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ABSTRACT

By utilizing some identities for double sums, some new inequalities for the Cheby-
shev functional in Banach algebras are given. Some examples for the exponential and
resolvent functions on Banach algebras are also provided.

RESUMEN

Usando algunas identidades para sumas dobles, encontramos algunas nuevas desigual-
dades para el funcional de Chebyshev en &dlgebras de Banach. También entregamos
algunos ejemplos para las funciones exponencial y resolvente en algebras de Banach.
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1 Introduction

In 1950, M. Biernacki, H. Pidek and C. Ryll-Nardzewski [2] established the following discrete
version of Griiss’ inequality, see also [39, Ch. X]:

Theorem 1.1. Let a = (aj,...,an),b = (by,...,bn) be two n-tuples of real numbers such that
r<a;<Rands <by <S fori=1,..,n. Then one has the inequality:

1« 1« 1 ©
Ezaibi_E_ ai-EZbi (11)

when [x] is the integer part of x,

A weighted version of Griiss’ discrete inequality was proved by J.E. Pecari¢ in 1979, see for
instance [39, Ch. X]:

Theorem 1.2. Let a,b be two monotonic n-tuples and p a positive one. Then

1 & 1T & 1 &
P Zpiaibi e Zpiai P Zpibi
i ™ i i

PPy
=

(1.2)

<lan —aj||bn — by HMX1<

n _
where Pn = Y pi, Pxi1 =Pn —Pry -

i=1

In 1981 , A. Lupas [39, Ch. X] proved some similar results for the first difference of a as
follows :

Theorem 1.3. Let a,b two monotonic n-tuples in the same sense and p a positive n-tuple. Then

2
n
S @i —ail < [Bist = Zl piT ( Py ; P ) (1.3)
Pn ‘ pl 1Y Pn y pl 1 Pn . pl 1
i=1 i=1 i=1
1 & 2
< | Jnaxlai —ail max [bis — Zl pi— <ﬁ ;1p1>

If there exists the numbers @, ay,v, 11, (rr1 > 0) such that ax = @+ kr and by = a; + krq, then in
(1.3) the equality holds.

IN

For some generalizations of Gruss’ inequality for isotonic linear functionals defined on certain
spaces of mappings see Chapter X of the book [39] where further references are given .

For related results, see [1]-[21], [25]-[31] and [34]-[44].
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2 Some Facts on Banach Algebras

In order to extend the above results for Banach algebras, we need some preliminary facts as follows:

Let B be an algebra. An algebra norm on B is a map ||| : B—[0,00) such that (B,]-]|) is a
normed space, and, further:

l[abl] < fla]l o]l
for any a,b € B. The normed algebra (B, ||-||) is a Banach algebra if ||| is a complete norm.

We assume that the Banach algebra is unital, this means that B has an identity 1 and that
1 =1.

Let B be a unital algebra. An element a € B is invertible if there exists an element b € B with
ab = ba = 1. The element b is unique; it is called the inverse of a and written a=' or 15 The set of
invertible elements of B is denoted by InvB. If a,b €lnvB then ab €Inv5 and (ab)_] =ba .

For a unital Banach algebra we also have:

(i) If a € B and limy_ [|a™]|'/™ < 1, then 1 — a €InvB;
(ii) {a € B: ||1 —a| < 1} CInvB;
(iii) InvB is an open subset of B;

(iv) The map InvB > a — a~' €InvB is continuous.

For simplicity, we denote Al, where A € C and 1 is the identity of B, by A. The resolvent set
of a € B is defined by

pla):={AeC: A—aeInvB};

the spectrum of a is o(a), the complement of p(a) in C, and the resolvent function of a is
Rae:p(a) =InvB, Ra (A) = (A — a)_1 . For each A,y € p(a) we have the identity

Ra (¥) =Ra(A) = (A=v)Ra (M) Ra (V).

We also have that o(a) C {Ae C: [N < |a||}. The spectral radius of a is defined as v(a) =
sup{|Al: A € o(a)}.

If a,b are commuting elements in B, i.e. ab = ba, then

v(ab) <v(a)v(b) and v(a+b) <v(a)+v(b).

Let f be an analytic functions on the open disk D (0,R) given by the power series f(A) :=
Z;?io oM (Al <R).If v(a) < R, then the series Z;')io oja) converges in the Banach algebra B
because Z;.io |os] || o || < 00, and we can define f (a) to be its sum. Clearly f (a) is well defined and
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there are many examples of important functions on a Banach algebra B that can be constructed

in this way. For instance, the exponential map on B denoted exp and defined as

exp a:= Z j—'aJ for each a € B.
j=07"

If B is not commutative, then many of the familiar properties of the exponential function from the
scalar case do not hold. The following key formula is valid, however with the additional hypothesis
of commutativity for a and b from B

exp(a+Db)=-exp(a)exp(b).

In a general Banach algebra B it is difficult to determine the elements in the range of the exponential
map exp (B), i.e. the element which have a ”logarithm”. However, it is easy to see that if a is an
element in B such that |1 — a|| < 1, then a is in exp (B) . That follows from the fact that if we set

— 1
b=—) —(1-a",
n=1

then the series converges absolutely and, as in the scalar case, substituting this series into the
series expansion for exp (b) yields exp (b) = a.

It is known that if x and y are commuting, i.e. xy = yx, then the exponential function satisfies
the property

exp (x) exp (y) = exp (y) exp (x) = exp (x +y).
Also, if x is invertible and a,b € R with a < b then
b
J exp (tx) dt = x! [exp (bx) — exp (ax)].
a
Moreover, if x and y are commuting and y — x is invertible, then
1

1
[ exp (1= s)xr sy as = | exp(s (y—n)explx)ds
0 0

1
= (Jo exp (s (y —x)) dS) exp (x)

= (y—x)"" lexp(y —x) — Dexp(x)
= (y—x)"" [exp (y) —exp (x)].

Inequalities for functions of operators in Hilbert spaces may be found in the papers [12], [11]
and in the recent monographs [22], [23], [32] and the references therein.

The following inequality of Griiss-Lupag type in Banach algebras holds:
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Theorem 2.1. Let B be a Banach algebra over K (=R,C) , a;,bi € Bando; € K (i=1,...,n).

Then we have the inequality:

n

n n n
Z Xq E ociaibi — E xiai Z (Xibi
i=1 i=1 i=1

i=1

<, max oy —ajf | max by — b

n n n 2
|3l S ol ( m)
i=1 1

i=1 i=

The inequality (2.1) is sharp in the sense that the multiplicative constant C = 1 in the right

membership can not be replaced by a smaller one.

Let oy be nonzero complex numbers and let

1

Ri=——
lim sup |oen | ™

Clearly 0 < R < oo, but we consider only the case 0 < R < co.

Denote by:
AeC:Al<R if R
D(O,R) = { Al <R}, ifR<oo
C, if R = oo,
consider the functions:
A f(A) : D(O,R) = C,f(A) i= ) anA™
n=0

and

A fA(A) :D(0,R) = C,fa(A) := ) lon|A™.
n=0
Let B be a unital Banach algebra and 1 its unity. Denote by

B: R if R
B(0,R) = {x € Ix]] < R}, if R< oo
B, if R = oo.

We associate to f the map:

x — f(x) : B(O,R) = B, f(x) := i anx™.
n=0
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Obviously, f is correctly defined because the series ) 7, anXx™ is absolutely convergent, since
2 no lloenx™[ < 32 o lon 1]

Making use of Theorem 2.1 we have the following inequality for power series:

Theorem 2.2. Let f(A) = Zio:o oanA™ be a power series that is convergent on the open disk
D(0,R), with R > 0. If x,y € B with xy = yx and ||x||, ||yl < 1, then we have for A € C with
A| < R the inequality:

Hm- 1 (Axy) — (W) ?(AQ)H (2.2)

< lx =Ty = 11 {Fa OND [N Fa OAD + AP £4 (AD] = [N £ (A%}

Motivated by the above results we establish in this paper other similar inequalities for the
norm of the Chebyshev difference

f(A-1)f(Axy) — f (Ax) f (Ay)

by the use of some discrete inequalities of Griiss’ type.

First we establish some identities of interest in Banach algebras,

3 Identities in Banach Algebras

Consider the Chebyshev functional defined for p = (p1,...,pn) € K", a = (a1,...,an) € B™ and
b = (by,...,bn) € B™, where B is a Banach algebra over the real or complex number field K:

Tn p)a) _PﬂZplal i ZPLQLZPL iy (31)

where P, := 2?21 Pi-

The following particular identities for unweighted means hold as well, where Ty, (a, x) is defined

as follows:

1 & l = 1 ¢
b) = H ;Cxibi— H;aiH;bi- (32)
1= 1= 1=

If «, B are scalars and x,y are vectors in a Banach algebra B, we denote by

det( * B)::ocy—ﬁxeB.
Xy

The first result is embodied in the following
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Theorem 3.1. Let p = (p1,...,Pn) € K™, and a = (a1,...,an), b = (b1,...,bn) € B™. If we
define

i
Pi = Zpk, ]31 = Pn—Pi,iE{L...,n—]},
k=1

Ai(p) =) Pxax, Ai(p):=An(p)—Ai(p),ie{l,.,n—1},
k=1

then we have the identity

kS Pi Pn
To (pia,b) = Y det Ab; 3.3
(pia, b) ; © <Ai(p) An(p)> (33)
= An(p) Ai(p)
:Pn;m( P P, )Abi

(Zf Pi ?é Oai S {13 ...,TL})

n—1 X
— Z Pilsi Ali(P) _ Al (P) Abl
=1 Pi Pi

(if Pi,Pi #0,i€{1,..,n—1});

where Ab; :=bi 1 —bi (1 €{1,....,n—1}) is the forward difference.

Proof. We use the following well known summation by parts formula

q—1 q—1
Z di1Avy = dLvl\g — Z Adyvigg, (3.4)
l=p l=p

where d; and v are vectors in a linear space, L = p, ..., q (q > p;Pp, q are natural numbers) .

If we choose in (3.4), p=1,q9 =n,di = PiA, (p) — PrAi(p) and v =b; (i€{l,...,n—1}),
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then we get
n—1
PrnAi(p)) Abs
i=1
= [PiAn (p) — PrAi (P)I bil} — Z A (PiAn (p) — PrAi (p)) ity
= [PrAn (P) — PnAn (P)lbn — [Pl An (P) — PnAj (pP)I by

— Z [Pir1An (P) — PrAir1 (P) — PiAn (P) + PrAi (P) bits

n—1
=Pupraibi —p1AL (P)b1 — ) (Pis1An (P) = Pupisi@izt) bigs
=
n—1 n—1

=Pup1aibs —piAn (P)b1 —An (P) ) Pis1bis1 +Pn ) Piriairibisg
i=1 i=1

_Panlal i Z‘Plalsz i

=Ty (p» a,b),

which produce the first identity in (3.3).

The second and the third identities are obvious and we omit the details. O

Before we prove the second result, we need the following lemma providing an identity that is
interesting in itself as well.

Lemma 3.1. Let p = (p1y...,Pn) € K" and a = (a1,...,an) € B*. Then we have the equality

P. P n—1
det ’ " = Pmin{' '}Ismax{' '}Aa' (35)
( Ai(p) An(p) ) ; e

for each i €{1,...,n—1}.

Proof. Define, for i € {1,...,n— 1},

n—1
K(i) = Z Pruin(i, j} Pmax(i,j} A0
j=1
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n—1
Z Pm1n{1 )}Pmax{l,)}Aa] + Z Pmm{l ]}Pmax{l ]}Aa] (36)
j=1 j=i+1
—ZPPAa]+ Z PiP;Aq;
j=i+1
=P; ZPAa]+P Z P;Ad;.
j=i+1
Using the summation by parts formula, we have
i
Z PiAg; = Pyl — Z (Pj+1 — Pj) aj1 (3.7)
j=1
=Pit1aip1 —pra; — ij+1 aj+1
it
=Pip1aipr — ij Qj
j=1
and
n—1 n—1
_ _ n _ _
D PiAai=Pigil’, — > (Pir1—Py) aje (3.8)
j=i+1 j=i+1

n—1

=Pnan —Pisiaisi— (Pn—Pj —Pu+Pj)aji

j=i+1
n—I1
=—Piy1aip1 + Z Pj+1Q5+41-
j=it1
Using (3.7) and (3.8) we have
i+1 n—1

K (i) =Pi [ Pivraisr — ZPJOJ +P; Z Pi+1aj41 — Pis1ai

j=i+1
i+1
=PiPit1air1 — PiPisiai — Py ZpJa] + P Z Pj+10a541
j=i+1
= [(Pn —Py) Pig1 — Pi (Pn —Pigq )] aif1
n—1 i+1

+Pi Z pj+1aj+1 —lsinjaj
j=1

j=it1
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n—1 i+1

=Pnpitiai + P Z Pj+1@01 — Py ij aj
j=it1 j=1
n—1 i+1

= (Pi+Pi) pisiai + P Z Pj+1Q41 — ]_Jizpjaj
j=i+1 j=1

n—1 i
=P Z pijaj; —Ps ij aj = PiA; (p) — PiA¢ (p)
=it =1

Py Pn
= det ;
( Ai(p) An(p) )

and the identity is proved. O

We are able now to state and prove the second identity for the Cebysev functional

Theorem 3.2. With the assumptions of Theorem 3.1, we have the equality

n—1n-—1
T (P52,b) = Y > Pingi j)Pmax(i,jjAa;Abs. (3.9)
im1 j=1

The proof is obvious by Theorem 3.1 and Lemma 3.1.

4 Some New Inequalities

The following result holds

Theorem 4.1. Let p = (p1y...,Pn) € K™, and a = (ay,...,an), b= (b1,...,bn) € B™. Then we
have the inequalities

[Tn (P52, b)| (4.1)

P; Pn n_1
det Zi:] [Abil;
Ai(p) An(p)

Pi Pn
det
( Ai(p) An(p) )

maxi<i<n-—1

(z:‘:ﬂ

fm"p>1,%+

q\ 1/4d 1
1 P
) (S AP

IN

1
q

-1
Y5

Py Pn
det maxj<i<n-—1 HAbiH .
Ai(p) An(p)
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All the inequalities in (4.1) are sharp in the sense that the constants 1 cannot be replaced by smaller

constants.

Proof. Using the first identity in (3.3), we have

Py Pn
det
< Ai(p) An(p) ) ‘

Using Hoélder’s inequality, we deduce the desired result (4.1).

n—1

|ITa (P, b) < ) | Ab]| .
i=1

Let prove, for instance, that the constant 1 in the second inequality is best possible.

Assume, for C > 0, we have that

P: Pn
det
< Ai(p) An(p) )

n—1

[Tn (P3a,b)|| < C <Z

i=1

a\ 174 ;4 1/p
) <Z ||Abi|’“) (4.2)
i=1

forp>1,%+%=1,n22.

If we choose n = 2, then we get

T2 (p;a,b) =p1p2 (az —aq) (b2 —by).

Also, for n = 2,

q\ 1/4
) = [pip2l]laz — a1]|

<n1
i=1

P; Pn
det
< Ai(p) An(p) )

and

1/p

n—1
> llAbyP =|[b2 — b1l
=1

Then by (4.2), holding for n = 2,p1,p2 # 0, a; # az, bz # by, we deduce C > 1, proving that 1 is
the best possible constant in that inequality. O

The following corollary for the uniform distribution of the probability p holds.
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Corolary 1. With the assumptions of Theorem 4.1 for a and b, we have the inequalities

HTn (a,b)H (4.3)
det ( ¢ " )H S b

maxi<i<n-—1

Zi:] ax ZE:] Ak

q>1/q

IN
3N| -

i n

> ldet .

( . Tior @ Ti o
_ P

< (2 awg )

ij>L%+%:k

-1
X5

i n
det(zi @ I} ak>Hmax‘““” el
k=1 k=1

The following result may be stated as well.

Theorem 4.2. With the assumptions of Theorem 4.1 and if Py # 0(1=1,...,n), then we have

the inequalities

[Tr (P52, b)|| (4.4)

Max)<i<n-1 HA?a—ff’) - Ap—(lmH I Pl | Aby;

1 . . a\ /4 1 1/p
(0 1Pl | 2ptet — 22l ) 7 (0 il b )

< [Pl x

forp>T1,5+4=1,

S lp

A;—]@ —_ A‘P—(lP”H ma)qgign,] HAth .

All the inequalities in (4.4) are sharp in the sense that the constant 1 cannot be replaced by a

smaller constant.

Proof. Follows by the second identity in (3.3) and taking into account that

An(p) Ai(p)

P Ps

n—1
ITw (D, )| < [Pu] D
i=1

H Pyl [ Aby .

Using Hoélder’s weighted inequality, we easily deduce (4.4).

The sharpness of the constant may be shown in a similar manner. We omit the details. O
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The following corollary containing the unweighted inequalities holds.

Corolary 2. With the above assumptions for a and b one, has

[T (a, b

IN
31—

fm"p>1,%+%=1;

maxi<i<n 1 H% DIEREDEERD S akH S |Ab

1. . q\ 1/4 1. 1/p
(Zid i et Tia ) (20 dhabP)

SR Dy e Xk a| maxicocn o 140

The inequalities in (4.5) are sharp in the sense mentioned above.

Another type of inequalities may be stated if one uses the third identity in (3.3).

Theorem 4.3. With the assumptions in Theorem 4.1 and if Pi,P; # 0,1 € {1,...,n— 1}, then we

have the inequalities

[Tn (p;a,b)||

Ai(p)
maxj<i<n-—1 H—%p
1

(22 1Pl P

IN

fm"p>1,%+%=1;

Y Pl [P

Xi(p) _
P

Ai(p)
Pi

Ay -1 = .
o DAL ANVNNE

A Aup) ||/ 1515 1/
| 2el— 2l | M) (1 eyl [P b )

H max1§i§n,1 ||Ab1H .
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In particular, if pi = %,i e {1,...,n}, then we have

[T (a, b)||

_ 1 n 1
maxjy<i<n-—1 Hn—i 2k—i1 Ok — T 2 g1 akH

x Y i (n—1) [|Aby|;

IN
ﬁN| -

—1. . i
T =) ol T o= D o

X maxi<i<n—1 [|Aby|l .

The inequalities in (4.6)and (4.7) are sharp in the above mentioned sense.

. 1/9
n—1. . 1 n 1 i q
(T =0 i D e T e )

1. . /v
< (i i = abP) " forp>1,L 4 L=,

A different approach may be considered if one uses the representation in terms of double sums

for the Chebyshev functional provided by the Theorem 3.2.

The following result holds.

Theorem 4.4. With the assumptions in Theorem 4.1, we have the inequalities

[T (p;a,b)||

— _ - 1/4
(Z5 25 Puintin* [Pmaxcin| )

IN

i Z}Z] |Prmingi,j3] |Pmax(i,j]

X maxi<i<n—1 ||Aai|| maxi<i<n—1 ||AbiH .

The inequalities are sharp in the sense mentioned above.

maxi<ij<n—1 {’Pmin{i,j}‘ ’pmax{i,j}’}Z?:_]1 [Aai]l Z?:_ﬂ |Abi

1/p 1/p
7] _
8 (ZL] HAai”p) (ZL] ”Abin) forp>1,2 4+ =1

The proof follows by the identity (3.9) on using Hélder’s inequality for double sums and we

omit the details.

The above theorem has some important consequences as follows:
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Corolary 3. Let p = (p1,...,Pn) € K", and a = (a1,...,an), b = (by,...,bn) € B™. Then we
have the inequality

T (B, b)) < + (Z pk> Z lAay] Z |Aby ]| (4.9)

k=1

The constant § is best possible in (4.9).

Proof. We observe that
min{i,j} min{i,j}
P =] D e[ < D Ipud
k=1 k=T

and
n n

DY - W -

k=max{i,j} k=max{1,j}

’Pmax{i,j} =

forany 1 <i,j <n—1.
This implies that

min{i,j} n

|Pmax(ijy| < Z Pl Z Pl

k=1 k=max{i,j}

Pmin{i,j}

min{i,j} n

Z Pl + Z [Pl

k=1 k=max{1,j}

()

1§§£}%§1 ; {’Pmm{l,]}‘ ’Pmax{l,)}

IN
FN -

4>|-—A

forany 1 <i,j <n—1.

Therefore

)

To prove the sharpness of the constant %, assume that (4.9) holds with a constant C > 0, i.e.

n anl n—1
T (P32, b)) < C (Z m) D llAail| Y [|Aby|. (4.10)
i=1 i=1

k=1

and by the first inequality in (4.8) we get (4.9).

If we take in (4.10) n = 2, then we have

Ip1p2 (a2 —ai) (b2 —b1)|| < C(Ip1l+Ip2)? laz — a1 b2 — by ]|

If we take p :pzz%,az—m =«-1,b—b; =1 with &, 3 # 0 then we get C > %,andthe
proof is completed. O
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We have:

Corolary 4. Let p = (p1y...,Pn) € K", and a = (a1,...,an), b = (b1,...,bn) € B™. Then we
have the inequality

2 . .
T (D5, b)) < 2o 0+ 1) | 3 [pif® Y 2 fpil" - (Zupuq) (4.11)
i=1 i=1 i=1
n—1 P /mg 1/p
X <Z IAaillp> <Z IAbillp> ,
i=1 i=1
forp > 1,%—}—%:1.
Proof. We observe that by Hélder’s inequality we have
min{i,j} |9 1 min{i,j}
Prinit]* = | D pe| < (minfi,i)i" Y ipil
k=1 k=1
and
B n q n
‘Pmax{i,j} a = Z Px < (n - max{i,j} + ])Q*1 Z |‘Pk‘q
k=max{1i,j} k=max{i,j}
forany 1 <i,j <n—1.
Then
q|p q
|Pmin{i,j}‘ |Pmax{i,j}‘ (412)
] : min{i,j} n
< (n—max{i,j}+ D" (min{i,ih" Y et D Ipkl
k=1 k=max{1i,j}
min{i,j} n
= [(n—max{i,j)+ 1) (min{, i7" S bt Y bkl
k=1 k=max{1i,j}
Observe that
1

(n = max{i,j} +1) (min{i, ) < 7 (n—max{i,j}+ 1 +min i, jh*.
Since for any T <1i,j <n—1 we have
max {i,j} — min {i,j} = i —j|

then :
m+T—[i—j)* <= (n+1)°

(n_max{iaj}"_ 1) (mln{la]}) < = Z

I
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and by (4.12) we get

q—1 min{i,j} n

= 1
Praxii] < [4_1 (n+ 1)2} D ot Y

k=1 k=max{i,j}

| Prsingi,j)

orany 1 <i,j<n-—1.

Making use of the second inequality in (4.8) we have

[Tn (p;a, b (4.13)
n—1n-—1 /4
= |Prvingit | | Pmati
i=1 j—1
n—1 /P /nq 1/p
x <Z |A0i||p> ( ||Abi|p>
i=1 i=1
1 g—1n—1n—1 (min{i,j} n 1/a
2 q q
<(fzner] T X wt X
i=1 j=1 k=1 k=max{i,j}
n—1 /P /nq 1/p
<(Srmarr) (T anr)
i=1 i=1
qT*' n—1n—1 [min{i,j} n 174
] SIS bdt Y
i=1 j=1 k=1 k=max{i,j}
1 /P /1 1/p
(zmam) (o)
1 i=1
1 n—1n—1 [/min{i,j} n 1/4
e (55 (e 3 e
i=1 j=1 k=1 k=max{1,j}

/P 1/p
(Z |Aall|p) ( ||Abi|p) :
i=1

If we use the identity for real numbers

n—1n-—1

T q, a, len{l,)} Qmax{ly]}AaJ Ab
i=1 j=1

and the choices a; = b; =j and qx = Ipr|9, then we get
n—1n—1 (min{i,j} n

_ _ n n n 2
YOS [ bl Y —zimlquvi‘*—(zwq>
i=1 i=1 i=1

i=1 j=1 k=1 k=max{i,j}
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Replacing this in (4.13) produces the desired result (4.11). O

The following corollary also holds. It was obtained earlier in the paper with a different proof.

Corolary 5. Let p = (p1y...,Pn) € K", and a = (aj,...,an), b = (by,...,bn) € B™. Then we
have the inequality

2
n n n
T (3, b)| < Zpiziﬂpa—(Zipi) (4.14)
i-1 i= i=1
X max ||Aa1|| Jmax. HAbiH.
1<i<n—1

The inequality is sharp.

Proof. From the third inequality in (4.8) we have

[Tn (P;a, b
n—1n—1
< ]SIFSaX ”Aal” max ‘Ab ” Z Z ‘Pmm{t,]} max{i,j}‘

i=1 j=1

n—1n—1 |min{i,j}

n
(max[Aas] | max Al Y Y | 3wl Y b

i=1 j=1 k=1 k=max{1,j}
n—1n—1 [min{i,j} n
< mas aal max (A6 Y (Y bl Y e
- = i=1 j=1 k=1 k=max{1,j}

2
Z\PJZI ‘Pl\— (ZWPH) 1§IP§&X ||AalH maX ”Ab H

i=1

and the desired inequality (4.14) is proved.

The sharpness of the inequality follows as above and the details are omitted. O

5 Inequalities for Power Series

We have:

Theorem 5.1. Let f(A) = Y, anA™ be a power series that is convergent on the open disk
D(0,R), with R > 0. If x,y € B with xy = yx and ||x||, ||yl < 1, then we have for A € C with
A| < R the inequality:

Uy =T g .
i =0 —=qyp AR (5.1)

[F-nFoey) - Fow Fow)| <
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Proof. Utilising the inequality (4.9) we have for all n > 1

n n n n
Z oAt Z ociAixiyi — Z oA txt Z ocﬁ\"“y"L
i=0 i=0 i=0 i=0
1 n 2n n—1
< (Z \(Xk\ 7\k> Z HX1+1 _X‘LH Z Hy1+1 _y‘LH .
k=0 i=0 i=0

N

Observe that

n—I1 ) ) n—I1 ) n—I1 )
DI =X = 3 [ =M < =10 3 [l
i=0 i=0 i=0

“Z" ; 1= Ix]"
i=0

and, similarly,

i 1= Jlyl™
;} [y" " =y <y 1| Il

Utilizing (5.2) and the fact that xy = yx, we have

n ) n ) . n ) ) n ) )
Z oAt Z At (xy)t — Z oA X! Z Ayt
i—o i—o i—0 i—0

] n Bt =
N1 1

< g =Ty =TI (me) =1l 7=yl

k=0 y

for any n > 1.

Since all the series whose partial sums are involved in (5.3) are convergent, then by letting

n — oo in (5.3) we deduce the desired inequality (5.1).

O

Corolary 6. Let f(A) = Y 7, anA™ be a power series that is convergent on the open disk D(0,R),

with R> 0. If x € B and ||x|| < 1, then we have for A € C with |\| < R the inequality:

T Ix—1?
<1 2T .

N N 5 2
Hf(“)f(x"z)‘ [”A")} 41— |x|)?
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As some natural examples that are useful for applications, we can point out that, if

o (—D". . 1

fA) =) ——A zlnm,AeD(O,l); (5.5)
n=1

(?\)—i _Un?\Z“—COSA A€ C;

9w = oy TS ’
n=0

_ - (=" 241 _ .
h(?\)—Z FremI A =sinA, A € C;

1

:ma AeD(0,1);

are

fA(A)ZZ%AHZm%A,AeD(o,U; (5.6)
= 1
ga (A) = Z W?\zn = coshA, A € C;

h,A (A) = Z m}\zn+] = 81nh7\, A€ (C,

- 1
W) =) A"=1—,A€D(0,1).

Other important examples of functions as power series representations with nonnegative coefficients

are:
= 1
exp(%):ZEA“ AeC, (5.7)
n=0
1 T4+A = 1 50 .
5 (]_ )_;211—17‘ ,  AeD(0,1);
}\2n+1 A D(0.1):
Z\ran , AED(O,1);
tanh ™ ZZn_]ﬁ“‘ A€D(0,1)
e Tm+x)F(n+p)T(y)
F (OC, ) ))\): A" y Xy 12y >O)
2F1 (e By ; I (@) T (B)T (n+7) By
AeD(0,1);

where I" is Gamma function.
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Example 1. a) If x,y € B with xy = yx and ||x||, |[y|| <1, then we have for A € C the inequality:

T x =1y —T1]
A1 —exp A <3
lexp (1 +xy)l —exp A+ Wl < 3+ 7= (T = Tl

In particular, we have

1 —1)?
|lexp [A (14 %2)] — exp [2\] || < 7 ”Xiuzexp (21A)
(T —=1xI)
" 1 x= 1+
— 1) x+

for any x € B with ||x|]] <1 and A € C.
b) We have the inequality

HH AT 0=y T = (=) T (T =AY H

P [ = Tl iy =11l
= 2
A (1= xID (T =yl (1 —[A]

for any x,y € B with xy =yx, ||x||, |yl <1 and A € C with [A| < 1.

In particular, we have

2
. o - -1 1_ _2 1 HX—]H
o =2 0=y -0 -207] < 3 o i

and

Ja=n7 ) == a0

<1 k=Tl P+ 1]

4 (1= D (1—AD?

for any x € B with ||x|| <1 and A € C with |A] < 1.
c) We have the inequality
Hmu A I —Axy) T = (=) T (1= Ay) H

T =1y =1
=3Oyl

for any x,y € B with xy =yx, ||x||,|lyl]] <1 and A € C with [A| < 1.

In (1 — A])]?

In particular, we have

1 1T x—1)?

! _ay2)
=27 (- xe) 0= I

—(0-m)7 <

B

exp (2|A]) .

In (1 — A}

(5.8)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)
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and

Ja=n7" 0+ == a0 (5.16)
S 1 LAl

= [In (1 — A

<

&~

for any x € B with ||x]| <1 and A € C with [A] < 1.
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