assume thatR!' " J is a S™-AP ring. We prove that R is a ring in which every ideal
is S-almost prime. Let | be an ideal of R and a,b! R with ab! | $12, then
(a,f@)(b,f(o) ! 1T I$ (M J)2 So,there existss! S such that (s,f (s))(a,f (a)) !
1" Jor(s,f(s)(b,f(b)! I" T J. Thensa! | orsb! I, hencel is S-almost prime in R,

SOR is an S-AP ring.

(2) Asf#1(J) = 0, from the claim [12, Proposition 5.1(3)] we have the isomorphismR ' f J =
f(R)+J. Let# :R!I'fT J ( f(R)+J bethe natural projectionof RI' f J " R&(f (R)+ J) into
f (R)+ J. Then # is a surjective ring homomorphism and its kernel isker (#) = f#1(J)&{ 0} =
0. Thus # is an isomorphism ring homomorphism with#(S") = f (S).

(3) Assume thatR is an S-AP ring. Let L = I I' f J be anideal inT. We prove that I ' T J is
S'$ almost prime. Let (a,f (a)+ i), (b,f(+j)! R " J such that (a,f(a)+ i)(b,f(b)+ ) =
(ab,f(ah+ f(a)j +f(i+ij)! 1" T JI$ (1" J)2 then two cases are possible:

Case 1: If ab ! | $ 12, then there existss ! S such that sa! | or sb! |. Hence
(s,f(e))(a,f(@+i)! I I"" Jor(sf(s)(bf(y+j)! 1 "" J. Hence,l ' Jis
a S'-almost prime ideal of T.
$ $
Case 2: If ab! 12, then ab= aib with a,b ! | so(ab,f(ab + ij) = (aihb,f (ab)) +
i=1 i=2

g
(agby,f(aiby) + j) hence (ab,f(ab)+ i) = (a.f(a)(b.f(h))+(anf(a)+ 1)
(b, f(b)+j)! (1" J)? a contradiction, as dels_i?ed. O

As a conclusion of Theorem 4.7 (3), we have the following corollary.
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Corollary 4.8. Let (R,M) be a local ring withf (M)J =0. Then R is an S-AP ring if and only

if every ideal in T is S"-almost prime.

Let | be a proper ideal of a ringR. The (amalgamated) duplication of R along | is a special

amalgamation given by

Rl ={(a,ati)|a! R,i! I}
Note that if S is an m.s ofR, then S" = {(s,s) |s! S}isanm.sofR"| . Set, T" = {K '
K ideal of R}.
Corollary 4.9. Let R bearing,Sam.sofR andl ! I(R) such thatal =0 for every nonunit

a! R. Then R is an S-AP ring if and only if every ideal in T" is S'-almost prime.

ConBict of Interest:  On behalf of all authors, the corresponding author states that there is no

confict of interest.
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ABSTRACT

We prove that a spherical tumor with free boundary fur-
nished with an almost periodic nutrient supply has a
twofold long term time evolution: either it vanishes or it
tends towards a persistent tumor which oscillates almost
periodically. This is determined by a relation of the mean
of the nutrient supply and a threshold value meaning the
minimal nutrient supply enabling the tumor to live. In
each case, global stability is proved for the almost periodic
solution (! (t,x),P: (t,x)) of the corresponding reaction-
dilusion equation.

RESUMEN

Demostramos que un tumor esfZrico con frontera libre
dotado con un suministro casi peri—dico de nutrientes tiene
una evoluci—n a largo tiempo doble: o bien desaparece o
tiende a un tumor persistente que oscila casi peri—dica-
mente. Esto estt determinado por una relaci—n del prome-
dio del suministro de nutrientes y un valor umbral, es
decir, el suministro m’nimo de nutrientes que le permite
vivir al tumor. En cada caso, se demuestra la estabilidad
global para la soluci—n casi peri—did@d (t,x), P: (t,x)) de
la ecuaci—n de reacci—n-difusi—n correspondiente.

Tumor growth, spheroid tumor, almost periodic function, reaction-dilusion equation.
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1 Introduction: A simple spheroid model for tumor-growth

Works [3, 14] are seminal works of an abundant production of mathematical models describing
tumor growth, see for instance [6, 9, 10, 13, 15]. The fundamental tool is the reaction-dilusion

equation which models the volume growth under the presence of nutrients and inhibitors. The time

evolution of the volume of the multicellular tumor spheroid living in a Buid containing nutrients

is then given by the solutions to a free boundary problem. Complex models consider a necrotic
core in the description of the tumor. In our considerations we avoid such element of the model. A
common feature of all models is the prediction a twofold scenario depending on a nutrient supply
threshold: either the tumor shrinks and vanishes or the tumor persists.

Typically, under in vitro conditions, nutrient as well as inhibitor supplies remain constant. Never-

theless, in more realistic conditions tumors grow up upon varying tissue conditions. With this

motivation, experimental data having periodic supply have been obtained for instance in [8].
More recently, experimental designs with oscillatory nutrient and inhibitor supplies have been

reported in [11]. Accordingly, mathematical modeling with time-dependent external environment

have arisen. For periodic continuous nutrient and inhibitor supplies, there are results in [12,15,16].
This works describe again conditions under which either the tumor vanishes or the tumor remains
periodically changes size.

Our main contribution in this work, is considering a more general time-dependent oscillatory nu-
trient supply. Instead of discussing a constant or periodic external nutrient concentration, we
introduce in our model an almost periodic continuous function. We can mention two reasons to
use this space of functions: (1) Almost periodic functions incorporate variations in experimental
conditions that not necessarily are periodic but only approximately periodic. (2) Almost periodic
functions permit dilerent factors which may not necessarily be synchronized. This may be inter-
esting when we deal with two growth factors such as nutrient supply and inhibitors, where there
is no requirement of rationally dependent frequencies. The case where almost periodic nutrient
supply and almost periodic inhibitory factor are non-synchronized will be treated elsewhere. In
this work we treat the inhibitor-free case.

We review some of the main concepts and results about almost periodic functions in the Appendix
of Section 4. The interested reader may also consult well known references such as [1,2,4,7].

Now, we describe our setting, see for instance [3,6, 10, 15] for further explanations. L&tt) ! R®
be a bounded region with smooth boundary,! !( t), evolving in time. This region is supposed to
model the tumor inside a continuum media. We designate by' (t,x) the nutrient concentration in
a time-space domain(t,x) " R# R®. When there are no inhibitors in the continuum media, then

the nutrient supply concentration " is proportional to the intensity of the mitosis,

S=pH("$ Y.
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The proportionality constant, i measures the intensity of the cell division. The parameter+ is a

threshold level which divides two regimes: either the tumor growsO due to mitosis or the tumor
shrinks, due to apoptosis.

In a vascularization free environment, we suppose that' satisbes a reaction-dilusion equation,

d" . e
ca— $ #",

where, # > 0 is the nutrient consumption rate. The small time-scale ratio between the nutrient
dilusion T, compared to the tumor volume evolution Tg, leads to a quasi-stationary evolution

where
T 1min
c= — = % 0.
Tr 1day °

Thus, steady solutions of the reaction-dilusion equation become relevant. Assuming a velocity,
$(t,x), for the cell-Row inside the tumor, DarcyOs law describes this Row as generated by the
pressure gradient,$ = $& P, where P (t,x) is the pressure inside the tumor. Since the Row has
the mitosis process as source, the& a$ = S. Therefore,

$"P=&Aa($& P)= &4%=S.

Thus, the stationary reaction-dilusion equation describing the concentration of the nutrient and

the pressure are the following,

"t x) = # (LX), x"I(t), t>0, (1.1)
$" P(t,x)= p(" (t,x) $ %), x"1(t), t>0. 1.2)

For an external nutrient supply, #(t) * 0, homogeneous along the membrane, we have the following
free-boundary value conditions

"(t,x) =#( 1), x" (), t>0, 1.3)
P(t,x) = %H{t, x), x" (Y, t>0 1.4

where % > 0 is a constant representing the cell adhesiveness and (t,x) designates the mean
curvature of the boundary surface,! I( t,x).
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Upon radial symmetry assumption, let R(t) be the outer radius of the spherd !( t), then the PDE
problem (1.1) with boundary conditions (1.3) becomes a couple of ODE boundary problems

Fiﬁf' rzﬁf"(nr) = #", 0<r<R (t),
o TaRE)=HC, " (,0)=0,
5o r2len =uCs®) 0<r<R (),
PULRWM)= o Lp0)=0.

t> 0, R(0) = Ro. (1.5)

For P we have a second order ODE with boundary conditions both, onP and on its derivative.

P (t, R(1))
Ir

Moreover, the Neumann boundary condition - = $R'(t), arises from the restriction of

DarcyOs law& P = $$, along the normal componént of the spherical surface I( t), i.e.

P
K = $$| I t)-

This makes the problem a free-boundary one with velocity displacement of the boundary given
by 8.

Length rescaling allows us to take# = 1. Then, equations (1.5) are solved as follows,

B _ R(t) sinhr
A =HOGRRD T
- lﬁ# 2 2$ " %
Pit.r)= T 128 (RO)T + RO S 4L )+ g
% %
Notably, the Zow, $adsS, of $ along the boundary! I( t) equals the rate of volume change.

")
Mass and volume conservation inside cells imply

d % % %
—vol(I( t)) = & &g dvol.
dt I(t)
Hence, | " 0
! %
d 4&R(t)* _ TR0 2
& 3 C4e HC@nsHrid,
or %R(t)

R'(t) = RO? . M (tr) $ H)redr.
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The PDE problem (1.5) can be solved in this way by solving the ODE

! L
R'= uR p(R)#(t)$ §

R(t))= Ro' 0, #(t)' O, (1.6)
where

(X)— ;$ —

PO = Stanhx *° X2

. . L 1
is strictly decreasing inx > 0, and 0< p(x) < 3 see [6, Lemma 3.2].

We propose the following global stability assertion which depends on a condition on thenean
value,
#= MI[#

of the nutrient supply. See Appendix in Section 4 for the debnition of the mean valueM [' ] of an
almost periodic function ' (t).

Theorem 1.1. Let R(t) be any solution of (1.6) with positive initial condition R(tg) > 0 and an

almost periodic nutrient supply ' (t) ' 0, then we have two possible limits:

(1) If # (% then lim R()=0.

(2) If # > % then there exists a unique almost periodic solutionR*(t) of (1.6) such that
t!Ii#[n |R(t)$ R*(t)| = 0. Furthermore, there is an inclusion of the modules of frequencies®! #.

For the readerOs convenience the debnition ofodule of frequenciescan also be consulted in Sec-
tion 4. This generalizes the result for the periodic case obtained in [12]. Referring to the prob-

lem (1.1) with boundary conditions (1.3), we deduce the following consequence.

Corollary 1.2.  Upon radial symmetry, when the mean value of the supply surpasses the thresh-
old value, %, the free boundary problem(1.1) has a globally asymptotically stable almost periodic
solution (" 4, Px). Otherwise, the free tumor equilibrium is attained in the long term by any initial
condition.

2 Proof of the main result

This Section is devoted to demonstrate our main result stated in Theorem 1.1. The main idea
is to prove boundedness, above and below, in the open intervgl0,) ) of every solution ' (t)
whose initial condition ' (tg) is positive. The main idea then reduces to show that the relative
compacity or normal property of the family of translated solutions. A limit in this family provides
an asymptotically almost periodic solution. We brst review some technical Lemmas.
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Lemma 2.1. Let' (t),((t) be any couple of solutions corresponding to initial conditions (tg) >
((to) ' O of the ODE

x' = g(t,x).

Suppose thatg(t, x) is continuous and C? with respect tox. Suppose that solutions are well-debned
forall t >tgy. Then ' (t) > ( (t). In particular, for ' (tg) > O we have' (t) > Ofor all t ' to,

whenever( (t) * 0 is a solution.

Lemma 2.1 is well known and follows immediately from the property of uniqueness of solutions of

an ODE. From boundedness of solutions claimed in Lemma 2.3 below, it can be applied to (1.6).
Lemma 2.2. If # <% then for any solution of (1.6) with positive initial condition ' (to) > 0, we

havet!]#m (t)=0.

)
C)

Proof. We observe that(In"' (t))' = We proceed by contradiction and suppose that,
"(tk) + $=limsup '(t)> 0
t$ 0

for an increasing sequence, ,) . We recall that

| ' (
() : = .
"M PCOHOS 5 (08,
Therefore,
%
. In' (tk) $ In' (to) . t " _ uH#_ 1$
I|r£]#sup 1S 1o ( I|Ir(rl1#supm . #()S$ H)dt= 3 #HS .
or,
n. (tk) B
- ' (to) H(+$ #)
Ilm#sup 005 to ( 3 <0.
Thus, O( limsuplIn' (tx) = $) orlimsup' (tx)=0. O
k"# k"#

Lemma 2.3. Any solution, ' (t), of (1.6) with initial ' (tg) > 0 is bounded above, i.e.

S (Cosup’ (t) sttt to} <) .
Proof. For the upper bound suppose that there exists an increasing sequentg >t ko1 >t such

that tx -) whenk-)

By contradiction, let us suppose that kI"i?gn ' (tx) = ) . Without loss of generality, by taking subse-
quence if necessary, we can suppose thafty) ,)  is monotone increasing and that' '(tx) > 0.
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Then I(I"i#?"n p(* (tx))=0, and

[ t )
' () = —)
(n" (t)' =+
Hence,
pg = Jim pp( (G)#(t)$ (n* (t)' (0.
However,*> 0. This Pnishes the proof of Lemma 2.3. O

Lemma 2.4. If # > %> 0, then any solution, ' (t), of (1.6) with positive initial condition,
' (to) > 0 is bounded below, i.e.

) inf{" (1) :t' to} ="'g>0.

Proof. Suppose that' g = 0. Recalling Lemma 2.1 we have that (t) > O for everyt' to, and by

continuity there is no interval [tg,t2] where
inf{" (t) : to ( t( t2} =0.
Therefore, there exists an increasing sequendg -)  such that
M )+ 00 pC M) (pC(tk)) . 13, .t [to, t,

becausep(x) is a decreasing function. Thenin' (tx) would tend towards $) . Therefore,

In" (t) $ In(* (to))
te $ to '

0' liminf
k"#
Moreover, if # > * we considerl/3>)> 0 such that
(1$3))# > =
Due to the convergencep(' (tx)) , 1/ 3, there existsNg" N such that
.1 , .1 . N o

) 3SPCM) A0 (M), -t et § k' N
Therefore,
' " %t'
minf M =sup inf H I

li _—
K"'# te $ to k$oj$kt]’$to t
e

= sup inf
k$%]$k) t$to

0 P (OIS 22k

0, *
%,,

P (O)#(1)$ 23t

0

i 1

() S Z=dt +
| PCOHDS gt g
0y,

supinf p(" (O))#(t)$ %"vdt +0

ksoisk 1 $to ¢
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%, 1
sup inf C))#() $ S=dt
sup ot gt PCOMH(DS 5
Yoty 1
asup inf %) #(t)$ Ztdt
H k$Np.J$kt,$t t ) #Y) 3
' t St 1 %y, 1
7$ asu % b #(1)$ -t
| )'u k$Np,J$kt]$tooj$tk t (0 1$ 3
H OtJ
= 7$ asup i t)$ “dt
| )" H k$Np,J$kt $tk te (1) 1$ 3)
1 1 # _ %
We reach a contradiction. So' ¢ > 0. O
Lemma 2.5. If #=+ > 0, then for any solution, ' (t), of (1.6) with positive initial condition,

' (to) > 0, we havet!,i#m "(t)=0.

Proof. Debne

$:=limsup ' (T), *:=liminf '(T)" O.
T4 T#

Notice that O ( * ( $ < +) . We shall prove by contradiction that $= * =0.

Suppose that *> 0. We have, ' ¢ > 0, then p(' g) < 1/3. Therefore, for every increasing se-
guencety <ty <tj, such that ' (tx) ( ' (tj) we havep(' (t)) ( p(" (t;)) ( p(' &). Whence,

%
i In" (t)$ In' (t) _ u e W
hm#sup 6 St = hrJnjup I p(" ()#(1) $ gdt
A)tk nw 1( B
(ISP st y P( J#()$ Sdt=p p(' &)$ 3 #<0.

In particular, for a sequence' (tx) , *> 0 we reach a contradiction. Namely,

In" (t)$ In" ()

< 0.
tj$tk

0( limsup
i
Therefore* = 0.

Suppose that $ >* =0: Since* = 0, there exists an increasing sequenct, , ) , such that
' (ti) + 0. Thus,

pC (6) ( pC (4) . U3 .j' k.

For every ) > 0, due to the convergencep(' (t)) , 13, there existsNg" N such that

) 3SR M) 3SR ), U eyl § k' Ns
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Therefore,
- In(C () (to)) _ In(" (t)/" (to))
$ I|{p#|nf —tL St = pr:up $ —tL $ T
%ti! v %IL w ’
= inf sup—— —$ p( ())#(t)dt+ —$ p(* (O))#(t)dt
k$oj$ftj~$to . 3 p(" (1))#( 1) . 3 p(" (1))#( 1)
e
= inf T - C()#(t)dt+0
L%Ojsslsjftf $ to t 3$ p(" (D))
%tjl N
inf — - C()#( 1) dt
( kgan!jngtJ! St o 3 3 P (W)Y
%,
st 1 b
A b Bl S - -
( uainf jsé"ft} SLUST . 3 $ p(" ())#(1)dt
%y . |
( p'akgn’fhljsgfm( " §+ ) $ 3 #(t) dt

n 1
(U—g"’ )$§#—U—)#

In(* ()" (to))

... In _ _

Hence, lim inf S G > $y)# for each)> 0, i.e.

iminf DC{E (o) g 2.1)
k' t $ to

Now, suppose that$ > 0, then p($) < U/ 3. Therefore, if we take a sequencéy ,)  such
that ' (tx) + $ > 0, we havep(' (tj) <p(' (tk)) <p($) < 1/ 3, for everyj>k and

0,
i,

. In"(t)$ In' (tx) _ .
limsu ) =limsu
i P t Sty i P ti $ tk( t;

o (O#(1)'$ o
' (
e T _ 1

(np@®#3$ 5 =#up@E) $3 <0

Then,

limsup In" () $ In" (t) < 0.
i t $ ty

Supposing, without loss of generality, that' (to) ' ' (tk)

In' (tj) $ In"' (to) = lim sup In" () $In" (L) t; $ ti In' () $ In’ (tk).

lim sup ( limsup

i t $ to i t $ ty t $ to j t $ ty
Therefore,
imsup (1) $n" (to) _ 2.2)
i t $ to

By summarizing (2.1) and (2.2), we Pnally reach a contradiction as follows. Sincé > 0
we can, without loss of generality, suppose that (tj) * $ ' ' (t}). We can also suppose,
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without loss of generality, that t; < tj! . Hence,

0. O

In* (&) $ In" (to) ( limsup In* (t)$ In" (to) -

lim inf
0( limin t'$ to b 4 $to

Finding asymptotically almost periodic solutions, see Debnition 4.4 in Section 4, allows us to Pnd
almost periodic solutions too, according to Theorem 4.5 in Section 4. Among the characterizations
of asymptotically almost periodic functions we have the BochnerOs property described in Theorem

4.6 in Section 4 which will be useful to prove our main result given in Theorem 1.1.

Now we complete the proof of Theorem 1.1.

Proof of existence. We suppose that# > * and take a solution' (t) of (1.6). Due to Lemmas
2.2 and 2.3," (t) is contained in a compactK =['g,"' 4! (0,) ) fort' tg. For an increasing
divergent sequencen = {hx ' to}x' N» kI"i#En hg =) , we debn€ (t) = ' (t+ hy). Then

(" k(®8 In* (@)1= 2K S 20 L e B S B e o).

Where the second inequality follows from substitution

) g m() : .
N0 $; Ol HIPC (t+ h))#(t+ hi) $ p(* (t+ hm))#(t + hi)],

which in turn yields due to the bound p(t) ( 1/ 3.

Invoking BochnerOs property in Theorem 4.3, Section 4, modulo a subsequence we can suppose
that kI”ijgn #(t + hy) uniformly along R. Hence

toht) = im +c(®), +(©) =0 "o, ()

converges uniformly along[te,) ). This proves that both (In' (t))' and +ot) are asymptotically

almost periodic, according to Theorem 4.6 in the Appendix. This means that we can decompose

(O =0n" (@) = () + at), lim ot)=0,

where ( g(t) is almost periodic.

Notably, it can be deduced thaty =In ' (t) is a solution of

| "
dy v
Frll p(e)# $ 3 (2.3)
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Hence, %,
y=¢t®):= ((s)ds+In" (to),

to

is a solution of (2.3). From boundedness of solutions proven in Lemmas 2.3, we can see that a
solution exp((t) of (2.3) is bounded in(0,) ) ast -) . Therefore &(t) remains bounded above

and below ast grows.

On the other hand, if

0, 0
%, %,

Ga(t) .= (g(s)ds+In’(to)+ ¢, &)= q(s)ds$ c

to to

then (= ¢+ g and e s "
Gt =tura=p peeES o

Remark that ¢ is debned up to an arbitrary constantc; " R. Notice that we do not claim that
(¢ is the almost periodic component of an almost periodic function. Nonetheless, we claim that
(¢ is a solution of the dilerential equation (2.4) below
| "

dy C# 8 —

= = ey # — . 2.4

il $3 %49 (2.4)
Now let us consider an increasing sequencgh, ' 0}%_;, h, ,) , then modulo extracting a
subsequence, we get the following uniform limits which are asymptotically almost periodic and

almost periodic respectively:
(o) = im ((t+ o), 0= lim q(t+hn), #e(t)= lim #(t+ hn,).
We claim that there exists also the (asymptotically almost periodic) limit
Gaskt) = M Gt + hn,),

and that y = ¢ gkt) as well asy = ¢ot) solve

dy
at - M PE)#S

(2.5)

wl

To see this we just notice the uniform convergence of the l.h.s. of the dilerential equation

G+ o) = 1 p(ECE+ o, DH(EH M) $ -

and then apply the uniform convergence of the derivative criterion given in Theorem 4.8 in Ap-
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pendix 4. Therefore, the dilerence

&(t) = €oft) $ Caofl)

remains monotone and being asymptotic almost periodic necessarily goes to 0 &5, ) . We
conclude that ¢ ¢t) is an almost periodic solution of (2.5) and that it is almost periodic component

of

Goft) = € g 0kt) + Be(t).
Finally, the limit of the reversed translations yields almost periodic limits
#(t) = ||<i--r¢p #o{t$ hn,),
and
Go((®) = M EosktS hn,).
Indeed, if we denote#(t) := #( t + hy, ), uniform convergence#y - #, implies that for every

) > 0, there existsNig " N, such that for every k' Ngandt' 0,

)> [#y® #il, | #oAtS hy ) S #i(tS hn,)l
= [#oAt$ hn, ) $ #((t+ hy ) $ hn )l = [#oftS hn ) S #(1)].

Hence,y = ¢ (t) dePnes a solution of (2.3). At last,

" e(t) == exp fe(t)

is a solution of (1.6). Such solution' g(t) is almost periodic becauseexp, is uniformly continuous
in the closed interval (&)e, (+§ and we apply Theorem 4.9 in Section 4. O

The stability property
lm | (8" &0l =0,

follows from t!j#m |& (1) $ ()] =0 and from being asymptotic almost periodic.

Proof of uniqueness. Suppose that( 1(t) and ( »(t) are two dilerent almost periodic solutions, with
0<( 1(to) ( (2(to), then

(2t
"GO

= () (p(( (1) $ p((2(1) ( O.
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. t) . . . . .
Since (In(x))! * 0, then Elgt; is a non-increasing function. Moreover, the quotient of almost
2
periodic functions is almost periodic by Theorem 4.7. The only almost periodic functions that are

(1(t)

non-decreasing are constant. Thereforem is constant, and by having the same initial condition
2

this constant is 1. Hence,(1 = ( 2. O

3 Numerical examples

0_
We considerp = 1, # = cos(2 &t/ 7)+cos(2 2&t/ 7)+2 .5 with three dilerent values of the threshold,
%+ =3,1and0.5. See Figures 1, 2 and 3, respectively. Allimages were programmed in Mathematica.

4

9

0 5 10 15 20 25 30

Figure 1: Case* =3 > # = 2 .5 with initial conditions Rg = 0.5, 5, 8, respectively. We observe an
exponential decay towards 0 of the solutions.

L L L L \
0 10 20 30 40 50

Figure 2: Case* = 1 < # = 2 .5 with initial conditions R = 0.5,5, 8, respectively. We observe
asymptotic convergence towards an almost periodic solution.

10~

vl

0 ]
0 20 40 60 80 10¢

Figure 3: Case® = # = 2 .5 with initial conditions Rg = 0.5, 5, 8, respectively. We observe slow
convergence towards O.
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4 Appendix: Almost periodic functions

Along this section, we state the main results of the theory of almost periodic functions. Proofs
and further information can be found in [1,2,4,7]. For a more recent account of the theory, see
also [5].

Debnition 4.1. The space ofalmost periodic functionsis the closureT = AP (R, C) of the algebra
T of all trigonometric polynomials

Co+ ci€) 1t + 4ad c,e)nt

whose frequency set{#,...,#,}! R is arbitrary andc¢" C for k=1,...,n. We considerT as

a subspace of the space of bounded continuous functioB8(R, C) with the sup-norm.
We just write down the main properties of the spaceAP (R, C):

I. Every ' "AP (R, C) is uniformly continuous.
II. AP (R, C) is a Banach algebra.

. Forevery' "AP (R,C), there exists a numerable collection of frequencieg#}i., ! R whose
correspondingFourier coelcients :

9
Yo

' (s) &> ds
to

TEI=I 5y

which do not vanish and do not depend onty. There exists an associated Fourier series

63 .
"M)1 L # ek
k=1

IV. Forevery' "AP (R,C), there exists the mean value
%,

- 1
T=M[]= ||
['] Sm t$to o

' (s)ds,

which is a well-debPned positive linear continuous functionalM : AP (R,C) - R, regardless of

to" R.

V. Forevery' "AP (R,C), the ParsevalOs equality holds:

Y A ¢ 4
M2 = |dL# P
k=1



29529 Persistence of a tumor spheroid with an almost... 377

Depnition 4.2. A continuous function f : R# D - R is said to beuniformly almost periodic

with respect tox " D ! R" if for every compactK ! D,
[ft+,,x)$ftx)<) ." R .x"D,

for each translation number,, " T(),f,K ), and any length-(),f,K ) > 0, not depending on a

particular choice x remaining the same on compact seK ! D.

More specibcally, iff has real Fourier expansion,

o
f(t,x)1 F(x)+  aff,#n]coS@nt)+ bf,#n]sin #at)
n=0

then f is uniformly almost periodic, whenever the coe"cients a[§ #,], b[a #,] do not depend onx,
see [4, Chapter VI] .

An important characterization of the space AP (R, C) is given by the following assertion, whose
proof is given for instance in [5, Propositions 3.6 and 3.7] and [17, Lemmas |.2.1, Theorem 1.2.3 ]

Theorem 4.3. The following properties are equivalent:
Q) ' "AP (R,C).

(2) (BohrOs property) Given' " CB(R,C), for every ) > 0 there exists a set of real numbers
T(,))! R and an)-length, - = -(',) ) > 0, such that each interval(a,a+ -) of length -
contains at least one)-almost period, " T(',) ), such that

I"(t+,)$ " (Y| <), .t"R

(3) (BochnerOs property) For every sequende,}#_, | R, the family of translations
F={n,t):="(t+h,) :n" N}!CB (R,C),

is relatively compact, i.e. there exists a subsequendehn, }i_, ! { hn}#-; such that' n, (t)
converges uniformly to
"oft) = I'(i..T "(t+ hp,)"CB(R,C).

In Theorem 4.3, the limit function ' " CB (R, C) described in BochnerOs property necessarily belong
to AP (R,C) and also' ¢" AP (R, C).
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Debpnition 4.4. A continuous function ' :[0,) ) - R is said to beasymptotically almost periodic

if it can be decomposed (uniquely) as
+(t) = +g(t) + r(t), +&"AP (R,C), r"CB(R,C)

where t!.L#m r(t) = 0. The space of asymptotically almost periodic functions will be denoted as
AAP (R, C), so that
AP (R,C) ' AAP (R,C)!CB (R,C).

Such decomposition happens to be unique.

Theorem 4.5 ([7, Theorem 9.2]). If f (t,x) is almost periodic in t, uniformly with respect to x in
compact subsets oR" (see Section 4), and if' (t) is an asymptotically almost periodic solution of
the ODE, x' = f(t,x), x" D! R". Then the almost periodic part' &(t) of ' (t) is also a solution
of this ODE.

As in the case of almost periodic functions, there are characterizations of asymptotic almost peri-
odic functions in terms of BohrOs and BochnerOs type properties. Specibcally the following assertion
holds.

Theorem 4.6. The following properties are equivalent:
(1) +"AAP (R,C).

(2) (BohrOs property in[0,) )) Given + " CB(R,C), for every ) > 0, there exists a set of real
numbersT(+,))! Rand an)-length,- = -(+,)) > 0, such that each interval(a,a+-) ! [0,) )
of length - contains at least one)-almost period, " T(+,)), such that

[+(t+.)$ +(O)]<), .t ts

for certain tg' O.

(3) (BochnerOs property in[0,) )) Given + " CB(R,C), for every sequence{h,}#_, ! R, such
that h, > 0 and anLn h, =) , the family of translations

F={+,(t):=+(t+hy): n" N}!CB (R,C),

is relatively compact, i.e. there exists a subsequendeh,, }-; ! { hn}#.; such that+p, (t)

converges uniformly along[0,) ) to

+o)= fm +(t+hy,) " CB(R,C).
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In Theorem 4.6, the limit function + " CB(R,C) described in BochnerOs property necessarily
belongs toAAP (R, C) and also+¢," AAP (R,C). See in [7, Theorem 9.3] and [17, Theorems 1.3.2,
1.3.4, 1.3.5, 1.3.9, 1.3.10] for a complete discussion of the proof of Theorem 4.6.

Other properties of the space of almost periodic functions that will be useful for our purposes can
be summarized in the following assertions.

Theorem 4.7 ([4, Theorems 1.5, 2.1]) Let ' (t),( (t) be almost periodic functions, anda,c" R
constants, then the following functions are also almost periodic

L)+ c((t), " (t+ a), ' (at), ' (1) a((t), I (t) when' (t)' ' &> O.

Theorem 4.8 ([4, Theorem 4.1], [17, Theorem 3.3]) The primitive of an (asymptotically) almost
periodic function is (asymptotically) almost periodic if and only if it is bounded on the real line. If
the derivative +'(t) of a derivable asymptotically almost periodic functiont(t) is also asymptotically
almost periodic, then the associated decomposition

H)= v+ 1), +¢"AP (R,C), lim r(t)=0,
induces the corresponding decomposition associated t8' " AAP (R, C) as follows
d+g ,,

HO) =+ )+ '), +a= AP (RC), r'= % Jim r't)=o0.

Theorem 4.9 ([4, Theorem 1.7]) Let G(z) be a uniformly continuous function ofs" R ! C. If
for f (x) an almost periodic function f (x) " R for every x " R, then the function

F(x)= G(f (x))

is almost periodic.
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1 Introduction

We begin by bxing some notation. For an elliptic curveE over Q we write jg for its j-invariant,

I g for the absolute value of its minimal discriminant, and Ng for its conductor.

In the early 800s, Szpiro proposed the following conjecture [14]:

Conjecture 1.1 (SzpiroOs conjecture)Let | > 0. There is a numberc, > 0 depending only on!
such that for all elliptic curves E over Q we have! g ! ¢ aNg*'.

This conjecture is very deep. Even a weaker version with the exponen® + ! replaced by some
Pxed constant would have tremendous consequences such as a version of #econjecture bin
fact, SzpiroOs conjecture was the main motivation for the formulation of the@bcconjecture, see [4].

SzpiroOs conjecture is known for elliptic curves of prime power discriminant by work of Mestre and

OesterlZ [5] and for elliptic curves of integralj -invariant by work of Pesenti and Szpiro [10].

At present, the strongest unconditional result valid for all elliptic curves over Q is the following

(elective) estimate by the author [7, Theorem 1.8] valid for any ! > 0:
log! g ! (1/4+!)aNg logNg + O, (1).
This improves the earlier bound
log! e ! NglogNg + O(Ng loglogNg)

by Murty and the author [6]; both results use the theory of modular forms.

We mention that an upper bound for the number of (potential) exceptions to SzpiroOs conjecture
with ! g less than a given bound is proved in [1] by Fouvry, Nair, and Tenenbaum.

Our goal is to prove SzpiroOs conjecture for elliptic curves whogenvariant has small denominator.
We write num(q) and den(q) for the absolute value of the numerator and denominator of a rational
number q in reduced form. With this notation, our main result is:

Theorem 1.2 (Main result). Let A,B > 0. For all elliptic curves E over Q with den(jg) !
A(lognum(jg))® we have
le! A&16®™ NE* (logNg)B.

In particular, by setting B = 1, SzpiroOs conjecture holds whetten(j ) has logarithmic size with
respect tonum(jg):
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Corollary 1.3  (SzpiroOs conjecture wheden(jg) is small). Let A > 0. For all elliptic curves E

over Q with den(jg)! A dognum(jg) we have

I £ ! 256A 4N& logNEg.

Note that this generalizes the PesentiDSzpiro result [10] on SzpiroOs conjecture wher' Z.

Finally, let us mention an application. Theorem 1.2 together with [2, Theorem 0.7] by Hindry and
Silverman yield a rather uniform bound for the number of S-integral points on elliptic curves E over
Q wheneverden(jg) ! (lognum(jg))B for a bxedB and S a Pnite set of primes. (Nevertheless,
it is likely that the latter condition can be weakened for this application by revisiting ideas from
SilvermanOs thesis.)

About number Pelds: This note is about elliptic curves overQ, but it is conceivable that the same
ideas work whenever (potential) modularity is established in a geometric sense, that is, modular
parameterizations from Shimura curves to elliptic curves. See [7, Theorem 1.17] for a concrete
bound as the one needed. We do not aim for that level of generality here.

2 The height of the j-invariant

The Faltings height of an elliptic curve E over Q is denoted by h(E) (here we really mean the
Faltings height over Q, not the stable one). In [6], Murty and the author used the theory of
modular forms to prove the following explicit bound for all E over Q:

h(E) < 0.1&Ng logNg +11.

For a rational number q we recall that its logarithmic height is h(q) = log max{num(q), den(q)}.
It turns out that h(E) is related to h(jg) in a very explicit way; Silverman [12] proved

h(je) ! 12h(E)+ O(log(2 + h(je))

where the error term has an elective implicit constant. This has been made explicit by Pellarin
[9] and, in a sharper form, by Pazuki [8]. For our purposes [9, Lemme 5.2] is enough; this gives
h(jg)! 24maxX1,h(E)} +94.3. Putting these results together we obtain:

Corollary 2.1.  For all elliptic curves E over Q we haveh(jg)! 16aNg logNEg.

Proof. The previous discussion leads to

h(]E) I 943+24 é(OléNE |OgNE +11) =2 .448Ng |OgNE +358.3.
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The result follows from the well-known fact that Ng # 11 for all elliptic curves over Q Nthis is

classical, but a simple way to see it is that there are no rational Hecke newforms of weigt for
"o(N) whenN < 11 O

3 An application of TateOs algorithm

For a prime number p we denote byv, : Q' $ Z the p-adic valuation.

Let E be an elliptic curve over Q. The primes p that divide ! ¢ are the same as the ones that
divide Ng. We split these primesp into three types:

¥ Type 1: vp(je) # 0.
¥ Type 2: vp(je) < 0 and E has multiplicative reduction at p.

¥ Type 3: vp(je) < 0 and E has additive reduction at p.

The following is proved in [10].

Lemma 3.1 (Primes of Type 1). If pis of Type 1, thenvy(! £) ! 5Svp(Ng).

As noted in [10], this immediately implies SzpiroOs conjecture whenevgs " Z.

Let us now considerp of Type 2. The Kodaira type of the special bbre of the minimal regular
model of E over Z, is |, for somen # 1. The output of TateOs algorithm summarized in [13, p.
365, Table 4.1] (which rebned TateOs table in [15]) shows that= Yvp(je) = vp(! £). So we bnd:

Lemma 3.2 (Primes of Type 2). If pis of Type 2, thenv,(! g) = %vp(je).

Finally we deal with the primes p of Type 3. In this case the Kodaira type of E at pis I, for a
certain integer n # 1, see the discussion in [3, p. 42]. Let us brst deal witlp = 3 and then with
p=2.

If p# 3, from the data in the 1, column of [13, p. 365, Table 4.1] we get

V(' E)=6+ n=6%Vp(je) =3Vp(Ne) %Vp(je).

Let us now consider the casep = 2. The number m of geometrically irreducible components of
the special Pbre of the minimal regular model atp = 2 ism = n +5 (see the table in [15].)
By the SaitobOgg formula we havevo(Ng) = vo(! g) %m+1 = vo(! g) %n %4 which gives

Vo(! )= vo(Ng)+4+ n.
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We need some control on the integem. In [3, Theorem 2.8] gives the existence of a suitable

quadratic extension L/ Q such that if s+ 1 is the valuation of its dilerent ideal over 2, then
n=%v,(jg)+4s. By[11, p. 58, Remark 1], we haves! 2 so we getn ! % v,(jg)+8. Therefore

V2(! E)' V2(NE)%V2(jE)+12! 3V2(NE)%V2(jE)+8

becausev,(Ng) # 2 (additive reduction). Let us summarize our bndings:

Lemma 3.3 (Primes of Type 3). Let p be a prime of Type 3 and write", =8 if p=2 and ", =

From these three lemmas we deduce the following result, which can be of independent interest:

Corollary 3.4. Let E be an elliptic curve overQ. Then ! ¢ divides 16&den(jg)N2.

Perhaps an explanation is needed for the factod 6. This is only necessary wherp =2 is a prime
of Type 3. In this case

Vo(! g) ! 3va(Ng) %Vva(je) + "2 ! Sva(Ng) %282%vV,(je) +8 ! 5va(Ng)+4+ va(den(jg)),

where we usedvo(Ng) # 2 asp =2 is of additive reduction.

4 Proof of the main result
Proof of Theorem 1.2. By Corollary 2.1 we have
den(e)! A(lognum(jg))® ! Ah(jg)® ! A&16°NE (logNg)B.

Putting this estimate together with Corollary 3.4, we bnd ! ¢ ! A&162**N2*™ (logNg)®. O
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1 Introduction

In 1967, M. Hukuhara introduced the integral and the derivative for set-valued mappings and
considered how they are related to each other [8]. These derivative and integral generalize the
ordinary derivative and Riemann integral for a single-valued function to the set-valued case. In
1969, F. S. de Blasi and F. lervolino considered dilerential equations with the Hukuhara derivative
[3]. Subsequently, many authors introduced other derivatives and integrals for set-valued mappings
and studied the properties of solutions to various set-valued equations (see [10,12D18,21D26] and
references therein). Such equations are similar in appearance to the corresponding classical equa-
tions, but their study and solutions must account for their set-valued nature. Hence, traditional
methods and approaches used for single-valued systems are not always applicable to set-valued
systems, necessitating new or alternative methods. Furthermore, the set-valued nature introduces
new properties that require exploration.

The article considers the Cauchy problem for a linear set-valued dilerential equation with the
Hukuhara derivative !
Dy X (t) = AX (t) + F(1),

1.1
# X (0)= Xo, D

where X : [0,T] ! conv(R") is the unknown set-valued mapping, Dy X (t) is the Hukuhara
derivative, A " R™ " is a non-singular matrix, F : [0,T]! conv(R") is a continuous set-valued

mapping, and Xq " conv(R") is the initial set. An analytical solution formula for problem (1.1) is

obtained, and its di'erence from the single-valued case is demonstrated.

Previously in [19, 22], it was proven that Cauchy problem (1.1) has a unique solution ifA is a
non-singular matrix. However, unlike in the single-valued case, an explicit solution to such an
equation was not provided.

Subsequently, an explicit form of the solution was obtained for some special cases.

If A = al,, wherel, is the identity matrix of size n and a > 0, then Cauchy problem (1.1) takes
the form
Du X (t) = aX(t) + F(t), X(0) = Xo, (1.2)

and, according to [3,22], has the following solution:

$t
X({t)= & Xo+ e"SIF(s)ds (1.3)
0

and if F(t) # F for all t" [0, T], then, according to [9], has the following solution:

t
ea$1|:_

X (t) = e""th+
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If A" GL(n,R) and F(t) # F, then Cauchy problem (1.1) takes the form

DuX(t)= AX () + F, X (0)= Xo,

and, according to [11], has the following solution:

% &ti ,
A'G

X(t):X0+ T
i1 I

where F " conv(R"), G = Xo+ A" 'F.

We also note that the results of this work can be used to extend the research begun for linear
homogeneous set-valued dilerential equations with generalized derivative [9, 14], for linear homo-
geneous set-valued dilerential equations with conformal fractional derivative [10,12] and for linear
homogeneous set-valued dilerential equations with conformal fractional-fractal derivative [13] to
a more general class of problems - linear inhomogeneous set-valued dilerential equations.

2 Preliminaries

Let R" denote the n-dimensional Euclidean space, and leconv(R") be the space of nonempty
convex compact subsets oR", equipped with the Pompeiu-Hausdor! metric:
& :
h(X,Y)=max sup inf % $ y%sup inf % $ y% ,
x$x Y$Y y$y X$X

where X,Y " conv(R").

In the spaceconv(R"), in addition to standard set operations, we consider the following:

(
¥ sumof setsX andY: X +Y = {x+ vy}.
x$X,y $Y
¥ scalar multiplication of ! " R with the set X: IX = {x }.

x$ X

The following properties hold [15, 22, 24].
Properties A.  Forall X,Y,Z,W " conv(R") and ", #,! " R:

(1) (conv(R"),h) is a complete metric (4) ifX & Z, Y & W, thenX +Y & Z+ W,
space, (5) IX " conv(R");
2) X+Y =Y+ X" cony(R"); (6) " (#X)=("#)X:

B iIfX+Z=Y+2Z thenX =Y, (7) if"# ' O, then (" + #)X = "X + #X;
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(8) 1(X +Y)=IX +1V; (10) h(IX,1Y )= |'|h(X,Y).
9) h(X + Z,Y + Z)= h(X,Y);

It is known that the space conv(R") is not a linear space with respect to the given operations,
because in the general case, there is no opposite element %r" conv(R"), that is, no set$ X such

that X +($X) = {0}, the opposite element exists only in the case wheiX " R". The absence
of an opposite element in the spaceonv(R") leads to the ambiguity in debning the concept of set

di'erence and the conditions for its existence.

In this paper, we will use the dilerence of Hukuhara [8].

Debnition 2.1 ([8]). Let X,Y " cony(R"). A setZ " conv(R") such thatX = Y + Z is called

the Hukuhara dilerence of the setsX and Y, denotedX H-Y.
The Hukuhara dilerence has the following properties [8,15, 22,24, 25].

Properties B.

(1) If the Hukuhara dilerence X HY exists, then it is unique and (X H-Y) + Y = X.
(2) XHEX = {0} forall X " conv(R").
(B) (X +Y)HY =X forall X,Y " conv(R").
Also, let us add one more operation: the product of a matrix with a setAX = {Ax}, where
x$ X

A" R"™ " js a real matrix of sizen( n and X " conv(R").

We will list some properties of this operation [4, 7].

Properties C.

() IFA" R™™and X " conv(R"), then AX " conv(R¥), wherek = rank(A);
(2) IfA" R"™M™and X,Y " conv(R"), then A(X + Y)= AX + AY;
(3) IfAB" R"™"andX " cony(R"), then (A + B)X ) AX + BX;
(4) IfA" R™M X, Y " conv(R") and X ) Y, then AX ) AY.
Remark 2.2. For practical computation of the setY = AX, either the singular value decomposition

(SVD) of the matrix A [4,6,12] or the mathematical apparatus of support functions of sets [1,7,
15,19, 25] is typically used.
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Let X : [0, T]! conv(R") be a set-valued mapping.

Debnition 2.3 ([8]). Lett " (0, T). If for all su"’giently smgll $> 0 such, that(t$ $,t+ %) &
(0,T), the Hukuhara dilerences X (t+ $) H- X"t and X't H-X (t$ $ exist, and there exists
Z " conv(R") such that the following equality holds:

I|i0r/1ja$' l)x (t+9) 'ix)t :Iilrg)ﬂ$" l)X)t X (t$ 9 =2 (2.1)

we will say that the set-valued mappin (§ has the Hukuhara derivative at the pointt * (0, T)
and Dy X (t) = Z.

If Dy X (t) exists forallt " (0, T), and the limits Itio% Dy X (t) and Itig; Dy X (t) exist, we will assume
that Dy X (0) = Iitrg)m Dy X (t) and Dy X (T) = IitrgT Dy X (1).

Debnition 2.4. If the Hukuhara derivative Dy X (t) exists for allt " [0, T], we will say that the
set-valued mappingX (g is dilerentiable in the Hukuhara sense on[0, T].

The Hukuhara derivative has the following properties [12, 15,19, 22, 24].

Properties D.

(1) If the set-valued mapping X (t) # X forall t* 0, then DX (t) # { 0};

(2) if the set-valued mappingsX (4 and Y (§ are dilerentiable at t > 0, then
Dy ("X (t)+ #Y (1)) = "D y X (t) + #Dy Y (1);

(3) if the set-valued mapping X (§ is continuous onR. , then

+ -

$t
Dy X(s)ds = X(t), t> 0,
0

where",# ' 0, the integral is understood in the sense of the Riemann-Hukuhara integral
[20, 25].

The Riemann-Hukuhara integral is debPned analogously to the Riemann integral for single-valued
functions, taking into account the set-valued nature of the integrand mapping [20,25] and possesses
the following properties [8,19, 20,22, 24, 25].
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Properties E. If ! :[0,T]! R s a continuous function such that! (t)! (s) ' Oforall t,s" [0, T],
A :[0,T]! R" " s a continuous matrix function and A(t) " GL(n,R) for all t " [0, T],
X " conv(R") and F,G : [0, T]! conv(R") are continuous set-valued mappings, then
$t
(1) F(s)ds" conv(R") forall t" (0,TJ;
0

$t $ $
(2) F(s)ds+ F(s)= F(s)dsforallt" [0, T];
0 t 0
$t $t $t
() (F(s)+ G(s))ds= F(s)ds+ G(s)dsforallt" [0, T];
0 0 0

(4) if the set-valued mapping F (g is continuously dilerentiable in the sense of Hukuhara
$t

on[0,T],then DyF(s)ds= F(t)HF() forallt" [0,T];
0

$t $t
(5) !'(s)Xds= !(s)dsX forallt" [0, T];
0 0
$t $t
(6) A(s)dsX) A(s)Xds forall t" [0, T];
0 0
$t $t
(7) if F(t) & G(t) forall t" [0,T], then F(s)ds) G(s)dsforall t" [0, T];
+ ) 0 0
$t $t $t
(8) h> F(s)ds, G(s)ds * h(F(s),G(s)) dsforall t" [0, T].
0 0 0

3 Linear set-valued di'erential equation with the Hukuhara

derivative.

Now we will consider the Cauchy problem (1.1).

Debnition 3.1. A set-valued mappingX : [0,T] ! conv(R") is called a solution of Cauchy
problem (1.1) if it is Hukuhara dilerentiable and satispes system(1.1) for all t " [0, T].

Suppose that equation (1.1) has the following solution:
!
w &0 g "B iv/i
XO=xor  Luz 4GSV
oy -0 il

1
0 2
Y(s) ds, (3.1)

wheret " [0,T], U,V " R"™ " are non-singular matrices,Y : [0,T]! conv(R") is a continuous
set-valued mapping, andZ " conv(R").
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It is easy to verify that X (0) = Xo.

First, let us prove some properties of (3.1). For this purpose, we introduce the following notations:

0, 0

0/:%ny—§/B P % = W%

QJ 0= u|J| Q (Y
i=1 j=1

& = }diam(xo)= 1 max % $ y% & = }diam(Z), & (1) = }diam(Y(t)),
2 2 xy$Xo 2

$ . S $ s)'
X10(t) = Xo, Xo0(t) = Y(s)ds, Xg;(t)= TIUIZ' Xoi(t) = Vi Y(s)ds, i' 1,
0 0
_ _ % %
") (t) $ the Lebesgue measure of the seX! (t) = Xqi(t)+ Xai(t), " O
i=0 i=0

((t) $ the Lebesgue measure of the sex (t).

Since X (0) = X°%(0) = X1(0) = 44& X/ (0) = 4aAawe have((0) = '°0) = 'Y(0) = 44&
'1(0)= aaa

Let the vectors x " R", z" R", and y(t) " R" be such that X, ) B-,(x), Z ) B-,(2), and
Y(t)) B, ()(y(t)), whereB,(xo) = {x" R" : % $ xo% *r} is n-ball of radius r and center xo.

Then, forallt" [0,T]andi"' 1:

Xqi(t) = %UiZ) LluiB-- (2) = %U‘z+ %UiB--Z(O)) %Uiz+ %%JB.-Z(O)

- tiil!Jiz %&251(0)
X, (1) = “$ D viv(s)ds) (t$ U89 yip-, o y(s) ds

0 0
$t/ i i 0

- (t$s)vl ()+($S)VBY(S)(O) ds
0
$t | |

) “$S)Vy()ds+ “$S) % B, (5)(0) ds
0 O
$t i

= (t$ (S 9 Viy(s)ds+ P s ) /@ & (s) ds B1(0).

0 0
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Consequently,
- . Bp o O 8oy y 9 :
h™ X! (1),{0} *%x%+ h(& B1(0),{0}) *U' zz+h *O/b)&z B1(0),{0}
i=1 i—1
$ 0 "o $ 0 ;
% t i % t i
. % S vi v ds%+ h €3 9 g8, (s) dsB1(0).(0)
izo O i=0
8% ti 9 % th $ t % (t$ S)'
* %x %+ & + —%, %%+ I—I%J&z ~= 7 o %(s)%ds
i=1 ! i=1 0 =0
$ '[% i
. (t$s)%&y(3)d5
0 =0
Because

% i * i
Yo = et 51 &, (t$ U3 9 o ey (9)= o 9™ gy (s),

% (t$}|5)i Vi= " 9V

then

; j < = D f T
jI,;#m XIt)) x+ &B1(0)+ €¥ $1, x+ €V 3$1& ByO)+

N > g @
+ " MWy(s)ds+ ? el ey (s)dsAB1(0) (3.2)
0 0
and
- ) ) * <t# — ) ” *
'I';Iamh XJ(1),{0} *%x%t+ & + €%V $ 1 %%+ e¥v $1 &+
j
$t $t
+ " Ioy(s)uds+ et g (s)ds. (3.3)
0 0
Since forp>gq, p,q" N
+ .
w & ' % $t&(t$ )
h(XP(t), X 9(t)) * h, Xo+ ~U'z V'Y(s) ds,
i=1 : i=0 0
& . $t & L
o4 i 8 i
Xo+ L,U'Z + (t$ yi Y(s) ds
i=1 2 i=0 0
+ & . ' )
%8 i % i
. Cuiz + (t$ Viv(s) ds.{0}-
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! 1 ! 1

O/B I " O/B | 2 0/8 $t &(t$ S)I
* # 7% %2 %+ 4 O/bJ & + /b %(S)%ds
i:q+1 | i=qe1 | : =g+l g
O/B I
" (t$s)%&v(s)ds
| i=qg+l 0 1
BT
* 70 040
# ' /b (%%t &)
i=qg+l
! 1 ; ]
" om | 1
+ (T $ s) % d Sy max o (t)%+ max & (f)
o t$[0,T] t$[0T]
i=g+l o 1
' % Ti ) 2
# i!/bJ3(/ﬁ/ol- &)
i=qg+l
! 1 5 ]
9% Ti+1 ] 2
+ 0 oo (010
#i:q+1 (i+1)! /03 tgﬁg"%‘] Ay (t) %+ ggax & (t)

Therefore, for any $ > 0, there exists N($) > 0 such that for all p > g > N the inequality
h(XP(t), X 9(t)) <$ holds, meaning that the sequencé X k(t)}{_, converges uniformly toX (t) on
the interval [0, T].

Also, we have for allt " [0, T]
Oy *x r(t)*raaax' (1) 444

and +

$t "
Jfm i &+ Jar g1 g+ e Mg (9ds ), (3.4)

0
% 0
where) = ﬁ%f is the Lebesgue measure of the s&;(0) [5], and!( n) is the Gamma function.
T2

Thus, ,IILm "I (t) exists and equals( (t), for all t " [0, T], and the sequence|'! (t)}}lo converges
j
uniformly to ((t) on the interval [0, T].

Substitute X (3 into the equation (1.1) and check the identity:
Dy X (t) = AX (1) + F (1),

or bnd the conditions for its validity.
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+ -

$t B i"1
Since Dy (Xo) = {0}, Dy+ Y(s)ds = Y(t), DyXq;(t)= Dy %uiz = MUiz =
. ! !
UXgi1(1),
+ -
$t & o
I "1 |
Dy X5 (t) = Dy » My( s ds = MY(S) ds= VXa» (1)
i! (i%$ 1)
0
foralli=1,2,..., and the series
% % & % % %
Xi(t)= 7U'Z , Dy Xyi(t)=U Xgi=1(t)= U Xqi(t),
i=0 i=0 I i=0 i=1 i=0
% o & i\
X2,i (t) = MY(S) ds,
i=0 i=0 0
+ ' -
I I %
DuXzi()= Dy Mv(s) ds = Y(+V  Xp()
i=0 i=0 o I i=0
converge uniformly on[0, T], then
% & ' o S/ i
DyX((t)=Uz+U t UZ +Y()+V MY() ds.
i=1 i=0 0
Also,
& ' ; 0 !
% i % i 2
AX () + F(t) = AX o+ A ti—lu'z A, Mv(s) ds, + F (1)
i=1 ’ i=0 0
Then we obtain the following equality:
% & . ! % $t/ 0
uz+uU %U‘z +Y(t)+ V MY() ds=
i=1 I i=0 o
% & i . l i
= AXo+ A %u'z +A Mv(s) ds+ F(t),
i=1 ’ i=0 0

which will hold if U=V = A, Z = Xo and Y(t) = F(t).

Thus, the following theorem can be formulated.
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Theorem 3.2. If the matrix A" R™ " is a non-degenerate matrix and the set-valued map (3 :

[0,T]! convw(R") is continuous on [0, T], then the system(1.1) has the following solution:
% &ti ) l

X(t): Xo + ?A|X0 +

= i=0

% $t i Al
N#F (s) ds. (3.5)

Remark 3.3. Accordingly, considering (3.2), (3.3), (3.4) and (3.5), we obtain

$ 7 @
X)) efx+ eAlgB(0)+ el Dhf(s)ds+ ? et )Alg (s)dsAB4(0),

0 0

$t $t
h(X (1),{0}) * e(Alogopr (Alg + &t (Alof(s)uds+ " (Alg (s)ds

and + . " n

((t) * et(A(&( + e(t" S)(A(&F (S) ds- )1
0

where & (t) = %f fm$a%<( )%1 $ 2% the vector f(t) " R" such thatF(t) ) B-. ) (f(t)).
1.f2 t

Here are some corollaries of the theorem and remarks.

Corollary 3.4. If Xo" R"andF :[0,T]! R", then

' D E
% &ti i % ¢ [ A
ITA Xo = ITA Xo = €™ Xy,
i=0 ’ i=0
" " % (t$ s) Al 2 S “1s Al ¥
" i7IF(s) ds, = ——"— F(s)ds= " SIAE (s) ds,
i=0 0 : 0 i=0 ! 0

and accordingly, (3.5) can be rewritten in the following form, yielding the well-known formula for

ordinary linear dilerential equations:

$t
X(t)= A Xo+ €&V IAFE(s)ds.
0

Corollary 3.5. If Xp" cony(R") andF :[0,T]! R", then in this case, (3.5) will take the form

% & %
X (t) = i—IA'Xo + e"9AF(s)ds.
i=0 ' 0
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Remark 3.6. Note that from Property C (3), we have
' D E

) o
—AlX, + A Xo = e Xy,
i=0 ’ i=0 I

that is, in the general case we have

$t
' Xg+ e IAF(s)ds) X(t).

However, if, for example,

(1) the matrix A is such that its singular values+i,...,+, satisfy the condition +; = aa&
+, = + and the setX, is such that AX o = +Xo, then A2Xy = AAX o = A+X g = +AX g =
+2Xo,..., AKX = +*Xo, ... and, accordingly,

' ' D E

_ % &ti _ % iy

—A'X, = —+Xy = —  Xo= % Xg= M Xo.

Then the system(1.1) has the following solution [12, 14, 21]:

$t $t
X(t)= e"Xo+ e IAF(s)ds= M Xo+ € IAF()ds.
0 0

For example, the condition AX g = +X¢ holds for

+ - + -
a $b a b )

. or A=, . and Xo=B1(0)={x" R" : %% * 1},
b a b $a

sz

where+ = " aZ + I? [10,12, 21].
+ -
. 0 a .
(2) The matrix A = » Do and Xo={x" R%:|x|* 1,i=1,2}.

Since the singular value decompositiotd" VT of the matrix A is

I+ -+ -+ - T
laj © 0 =& L
2 ol e o v TRUTH
A=U"VT = _ + -+ -+ 1@l -
0 20
E S0 . if fal < [bl,
0 |a 0 &

®

then AXo = U"VTXo = U"Xo = Uttgs, = #s,8, = {X " RZ 1| * +,i
1,2}, AZXO = A#$1’$2 = #$%’$§,...,AiXo = A#$illly$\2!l = #$\1’$i2,..., where +1
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max{| al, |bl}, +> = min {| a|, |bj}. Accordingly,

o &i % &, ' %
Xo+ *A Xog = Xpo+ ﬁ#$i1’$i2 = Xo+ #%$i1,%$i2:#e!1[ve!2t'
i=1 i=1 i=1

Since# e 1t gt = € 'Xg = N Xy, the system(1.1) has the following solution:

$t $t
X({t)= &' Xo+ eVIAF(s)ds= M Xo+ e DAF(s)ds.
0 0
Remark 3.7. If Xo" conv(R") andF :[0,T]! conv(R") then the system(1.1) has the solution
(3.5). Similarly, as in Remark 3.8, from Property C (3) we have

D E
% &ti ) % .
—A'Xo + =A" Xo = € Xo,
i=o " iz
% i Al $t- % Al $
WF@) ds + w F(s)ds= €A 9F(s)ds,
i=0 | I . I 0
that is, in the general case we have
$t
X+ e SDAF(s)ds) X(t).
0

However, if, for example:

(1) The matrix A, the set Xy and the set-valued mappind-(§ are such thatAX o, = +X, and
AF (t) = +F(t) for all t" [0, T], then the system(1.1) has the following solution

$t $t
X(t)= ' Xo+ e IF(s)ds= e Xo+ M IF(s)ds.
O 0

For gxample, the condition AXo = +Xo and AF (t) = +F(t) for all t " [0, T] holds for
a $b

A=, A - Xo=B1(0)= {x" R2: %% *1}, F()= {f(t)" R?:9%(t)% * g(t)},
a
forall t" [0,T], and g(t) > O, for all t" [0,T], and += " a2 + 2.
+ -
, 0 a .
(2) The matrix A = Do , Xo={x" R?:|xi|* 1,i=1,2 and F(t) = {f(t) " R?:
0

[fi()|* g(t),i=1,2} forall t" [0,T] and g(t) > Oforall t" [0, T].
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Then the system(1.1) has the following solution

St $t
X(t)= e Xo+ e IF(s)ds=e 'Xo+ €Y F(g)ds,
0 0

where" is the singular value matrix described in Remark 3.6.

Remark 3.8. If A= al, (a< 0), Xg" conv(R") and F : [0, T]! convw(R"), then the Cauchy
problem (1.1) takes the form

DuX ()= aX () + F(t), X(0)= Xo. (3.6)

However, sincea < 0, using the formula (1.3) is not possible. We rewrite the system(3.6) in
matrix form (1.1), where A = $| a|l,, and according to Theorem 3.2, the solution of the system
(3.6) can be written in the form (3.5).

Since A = $|a|ln, A% = $|a®l,,...,AZ" 1 = $|aZ" L,,... and A? = |a|?l,,A% = |a]*l,,...,
A? = |a®l,,..., we have
% &ti i | % . t2i"l 2i" 1 | % & 2 2i
~ ITA Xo » (2|$ 1)IA Xo + ~ wA Xo
% San g L S,
T @snrtvme @y e
and
% &g % ¥ &iggar % F&igg2
- %A'F(S) o= WAZ' 'F(s) dsr O ((2i)!) A?F(s) ds
i=0 i=1 g i=0
$t Doy i E gD _ _ E
|a|2| l(t$ S)2| 1 % |a|2|(t$ S)2|
= - ($1,)F(s) ds+ —————I,F(s) ds.
R 21 $ 1)! . i (2i)

Since the setsX, = ($1,)Xo and B(t) = ($1,)F(t) are centrally symmetric to the setsX, and
F (1) relative to the point 0 [2], we can write

% &lalzi" 142i" 1 ' %% &lalzitzi
@s1 "0 . @)

X (t) = XO + XO
i=1
$t % & 2i" 1 2i" 1 $t % & 2i 2i

. a1t 97 g o e lal? (t$ )

@i $ 1)! - (2i)!

F(s) ds.
o i=1
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Since

% & (+t)2i" 1 : % & (+t)2i" 1I
@sn™ T . @s$)
% &(_,_t)zix % &(+t)2i

%, = sinh( +t))@0,

i=1

Xo = cosh(+t) X,

Xo+ B @ 0o = . @)
% &gt . 2i" 1 ' ‘I?_b & i1 t$ g)2" 1
& (Zi(t$$1§,) P(s) = 2 (2i($ 1;) /@(s) = sinh(|al(t $ s))F(s),
i=1 ) i=1 :
% &Ialz‘(t$ s)? % &|a|2‘(t$ s)Zi'
WF(S) = B T F(s) = cosh(al(t $ s))F(s),

i=0
then the solution of the system(3.6) can be written in the following form:

$t $t
sinh(|al(t $ s))®@(s)ds+ cosh(al(t$ s))F(s)ds. (3.7)

0 0

X (t) = sinh( |a|t)X, + cosh(]ajt) X o +

Remark 3.9. If Xo# X, and F(t) # B(t) for all t' O, then

$t $t
sinh(|a|t)X¥, + cosh(]ajt)X o+  sinh(jal(t$ s))®(s)ds+ cosh(al(t$ s))F(s)ds
0 0
$t $t
= sinh(|ajt)Xo + cosh(|ajt)Xo+  sinh(Ja|(t$ s))F(s)ds+ cosh(al(t$ s))F(s)ds
0 0
$t
= X+ Al OF(s)ds.
0

That is, if the sets Xy and F(t) are centrally symmetric with respect to the pointO for all t* O,

then for all a = 0, the solution of the system(1.2) has the form (1.3), with the replacement ofa

by |a|.
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ABSTRACT

The aim of this paper is to study the symmetrized form

associated with a Hq-Laguerre-Hahn form, where Hyq is the
g-derivative operator. Given a Hq-Laguerre-Hahn form u of
class s, it is shown that its symmetrized form w is H' -
Laguerre-Hahn of classs! 2s+ 3. We give the 0-Riccati
equation satisbed by the Stieltjes formal series S(w) as well
as a complete discussion of the class.

As an application of this work, we generate two examples
of symmetric H' g-Laguerre-Hahn orthogonal polynomials of
class two and three.

RESUMEN

El objetivo de este art’culo es estudiar la forma simetrizada

asociada a una forma Hq-Laguerre-Hahn, donde Hq es el

operador g-derivada. Dada una forma Hq-Laguerre-Hahn u

de clases, se muestra que su forma simetrizadaw esH' g-

Laguerre-Hahn de clases ! 2s+ 3. Damos la ecuaci—n
g-Riccati satisfecha por la serie formal de Stielties S(w)

y tambiZn una discusi—n completa de la class.

Como aplicaci—n de este trabajo, generamos dos ejemplos

de polinomios ortogonales simZtricosH' 5-Laguerre-Hahn de

clases dos y tres.

Orthogonal g-polynomials, g-derivative operator, g-dilerence equation, g-Riccati equa-

tion, Hq-Laguerre-Hahn character, quadratic decomposition.
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1 Introduction and preliminaries

In [9] a basic theory of Hgy-Laguerre-Hahn orthogonal polynomials was introduced, and several
characterizations were presented, namely the@-dilerence equation, the structure relation and the
g-Riccati equation. Moreover, a criterion for simplifying the class of aH -Laguerre-Hahn form has
been established. The paper also provides illustrative examples of these polynomials using standard
perturbations (association, co-recursion, inversion) ofH 4-classical polynomials [16]. Recently, in
[13] we studied the Christolel and Geronimus transformations in the H 4-Laguerre-Hahn case, and

in [12] we proceeded by the addition of a Dirac mass to & 4-Laguerre-Hahn form. In the two works
cited above, a complete discussion of the class of the resulting form was given, and some examples
of Hq-Laguerre-Hahn polynomial sequences (in relation withH 4-classical polynomial sequences)
of class one and two were highlighted. In addition, in [15], the symmetricH 4-Laguerre-Hahn
orthogonal polynomials of class zero were exhaustively described (see also [22]), and in [14], the
class one case were also completely described.

Note that our works were a continuation of studies done in the beld oD -Laguerre-Hahn poly-
nomials. In fact, in the literature there are several contributions devoted to the study of these
polynomials by dilerent processes. In this area you can see [1,3,4,6,7,20].

Let u be a regular form, we can debne a new forrmv whose moments are given in terms of that

of u such that (W)zn = (U)n, (W)2n+1 =0, n " 0. The form w is said to be the symmetrized
form associated with the form u [2,20]. A necessary and su"cient condition for the regularity
of w was given in [5,19]. In this contribution, we study the symmetrized form associated with a
H 4-Laguerre-Hahn form; for the D -semi-classical case (see [2]) and for thB -Laguerre-Hahn case
(see [23]). In fact, letu be a regular form whose Stieltjes formal serie$(u) satisbpes ag-Riccati
equation. We show that the formal seriesS(w) associated with the symmetrized formw satisbes
a ! g-Riccati equation. If we denote by s the class ofu and by s that of w, it turns out that:
s# 2s+ 3 and we specify the exact conditions for whichs = 2s, 2s+ 1, 2s+ 2, 2s+ 3. Finally,
starting from two familes of H4-Laguerre-Hahn polynomials of clas<, we derived two families of

symmetric Hgy-Laguerre-Hahn polynomials of classes 2 and 3.
We will now recall some useful results.

We denote by P the vector space of polynomials with coe"cients in C and by P' its dual space.
The action of u $ P' onf $ P is denoted as%,f & In particular, we denote by (u), := %,x"&
n" 0, the moments ofu. For any form u, any polynomial g and any (a,c) $ (C\{0})' C, let
Hqu, gu, hau, Du, (x ( ©)" 'u, !¢ and "u, be the forms dePned as in [16, 20]

%lqu,f &= (%u,Hqf & 9%u,f&= %,9f& %au,f &= %, h,f&

Wwu,f &= (%u,f'& %x( o) uf&=%,#f& % f&=f(c), %uf & %,"f &
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where forallf $P andq$ £€:={z$C,z¥0,2z"¥1,n" 1} [16]
g (@) (f(x) 0,
)=, @ Dx 7 ’ (1.1)
Fe (0), X =0,
§100C10Q o
(#F)(X) = x(c ' ’ (1.2)
%t ' (o), X=c,
(haf )(x) = f (ax). (1.3)
&
("fH)(x)=f x2 (1.4)
In particular, we have
(Hqu)n = ( [nlg(Wn= 1, ("u)n=(u)2n, n" O, (1.5)
where (u)- 1 =0 and [n]q := qc:(( 11, n" 0[10].
When gq* 1, Hq converges to the derivative operatorD.
Lemma 1.1 ([16,20]). For f,g $P,u$P', a$ C\{ 0} andb$ C, we have
ha(gu) = (ha 19)(hau), (1.6)
hy1+Hq=Hg1, Hg+hg:i=q *Hg:, inP, .7
Hq(fg)(x) = (haf )(X)(Hq@)(X) + g(x)(Hqf )(X), (1.8)
Hq(gu) = (hg :g)Hqu+ g *(Hq 10)u, (1.9)
(#g)(x) = g0)(#f )(X) + T (D)(#9)(x). (1.10)
f(x)"u = ‘%&xz u . (1.11)

Forf $P andu $P', the product uf is the polynomial [20]

+ -

( ) *N *Nn
(uf )(x) = U,W = Wi X
=0 j=i
*Nn )
wheref (x) = fix'. This allows us to dePne the CauchyOs product of two forms:

i=0

%v,f&=%,vi& f $P.
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The Stieltjes formal series ofu $ P ' is debned by [20]

R (")
S(u)(2) := ( z”+2 . (1.12)
n$ 0
The quantum factorial symbol is debned by [8]
r]" l& '
X;Do=1, (x;0), = 1( xg* , xq$C, n" 1. (1.13)
k=0
The g-binomial coe"cient is debPned by [8]
01
R C L (1.14)

T NCT IS

A form u is said regular if there exists a sequence of monic polynomia{$,}ns 0, degP, = n,n" 0
MPS, such that %,P,Pn&= ry!'ym with r, ¥ O for any nnm " O where !, denotes the
Kronecker symbol. In this case,{Pn}ns 0 is called a monic orthogonal polynomial sequence MOPS
with respect to the form u and it is unique. Given a MOPS {P,} s o With respect to the form u,
there exists a unique sequencéun}nso, Uy $ P', called the dual sequence of P, }ns 0, such that
%n,Pm&= 'nm,n,m" 0. Itholds u= %, %= (u)o ¥ 0. Furthermore, if (U)o =1, then u = up.
Hence, there exists a unique formu with (u)g = 1, where{P,}ns o is its corresponding MOPS.

The MOPS {P,}ns0 is characterized by the following three-term recurrence relation (FavardOs
theorem) (TTRR in short) [5, 20]

Po(x) =1, P1i(X)=x( &,

(1.15)
Pn+2 (X):(X( &n+l)Pn+1 (X)( "N+l Pn(X), n" 0,
where X ,
U, xP{ , I .,
& = W$C, n+l = W$C\{O}, n" 0. (1.16)

The shifted MOPS 4I5n =a n&haPn' ° is then orthogonal with respect to 8 = h, :u and
satispPes (1.15) with [20] nee .

T
The form u is said to be normalized if(u)o = 1. In this paper, we suppose that any regular form
will be normalized. The form u is said to be positive debnite if and only if& $ R and ' .1 > 0,
forall n " 0. When u is regular, {Pn}ns0 is a symmetric MOPS if and only if & =0, n" 0, or

equivalently (U)2n+1 =0, n" 0[5].



%JBO Class of symmetricH* g-Laguerre-Hahn linear forms 413
, 2 (2026)

Given a regular form u and the corresponding MOPS{P,}ns 0, We debPne the associated sequence
of the brst kind {P{" }ns 0 of {Pn}ns o by [20]

( )
PO (x)= u, Pn+1 (X) ( Pn+a (0

x((

= (W#oPns1)(x), n" 0.

Propositig{n 1.26 ([20]). Let {Pnh}ns0o be a MOPS satisfying the TTRR (1.15), then its associated

sequence =X so satispes the TTRR
n

PP =1, PP = x( &,

(1.17)
PA2% 00 = (X ( &x2)PY () ( Taa P00, 0 0.
In addition, we have the following fundamental result
n
P ()Pt (X) ( Prsz (PP (X)= 'y11, n" 0. (1.18)

1=0

We recall the dePnition of the so-called kernel polynomials withK -parameter introduced by Chi-
hara [5].

Let {Pn},. , be a MOPS andc a complex number such thatP,(c) ¥ 0, for all n " 0. The
sequence of monic kernel polynomials ok -parameter c, {P;%(c; 8} 4 o, associated with{Pn} ¢ o
is debned by 0

PC:X) = ﬁlc Pos1 (X) (

In these conditions, if {Py} 5, is @ MOPS associated with the formu, then {P,:’/"(c;e)}n$o is a
MOPS associated withu®= (x ( ¢)u [5].

Pn+1(C)
Pn(c)

Pn(x) , n" 0.

Lemma 1.3 ([21]). Let (bh)nso With by ¥0, n" O, (c,)ns o be two sequences of complex numbers
and (Xn)ns o the sequence satisfying the recurrence relation:

Xn+s1 = BhXn+ G, n" 0, Xxo=a$C({ 0}.

We have 7 g" 7 8. 9

We will give now some basic facts about theH 4-Laguerre-Hahn character.

Debnition 1.4 ([9]). A form u is called Hgy-Laguerre-Hahn when it is regular and satisbes the
g-dilerence equation e .
Hq(' uy+" u+ B x 'u(hqu) =0, (1.19)

where ! ;" B are polynomials, with ! monic. The corresponding monic orthogonal sequence
{Pn}nso is called H4-Laguerre-Hahn.
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Remark 1.5. (1) When B =0 and the formu is regular, then u is Hq-semiclassical [17].

(2) When u satisbes(1.19), then & = h,- 1 u fulPlls the g-dilerence equation [9]

&. ! ' " ! " ! &. I
Hq @ %9' 1 ax)g + a” %' "(ax)6+ a” %9' B(ax) x '6(h46) =0. (1.20)

(3) If t =deg!, p=deg", r =degB and d = max(t,r), then we debne the class afi the
nonnegative integers [9]
s=minmax(p( 1,d( 2), (1.21)

where the minimum is taken over all triples(! ," ,B) satisfying (1.19). Moreover, the Hq-
Laguerre-Hahn form u satisfying (1.19) is of classs = max(p( 1,d( 2) if and only if

<

g O+ (Ha)( 0=+ T(hgB)(c)

c&Z

TR

)2

U, Q(#eq") + ( Heq +#:) + q&hqu(#o +#4B) >0, (1.22)

where Z, is the set of roots of! [9]. When ¢ $ Z, and (1.19) may be simplibed byx ( c,
then (1.19) becomes

8. .
Hq((#!) U)+(g#q"+ #q+#!) U+ q(#qB) X u(hqu) =0, (1.23)

Proposition 1.6 ([9]). Let u be a regular form, the following statements are equivalent:

(1) u belongs to theH 4-Laguerre-Hahn class, i.e. satisfying(1.19).

(2) The Stieltjes formal seriesS(u) satisbes theg-Riccati equation

& ' & ' & '
hg 1! (2) Hg 1S(u) (2) = B(2)S(u)(z) hg :S(u) (2) + C(2)S(u)(2) + D(z), (1.24)

where! and B are polynomials debned in(1.19) and

S (et @ a
C(2)= ( Hg! @ ( q(2),

) & (1.25)
%D (2)= ( "Hg 1 (uthol) ( 2)+ a(u#") ( 2)+ q(uhqu) #B (Z)@-
Moreover, u is of classs if and only if
{IB(cal+ |C(cqg| + |D(cql} > 0, (1.26)

Cc&Z

and one may write
s=max(degB ( 2,degC ( 1,degD). (1.27)
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Let u be a regular form and{P,} s o its corresponding MOPS. By linear extension, we can debne

a new formw whose moments are given in terms of that olu such that
(W)zn =(Un, (W)2n+s1 =0, n" 0, (1.28)

equivalent to saying that
"w=u, "(xw)=0. (1.29)

In the following theorem the author gave a necessary and su"cient condition for a MPS{Qn}, ¢ o
to be a MOPS with respect to a form w satisfying (1.28), this form will be unique since (w)o =

(U)o =1.
Theorem 1.7 ([19]). Let {Pn}, 4o be MOPS and{Qn},s, @ MPS such that

&
Qi(X)= X, Qa(X)=Py x>, n" 0 (1.30)

& L}
Then {Qn},so is @ MOPS if and only if P,(0) ¥ 0, Qzn+1 (X) = XP 2 0;x% , n" 0.
In such conditions, if {Pn}, 4, SatisPes the three-term recurrence relation

PO(X)Zlv&Pl(X):,X( &,
Phez ()= X ( &1 Praa (X) (" FiPa(x), n" 0,

then the coe'cients &, and %, for the corresponding three-term recurrence relation satisbed by
{Qn},go are given by

& =0, n" 0
e _ P @ . _ Pn(0) ,p } (1.31)
2n+1 = P.(0) ' 2n+2 = ( Pra (O) ns1s, N" 0.

Moreover, if {Pn}, 4, iS orthogonal with respect to the formu, then {Qn} ¢, is orthogonal with

respect to a formw debned on the basi§x"} s, of P by means of (1.28).

Proposition 1.8  ([5]). Let w be a symmetric and regular form. Let{Qn}, ¢, be the corresponding

MOPS. It satisbes a three-term recurrence relation

Qo(x) =1, Qu(x)= X
Qni2(X) =%, Qner(X)( #n+1Qn(xX), n" 0,

It is very well known that [5]

&2 &2
Qon(X) = Pn x° , Qon+1(X) = XRp x°

where {Pn} .50 and {Rn} .5, are MOPSs related to regular formsu = "w and’ 1 Ix"w , respec-
tively. The form w is said to be the symmetrized form associated with the form. Furthermore,
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if
Po(x)=1, &Pl(x)='x( &,
Prs2 () = X( &1 Pasa (X) (" FiaPa(x), n" 0,
and
Ro(x) =1, Ri(x)= x( &,
Ros2 ()= X ( &1 Rast (X) ("R Ra(x), n" 0,
we get "
g&é’ =1,
& 41 =*ons2 t*onsz, N0,
éo' he1 =*on+i%2ns2, N0,
and "
§&§+1 =+on+1 tT2ne2, N0,
%o R = *tons2 sz, N 0.

Throughout the rest of this paper, let 0< g < 1or q> 1 and we write

S(u)(2) = Su(2), S(W)(2) = Sw(2).

2 The H'g-LaguerreDHahn character of the form  w

Lemma 2.1. The following equality holds

A B Pog by & '
z Hig:Sy (@ ( Su@= G g +1)2% Hg:Ss (2. (1)

Proof. From (1.12) and (1.28), we have

&,
zS, z° = Su(2) (2.2)
Therefore,
A6l - SCTA(S@ | G s i) (8@
q wan — (gl( bz wed (g'(z

gt gran @@ 122")1( 9% (2%) 2.3)

@ (D | .

! ! Su(d 2% ( Su(Z®)+ (1 ( PSu(z?)

= g9+

(D2
| .

L oal L& , )
= + . + .
by i) O (g +1)z° Hg:Sy (2 + Su(z9)

Multiplying (2.3) by z yields (2.1). O
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Proposition 2.2.  Under the conditions of Theorem 1.7, ifu is a Hqy-Laguerre-Hahn form of class

s such that its Stieltjes formal seriesS, satisbes theg-Riccati equation (1.24), then the form w
debned by(1.28) is H* g-Laguerre-Hahn and its Stieltjes formal seriesS,, satisbes the! g-Riccati
equation
A B A B . A B . .
htg:F (2) H¥g1Sw (2= B(2)Su(2) h¥q:Sw (+ C@SW(@)+ B@),  (24)

where " . g
E!‘(z)= z! 7%,

. o & &'

B(z)=q ! g+1 zB 22,

. & &) &) (25)
gC(z)z qz q+1 z2C 22 + g Y g 122,

. 5 & ' &'

Gi(z)= qz © g+1 23D z2 .

Moreover, w is of classs# 2s+ 3.

Proof. From (1.3), the g-Riccati equation satisbed by the formal Stieltjes seriesS, can be written
in this form

&. ., '& ' &, . '
I g 'z Hg:Su (2)= B(2)Su(2)Su d 'z + C(2)Su(z)+ D(2) (2.6)

We make the change of variablez {  z? in (2.6),

'& & ' &'

. ' &' &, ' &' &'
122 "Hy 1Sy 22 =B 22 Sy 22 Sy q '2? + C(z%)S, 2> +D Z2° . 2.7

'q

Then we multiply (2.7) by ¢ 1(! G+ 1) 23, we get

wa b &. '& '& ' R &' &' &. !
gt g+1)z® q'z22 He:S, 22 =q'(g+1)z°B 22 S, 2° Sy q 122 +
U &' &' N &'
qtC g+1)z°C 22 S, 22 +q1( q+1)z°D 22, (2.8)

with 2 ‘ S&"ll(S() & . S&"lzl(s&zl
i — u q °Z ulZ . 2y — u q “Z u Z
Hq 1Sy (2) T Dz Hg 1Sy (29) T D2 (2.9)
In an equivalent way
&.. )& ., 1 _ & ' '
gtz q*( g+1) 22 Hq:Su (29)
C CA| BZDD

gt ar @ ts dls q

it grn 2@ s +q 1 g+ 0% . (210)
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Substituting (2.1) into (2.10) gives

& ' AA B B | A ”lB
122z H#g:Sy (2( Sw(@ = t( OI+1)ZB % SN(Z)SN q°z

t'q
&,
vt q+1)22C 2 S,(2)+q( q+1)2°D 22, (2.11)

equivalent to

&” 'A B !7"1!7 &' A!,“]_B
2! q'z% H¥giSy (=9 (9+1)zB 2% Su(@)Sw q 2

&., | &' &. " Wl &'
+ gl g+ z’Cc 22 +! q'22 su(@+qt( q+1)z°D 2?2 . (212

This amounts to

LA B A B B
g gl (2) H#waN @="4q ( q+1)ZB %2 SN(Z) h#waN (2)
&

"1 2 "1 1-* &2‘
+ q (q+1)zCz +1 q'2%2 Su(@+q'(g+1)2°D 22, (213)

§ |
where It z) = z!( z?). Thus, we obtain (2.4)-(2.5), by dividing the previous equation by * G
It follows from (1.8), (1.25) and (2.5) that

A B ' "
(9= d Her @ de@=d a2 0% L e

I !
Since’ §$ € whenq$ €, then according to the equivalence in Proposition 1.6 withq, g, the
I
form w satisbes the' G-dilerence equation

#_(F e (& &# "
H#g(Fw)+ “w+ B x *w h#gw =0, (2.15)

with
&
gr(x)—x' x2,
& &
gB(x)— q ! q+1 xB x2 ,
. . & '& & & "
™ x)=q ! g+1 x> x2 (! x?

As u is of classs, we deduce from the third point of Remark 1.5 that
s=max(deg(") ( 1,max(deg(!) ,degB)) ( 2),

which gives
deg(!) # s+2, deg(") # s+1, degB)# s+2.
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According to (2.5) and (2.14), we have

A B A B A B
deg © # 2s+5, deg ™ # 2s+4, deg B # 2s+5.

Finally, by the depPnition of the class given in (1.21), we have

A AB A AB A BB B
s# max deg " ( Lmax deg © ,deg B ( 2 # 2s+3. O

Lemma 2.3. The class ofw depends only on the zera =0 of I,

Proof. u is a Hq-Laguerre-Hahn form of classs and its Stieltjes formal seriesS, (z) satisbes (2.4),
therefore the polynomialshg 1! , B, C and D are coprime. Let!, B, C and D be as in Proposition
2.2 and Ietc be a non zero root off™, which gives! ¢ =0. From (1.26) sinceu is of classs, we
have B czq = I c2q =+ :D&czq =¥ 0.

&, ' &1
¥I1fB c?q ¥0,thenB ¢ q ¥0.

&, ' &, ' &1
¥I1fB c?qg =0 andC ¢?q ¥0,thenC ¢ q ¥O.

& & & o &1
¥I1fB c?q = C g =0,then D g ¥ 0 and this impliesthat O ¢ g ¥ 0.

. &1 ! &1 &1
Consequently, for any non-zero root of-, we have|B ¢ q |+ |C ¢ q |+ |D ¢ @ | ¥O. O

Proposition 2.4.  Taking into account the conditions of Proposition 2.2, we have the following
dilerent cases for the class ofw.

|
(1) If (0) ¥ 0, thens=2s+3. In addition the Stieltjes formal series S,, satisbes the g-Riccati
equation (2.4) with (2.5).

(2) If (0)=0 andB(0) ¥ 0, then s=2s+2. In addition the Stieltjes formal series S,, satisbes
|
the * g-Riccati equation (2.4) with

_ &
Er(z):! 22,
. ) &7 1 &I
B(z)=q ! q+1 B z?

" : (2.16)
§¢<Z>= qTaz q+1 C&z2 +(#!) q 122@,
0

. 3 & &
D(z)= gz  G§+1 22D z2 .
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& L}
(3) If1(0)= B(@)=0 and "~ g+1 C(0)+! '(0) ¥ 0, thens=2s+ 1. In addition the Stieltjes
|
formal series S,, satisbes the G-Riccati equation (2.4) with

&22'

gr'c 2) = z(#!)

) L& ! & '
B(z)=q* g+1 z(#B) z* ,
. 2 28 L& & '@ (2.17)
E,C(Z): g7 T g+l C 22 +(%!) q 12,
0

. s & &
D(z)=qz  g+1 zD z? .

& :
(4) If1(0)= B@O)= ~g+1 C@)+! '(0) =0, then s = 2s. In addition the Stieltjes formal
|

series S,, satisbpes the G-Riccati equation (2.4) with

2 .
grcz)=(#o!) 22

) W& ! & '
B(z)=q* g+1 (#%B) z? ,
gca):qzz TGHl (WC)(2D)+ q L g iz,

. & &

°C(z)=qz g+1 D z? .

Proof. (1) If I(0) ¥ 0O, then from (2.5) we have C(0) ¥ 0. Thus, equation (2.4) cannot be
simpliped Q}/ & Lett = degg&) gl = deg(B) and p = %gg) . From (2.5) and (2.14) we

obtaindeg © =2t+1,deg B =2r+1 andp=deg “ # max(2p+2,2t). Therefore,
s=max(2t( 1,2r ( 1,2p+1)=2s+3,sincemax(t( 2,r ( 2,p( 1)=s.

(2) If 1(0) = 0 , then the equation (2.4) with (2.5) are divisible by z and thus the order of the

class ofw decreases by one. Then$,, fulblls (2.4) with (2.16).
P ;
Here, haveB (0 = 'l g+1 B(O dC(@)= D0( = 0C¢C tly, if
ere, we haveB (0) by (2.16) q g (0) and C(0) (0) by (2.16) onsequently, i
B (0) ¥ 0, we cannot simplify (2.4)-(2.16), which implies that the class ofw is s=2s+2.

(3) If (0) = B(0) =0, equation (2.4) with (2.16) can be simpliped byz. Hence,S,, fulblls (2.4)
with (2.17).
In this caseB(0)= O(@©) = 0and C(0) = qz 4 q+ 1‘ C(0) +! ’(O)@.
& . by (217) by (1.2)-(2.17)
Therefore, if ~ g+1 C(0)+! '(0) ¥ 0, (2.4) with (2.17) cannot be simplibed by z, which

means that the class ofw iss=2s+1.

& '
4) If1(0)= BO)= ~g+1 C()+! '(0) =0, then (2.4) with (2.17) can be simpliped byz.
Thus, S,, satisbes (2.4) with (2.18).
. & '
If 1t0) = 1''(0) = 0, then we haveC(0) = 0 since g+1 C(Q)+! '(0)=0. In

by (1.2)-(2.18)

view of u is Hq—nguerrel—Hahn of classs, we obtain from (1.26) that D(0) ¥ 0. Therefore,

s1(0)} A (?13) q¥ "q+1 D(0) ¥0 . Then, it is not possible to simplify (2.4)-(2.18), which
y (2.

means the class ofv is s=2s. O
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3 Two illustrative examples

3.1 Example 1: u=WwW®

4 6
Let u= W@ be the brst associated of Stieltjes-Wigert form (see Table 1). Let st 50 be its
n
(MOPS). It is Hgy-Laguerre-Hahn of classs = 0 fulPlling [13]

? @ & '
&M =gt aeqgqnt @ s g2
N | 5( Gl)ci3 (Bq nnl > ("qs X
Hqg x x+q z(q( 1) WO ((@(1)'* x(gz(qgz+qgz u
(q" S&Xu 1W(1) &hqw(l) :0' (3_1)
" A.. w5 B "
'z g'z+q2(q( 1) Hg:(Sww)(2)= (9 >Syww (2)
A A BB

% hg1Swo @+ dMa( 't z+d (297 Syo@+(a( )L

Lemma 3.1 ([13]). Let 0< g < 1. The following equalities hold

n(2n+1)

S@=((1"d 7, n"Q, 3-2)

(n+2)(2 n+1)
2

SPO=((1)"gd  z  (A( (GPasr) FO, n" 0. (3.3)

By virtue of Lemma 3.1 and Proposition 2.2, for0 < q < 1, w is a H# g-Laguerre-Hahn form. By
the second point of Proposition 2.4 and (3.1), we havé(0) =0 andB(0)= ( g ° ¥ 0. Therefore,
w is of classs = 2. Its Stieltjes formal seriesS,, satisbes (2.4) with

" A B
Ewa:z2#+d?m(n,

B@)= (g g1

- .28 Ty ? L& - (3.4)
E/C(Z): G2 (1 'z 2+q2 (1+ gq( 1)@,
. s &
@)=q7 q(1 ‘22
From Theorem 1.7 and (3.3), we obtain
§%2n+1 =q 2 7 M, n" o,
1( (g ane 5)
gb%zn{.z = q" 2n” % &1( qn+2 M "0, '
1( (g Qn+2

Furthermore, for 0< g < 1, the form w is positive dePnite.
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3.2 Example 2: u=U®

Let UD be the brsj assqgiated of the AI-SaIam)—CarIi@tpz form of the brst kindJ(a,q) fora> 0, g > 1

(see Table 2). Let US” .o be its (MOPS). "U® ~is Hq-Laguerre-Hahn of classs = 0 fulblling
n

[13]

2 .
g&#’:<1+ gt o= (adtt 1, n" o,

& ' g . &, & "
Hq U +a g Ha( 1) H{x ( o+ a}u® (g x U 'heu® =0,

(3.6)
qu" +(Syw )(2) = ((aSuw (2)(hg :Syw )(2) (@ *(a( 1) *(z( ol + ) Syw (2)
° (at(a( )t
Lemma 3.2. Leta> 0andq > 1. The following results hold
. *Nn Onl
U0 =((1a" 7" . &dq!™Dxo, n" o, (3.7)
j=o0 q
*n K "k (k+1) .
U (0) = (( 1"q™%2) .y (a, ((a)a = (g9« 0. n" o
DO =((D"q"7 ) nal @FO)“&mkﬂmﬂ)?
sn 01 (3.8)
) n(a,q): ) ajq"j(n"j).
j=0 q
Proof. The Al-Salam-Carlitz polynomials of the brst kind are given by [11]
*Nn "
(g gn(( A" K (n" K)(n" k" 1)/ 2ok
Un(x) = —_ X (/X 5 Qs 3.9
09 o @G Do (L D (3:9)
with k V"l& i k kk"llz&l"k ‘
XK (x5 ) = x(d =D D2 g  Kxg . (3.10)
j=0
By substituting (3.10) into (3.9) and letting x * 0, we obtain
*Nn "
(g a)n(( A" X (n" k)(n" k" 1)/2 K k(K" 1)/ 2
Un(0) = —_ 1
A CTACTIT ((1)'a
(( l)n( 9 *n an’ K (n" K)(n" k" 1+ k(k" 1) (3.11)
= . - 2 .
LR T NG
Let us perform the index changej = n( k
U (O) _ (( 1)n(qq) *n a‘ qj(J" D+( ﬂ"zj)(n" i1
" L (@ Dne (a0
oy " Onl Do ;
= (D)'q =z - adqliM (312

by (1.14)
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aq ™) >0 fora>0andq> 1, it follows that -n$ N, U,(0) ¥ 0. Now, since

j=0 q
Un(©0) ¥0,n" 0, a> 0, q> 1, and according to (1.18), we can write

1 +1

uW )+ =0 . n" O 3.13
n ( ) Un+1 (O) ( )

Un +2 (0)
Un+1 (0)

ul; 0) =

Next, by applying Lemma 1.3, we get for (3.13)

8
U’ , " ((A1g (G
UM (0) = Uniz 0) 02+ A () 3.14
@7 2O Y T T U 00k 0 G194
sinceU (0) =1 and U;(0) = ( (1 + a), we have
! *n k+1 ~2k(k+1) 8
@ (= (Unw2(0) ()™ gz (0 Gkt "
U, (0) 1+a 1( (a+1) . ez (0Ur2 (O) , n" 0. (3.15)
Replacingn by n ( 1in (3.15) gives
! B 1 k+1 ~yik(k+1) 8
@y = (Un+1(0) (@ gz (g P+ "
U~ (0) H+a 1( (a+1) - Urez (0)Uce ) , n" 1 (3.16)
equivalent to
! *n kqik(k" 1) 8
@y = (Un+1(0) ((a)*g2 (g Dk "
U;” (0) +a 1( (a+1) . Uc(0)Ueas O) , n" 1 (3.17)
The equality (3.17) remains true for n = 0, hence we have
U(l) (0) = U (O)*n (( a)kq%k(k" 1)(q,C1)k n" o (3 18)
" VR ) VPN () R |
*n Onl
By setting ) »(a,q) = j adql™ a>0 g>1 n" 0, we obtain
j=0 q
. *n K k(;‘fl) i
U@ =((1'q" ) pr @ CUI T @D (3.19)

o ) K@) 1@

Wheng>2landn" O, (q,9n has the same sign ag( 1)".
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Now, sincea> Oand-n" 0,) n(a,q) > 0O, we obtain

*N k+1)

((a)*q— 7 (g«
k=0 ) k(a7q)) k+1 (avq)

) ns1(a,Q) >0, n" 0. (3.20)

Therefore, UM O ¥0, n" 0. O

By virtue of Lemma 3.2 and Proposition 2.2, fora > 0, q > 1, w is a H# g-LaguerrebHahn form.
By the brst point of Proposition 2.4 and (3.6), we have!(0) ¥ 0. Therefore, w is of classs = 3.
Its Stieltjes formal seriesS,, satisbes (2.4) with

EF'(Z)= z,
. &
B(z)=( " g+1 z,

_ e & 1 ey & Coy (3.21)
EC‘Z>= q7a’t1( g ‘22 22(ql+a) + q
. v w & 1
Giz)= gza ! 1( G 123,
From Theorem 1.7 and (3.8), we obtain fora> 0, g > 1
. - n+1) n+2(aaq)#n+1(ayQ) '
2n+1 q ) n+1 (a,q) #n(a,q) ’ n 01
9 #n(a,0
ez = (a(L( g2)lnt (@9 , n" 0
S A PO e
* K (kH 3.22
bage | (@A g (3:22)
’ k=0 ) k(aaq)) k+1 (avq) , ,
*n Onl ) . )
) n(a,d) = . oag ™MD pnoo,
-0 1 g

Fora>0,g>1),>0n" 0, according to (3.20). Moreover(( a"(q,9, = a"[(q,9n| > O,
n" 0, therefore#, > 0, n" 0. Hence, the formw is positive debnite.
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Appendix

Table 1: Stieltjes-Wigert polynomials [24]

The Stieltjes-Wigert form W with respect to the MOPS { Sy}, 4o

V4 8
Sa() = (( g ()%,
& ={A+qgd"(agg": n"o

& R
In+1 - 1( qn+1 q 4n 4, n" o.
& ' ) A ..3B
Hg X*W ( (@( 1)'* x( g2 W=0,

v

q;(q”*gx , n" 0.

(W)n — q" n(n2+2) ’ n " 0
E—F+ c 2 D
0, - - -
oW & g T , exp ( 2ing 1 f (x) dx,

f$P,0<qg< L

Table 2: Al-Salam-Carlitz polynomials [18]

Al-Salam-Carlitz form U(a, g) with respect to the MOPS {Up}, ¢
7 = 8

n(n" 1 "n,Xul
Un(X) = ((@)"q" 7> %y 0

& =(1+ a)q, n”
R
e = (ad 1( g, 0t o

Hq(U(a,@) ( @ (q( 1) *(x( (a( 1)) U(a,9 =0,
«n 01
U@ dn= " a, n"o
k=0 k qFl

g% , n"o0

o

1
(1( a(g.a a9 4
f$P,a<0 0<qg< 1L

. .
%\a, ), f &= a Mtg,tq;q . f(t)dgt,
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