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ABSTRACT

In this paper, we deal with the existence and uniqueness of piecewise square mean
weighted pseudo almost periodic solutions for a class of fractional order stochastic
impulsive differential equations. The working tools are based on fixed point technique,
fractional power operators and stochastic analysis; methods and theory are adopted
from deterministic fractional systems. In addition, an example is given to illustrate the
theory.

RESUMEN

En este articulo estudiamos la existencia y unicidad de soluciones pseudo casi periédicas
con pesos promedio cuadrado a trozos para una clase de ecuaciones diferenciales es-
tocasticas impulsivas de orden fraccional. Las herramientas de trabajo estan basadas
en la técnica de punto fijo, operadores de potencia fraccional y andlisis estocéstico;
los métodos y teoria estan adaptados a partir de sistemas fraccionales deterministas.
Adicionalmente, damos un ejemplo para ilustrar la teoria.
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1 Introduction

In recent years, fractional differential equations have been gaining considerable attention of many
scientists and mathematicians because of their demonstrated applications in widespread fields of
science and engineering. Since noises or stochastic perturbations are unavoidable and omnipresent
in nature as well as in man-made systems, so we have to move from deterministic models to
stochastic models. Stochastic differential equations play an important role in formulation and
analysis of fluctuations in stock market prices, asset prices, population modeling, control engi-
neering, and chemical engineering [12, 20] ect. Motivated by these facts many researchers are
showing great interest to establish an appropriate system to investigate qualitative properties such
as existence, uniqueness, controllability and stability of these physical processes with the help of
fractional calculus, stochastic analysis and fixed point theorems. For more details, we refer to
[1, 3, 10, 11, 16, 19, 28, 29] and references therein.

On the other hand, the study of differential equations with impulsive effect constitutes a useful
and important field of research due to a lot of applications. In particular, differential equations with
impulsive effects arise in various deterministic and stochastic processes which appear in chemical
technology, physics, medicine and economics ect. The fractional differential equations involving
impulsive effects came out as a natural description of observed phenomena. For more details see
[5, 13, 14, 21, 22, 24] and the references therein.

The concept of pseudo almost periodic solutions introduced by Zhang [25, 26] is a natural
and good generalization of the classical almost periodic functions. Further, Diagana investigated
weighted pseudo almost periodic solutions in [8]. Moreover, the authors investigated piecewise
almost periodic solutions in [22], piecewise square mean almost periodic solutions in [11], pseudo
almost periodic solutions in [5, 27] for impulsive differential equations. Recently, Zhinan [23] ana-
lyzed piecewise weighted pseudo almost periodic functions, which was more tricky and changeable
than those of the classical functions. Many authors have been made important contributions in
study of almost periodic functions and its generalizations, one can see [6, 11, 13, 14, 22, 23, 24|
and the references therein. However, piecewise square mean weighted pseudo almost periodic mild
solutions for the fractional order stochastic impulsive differential equations, is an untreated topic
in the literature and this fact is the motivation of the present work.

In this paper, we are interested to investigate the existence and uniqueness of piecewise square
mean weighted pseudo almost periodic mild solution for the following fractional order stochastic
impulsive differential system

‘D*y(t) + Ay(t) = G(t,y(t)) + F(t,y(t),JtOOIC(t— s)g(s,y(s))ds) dv(\i)—it), to<t#t,teR,
(1.1)

Yyt =y(ty) + Gily(t), i€Z, (1.2)

y(to) = yo, (1.3)

where the state y(-) take values in IL?(P, H), H is a separable real Hilbert space; D%, o € (0,1)
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symbolizes the Caputo fractional derivative of order o; —A : D(A) C L?(P,H) — L*(P,H),
is the infinitesimal generator of an analytic semigroup of exponentially bounded linear operator
{S(t) >o0; {w(t) : t > 0} is a K-valued Wiener process, K is another separable Hilbert space; G, F, G;
are some suitable functions will be mention later; §(-) is Dirac’s delta function and K € L' (R) with
VC(JE” < C;Ce_bt,b, Cx > 0.

The rest of this paper is organized as follows: In section 2, we define some fundamental results
about the notion of piecewise square mean weighted pseudo almost periodic functions. Section 3 is
devoted to the main results ensuring the existence and uniqueness of mild solutions of (1.1) —(1.3)
via fractional power of operator and fixed point technique. At last, we will provide an example to
show the feasibility of the theory discussed in this paper.

2 Preliminaries

Let L(K,H) denote the collection of all bounded linear operators form K to H. For convenience,
without confusion we will employ the same notation ||.|| to denote the norms in H, K and £(K, H)
and (-,-) for inner product in H and K. Let (Q,F,{Fi}t>0,P) be a complete probability space
equipped with a normal filtration {Fi}+>0 satisfying the usual conditions(i.e right continuous and
{Fo} containing all P-null sets). Suppose {w(t) : t > 0} is a K-valued Wiener process with a finite
nuclear covariance operator Q > 0 denote Tr(Q) = Y 77, Xk =\ < oo with Qex = X;ek, where

ex are complete orthonormal basis of K. In fact, w(t) = Y 77, \/?\:wk(t)ek, here {wy (t)}32 ; are
mutually independent one dimensional standard Wiener process. We consider that Fy = {w(s) :
0 < s <t} is the o algebra generated by w. Assume that LY = LZ(Q%K, H) represent the space
of all Hilbert Schmidt operators from Q%K to H with inner product ($p,VP) = Tr[bpQp*]. For
more details we refer to the book by Da Prato and Zabczyk [7]. Let the collection of all strongly
measurable, square integrable H valued random variables be denoted by LL?(P, H) which a Banach
space endowed with the norm ||x(-)||L. = (EHX(-)HZ)%, where E(-) represents the expectations with
measure P. Moreover Lé—o (P,H) denote the collection of all Fy measurable, H valued random
variable y(0).

Let Q be a subspace of L?(P,H) and E be a compact set of Q. Assume that R,N,Z, and
C represent the sets of real number, natural number, integers and complex numbers respectively.
For A being a linear operator on L2 (P,H), D(A), R(A) and p(A) stands for domain, range and
resolvent of A, repectively. Let B = {t; : t; € R, t; < ti11, 1 € Z} be the set of all strictly
increasing and unbounded sequences. For {t; : i € Z} € B, let PC(R,L?(P,H)) denote the space of
all piecewise stochastically continuous processes y : R — L2 (P, H) such that y(t) is stochastically
continuous at t for any t ¢ B, y(t; ), y(t;) exists and y(t;) = y(t;) for all i € R. In particular,
the space PC(R x Q,L?(P,H)) consists of all piecewise stochastically continuous processes y :
R x Q — L?(P, H) such that for any x € Q,, y(t,-) € PC(R,L?(P,H)) and for any t € R, y(t,-) is
stochastically continuous at x € Q.
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2.1 Fractional calculus and fractional power operator

Following [16, 18]) we recall some definitions and basic results of fractional calculus.

Definition 1. The Riemann-Liouville fractional integral of a function g € L] _(R*,R) with the

loc
lower limit zero of order o« > 0 is defined by

1 t
*glt) = — | (t—&)* ! t
and J°g(t) == g(t). This fractional integral satisfies the properties J* o J® = J**® for b > 0.

Definition 2. The Riemann-Liouville fractional derivative of a function g € L] __(R*,R) with the

loc
lower limit zero of order « >0,n—1< ax<n,n €N is given by

o3 _ | d" ‘ _ gyn—a—1
D g(t)—mﬁjo(t &) g(&)dg,

Moreover DOg(t) = g(t) and D*J*g(t) = g(t) for t > 0.

Definition 3. The Caputo fractional derivative of a function g : [0,00) — R with the lower limit
0 of order o« > 0 is given by

| -+

k
,Qm(o)), t>0, n—1<a<n.

~

n—1

‘D%g(t) =D°‘(g(t) -y

k=0

Remark 1. (i) If g(t) € C™([0,0)), then

cyx _ 1 ‘ _ n,(x,1£
D Q(t)—mjo(t &) dang(é)daa

wheren—1 < a<n,neN.

(ii) If g is an abstract function with values in H, then integral defined in Definition 1 and 2 are

taken in Bochner’s sense.

If —A generates an analytic semigroup S(t) in L?(P,H) and 0 € p(A), then for o > 0, we can
define fractional power A~° of the operator A by

70‘7L oo o—1
A = o) L to1S(t)dt

where A~° is bijective, bounded and A° = (A=°)"', ¢ > 0 a closed linear operator on
D(A°) such that D(A®) = R(A~°). Moreover D(A®) is dense in L?(P,H) and the expression
lylle = IA°Y]l,y € D(A°) defines a norm on D(A°). Let us denote by L?(P,H,) the Banach
space D(A°) with norm ||.||sc. The following properties are well recognized.

Lemma 2.1. [17] Let A be an infinitesimal generator of an analytic semigroup S(t) and 0 € p(A).
Then
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(i) S(t):L*(P,H) — D(A®), for o >0, and t > 0.

(ii) For every y € D(A°), we have S(t)A°y = A°S(t)y.
(iii) The operator A°S(t) is bounded and

[A°S(H)]| < Mot e ™™ Mg, t,A > 0. (2.1)

(iv) Fory € D(A°), and 0 < 0 < 1, we have

ISty —yll < Cot®[[A%yY]l, Co>0. (2.2)

2.2 Square-mean piecewise weighted pseudo almost periodic function

Now we define square-mean piecewise weighted pseudo almost periodic function and explore its
properties

Definition 4. A stochastic process y : R — L?(P,H) is said to be stochastically continuous for
s € R if lim_,s E|ly(t) —y(s)||? = 0.

Definition 5. A stochastically continuous process y : R — L*(P,H) is said to be square mean
almost periodic if for ever € > 0, there exists a 1(€) > 0 such that every interval L of length
l(e) > 0 contains a number T with the property E|ly(t + 1) —y(t)||> < € for all t € R.

Definition 6. A sequence z; : Z — L2(P,H) is said to be square-mean almost periodic sequence
if for ever € > 0, there exists a 1(€) > 0 such that every p € Z there is at least one number k in
[p, p + 1, with the property E||zi x —zi||* < € for alli € Z. We denote the set of all such processes
by AP(Z,L?(P,H)).

Remark 2. Let {zi} € AP(Z,L?(P,H)), then {zi : i € Z} is stochastically bounded.

Let W4 denote the collection of all functions (weights) py, : Z — (0,400), m € Z. For
m

pm € Wgand m € ZT ={m € Z,m > 0}, set u(m,p) := Z Ppm. Denote Wy o :={p € Wq:
k=—m
lim (m,p) = oo}.
m—o0
For p € W4, o, we define

m

> Blanltom =0} (23)

k=—

PAP,(Z,L*(P,H)) = {zm € 1°(z,L*(P,H)) : lim

m—oo p(m, p)

Definition 7. Let p € W4 0. A sequence {ziticz € 1°(Z,L?(P,H)) is called square mean dis-

crete weighted pseudo almost periodic if zi = ai + by, where a; € AP(Z,L*(P,H)) and b; €
PAP,(Z,L*(P,H)). The set of all such functions denoted by WPAP ,(Z,L* (P, H)).

Definition 8. A stochastic process y € PC(R, L% (P, H)) is said to be square-mean piecewise almost
periodic if:
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(i) The set of all sequences {t{ : t{ =ty — ti, ti € By1,j € Z} are equipotentially almost periodic

i.e. for every € > 0 there exists a relatively D C R of € periods common for all sequences

{t)).

(ii) For any € > 0, there exists a & > 0 such that if the points s and t are in the same interval of
continuity of y(t) and [t —s| < 8, then E|jy(t) —y(s)||* < e.

(iii) For any € > 0, there exists a relatively dense set Re of R such that if T € Re, then E|ly(t +
T) —y()||? < €, with the condition [t —t;| > €,1 € Z.

We denote by APP (R, L?(P,H)) the space of all square-mean piecewise almost periodic pro-
cesses. We denote by UPC(R,IL?(P,H)) the space of all stochastic processes such that y satisfy
the condition (ii) in Definition 8 and y € PC(R,L? (P, H)).

Definition 9. [6] For {t;} € B,i € Z, the function f(t,y) € PC(R x Q,L?(P,H)) is called square-
mean piecewise almost periodic in t € R and uniformly on E C Q,{f(-,y) : y € E} is uniformly
bounded, and for every € > 0 there exists a relatively compact set Re of R, such that E||f(t+T,y)—
f(t,y)||? < e, for ally € E,t € R and T € R with [t — ti| > €,1 € Z. The set of all such processes
is denoted by APP (R x Q,L?(P,H)).

Lemma 2.2. [13] Let f € APP(R,L?(P,H)), {z; : i € Z} is square mean almost periodic sequence
in L2(P,H) and {t} 1 1,j € Z} is equipotentially almost periodic. Then for each € > 0 there exist
relatively dense sets Re of R and Z¢ of Z such that the following conditions hold:

(i) Ef(t+1)—f(t)|*? <e forall TERe, tER, [t—ti| >€,1€ Z.
(ii) Ellzisp —zil|? <€ for allp € Z¢, and i € Z.

iii) For any T € Re there exists at least a number p € Z. such that [t¥ —1| < e, i€ Z.
P i

Next, we introduce the concept of piecewise square mean weighted pseudo almost periodic
functions and explore its properties.
Let W be the collections of all positive and locally integrable functions p : R — (0, 00). For each
p€Wandvy >0, set uly,p) = fzy p(t)dt.

Define

Wy :={p e W: lim u(y,p) = oo},
Y—00
Wg :={p € W : p is bounded and En{gp(t) > 0}.
€

It is clear that Wg C W, C W.

Definition 10. Let p1,p2 € Woo. p1 is said to be equivalent to pa (i.e. p1 ~ p2) if % € W5g.
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It is clear that “ ~ " binary equivalence relation on Wo,. For a given weight p € W, the

equivalence class is denoted by Cr(p) :={p* € We : p ~ p*}. Moreover Wy, = Ugew., Cr(p)-
For p € W, we define

PAA, (R, L*(P,H)) := {f € PC(R,L*(P,H)) : lim

Y 5 O
y—oo u(y, p) J_YEH(")I p(t)dt = }

Similarly

PAA,(R x Q, L% (P, H))

= {f € PC(R x Q,L%(P,H)) : lim

v
E|f(t,y)||?p(t)dt = O uniformly in EIE}.
Jim | Bl yinvy

Definition 11. A function f € PC(R,L?(P,H)) is called piecewise square mean weighted pseudo
almost periodic if it has a decomposition of the form f = ¢+, where € APP(R,L?(P,H)) and
P € PAP,(R,L?(P,H)). The set of all such functions denoted by WPAP,(R,L? (P, H)).

Definition 12. A function f € PC(R x Q,L2(P,H)) is called piecewise square mean weighted

pseudo almost periodic if it has a decomposition of the form f = ¢ + 1, where ¢ € APP(R x

Q,L2(P,H)) and b € PAP,(RxQ,L?(P,H)). The set of all such functions denoted by WP AP ,(R x
O, L% (P, H)).

For p € W, and T € R define p* by p*(t) = p(t + ) for all t € R. Define
Wi ={p € W :p~p" for each t € R}.
It is clear that Wt contains many of weights, such as 1, et and 1+ [t|™ with n € N among others.
Remark 3. (i) Forp € Wt, PAP,(R,L?(P,H)) is a translation invariant set of PC(R, L2 (P, H)).

(i) It is easy to see that WPAP,(R,L?(P,H))(resp.,, WPAP,(R x Q,L?(P,H))) are Banach
spaces with sup norm.

Similar as the proof of Lemma 2.5 in [9], we have the following result.

Lemma 2.3. Let {fylnen be a sequence of functions in WPAP,(R,L2(P,H)). If f, converge
uniformly to f, then f € WPAP (R, L (P, H)).

Similar as the proof of [14] the following composition theorems hold for piecewise square mean
weighted pseudo almost periodic functions.

Theorem 2.1. Let f(t,y,z) € WPAP,(R x Q x Q,L?(P,H)), &, x € WPAP,(R,L?(P,H)) and
R(E) x R(E) C Q x Q. Assume that there exists a number Ly > 0 such that

E”f(tay])Z])_f(taUZ)ZZ)HZ < Lf'(E”y1 _UZ|‘2+EH21 _ZZHZ)a for allt € R, yi,zi € Q,1=1,2,

then (-, &(-),X(-)) € WPAP, (R, L?(P, H)).



96 Vikram Singh and Dwijendra N Pandey CUBO

19, 1 (2017)

Theorem 2.2. Let {Ii(y) : i € Z} for any y € Q be a piecewise square mean weighted pseudo

almost periodic sequence. Assuming that there exists a constant Lo > 0 such that
E|Ti(x) — Li(y)||* < Lo.E|x —yl|?, for all x,y € Q,i € Z.

If &£ € WPAP,(R,L?(P,H)) NUPC(R,L*(P,H)) such that R(E) C Q, then 1;(&(t1)) is piecewise
square mean weighted pseudo almost periodic.

Lemma 2.4. [21] Assume that {ti :1,j € Z} are equipotentially almost periodic sequences, then
for each p > 0 there exists a positive integer No such that each interval of length p has no more
than No elements of the sequence {ti} and

n(s,t) < No(t—s)+ No,

where n(t,s) denotes the number of the points ti in the interval [t, s].

3 Main Results

In this section, we establish piecewise square mean weighted pseudo almost periodic mild solution
to the fractional order stochastic impulsive differential system (1.1)-(1.3).
In formulation of the system (1.1)-(1.3), we consider the following assumptions:

(Hy) The collection of sequences {t{ :1,j € Z} is equipotentially almost periodic and there exists
0 > 0 such that inf; T} = 0.

(H2) —A is the infinitesimal generator of an analytic semigroup S(t), t > 0, on L2 (P, H).

(H3) For p € Wt, g € WPAP,(R x L?(P,H,),L?(P,H)) and there exists a Ly >0,0<m <1,
such that
Ellg(ti,w) — g(t2,u2)||* < Ly(Its — 2" + Eflur — uz[3),

for each  (ti,ui) € R x L2(P,Hy)i=1,2.

(Hg) For p € W, G € WPAP,(R x L?(P,H,),L?(P,H)) and there exists L > 0,0 < n < 1,
such that
E|G(t1,w1) — G(t2,u2)[|* < Lg(It1 — t2|" + EJJus —uz||2),

for each (ti,u;) € R x L?(P,H,), i=1,2.

(Hs) For p € Wr, F € WPAP, (R x L?(P,H,) x L? (P, H,), L?(P,L3)) and there exists Ly > 0, 0 <
1 < 1, such that

E[F(t,ur,v1) — F(t,uz,u2)||* < Le(ts — t2" + Efluy — uz[|3 + Eljvs —v2[[3),

for each (ti,ui,vi) € R x L?(P,Hy) x L2(P,Hy) i =1,2.
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(Hg) {Gi(y) : k € Z} is piecewise square mean weighted pseudo almost periodic sequence uniformly
Yy € O and that there exists a constant Lg > 0 such that

E|Gi(x) — Gi(w)||* < Lg.Elx —yl|Z, for all x,y € L*(P,Hy).

(H7) For any Li,L, > 0, denote
1
Cr:= SUPteR, |1itfloo<L1,|[V]loo<L2 (E[|F(t, u)V)Hz) 2 <00,
1 1
Ce:= sup (E[|G(t,w)]|)? < oo, Cg, :=85UPyey ufot, EIGiW)]?)Z < oo.
teR,||u|leo<L;
Then there exists a constant ro > 0 such that

1 T \? r2(1 20
3M2 |:4C2 N2<MU + e)\—_]> + Cé% CZNO(Zizc)) < 71o.

Now, we define the mild solutions for the system (1.1) — (1.3).

Definition 13. A stochastic process y € PC(J,L?(P,H)),] C R is a mild solution of the system
(1.1) -(1.3), if

(l) Yo € L.%—'O (P)H)

(ii) y(t) € L2(P,H) has cadlag path on t € ] a.s., and satisfies the following integral equation

Z(t—to)yo + [y, (t—5)* T (t —s)G(s,y(s))ds
+ Ji, (E= ) T (t = $)F(s,y(s), [° , Kls — £)g(&, y(&))dE)dw(s), t € [to, ]
Z(t—to)yo + Z(t — t1)ys +II (t =)' T (t—s)G(s,y(s))ds
" + [, (E= ) T (L= $)F(s,y(s), [ o, Kls — £)g(&,y(8))dE)dw(s), t € (b1, ta];
Yyt = .
k t
I(t—to)yo+Zz(t—ti)gi(y(tm+J (t—s)*' T (t—s)G(s,y(s))ds
i=1 to
+ [, (L =82 T (L= s)F(s,y(s), [* , K(s — £)g(&,y(E))dE)dw(s), t € (b b,
(3.1)
where
I(t):ro/\/ (0)S(t*0)ae, j(t):ocroe/\f( )S(t*0)de
0 0

and for 0 € (0, c0)

1 —-1-1 -1 1 - TL 14—
Na(e):&e Twu(07®) >0, :%Z 0

n=1

a1 (e +1)
— sin(nma),

n:
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Ny denote the probability density function on (0, 00) such that

N«(0) >0, 0€(0,00) and J N« (0)do =1.
0

Noth that when (H;) holds, we observe that if y(t) is stochastically bounded solution of the
system (1.1) — (1.3) on R, then the mild solution (3.1) take the following form as to — —oo.

y(t) =) Z(t—t)Gily(t:)) + Jl (t—s)* T (t —s)G(s,y(s))ds

- th(t —s)* 1T (t - S)F<s,y(3),J

—00

s

Kls — £)9(E y(EdE Jawls). (32
Lemma 3.1. Assume that (H1) — (H3) hold, ify € WPAP,(R,L?(P,H,)), then

O(A™%yY)(t) := J', K(t—s)g(s,A"y(s))ds € WPAP, (R, L? (P, H)).

Proof. Since A~ is bounded, { = g(-,A"°y(-)) € WPAP,(R,L?(P,H)) by Theorem 2.1. As-
sume that P = 1 + 2 with 1 € APP(R,L?(P,H)) and P2 € PAP,(R,L?(P,H)), then

t

J IC(t—s)lj)(s)ds:J' IC(t—s)tln(s)ds—l—J K(t—s)Py(s)ds := 01 (t) + O,(t)

—0o0

where
t

@mzj K(t — s/ (s)ds, @z(t)ZJ K(t — s)pa(s)ds.

—0o0

It is easy to check that ® € UPC(R,L?(P,H)). Since 7 € APP(R,L?(P,H)), for e > 0, there
exists a relatively dense set Re of R formed by e-periods of 7. For T € Re, t € R, [t—ti| > €, 1 € Z,
we have [P (t+ 1) — P (t)]] < €.

Hence for t € R, [t —ti| > €, 1 € Z, we get

t+1 t 2
1E||@1(t+¢)—@](t)|2=1EHJ IC(t+T—s)1J)1(s)ds—J' K(t—s)(s)ds

¢ 2
SEHJ Kt —s)b1(s+ 1) —Pi(s)lds
2 ¢ 2 2 C2
<ck Lo e 2By s+ 1) — b (5)]2ds < S,

which implies that @1 € APP (R, L?(P, H)).
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Next we show that @2 € PAP,(R,L2(P,H)). In fact for y > 0, we have

2

! p(t)dt

w(y, p)

Y ] 2% t
J EH@z(tJHZp(t)dt:—J EHJ K(t — s)pa(s)ds
—y (1G2Y-)IN NV | N RS

2
p(t)dt

T %
u(y, p) J_YE’ Jo Rshba(t = slds

CZIC Y * —2b(s) 2
< j J ¢ 2008) o(1)E| | (t — s)[2dsdt
}‘L(’Y)p) —y JO

<Cy J e 2PGIA (s)ds,
0

where
1

5
- _ 2
Ay(s) = o) J_y P(DE[Ww2(t —s)|“dt.

Since P2 (s) € PAP,(R,L?(P,H)), p € Wr, this implies that }2(- —s) € PAP,(R,L? (P, H)) for
each s € R by Remark 3. Hence lim A,(s) = 0 for all s € R. Now, by Lebesgue dominated
Y — 00

convergence theorem, we have @, € PAP,(R,L? (P, H)). O

Lemma 3.2. Assume that (Hq) — (Hz) hold, if $(t) € WPAP,(R,L?(P,19)), then

Ag(t) = L AC(t— ) T T(t —s)d(s)dw(s) € WPAP, (R, L2(P,H)).

Proof. Since ¢(t) € WPAP,(R,L*(P,L9)) and ||||co = supteR(EHd)(t)Hzﬁ < o0o. Now, using
Ito’s isometry property of stochastic integral and Lemma 2.1 , we get

t 2
E[[Aqg(t)]? —EH J_ A%(t— )" 1T (t—s)d(s)dw(s)

[

<o’ “t J‘X’ E[|0(t —s)* ' Ny (0)A S((t — 3)“9)¢(S)||2d9ds]

B 0

oo 2
<&’E J 0t —s)* TN, (0)A°S((t — s)*0)db(s)dOdw(s)
0

t ']
S“ZM%rJ J eZ(]—U)NOZC(e)(t _ S)Z(oc—occ—])eZ)\Q(t—s)“EHd)(S)HZdedS
—o0 JO

S(sz%rH(bHZJ Nozc(e)J 92(176)52@(70(671)62?\6&“dade_
0 0
Since N2(8) € LT(R™), then by calculating we get (see [11])

> > « N1 —2c
OCZJ Nozc(e) J 62(]70']&2(“70(0'71 )627\65, dE,dG _ NO }(\(2_20_))
0 0

where Ao = supgso NZ(0). Then

I'1—20)
(

E[Ae(t)]* < MferJHzNOm)
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This implies that Ay is well defined. Now let ¢ = b1 + b2, with ¢ € APP(R,L?(P,H)) and
$2 € PAP,(R,L?(P,H)), then

t

Ao(t) =L A (t— )% T(t — )b (s)dw(s) +J A% (t— )% T(t — )b (s)dw(s)

—00

::A¢| (t) + Ao, (t).

It is easy to check that Ay, € UPC(R,L?(P,H)). Since ¢1 € APP(R,L?(P,H)), for € > 0, there
exists a relatively dense set R of R such that E||¢q (t+7) — b1 (t)]|> < e for T € Re,t € R, [t—t;] >
€,1€Z,

Note that W(s) :=w(s+1)—w(s), s € R, is also a Brownian motion with same distribution as
w(s). Now for t € R, [t—ti| > €, 1 € Z, using Lemma 2.1 and Ito’s isometry property of stochastic

integral, we have

E(Ag, (t+1) — Ag, ()]

t 2
ZEH (t— $)% VAT Tt — )1 (5 + 1) — 1 (s)]dio(s)
t %) 2
s(xZEH J Ot — 5)% T Na(0)ATS((t — 5)%0) o1 (s + 1) — b1 (51O (s)
—oc0 JO

t o
S“szfJ J 02(1-0 2 (0) (t — )~ Ve MU gy (5 + 1) — 1 (5)]|*a0ds
—o0 JO

t
<eoc2M§J
Se(sz%— Jw Nozc(e) JOO 92(176)5’2(“70'0(71 )e727\6£“ dade

0 0
I'1—20)

A(2—20)

Joo 62“_61/\/'02((6)(’( _ S)Z(oc—coc—])e—Z?\Q(t—s)“ d6ds.
0

SM%)'NO €,

that is Ay, € APP(R,L?(P, H)).

Next we show that Ay, € PAP,(R,L2(P,H)). In fact for y > 0, we have

! Jy E|Ag, (t)]|?p(t)dt = L EHt A°(t —s)* 1 T(t — s)dba(s)dw(s) : (t)dt
Wiy, p) ), e IR ITICAT) I A | Y S g P
rY t
<] J AT (t— 5)°% 7 (t — 5)|2E]|ba (s) | 2dsp(t)dt
miv,e) )y )

1 Y[
< J 16T A7 ()| 2E [t — £)[2dEp(t)dt.
wly,p) J—y Jo
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Similar as previous calculation, we have

| et A g @l et - o)a
0
SOCzM%. JmNi(e) Jm 92(1—0)52@(—0“—1)e—zxea"‘E”d)z(t_ E’)”Zdade.
0 0

Now, we have

1
u(y, p)

Y oo e’}
J E[|Azy(t)|*p(t)dt SoczMiJ Ni(G)J p2(1-0)g2(amoa=T)o=2A0L% (1) de.
—v 0 0

where

I a2
T = J_YE|¢2(‘£ £)|2o(t)dt. (3.4)

Since ¢z (s) € PAP,(R,L?(P,H)), p € Wy and translation invariant, this implies that ¢ (- —s) €
PAP,(R,L?(P,H)) for each s € R by Remark 3. Hence 5T (t) = O for all s € R. Now, by
Lebesgue dominated convergence theorem, we have Ag,, € PAP,(R,L?(P,H)). O

Theorem 3.1. Assume the conditions (Hq1) — (Hy7) are satisfy, if

1 1 \? r2(1—o) L,C2\ I'(1 —20)
._ 2 2 g-K
A._3MU[4LgNO<—Mg+e7\_]> +Le 3oy +LFN0(1+ 5 ) N 20) } <

then the system (1.1) — (1.3) admits a unique mild solution in WPAP,(R,L?(P,H)).

Proof. Let M :={y € WPAP,(R,L?(P,H)) with discontinuity of first type at ti, i € Z satisfying
E|ly[|? < 10,70 > 0}). Obviously, M is a closet subspace of WPAP,(R,L?(P,H)). Define an

operator Q in M by

(Qu)(t) = Y A°Z(t— t)Gi(A~y(t)) + L (t—)*TA°T(t - 5)G(s, A" y(s)ds

ti<t

+ J (t—s)* TATT (t —s)F(s, A~ “y(s), (A Ty(s)))dw(s). (3.5)

where O(A~y(s)) = [* __K(s — &)g(&, A~ y(&))dE.

In fact if y € WPAP,(R,L?(P,H,)), we have ©(A~°y) € WPAP,(R,L?(P,H)) by Lemma
3.1, and F(-,A=°y(-),©(A°y(-))) € WPAP,(R,L?(P,LI)) by Theorem 2.2. Further by Theorem
3.2 we get [*_(t—s)* TAYT(t — s)F(s,A~y(s), O(A°Y(s)))dw(s) € WPAP,(R,L(P,H)).
Similarly by Theorem 2.2 and Theorem 3.2 we come to the conclusion that fioo(t—s)“_] A°T(t—
s)G(s,A"%y(s)ds € WPAP,(R,L?(P, H)).
Further, we show that

D ATI(t—t)Gi(AyY(t:)) € WPAP, (R, L*(P, H)). (3.6)

ti<t



CUBO

102 Vikram Singh and Dwijendra N Pandey

19, 1 (2017)

By Theorem 2.2, Gi(A~Y(ti)) € WPAP,(Z,L*(P,H)). Now, let Gi(A~°y(ti)) = i +i, where
$i € AP(Z,1L?(P,H)) and ; € PAP,(Z,L*(P,H)) for all i € Z, so

Z A°T(t—t)Gi (A %y(ty)) Z A°T(t —ti) i + Z A°T(t —ti))s

ti<t ti<t ti<t

=Y1(t) + T2(t).

Since {t{ :1,j € Z} is equipotentially almost periodic, then by Lemma 2.2, for € > 0 there exists
relative dense set Re of real numbers and Z. of integers, such that for t; < t < tiy1, T € Re,
PEL,|t—t>¢€, |t—tit1]| > €, 1 € Z, we have

t+T>t+e+T>tigy,

tipr1 >t +T1—e>t+r,

that is, ti4p <t +T < tiyp+1, then using Cauchy-Schwarz inequality we have

2
E[[V1(t+1) = V10> <E|| Y A°Z(t+t—t)di— Y AZ(t—ti)ds

ti<t+7 ti<t
2
<8[ 3 IAZlt— 0w — ol
ti<t N 5
< IEH N“(B)AUS((t—ti)“BH¢i+p—¢i|de]
ti<t 0
o 2
< ]EU N ()Mo ((t — t)%0) e M-t 9|¢i+p_¢i|de]
ti<t 0
oo 2
M2 3 8] [ Va0t =170 e N gy — o]
ti<t
<eM2R(9),
where
R(60) _<J°°Na<e){ ((t — t,)%0) O At-t)"0
0

[eS) 2
+ Z Z ((t—t;)%0) e Mt t }de) . (3.7)
By Lemma 2.4 and (H;), we have

e 2 2
R(0) < (J Ni(6) [2“‘0 L 2No ]de) =4Né(i+%1) , (3.8)

0 Mg et —1

where My = min{(t —t;)*0,0 <t —t; < 1}. Then

2
1 1
2 2N2
B 440 = V(0] < 4eMENG (e + v )
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Hence Y1 (t) € APP(R,L2(P, H)).
Next, we show that Y3 (t) € PAP,(R,L?(P,H)). Define

x(t) = A°Z(t —ti)s, te (ti,tiplieZ,
then
lim E[x(t)]|? = lim E|A°Z(t — t)P; ]|
t—o0 t—o0

o 2
 m EH Na(ewsut—ti)“e)||wi|de]

t—oo 0

IN

0

IN

then x € PAP,(R,L?(P,H)). Define x; : R — L?(P,H) by
Xn(t) = A°Z(t —ti n)in, te(tytigl,nez’,
80, Xn € PAP,(R,L?(P,H)). Moreover

Ellxn (1)) = E|AZ(t — ti_n )i

fe%e) 2
< E“o Na(OATS((t — tin)*0) i |40

SM?;J NZ(O)((t —tin)*0) 27 M0 "OR [y [|d0
0
gMﬁcoJ NZ(0)((t — ti + nk)*0) 27e 2A(ttink)0 g

0

< M%,COJ' NZ(0)(t — t; +nk) 220920 2 (t-timk)"0 49
0

* Nozc (e)efzcefzk(tftﬁrnk)“e de,

M2Co J
0

~ (t—ty +nk)2xe

Jim MG J NZ(0)((t —t;)*0) 720 e A=) O |y, || 2d0

tliglo M%TEHL')LHZ(t _ ti)fzoccr J;) Né(e)efzcefzk(tfti)aede _ O,

where sup;cz E[|[Wi]|? = Co. Therefore by Dirchlet Test the series Y o ; xn converges uniformly

on R. By Lemma 2.3, we have

Ya(t) =) A°Z(t—ti)hi = Y xn € WPAP,(R,L? (P, H)).

ti<t n=0

So, (Qy) € WPAP, (R, L?(P, H)).
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Moreover

E|Qy(t)|2

t
<3E[| ) A°Z(t—t)Gi(A y(ti) |\2+3IE||J (t—s)* TA T (t —s)G(s, A y(s))ds|?

ti<t

+ 3E|| J (t—s)* TAT(t — s)F(s, A" %y(s), @(A‘"y(s)))dw(s)”2

<3MZ Dy EHJOON (0)((t —t;1)%0) e AM1"0G (A~oy(t;))dO||?

ti<t 0

t o 2
+30€2M§E|:J J' e(]—c)Na(e)(t _ S)(oc—croc—]) —AB(t—s) HG s, A~ U ||d9d8:|
—o0 JO

t
+3cx2M§J

—00

J 021 TINZ(0)(t —s)21x o e 22N R [F(s, A~ y(s), (A~ “y(s))) | dods
0

oo 2
g3mf,ZEH Na(0)((t —1)%0) e A0 G Aoy (1) ||d6}

ti<t 0

[ee] t
+ 3oc2M§,J Na(e)J pl1—9)(t —g)(x-0x-T)e=A0t=5)" 4549
0 —o0

e’} t
XJ N“(B)J 01— (1 — g) (a0 A(t=9)" |G (s, A= y(s))[| > dsd®
0 —00

t
+3oc2M§J'

—00

J 021N (0)(t — 5) (670 Ve MR F(s, A~y (s), O(A™ Ty(s)))||* deds
0

For & =t — s, we have

2

E|Qy(t)|2 <3M2C2, U:O/\fa(e) 3 ((t—t)%0) e A ede}

ti<t

o] 0o 2
+3>M§,C2G [ch N“(S)J 9“_6)a(oc_m_”e_)\ea“dade}
0 0

+30(2M§C]%J Nozc(e)J' eZ(]—cr)E’Z(oc—croc—l)e—Z?\ei“ade. (39)
0 0

By standard calculation, we have

&) [eS) 2
|:O(J Na(e)J G(IU)E(“G“Ue)‘ea“dE,de}
0 0

2

Al- 0

T?(1—0)
200

={L JwNa(e)ro(xea“) 7ML 4(N0E™)dO
0

(3.10)
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Recalling the results (3.3), (3.8) and (3.10) in (3.9), we have

1 1 \? r2(1—o) r(1—20)
2 2 2 2 2 2
E||Qy(t)|]> <3M [4C N (MU+—_]) JrcGi}\2 CJ\/oij <10,

this implies that Qy € M. Thus Q is well defined.
Now we show that Q is contraction. For yi,y2 € M, we have

E[Qu1(t) — Qu2(1)||?
2

<S3E|| Y ATZ(t — )G (Y1 (1)) — Gilya (t:))]
t 2
+3E J (t—3)*TATT (t—5)[G(s, A" “y1(s)) — G(s, A" “yz(s))]ds

+3EHJ (t=5)*TA°T (t=5)[F(s, A="y1 (s), O(A~y1 ()

2
—F(s, A"%y2(s), 0(A"ya(s)))ldw(s)

oo 2
§3M§ZEU Na(0)((t—:)%0) e M9 G (yq (1)) — Gi(y2(ti) ||d9}

ti<t 0

+3cx2M§J

t
Noc(e)J e(]—U)(t_s)(oc—coc—l)e—?\e(t—s)“dsde
0 —o0

00 t
XJ Na(e)J 019 (t — 5) (@7 0a= N A0 t=9)" | G (5, A=y (s)) — G(s, A" ya(s))||>dsd®
0 —o0

t les]
+3oc2Mf,J J 021 OINZ(0)(t — 5)2 (o e A R [F(s, A~ %y (s), (A "y (s)))
—oo JO

—F(sy, A7 %Y2(s), (A" %ya (s H dods
oo 2
gaMf{qu Nu(8) D ((t—t)¥0) Te Mt ede)
0 ti<t

&) [eS) 2

N (OCJ' Noc(e)J' e(]—c)g(oc—croc—])e—AOE“dE’de)
0 0

CZ

+LF(1+ o

)J Ni(e)J oczez“-“)aﬂ“-”—‘)e—m“deda}mw(t)—yz(t)HZ.
0 0

Recalling the results (3.3), (3.8) and (3.10), we have

2 2 of 1 1 2 rQi—o
E[Qy1(t) — Qua(t)[|* <3Mg [4LgNg M"+ P +La \2(1—0)

+ LeN 1+L9C% ra— )su Elly7(t) —ya ()]
FNo b \(2—20) teg Y1 Y2 .
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This implies that [|Qy1 — QU2 |lee < VA|Y1 — Y2|lco, Where

2 2 2
1 1 r(1—o) L,C2\ T'(1 —20)
— 2 2 g+K
A_3MU[4LQNO<—M8+6A_]) +L67)\2“_U) +LFN0<1+ I ) N 30) <1.

Thus, Q is a contraction. Hence by Banach contraction principle the system (1.1) — (1.3), admits
a unique mild solution y € M such that Qy =Y. Moreover, since A is closed, then we have

A0 = ¥ It - )GA T + [ (-9 1T (- s16(s, A G(s)ds
+J' (t—s)“_]J(t—s)F(s,A_Uﬁ(s),@(A_Uﬁ(s)))dw(s). (3.11)

such that E|A~°Y(t)|? < 7o, for all t € R. Hence A~°Yy(t) € M is unique mild solution of the
system (1.1) — (1.3). O

Theorem 3.2. Assume that (H1) — (H7) are hold. Then the system (1.1) — (1.3) has a unique
exponentially stable mild solution in WPAP,(R,L* (P, H)).

Proof. The existence and uniqueness followed by Theorem 3.1 and adopting the ideas developed
in [11, Theorem 3.3], we come to the conclusion. O

Remark 4. Consider the following equation with delay

“Dgy(t) + Ay(t) = Gt y(t —n)) +F<t,y(t—n),J Kt~ s)g(s,y<s))ds) S

to <t#ti, tE€R, (3.12)
y(ty) =yty) + Gily(t), i€’ (3.13)
y(to) = Yo, (3.14)

where 1 is fix and 1 € RT. Assume that y = yi +y2 € WPAP,(R,L?(P,H)) where
y1 € APP(R,L?(P,H)) and y2 € PAP,(R,L?(P,H)). For given n € R, it is easy to show that
y(t—mn) € APP(R,L? (P, H)).
For v > 0, we have

] JV Elly2(t—n)||*p(t)dt = ! J'yn E|ly2(t)]2e(t +1)dt
w(v,p) )y mv,0) oy
_ply+m,p) 1 Y- Lo(t+m)
~ulyv,e) T ouly+n,0) J_Y_H]E”‘JZ(UH Sy Pt
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Since p € Wr, then there exists ap > 0 such that p(pt(’,:?) < ayp, p(pt(:?) < ap,. Fory >n
ry—m y+n
sy +mo) = et +J p(t)dt
J=y-m Y—
ry—m v+n
< o(t)dt +J p(t)dt
J—y— —y-+n
Y Y
p(t—n) p(t+mn)
= p(t)dt + J p(t)dt < 2aouly,p).
)y e o elt) ’
Then by y2 € PAP,(R,L?(P,H)), we get
1 Y ) 2(1% Y+n 5
L Byt —m)Potat < 7J Ellya(1)]p(t)dt — 0
n(y, p) J_y Iy | nly +m,0) )y l2 ()] ’

asy — oo. Hence y(t —m) € WPAP,(R,L*(P,H)) for n € R*. Thus the results of Theorem 3.1
holds for the system (3.12) — (3.14).

4 Example

Now,we present an example, which do not aim at generality but indicate how our abstract result
can be applied to concrete problem. Consider the stochastic fractional differential equation with
impulsive effects

%z(t,x) - aa—xzzz(t,x) =G(t,x,z(t,x)) + F(t, x, z(t, x), Eo e 29 g (s  x, z(t,x)ds) dv;it)) LeR
(4.1)

2(tf,%) =2(t7, %) + Milz(ti, X)), 1€ Z,x € (0,1), (4.2)

Z(t, 0) :Z(t, ]) = 0, (43)

where t; =1+ %\ sin 31+ sin /31| and assume that A\; € WPAP,(Z,L?(P,H)), p € W+. Note that
{tl}, ,j € Z are equipotentially almost periodic and k = infiez(ti;1 —ti) > 0, for more details see
[14, 21, 24]. Note that w(t) represents a standard Wiener process on a complete probability space
(Q, Fy{Fi}t>0,P), where {Fi}t>0 is sigma algebra generated by {w(u) —w(v) : u,v < t}.

Let H = (L%([0, 1], || - ||;2) be a Hilbert space. Now define the operator

Ay(&) :==—y" (&), £€(0,1), yeD(A),

where
D(A) :={H’NH] :y" € H}.

Then, A is the infinitesimal generator of analytic semigroup S(t) on H. Now, we have z,(t) =
(2)17 sinnmt,n = 1,2,3,..., are the eigenfunction of A corresponding to the eigenvalues nm. For
o= % denote D(A%) by L2 (P, H%) is a Banach space equipped with the norm

1 1
lylla =lIATyl, yeD(A™).
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Let y(t)x = z(t,x), t € R, x € [0, 1], then

F(t,y(t),f K(t—s)g(s,y(s))ds) =F(t,x,2(t,><),Jt e—z“—“g(s,x,z(t,des).

o0

Now the system (4.1)-(4.3) can be reformulated in the abstract form of the system (1.1)-(1.3).
Since Gi = Ay, then (Hg) holds with Lg = sup;cy ||Ail]. We have the following result.

Theorem 4.1. Assume that the following assumptions hold:

(1) Forp € Wt, g € WPAP,(R x L?(P,H
that

),L2(P,H)) and there exists a Ly >0,0<n <1 such

1
a
Elg(t1,u1) — g(t2,u2)[|* < LgE(lt2 — t1[" + |y —Uzﬂz%»

for all, (ti,u;) € R x L2(P,H:), i=1,2.

1
T
(il) For p e W, G e WPAP,(R x LZ(P,H%),LZ(P,H)) and there exists Lg > 0,0 <n < 1 such
that
E||G(t1,u1) — G(t2,u2)||* < La([t2 — t1]" + E[Juy _uZHZ%)a

for each (ti,u;) € R x L2(P,H), i=1,2.

A=

(iii) For p € Wt, F € WPAP,(R x Lz(P,H%) X Lz(P,H%),Lz(P, IL3)) and there exists a Ly > 0
such that

E||F(t,u1,v1)—f(t,uz,uz)Hz < I—F(|t2 _t1|nEHu1 _uZHz% -I—IEHV] —Vsz%),

for each (ti,ui,vi) € R x Lz(P,H%) x L*(P,H:), i=1,2.

1
T

Let us choose the constants Mg = 1,A = 9,Lg = 1,Lf = 1,4 = 1,Lg = % and No = %, then we

have

1 1 \? r2(2) Ly V7
A:=3M2|4LgNZ [ — lg—2 + L 1+ 2 )X | =0.69<1
3 o‘|: g 0<Mg+e7‘—1> +Leg " + FNO< +4>>\2} 0.69 <1,

3
2

this implies that the system (4.1)—(4.3) has a unique piecewise square mean weighted pseudo almost
periodic solution.
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