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ABSTRACT

This paper deals with some existence and Ulam stability results for some functional
differential inclusions of Hilfer and Hilfer-Hadamard type with convex and non-convex
right hand side. We employ some multi-valued random fixed point theorems for the
existence of random solutions. Next we prove that our problems are generalized Ulam-
Hyers-Rassias stable.

RESUMEN

Este articulo estudia algunos resultados de existencia y estabilidad de Ulam para al-
gunas inclusiones funcionales diferenciales de tipos Hilfer y Hilfer-Hadamard con lado
derecho convexo y no-convexo. Empleamos algunos teoremas aleatorios de punto fijo
multi-valuados para la existencia de soluciones aleatorias. A continuacién demostramos
que nuestros problemas son Ulam-Hyers-Rassias estables generalizados.
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1 Introduction

Fractional calculus is relative to the traditional integer order calculus put forward, which is the
order of calculus from integer orders extended to any order of the mathematical promotion. From
the theoretical point of view, the fractional differential calculus signal processing order extended
to any number from an integer, the ways and means of information processing were extended.
Fractional order differential equations have recently been applied in various areas of engineering,
mathematics, physics and bio-engineering, and other applied sciences [19, 35]. For some funda-
mental results in the theory of fractional calculus and fractional differential equations we refer the
reader to the monographs of Abbas et al. [7, 8], Kilbas et al. [26] and Zhou [41, 42], the papers
by Abbas et al. [1, 4, 5, 9, 10], Benchohra et al. [11], and the references therein.

The nature of a dynamic system in engineering or natural sciences depends on the accuracy
of the information we have concerning the parameters that describe that system. If the knowledge
about a dynamic system is precise then a deterministic dynamical system arises. Unfortunately in
most cases the available data for the description and evaluation of parameters of a dynamic system
are inaccurate, imprecise or confusing. In other words, evaluation of parameters of a dynamical
system is not without uncertainties. When our knowledge about the parameters of a dynamic
system are of statistical nature, that is, the information is probabilistic, the common approach in
mathematical modeling of such systems is the use of random differential equations or stochastic
differential equations. Random differential equations, as natural extensions of deterministic ones,
arise in many applications and have been investigated by many mathematicians. We refer the
reader to the monographs [12, 27, 37].

The stability of functional equations was originally raised by Ulam [38]). next by Hyers [21].
Thereafter, this type of stability is called the Ulam-Hyers stability. In 1978, Rassias [32] provided
a remarkable generalization of the Ulam-Hyers stability of mappings by considering variables. The
concept of stability for a functional equation arises when we replace the functional equation by an
inequality which acts as a perturbation of the equation. Considerable attention has been given to
the study of the Ulam-Hyers and Ulam-Hyers-Rassias stability of all kinds of functional equations;
one can see the monographs of [8, 22], and the papers of Abbas et al. [1, 2, 3, 4, 6, 9, 10], Petru et al.
[29], and Rus [33, 34] discussed the Ulam-Hyers stability for operatorial equations and inclusions.
More details from historical point of view, and recent developments of such stabilities are reported
in [23, 33].

Recently, considerable attention has been given to the existence of solutions of initial and
boundary value problems for fractional differential equations with Hilfer fractional derivative; see
[15, 16, 19, 20, 24, 36, 39]. Motivated by the above papers, in this article we discuss the existence
and the Ulam stability of solutions for the following problem of Random Hilfer fractional differential
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inclusions of the form
(DPPu)(t,w) € F(t,ult,w),w); tel:=10,T],
we Q, (1.1)
(Iy W) (t, w)li—o = b(w),

where « € (0,1), B € [0,1], y=a+pB —af, T>0, (Q,A) is a measurable space, ¢ : Q — R
is a measurable function, F: I x R — P(R) is a given multivalued map, P(R) is the family of all
nonempty subsets of R, IJ;Y is the left-sided Riemann-Liouville integral of order 1 —1y, and Dy P
is the Hilfer fractional derivative of order & and type f3.

Next, we consider the following problem of random Hilfer-Hadamard fractional differential
inclusions of the form
(M"DFPW(tw) € Gl ult,w),w); te [1,T],
w e Q, (1.2)
("L wW(1,w) = bo(w),

where o € (0,1), B € [0,1], y =+ B —aB, T>1, ¢o : Q — R is a measurable function,

G:[1,TI x R — P(R) is a given multivalued map, HI}_Y is the left-sided Hadamard integral of

order 1 —y, and HD?“B is the Hilfer-Hadamard fractional derivative of order o« and type f3.

2 Preliminaries

Let C be the Banach space of all continuous functions v from I into R with the supremum (uniform)
norm

[IV]loo == sup [v(t)].
tel

As usual, AC(I) denotes the space of absolutely continuous functions from I into R. We denote by
AC'(I) the space defined by

AC' D) ={w: I R: %w(t) e AC(D)}.

By L'(I), we denote the space of Lebesgue-integrable functions v : I — R with the norm

;
[vilh = JO lv(t)ldt.

Let L°°(I) be the Banach space of measurable functions u: I — R which are essentially bounded,
equipped with the norm

[u|ltee = inf{c > 0:fu(t)] <c, a.e. t € I}.
By C,(I) and C,]Y(I), we denote the weighted spaces of continuous functions defined by

Cy() ={w: (0, T = R:t"Yw(t) € Cl,
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with the norm
[wllc, =sup[t' Yw(t)],
tel
and d
11y . aw
C'Y(I) —{W eC: E € Cy},
with the norm
[wllcy = [Wlleo + [W'llc, -

Throughout this paper, we denote [[w||c, by [[w|c.

For each u € C, and w € Q, define the set of selections of F by

Stouw) ={v:Q — L'(I) : v(t,w) € F(t,u(t,w),w); t eIk

Let E be a Banach space, and denote P (E) ={A € P(E): A closed},
Pep,c(E) ={A € P(E) : A compact and convex}.

Consider Hq : P(E) x P(E) — [0, 00) U{oo} given by

Ha(A,B) = max{sup d(a,B), sup d(A,b)} ,
acA beB

where d(A,b) = ing\ d(a,b), d(a,B) = IinfB d(a,b). Then (Poa,c1(E),Ha) is a Hausdorff metric
ae S
space.

Definition 1. A multifunction F : Q — E is called A- measurable if, for any open subset B of E,
the set F71(B) ={w € Q : F(w) N B # 0} € A. Note that if F(w) € P (E) for all w € Q, then
F is measurable if and only if F-1(D) € A for all D € P.i(E). A measurable operator u: Q — E
is called a measurable selector for a measurable multifunction F: Q — E, if u(w) € F(w). Let
M € P (E), then a mapping f: Q x M — E is called a random operator if, for each w € M, the
mapping f(.,u) : Q — E is measurable. An operator u: Q — E is said to be a random fixed point
of Fif u is measurable and u(w) € Flw,u(w)) for all w € Q.

Definition 2. A multifunction F: Q x E — P(E) is called Carathéodory if F(-,u) is measurable
for allu € E and F(w,-) is continuous for all w € Q.

Definition 3. A multivalued map F: 1 x E x QO — Py, (E) is said to be random Carathéodory if

(i) (t,w) — F(t,u,w) is jointly measurable for each u € E; and
(i) uwr— F(t,u,w) is Hausdorff continuous for almost each t € I, w € Q.

Definition 4. [17] Let E be a separable Banach space. If F:1xE — Pep(E) is Carathéodory, then
the multivalued mapping (t,u(t)) — F(t,u(t)), is jointly measurable for any measurable E-valued

function u on L.
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Definition 5. A multivalued random operator N : Q x E — P.1(E) is called multivalued random

contraction if there is a measurable function k: Q — [0,00) such that
Ha(N(w)u, N(w)v) < k(w)[u—vl[g,

for allu,v € E and w € Q, where k(w) € [0,1) on Q.

Now, we give some results and properties of fractional calculus.

Definition 6. [7, 26/ The Riemann-Liouville integral of order v > 0 of a function w € L'(I) is
defined by

(Iyw)(t) = % E(t— s)" Tw(s)ds; for a.e. t €,

where T(-) is the (Euler’s) Gamma function defined by

rE) = J t&Te tdt; £ > 0.
0

Notice that for all r,r1,12 > 0 and each w € C, we have Ijw € C, and
wj(t) = w)(t); for a.e. t € .
(I3 T2 w)(t) = (152 w)(b); f 1

Definition 7. [7, 26] The Riemann-Liouville fractional derivative of order v € (0,1] of a function

w € L'(1) is defined by
d_;_

t
J (t—s) "w(s)ds; for a.e. tel.

(Dow)(t)

Let r € (0,1], v € [0,1) and w € Cy_(I). Then the following expression leads to the left
inverse operator as follows.
(DpIEw)(t) = w(t); for all t € (0,T].
Moreover, if I(])_rw € CLY(I), then

(I "w)(0*)
r(r)

Definition 8. [7, 26] The Caputo fractional derivative of order v € (0,1] of a function w € AC(I)

is defined by
d
T—r 2
(Io dtw) (t)

1 t d
= 7)J (t— S)frgw(s)ds; for a.e. t € L.
0

(I5DgW)(t) = w(t) — t™ " for all t e (0,T].

(*Dow)(t)
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In [19], R. Hilfer studied applications of a generalized fractional operator having the Riemann-
Liouville and the Caputo derivatives as specific cases (see also [20, 24, 36].

Definition 9. (Hilfer derivative). Let « € (0,1), B € [0,1], w € L'(I), Iélﬂxm*m e AC'(D).
The Hilfer fractional derivative of order « and type B of w is defined as

(Dg“ﬁw)(t) _ <Ig(1_“)%1é1_“)“_mw> (t); fora.e. tel. (2'1)

Properties. Let x € (0,1), p € [0,1], y =« + B — «p, and w € L' (I).
1. The operator (Dg"ﬁw)(t) can be written as

(Dg"ﬁw)(t) — <I§(]_OC)%IZ)YW> (1) = (Ig“_o‘)Dgw) (t); for a.e. t € L.

Moreover, the parameter y satisfies
YyeO,1, vy>o vy>pB, T—y<1-B(1—a).

2. The generalization (2.1) for f = 0, coincides with the Riemann-Liouville derivative and for
3 =1 with the Caputo derivative.

D§° =D§, and D' = °D§.
3. If Dg(]ﬂx]w exists and in L'(I), then
(DFPIZW)(t) = (1B DET ) (1); for ae. t € L.
Furthermore, if w € C,(I) and Ig)_ﬁ“_“)w € CL(I), then
(Dg“ﬁlg‘w)(t) =w(t); for a.e.t €L
4. If DYw exists and in L'(I), then

CIyY(01)

" forae. tel.
I'y)

(I§DgPw)(t) = (IFDIw)(t) = w(t)
Corolary 1. Let h € Cy(I). Then the Cauchy problem

(DPPU)(t) =h(t); tel,

(Ig YW (t)li—o = b,

has a unique solution u € L'(I) given by
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From the above corollary, we conclude the following lemma.

Lemma 2.1. Let F: IXxRx Q — P(R) be such that Srou (W) C Cy for any u € Cy. Then problem

(1.1) is equivalent to the problem of the solutions of the integral equation

$(w)

ult,w) = (y)

T (I8 (5 w),

where v € Srou (W).

Now, we consider the Ulam stability for the problem (1.1). Let € >0 and ® : I x Q — [0, c0)
be a continuous function. We consider the following inequalities

Ha((DFPw)(t,w), Flt,ult,w),w)) <€ tel, we Q. (2.2)
Ha (DS Pu)(t,w), F(t, u(t,w),w)) < ®(t,w); tel, we Q. (2.3)
Hd((Dg"Bu)(t,w),F(t,u(t,w),w)) <ed(t,w); tel, we Q. (2.4)

Definition 10. [7, 33] The problem (1.1) is Ulam-Hyers stable if there exists a real number cg > 0
such that for each € > 0 and for each random solution w: Q — C, of the inequality (2.2) there
ezists a random solution v: Q — C, of (1.1) with

lu(t,w) —v(t,w)| < ecp; tel, we Q.

Definition 11. [7, 33] The problem (1.1) is generalized Ulam-Hyers stable if there exists cr :
C([0, 00), [0, 00)) with c¢(0) = O such that for each € > 0 and for each random solution u: Q — C,,
of the inequality (2.2) there exists a random solution v:Q — C, of (1.1) with

lu(t,w) —v(t,w)| < cp(e); tel, we Q.

Definition 12. [7, 33] The problem (1.1) is Ulam-Hyers-Rassias stable with respect to @ if there
exists a real number cr,o > 0 such that for each € > 0 and for each random solution u: Q — C,
of the inequality (2.4) there exists a random solution v: Q — C, of (1.1) with

u(t,w) —v(t,w)| < ecro®@(t,w); tel, we Q.

Definition 13. [7, 33] The problem (1.1) is generalized Ulam-Hyers-Rassias stable with respect to
@ if there exists a real number cr,o > 0 such that for each random solution uw: Q — C, of the
inequality (2.3), there exists a random solution v: Q — C, of (1.1) with

lu(t,w) —v(t,w)| < cro®(t,w); tel, we Q.

Remark 1. It is clear that

(i) Definition 10 = Definition 11,
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(i) Definition 12 = Definition 13,

(iii) Definition 12 for ®(.,.) =1 = Definition 10.
One can have similar remarks for the inequalities (2.2) and (2.4).

In the sequel, we employ the following random multi-valued fixed point theorems:

Theorem 2.1. [14]] Let (Q,.A) be a complete o-finite measure space, X be a separable Banach
space, M(Q, X) be the space of all measurable X-valued functions defined on Q, and let N : Qx X —
Pep,ev(X) be a continuous and condensing multi-valued random operator. If the set {u € M(Q,X) :
A e N(w)u} is bounded for each w € Q and all A > 1, then N(w) has a random fized point.

Theorem 2.2. [28] Let (Q, A) be a complete o-finite measure space, E a separable Banach space,
and let N : Q X E — P (E) be a random multi-valued contraction. Then N(w) has a random fixed

point.

We recall an integral inequality which based on an iteration argument.

Lemma 2.2. [/0] Suppose $ > 0, a(t) is a nonnegative function locally integrable on 0 <t < T
(some T < +o0) and g(t) is a nonnegative, nondecreasing continuous function defined on 0 <t <
T, g(t) <M (constant), and suppose u(t) is nonnegative and locally integrable on 0 < t < T with

t

u(t) < a(t) +g(t) L(t—s)ﬁ*‘u(s)ds

on this interval. Then

u(t) < a(t) +J
0

s %(t—s)nﬁuﬂs)] ds, 0<t<T

n=1

From the above lemma, we concluded with the following lemma.

Lemma 2.3. Suppose > 0, a(t,w) is a nonnegative function locally integrable on [0,T) x Q
(some T < 4o00) and g(t,w is a nonnegative, nondecreasing continuous function with respect to
t defined on [0,T) x Q, g(t,w) < M (constant), and suppose u(t,w) is nonnegative and locally
integrable with respect to t on [0, T) x Q with

t
u(t,w) < alt,w) + g(t,w)J (t— s)B~Tu(s, w)ds
0
on [0,T) x Q. Then

utw <abw ¢ [ |3 %(t—s)ﬂﬁ—‘a(s,w)] ds, (tw) € 0,T) x Q.
0

n=1
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3 Hilfer random fractional differential inclusions

In this section, we are concerned with the existence and the Ulam-Hyers-Rassias stability for
problem (1.1). Let us start by defining what we mean by a random solution of the problem (1.1).

Definition 14. By a random solution of the problem (1.1) we mean a measurable function w: Q —
Cy that satisfies the condition (Iéﬂ/u)(O*,w) = ¢(w), and the equation (Dg"ﬁu)(t,w) =v(t,w)
on I x Q, where v € Sgoy (W).

3.1 The convex case

We present now some existence and Ulam stabilities results for the problem (1.1) with convex
valued right hand side.

The following hypotheses will be used in the sequel.

(H1) The multifunction F: I x R x Q — Pcp,cv(R) is random Carathéodory on I x R x Q,

(H2) There exists a measurable and bounded function 1 : Q — L*°(I, [0, 00)) satisfying for each
we Q,

Ha (F(t,u,w), F(t,T,w)) < t"Y1(t,w)lu —1; for every t € I and u, T € R.

and
d(0,F(t,0,w)) < t' Yl(t,w); for t € I,

(H3) There exists Ap > 0 such that for each t € I, and w € Q, we have

L[5 8 e rot0] o <o
n=1

Remark 2. For each u: Q — C, the set Sk (w) is nonempty since by (Hi1), F has a measurable
selection (see [13], Theorem IIL.6).

Remark 3. The hypothesis (Hz) implies that, for everyt € I, w € R and w € Q, we get
Ha (F(t,u,w), F(t,0,w)) < L{t,w)lul,

and

Hd(ov F(ta u, W)) Hd(oa F(t) O)W)) + Hd(F(t) LL,W), F(ta Oa W))

<
< Ut w) (T + ful).

Set
1* = sup [|[Iw)]Le and ¢* = sup |d(w)].
weQ weQ
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Theorem 3.1. Assume that the hypotheses (H1) and (Hz) hold. Then, the problem (1.1) has a

random solution defined on I x Q).

Proof. Define a multivalued operator N : Q x C, — P(C,) by:

d(w) v—1
M)

The map ¢ is measurable for all w € Q. Again, as the indefinite integral is continuous on I, for

(Nw)u)(t) = {h Q= Cyth(t,w) = + (Igv)(t,w); tel, ve SFou(w)} . (3.1

each v € Sroy (W), then N(w) defines a multivalued mapping N : Q x C, — P(Cy). Thus u is
a random solution for the problem (1.1) if and only if u € N(w)u. We shall show that the mul-
tivalued operator N satisfies all conditions of Theorem 2.1. The proof will be given in several steps.

Step 1. N(w) is a multi-valued random operator on C.
Since F(t,u,w) is random Carathéodory, the map w — F(ty,u,w) is measurable in view of Def-

ax—1

inition 4. Similarly, the product (t — s)* 'v(s,w) of a continuous function and a measurable
multifunction is again measurable for each v € Sgoy (W). Further, the integral is a limit of a finite

sum of measurable functions, therefore, the map

W =

POW) 1y + Jt =) v(t,w)ds,

rty) o Tl

is measurable. As a result, N(w) is a multi-valued random operator on C.
Step 2. N(w)u € Pc,,(Cy) for each u € C,.

Indeed, if hy, h; belong to N(w)u, then there exist vi,v2 € Spou (W) such that for each t € T and
w € Q, we have

helt,w) = o1 gy w); i =1,2.
r'y)
Let 0 <d < 1. Then, for each t € I and w € Q, we get
(s + 1= o) tyw) = BT (150w + (1= Aal) 1, w)

Since Srou (W) is convex (because F has convex values), we get

dhy + (1 — d)hs € N(w).

Step 3. N(w) is continuous and N(w)u € Pcp(Cy) for each u € C,.
The proof of this step will be given in several claims.

Claim 1: N(w) is continuous.
Let {un} be a sequence such that u, — u in C,. Then from (H;), for each t € I and w € Q, we
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have

Hd(F(t) Un (t) W))W)) F(t) 'LL(t, W))W))

t] 771“) W)|un (t) W) - u(t) W)|

IN

IN

Ulun —ullc = 0 as n — oo.

Thus, we obtain
Ha (F(t, wn (t,w), w), F(t,u(t,w),w)) — 0 as n — oo.

Claim 2: N(w) maps bounded sets into bounded sets in C.
Let By« ={u € Cy : |Jul|c <n*} be bounded set in Cy, and u € By». Then for each h € N(w)u,
there exists v € Sgoy (W) such that

h(t,w) = ‘?m T 4 (ISV) (t, w).
By (Hz), for each t € I and w € Q, we obtain
- bW |y [F(—s)*!
[t Yh(t,w)] < Ty +T7Y . W\v(s,w)lds
bW | oy [F =)
< ) + T . W‘S Y1(s, w)(T +v(s,w))|ds
(b* * 11— t (t_s)(x71 1—
< 3% +UT Vdo W(T Y+ |v(s,w)||c)ds
* *T 14+ o—
S d) 1T+ Y(T]7y+n*)::€_

My T+ o

Claim 3: N(w) maps bounded sets into equicontinuous sets in C,,.
Let t1),t2 € I, t1 < t2, and let By~ be a bounded set of Cy as in claim 2, and let u € By~ and
h € N(w)u. Then, there exists v € Sgoyu (W) such that for each w € Q, we get

YRt w) —t) Yh(ty,w)| < l*T]_W(X(t — )%
2 2y 1 1 = r(]+oc) 2 1
1* T]—y * t
+ wj Y (1 — )% — ] (4 — )% T ds.
M) 0

As t; — ty, the right-hand side of the above inequality tends to zero. As a consequence of claims
1 to 3, together with the Arzela-Ascoli theorem, we can conclude that N(w) is continuous and
completely continuous multi-valued random operator.

Step 4: The set £ :={u e C, : Au € N(w)u} is bounded for some A > 1.
Let u € C, be arbitrary and let w € Q be fixed such that Au € N(w)u for all A > 1. Then, there
exists v € Sgou (W) such that for each t € I, we have

d(w)
AT(y)

u(t,w) = T ATTISV) (E, W)
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This implies by (Hz) that, for each t € I, we get

- d)* t(t_s)ocfl

el < g+ S
d)* l*T17y+cx ) t (t—s)“il
My T+ L o)

l(s,w)(TPY + 18T Yv(s,w)|)ds

Is""Yv(s, w)|ds.
From Lemma 2.3, for each (t,w) € [0, T) x Q, we have

t
1|
0

[t Yu(t, w)l

IN

d)* l*T17y+rx
{rm T }
d)* l*T17V+fx
{rm T }

— ()" no—
Z o) (t—s) ]] ds}

n=1

—

Thus, for all t € I and w € Q, we obtain ||uljec < M.

As a consequence of steps 1 to 4, together with the Theorem 2.1, N has a random fixed point
u which is a random solution to problem (1.1).

Now, we are concerned with the generalized Ulam-Hyers-Rassias stability of our problem (1.1).

Theorem 3.2. Assume that the hypotheses (H1)—(Hz) hold. Then the problem (1.1) is generalized
Ulam-Hyers-Rassias stable.

Proof. Let u be a random solution of the inequality (2.3), and let us assume that v is a
random solution of problem (1.1). Thus, we have

V(t,W) =

O] o1 [y ggert sl

o) LT T

where fy, € Sroy(W). From the inequality (2.3) for each t € I, and w € Q, we have

ds

P [ g T o < g, w),

r(y) (t=9)

‘u(t,w) B 0 M)

where f € Spou(W). From hypotheses (H2) and (H3), for each t € I, and w € Q, we get

u(t,w) —v(t,w)] < ‘u(t,w) — Tig/v)) =1 _ J:(t )] %ds
‘ e o1 |f(S,W) - fv(S)W”
+ | =9 el
*T1—y t
< (IgQ))(t»W)+WL(’£—S)°‘_1\LL(S,W)—v(s,w)lds.
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From Lemma 2.3, we obtain

}\(b ' (l*)n na—1
u(t,w) —v(t,w)| < e qa(t,w)+L ;r(na)(t—s) (D(s,w)] ds]
< 2 glonw
= cro®(t,w)

Finally, the problem (1.1) is generalized Ulam-Hyers-Rassias stable.

3.2 The Non-convex case

We present now some existence and Ulam stabilities results for the problem (1.1) with non-convex
valued right hand side.

The following hypotheses will be used in the sequel.

(Ho1) The multifunction F: I x R x Q — P¢p(R) is random Carathéodory on I x R x Q,

(Ho2) There exists a measurable and bounded function 1: Q — 1°°(I, [0, 00)) satisfying for each
we Q,

Ha (F(t,u,w), F(t,T,w)) < t"Y1(t,w)ju —1; for every t € I and u, T € R.

Set

" = sup [|[Lw)]|Le.
weQ

Now, we shall prove the following theorem concerning the existence of random solutions of
problem (1.1).

Theorem 3.3. Assume that the hypotheses (Ho1) and (Hoz) hold. If

Ty

m < 1, (32)

Then the problem (1.1) has at least one random solution defined on I x Q.
Proof. LetN : Q x C,, = P(Cy) be the multivalued operator defined in (3.1). We know that

N(w) is a multi-valued random operator on C,. We shall show that the multivalued operator N
satisfies all conditions of Theorem 2.2. The proof will be given in two steps.



30 S. Abbas, M. Benchohra J.-e. Lazreg, G. M. N’Guérékata CUBO

19, 1 (2017)

Step 1. N(w)u € Pc1(Cy) for each u € Cy.
let {un}n>0 € N(w)u such that u, — tin C,. Then, tt € C, and there exists fn (-, -, ) € SFou (W)
be such that, for each t € I and w € Q, we have

$(w)

v—1 ol
) t + (Igfn) (t,w).

un (t,w) =

Using the fact that F has compact values and from (Ho1 ), we may pass to a subsequence if necessary
to get that f, (-, -, -) converges to f in L' (I), and hence f € Sgo (W). Then, for eacht € Iand w € Q,
we get

d(w)
r'y)

un (t,w) — (t,w) = T (I36) (8, w).

So, € N(w)u.

Step 2. There exists 0 < A < 1 such that, for each w € Q,

Ha(N(w)u, Nw)u) < AJlu—1||c for each u,ut € C,.

Let u,u € Cy, and h € N(w)u. Then, there exists f(t,w) € F(t, u(t,w), w) such that for each t € I
and w € Q, we have

h(t,w) = Mtv—l + (I$F)(t, w).

r(y)
From (Hpz) it follows that
Ha (F(t, w(t, w), w), F(t, T(t,w), w)) < t'"Y1(t,w)lu(t,w) —T(t, w)|.
Hence, there exists v € Sgoy such that
[£(t, w) —v(t, w)| < t' YU, w)hu(t, w) — Tt w)l.
Consider U: I x Q — P(R) given by

U(t,w) = (v(t,w) € R: [f(t, w) —v(t,w)| <t YLt w)lult, w) — Tlt, w)[}.

Since the multivalued operator u(t,w) = U(t,w) N F(t,w(t,w), w) is measurable (see Proposition
1.4 in [13]), there exists a function f(t,w) which is a measurable selection for . So, f(t,w) €
F(t,w(t,w),w), and for each t € I and w € Q, we get

f(t, w) — F(t,w)| <t Y1, w)lu(t, w) —u(t, w)l.

Let us define for each t € I and w € Q,

h(t,w) = Mtv—l + (I$F)(t, w).

r'(y)
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Then for each t € I and w € Q, we obtain

' Yh(t,w) —t'" VR, w)| < t'YIGI(E, w) — f(t, W)

T a1 - Ty
< F(a)J(t_s) s, w)ls' Yu(s,w) —s' Yu(s,w)|ds

0
T Y|u—1u t
< ||LL u”C J (t— s)oc—l ds.
I'(ed) 0
Hence
_ l*T1+oc—y
h—hl|c < —|lu—T1llc.
h=Tle < ey Iu—Tle
By an analogous relation, obtained by interchanging the roles of u and W, it follows that
_ 1*T1+oc7y .
Ha(N(w)u, N(w)u) < m”u_ ulc.

So by (3.2), N is random contraction and thus, by Theorem 2.2, N has a random fixed point u
which is a random solution to problem (1.1).
Now, we can show the following generalized Ulam-Hyers-Rassias stability result.

Theorem 3.4. Assume that the hypotheses (Ho1), (Hoz), (H3) and the condition (3.2) hold, then
the problem (1.1) is generalized Ulam-Hyers-Rassias stable.

4 Hilfer-Hadamard fractional random differential inclusions

Now, we are concerned with the existence and the Ulam-Hyers-Rassias stability for problem (1.2).

Set C := C([1,T]). Denote the weighted space of continuous functions defined by
Cy([1,T]) ={w(t) : (Int)"Yw(t) € C},

with the norm

[Wllc, ., = sup |(Int)'Tw(t)l.
e, Tl

Let us recall some definitions and properties of Hadamard fractional integration and differen-
tiation. We refer to [18, 26] for a more detailed analysis.

Definition 15. [18, 26] (Hadamard fractional integral). The Hadamard fractional integral of order
q > 0 for a function g € L'([1,T]), is defined as

L x\49-1 g(s)
("1{g)(x) = a) J] (111 E) Tds,

provided the integral exists.
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Example 1. Let 0 < q < 1. Then

it = (Int)'*9, for a.e. t € [0, el.

1
N2+q)

Set

d
6_xa, q>0,n=I[ql+1,

and
ACY :=={u:[1,T] = E: 6" "u(x)] € AC(I)}.

Analogous to the Riemann-Liouville fractional calculus, the Hadamard fractional derivative is
defined in terms of the Hadamard fractional integral in the following way:

Definition 16. [18, 26] (Hadamard fractional derivative). The Hadamard fractional derivative of
order q > 0 applied to the function w € ACY is defined as

("DIw)(x) = 6™ ("1 W) (x).

In particular, if q € (0, 1], then
MDIw)(x) = 8("'1; 9w) (x).
Example 2. Let 0 < q < 1. Then

DIt = (Int)'~9, for a.e. t € [0, el.

MN2—q)

It has been proved (see e.g. Kilbas [[25], Theorem 4.8]) that in the space L'(I,E), the
Hadamard fractional derivative is the left-inverse operator to the Hadamard fractional integral,

ie.

Analogous to the Hadamard fractional calculus, the Caputo-Hadamard fractional derivative
is defined in the following way:

Definition 17. (Caputo-Hadamard fractional derivative). The Caputo-Hadamard fractional deriva-
tive of order q > 0 applied to the function w € ACY is defined as

("eDw)(x) = (P17 98™w) (x).



CUBO

tzo1m Hilfer and Hadamard functional random fractional differential ... 33
19, 1 (2017

In particular, if q € (0, 1], then

(HeD9w)(x) = (M)~ 95w) (x).

From the Hadamard fractional integral, the Hilfer-Hadamard fractional derivative (introduced
for the first time in [30]) is defined in the following way:

Definition 18. (Hilfer-Hadamard fractional derivative). Let o« € (0,1), B € [0,1], vy = a+ B —
ap, we L'(I), and HI%1_“)“_B)W € AC'(I). The Hilfer-Hadamard fractional derivative of order
o and type B applied to the function w is defined as
(P = (M1 (DYw)) (1)
(4.1)
= (M1 Ys (M Yw)) (1) for ace. te [1,T.

This new fractional derivative (4.1) may be viewed as interpolating the Hadamard fractional
derivative and the Caputo-Hadamard fractional derivative. Indeed for 3 = 0 this derivative reduces
to the Hadamard fractional derivative and when 3 = 1, we recover the Caputo-Hadamard fractional
derivative.

"D{° = "Df, and "D{! = MDY

From Theorem 21 in [31], we concluded the following lemma

Lemma 4.1. Let G : [1, T xR x Q — P(R) be such that Sgou(w) € Cy n([1,T]) for any u(-,w) €
Cy,m([1,T]). Then problem (1.2) is equivalent to the following volterra integral equation

_ $o(w)
r'y)

u(t,w) (Int)Y "+ (MIfg(,w))(t); we Q,

where g € Sgou(W).

Definition 19. By a random solution of the problem (1.2) we mean a measurable function w €
Cy,in that satisfies the condition (HI}_yu)ﬂ’L,w) = ¢o(w), and the equation (HD;’“Bu)(t,w) =
g(t,w) on [1,T] x Q, where g € Sgou(W).

Now we give (without proof) existence and Ulam slability results for problem (1.2). The
following hypotheses will be used in the sequel.

(H7) The multifunction G : [1,T] X R x Q — Pcp cv(R) is random Carathéodory,

(H5) There exists a measurable and bounded function 1: Q — L*([1, T], [0, 00)) satisfying for each
we Q,

Ha(G(t,u,w), G(t,T,w)) < t' Y1(t,w)ju—1]; for every t € [1,T] and u,T € R.

and
d(0, G(t,0,w)) < (Int)'Y1(t,w); for t € [1,T],
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(H5) There exists Ap > 0 such that for each t € [1,T], and w € Q, we have

t 00 M no—1
L lz F(IHJCX) <1n§) (D(s,w)] % < Ao ®(t, ).
n=1

Theorem 4.1. Assume that the hypotheses (Hi) and (H}) hold. Then, the problem (1.1) has a
random solution defined on [1,T] x Q. Moreover; if the hypothesis (H}) holds, then the problem
(1.1) is generalized Ulam-Hyers-Rassias stable.

Finally, we give (without proof) existence and Ulam stability results for problem (1.2) with non-
convex valued right hand side. The following hypotheses will be used in the sequel.

(Hg;) The multifunction G : [1,T] X R x QO — Pcp(R) is random Carathéeodory on [1,T] x R x Q,

(H{;) There exists a measurable and bounded function p : Q — L°°([1,TI], [0, 00)) satisfying for
each w € Q,

Ha(G(t,u,w), G(t,T,w)) < (Int)' Yp(t,w)u—1l; for every t € [1,T] and u, T € R.

Set
U = sup [[L{w)]|re.
weQ
Theorem 4.2. Assume that the hypotheses (Hj;) and (H{,) hold. If

F(InT)1+oY

M1 o0 1, (4.2)

then the problem (1.2) has at least one random solution defined on [1,T] x Q. Moreover, if the
hypothesis (H5) holds, then the problem (1.2) is generalized Ulam-Hyers-Rassias stable.

5 Examples

Let Q = (—o0,0) be equipped with the usual o-algebra consisting of Lebesgue measurable subsets
of (—o0,0).

Example 1. Consider Hilfer fractional differential inclusion of the form

{<D§’fu)(t,w) eFLultwhwi ted, o (5-1)

(13 w)(0,w) = 1,
where

F(ta u(tvw))w) = {V Q- C([Oa 1])R) : |f1 (ta u(tvw))w)‘ < |V(W)| < |f2(ta u(t,w),w)\};
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€ [0,1], w e Q, with f1,f2:[0,1] x R x Q — R, such that

t2u

f] (t,u(t,W),W) = (-I +W2+|u‘)e]0+t)

and
t2u

f2(t, u(t,w),w) = T T w20t

Set x =p = %, then y = %. We assume that F is closed and convex valued. A simple computation
shows that conditions of Theorem 3.1 are satisfied. Hence, the problem (5.1) has at least one
random solution defined on [0, 1]. Also, the hypothesis (H3) is satisfied with

e3 71011

(D(t,W) T+rw T and Ap = Z m
D(t w)—L and A —é
T T w2 * T T+

Indeed, for each t € [0, 1], and w € Q, we get

—10n

I[3D)(t <
LEo)Ew) < +w2 T121]‘1—|—noc

= )\qu)(t,W).

Consequently, Theorem 3.2 implies that the problem (5.1) is generalized Ulam-Hyers-Rassias stable.

Example 2. Consider Hilfer fractional differential inclusion of the form

{(Dé';u)(t,w) EFtLult,w),w) te 01, o (5:2)

(IFw(0,w) =1,
where
tz
(1 +w? 4 [u])etort

F(t,u(t,w),w) = [u—T,ul; tel0,1], we Q.

Set x = p = %, then vy = %. We assume that F is closed valued. A simple computation shows
that conditions of Theorem 3.3 are satisfied. Hence, the problem (5.2) has at least one random
solution defined on [0, 1]. Also, Theorem 3.4 implies that the problem (5.2) is generalized Ulam-
Hyers-Rassias stable.
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