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ABSTRACT

In this paper, we investigate the existence of positive solution for a class of singular
third-order boundary value problem associated with a ¢-Laplacian operator and posed
on the positive half-line:

(d(—=x"))"(t) +f(t,x(t)) =0, t>0,

x(0) = ux’(0), x'(4+00) =x"(+00) =0
where w > 0. By using the upper and lower solution approach and the fixed point
theory, the existence of positive solutions is proved under a monotonic condition on f.
The nonlinearity f may be singular at x = 0. An example of application is included to
illustrate the main existence result.

RESUMEN

En este articulo investigamos la existencia de una solucién positiva de una clase de
problema singular de valores de frontera de tercer-orden asociado con el operador ¢-
Laplaciano y colocado sobre la semirecta real positiva:

(p(—x"))(t) +f(t,x(t)) =0, t>0,
x(0) = ux’(0), x'(4+00) = x"(+00) =0

donde p > 0. Usando la técnica de sub y super soluciones y la teoria del punto fijo, se
prueba la existencia de soluciones positivas bajo una condicién de monotonicidad sobre
f. La nolinealidad f puede ser singular en x = 0. Se incluye un ejemplo de aplicacién
para ilustrar el resultado principal de existencia.
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1 Introduction

This paper is concerned with the existence of positive solutions to the following third-order bound-
ary value problem posed on the half-line and associated with a ¢—Laplacian operator:

(p(=x")'(t) +f(t,x(t)) =0, t>0,
(1)
x(0) = ux’(0), x’(4+00) = x"(+00) =0,

where w > 0 and f = f(t,x) : Rt x (0,+00) — R™ is a continuous function which may have
space singularity at x = 0 and R* = [0, +00). The map ¢ : R — R is a continuous, increasing
homeomorphism such that ¢(0) =0 (for instance the p—Laplacian @ (s) = IsP~1s, p>1).

Boundary value problems (bvps for short) on the half-line appear in many applied problems re-
lating to various phenomena in physics, biology, and combustion theory (see, e.g., [I] and references
therein). In the last couple of years, the mathematical investigation of such problems, especially
second-order boundary value problems have attracted several authors (see, e.g., [, [5l, [6], [1],
[8], [9] and the references therein). However, only some of them were interested in higher-order
differential equations on [0,400) (see [9], [I1], [12]). The aim of this work to study a third-order
differential equation with a ¢-Laplacian derivative operator and posed on the positive half-line.
Our approach is based on the upper and lower solution method adapted to this class of problems
combined with the Schauder fixed point theorem. This papers essentially consists of three sections.
Section 2 is devoted to some preliminaries facts and basic notions needed in this paper. A fixed
point formulation is also provided in this section. In Section 3, we present our existence result of
positive solutions when the nonlinearity f is monotonic with respect to x but may be singular at
x = 0. The case f is not singular at x = 0 is also considered with less hypotheses. Our existence
theorem is illustrated by means of an example of application. A function x is said to be a solution
of problem () if

x € X={x| x € C*((0,00),R)} and $p(—x") € C'((0,00),R)} (2)

and satisfies [IJ). In addition, x said to be a positive solution if x(t) > 0 for t € (0, +o00).

2 Auxiliary Lemmas

A mapping defined on a Banach space is said to be completely continuous if it is continuous and
maps bounded sets into relatively compact sets. Let

Ci([0,0),R) ={x € C([0,00),R) | lim x(t) exists}.

t—+o00

For x € C([0,00),R), define ||x|[i = sup [x(t)]- Then (Cy, ||x||1) is a Banach space.
teR+
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Lemma 2.1. ([3], p. 62) Let M C C,(R",R). Then M is relatively compact in C{(R*,R) if the
following three conditions hold:

(a) M is uniformly bounded in Ci(RT,R).

(b) The functions belonging to M are almost equicontinuous on R i.e., equicontinuous on every
compact interval of RT.

(¢) The functions from M are equiconvergent, that is, for every ¢ > 0, there exists T(e) > 0 such
that [x(t) — x(+00)| < € for any t > T(e) and x € M.

Note that the space

E={x € C([0,00),R) | tli}rjpoo ] —|—)t exists}. (3)

x(t)]
1+t

is also a Banach space with the norm ||x|| = sup . From Lemma 2] we easily deduce

teR+
Lemma 2.2. Let M C E. Then M is relatively compact in E if the following conditions hold:
(a) M is bounded in E,
(b) the functions belonging to {u u(t) = %, x € M} are locally equicontinuous on [0, +00),
_ox(t

(¢) the functions belonging to {ul u(t) = 3=, x € M} are equiconvergent at +oco.

—

Definition 2.3. Let o, € X. Then « is called a lower solution of [ if o satisfies

(p(—a”(t)))" + f(t, (t)) =0, t>0

o(0) < pue/(0), lim o'(t) <0, lim o’(t) >0.

- t—+o0 t—+oo
B is called an upper solution of () if the above inequalities are reversed. Let

s+ 0<s<t< 4o
G(t,s) = h m=s=
t+u, 0<t<s< +oo,

be the Green function of the linear problem —x” = x(0) — ux’(0) = x’(+00) = 0. The following
lemmas are straightforward; the proofs are omitted.

Lemma 2.4. Assume thatd € C(RT,R") satisfies f;oo 5(s)ds < +oo and let x(t) = goo G(t,s)d(s)ds.
Then
X"(t)+8(t) =0, t>0,
(4)
x(0) = ux’(0),  lim x'(t) =0.

t—+o00

Lemma 2.5. Assume that 5 € C(RT,R*)N L' (r,400) for all r > 0 and

Jﬁo ¢! <J+OO 5(T)dT) ds < +o0.

0 s
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s

IFx(t) = [£2G(t,s)! (j*"" 5(T)d’t) ds, then x € X and

(d(=x"(1)))" +58(t) =0, t>0,

(5)
x(0) = ux’(0), x'(+00) = x"(400) = 0.
Consider the positive cone
S={xe C'0,+0c0) | x(t) >0, concave on [0,+00), lim x'(t)=0}. (6)

t—+o0

In addition to the null function, S contains, e.g., In(1+t), so S is a nonempty subset; moreover S
has the following properties:

Lemma 2.6. Let x € S\ {0}. Then there exists a positive constant Ay such that

(a) for all ® >1, x(t)Z?\X%, vtel[l1/6,6],

(b) If
t, telo,1]
plt) =14 ’ (7)
1, t>1
then
x(t) > Axp(t), Vt € [0,+00).
Proof.
a otice that every x € 1S nondecreasing and thus opital’s rule lm +—= = 0; as
Notice th S i d ing and thus by L’Hopital’s rule lim Y =0
t—+o0 +t
a consequence, the function % achieves its maximum at some point t,, € [0,400); let Ay =
’;(J:{':n) = ||x|| > 0. By concavity of x, we have for t € [1/8, 6]
x(t) = min x(t) = x(g) = X(eglgfntlm 9—1—:—9tm + 6+19tm tm)
telgyeJ
8146t 1 1
> ot XemTren,) + aren, X(tm)
1 1 x(tm) — 1
z e+9tmx(tm) T 0 THtm }‘Xﬁ’

whence the first part of the lemma.
(b) Fix to € [0,+00) and distinguish between four cases.
(i) If to = 0, then x(0) > 0 = Acp(0).

(i) If to € (0,1), then % € (1,400). From Part (a), x(s) > Acto, Vs € [to, tl—o]. In particular for

s = to, X(to) > Axto = Axp(to).
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(iii) If to =1, let {tn}n be a real sequence such that 0 < t, < 1 and t,, — 1, as n — +oco. By (ii),
we know that x(t,) > Actn, V1 > 1. Then

x(1)= lim x(tn) > A lirf th = A = Acp(1).

n—-+oo

(iv) Finally, let to € (1,400), since x is nondecreasing, then x(to) > x(1) > Ax = Axp(to), ending
the proof of the lemma. O

3 Main Existence Results

First we list some assumptions:

(H1) e C(RT x (0,+00),R") and f(t,x) is a nonincreasing relatively to the second argument.

(H2) For every A > 0,

+oo +oo +oo
J f(t,Ap(T))dT < 400, J ¢! <J f(T,?\p(T))dT) ds < +o0.
0 0 s

(H3) There exists a function a € S\ {0} such that for t > 0

b(t) = [, G(t,s)p" ([ f(t,a(r))dr)ds >
G s ([T f(r,b(T))dT) ds > alt).

s

For x € S\ {0}, define a fixed point operator T by
+oo +oo
Tx(t) :J G(t,s)p! <J f(T,X(T))dT) ds.
0 s

We have

Lemma 3.1. Assume (Hi)-(Hz) holds. Then the operator T maps S\{0} into XN S. In addition

(p(=(T)"))' (1) + f(t,x(t)) =0, t>0,
(8)
(T)(0) = p(Tx)'(0), (Tx)’(+00) = (Tx)"(+00) = 0.

Proof.

(a) For A >0, let
“+oo +oo
A= | et (| timasmnar) as

s

then
FAlt)

im =0.
t—o4oo 1+t
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Indeed, using the convergence of the second integral in (H2), we get

+o0 +oo
lim F4(t) = lim J ¢! (J f(T,)\Q(T))dT) ds =0,

t—+o0 t—+o0 t s

then F, is nondecreasing and

. Fi(t) _ 0, if tli»inoo FA(t) < oo,
totoo 14t lim Fi(t)=0, if lim Fj(t) = oo.
t—+oo t—+o0

(b) Given x € S\ {0}, by Lemma[Z6] there exists Ay > 0 such that x(t) > Ap(t),t € R*. By (H1),

(H2), and Part (a), we have

Tx(t) _  Je®Gts)d " ([ f(t,x(T))dT)ds
T+t - T+t
j'0+°° G(t,s)p ! (‘[‘;H” (T, Ax p(T))dT)ds
< [
_ Fav)
- 1+t °

Hence lim X =0, Then Tx € E and even Tx € XN S. Indeed Tx(t) >0,

totoo 1+t

(Tx)'(t) = JJFOO ¢! <J+Oo f(T,x(T))dT> ds = lim (Tx)'(t) =0,

t s t—+o0

+o0
()" (1) = ¢! (J f(T,X(T))dT> <o,

t

and thus (8) is satisfied.

Now we state and prove our main existence result:

Theorem 3.2. Assume that Assumptions (H1) — (H3) hold. Then the boundary value problem

) has at least one positive solution x € X which satisfies x(t) > Aop(t) for some Ao > 0.

Proof. The proof is be split into three steps.

Step 1. We first determine appropriate upper and lower solution for the bvp (). Since a € S\ {0}
and b(t) = Ta(t), then by (H3) and Lemma Bl we have b, Tb € S\ {0}. Moreover T being

nonincreasing relatively to x, we have
a<b=a<Tb<Ta=h.
Therefore, for all t > 0

((=(To)"))"(t) + f(t, To(t)) = (b(—(To)"))'(t) + f(t, b(t)) =0

9)

(10)
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and
(p(=(Ta)"))'(t) + f(t, Ta(t)) < (b(—(Ta)”))'(t) + f(t, a(t)) =0,

(11)
(Ta)(0) = u(Ta)’(0), (Ta)'(+o00) =0, (Ta)”(+o0) = 0.

The functions «(t) = Tb(t) and B(t) = Ta(t) are lower and upper solution of the bvp (),
respectively with o < (3.

Step 2. We claim that the following regular modified boundary value problem

(p(—=x"))'(t) +f*(t,x(t)) =0, t>0,
(12)
x(0) = ux’(0), x'(+00) = x"(+00) =0

has a positive solution, where

flt, o), x < a(t),
(t,x) = ¢ flt,x),  «ft) <x < B(1), (13)
f(t,B), x> B(1),

To see this, consider the operator A : E — E defined by

+oo +oo
Ax(t) :J G(t,s)p! (J f* (T,X(T))d’t) ds.

0 s

It is clear that a fixed point of the operator A is a solution of the boundary value problem
[@2). Since x € S\ {0}, by lemma (b), there exists a positive constant A, such that
aft) > Agp(t), Vt € RT. Moreover f(t,x) being nonincreasing in x, we have

7t x) < f(t, aeft)) < F(t, Axp(t)) (14)
for all positive t.

(a) A(E) CE. For x € E and t € R", we have, using (I4)

Ax(t) _ J&TG(s)o T ([P (t,x(1))dT)ds
T+t - T+t
< JoTGs)eT ([ f(rAup(T))dT)ds
— T+t
_ Fag(v)
- T+t

hence lim ¢ =0 and A(E) C E.

(b) A is continuous. Let some sequence {xn}n>1 C E be such that lirf Xn = Xo € E. Then
- n—-+oo
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we have
[[Axn — Axol|
[Axn (t)=Axo(t)]
= Ssup ———~F—
LER+ T+t
= s Ja2 S =T ([ % £ (1, xn (1))dT) — &~ (™ £ (1, x0(7))dT)Ids
te
< max(1,p) [3 = o7 (1, xn(1))dT) — &1 ([ £ (1, x0(T))d7T)[ds.
Since

‘Cb—] (f:“’ f*(’t,xn(’t))dr) — ¢! (J“:oo (1, Xo(T))dT)’

< 2¢7! ( oo f(’r,?\ap(ﬂr)) dr,
then the continuity of f*, ', (H2) and the Lebesgue dominated convergence theorem,
we deduce ||[Axn, —Axo|| — 0, as n — +oo
(c) A(E) is relatively compact. Indeed
(i) A(E) is uniformly bounded. For x € E, we have

[Ax(t)]
T+t

[AX]

sup
teR+

< s g Joo Sl - 1(jj°°f*(T,x(T))dr)) ds
< max(1,p) [£° ¢ (jj”f*m,xm)dr)) ds

< max(,u) Jo= o1 (77 Aap(0)dD) ) ds
< +oo.

(ii) {/?f‘t)} is almost equicontinuous. For a given T> 0, x € E, and t,t’ € [0,T] (t > t'), we

have
’Ax(t) _Ax(t)
T+t T+t
< 97| S - S o (1% m, x(1)dn)) ds
T oo
< o |5 = S o (117 f(r Awplm))dT) ) ds
[ = I e (1 f Aap()dn)) ds,
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Ax(t) Ax(t’)
T+t T+t/

then by (H2), for any € > 0 and T > 0, there exists § > 0 such that

A(E)
T+t

<€

for all t,t’ € [0, T] with [t —t’| < . Hence { } are almost equicontiuous.

(iii) {/?EFEJ} is equiconvergent at +oo. Since lim A1X+(,:) =0, then by (H2) we have
t—+o0

J&eGt,s)p ([~ (t,x(1))dT))ds
T+t

Ax(t)
T+t

lim

lim sup|
t—+o0

= lim sup
t—+o0 x€E

t—+o00 x€E

< lim J3eGs)d ™ (JF2 f(TAap(T))dT))ds
~  t5+oo T+t

o . Faq (t) _
o tEIJPoo T+t _0

Lemma [22] guarantees that A(E) is relatively compact. Finally by the Schauder fixed point
theorem (see, e.g., [2]), the operator A has at least one fixed point x € E, which is further in
X by Lemma [3.1], solution of the bvp ([I2)).

Step 3. Next we will prove that the boundary value problem (IJ) has at least one positive solution.
For this, we only need to check that o«(t) < x(t) < B(t), Vt € R*. Since x is a solution of the

bvp (2]
x(0) = ux’(0), lim x'(t)= lim x"(t)=0 (15)

t—+o00 t—+o0

In addition, f(t,x) is nonincreasing in x
f(t, B(t)) < F(t,x) < f(t, «(t)), Vt € RT. (16)
It follows from (@) and (H3) that
f(t,b(t)) < f*(t,x) < f(t,a(t)), Vt € RT. (17)
Since a € S\ {0}, by Lemma B.1]
(G(=B" (1)) = (b(=Ta)"(1)))" = —f(t, a(t)), Yt eR".

These, together with Lemma 311 [@)), (I5)-(7) yield

(d(=B" ()" — (b(—x"(1)))" = —f(t, a(t)) + f*(t,x(t)) <0, t e RT
(18)
(B —=x)(0) = u(p —x)'(0), (B —x)'(+00) =0, (B —x)"(+00) =0

This implies that the function z defined by z(t) = (d(—p”(t))) — (b(—x"(t))) is a non-
increasing function in RT. Moreover z(+oco) = 0 implies z(t) > 0, YVt > 0 and then
(B —x)"(t) < 0,Vt € RY which means that (B — x)’ is nonincreasing in R*. Now

(B —x)/(+00) = 0 then (B —x)'(t) > 0, Vt € RT and so  — x is nondecreasing on R*.
Finally the boundary condition (f —x)(0) = w(p —x)’(0) > 0 implies that x(t) < B(t), for
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all t € R*. In a similar way, we can prove that x(t) > «(t), for all t € R*. Therefore, x is a
solution of the bvp ([II). In addition, there existence of a positive constant Ag = Ay such that
x(t) > «(t) > Agp(t), Vt € RT. The proof of Theorem is completed.

O

However, when f(t,x) is nonsingular at x = 0, i.e. f: RT x RT™ — R™ is a continuous
function, then for all x > 0, f(t,x) < f(t,0). In this case, we have

Theorem 3.3. Assume that assumption (H1) holds and

(Hz2)! 0< f;roo f(1,0)dt < +00 and fgoo ¢! (f:oo f(T,O)dT) ds < +oo. Then the bup () has

at least one positive solution x € X such that x(t) > Aop(t) for some Ay > 0.

The proof is similar to that of Theorem We only check that T(S) € SN X and if we
take a(t) = 0,Vt > 0, then condition (#H3) holds. Finally the condition (#H;)’ implies that
B =Ta =b,x = Tb belong to S\ {0}.

Example 3.4. Consider the singular boundary value problem

(p(—x"(1)))" + e *m(t)g(x(t)) = 0,
x(0) = ux’(0), lim x'(t) = lim x"(t) =0,

t—+o0 t—+o0

where 0 < p < %a d(x) = X%; f(t,x) = e"'m(t)g(x),

and

Then, we have

(H1) e C((0,+00) x RT,R") and f(t,x) is a nonincreasing with respect to x for every positive
t.

(H2) For allA >0,

+oo 1
J f(t,Ap(T))dt < max{1, X} < +o00,

and

+oo +o0o
J ¢! (J f(’t,?\p('t))d’t) ds < +oo.
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(H3) Let ap(t) =1, then ap € S and if we put

+o0 400
a(t) :J G(t,s)p! (J e_Tm(T)g(ao(T))dT> ds,

0 s

then

Moreover for all t € Rt

a(t) 0TG4 )o ! (I e m(v)ar)
:;OO G(t,s)p~! f:oo e_Td't)

IN

< JoT(s+8/3)p7 (e70)ds
< 1=ap(t).
Hence
b(t) = [IG(ts)d ] f:ooe*Tm(T)g(a(T))dT) ds
> [77G(t,s)p f:ooe*Tm(T)g(ao(T))dT) ds
= af(t).

Finally, since g > 1, we have

F2Gs) e ([ f(T,b(T))dT) ds
G st ([ e_Tm(T)g(b(T))dT) ds
SOG, s T ([T e*Tm(T)dT) ds

a(t).

v

Then all conditions of Theorem[32 are fulfilled which guarantees that the bvp (19) has at least one

positive solution.

Received: May 2013. Accepted: February 2014.
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