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ABSTRACT

In this paper we define a new measure of noncompactness on LP? (RN) (1 < p < co) and
study its properties. As an application we study the existence of solutions for a class
of nonlinear functional integral equations using Darbo’s fixed point theorem associated

with this new measure of noncompactness.

RESUMEN

En este articulo definimos una nueva medida de no-compacidad sobre LP(RN) (1 <
P < o0) y estudiamos sus propiedades. Como aplicacién, estudiamos la existencia de
soluciones para una clase de ecuaciones integrales funcionales no lineales usando el

teorema de punto fijo de Darbo asociado a esta nueva medida de no-compacidad.
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1 Introduction

Measures of noncompactness and Darbo’s fixed point theorem play major roles in fixed point theory
and their applications. Measures of noncompactness were introduced by Kuratowski [19]. In 1955,
Darbo presented a fixed point theorem [12], using this notion. This result was used to establish
the existence and behavior of solutions in Cla,b], BC(R,) and BC(R, x R, ) to many classes of
integral equations; see [II 2], Bl [4, [6l @ 10, 16, 17] and the references cited therein. When one
seeks solutions in unbounded domains there are particular difficulties. The aim of this paper is to
construct a regular measure of noncompactness on the space LP (RN) (1 < p < co) and investigate
the existence of solutions of a particular nonlinear functional integral equation.

Let R, = [0, + o) and (E,||.]|) be a Banach space. The symbols X and ConvX stand for the
closure and closed convex hull of a subset X of E, respectively. Now D¢ denotes the family of all
nonempty and bounded subsets of E and 91g denotes the family of all nonempty and relatively
compact subsets.

Definition 1.1. A mapping u: Mg — R, is said to be a measure of noncompactness in E if it

satisfies the following conditions:

1° The family kerp ={X € Mg : u(X) = 0} is nonempty and kerp C Ne.

2° XC Y= u(X) < ulY).

3° w(X) = u(X).

4° p(ConvX) = u(X).

59 w(AX + (1 =A)Y) < ApX) + (1 =A)u(Y) for A € [0,1].

6° If {Xn} is a sequence of closed sets from Mg such that Xn11 C Xy forn =1,2,--- and if
nlgi;o 1W(Xn) =0 then Xoo = N1 X # 0.

We say that a measure of noncompactness is regular [7] if it additionally satisfies the following
conditions:

7° WX UY) = max{p(X), u(Y)}

8% u(X+Y) < p(X) + u(Y).

9° L(AX) = A|u(X) for A € R.
10° kerp = M.

The Kuratowski and Hausdorfl measures of noncompactness have all the above properties (see

55 [71).
The following Darbo’s fixed point theorem will be needed in section 3.
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Theorem 1.2. [12] Let Q be a nonempty, bounded, closed and convex subset of a Banach space E

and let F: Q — Q be a continuous mapping such that there exists a constant k € [0,1) with the

property
u(FX) < kn(X) (1)

for any nonempty subset X of Q. Then F has a fixed point in the set Q.

Integral equations of Urysohn type in the space of Lebesgue integrable functions on bounded
and unbounded intervals and the concept of weak measure of noncompactness on L'(R,) was
studied in [8], 13}, [14].

In Section 2, we define a new measure of noncompactness on LP (RN) and study its properties.
In Section 3, using the obtained results in Section 2, we investigate the problem of existence of

solutions for a class of nonlinear integral equations.

2 Main results

Let LP(U) (U € RN) denote the space of Lebesgue integrable functions on U with the standard

norm ;

[xllee (uy = (Ju \X(t)lpdt) i

Before introducing the new measures of noncompactness on LP (RN), we need to characterize the
compact subsets of LP (RN).

Theorem 2.1. [1]], [18] Let F be a bounded set in LP (RN) with 1 < p < co. The closure of F in
LP(RN) is compact if and only if

lim ||Tnf —f|[Lr@n) =0 uniformly in f € F, (2)
h—0

where Tpf(x) = f(x+h) for all x,h € RN. Also for e > 0 there is a bounded and measurable subset
Q c RN such that
[fllLr mvrvQ) < € forallf e F. (3)

Now, we are ready to define a new measure of noncompactness on LP (RN).

Theorem 2.2. Suppose 1 < p < oo and X is a bounded subset of LP(RN). For x € X and € > 0
let

W' (x, ) = sup{||Thx — x[|Lr (B, : [Rllzn < €,
w'(X,e) =sup{w(x,€): x € X},
w

)
T(X) = lim w' (X, €),
e—0

w(X) = lim w'(X),

T—o0

d(X) = Tli_{lgo sup{||x|[r rNyBy) DX € Xy
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where Bt ={a € RN : [|a|lgn < T} Then wo : My gn) — R given by
wo(X) = w(X) + d(X) (4)

defines a measure of noncompactness on LP(RN).

Proof. First we show that 1° holds. Take X € 9, g~y such that we(X) = 0. Let n > 0 be
arbitrary. Since wo(X) = 0, then limt_,o lime_0 w'(X,e) = 0 and thus, there exist & > 0 and
T > 0 such that w'(X,8) < 1 implies that || Thx — x||Lp(B,) <7 for all x € X and h € RN such
that ||h|lgn < 8. Since n > 0 was arbitrary, we get

B [ Trx = X[ ey = lim dim {lTx —x|e gy =0
uniformly in x € X. Again, keeping in mind that wq(X) = 0 we have
TlLrgo sup{||x||Lr mNv\By) i X € X} =0
and so for € > 0 there exists T > 0 such that
HXHLp(RN\BT) < e forallx eX.

Thus, from Theorem 2.I] we infer that the closure of X in LP(RN) is compact and kerwo C M.
The proof of 2° is clear. Now, suppose that X € 9 » g~y and (xn) C X such that x, — x € X in
LP(RN) . From the definition of w' (X, ) we have

||Tth - XTlHLp(BT) < wT(X) 6)

for any n € N, T> 0 and |[h|[gn < €. Letting n — oo we get [[thx —x||r, (8;) < w' (X, €) for any
[Ih|lgn < € and T> 0, hence

lim lim w'(X,e) < lim lim w' (X, €),
T—oo e—0 T—oo0 €e—0

implies that

w(X) < w(X). (5)

Similarly, we can show that d(X) < d(X) so from ([]) and 2° we get wo(X) = wo(X), so wy satisfies
condition 3° of Definition [Tl The proof of conditions 4° and 5° can be carried out similarly by
using the inequality [Ax + (1= NJyllc, (8,) < AN, (80 + (0 =AYl o).

To prove 6°, suppose that {X;,} is a sequence of closed and nonempty sets from 9t such that
Xni1 € Xy forn=1,2,--- and T}ijgowo(xn) = 0. Now for any n € N take an x,, € X;; and
set F = {xn}. We claim F is a compact set in LP(RN). To prove the claim, we need to check
conditions (2) and (B of Theorem 211 Let € > 0 be fixed. Since nh_r)rgo wo(Xn) = 0 there exists
k € N such that wo(Xx) < €. Hence, we can find &7 > 0 and Ty > 0 such that

w' (X, 81) <&,
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and

sup{[[X[| e rn\By, ) X € Xi} < e

Thus, for all n > k and |[h|jgn < 871 we get

[thxn = xXnlltr@y) < [ThXn = XallLe(Br,) + [ThXn = Xallie @By, )
< ltnxn = xnlliesy,) + 2l llee @nsy )
< 3¢
and
Ixnllir sy, ) < € (6)
The set {x1,x2,...,Xk_1} is compact, hence there exists 6, > 0 such that
[ThXn — XnllLe @) < € (7)

foralln=1,2,...,k and ||h|[gn < 82, and there exists T, > 0 such that
Xnllie @nymy) <€ (8)
for allmn =1,2,...,k. Therefore by (6) and (@) we obtain
lThxn —Xn|lLr @y < 36
for all n € N and ||h|| < min{&1, 52}, and from (@), @) we get

XnllLe @N\Br) < € 9)

for all n € N, where T = max{T;, Tz}. Thus all the hypotheses of Theorem [2.1] are satisfied and so
the claim is proved.

Hence there exist a subsequence {xn,} and xo € LP (RN) such that Xn; — X0, and since xn € Xn,
Xn41 C Xn and Xy, is closed for all n € N we get

X0 € ﬁXH:XOO,

n=1
and this finishes the proof of the theorem. O O
Now, we study the regularity of wy.

Theorem 2.3. The measure of noncompactness wo defined in Theorem [2.1] is regular.

Proof. Suppose that X,Y € 9 » gny. Since for all e >0, A > 0 and T > 0 we have
T(XUYe) <max{w' (X,e),w' (Y, ¢))

w
W' (X+Ye) <w'(Xe) +w(Ve),
w'(AX,e) < Aw' (X, )
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and

A

sup [[x|lir @By < max{sup ||x||r &Ny\B1), SUP |[X]|Le (RNVE L) ]
xeXUY xeX xeY

sup [X|lenvigyy) < sup [x[le By ) +Sup (X[ e eNyBT )
X+Y x€X x€Y

sup [[x|lieevygr) < Asup [IX[[re mNaBy)s
XEAX x€X

then the hypotheses 7°, 8° and 9° hold. To show that 10° holds, suppose that X € M » gny. Thus,
the closure of X in LP(RN) is compact and hence from Theorem 2.1, for any e > 0 there exists
T > 0 such that [|x||»g~\By) < € for all x € X and also limp 0 ||[ThXx — X||Lp (gn) = O uniformly
in x € X. From the first conclusion, there exists &6 > 0 such that ||[Thx — x|/ g~y < € for any
[Ih|lgn < 8. Then for all x € X we have

W (x,8) = sup{[|Tnx — x[|Lr (B : [Mllen < 8} < e,

Therefore,
w'(X,8) = sup{||w(x,d): x € X} < ¢,

which proves

Th_}rr;o %li)% w(X,8)=0 (10)

and
TILII;O sup{[|x||Lr @Nv\By) 1 X € X} =0. (11)
Now from (I0) and () condition 10° holds. O O

Theorem 2.4. Let Q ={x € LP(RN) : ||x||Lp ) < 1} Then wo(Q) =3

Proof. Indeed, we have
[Tnx = X[lLe vy < ITnx]lie g + [[X][Le ey < 2

and
Ix[lee ®v\Br) < [[X[[Le @n) <1

for all x € Q, h € RN and T> 0. Also for any € >0, T> 0 and x € Q we have

K

W' (x, €) = sup{||tnx — x[[Lv By ¢ Rl < e} < 2.

Therefore we obtain we(Q) < 3. Now we prove that wo(Q) > 3. For any k € N there exists
Ex C RN such that m(Ey) = ;—k (m is the Lebesgue measure on RN), diam(Ey) < %, ExNBx =0
and Eyx C Boy. Define fi : RN — R by

1
2K)F  x € Ex
fi(x) = 12
¢ { 0 otherwise. (12)
It is easy to verify that |[fx||Lp@r~N) =T, ||lefk — filltr (B,) = 2 and |[fx|[rprnyg,) = 1 for all

k € N. Thus, we get wo(Q) > 3. This completes the proof. O O
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3 Application

In this section we show the applicability of our results.

Definition 3.1. We say that a function f : R™ x R™ — R satisfies the Carathéodory conditions if

the function f(.,u) is measurable for any w € R™ and the function f(x,.) is continuous for almost
all x € R™.

Theorem 3.2. Assume that the following conditions are satisfied:

(i) f:RN xR — R satisfies the Carathéodory conditions, and there exists a constant k € [0,1)
and a € LP(RN) such that

f(x,w) = £y, V) < [alx) — aly)[ + ke —v], (13)
for any u,v € R and almost all x,y € RN.
(ii) f(.,0) € LP(RN).

(iii) k : RN x RN — R satisfies the Carathéodory conditions and there exist g1,g2 € LP(RN)
and g € LY(RN) (3 + & =1) such that [k(x,y)| < g(y)gi (x) for all x,y € RN and

k(x1,y) —k(x2,y)l < g(y)lgz(x1) — g2(x2). (14)

(iv) The operator Q acts continuously from the space LP (RN) into itself and there exists a non-
decreasing function P : Ry — Ry such that

[Qullr ®n) < W(|[ufle @) (15)
for any u € LP(RN).
(v) There exists a positive solution To to the inequality
ke W) [[K[ + [0 0 r mny <7 (16)

where
(Ku)(t) =J K(x, y)u(y)dy
RN
and

Kl = sup{[[KuflLe ) = [[ullee vy < 13

Then the functional integral equation

() = fl,ub) + | Kony)(Qu)(u)dy a7)

has at least one solution in the space LP(RN).
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Remark 3.3. The linear Fredholm integral operator K : LP(RN) — LP(RN) is a continuous

operator and ||K||; < oo.

Proof. First of all we define the operator F: LP(RN) — LP(RN) by

Flu)(x) = f(x,u(x)) + JRN k(x,y)(Qu)(y)dy. (18)

Now Fu is measurable for any u € LP(RN). Now we prove that Fu € LP(RN) for any u € LP(RN).

Using conditions (i)-(iv), we have the following inequality

[F(w) ()] < [f(x, w) — £(x, 0)[ + [f(x, 0)] +\JRN k(x,y)(Qu)(y)ds|

a.e. x € RN, Thus
IFuflee myy < Kluffee @y + 1T 0)][re my) + (K[ (] oe mny)- (19)

Hence F(u) € LP(RN) and F is well-defined and also from ([d) we have F(B,,) C B,,, where 1o
is the constant appearing in assumption (v). Also, F is continuous in LP(RN), because f(t,.), K
and Q are continuous for a.e. x € RN. Now we show that for any nonempty set X C Ero we have
wo (F(X)) < kawo(X).

To do so, we fix arbitrary T > 0 and ¢ > 0. Let us choose u € X and for x,h € By with ||h||gn < €,

we have

|(Fu)(x) — (Fu)(x + h)| S’f(x,u(X)) + JRN k(x,y)(Qu)(y)dy

— et e b))+ |kl i) (Qu)y)dy
< 116 100)) — x4+ o) + 7+ Ry wlx)) — xRy u(x -+ )
[ i@y - |k nylQuiy)dy
RN RN

< lafx) = a4 Kiulx) —ule B+ |kl w) = kix o+ Ryl IQuly)ldy.
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Therefore

(L |(Fu)(x +h) — (Fu)(x)\pdt)% < (J'

Bt

la(x) — a(x + h)lpdt)% n k(J hu(x) — u(x + h)\pdt)%

Br

o=

* (LT ’JRN k(% y) = k(x + hyy)lIQuly)ldy|” dx)

< (JBT la(x) — a(x—#—h)Ide)% +k(JB h(x) _u(x+h)|pdx)%

T
P 1

* (LT (JRN k06 y) = k(x+hyy)ldy) “dx) " | Qule ex,

< (JBT la(x) — a(x—#—h)Ide)% +k(JB h(x) _u(x+h)|pdx)%

T
1

+ (JBT (], 15260 g2 -+ W) lg(y)1*ety) *ax) 7 Qul e,

<|[ltha—allr () + kTR —UllLe(By)

1

+ ([ a2 = g2t w1 ax) o IQullany
T

<w'(a,e) +kw'(u,€) + [[Qulltr@n)llgllia@n)w! (g2, €).

Thus we obtain
w'(FX,e) < w'(a,e) +kw' (X, €) +(ro)[[gllLan)w (g2, €).
Also we have w'(a,€),w'(g2,€) — 0 as € — 0. Then we obtain
w(FX) < kw(X). (20)

Next, let us fix an arbitrary number T > 0. Then, taking into account our hypotheses, for an
arbitrary function u € X we have

(JRN\B I(Fu)(x)|vdx)% < (JRN\B ’f(x)u(x)) +JRN k(x,y)Qu(g)dy‘pdt)%
< (JRN\B [f(x, u(x)) —f(x,0)[? dx)% + (LRN\B If(t,O)lpdx)%

([ | kmmouias]ax)”

< k(JRN\BT |u(xwvdx)F ¥ (JRN\BT 1£(x, 0)[P dx)%

o [

0
< K[uflee mnagyy + TG Ol mvag ey + 1191 lee ve ) 19lLa ey W ([ e (mny)-

Also we have

(0l e mNyBr)y 91 1ILP (RNBy) — O
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as T — oo and hence we deduce that
d(FX) < kd(X). (21)
Consequently from (20) and (21)) we infer
wo(FX) < kwo (X). (22)

From (22) and Theorem [[.21 we obtain that the operator F has a fixed-point u in By, and thus the
functional integral equation (IT) has at least one solution in LP(RN). O O

In the example below we will use the following well known result.

Theorem 3.4. [15] Let QO CR™ be a measure spaces and suppose k: Q x Q — R is an Q x Q-

measurable function for which there is constant C > 0 such that
J [k(x,y)ldx < C for a.e.y € Q
Q

and
J [k(x,y)ldy < C for a.e. x € Q.
Q

IfK:LP(Q) — LP(Q) is defined by

(KF)(x) = L K(x,y)f(y)dy, (23)

then K is a bounded and continuous operator and ||K|; < C.

Example 3.5. Consider the integral equation

u(x) = e MWly(y)dy, (24)

Il +2

cosu(x) J’ e~ (Ix2l+ly2l+lys|+1)
rs (X114 3)2(ly1l+2)2 (1 + [x3]2)

where x = (x1,%2,%3) € R3 and ||x|| is the Buclidean norm. We study the solvability of the integral
equation ([24) on the space LP(RN) for p > 3. Let f(x,u) = costt

and note it satisfies hypothesis

] ] [[x[| +2
(i) with a(x) = W and k = 7 Indeed, we have
cosu cosv
f(x,u) — f(y,v)[ = — \
’ ’ Xl +2 [yl +2
<| ! ] || cosu| + ] | cosu — cosv
< — s —_— — cos
Xl +2 [yl +2 Iyl +2
<) L Ly
“oxl+2 0yl +2 2

= la(x) — a(y)| + ke —Vl.
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Also, it is easily seen that f(.,0) satisfies assumption (i) and

1
£(.,0)|| = |———a
” (a )”LP(RS) J]R3|X|+2 X

B JZT{ Jﬂ J'OO T.Z Sin(p
0 0

————drdedo
0 (1‘+2)P rae
§47TJ ;dr

0 (1‘+2)P—2
_ 47t
~(p—3)203
1
4t = .
for all'p > 3. Thus , we have ||[f(.,0)||p®3) < (st)p. Moreover, taking

e~ Uxzal+ly2l+lysl+1)

x|+ 3)2(ly1l+2)2(1 + [x3]?)’

k(x,y) = (

) x) e—Ixal ) e Uxz2l+Ix3l)
xX) = xX) = and X) = 3
NS a4 320+ haP) I T T+ 22
all 1 <p < oo and k satisfies hypothesis (iii). Also, we have

we see that g1,92,g € LP(R3) for

0o o0 oo e~ (Ix2l+ly2l+lysl+1) T
k(x dx = dxjdxodx; < —
JRs‘ by J_OOJ_OJ_OO (xil+3)2(yrl + 2200 +x3) 20 = 3¢’
oo oo oo e—(Ix2l+ly2l+lysl+1) 4
K dy = dyrdyzdys < —
s = || o s et s < 5

and thus from Theorem 3.2, |[K||; < 3—72. Furthermore, Q(u)(x) = e “(lu(x) satisfies hypothesis
(iv) with \p(t) = t. Finally, the inequality from assumption (v), has the form

1 1
1 T 4t O 1T = 4t =
ke (O[K[+ [0 O)lir sy = 57+ 57+ (st)p =G+ 3+ (st)P <r
1
4t = 6e .
Thus, for the number ro we can take ro = (—3)]3 X 3o —om Consequently, all the assumptions

of Theorem[Z.2 are satisfied and thus equation (2J)) has at least one solution in the space LP(R3)
if p>3.

Received: December 2014. Accepted: January 2015.
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