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ABSTRACT

We study the existence, nonexistence and multiplicity of nonnegative solutions for the
quasilinear elliptic problem

—Apu=a(x)ud +Ab(x)u", in Q
u=0, on 0Q)

where Q is a bounded domain in RN, A > 0 is a parameter, VARES div(|[Vu/P—2vVu)
is the p—Laplace operator of u, 1 <p < N,0 < gq<p—1<r <p*—1,a(x),b(x)
are bounded functions, the coefficient b(x) is assumed to be nonnegative and a(x) is
allowed to change sign. The results of the semilinear equations are extended to the
quasilinear problem.
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RESUMEN

Estudiamos la existencia, no existencia y multiplicidad de soluciones no negativas del
problema eliptico cuasi-lineal

—Apu=a(x)uf+Ab(x)u’, in Q
u=0, on 0Q)

donde Q es un dominio acotado en RN, A > 0 es un pardmetro, A, = div(|[Vu/P—2vVu)
es el operador p—Laplacianode u, T<p <N,0<qg<p—1<71r<p*—1,a(x),b(x)
son funciones acotadas, el coeficiente b(x) se supone que es no negativo y a(x) se le
permite cambiar de signo. Los resultados de las ecuaciones semilineales se extienden a
el problema cuasi-lineal.
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1 Introduction

Let us consider the problem

(Pa)

—Apu=a(x)ud +Ab(x)u", in Q
u =0, on 0Q)

where Q C RN is a smooth bounded domain, A >0, 1 <p<N,0<q<p—1<1r<p*—1,
P = NN—fp, b(x) > 0, a(x) change its sign, A, = div(|Vu|P~2Vu) is the p—Laplace operator of w.
Equations of the above form are mathematical models occuring in studies of the p-Laplace equation,
generalized reaction-diffusion theory([7]), non-Newtonian fluid theory, and the turbulent flow of
a gas in porous medium([8]). In the non-Newtonian fluid theory, the quantity p is characteristic
of the medium. Media with p > 2 are called dilatant fluids and those with p < 2 are called
pseudoplastics. If p = 2, they are Newtonian fluids.

Recently, A.V.Lair and A.Mohammed in [11] considered the existence and nonexistence of
positive entire large solutions of the semilinear elliptic equation

Au=px)u*+qx)ubf, 0<a<p.

Francisco in [1] considered a sublinear indefinite nonlinearity problem of the form

—Au = a(x)ud +Ab(x)uP, in Q
u=0_0, on 0Q

where Q is a smooth bounded domain in RN, A € R, 0 < g<1<p<r<2*—1bx) >0,
a(x) change its sign. For more results we refer the reader to the works [12-15] and the references
therein.

In recent years, the existence and uniqueness of the positive solutions for the single quasilinear
elliptic equation with eigenvalue problems

{ div(|[VulP~2Vu) + AMf(u) =0 in Q, (1.1)

u(x) =0 0Q,

with A > 0,p > 1,Q € RN,N > 2 have been studied by many authors, see [16-23] and the
references therein. When f is strictly increasing on R*,f(0) = 0,lims_,0+ f(s)/sP~" = 0 and
fls) <o +oast,0 < p<p—1,aq,02 > 0, it was shown in [16] that there exist at least two
positive solutions for Eqs (1.1) when A is sufficiently large. If limg_,o+ inf f(s)/sP~' > 0,f(0) = 0
and the monotonicity hypothesis (f(s)/sP~')’ < 0 holds for all s > 0. It was also shown in [17]
that problem (1.1) has a unique positive large solution and at least one positive small solution
when A is large if f is nondecreasing; there exist o1, 0z > 0 such that f(s) < o7 + x2sP,0 < B <
p — 1;limg 0+ :p(—i)] =0, and there exist Y > 0 with Y > T such that

(f(s)/sP~ 1) >0 for s e (0,T)
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and
(f(s)/sP™ ") <0 for s> Y.

Yang and Xu in [10] established the existence for quasilinear elliptic equation

—Apu=a(x)(u™+Au"), xRN
u>0, x<cRN (1.2)

u—0, [xl— o0

where 0 < m < p—1 < n, they proved there exists a A* > 0 such that (1.2) has a positive solution
for 0 < A <A™,

The quasilinear elliptic equations when a(x) = b(x) = 1 was considered in [2], although here
under some restrictions on the p, q in the critical case r = p*—1. Problems of local ”superlinearrity”
and ”sublinearity” for the p— Laplace problem was considered in [3]. A class of quasilinear elliptic
equations are study in [4]. For more results we refer the reader to the works [5-6] and the references
therein.

Motivated by the results of the above papers. In this paper, we consider the quasilinear elliptic
equations (Pp). We modify the method developed Francisco Odair de Paiva in [1] and extend the
results a quasilinear elliptic equation (P, ), and complement results in [2-4, 10].

The paper is organized as follows. In section 2, we recall some facts that will be needed in the
paper, and give the main results. In section 3, we give the proofs of the main results in this paper.

2 Main results and Preliminary

Let us first consider the following parameterized elliptic problems

—Apu=a(x)u? +Ab(x)Ju", in Q
u >0, in Q (Qa)
u=0, on 0Q)

where Q is a bounded domain in RN, A > 0 is a parameter, ] <p < N,0<q<p—-1<71<
p* — 1,a(x),b(x) are bounded functions, the coefficient b(x) is assumed to be nonnegative and
a(x) is allowed to change sign. Because that a(x) changes sign in Q, so the Maximum principal is
not applicable. Then, define

:l PfL +yq+1 _
P == | vul = 5| et

A

T JQ b(x)(uh) T ue WP (Q)

We know that Fx() is well define in WP (Q) and is of C}(Q)



CUBO

1o 2 2019) Nonnegative solutions of quasilinear elliptic problems ... 25

Definition 2.1. We call u € Wé’p(Q) is a weak solution of (Q,), if u is a critical points of
F)\ (u)

Throughout this paper, we always suppose that
(Hy) There exist A > 0,a smooth subdomain By € Qf, m(x) € L*°(B;) with m(x) > 0, m(x) £
0, it > A1 (B, m(x)) such that
a(x)s9 +Ab(x)s™ > pm(x)sP~!
for a.e.x € By and all s > 0; here A7 (B, m(x)) denotes the principal eigenvalue of —A, on Wg)’p (Bq)
for the weight m(x).

(Hz) For any A > 0, there exists a smooth subdomain B, € Qf,s7 > 0 and 8; > A;(B2),
such that
a(x)s9 4+ Ab(x)s" > 0;sP!
for a.e. x € B2, and all s € [0, s1]; here A7(B2) denotes the principal eigenvalue of —A, on W;’p (Q)
(F1) a(x),b(x) € L*(Q), and

Qo ={xeQ:ax) >0,Qt ={xeQ:a(x) >0}

Q={x€eQ:a(x) <0,Q) ={xeQ:b(x) >0}
are nonempty;
(F2) QF is open, |Q,| > 0 and o ﬂQ_ :
(F3) int(Q) # 0 and b > 0;
(F4) QF € Qf and QF C Q;
(Fs) int U1 Us, U; connected, and Ui (N QF # 0.

As a consequence of assumption (Fs), by the Maximum principle, if u is a solution of (Qx)
such that u is nontrivial in the components of Qg, then u > 0 in int(Q4) D QF.

Definition 2.2. If u is a weak solution of (Q,) and u(x) > 0,a.e.x € QF, then u € Wg)’p(Q)
is a solution of (1.1).

Let
A" =sup{A > 0; (1.1) has a solution}.

By a modification of the method given in [1], we obtain the following main results.

Theorem 2.1. Let 0 < g <p—1< 71 < p*—1. Assume that (F;) — (Fs) hold, then there
exists A* € (0, 00) such that

(1) for all A € (0,A*), problem (P,) has at least one weak solutions;

(2) for A = A*, problem (P,) has at least one solution;
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(3) for all A > A* problem (P,) has no solution.

Theorem 2.2. Let 0 < q<p—1<71<p*—1. Assume that (F;) — (Fs) hold, then problem
(Pa) has at least two solutions for 0 < A < A*.

3 The proof of main results

Lemma 3.1. There is Ag > 0 such that for 0 < A < Ag, problem (P,) has a solution.

Proof. Let e be the unique positive solution of

—Ape=1, in Q;
e =0, on 0Q).

Since 0 < @ < p—1 < 1, we can find Ag > 0 such that for all 0 < A < Ag there exists M = M(A) > 0
satisfying

MP=1 > M9 oo el -+ AMT ol

As a consequence, the function Me satisfies
—Ap(Me) = MP™T > M9|[alloo lef| & +AMT[[bl|oo €|

Hence Me is a supersolution of (P)). Then let T = Me, we have that U is a supersolution
for (Qx). Moreover 0 is a solution of (Qa), so let u = 0 is a subsolution for (Qa). It follows
form the sub-supersolution argument as in [5] or [6] that (Q,) has a nonnegative solution in
A={ueW)P:0<u(x) < Meaexe Q) Then let ¢ = infa Fa,

A

Falu) = l JQ [VulP — L J;) a(x)(u*)q“ -

. i [ oo wewlrio),
Q

there exist u) € A such that ¢ =infa Fx(u,) and u, is a solution of (Qx). Also uy solves (Py) if
uy >0aexeQf.

By contradiction, suppose that uy = 0 a.e.x € Qf, let @ € C°(Q}) be nonnegative and
nontrivial, then for sufficiently small s > 0, uy + s € A

Fa(ua +s@) = Fa(ua) +Fa(se)

+1

sd )\Sr+1

r+1

Sp
— Falun) + P — j a(x)et+! — J b(x)e™!
P Q Q

Then we have Fj(up + s@) < Fa(uwy), if s > 0 is small enough, however this contradicts that the
infimum ¢ = inf F, is achieve at uy . So u) > 0 a.e.x € QF and is a solution of (Py).

Lemma 3.2. (P,) has a solution for all A € (0,A*).
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Proof. Given A < A*, let uy be a solution of (Px), with A < A < A*. Then
—Apux = a(x)u% +Ab(x)ux > a(x)u% + Ab(x)uk,
which uy is a supersolution for (Py).

Consider A ={u € Wg)’p :0 < u < uyl, there exist uy € A such that Fy(uy) = infa Fj, and
u, is a solution of (Q,), as the proof of Lemma 3.1, u, is also the solution of (P,).

Lemma 3.3. Let A* =sup{A > 0: (P,) has a solution}, then 0 < A* < oo.

Proof. Under the assume (Hj), suppose that when A > 0, (P,) has a solution u, €
Wé P(Q)NL*(Q). Consider the eigenvalue problem with weight

— Apv=pum(x)VP~2, in By;
V= O) on aB] .

Since by (Hj), we have

(a(x)ud + Ab(x)ul)@ > uL mx)ud g

J \vuxlpfzvuxvq)zj
B

B

for all @ € CX(Q), @ > 0. This show that u, is an supersolution of (E,). Furthermore, e@; is a
subsolution of (E, ), and e@; < uy for e small enough.

mx)(e@1)P o < uJB mix)(eg1)” '

J Iv(ech\P’zv(ecm)vcp:?wJ
B

B

for @ € C(Q), @ > 0; ¢ is a positive eigenfunction associated to Aj(Bq, m(x)). Then (E)) has a
solution v with e < v < u,,in particular v > 0,v #Z 0. For above that p is a principal eigenvalue
of —Apuon B for the weight m(x). This is contradiction with w > A7 (Bq, m(x)), and consequently
A* < 400, moreover we can also obtain A* > 0 to the Lemma 4.1, so, A* € (0,00). Hence, when
A > A*, problem (P,) has no solution.

Lemma 3.4. For A = A*, problem (P,) has at least one solution.

Proof. For the definition of A*, let A, be a sequence such that A, — A* with 0 < A, < A* A,
increasing, let un be a solution of Py, with Fj_ (un) <0 and F;\n (un) = 0. We obtain

Fan (Un) + Fy (Un) - tn < Cllunl,

where
An

1
Fxn(un)zlj |Vunwp——J a(x) ()t — A
Plo Q r+1

+y\1+1
— J, oo,

Fi (Un) Un = J Vin P —J
Q

ax)uf)e - AnJ bl
Q

n
Q
so by Theorem 1.2.1 of [9], we have

1
(5 + D|[un]? < Cllun /9" +c.
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It shows that w, is bounded in Wg’p, we have, for a subsequence, u, — u* in C'(Q), hence u*
solves (Qa) in Q. u* is a solution of (Pp)) if u* 2 0 in Qf. Assume by contradiction u* = 0 in
Q. Under the assume (H,), we have

(a(ud + Anb()u) g > 6; J Wl
B2

J Ivunlp‘zvunV@:J
B>

B2

for n sufficiently large(so that 0 < u,(x) < s7 on B,,which is possible since u, — 0 uniformly).
So that u,, is a supersolution for the problem

— Apv=01VP %y, inBy;
v =0, on 0B,.

Moreover, since 87 > A7, let u, = e@. We have
—1 —1
—Ap (ue) =Mul ™ <oqul

and e@7 < uy, on By, for (¢ > 0 sufficiently small). It shows that the existence of a solution v of
(Ep,) with @1 <v < uy. This is a contradiction with 87 > Aq in assume (Hz). So, u* £ 0in QF
and is a solution of (Py).

Proof of Theorem 2.2. From the Lemma 3.2, we have obtained wu, is a local minimizer of
Fa(u) and is a solution of (P). In this section, we hope to find the second solution of the form
v = u, + u, by the moutnain pass theorem,where u is a nonnegative solution of

—Ap (ua +u) = alx)(upr +u®)9+Ab(x)(up +ut)’, in O
u =0, on 0Q).

u € Wg’p(Q), and u > 0. Then, u), + u is a second solution of (P,). Define the associated
functional

(w) = JQ IV (un + WP — JQ Ha (x, )

Ha(x, 1) = Ga(x,un +1ub) — Ga(x,un) — ga(x,un)u’;

Galoyw) = L on (6 WL g (% 1) = a(x)ud + Ab(x)u".

Then, it follows that

h(w) = JQ IV (ur + WP — ql] JQ a(0)l(un +uH) —ud*! (g4 Dudut]

A
r+1

J b0 lun +uH)™ w4 Tufut]
Q

(i) let ut e Wg)’p (QY), and for |ju™|| sufficiently small, we have

L(w) > 1j IV (ur + WP — 1J|va Ut 4+ 1J
pla p p

[Vual? +J ga(x,up)u®
1o}

Q



CUBO

1o 2 2019) Nonnegative solutions of quasilinear elliptic problems ... 29

then,
1 1
mmzfj |VuA|P+J QA(XJA)U"LZ*J Vual? = 1 (0)
PlJa Q Plo

(ii) let vy € Wg)’p(Qf;),v] > 0,vy # 0,such that [, b(x)vi*! > 0. We have, for large s

1 1
In(svi) = BJ [V (up + svi)IP — ﬁj a(x)[(ur + sv) 9T —uf T — (g + Dufsv]
Q Q
A T+1 T+1 T
T Qb(x)[(uy\ + svq) —uy" = (r+ Nuysv]
=L [ v rp - o [ bt ypyr - (g (A T,
P Jo s q+1Ja s s sd

_)‘SYH J b(x)[(ﬂ T — (ﬂ)rﬂ _ M]

T+1 o s s sT

)\Sr+1

=06 =T

J b(x)Vi! — —oc0
Q
as s — 0.
(ili) We now prove I)(u) satisfies the (PS) condition in Wg’p(_O_). Indeed, if uy is a (PS)
sequence, i.e. I)(ux) — c, I;\(uk) — 0. Then, for p < 8 <1+ 1,6 — 0, and some constant c,

we have,
0Lz (wie) — I (wie) - ue < e+ x|

where [[w|| denotes the WP (Q) norm ([ [VulP)7.

0 0 0 )
(= Dl < (5 - UL A A - an(x)uk“ + ot e
0 P 0 r+1 0 q+1

(5—])||uk|| +)\(] _m) Qb(x)uk S (qﬁ—]) Qa(x)uk +C+£kHuk||

By a(x), b(x) is bounded in Q, we obtain,

‘q+1

0 0
(5—1)||ukHP+C27\“ ——)HukHT“ < — Dfjux] + ¢+ ex|juxl|

T+ 1 q+1

since q + 1 < p < r+ 1, this implies that the sequence (ux) be bounded in Wg’p (Q). Thus, from
(i)-(iii), I, satisfies the assumptions of the mountain pass theorem,i.e.Ix has a nontrivial critical
point. This concludes the proof of Theorem 2.2.

Received: February 2012. Accepted: October 2012.
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