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ABSTRACT

In this article we study the approximation properties of general singular integral oper-
ators over the real line. We establish their convergence to the unit operator with rates.
The estimates are mostly sharp and they are pointwise or uniform. The established
inequalities involve the higher order modulus of smoothness. We apply this theory to
the trigonometric singular operators.

RESUMEN

En este articulo estudiamos propiedades de aproximacion de operadores integrales
singulares generales sobre la recta real. Establecemos su convergencia al operador
unidad con las tasas correspondientes. Las estimaciones son mayormente ajustadas
y son tanto puntuales como uniformes. Las desigualdades encontradas involucran el
médulo de suavidad de alto orden. Aplicamos esta teoria a los operadores singulares

trigonométricos.
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1 Introduction

The rate of convergence of singular integrals has been studied earlier in [5], [12], [13], [15], [3],
[6], [7, [8], [9] and these articles motivate this work. Here we consider some very general singular
integral operators over R and we study the degree of approximation to the unit operator with
rates over smooth functions. We establish related inequalities involving the higher modulus of
smoothness with respect to || - |- The estimates are pointwise and uniform. Most of the times
these are optimal in the sense that the inequalities are attained by basic functions. We give
particular applications of these operators to the trigonometric singular integral operators over R.
The discussed operators are not in general positive.

Other motivation comes from [I], [2].

2 Main Results

In the next we study the following smooth general singular integral operators O ¢(f,x) defined as
follows. Let & > 0 and let pg be Borel probability measures on R.

For r € N and n € Z, we put

(_”T_j (;)j_n) j= Toooymy
AR IR I CE M l(

j=1

that is )} o5 = 1. Let f: R — R be Borel measurable, we define for x € R, the integral
j=0

o0

—~
[\
~

0t - |

—0o0

.
Z O(jf(X +ijt) | due(t).
j=0

We suppose that O, ¢ (f;x) € R for all x € R. We will use also that

Orclfix) =Y o (J fix + it)dua(t)> . (3)

j=0 e

We notice that ©, ¢ (c,x) = ¢, ¢ constant, and

0 (fix) — 100 = 3 o (J o+ jt) — f(x)) du (1) (1)

j=0 oo
Let f € C" (R), n € Z* with the rth modulus of smoothness finite, i.e.

wr (FMh) = sup IATF™ (X) [[oo,x < 00, h >0, (5)
t|<h
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where
A (x) =) (1) (T)f“”(x +jt), (6)
=0 J
see [10], p. 44.
We need to introduce
.
5kZ:ZO(jjk, k=1,...,neN, (7)
j=1
and the even function
I —w)
Gn(t) = JO W(Ur(f(n),W)dW, neN (8)
with
Go(t) :== wy(f,[t]), teR. 9)

Denote by || the integral part.

We present our first result

Theorem 1. The integrals cy g == fiooo thdug (t), k =1,...,n, are assumed to be finite. Then
n

O, £ (f;x) — f(x Z

X e < j G (t)dpe (1). (10)

—0o0

Proof. By Taylor’s formula we obtain

M ‘

flx+jt) =

T ht—2""
Jo 7017”! ™ (x +z)dz

?\.‘
O

:

_ n—1
kgm L %f(“)(x+jw)dw. (11)

Multiplying both sides of (1) by «; and summing up we get

T n (k)
> oglilet it —x)) = 3 s+ ma(0,), (12)
j=0 k=1
where . B
R(0,t) = JO (t(; ‘i’)”' T(w)dw, (13)
with

Tw) =Y o™ M (x +jw) — 5. f M (x).
j=0
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Notice also that

According to [3], p. 306, [1], we get
T(w) = AT £V (x).

Therefore

Fr(w)| < w., (F™ [wl),

all w € R independently of x. We do have after integration, see also (), that

O, () — (%)

J (Z o (f(x +jt) f(X))) dpe (t)
j=0

—00

— \k=1
(k) 00

=2 k.(x)ék(J tkdue(t)>+RTm
k=1 ' -

where

Here by @) and ([I3]) we get

[t] o n—
R (0,1)] gJ (it —wnT

s o [Tlstgntwlldw < Ga(t),

see [3].

Hence by (I8]) we find

[e.e]

RL| < J G (t)de (1).

—00

We also have

£ (x) .
K 5ka7;_ = Rn'

n
O e(fix) —flx) = )
k=1
Inequality (I0) is now clear via (ZI)) and (20).

Corollary 2. Assume w.(f,&) < o0, & > 0. Then it holds for n =0 that

[e.°]

Or.c(f;x) — F(x)] < J w, (F, ) due ().

—00

oo mog(k)
J (Z f k[(X)éktk +Rn(o,t)> dpe (1)
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(15)

(16)

(17)

(18)

(19)
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Proof. We observe that

Ore(fix) —f(x) = D o5(flx+jt) f(X))) dug (t)
j=1

- | Z(—WJ’()T)(f(xﬂt)—f(xn) dpe (1)

j=1

OO T

- > (=1 C) f(x +jt)

j=1

Il
%
‘ 8
8
< ~
I| -
o
—

4
<D
N———

Poncd
=
+
E
\_/
o
=
m
=

B Jﬁ (ATF)(x)) dre (8).
I.e. we have proved
e (%) — f )zj (ATF() due (8). (23)

Hence by (23) we derive

Ore(fx) — f(x)| < j ATl dpe (1)

IA

J wy (f, [t due (t).
That is proving (22)). ]
Inequality ([IQ) is sharp.

Theorem 3. Inequality (I0) at x =0 is attained by f(x) =x"™, r,n € N with r +n even.
Proof. As in [3], p. 307, [1I, [16], p. 54 and (), (@) we obtain

W (f™M ) = (r4+n)(r+n—1)-...- (r4 1rit",
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t>0. And

Gn(t) =7It", teR.

Also we have f(¥)(0) =0, k =0,1,...,n. Thus the right hand side of (I0) equals
[ee]
r!J T M dpe (t). (24)

—00

The left hand side of (I0) equals

©nelfi0l = ||| X astliv) | due o

I
%
8
R
E’i
-
+
3
o
=
m™m
=

I
i
%
8
-
-
+
3
o
=
™

L.e. we have established

©.c60) =1 [ e (o). (25)

—00

Thus by (Z4) and ([25)) we have established the claim of the theorem.

Corollary 4. Inequality (22) is sharp, that is attained at x =0 by f(x) =x", T even.

Proof. Notice that ATx™ = 71t" and w,(f(™),t) =r!t", t > 0. Thus

o0

R.H.S.(22) = T!J t"due (t).

—00
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Also f(0) = 0. Therefore
LHS.22) = [0,:(f;0)
oo T
_ J S ittt | due (1)
—oo \ 55
o) T ves
- || (X ()J dpe (1)
—o0 \ 550 )
= @ | va (t)\
o —0o0
= | vduet,
—0Q
proving the claim. |
Remark 5. On inequalities (I0) and ([22)). We have the uniform estimates
=) (x) o0
Onelfin) ~ 1) = Y o] <[ GaWdncneN,  (0)
k=1 ) 00, X >
and -
[©0elfix) = Fx)oce < | wr(Flede(t), =0, (27)
Remark 6. The following regards the convergence of operators ©, ¢. From (§) we have
L e
Gn(t) < (7, |t (28)
Therefore by ([28) we get
n
(k) (x) 1 [
Ore(fix) —flx) = ) — =8kene| <7 J (™ e (8). (29)
k=1 00, X
Next using w,(f,At) < (A+1)" w,(f,t), A,t > 0, we get
1 [ 1 [
o] e ane = [ e (e ) auelo
n ) o n! &
(f ) ,E n |
< t — d
< y | | 3 He (t
So we have proved that
Ky 0 =0r:(f;x) —f(x Z '( dick,e
W, (fM)€) J°° n It
< 4/ 1+ — d t). 30
< o _ool ™ {1+ P He (t) (30)
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Similarly we get

ro o (F, [t due () = Jm w, (f,a-'t') due ()

—o0 —oo E,

we(f, &) J_Oo (1 + T) dug (t).

Koo = [0ne(fix) = Fx)l

wr(f,a)f <1+'§) dpe (1), (31)

IN

So that we have

IN

In case that |
t

[e’e) T
[" e (14 8 aner <av,
V& > 0, we get that Ky — 0, as £ — 0.

J (1 + ;) due (t) < Az,

V& > 0, we get that K; — 0, that is ©, ¢ — I (unit operator) uniformly, as & — 0.

In case that

Note 7. The operators ©, ; are not in general positive and they are of convolution type.

Let T =2, n=3. Then 0o = 2, &1 = =2, &, = 5. Consider f(t) =t >0 and x = 0. Then

@2, (t%0) = —1.5J t2dug (t) <0,

—00

where we assumed that jiooo t2dpe (t) < oo.

Remark 8. From [5] we get that

w, (M, &) [ (=1)*
Gn(t) < er {];)k'(nk])'(k+T+])

R R S R 1) (32)

for & >0, Vt € R.
So by (26]) we obtain

gk
Orclfi) — 00— Y Msien
k=1 00, X
(n) n_l _
< wy (M) &) )3 (—=1)*
gr S kn—k—Dlk+1+1)

o0

- Um (64 [E)™ dye (1) — £7 j

—0o0 —00

£+ )" dua(t)} } . (33)



CUBO

wo1m) Uniform Convergence With Rates of General Singular Operators 9
15, 2 (2013

So from Remarks 5, 6 we derive

Theorem 9. Let f € C™(R), n € Z*. Set cy,¢ := fiooo tdug (t), k = 1,...,m. Assume also
w,(f™), h) < 00, Vh > 0. It is also supposed that

J s (1 + 2) due (t) < oo.

Then

00, X

£
< L |t|“
n!

O, (f;x) — f(x Z 8k Ck, e
( 'E) anelt). (34)

When n = 0 the sum in L.H.S.[34)) collapses.

3 Applications to General Trigonometric Singular Opera-
tors

We make

Remark 10. We need the following preliminary result.

Let p and m be integers with 1 < p < m. We define the integral

[ (sinx)2™ Y e (sinx)2™
I(m,p) = Jioo XTdX = ZJO XTdX (35)
This is an (absolutely) convergent integral.
According to [I1], page 210, item 1033, we obtain
( m k2p71
I(m;p) = 36
In particular, for p = m the above formula becomes
® (sinx)?™ e " K2m-1
= (=1 — 37
L o dx=nl=D)"m ) (1) (m—K)(m+k) (37)

In this section we apply the general theory of this article to the trigonometric smooth general
singular integral operators Ty ¢ (f, x) defined as follows. Let & > 0.
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Let f: R — R be Borel measurable, we define for x € R and 3 € N, the integral

fore) T . 2B
Tre(fx) := ]WJ' o f(x +jt) (sm(:/&)) dt,
0

—oo \ 2
where

00 . 23
W= J (sm(t/&)) dt
- t

oo . 2B
Lo [P,
0

BD oap qyep g KPP
R D M e T

We suppose that T,  (f;x) € R for all x € R.

We present our first result of this section

Theorem 11. Let 1 <n <23 —2and k=1,...,n. The integrals

1 [ sin (t 2P
Ck,e, @ = W,[ e (&/a)) dt
—00

0, for k odd
_ . L 2B —k—1
= ) Eeniee-m ZL OV ESTEET ok even

Zk(Z[S—k—Ul ZB (71)]' "2671 _
j=1 (B—j)t(B+i)!

are finite. Moreover, it holds

(/2] p2x) 0 : 28

(2K)! % t

k=1 >

When n =1 the sum in the L.H.S.(@0) colapses.
Proof.
We used Theorem 1 and relations (36) and (B9).

Corollary 12. Assume w(f,&) < 00, & > 0. Then it holds forn =0 and B > 1 that

- 23
w, (f,1) (W) at.

(oo}

2
o (i) = 1001 < o |

Proof. We are applying Corollary 2 here.

Note 13. The operators T, ¢ are not in general positive and they are of convolution type.

(38)

(39)

(40)
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Let T=2,n=3,and B > 2. Then oo = £, 07 = —2, ay = 5. Consider f(t) =t*> > 0 and
x = 0. Then

1 [ sin (t/&) 2B
Te(t50)=—15—| t*(—"= t<0
2,6(t50) WJ < " > dt <0,

—0o0

since
o . 28 2 RO P IS i
lj 2 (sm(t/&)) g~ EEDEB-N(E-1) L w5
- B . 2B —1
Wiw t 2 2 Y S
< 00,
by Theorem 11. ]

Theorem 14. Let f € C*"(R),n € Z",and p > 1+ L%MJ . Assume also w,(f(") h) < co,Vh >
0. Then

[n/2]
f(Zk)(X) in w (f(n) Z)
Tre(fix) —f(x) — Z WSZkCZk,& < ol BT ’k 25
k=1 ’ o, Cr(—1)Pp [Zk:ﬂ*]) m}

oo . 2p3
. U (1) <Smt> dt] . (42)
O t

When n = 0,1 the sum in L.H.S.([@2]) collapses.

Proof. For i =0,...,7 we have that

P (NP DR ¢ L KB
L e (t) = g2 o

< o0

in the case n +1 even (because f > 1+ L%THJ > 1+ “2“).
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Furthermore, when n + 1 is odd we get

°  /sint\ 2P (!  /sint\ 2P 0 - /sint) 2P

J tn+1 () dt _ tn+1 e dt+J tn—H g dt

0 t Jo t 1 t

1 . 28 . 28
it (st dt+ro gtien (SIMEATE L

Jo t 1 t

. o\ 2B o\ 2B
= nrio (ST n JOO grtiet (SIEA T L
Jo t 0 t

B mi(— ])B—L‘] (2B)! B K2B—mn—i
T R —n—1 PEe S oE T

IA

IA

k=1
m(—1)P 5 (2B)!
tonI g n_i-21

< oo,

K2B—n—i-2
(B —K)(B +K)!

—1)k

I\:]@

k=1
by p > 1+ M| > 1 4 bl
Therefore it holds
oo . 23
[ 2 (e () a2 ()
0o i\t t £ 1

Hence
1T (® . t\" (sin(t/E)\*P . 2 [* . t\" [sin(t/E)\ %P
wl (e g) () emg [ e (eg) (BE) @

2En—2p+1 Joo . <sint>2ﬁ
A dt
w 0 t

N 0o § 28
@ S b e ()
U [(—UBZE:M—”"W} 0 ¢

£ ° g <r> nti <smt>2f5d
B [(,1)5 ZE:N*]WL} Jo é i t t t

(B—K)I(B+K)!
< 00,

which implies that

1 L\ /sin (t/8)\
o () (222)

Applying Theorem 9 here we obtain the inequality ([42)).
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4 Applications to Particular Trigonometric Singular Oper-
ators

In this section we work on the approximation results given in the previous section, for some
particular values of n and f3.

Case  =1.

We have the following value corresponding to formula (B39)

W=m&".

None of the previous results hold in this case.

Case 3 = 2.

We have the following value corresponding to formula (39)

2n
W="-g7.
3 &
Theorem 15. It holds, for n =1
oo . 4
t
el =10 < o8 [ Gt (5 (43)
’ 27 ) t
and, for n =2
' (x) 3 .5(% sin (t/€) "
Ty e (f5x) — f(x) — 3 62c26| < ﬂf LOO Ga(t) (t dt. (44)
Proof.
By Theorem 11, with f =2, n=1,2. |

Corollary 16. Assume w.(f,&) < 00, & > 0. Then it holds for n =0 that

3 o0 sin 4
Tre(fix) = (x)| < Z&° JO s(tt/a)) “

w, (1) ( (45)

Proof. By Corollary 12. |

Theorem 17. Let f € C'(R). Assume w1 (f’,h) < oo, Vh > 0. Then

3&

ITe () =l < 22 [m2+ F] wn (7, 8). (46)
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Proof. We are applying Theorem 14 here for n =1 =1, etc.

Case 3 = 3.

We have the following value corresponding to formula (B39)

wo T

We have
Theorem 18. It holds

oo 6
< E?J Gyt sin t/E dt.
M’ |

6
m‘iBJ' Galt <sm t/&) it

1 (x
Toe(0) — 106~ sea 6

f//
Troe(fix) —f(x) — é )52C2 £

£(x) ) (x)
2026 =~ d4Cag

Tre(f5x) — (%) — ¢

Proof.
By Theorem 11, for f =3, and n =1, 2,3,4.

Corollary 19. Assume w,(f,&) < 00, & > 0. Then it holds for n =0 that

; 6
Tre (%) = ()] < ESJ w; (f, 1) <Sm(tt/a)> dt.

Proof. We are applying Corollary 12 here.

755J Galt) <Sln(t/£)> at.

Theorem 20. Let f € C™(R),n € Z*, and n+r = 1,2, 3,4. Assume also w,(f™, h) < oo, Vh > 0.

Then
[n/2]
£(2K) (%
T e(fix) — f(x) — ]; Wézkcm,a

00 . 6 (n) Y n
J th(1+)" (Smt) dt] Wil 7, E)ET
0 t n!

When n =0, 1 the sum in L.H.S.(52) collapses.

40
<
- 1n

(52)
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Proof. We are applying Theorem 14 here. ]
Case p =4.

We have the following value corresponding to formula (39)

1517 7
W= 315 355
Theorem 21. It holds
315 sin (t/§& 8
el =100 < e [ G () e (53)
151 o t
/(x) 315 sin (t/£)\®
Tr,&(f;x) — f(X) — > 52 2,5’ < ]5]7‘[6’7 Jioo Gz(t) (t dt. (54)
/(x) 315 sin (t/€) ) ®
Tr e (fx) —f(x) — 3 ——b2c0,:| < 15171((’7 J_Oo Gs(t) <t dt. (55)
/() 9 (x) 19 (x)
Tre(f5x) — f(x) — d2c2,8 — 7 dsCq.8 — 720 d6Ce,e (56)
315 sin (t/£)\®
< 2 = :
< B LO Gelt) ( : ) at
Proof.
We used Theorem 11, with f =4, and n =1,2,3,6. |
Corollary 22. Assume w,(f,&) < 00, & > 0. Then for n =0 it holds
630 sin (t/& 8
el 1001 < 27 | "oty (L) (57)
151 t
Proof. We are applying Corollary 12 here. |

Theorem 23. Let f € C*(R), n € Z*, and n 4+ r = 1,2,3,4,5,6. Assume also w,(f(") h) <
00, Vh > 0. Then

[n/2] (2K

Tr,a(f;x) —f(x) — Wézkczh& (58)
k=1 :

630 | [ L sint\® ] w.(FW) g)en

— th (14t t| —— =,

15171U0 (+)<t>d] i
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When n =0, 1 the sum in L.H.S.(B8) collapses.

Proof. We are applying Theorem 14 here. |

Case 3 = 6.

We have the following value corresponding to formula (39)

L (sin(t/E)\'? 655177 1.
W‘J ( t )dt 1663200

—00

Theorem 24. It holds

_ 1663200 _ sin (t/8)\ "
Telfin =100 < oo 2e [ Gty (t at. (59)
. £/ (x) 1663200 _;; [ sin (t/£)\ "
T e (fyx) — f(x) — 3 ——82c2,:| < 655177716 J _ — dt. (60)
. £/ (x) _ 1663200, (= sin (t/&)\ "2
T lfi3) = () = — P 82c2e | € Zomm Jm MYEN g e
(%) 4 (x) f(e)(x)
Tr‘g(f;x)—f(x)— 5202)5_— 4 54C4’g— 720 56C6,£ (62)
1663200 1, sin (t/€)\ '
S Gt J OOGG(”( t dt.
' (x) ) (x) &) (x) 8 (x) f10)(x)
Tre(fix) —f(x) — d2c2,5 — 7 daCa s — 720 66C6,£_T scs,a—T&oClo,a
(63)
1663200 _ 1, sin (t/&)\ '
< t)| —— t. 4
< g Loem( )( . d (64)
Proof.
We used Theorem 11, with f =6, and n =1, 2, 3,6, 10. |
Corollary 25. Assume w(f,&) < 00, & > 0. Then for n =0 it holds
_ 3326400 , J sin (t/&£)\ '
Trelfind = 1000 < g e [ “wc o () Tan (65)

Proof. We are applying Corollary 12 here. |
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Theorem 26. Let f € C*(R), n € Z*, and n+r € {1,2,3,...,10}. Assume also w,(f™) h) <
0o, Vh > 0. Then

[n/2]
(26 (x 3326400
T, e (f:x) — f(x) — L5 <
&(fix) = f(x) ]; (2K)1 2KC2E 655177 (66)
fove) . 12 (n; n
| U R (smt) dt] w, (M), E)En
0 t n!
When n =0, 1 the sum in L.H.S.( @) collapses.
Proof. We are applying Theorem 14 here. |
Case  =10.
We have the following value corresponding to formula (39)
W JOO sin (t/€)\*° | 37307713155613m (19
) t T 121645100408832°° -
Theorem 27. It holds
_ 121645100408832 _40
TreB5X) =0 < 57373155613 (67)
o . 20
J G (1) <Sm(t/i>> at.
. t
' (x) 121645100408832 4,
Tr N - - S
&%) =) = —5=0ac2 37307713155613 (68)
[eS) . 20
sin (t
J Ga(t) (MH(/E)> dt.
- t
(%) 121645100408832 _;,
x) — — <
Trelfix) =flx) = —=0e2e | < 735731556130 (69)
[e9) . 20
J Gg(t) (Sm(t/z’)) dt.
. t
/() 9 (x) 19 (x)
Tre(fix) = f(x) = ——82e2. — —,—8acae — —57=86Cs,¢ (70)

121645100408832 wro Gult) (Sin (t/ri))20 it

—  373077131556137 t

—00
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(x) 4 (x) &) (x) %) (x) 19 (x)

T e(fix) —f(x) — d2c2,5 — 7 daCa g — 730 d6Ce,e, — g 088~ T&oclo,a

121645100408832 o (° sin (t/&) 20
Giolt) | ———= dt. 71
< 37307713155613n" Lo 1ot < (1)
Proof.
We used Theorem 11, with =10, and n=1,2,3,6,10. |

Corollary 28. Assume w(f,&) < 00, & > 0. Then for n =0 it holds

243290200817664 _ 1 (* sin (/) 2°
x) — < — .
Tre (%) =01 < 3755793155613 L w*(f’t)( t dt (72)
Proof. We are applying Corollary 12 here. |

Theorem 29. Let f € C*(R), n € Z*, and n + 1 = {1,2,...,18}. Assume also w,(f("), h) <
00, Vh > 0. Then

(n/2]
(2K (x) 243290200817664
T e (fyx) — f(x) — ——0 < 73
(fix) = flx) ]; (2K)1 DFCHE 373077131556137 (73)
- 00, X
o . 20 (n) n
e g (E20) g @i™, 06
0 t n!
When n = 0,1 the sum in L.H.S.([@3) collapses.

Proof. We are applying Theorem 14 here. |

Acknowledgement. The authors would like to thank Professor V. Papanicolaou of National
Technical University of Athens, Greece, for having fruitful discussions during the preparation of
this article.

Received: February 2011. Accepted: April 2011.

References

[1] G.A. Anastassiou, Rate of convergence of non-positive linear convolution type operators. A
sharp inequality, J. Math. Anal. and Appl., 142 (1989), 441-451.

[2] G.A. Anastassiou, Sharp inequalities for convolution type operators, Journal of Approximation
Theory, 58 (1989), 259-266.



CUBO

Uniform Convergence With Rates of General Singular Operators 19

15, 2 (2013)

3]

[16]

G.A. Anastassiou, Moments in Probability and Approximation Theory, Pitman Research Notes
in Math., Vol. 287, Longman Sci. & Tech., Harlow, U.K., 1993.

G.A. Anastassiou, Quantitative Approzimations, Chapman & Hall/CRC, Boca Raton, New
York, 2001.

G.A. Anastassiou, Basic Convergence with Rates of Smooth Picard Singular Operators, J.
Comput. Anal. Appl., 8 (2006), 313-334.

G.A. Anastassiou and S. Gal, Convergence of generalized singular integrals to the unit, uni-
variate case, Math. Inequalities & Applications, 3, No. 4 (2000), 511-518.

G.A. Anastassiou and S. Gal, Convergence of generalized singular integrals to the unit, mul-
tivariate case, Applied Math. Rev., Vol. 1, World Sci. Publ. Co., Singapore, 2000, pp. 1-8.

George A. Anastassiou, Razvan A. Mezei, Uniform Convergence with Rates of Smooth Gauss-
Weierstrass Singular Integral Operators, Applicable Analysis, 88:7 (2009), 1015 — 1037.

G.A. Anastassiou and R. A. Mezei, Uniform Convergence with Rates of Smooth Poisson-
Cauchy Type Singular Integral Operators, Mathematical and Computer Modelling 50 (2009),
1553-1570.

R.A. DeVore and G.G. Lorentz, Constructive Approrimation, Springer-Verlag, Vol. 303,
Berlin, New York, 1993.

Joseph Edwards, A treatise on the integral calculus, Vol 11, Chelsea, New York, 1954.

S.G. Gal, Remark on the degree of approximation of continuous functions by singular integrals,
Math. Nachr., 164 (1993), 197-199.

S.G. Gal, Degree of approximation of continuous functions by some singular integrals, Rev.
Anal. Numér, Théor. Approz., (Cluj), Tome XXVII, No. 2 (1998), 251-261.

J.B. Kemperman, The general moment problem, a geometric approach, Ann. Math. Stat., 39
(1968), 93-122.

R.N. Mohapatra and R.S. Rodriguez, On the rate of convergence of singular integrals for
Holder continuous functions, Math. Nachr., 149 (1990), 117-124.

L. Schumaker, Spline Functions. Basic Theory, J. Wiley & Sons, New York, 1981.



