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ABSTRACT

In this paper we have defined a new iteration in order to solve an equilibrium problem
in Hilbert spaces. The iteration we have introduced is a viscosity type iteration and
involves a semigroup of nonexpansive operators. We have established that depending on
some control conditions, our iteration strongly converges to a solution of the equilibrium
problem.

RESUMEN

En este articulo hemos definido una iteracién nueva para resolver un problema de equi-
librio en espacios de Hilbert. La iteracién que introducimos es de tipo viscoso e involucra
un semigrupo de operadores no expansivos. Hemos establecido que dependiendo de las
condiciones de control, nuestra iteracién converge fuertemente a una solucién de un
problema de equilibrio.
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1 Introduction and Mathematical Preliminaries

The equilibrium problem we consider in this paper is formulated in the framework of real Hilbert
spaces. This problem is a generalization of several problems in physics, optimization and eco-
nomics. References [3], [9] give a good account of this feature. There are several iterative methods
for obtaining solutions of this equilibrium problem in Hilbert spaces and also in the more general
settings of Banach spaces [19] 10| 22]. A particular category of these iterations is viscosity itera-
tion which was first developed by Moudafi [15] to obtain fixed points of nonexpansive mappings.
Viscosity iterations have been used for solving equilibrium problems in works noted in [20, [16].
Semigroup of nonexpansive operators have been considered in the context of constructing fixed
point iteration in Banach and Hilbert spaces [8 211, [T}, 6], [5, 13}, [7, 1T} 12} 17]. The purpose of this
paper is to use nonexpansive semigroups in a viscosity iteration scheme in order to construct a two
step iteration for approximating a solution of an equilibrium problem in real Hilbert spaces. Pre-
cisely, we have shown that under suitable choices of the control conditions, our iteration strongly
converges to solution of the equilibrium problem.

Let H be a Hilbert space and C be a nonempty closed convex subset of H.
A mapping T: C — C is said to be a nonexpansive mapping if for all x,y € C

[Tx = Tyl < [Ix —y]. (1.1)
A mapping f: C— C is said to be a 0 contraction if for each x,y € C,
[Ifx — fy|| < Olx —y]|| when 0 < 6 < 1. (1.2)

For any x € H, the metric projection Pc from H into C is defined as

Pex ={z € C:llz—x| = inflly — x|} (1.3)
Obviously, ||[x —Pex|| < ||[x —y]|. It is well known that Pc is a firmly nonexpansive mapping from
H onto C, that is,
[Pcx — Pcyl|? < (Pex — Pey,x —y) for all x,y € H. Pc is also nonexpansive mapping from H
onto C.
The set of fixed point of an operator T from H to H is denoted by Fix(T), that is, Fix(T)={x € H:
Tx = x}.
A family S = (T(s)),~ , is a nonexpansive semigroup on H if it satisfies the following conditions:
(A1) T(0)x = x for all x € H,
(A2) T(s+t) =T(s)T(t) for all s,t >0,
(A3) |T(s)x —T(s)y|| < |lx —y|| for all x,y € H and s > 0,
(A4) for all x € H, s — T(s)x is continuous.
A sequence {x} of elements of a Banach space X is said to converge weakly to an element x € X
if f(xx) — f(x) as k — oo for all f € X’ where f is a continuous linear functional from X to R or C
where R is the set of real numbers and C is the set of complex number, and X’ is the dual of X.
A sequence {xn} is said to have a weak limit point 1 if there exists a subsequence {xn,} of {xn}
which converges weakly to 1.
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We denote wy,(xn) as the set of all weak limit point of {x,} and ws(x,) as the set of all strong
limit point of {x} .

We denote the set of fixed point of T(s) by Fix(T(s)). The set of all common fixed points of S is
denoted by Fix(S). So Fix(S)= Ns>oFix(T(s)) .

Baillon proved the following nonlinear ergodic theorem:

Theorem 1.1. [I] If T is a nonexpansive mapping from C into itself such that Fix(T) # ¢ and

n—1
x € C, then % Z T*x converges weakly to a fixed point of T.

k=0
Later Baillon and Brezis proved the following theorem for semigroup of nonexpansive operator:

Theorem 1.2. [2] If S = (T(s))- , is a nonexpansive semigroup on C, then {% f; T(s)xtds}~o,
t € (0,1), s € R", where R* is the set of positive real numbers, converges weakly to a common
fixed point of S.
Let F: CxC— R be a bifunction where R is the set of real numbers. The equilibrium problem is
to find some x € C such that
F(x,y) > 0, for ally € C . (1.4)

The set of solutions of (1.4) is denoted by EP(F), that is, EP(F) ={x € C: F(x,y) > 0 forally € C}.
In the equilibrium problem for the bifunction F from CxC—R , we assume that F satisfies following
conditions:
(C1) F(x,x) = 0 for all x € C,
(C2) F is monotone, that is, F(x,y) + F(y,x) < 0,
(C3) for each x,y,z € C,

lim F(tz+ (1 —1t)x,y) < F(x,y),

t—0+
(C4) for each x € C, y — F(x,y) is convex and lower semicontinuous.
Lemma 1.1. [9] Let C be a nonempty closed convex subset of H and let F be a bifunction from
CxC into R satisfying conditions (C1)- (C4). Then for any v > 0 and x € H there exists z € C
such that

Flz,y) + 1y —z,z—x) >0 for ally € C.

~
Further, if Trx ={z € C: F(z,y) + 1(y —z,z—x) > 0 for all y € C} then the following hold:
(1) T, is single valued,
(2) T, is firmly nonexpansive, that is, for any x,y € H
[Tox — Ty ”2 < (Tix — Ty, x —y),
(3) Fix(T,) = EP(F),
(4) EP(F) is closed and convex.
Lemma 1.2. [4] Let C be a nonempty closed convex subset of a real Hilbert space H. Given
z € H and x € C, the inequality (x —z,y —x) > 0, for all y € C holds if and only if x = Pcz, where
Pc denotes the metric projection from H onto C.
Lemma 1.3. [14] Let {an},{bn} and {cn} be three nonnegative real sequences satisfying

ant1 < (1 —An)an +bn +cn, n > ng,

o0 o0
where ng is some nonnegative integer, A, € [0,1] , Z?\n:oo , bn=0(Ay) , and Z Cn < 00.
n=1

n=1
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Then a,, — 0 as n — oo.
Lemma 1.4. [I8] Let C be a nonempty bounded closed convex subset of a Hilbert space H and

let (T(s))4s o be a nonexpansive semigroup on C. Then for every h > 0,
- t

t
tlim sup||% L T(s)xds — T(h)% Jo T(s)xds||= 0.

Lem;na 1.5. [4] Let X be a uniformly convex Banach space, C be a nonempty closed convex
subset of X and T : C — X be a nonexpansive mapping. Then, the mapping (I — T) is demiclosed
on C, that is, if {x} is weakly convergent to x and {(I — T)xy} is strongly convergent to y, then
(I-Tx=vy.

Lemma 1.6. [8] Let us suppose (C1)-(C4) hold. Let x,y € H, 71,12 > 0. Then

ITeyy = Toy x| < fly = x| + 252 T,y =yl

T2
Lemma 1.7. [23] Let {sn} be a sequence of nonnegative real numbers satisfying

Sn+1 < (1T —vYn)sn + 0n + 0n, for all m > 0, where {yn} is a sequence in (0,1) and {0y}, {6n} are
sequences of real numbers such that
(a) lim yn =0 and Zovn = o0,

n=

(b) lim sup In <0,

n—oo Yn

(¢) 6n > 0 and Zén<oo.
n=1
Then {s,} converges to zero.

The following lemma is a well known result of functional analysis.
Lemma 1.8. Let X be a reflexive Banach space. Then every bounded sequence in X has a weakly
convergent subsequence.

2 Main Result

Theorem 2.1. Let S = (T(s)) -, be a nonexpansive semigroup on a real Hilbert space H. Let
f: H — H be a B-contraction, with0 <6 < 1. Les F: HxH — R be a mapping satisfying
hypothesis (C1)-(C4). Assume that Fix(S) NEP(F) # ¢. Let xo € H, {zn} C H and {x,,} C H be
the sequences generated by

Xn+1 = ann + (1 - Bn)%JA T(S)yndS»
0

Yn = otnf(xn) + (T — otn)zn,

F(Znay)‘f‘r]—n@—lmln—xn)ZO, forall yeH

where {an}, {Bn}, {sn} and {r,} satisfy the following conditions.
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(i) an €10,1], nli_r)lglx)ocn: 0, Z o = 0o and Z lotn — otn—1] < 00,

n=1 n=1

|Sn_sn—1‘ 1

(ii)) lim sy =oo and lim ——— — =0,
n—oo n—oo Sn Xn
oo
(iii) liminfr, >0, § Irni1 —Tnl < oo,
n—oo 0
ne

o
(iv) 0<fn <d <1, lim Brn=0,) |Bns1 —Bul< oo.

n=0

Then {x,} converges strongly to a point p € Fix(S) N EP(F).
Proof. Here Priy(s)nep(r) fisa mapping of H into Fix(S) N EP(F) C H such that
[PEix(s)nEP(F)f(X) = Prix(s)ner(m) F(Y)l
< If(x) =yl < Bllx —y].
Therefore Prix(s)nep(r)f is a contractive mapping and hence, by Banach’s contraction principle,
there exists a unique element p € Fix(S) N EP(F) such that p = Prix(s)nep(r)f(p). Now, for this
p € Fix(S) NEP(F), n > 0, we have,
o _
= | Baxn + (1 — mﬂo T(s)ynds —p|
Sn Sn
= B+ (1= Bu) | Tohynds — - [ “Tis)pas]
" Jo o Sn Jo
— [ Bulxn =)+ (1= ) L (T(s)yn — T(s)p)ds |
<Ballxn =P+ =Bu)lyn—pI-
Now, [[yn —p Il = [ oanf(xn) + (1 —atn)zn —p H
< otn[[f(xn) = F(P)| + anllf(p) =Pl + (T —on) zn — P |-
Since by Lemma 1.1 we have z, = Ty Xn, p = Trnp it follows that for allm > 0, ||zn —p| =
ITeuxn = Topll < e —p I
Therefore, for all n >0, [[yn —p || < nBf|Xn —p || + | f(p) —p | + (1 — )| X0 — P ||
= {1 —otn (1=} xn —p |+ xn(1— e)“f—ep”

Therefore, for alln >0, ||yn —p || < max {||xn —p |, I f1 —p el I L
Therefore, for all n > 0, {yn} is bounded. So {z, } and {f(x,)} are also bounded.
Hence for all n.> 0, [|xn 1 —p || < max { || xn —p ||, L1

Proceeding in the same way we get for all n > 0, || xn+1 —p || < max {||x0o —p ||, ”f 5 Iy,

Therefore, { x } is bounded.
Sn

Again, for all mn > 0, we have, Xn 41 = BrnXn + (1 — Pn)Un Where up= éJ' T(s)ynds.
0

Again, for allm > 0, ||lun —pl| = |

Sn ] Sn
L Jynds——J T(s)p ds|
*Jo

< |lyn — pl| <max{ || xn —p ||, LRL21 91o||}

So {un} is also bounded.
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Now, for all n > 0, xni1 —Xn =PnXn + (1 —PBr)un — Prn1xn—1— (1 —Bn_1)un_1.

Therefore, for all n > 0, || Xn41 — Xn |

=1 =Br)(un —un—1) = (Bn = Brn-1)un-1+Bnlxn —%n-1) + (Bn — Brn-1)xn_1

< (0 =Bn)llun —wn—al[ +1Bn = Br—al{ [ wn—1 [ + [ xn-1 I} + Bnlxn —xn—1 |- (2.1)
Now, for allm > 0, || un — Un—_1 ||

zlléL T(s)ynds — JO T(s)yn_1ds]||

Sn—1

=[I5- Ln (T(s)yn — T(s)yn—1)ds + ( L L )J n T(s)yn—1ds+ le ’ T(s)yn—1ds|.

Sn Sn—1 0 nJs,
If p € Fix(S) where S is the nonexpansive semigroup, then for all n > 0, we have

[ un _1sln71 I : ] o
= ||$J' (T(s)yn — T(s)yn—1)ds + (— — )J' (T(s)yn—1 —T(s)p)ds
: é)n Sn Sn—1 0
+ S—J T(s)yn—1 —T(s)pds ||
nJsn
< yn —ynot ||+ (Sl iy g —p . (2.2)

Sn

Now, for allmn > 0, || yn — Yn—1 |
= || ‘an(xn) + (1 - ‘Xn)zn - o‘nfﬂc(xnf] ) - (1 — Xn—1 )Zn71 ||
:”‘Xn(f(xn) - f(Xn,1 )) + (“n — Xn—1 )(f(Xn,1 ) - Zn71) + (] - ‘Xn)(zfn - Zn71) ||
Therefore, for all n > 0,
H Yn —Yn-1 H < (XTLH f(xn) - f(xn—l )H + ‘(xn — Xn—1 ||| f(xn—l) —Zn-1 ||
+(] _(xn)HZn_Zn—l || (23)
Again, for allm > 0, ||zn — zn—1||

< [xn — xnall + 2=tz — x| (using Lemma 1.6)

T

We have liminf r,, > 0. Therefore there exists b > 0 such that r,, > b for large n € N where N is
n—oo
the set of positive integers. Then, for all n > 0,

llzn —zn—1ll < [Ixn —%n-1l| "‘WHZTL_’%”- (2.4)
Using (2.3), (2.4) in (2.2), we get, for all n > 0,
[un — wn—1|]

< o 0] xn — Xn—1|| + lon — on—1l|[f(xn—1) — zn—1]| + (1 — otn) [ Xn — Xn-1]|

(1 — o) etz — x|+ 222ty g —p . (2.5)
Using (2.5) in (2.1) we get, for all n > 0, ||[Xn41 — Xn|

< (T=Bn)onb[[xn —xn—1/[+ (1= Bn)lon — on_1l[[f(xn—1) —=zn—1[+ (1= Bn) (1 —atn) [ xn —Xn—1|
(1= Bn) (1= o) ootz — x|+ (1= Bn) 222y —p |+ 1Bn — Bt I | unt ||+
[ xn—1 | HBnll xn —xn—1

={(1=Bn)an®@+(1—PBn)(1—an) + Brtlxn —xn—1ll+ (1= Bn)lon —otn1l[[f(xn-1) —zn_1|+(1—
Bn)“—Oén)@ﬂln—xnﬂ‘k(]—Bn)zls%:"ﬂﬂynq =P |+ I1Bn—Bn-1l{l[wn-1 I+ xn-1]}
= {1 —on(1=0)(1 =B} xn —xn—1 | + (T = Br)lotn — anl[f(xn—1) —zn_1l| + (T = Bn) (T —
o) 2tz —xn || 4+ (1= Br) 2=ty —p |+ 1Bn — Bt l{ | un ot [+ X [1}

< {1 —an(1—=0)(1 — A% — xn1 || + lotn — @ 1l[[f(xn_1) — zn_1 || + Tominatly — x| +
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Zensnily g —p |+ 1B — Bt ot [+ [ xnt ||}

Let M= max{ sup |[f(xn—1) —zn—1l[, sup [[zn —xn|l; sup [[yn—1 —pl[, sup ([|(un—1[| + [[xn-1[])}
nenN nenN nenN nenN
Therefore, for all n > 0, ||xnr1 — Xn||

<{1—on(1=0)(1 = )} %n —Xn—1 || + Moty — otn |+ Iompmstl 4 Hsnzsnil g g, ),
Let Yn = o (1—0)(1 — d), o = 2MEn—2nmtl 5 = Moty — otn | + I2pesth B — B .
Using the Lemma 1.7 we get

lim || Xn41 —xn|| =0.

n—oo

Now,

lyn —zn || = || anf(xn) + (1 — dn)zn — zn || = &nl| f(xn) —znl] = 0 as n — oo. (2.6)

Again, for alln > 0, || xn — un ||
=[Bn-1Xn—1+ (0 =Bn1)un1—un|
< un —un—1f + Bn-1llxn-1 —un—1].
Since fr, = 0 and || up —un—1|| = 0 as n — oo, we have,
[[Xn —un || = 0asn — oo. (2.7)
Also, for alln >0, || zn — P || = |Tr Xn — Trop |12
< (T, xn — T+, PyXn —P) ( by Lemma 1.1)
=(Zn —PyXn —P)
=3llzn =P I? + X0 =P I> = %0 —zn ||
Therefore, for all n > 0,

lzn =PI < xn =PI = xn —zn |12 (2.8)
Now, for all m > 0,
[ns1 =P [I2 =l Brnxn + (1= Br)un =P [2 < Bl xn —pII>+ (1 = Bn)un —pII? (2.9)
Also for alln > 0,
[yn =P 117 =l atnf(xn) + (1 = an)zn —p[I* < an[flen) =p[* + (1 = an) zn —p |2 (2.10)

Using (2.8) and (2.10) in (2.9), for all n > 0, we get

X1 =P 2

< Bnllxn =2+ (0= Bu)lon|[f(xn) =PlI> + (1 =)z =P |11 (since [un—p[| < [yn—P])
<Brnllxn =P I7+ (1= Br)on[[fxn) =Pl + (1 = Bn) (1 — otn) | zn — P [|?

<l =PI+ anl[ fxn) =P 2 = (1 = Bn)l[xn —zn |2 [by (2.8)]

Therefore, (1—Bn )| xn —zn [|> < [ xn =P 2 = | X041 =P 2 + on [ flxn) —p |12

<{lxn =PI+ xner =P IHxn = xner [+ o[ fxn) —p 12
Therefore,
[Xn —zn || = 0 as n — oo. (2.11)
Again [|zn —un | < [[zn —xn || + [ X0 —un ||
By (2.7) and (2.11) we have
|zn —un || — 0 as n — oo. (2.12)
By (2.6), (2.7), (2.11) and (2.12) we can say that one of the sequences {xn},{un}, {zn}, {yn} converge
if and only if the other three converge to the same limit.
By (2.6), (2.7), (2.11) and (2.12) we have
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Wy (Xn) =W (Un)= Wy (zn) =Ww(Yn), Ws(xn) = Ws(Un)=ws(zn)=ws(Yn). (2.13)
Now we have, p = Prix(s)nep(r)f(p). We shall prove that limsup(f(p) —p,yn —p) < 0.

n—oo

We take a subsequence {yn,} of {yn} such that
limsup(f(p) — p,yn —p) =lim (f(p) —=p,yn, — ). (2.14)
n—oo 1—0o0

Since {yn,} is bounded and the Hilbert space H is reflexive, by Lemma 1.8, there exists a subse-
quence {Umk} of {yn,} which converges weakly to x*. Then x* is also a weak limit of {xn}. Let
Vo=PFix(s)nEp(F)X0. Since {xn} is a bounded sequence, there exists K such that B(vo, K) contains
{xn}. Moreover, B(vo, K) is T(s)-invariant for every s > 0. Therefore, we can assume that (T(s)),~ o
is a nonexpansive semigroup on B(vo,K). So by (2.13), x* € ww(un)= wwn(zn). Then, from

Lemma 1.4, we have , for every h > 0, lim || 1 an T(s)ynds—T(h)l an T(s)ynds||= lim [ju,—
n—oo Sy Jo Sn Jo n—oo
T(h)un|| = 0. Therefore from Lemma 1.5 , we have x* € Fix(S). Next we prove that x* € EP(F).
Let {ka} be a subsequence of {x,,,} such that Xn;, — Xx". From (2.11) we can say that z — x*.
Moreover, by (C2) we obtain
(1/m){y — zky zic — xk) > Fly,zx), forally e H.
By condition (C4), for fixed x € H, the function F(x,.) is lower semicontinuous and convex and
thus is weakly lower semicontinuous.
Since zx — x, by (2.11) and the fact that linrgigfrn =b >0, we get (zx —xx)/Tk — 0. Letting
k — oo, we have, F(y,x*) < likrri)gf]:(y,zk) <0, forallyeH.
Replacing y by y¢ where y¢ = ty + (1 —t)x*, t € [0,1] and using (C1) and (C4), we get
0=F(yt,yt) < tF(ye,y) + (1 = F(ye, x*) < F(ye, y)-
Therefore, F(ty+(1—t)x*,y) >0, te0,1],y € H. Letting t — 0" and using (C3), we conclude
that
F(x*,y) >0, vy € H. Therefore, x* € EP(F).
Since x* € Fix(S) N EP(F), from Lemma 1.2, we have, nli_rg()(f(p) —PyYn —P)
= lim (f(p) =P, yn, —P) (by using(2.14))
=(f(p) =p,x" —p) < 0.
Now for p € Fix(S) N EP(F), for all n > 0, we have,
Hxﬂ+1 _pllz = HBTI(X'TI —P) + (] - E’n)(u‘n —P) ||2
< Brlxn =2+ (1= Bn)lun —p|?
< Brlxn = pl2 + (1= Bn)llyn —pll?
< Balxn —plI* + (1= B {1 — 0n)?[|zn — PII* 4+ 20n (f(xn) — P, Yn —P)}
< Brllxn—pl2+ (1= Bn) (1 =200 + o) [ xn —plI* +20m (1= B ) (F(xn) =Py yn —P)
< (1=2(1 = Bn)on)[[Xn —plI* + i [Ixn — |1
+ 200 (T = B ){{(f(xn) = f(P)yyn —p) + (f(P) =P, yn — P)}
< (1=2(1=Bn)on)xn = plI* + Mo +2(1 = Br)otn (8] X =P [ yn = [ + 1)
< (]_2(]_E’n)“n)llxn_sz‘l'ocwleO +(]_E’n)e“n(Hxn_sz+||yﬂ_p|‘z)+zo¢nnn
where Nn=max{{f(p) — p,yn — P), 0} and Mg :Tslli%{ﬂxn —plI? + [[f(xn) — PII*}-

Now, for all n > 0, |[yn —pl|? < otn|[f(xn) =P [I? + (1 — atn)llzn — P |I?
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< otn|[f(xn) =P 12+ (1 — o) [xn —p |17
< anMo + ||Xn_sz-

Therefore, for all n > 0, |[xne1 —p %
< (1 - 2(] - Bn)‘xn)”Xn —-P HZ + o‘iMO + (] - Bn)e‘xn(zHXn —-Pp HZ + ‘XnMO) + Z“nnn

<@

= 2(1 = Bn)(1 = 0)otn) [ xn —P[I* + oMo + 0 Mo + 2atnnin

<(1=2(1—ad)(1—0)an)|xn — P> + (A Mo + 02 Mo + 20tnMn)
Therefore, by Lemma 1.3, we get x,, = p as n — oo.

Received: November 2012. Accepted: September 2013.
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