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ABSTRACT

The purpose of this paper is to study an Ishikawa type iteration process with er-
rors to approximate the common fixed point of two generalized asymptotically quasi-
nonexpansive mappings in the framework of cone metric spaces. Our results extend
and generalize many known results from the existing literature.

RESUMEN

El propésito de este articulo es estudiar el proceso de iteraciéon del tipo Ishikawa con
errores para aproximar el puto fijo comun de dos aplicaciones cuasi-expansivas asin-
toticamente generalizadas en el marco de espacios métricos cénicos. Nuestro resultado
extiende y generaliza muchos resultados de la literatura existente.
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1 Introduction and Preliminaries

The Well-known Banach contraction principle and its several generalization in the setting of met-
ric spaces play a central role for solving many problems of nonlinear analysis. For example,
see [2,/647)20,21].

In 1980, Rzepecki [23] introduced a generalized metric by replacing the set of real numbers
with normal cone of the Banach space. In 1987, Lin [17] introduced the notion of K-metric spaces
by replacing the set of real numbers with cone in the metric function. Zabrejko [33] studied new
revised version of the fixed point theory in K-metric and K-normed linear spaces by replacing an
ordered Banach space instead of the set of real numbers, as the co-domain for a metric. Ordered
normed spaces and cones have applications in applied mathematics, for instance, in using Newton’s
approximations method [28[33], and in optimization theory [7].

Recently, Huang and Zhang [10] used the notion of cone metric spaces as a generalization of
metric spaces. They have replaced the real numbers (as the co-domain of a "metric") by an ordered
Banach space. The authors described the convergence in cone metric spaces and introduced their
completeness. Then they proved some fixed point theorems for contractive single-valued mappings
in such spaces. In their theorems cone is normal. For more fixed point results in cone metric
spaces, see [IL[3L11L24}25.[32].

Most recently, Dukic et al. [8] studied an Ishikawa type iteration process with errors for two
uniformly quasi-Lipschitzian mappings in complete convex cone metric spaces and they gave a nec-
essary and sufficient condition to approximate the common fixed point for said mappings. Their
results extended and generalized many known results from the literature.

The main goal of this paper is to study an Ishikawa type iteration process with errors for two
generalized asymptotically quasi-nonexpansive mappings in the setting of complete convex cone
metric spaces and also give a necessary and sufficient condition to approximate the common fixed
point for said mappings. The results presented in this paper extend and generalize many known
results from the literature.

Consistent with [7] and [10], the following definitions and results will be needed in the sequel.

Let E be a real Banach space. A subset P of E is called a cone whenever the following condi-
tions hold:

(Cy) P is closed, nonempty and P # {0};
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(C2) a,b€eR, a,b>0and x,y € P imply ax + by € P;

(C3) PN (=P) ={0}.

Given a cone P C E, we define a partial ordering =< with respect to P by x <y if and only
if y —x € P. We shall write x < y to indicate that x <y but x # y, while x < y will stand for
y — x € intP (interior of P). If intP # () then P is called a solid cone (see [2§]).

There exist two kinds of cones: normal (with the normal constant k) and non-normal ones [7]).

Let E be a real Banach space, P C E a cone and < partial ordering defined by P. Then P is
called normal if there is a number k > 0 such that for all x,y € P,

0 xx =y imply x| <k[yll, (1)
or equivalently, if (Vn) x, <yn =<z, and

lim x,, = lim z, =x imply lim yn, =x. (2)
n—oo n—oo n—oo

The least positive number k satisfying () is called the normal constant of P. It is clear that k > 1.

Example 1.1. (see [28]) Let E = C}[0, 1] with |x| =[x/, + [[x'[lo, on P ={x € E:x(t) > 0}

This cone is not normal. Consider, for example, x,, (t) = % and yn(t) = L. Then 0 < xn < Yn,

n
and limn o Yyn = 0, but [[xn|| = maxcpo,17 15| + maxiero, 1 [t ' = L +1 > 1; hence x, does

not converge to zero. It follows by (@) that P is a non-normal cone.

Definition 1.1. (see [10,33]) Let X be a nonempty set. Suppose that the mapping d: Xx X —
E satisfies:

(di) 0 = d(x,y) for all x,y € X and d(x,y) =0 if and only if x = y;
(d2) d(x,y) = d(y,x) for all x,y € X;

(d3) d(x,y) = d(x,2) +d(z,y) x,y,z € X.
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Then d is called a cone metric [I0] or K-metric [33] on X and (X, d) is called a cone metric [10]

or K-metric space [33] (we shall use the first term).

The concept of a cone metric space is more general than that of a metric space, because each
metric space is a cone metric space where E =R and P = [0, +00).

Example 1.2. (see [10]) Let E =R? P ={(x,y) € R? : x > 0,y > 0}, X=Rand d: XxX — E
defined by d(x,y) = (Ix — yl, alx — yl), where o > 0 is a constant. Then (X, d) is a cone metric
space with normal cone P where k = 1.

Example 1.3. (see [24]) Let E = €, P = {{xn}n>1 € E : X > 0,for alln}, (X,p) a metric
space, and d: X x X — E defined by d(x,y) = {p(x,y)/2™"}n>1. Then (X, d) is a cone metric space.

Clearly, the above examples show that the class of cone metric spaces contains the class of
metric spaces.

Definition 1.2. (see [I0]) Let (X, d) be a cone metric space. We say that {xn} is:

(1) a Cauchy sequence if for every ¢ in E with 0 <« ¢, then there is an N such that for all
n,m > N, d(xn,xm) < ¢;

(i1) a convergent sequence if for every ¢ in E with 0 < ¢, then there is an N such that for all
n > N, d(xn,x) < ¢ for some fixed x in X.

A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in

Let us recall ( [I0]) that if P is a normal solid cone, then x,, € X is a Cauchy sequence if
and only if ||d(xn,Xm)|| = 0 as n,m — oo. Further, x, € X converges to x € X if and only if
[[d(xn,x)|| = 0 as n — oo.

In the sequel we assume that E is a real Banach space and that P is a normal solid cone in E,
that is, normal cone with intP # (). The last assumption is necessary in order to obtain reasonable
results connected with convergence and continuity. The partial ordering induced by the cone P
will be denoted by <.
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2 Convexity in cone metric space

Let (X,d) be a cone metric space with solid cone P and T: X — X a given mapping. Let F(T)
denote the set of fixed points of T.

Definition 2.1. (1) The mapping T is said to be nonexpansive if

d(Tx, Ty) = d(x,y) (3)

for all x,y € X.

(2) The mapping T is said to be quasi-nonexpansive if F(T) # @ and

d(Tx,p) =< d(x,p) (4)

for all x € X and p € F(T).

(3) The mapping T is said to be asymptotically nonexpansive if there exists a sequence
{rn} € [0,00) with 1, — 0 as n — oo such that

d(T™x, Ty) = (1 +7a)d(xy) (5)

for all x,y € X.

(4) The mapping T is said to be asymptotically quasi-nonexpansive if F(T) # () and there
exists a sequence {r} € [0,00) with 7, — 0 as n — oo such that

d(T™x,p) = (14+ra)d(x,p) (6)

for all x € X and p € F(T).

(5) The mapping T is said to be generalized asymptotically quasi-nonexpansive [12] if F(T) # ()
and there exist two sequences of real numbers {r,,} and {s,} € [0,00) with 1y, — 0 and s, — 0 as
n — oo such that

d(T™%,p) =< (T4+rn)dx,p)+ sn, (7)
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for all x € X and p € F(T).

(6) The mapping T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such
that

d(T™x, T"y) = L dx,y), (8)
for all x,y € X.

Remark 2.1. (i) It is clear that the nonexpansive mappings with the nonempty fixed point
set F(T) are quasi-nonexpansive.

(ii) The linear quasi-nonexpansive mappings are nonexpansive, but it is easily seen that there
exist nonlinear continuous quasi-nonexpansive mappings which are not nonexpansive; for example,
define T(x) = (x/2)sin(1/x) for all x £ 0 and T(0) =0 in R.

(iii) It is obvious that if T is nonexpansive, then it is asymptotically nonexpansive with the
constant sequence {1}.

(iv) If T is asymptotically nonexpansive, then it is uniformly Lipschitzian with the uniform
Lipschitz constant L = sup{1 + r,, : n > 1}. However, the converse of this claim is not true.

(v) If in definition (5), s, = 0 foralln € N, then T becomes asymptotically quasi-nonexpansive,
and hence the class of generalized asymptotically quasi-nonexpansive maps includes the class of
asymptotically quasi-nonexpansive maps.

In recent years, asymptotically nonexpansive mappings, asymptotically nonexpansive type
mappings, asymptotically quasi-nonexpansive mappings and asymptotically quasi-nonexpansive
type mappings have been studied extensively in the setting of convex metric spaces (see e.g.
[,/ T4H16, 18,19, 27]).

In 1970, Takahashi [26] introduced the concept of convexity in a metric space and the prop-
erties of the space.

Definition 2.2. (see [26]) Let (X, d) be a metric space and I = [0,1]. A mapping W: X x X x
I — X is said to be a convex structure on X if for each (x,y,A) € X x X x I and u € X,

d(u) W(X)U)M) S }\d(u)x) + (] - }\)d(u)y)
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X together with a convex structure W is called a convezx metric space, denoted by (X, d, W).
A nonempty subset K of X is said to be convezr if W(x,y,A) € K for all (x,y,A) € Kx K x L.

Remark 2.2. Every normed space is a convex metric space, where a convex structure
W(x,y,z B,v) = ax + By + vz, for all x,y,z€ E and «, 3,y € I with a4+ 3 +y = 1. In fact,

dlu, Wx,y,z,0,B,v)) = [u—(ax+ By +vz)|
< afu—x||+Blu—yl[+vlu—z|
= ad(u,x)+ pd(w,y) +vd(u,z), Yu e X.

But there exists some convex metric spaces which can not be embedded into normed space.
Now we define the following;:

Definition 2.3. Let (X, d) be a cone metric space and I = [0, 1]. A mapping W: XxXxI — X
is said to be a convex structure on X if for any (x,y,A) € X x X x I and u € X, the following in-
equality holds:

d(u) W(X)U)M) j }\d(u)x) + (] - }\)d(u)y)

If (X,d) be a cone metric space with a convex structure W, then (X, d) is called a convex
abstract metric space or convex cone metric space (see also [13], [22]). Moreover, a nonempty
subset C of X is said to be convex if W(x,y,A) € C, for all (x,y,A) € Cx C x L.

Definition 2.4. Let (X,d) be a cone metric space, I = [0,1] and {an}, {bn}, {cn} are real
sequences in [0,1] with a, + by +cn = 1. A mapping W: X3 x I3 — X is said to be a convex
structure on X if for any (x,Y,z, an,bn,cn) € X3 x I3 and u € X, the following inequality holds:

d(u, W(x,y,z, an,bn,cn)) = and(u,x) + bnd(w,y) + cnd(u, z).

If (X,d) be a cone metric space with a convex structure W, then (X,d) is called a gener-
alized convex cone metric space. Moreover, a nonempty subset C of X is said to be convex if
W (X, Y, Z, an, by cn) € C, for all (x,Y,2, an,bn,cn) € C3 x I3,

Remark 2.3. If E = R, P = [0,+00), ||.|| = |.|, then (X,;d) is a convex metric space, i.e.,
generalized convex metric space as in [30].
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Example 2.1. Let (X,d) be a cone metric space as in Example (1.2)(1). If W(x,y,A) =:

Ax + (1 —A)y, then (X, d) is a cone metric space. Hence, this notion is more general than that of

a convex metric space.

Definition 2.5. Let (X, d) be a cone metric space with a convex structure W: X3 x I3 — X,
S, T: X — X be two generalized asymptotically quasi-nonexpansive mappings with sequences of
real numbers {r,,} and {s,,} € [0, 00) such that r, — 0 and s, — 0 as n — oo and {an}, {bn}, {cn}
{al}, {by,}, {c} are six sequences in [0,1] with an +bn +cn =a/ +b, +c, =1,n=1,2,.... For
any given x1 € X, define a sequence {x,,} as follows:

Yn = W(xn,S™xn,Vn, an, b, crn),
Xn+1 = W(XanUmUm an,bn,cn), (9)

where {un}, {vn} are two sequences in X satisfying the following condition: for any nonnegative
integers n,m, 1 <n < m, if 5(Anm) > 0, then

max { ||d(X»U)H xe {uiavi}ay S {Xj)yj)TyjaSXj)ujavj}} < 6(Anm))

n<ij<m

where
Anm = X, Ui, TYi, Sxi, ug, vitn <i<m}, 8(Anm) = sup ld(x,y)]l .
X»UE nm

Then {x,} is called the Ishikawa type iteration process with errors for two generalized asymp-
totically quasi-nonexpansive mappings S and T in convex cone metric space (X, d).

Remark 2.4. Note that some iteration processes considered in [9I4L[19L27] can be obtained
from the above process () as special cases by choosing suitable spaces and mappings.

In the sequel, we shall need the following lemma.

Lemma 2.1. (see [19]) Let {an}, {bn} and {axn} be sequences of nonnegative real numbers
satisfying the inequality
ant1 < (14 an)an + by, n>1T.

If > by <ooand ) [ ; an < co. Then
(a) limp 00 an exists.

(b) If liminf,, ;o an = 0, then limy 0 an =0.
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3 Main Results

Now we give our main results of this paper.

Lemma 3.1. Let C be a nonempty closed convex subset of a complete convex cone met-
ric space X, S, T: C — C be two generalized asymptotically quasi-nonexpansive mappings with
sequences {rn} and {sn} € [0,00) such that Y >° ;v < oo and ) o ;sn < oo. Assume that
F=F(S)NF(T) # (. Let {xn} be the Ishikawa type iteration process with errors defined by @) and
{un}, {vn} satisfying (I0) with the restriction ) * ;(cn +c/) < co. Then

(i) there exists a constant vector v € P\{0} such that

ld(ns1, Pl < k. (14 An). [[d(xn, p)|| + k. Bn + k. |[V] . Cn,

where Ay =12 + 211, By = (2 + 70 )sn and Cp = (14 11)d(un,p) + d(vn,p), for all n € N and
for all p € F, where k is the normal constant of a cone P;

(ii) there exists a real constant M > 0 such that

n+m—1 n+m-—1
[d0nsmy Pl < ke M. e, P+ k.M. Y By + kM. v Y Cj,

j=n

for all n,m € N and for all p € F, where k is the normal constant of a cone P.

proof. For any p € F, from () and (@), we have

d(xn+1,p) = d(W(xn, T"Yn, Un, an, bn,cn),p)
=< and(xn,p)+bn d(T“yn,p) + cnd(un,p)
= and(xn, p) + bnl(1 +ra)d(yn, p) 4 snl + cnd(in, p)
= and(xn,p) bn(1+1n)d(yn,p) + bnsn + cnd(un, p)
= and(xn,p) +bn(1+7)d(Yn,p) + sn + cnd(in, p) (11)

and
d(yn,p) = dW(xn,S™Xn,Vn,a},br,ch),p)

=< a;d(xn,p) + b d(8™xn, ) + ¢ d(vn, )
< al d(xn,p)+b’ (14 Tn)d(xn,P) + snl + ¢/ d(vn,P)
= (ap +b3)(1 +7)d(xn, ) +bysn +cpd(vn, p)
= (1—c))(+r0)d(xn,p) +bjsn +cld(vn,p)
< (T+7)d(xn,p) +sn +cpd(vn, p). (12)
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Substituting (I2) into (), it can be obtained that

dxnt1,P) = andxn,p) +bn(1 + 7)1 +10)d(Xn,P) + sn

+ch d(vn, P)] + sn + cnd(un, p)

(an +b)(1+1)2d(xn, ) + b (1 + 1150 + Sn

+bnel (1 +11)d(vi, p) + cnd(un, p)

= (1—c)(1+1)%d(xn,p) + bn(1 +1n)sn + Sn

+bnel (1 +11)d(vi, P) + cnd(un, p)

(1 4+ 1)%d(xn, p) + (2 4+ Tr)sn + cnd(un, p)

+c (1 +10)d(vn,p)

=< (14+An)d(xn,p) + Bn +vCq, (13)

IA

IA

where A,y =12 + 21, By = 2+ T )sn, Cn =cn +¢/, and v = (1 +7,,)d(vn,p) + d(un,p). Now,
(i) follows from (), where k is a normal constant of the cone P.

(i) Tt is well known that T+ x < e* for all x > 0. Using this, it follows from conclusion (i)
that for all n,m € N and p € F, we have

d(xn+map) = (] + Anim—1 )d(Xnerf] ,P) +Bnim—1 +Vv.Crpm—1
= etnm—t dXnsm—1,P) + Bnim—1 +Vv.Crim
=< eAn+m 1[eAn+vn Zd(Xn+m72,P)+Bn+m72
V.Crym—2l +Bnym-1 +v.Cnym1
=< eAn+m—1+An m Zd(Xn+m72,‘p)+eA“+'“ THARfm—2
[Bn+m—1 + Bn+m—1] + efAnm—1HAnim—2
[Chsm—1+ Crngm—1]v
n+m-—1 n+m-—1
< Modbo,p)+M Y Bi+M (Y Gy (14)
j=m j=m

where M = e2i=1i, Further, (i) follows from (), because P is a normal cone with the normal
constant k.

Theorem 3.1. Let C be a nonempty closed convex subset of a complete convex cone metric
space X, S, T: C — C be two generalized asymptotically quasi-nonexpansive mappings with se-
quences {r,} and {sn} € [0,00) such that } 7 ;1n < co and Y o ;sn < co. Assume that F =
F(S)NF(T) # (0. Let {xn} be the Ishikawa type iteration process with errors defined by (@) {wn}, {vn}
satisfying (I0) with the restriction ) > ;(cn +¢/) < 0o. Then {x,} converges to a common fixed
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point of S and T if and only if liminfy, o ||d(xn, F)|| = 0, where ||d(x, F)|| = inf{||d(x, q)|| : q € F}.

proof. The necessity of condition is obvious. Thus, we will only prove the sufficiency. From
Lemma 3.1(i), we have

[d0Oxns1s P < ke (14 An). [[d(xn, P)I| + k. Bn + K. [[V]]. Cay,

where A, =12 + 27, By = (2+711)sn, Cn =cn + ¢/, and v = (1 +14)d(un,p) + d(vn,p) with
Y AR<00, Y 2 Byu<ooand Y 0 Cp < 0.

Since Y 2 ;An <00, Y o ;Bn <ooand } 7, Cy < o0, it follows from Lemma 2.1 that
limn o0 ||d(xn, F)|| exists. Accordmg to the hypothesis, liminfy,_,o ||d(xn, F)|| = 0, hence we have
that limn e ||d(xn, F)|| = 0.

Next, we show that {x,} is a Cauchy sequence. Let ¢ > 0 be given. There exists an integer
no such that for all n > ngy, we have

I > £
46 Pl < gapp 2 Bn<gaw
n=ng+1
and
C,.
Z < GZvIM ||v|| M
n=no+1

In particular, there exists a q € F and an integer 1 > no such that

It follows from Lemma 3.1(ii) that when n > 1, we get

Hd(Xneraq)H = Hd(Xn|+(n+m—n|)aq)H
n+m-—1
< kMo dxn,, @)+ kM. (> Bj)
j=mn1
n+m—1
k.M. Hv||.( 3 cj) (15)
j=mn,

and
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[d(xn, q)l

= Hd(xﬂ1+(n—n1 ) q) ||

Therefore from (), (I5) and (d6]), we obtain that

Hd(Xner»Xn)H

IN

IN

IN

IN

n—1
< kM. [ld(xn,, @)l +kM. () By)
j=mn,
n—1
+k. M. ||v||.( 3 cj).
j=m,
k. ||d(Xn+ma q) =+ d(q,Xn)H
k. [[d(xntm, q)I| + k. [[d(q, xn)]|
n+m-—1

2k2. M. ||d(xm,q)|\+2kz.l\/l.( S B+

n+m—1 n—1 o
+2K2. M. ||vH.( > o+ ) cj)
j=n1 j=nq

n+m—1

2k M. [[d(xn,, q)]| + 2K*. M. ( > Bi)

j=1n,
n+m-—1
+2K2. M. ||v|\.< Yy cj)
j=1,
€ £
2k%. M. 2k%. M.
k.M 6k2M+ k.M 6kZM
£
E.

ni Bi)

(17)

Hence {x,} is a Cauchy sequence in closed convex subset C of a complete cone metric space X.

Therefore, it must be convergent to a point in C. Suppose limn 00 Xn = p. We will prove that

peF.

For a given ¢ > 0, there exists an integer n, such that for all n > n,, we have

£
[dxn,P)|| < I

and ||d(xn, F)|| <4

In particular, there exists a p1 € F and an integer n3 > n, such that

£
l[d(xns, Pl < KE )

&
k(24711)

(18)



CUBO Convergence theorems for generalized ... 83
15, 3 (2013)

Then, we have

d(Tp,p) = d(Tp,p1) + d(p1,xn,) + d(xn;,P)
=< (T+m)dlp,p1) +s1+dp1,xn;) + dxns, P)
< (1+r)dp,p1)+dp1,xn,) + d(xn,,p)
= (T+r1)dp,xn,) + (1 4+711)d(xn5,P1)

+d(p],Xn3) + d("maP)
(2+71)d(xns, ) + (2 +11)d(xns,P1) (20)

Now using (), (I8) and (@), we obtain

[d(Tp, )l < k(24 71) [[dlxns, P+ K(2 4 71) [dlxns, P1)l

£ 3
241 k24T
< kAl gy TR aay

= . (21)

Similarly, we can also have ||d(Sp, p)|| < €. Since ¢ is arbitrary, it follows that d(Tp,p) = d(Sp,p) =
0, that is, p is a common fixed point of S and T. This completes the proof of Theorem 3.1.

We deduce some results from Theorem 3.1 as follows.

Corollary 3.1. Let C be a nonempty closed convex subset of a complete convex cone metric
space X, S, T: C — C be asymptotically quasi-nonexpansive mappings with sequence {r,,} € [0, c0)
such that ) °° ;rn < co. Assume that F = F(S) N F(T) # 0. Let {xn} be the Ishikawa type
iteration process with errors defined by (@) and {u,}, {vn} satisfying ([I0) with the restriction
5> % ,(cn +¢.) < co. Then {x,} converges to a common fixed point of S and T if and only if

n=1

liminf,, o ||d(xn, F)|| =0, where ||d(x, F)|| = inf{||d(x, q)| : q € F}.
proof. It follows from Theorem 3.1 with s,, =0 for all n > 1.

Corollary 3.2. Let C be a nonempty closed convex subset of a complete convex cone met-
ric space X, S, T: C — C be uniformly quasi-Lipschitzian mappings with L > 0. Assume that
F =F(S)NFT) # 0. Let {xn} be the Ishikawa type iteration process with errors defined by (@)
and {un}, {vn} satisfying (I0) with the restriction ) ;(cn +¢;,) < co. Then {xn} converges to a
common fixed point of S and T if and only if liminfy, o [|d(xn, F)||
=0, where ||d(x,F)|| = inf{||d(x,q)|| : q € F}.

proof. Since {r,} € [0,00) with 1, — 0 as n — oo, then there exists L > 0 such that
L =sup{l + 14, :n > 1}. In this case S and T are uniformly quasi-Lipschitzian mappings with
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L > 0. Hence, Corollary 3.2 can be proven by Corollary 3.1.

Corollary 3.3. Let C be a nonempty closed convex subset of a complete convex cone met-
ric space X, S, T: C — C be asymptotically nonexpansive mappings with sequence {r,} € [0, c0)
such that ) °° | rn < co. Assume that F = F(S) N F(T) # 0. Let {xn} be the Ishikawa type
iteration process with errors defined by (@) and {u,}, {vn} satisfying (I0) with the restriction
> % ,(cn +¢l) < co. Then {x,} converges to a common fixed point of S and T if and only if

n=1

liminfy, o |d(xn, F)|| =0, where ||d(x, F)|| = inf{||d(x, q)|| : q € F}.

proof. It is clear that an asymptotically nonexpansive mapping must be asymptotically quasi-
nonexpansive. Therefore, Corollary 3.3 can be proven by Corollary 3.1.

Corollary 3.4. In Corollary 3.1 by setting E =R, P = [0, 00), d(x,y) = [x—yl, x,y € R (that
is ||.|| = 1.I), we get Lemma 2 and Theorem 1,2, 3 of [29].

Corollary 3.5. If we set in Corollary 3.1 E=R, P =[0,00), d(x,y) = [x — yl, x,y € R (that
is ||.]| = I.I), we obtain the main result of [4], Theorem 2.1 and 2.2 of [30] and Theorem 2.1 and
Corollary 2.3 of [31].

Remark 3.1. Our results extend the corresponding results of Dukic et al. [§] to the case of
more general class of uniformly quasi-Lipschitzian mappings considered in this paper.

Remark 3.2. Our results also extend, improve and generalize many known results from the

existing literature.

Example 3.1. Let E be the real line with the usual norm |.| and K = [0, 1]. Define S, T: K — K
by

T(x) = ; sin (:—(), x € [0, 1],

and
S(x) = g x € [0,1],

for x € K. Obviously S(0) = 0 and T(0) = 0. Hence, F = F(S) N F(T) = {0}, that is, 0 is a
common fixed point of S and T. Now we check that S and T are generalized asymptotically quasi-
nonexpansive mappings. In fact, if x € [0,1] and p =0 € [0, 1], then

IT(x) —pl =[T(x) =0 = |(x/2) sin (1/x) = 0 = |(x/2) sin (1/x)|
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< Ix/2] < x| =[x = 0] =[x —pl,

that is,
T(x) —pl < x—pl.

Thus, T is quasi-nonexpansive. It follows that T is asymptotically quasi-nonexpansive with the
constant sequence {kn} = {1} for each n > 1 and hence it is generalized asymptotically quasi-
nonexpansive mapping with constant sequences {k,,} = {1} and {s,} = {0} for each n > 1. Similarly,
we can show that S is also generalized asymptotically quasi-nonexpansive mapping with constant
sequences {kn} = {1} and {s,,} = {0} for each n > 1. But the converse does not hold in general.

Received: March 2012. Accepted: February 2013.
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