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ABSTRACT

Poorkarimi and Wiener established the existence of almost periodic solutions to a class
of nonlinear hyperbolic partial differential equations with delay. Al-Islam then gener-
alized the results of Poorkarimi and Weiner to the pseudo-almost periodic setting. In
this paper, the results of Al-Islam will be extended to the space of weighted pseudo
almost periodic functions, also known as Diagana Space. The class of nonlinear hyper-
bolic partial differential equations of Poorkarimi and Wiener represents a mathematical
model for the dynamics of gas absorption.

RESUMEN

Poorkarimi y Wiener establecieron la existencia de soluciones casi periédicas de una
clase de ecuaciones diferenciales parciales hiperbdlicas no lineales con retraso. Luego,
Al-Tslam generaliz6 los resultados de Poorkarimi y Wiener al caso seudo-cuasi periédico.
En este articulo los resultados de Al-Islam se extenderan al espacio de funciones seudo-
cuasi periddicas con peso, también conocido como espacio de Diagana. La clase de
ecuaciones diferenciales parciales hiperbdlicas no lineales de Poorkarimi y Wiener rep-
resenta un modelo matematico de la dindmica de absorciéon de gas.
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1 Introduction

Let L > 0. In Poorkarimi and Wiener [22], under some reasonable assumptions, the existence
of both periodic and almost periodic solutions to the nonlinear hyperbolic second-order partial
differential equation with delay given by

uxt(X,t) + G(X)t)ux(xa t) = C(Xa t, U(X, LtJ ))
(1.1)
u(0,t) = (t)

where a: [0,L] x R— R, C:[0,L] x Rx R+— R, and @ : R — R are periodic (respectively, almost
periodic) functions in the variable t and |t| denotes the greatest integer function: [t] := n for
n <t <n+1 for an integer n, was established. Extensive use of similar assumptions as in [22]
and [3] will be used to extend the above-mentioned existence results to the weighted pseudo-almost
periodic setting. Eq.(1.1) is of great interest, being that it represents a mathematical model for
the dynamics of gas absorption. Further details of the gas absorption model, Eq.(1.1), can also be
seen in [22].

The existence of almost periodic, asymptotically almost periodic, almost automorphic [21],
pseudo almost periodic [11], and more recently, weighted pseudo-almost periodic solutions to dif-
ferential equations are among the most attractive topics in the qualitative theory of differential
equations due to their applications in physics, mathematical biology, along with other areas of

science and engineering.

The concept of pseudo almost periodicity was first introduced by Zhang [23, 25, 24] and
generalizes the almost periodicity of Bohr. More details on the concept of pseudo almost periodicity
as well as its applications to differential equations, functional differential, and partial differential
equations can be easily found in the literature, especially in [1, 2, 4, 11, 7, 9, 10] and the references
therein.

The more recent generalization of Zhang almost periodicity is the weighted pseudo almost
periodicity of Diagana. The text that follows this introduction shows, as well as, compares the
properties of the Zhang and Diagana almost periodic spaces. Following the comparisons of the
Zhang and Diagana almost periodic spaces, the results contained in [3] will be generalized in the
setting of Diagana space. For more details on Diagana space, the reader should refer to [6, 14, 20].

2 Weighted Pseudo Almost Periodic Functions

Let (BC(R),|| - |loo) denote the Banach space of all bounded continuous functions ¢ : R — R
endowed with the sup norm defined by

|@]loo == supl@(t)].
teR
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Definition 2.1. [5, 11, 21] A continuous function g : R — R is called (Bohr) almost periodic if for
each ¢ > 0, there exists 1(¢) > 0 such that every interval of length 1(¢) contains a number T with

the following property
lg(t+1) —g(t) <e

for each t € R.

The number T above is then called an e-translation number of g, and the collection of those
almost periodic functions will be denoted as AP(R).

Although the concept of almost periodicity is a natural generalization of the classical period-
icity, there are almost periodic functions that are not periodic. A classical example of an almost
periodic function that is not periodic is the function defined by:

g(t) =sint +sin(v/7t) for each t € R.

More details on properties of almost periodic functions can be found in the literature by Cor-
duneanu [5], Diagana [11], N’Guérékata [21] and the references therein.

Let U be the collection of all functions w, weights, such that w(t) > 0 for almost each t € R
and w € L] __(R). Also, for each w € U and r > 0,

loc
.
w(r,w) ::J w(t)dt.
—T
From the collection of weights, U, we define two subcollections of U as:
U :={weU: lim p(r,w) =oco and liminf w(t) > 0},
T—00 t—oo

Usw :={w € Uy : w is bounded}

One can see that the subcollections defined above can be written as: Usy C Uy C U Define

PAP,(R) = {q; € BC(R) : lim 1 J lb(o)ldo = o} .

T—00 LT

Definition 2.2. [11, 23] A function f € BC(R) is called pseudo almost periodic if it can be
expressed as

f=g+ o,
where g € AP(R) and ¢ € PAPy(R).

The collection of such functions will be denoted by PAP(R).
Note that the functions g and ¢ appearing in Definition 2.2 are respectively called the al-

most periodic and the ergodic perturbation components of f. Furthermore, the decomposition in
Definition 2.2 is unique [23, 25, 24].
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We now equip PAP(R) the collection of all pseudo almost periodic functions from R into R
with the sup norm. It is not really hard to see that (PAP(R),|| - |le) is a closed subspace of BC(R)
and hence is a Banach space.

An example of a pseudo almost periodic function is the function f defined by
f(t) = sint + sintv2 + eIt

for each t € R. The core of the construction of the weighted pseudo almost periodic space, is the
enrichment of the space of ergodic perturbations, PAPy(R). That is, for w € Uy, the weighted
ergodic space is defined by:

PAPy(R,w) := {d) € BC(R) : lim
T—0o0 },L(T‘,W)

| ¢(o)w(o)do=0}.

Definition 2.3. [14]A function f € BC(R) is called weighted pseudo almost periodic if it can be
expressed as

f=g+o,
where g € AP(R) and ¢ € PAPy(R,w). The collection of the functions defined above is Diagana
Space, and will be denoted as Dw(R).

An example of a function f € Dw(R) is the function

1
f(t) = cost + cos V2t + T

where w(t) =14 t2 for each t € R.

Lemma 2.4. AP(R) C PAP(R) C Dw(R).

In [19], it was shown that the decomposition f = g+ ¢, where g € AP(R) and ¢ € PAPy (R, w)
is not unique. Hence, one cannot define Dw(R), equipped with the sup norm, to be a Banach Space,
despite AP(R) and PAPy(R,w) being closed subspaces with respect to the sup norm. Therefore,
with the possibility of being able to construct countably many decompositions of any weighted
pseudo almost-periodic function, written as: {gn + ¢n,n € N}, had to be resolved to ensure the
criterion of completeness for a Banach Space. To resolve this dilemma, in [20] another norm, which
will be known as the w-norm in this writing, was constructed and defined as follows:

[l = inf (lgnll +Iipnl) = inf (‘sup llgn (V) +sup [$n(t)])-
neN neN \ ter teR

Il - llw is undoubtedly a norm on Dw(R).

Theorem 2.5. Dw(R) is a Banach Space under the norm || - ||w.
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Proof. The proof of the theorem can be found in [20].

O

Let W, be the set of all functions w € Uy, where there exists a measurable set K C R such
that for each T € R,

) w(t+ 1) . w(t+ 1)
limsup ————:= inf sup @ ————— | < o0
‘tl*)JrOO, tekK W(t) m>0

and

where KT = [—r, 1]\ K+ 1.

Lemma 2.6. [17] Let w € W, and T € Dyw(R) and if g is its almost periodic component, then

g(R) C f(R).

> > i > i )
Therefore, |[flloo > lIgllec > %gﬂglg(t)l > t1gﬂf§|f(t)l

Proof. The proof of the lemma can be found in [17]. O

Theorem 2.7. If (f)neny C Dw(R) is a sequence which converges uniformly with respect to the

w-norm to some f: R +— R, then f is necessarily a weighted pseudo-almost periodic function.

Proof. Write f, = gn + @n where (gn)n € AP(R) and (@n)nen C PAPo(R,w). Suppose [|f, —
fllw — 0 as n — oo for some function f: R — R. Of course, f € BC(R), as a uniform limit of a
sequence of bounded continuous functions. So to complete the proof, it needs to be shown that
f € Dw(R). For that, notice that by using Lemma 2.6, it follows that

lgn — gmllw < [[fn — fmllw for all m,m € N.

Now letting n, m — oo in the previous inequality it follows that

lim flgn —gmllw < lim |[fy —fllw =0,
n,m—oo n oo

and hence (gn)nen C AP(R) is a Cauchy sequence. Since (AP(R), | - ||co) is @ Banach space, it
follows that there exists g € AP(R) such that [[gn — g]lec — 0 as n — oo.
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Now, fn, — gn = ¢n — @ := f — g uniformly with respect to the w-norm as n — oco. Thus,
writing
©=(@—@n)+ @n,
it follows that:

‘ )J D) W(0)do < b — Pl + —) J b (0)lw(0)do.
—r 8 —r

u(r,w (r,w)

Let 1 — oo in the previous inequality, then

IN

T—00

= H‘bn - (b”w

Jr (0)lw(o)do J (b (0)w(0)do

1m ——-—
T—0o0 },L(T‘,W) },L(T‘,W) —

Letting n — oo in the previous inequality, then

0< lim J P(0)w(0)do < lim [|dn — bl = O,
T—00 },L(T‘,W) —r n—oo
and hence | .
lim 7J |b(o)w(o)do = 0.
r—oo p(r,w) )
Therefore, f = g+ ¢ € Dyw(R). O

More details on properties of weighted pseudo-almost periodic functions can be found in the
literature, especially in Diagana [14].

3 Existence of Weighted Pseudo Almost Periodic Solutions

Throughout the rest of the paper, it is assumed that the function a : [0,1] X R — R satisfies the
following;:
inf a(x,t):=m > 0.
x€l0,L], teR
Using the previous assumption, the initial value problem, Eq.(1.1), has a unique bounded
solution, which can be explicitly given by:

u(x,t) = @(t) + JX J', exp{ —J' a(E,,G)dG}C(&,T,u(&, |t]))dTd§ (3.1)

0 T

for each (x,t) € [0,L] x R.

Before exploring the existence and uniqueness of a weighted pseudo-almost periodic solution
to Eq.(1.1), consider the existence of a weighted pseudo-almost periodic solution to the first-order
partial differential equation
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Tt + al, BVix, 1) = 1) (3.2

for each (x,t) € [0,1] x R.

Lemma 3.1. Assume t — f(x,t) is weighted pseudo-almost periodic uniformly in x € [0,L],
t — a(x,t) is almost periodic uniformly in x € [0,L]. Then Eq. (4) has a unique weighted pseudo-

almost periodic solution, which can be explicitly expressed by

t t
V(x,t) :J exp{ —J' a(x,G)dG}f(x, T)dT. (3.3)
Moreover, V satisfies the following a priori inequality
1
Vi < =l

where the w-norm is taken in both x € [0,L] and t € R.

Proof. Tt is clear that the only bounded solution to Eq.(4) is given by Eq.(3.3). Now from the
weighted pseudo almost periodicity of t — f(x,t) it follows that there exist two functions g and h
with t — g(x,t) € AP(R) for each x € [0,L] and t — h(x,t) € PAPy(R,w) for each x € [0, L] such
that f = g + h. Consequently, V(x,t) = Vg(x,t) + Vi(x,t) for x € [0,L] and t € R, where

Vy(x,t) = Jt exp { — Jt a(x, e)de}g(x, T)dt, and

T

Vh(x,t) = Jt exp { — Jt a(x, G)de}h(x, T)dT.

T

Thus to complete the proof we must show that t — Vg(x,t) belongs to AP(R) and that t — Vi (x,t)
belongs to PAPy (R, w) uniformly in x € [0,L]. The almost periodicity of t — Vg(x,t) (x € [0,L])
was established in [22]. Thus, it remains to show that t — Vy (x, t) belongs to PAPy (R, w) uniformly
in x € [0,L].

Now for r > 0,
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T t
] J e Jc a0 a0y Tyw(t)dr| dt
H(ra W) J—71 —00 w
< H(T] - e Ix a(x,@)d@”h(x) T)dTHWW(T)dt
b J—1rJ—00
] T [ ot
< L e ) wiat
) J—r —00
1 rr [ ptoo
= |l IRl wtsias)as
) J—r 0
—+o00 ] T
= e ™ J h(x,t—s)|. w(t)dt|ds
Jo u(r,w) —rH &, )HW (t) )

by letting s =t — 71 (ds = —dr).

For any w € W, it was shown in [17] that Dw(R) is translation invariant with respect to the
time variable t € R. Therefore, it follows that t — h(x,t —s) belongs to PAPy (R, w) uniformly in
x € [0, L]. That is,

lim LJ (%, t— )| wit)dt = 0
T—0oo },L(T‘,W) T w

uniformly in x € [0, L]. Using the Lebesgue Dominated Convergence Theorem completes the proof.

O

Theorem 3.2. Assumet +— a(x,t) is almost periodic and the functions t +— @(t),
t — C(x,t,u(x, |[t]) are weighted pseudo-almost periodic uniformly in x € [0,L]. Additionally,
assume C(x,t,u(x, |t]) satisfies the Lipschitz condition, that is, there exists K > 0 such that

[COtulx, [t])) = Clx,t, Vi, [t < Klfulx, [t]) = Vix, [t])]|

w

for allx € [0,L] and t € R. Then Eq.(1.1) has a unique weighted pseudo-almost periodic solution.

Proof. Our proof follows along the same line as that given in [22] with the appropriate modifica-
tions. Indeed, for the first approximation, let wg(x,t) = 0. The next approximation is

0 T

w (x,t)=<p(t)+J J exp{—J a(a,e)de}ct(a,nomrda.

Now since V(x,t) = %m (x,t), then from

a_\_t/(xa t) + (l(X, t)V(X, t) = C(Xa t, 0)
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and by Lemma 3.1 the weighted pseudo-almost periodicity of V(x,t) is obtained. Now

X

mwﬁ=@m+LVmU&.

and hence t — ug(x,t) is pseudo almost periodic in t uniformly with respect to x € [0, L] and

uz(x,t) = @(t) + JX J, exp{ —J a(&,@)dG}C(E,,T,m (t,&))dtdé.

0 T
L~ 0 .
The relation V(x,t) = auz(x, t) and the equation

vV .
E (X) t) + Q(X, t)V(X, t) = C(X) t, (X) t))
yields the weighted pseudo-almost periodicity of

X

wwﬁ=@m+LVmﬂ%.

This shows that all successive approximations ., (t) are weighted pseudo-almost periodic functions
in t uniformly in x € [0, L]. Therefore,

lim wn(x,t) =u(x,t)
n—oo

is a weighted pseudo-almost periodic function in t uniformly with respect to
x € [0, L], by using Theorem 2.7. O

4 Example

To illustrate the main result of this paper(Theorem 3.2), consider the following nonlinear hyperbolic
second-order partial differential equation

et (%, 1) + (P(x) +sin t)ux(x,t) — H(t) sin(u(x, [t])
(4.1)
u(0,t) =0 = o@(t)

where P(x) = Z ax® for x € [0, 1] is a polynomial of degree n with real coefficients,
k=0

H(t) = sint + sintv2 + w(t)sint

where
t € [0, 00),

1,
W(t) - {etz) te (_OO)O))
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for all x € [0,1] and t € R.
Suppose

inf  a(x,t) =ao—1,
x€(0,1],teR

where ap > 1. Then all the assumptions of Theorem 3.2 are fulfilled and therefore the next theorem
holds.

Theorem 4.1. Under previous assumptions, the hyperbolic partial differential equation Eq. (4.1)

has a unique weighted pseudo-almost periodic solution.

Received: January 2014. Revised: April 2014.
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