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ABSTRACT

The notion of S-paracompactness modulo an ideal was introduced and studied in [15]. In
this paper, we introduce and investigate the notion of «S-paracompact subset modulo
an ideal which is a generalization of the notions of aS-paracompact set [1] and o-
paracompact set modulo an ideal [7].

RESUMEN

La nocién de S-paracompacidad médulo un ideal fue introducida y estudiada en [15]. En
este articulo, introducimos e investigamos la nocién de un subconjunto «S-paracompacto
modulo un ideal, que es una generalizacion de las nociones de conjunto xS-paracompacto
[1] ¥ conjunto a-paracompacto médulo un ideal [7].
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1 Introduction

The concept of x-paracompact subset modulo an ideal was defined and investigated by Ergun and
Noiri [7]. The notions of S-paracompact spaces and «S-paracompact subsets were introduced in
2006 by Al-Zoubi [1] and also have been studied by Li and Song [13]. Very recently, Sanabria, Rosas,
Carpintero, Salas and Garcia [15] have introduced and investigated the concept of S-paracompact
space with respect to an ideal as a generalization of the S-paracompact spaces. In this paper, we
introduce the notion of «S-paracompact subset modulo an ideal which is a generalization of both
aS-paracompact subset [1] and o-paracompact subset modulo an ideal.

2 Preliminaries

Throughout this paper, (X, T) always means a topological space on which no separation axioms
are assumed unless explicitly stated. If A is a subset of (X, T), we denote the closure of A and the
interior of A by CI(A) and Int(A), respectively. Also, we denote by p(X) the class of all subset of X.
A subset A of (X,7) is said to be semi-open [11] (resp. semi-preopen [2]) if A C Cl(Int(A)) (resp.
A C Cl(Int(CI(A)))). The complement of a semi-open set is called a semi-closed set. The semi-
closure of A, denoted by sCI(A), is defined by the intersection of all semi-closed sets containing
A. The collection of all semi-open sets of a topological space (X,T) is denoted by SO(X,Tt). A
collection V of subsets of a space (X, T) is said to be locally finite, if for each x € X there exists
U, € T containing x and U, intersects at most finitely many members of V. A space (X, T) is said
to be paracompact (resp. S-paracompact [1]), if every open cover of X has a locally finite open
(resp. semi-open) refinement which covers to X (we do not require a refinement to be a cover).

Lemma 2.1. Let (X,T) be a space. Then, the following properties hold:

(1) If (A tA) is a subspace of (X,1), B C A and B € SO(X, 1), then B € SO(A,ta) [11].
(2) If A € Tt and B € SO(X, 1), then ANB € SO(X,T) [4/.

(3) If (A,tA) is an open subspace of (X,t), B C A and B € SO(A,ta), then B € SO(X,T) [5].

An ideal Z on a nonempty set X is a nonempty collection of subset of X which satisfies the
following two properties:

(1) A€Z and B C A implies B € T;
(2) A€eZ and B € Z impliess AUB € 7.
In this paper, the triplet (X,7t,Z) denote a topological space (X,T) together with an ideal 7

on X and will simply called a space. Given a space (X,T,Z), a set operator (.)* : p(X) — p(X),
called the local function [10] of A with respect to T and Z, is defined as follows: for A C X,
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A*(Z,t) ={x e X:UNA ¢ T for every U € t(x)}, where t(x) ={U € T:x € U}. When there is
no chance for confusion, we will simply write A* for A*(Z,T). In general, X* is a proper subset of
X. The hypothesis X = X* is equivalent to the hypothesis TN Z = ). According to [14], we call
the ideals which satisfy this hypothesis T-boundary ideals. Note that CI*(A) = A U A* defines a
Kuratowski closure for a topology T (Z), finer than t. A basis 3(Z,T) for T*(Z) can be described as
follows: B(Z,T) ={V\]J:V etand ] € Z}. When there is no chance for confusion, we will simply
write ™ for T (Z) and B for B(Z,T). In the sequel, the ideal of nowhere dense (resp. meager)
subsets of (X, T) is denoted by N (resp. M).

3 «aS-paracompactness modulo an ideal

In this section, we shall introduce and study the aS-paracompact subsets modulo an ideal Z, which
is a natural generalization of «S-paracompact subsets. First recall some notions of paracompact-
ness.

Definition 3.1. A subset A of a space (X,T) is said to be a-paracompact [3] (resp. o-almost
paracompact [9]) if for any open cover U of A, there exists a locally finite collection V of open sets
such that V refines i/ and A C | J{V: V € V} (resp. A C Y{CI(V) : V € V}). A space (X, T) is said to
be paracompact (resp. almost-paracompact) if X is a-paracompact (resp. o-almost paracompact).

Definition 3.2. A subset A of a space (X,7,Z) is said to be a-paracompact modulo Z [7] (briefly
a-paracompact (mod I)), if for any open cover U of A, there exist I € Z and a locally finite
collection V of open sets such that V refines f and A C (J[V: Ve VIUL

A space (X,7,7) is said to be Z-paracompact or paracompact with respect to Z [16], if X is -
paracompact modulo Z. In the present, it is called paracompact modulo Z (or briefly paracompact
(mod 7).

Definition 3.3. A subset A of a space (X,T) is said to be aS-paracompact [1] if for any open
cover U of A, there exists a locally finite collection V of open sets such that V refines ¢ and
A CU[V:V eV} Aspace (X,T) is said to be S-paracompact if X is aS-paracompact.

Now, we give the definition of aS-paracompact subset modulo an ideal Z.

Definition 3.4. A subset A of a space (X,7,Z) is said to be aS-paracompact modulo Z (briefly
aS-paracompact (mod 7)), if for any open cover U of A, there exist I € 7 and a locally finite
collection V of semi-open sets such that V refines i and A C ({V:V e VIUL

A space (X,T,Z) is said to be Z-S-paracompact or S-paracompact with respect to Z [15], if
X is aS-paracompact modulo Z. In the present, it is called S-paracompact modulo Z (or briefly
S-paracompact (mod Z)). We say that A is S-paracompact (mod 7) if (A, 1,,Z, ) is S-paracompact

(mod Z, ) as a subspace, where T, is the relative topology induced on A by tand Z, ={InA: 1€ Z}.
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Proposition 3.1. Let A be a subset of a space (X, T) and Z an ideal on (X, T). Then, the following
properties hold:

(1) If A is a-paracompact (mod Z), then A is aS-paracompact (mod 7).
(2) Every I € 7 is an aS-paracompact (mod 7).

(3) (X,7,Z) is S-paracompact (mod Z) if there exists I € Z such that X — I is aS-paracompact
(mod T).

(4) A is aS-paracompact if and only if it is aS-paracompact (mod {(}).

Proof. (1) Follows from the fact that every open set is semi-open.

(2) Suppose that there exists I € Z such that I is not aS-paracompact (mod Z). Then, there exists
an open cover U of I such that I ¢ (J{V : V € V}U] for every | € T and every locally finite
collection V which refines ¢. This is a contradiction, because I € Z and I C J{V:V € VIUL

(3) Suppose that there exists I € Z such that X — I is aS-paracompact (mod Z) and let & be an
open cover of X. Then, U is an open cover of X — I and hence there exist | € Z and a locally
finite collection V of semi-open sets such that V refines & and X —1 C | J{V:V € V}U]J. Thus,
X=X-TDUulIcfv:veViu(Jul) and as JUI € Z, we have (X, T,Z) is S-paracompact (mod
7).

(4) It is obvious. O

Now, we give some comments related with the Proposition 3.1.

Remark 3.1. According to Proposition 3.1(1), every o-paracompact (mod Z) (resp. «S-
paracompact) subset is «S-paracompact (mod Z), and from this point of view, the notion of
aS-paracompact (mod 7Z) subset is a natural generalization of the notion of a-paracompact (mod
T) (resp. aS-paracompact) subset. On the other hand, in Example 2.11 of [13], it is shows that
there exists a semiregular Hausdorff space X and a regular closed subset M of X such that M is an
aS-paracompact (mod {(}) subset of X, but M is not a-paracompact (mod {@}). Thus, the converse
of Proposition 3.1(1) in general is not true.

Proposition 3.2. Let A be a subset of a space (X, T) and Z an ideal on (X, T). Then, the following
properties hold:

(1) If A is a semi-open and «S-paracompact (mod Z) set and Z is t-boundary, then A is a-almost
paracompact.

(2) A semi-preopen set A is aS-paracompact (mod N) if and only if it is a-almost paracompact.

Proof. (1) Let U be any open cover of A. Then there exist I € Z and a locally finite collection
V ={Vix : A € A} of semi-open sets such that V refines Y and A C [J{Va : A € AJUL Since A is
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semi-open, A C Cl(Int(A)) and as Z is 1-boundary, Int(I) = (). Now, by the locally finiteness of V,
the collection V' = {Int(V,) : A € A} is also locally finite, it follows that

A C Cl(Int(A)) c Cl <Int ( U wu 1))

AEA

U clme(va))u 1))

AEAN

(
Int <01 (ALGJA Int(Vﬂ) U 1))

<01 <>\L6JAInt(V)\)> u Int(I)))
= Cl|Int <01 <A9A1nt(w>>>

U Int(V;\)> = U Cl(Int(Va)).

AEA

If W =1Int(Vy), then A C U Cl(W,). Observe that W, is open for eachA € Aand W), C V), c U

AEA
for some U € U, hence W ={W, : A € A} is a locally finite open refinement of ¢. Therefore, A is

o-almost paracompact.
(2) Similar to the proof of (1), if A is semi-preopen, then

R AU
(a(Uw)uanm))
( (AEJAVA>UIH‘D(CI(U)>>
(o))
( (}\g/\Cl(Im(Vﬂ))))
< <)\L€JAInt(V)\)>>>

c all Int(VA> = |J Ccimt(va)).
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Therefore, the proof follows. o

As a consequence of Proposition 3.2, we obtain the following result.

Corollary 3.1. (Sanabria et al. [15]) Let Z be an ideal on a space (X,T). Then, the following
properties hold:

(1) If Z is t-boundary and (X, ) is S-paracompact (mod Z), then (X, ) is almost-paracompact.
(2) (X,7) is S-paracompact (mod N) if and only if it is almost-paracompact.

Theorem 3.1. If every open subset of a space (X, T,Z) is aS-paracompact (mod Z), then every
subspace of (X, T,Z) is S-paracompact (mod Z).

Proof. Suppose that A is any subspace of (X,T,Z) and let & ={U, : p € A} be a T, -open cover of
A. For every p € A there exists V|, € Tsuch that U, = V,NA. Put V= J{V,:ne€ A}, thenVer
and V ={V, : u € A} is a T-open cover of V. By hypothesis, there exist I € Z and a T-locally finite
collection W ={W,, : A € A} of T-semi-open sets such that W refines V and V C [ {Wx : A € AJUL
Then, we have

A= JU=WVunA)=| [JVu]|nA

HEA HEA HEA

VNAC < U WAUI> NA=[JWinA)UIa,
AENA AEAN
where [ =INA €Z,. If x € A, then there exists Gx € T containing x such that W) N Gx = )
for all A # A1,A2,...,An and so (WA N Gx) NA = for all A # Aq,A2,...,An. It follows that
(WANA)N(GxNA) =0 for all A # A1,Az2,...,An and hence, the collection H = {WANA: A € A}
is T,-locally finite. If WA N A € H, then W) € W and since W refines V, W) C V,, for some
V.. € V, which implies that WA NA C V. NA = U,, € U. Therefore, H refines &. This shows that
H={WrNA:Ae A}is at,-locally finite collection of T,-semi-open sets which refines U such
that A C [J{H:H € H}UIa. Thus, every subspace of (X,T,Z) is S-paracompact (mod Z). O

The following result is an immediate consequence of Theorem 3.2.

Corollary 3.2. If every open subset of a space (X, T,Z) is «S-paracompact (mod Z), then (X, T,Z)
is S-paracompact (mod 7).

Recall that a subset A of a space (X,T) is said to be g-closed [12] if C1(A) C U whenever
ACUand U € T.

Theorem 3.2. If (X,1,7) is S-paracompact (mod Z) and A is a g-closed subset of X, then A is
aS-paracompact (mod 7).
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Proof. Suppose that A is a g-closed subset of an S-paracompact (mod Z) space (X,T,Z). Let
U ={U, : n € A} be an open cover of A. Since A is g-closed and A C (J{Uy : p € A}, then
sClI(A) C Uy : p € A} For each x ¢ CI(A) there exists a T-open set Gy containing x such
that ANGx = 0. Put &’ = {U, : p € AJU{Gx : x ¢ CI(A)}. Then U’ is an open cover
of the S-paracompact (mod Z) space X and so, there exist I € Z and a locally finite collection
V ={Vx : A € A} of semi-open sets such that V refines & and X = [J{Va : A € A}JUL For each
A € A, either Vi C Uy(y) for some p(A) € A or V) C Gy(n) for some x(A) ¢ CI(A). Now, put
Ao ={Ae A:Vy CUgnt Then V' = {Vi : A € Ag}is a collection of semi-open sets which is
locally finite and refines Y. Also,

X—J W

AEAD

<UV7\UI>_ U Vi = U Vo Ul

AEA AEAQ AZAo

c U Gy UIC(X=A)UTI=X—(A-T),
AEA,

which implies A — 1 C U V; and hence A C U Vi UL This shows that A is «S-paracompact

AEA, AEAD
(mod 7). O

Theorem 3.3. Let (X,71,Z) be a space. Then, the following properties hold:

(1) If A is an open aS-paracompact (mod Z) subset of (X,t,Z), then A is S-paracompact (mod
).

(2) If A is a clopen subset of (X,T,Z), then A is aS-paracompact (mod Z) if and only if it is
S-paracompact (mod Z).

Proof. (1) Let A be an open «S-paracompact (mod Z) subset of (X, T,Z). Let U ={U, : p € A} be
a T,-open cover of A. Since A is T-open, we have U is a T-open cover of A and hence, there exist
I € 7 and a t-locally finite collection ¥V = {Vj, : A € A} of T-semi-open sets which refines & such
that A C [J{Va: A€ AJUL Tt follows that A C (J{VANA: A€ AU (INA) and so, the collection
Va ={VanNA:Ae A}is at,-locally finite T, -semi-open refinement of ¢ and is an Z, -cover of A.
Therefore, A is S-paracompact (mod 7).

(2) If A is a clopen and «S-paracompact (mod Z) subset of (X,T,Z), then from (1) we obtain
that A is is S-paracompact (mod Z). Conversely, let &/ = {U, : p € A} be a T-open cover
of A. The collection V = {ANU, : p € A} is a T,-open cover of the S-paracompact (mod
Z) subspace (A,T,,Z,) and hence, there exist Ia € Z, and a T,-locally finite T,-semi-open
refinement W = {W, : A € A} of V such that A = [J{Wxr : A € AJUIL,. It is easy to see
that W refines U and by Lemma 2.1(3), we have that W, € SO(X,t) for each A € A. To show
W ={W, : A € A} is t-locally finite, let x € X. Si x € A, then there exists Ox € T, C T containing
x such that Oy intersects at most finitely many members of WW. Otherwise X \ A is a T-open set
containing x which intersects no member of W. Therefore, W is t-locally finite and such that
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A=UWr:Ae AJUIL, Cc UWxr:Ae A}UT for some I € Z. Thus, A is aS-paracompact (mod
7). O

As a consequence of Theorem 3.3, we obtain the following result.

Corollary 3.3. Every clopen subspace of a S-paracompact (mod Z) space is S-paracompact (mod
7).

Lemma 3.1. Let A be a subset of a space (X,71,Z). If every open cover of A has a locally finite
closed refinement V such that A C [J{V:V € V}IUI for some I € Z, then V has a locally finite
open refinement W such that A C W : W e W}UL

Proof. Let U be an open cover of A. By hypothesis, there exist I € Z and a locally finite closed
refinement V ={V, : A € A} of U such that A C [J{Va: A € AJUL For each x € A, there exists an
open set Gy containing x such that Gy intersects at most finitely many members of V. Note that
the collection G = {Gx : x € A} is an open cover of A and again by hypothesis, there exist | € Z
and a locally finite closed refinement % = {Hy : p € A} of G such that A C (J{H, : p € A}UJ.
Now, as {H, : Hy N'Vxy = 0} C H, then the collection {H, : H, N V) = 0} is locally finite and
UHe : HoN'Va = 0} = YICL(Hy) : Hu NV = 0} = CL{U{Hy : Hu NV = 0}), it follows that
Ox =X—U{Hyu : Hy NV, =0} is an open set and Vi C Oa, for each A € A. For each p € A and
A € A, we have
HyNO)#0 < H, NV #0. (%)

Since V refines U, for every A € A there exists U(A) € U such that V) C U(A). Put W, = OANU(A),
then the collection W = {W,, : A € A} is an open refinement of U/. Furthermore, if x € A there
exists an open set Dy such that Dy intersects at most finitely many members of H, it follows from
(%) that W is locally finite. Also, A C [ J{Va: A€ AJULCHOANUA): A e AJUTI=A C YW :
AeATUL O

The following theorem shows that, in the presence of the axiom of regularity, the notions of
a-paracompact (mod Z) and aS-paracompact (mod Z) subsets are equivalent.

Theorem 3.4. Let Z be an ideal on a regular space (X,t) and A be a subset of X. Then, A is
a-paracompact (mod 7) if and only if it is «S-paracompact (mod 7).

Proof. Necessity is obvious from the definitions. To show sufficiency, assume A is an «S-paracompact
(mod 7) subset of (X,T,Z) and let &« ={U,, : p € A} be an open cover of A. For each x € A, there
exists pu(x) € A such that x € Uy, (x) and since (X,T,T) is a regular space, there exists an open
set Vx such that x € Vi C Cl(Vyx) C Uy(x). Thus, V = {V, : x € A} is an open cover of A and
because A is aS-paracompact (mod Z), there exist I € Z and a locally finite semi-open refinement
W ={Wx : A € A} of V such that A C [J{W»x : A € AJUIL Since W refines V, then for each
A € A there exists x(A) € X such that Wi C V() and so, Wi C CI{(Wx) C Cl(Vya)) C Uy(x(n))-
Obviously the collection {CI(W,) : A € A} is a locally finite closed refinement of ¢ such that
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A C UHCI(Wx) : A € AJUTL By Lemma 3.1, the open cover U of A has a locally finite open
refinement H such that A C [J{H:H € H}UI Therefore, A is an a-paracompact (mod Z) subset
of (X,7,Z). O

Proposition 3.3. If A is an aS-paracompact (mod Z) subset of a space (X, T,Z) and B is a subset
of X with 9(B) € Z, then A N Cl(B) is aS-paracompact (mod Z).

Proof. Let U be an open cover of ANCI(B). Then U’ =U U{X — CI(B)} is an open cover of A and
so, there exist I € Z and a locally finite semi-open refinement V = {V,\ : A € A} of U’ such that
A CUVa:A e ALUL Then, 9(CI(B)) C 9(B) € Z and

ANCI(B) C J Vannt(CI(B)) U],
AEN

where ] = [(U{Va : A € AHNO(CL(B))]U(INCI(B)) € Z. Thus, the collection V' = {VanInt(Cl(B)) :
A € A} is a locally finite semi-open refinement of I such that AN CI(B) C (JV:V e VIUJ.
Therefore, A N Cl(B) is aS-paracompact (mod Z). O

The following result follows from Proposition 3.3 and the fact that the topological frontier of
a semi-open (resp. semi-closed) set is nowhere dense.

Corollary 3.4. If A is an aS-paracompact (mod N') subset of a space (X,T,Z) and B is either
semi-open or semi-closed, then A N CI(B) is aS-paracompact (mod A/).

Remark 3.2. If{V) : A € A} is a locally finite collection of subsets of a space (X,T), then the
collection {0(Va) : A € A} is locally finite.

According to [7], if Z is an ideal on a space (X, 1) and § is the collection of all closed sets of
(X, 1), then the collection {A C X : CI(A) € 7} is an ideal contained in Z. The ideal generated by
the collection of whole closed sets in Z is denoted by (Z N F). It is clear that (ZNF) ={A C X:
Cl(A) € T}.

Proposition 3.4. Let A be a subset of a space (X,1,Z). If A is aS-paracompact (mod (Z N F))
and V' C Z, then CI(A) is aS-paracompact (mod Z).

Proof. Let U be an open cover of CI(A). By hypothesis, there exist [5 € (ZNF) and a locally finite
collection V = {V, : A € A} of semi-open sets such that V refines &« and A C [J{Va : A € AJUIA.
Then,

ClA) ¢ [ Cuva)uCl(Ia) = (UVA> (Uavx>u011A)

AEA AEA AEA
By Remark 3.2, the collection {3(Vi) : A € A}is locally finite and 9(Vi) € NV for each A € A. Thus,
by [6, Lemma 2 1] we have J{0(Va) : A € A} e N CZ. Put I =J{3(Va) : A € AJUCI(I4), then

I €7 and CI(A U Vi UL Therefore, Cl(A) is aS-paracompact (mod Z). O
AEA



56 J. Sanabria, E. Rosas, N. Rajesh, C. Carpintero and A. Gémez CUBO

18, 1 (2016)

Since A is the ideal of nowhere dense subsets of (X,T), A € A if and only if CI(A) € N.
In the case that Z = N, then (ZNF) = N. The following corollary is a direct consequence of
Proposition 3.4.

Corollary 3.5. If A is an «S-paracompact (mod N') subset of a space (X,T,Z) , then CI(A) is
aS-paracompact (mod N).

Lemma 3.2. [7] If {Ax : A € A} is a locally finite collection of meager sets of a space (X,T), then
(AN - A € A} is meager.

Theorem 3.5. If{A) : A € A} is a locally finite collection of aS-paracompact (mod M) subsets of
a space (X, 1), then | J{Ax : A € A} is aS-paracompact (mod M ).

Proof. Let U be an open cover of | {A : A € A} and put Uy ={U € U : UN A, # 0} for each
A € A. By the hypothesis, there exist M) € M and a locally finite collection V), of semi-open sets
such that V, refines Uy and Ay C U{V:V € Va}U M,. Then, we have

AxC [ (vammt(Cl(AN) U [ (VND(CI(AL))) UM,.
VeV VeV

For each V € V) and each A € A, VNO(CI(A,)) is nowhere dense and the collection {VNA(Cl(A,)) :
V € V5, A € A} is locally finite, so by [6, Lemma 2.1], the union of all elements of {V N 3(CL(A,)) :
V € V), A € A} is a nowhere dense set. By Lemma 3.2, we obtain ( fMx : A € A} € M and

M= ] |J vnaCia))u [ My e M.

AEA VEV) AENA

Now, the collection {V N Int(CIl(Ar)) : V € Vs, A € A} of semi-open sets is locally finite and refines
U and also

U Ax C U U VN Int(Cl(A)) UM.

AEA AEAVEY)

Therefore, [ JJAA : A € A} is aS-paracompact (mod M). O
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