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ABSTRACT

In this paper, we obtain a unique coupled common fixed point theorem for four maps

in partial metric spaces.

RESUMEN

En este articulo obtenemos un teorema del punto fijo clasico acoplado tinico para cuatro

aplicaciones en espacios métricos parciales.
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1 Introduction and Preliminaries

The notion of partial metric space was introduced by S.G.Matthews [13] as a part of the study
of denotational semantics of data flow networks. In fact, it is widely recognized that partial metric
spaces play an important role in constructing models in the theory of computation ([6-10, 14-16],
ete).

S.G.Matthews [13], Sandra Oltra and Oscar Valero[11] and Salvador
Romaguera [12] and I.Altun, Ferhan Sola, Hakan Simsek [1], T. Abdeljawad, E. Karapinar, K. Tas
[3], E. Karapinar, .M. Erhan [5] proved fixed point theorems in partial metric spaces for a single

map and a pair of maps.

Regarding the concept of coupled fixed points introduced by Bhaskar and Lakshmikantham
[17], in [4], Aydi proved some coupled fixed point theorems for the mappings satisfying contractive
conditions in partial metric spaces. In this paper, we obtain a unique common coupled fixed point
theorem for four self mappings satisfying a \ — ¢ contractive condition in partial metric spaces.
Our result is inspired by the results of Luong and Thuan [18].

First we recall some definitions and lemmas of partial metric spaces.

Definition 1.1. [13]. A partial metric on a nonempty set X is a function p : X x X — R such that
for all x,y,z € X:

(P1)  x=yeplx) =pkxy) =plyy),
(p2)  px,x) <plxy),ply,y) < plx,y),
(p3)  plxy) =p(y,x),

(pa)  pxy) <plx,2) +plz,y) —plz,2).
(X,p) is called a partial metric space.

It is clear that p(x,y) = 0 implies x =y from (p1) and (p2).
But if x =y, p(x,y) may not be zero. A basic example of a partial metric space is the pair (R, p),
where p(x,y) = max{x,y} for all x,y € RT.

Each partial metric p on X generates To topology T, on X which has a base the family of open p
- balls {By, (x, e)|x € X, & > 0} for all x € X and & > 0, where B, (x,¢) ={y € X/p(x,y) < p(x,x)+¢}
for all x € X and ¢ > 0.

If p is a partial metric on X, then the function p® : X x X — R given by p*(x,y) = 2p(x,y) —
p(x,x) —p(y,y) is a metric on X.
Definition 1.2. [13]. Let (X, p) be a partial metric space.
(i) A sequence {xn} in (X,p) is said to converge to a point x € X if and only if p(x,x) =
lim p(x,%xn).

n—oo

(ii) A sequence {xn}in (X,p) is said to be Cauchy sequence if lim p(xn,Xm) exists and is finite
n,m—oo

(ili) (X,p) is said to be complete if every Cauchy sequence {x,} in X converges, w.r.to Tp, to a
point x € X such that p(x,x) = lm p(xn,Xm)-
n,m—oo
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Lemma 1.1. [13]. Let (X, p) be a partial metric space.
(a) {xn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in the metric space

(X, p®).
(b) (X,p) is complete if and only if the metric space (X, p*) is complete.
Furthermore, lim p*(xn,x) =0 if and only if
n—oo
p(x,x) = lim p(xn,x) = lLm p(xXn,Xm)-
n—oo n,m—oo

Remark 1.2. Let (X, p) be a partial metric space. If {xn} converges to x in (X, p), then

nlLH;oP(me)SP(X»y)» Vy eX

Proof. Since {x,} converges to x we have p(x,x) = lim p(xn,x).
n—oo

Now P(me) < P(me) + P(X»y) _P(X»X)-
Letting n — oo,

lim p(xn,y) < lim p(xn,x) +p(x,y) —px,x).

mn—oo mn—oo
Thus lim p(xn,y) < p(x,y).

n—oo

Definition 1.3. [17]. An element (x,y) € X x X is called a coupled fixed point of mapping F :
X x X —= Xif x =F(x,y) and y = F(y, x).
Definition 1.4. [2]. An element (x,y) € X x X is called
(g1) a coupled coincident point of mappings F: X x X — X and f : X — X if fx = F(x,y) and
fy = F(U) X)-
(g2) a common coupled fixed point of mappings F: X x X — X and f: X — X if x = fx = F(x,y)
and y = fy = F(y, x).
Definition 1.5. [2]. The mappings F: X x X — X and f : X — X are called w - compatible if
f(F(x,y)) = F(fx, fy) and f(F(y,x)) = F(fy, fx) whenever fx = F(x,y) and fy = F(y, x).

Using concept of coupled fixed points, Luong and Thuan in [18] proved some coupled fixed
point theorems for a mapping F: X x X — X satisfying the following contractive condition in the
partially ordered metric spaces (X, d, <)

1A Fav)) < 3 a0+ dly,v) - (S A0

2

for all x,y,u,v € X with x >u and y <v, with ¢ € ® and P € ¥, where ¥ denotes the set of all
functions 1 : [0, 00) — [0, 00) satisfying

(V1) P is continuous and non-decreasing,
(b2) W(t) =0 if and only if t =0,
(W3) W(t+5) < W(t) +(s), for all t,s € [0, 00),
while @ denotes the set of all functions ¢ : [0, 00) — [0, c0) satisfying

(d1) lime_rd (t) > O for all T > 0.
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(b2) lim¢ 04 (t) =0.
From (¢1), it is clear that ¢(t) > 0 for all t > 0.

Now we prove our main result.

2 Main Result

Theorem 1. Let (X,p) be a partial metric space and let f,g: X — X and F;G : X x X — X be such
that
(i) For all x,y,u,v € X,

P (p(fx, gu) +p(fy, gv)) — & (p(fx, gu) + p(fy, gv)),

N —

¥ (p (F(x,y), G(w,v))) <

where P e ¥ and ¢ € O,

(i) FX x X) € g(X), G(X x X) € f(X),

(iii) either f(X) or g(X) is a complete subspace of X and

(iv) the pairs (F f) and (G, g) are w - compatible.

Then F G, f and g have a unique common coupled fixed point in X x X. Moreover, the common
coupled fixed point of F, G, f and g have the form (u,u).

Proof. Let x0,Yo be arbitrary points in X.
From(ii), there exist sequences {xn}, {yn}, {zn} and {wy} in X such that

F(XZn»UZn) = 0gX2n+1 = Z2n,

F(yZnsXZH) = 9gYzn+1 = W2n,

G(X2n+1,Y2n+1) = fXon12 = Zon41

and
G(Yzn+1yX2n+1) = fYzns2 = wan1,
n=012.....
We have
l-l) (P (ZZT1+])Z211)) = lb (P (F(XZn)IJZn)) G(XZH—H)UZH—H ))
1
< zll’ (p(z2n,zan—1) +p(W2n,wan—1))

—¢ (p(z2n,z22n-1) +P(Wan, Wan—1)) (2.1)

Similarly,

Y (p (Wans1,Wan)) < %ﬂ’(P(ZZmZZn—H+P(W2mW2n—1))

—& (p(z2n,z2an—1) + pWan, Wan_1)) (2.2)
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From (2.1), (2.2) and (P3), we have

IN

P (p (z2n+1522n)) + U0 (p (W2n g1, W2n))
P (p(zzny z2n—1) + p(W2n, Wan_1))
=20 (p(z2n, z2n—1) + p(Wan, Wan_1)) (2.3)

P (p(zz2n, z2n—1) + p(Wan,wan_1)) .

I\b (P (ZZnJr])ZZn) +7P (W2n+1sW2n))

IN

IN

Since 1 is non - decreasing, we have

P(zont1,22n) + P(Wans1, Wan) < Plz2n, 2on—1) + P(Wan, Wan—_1).

Similarly, we can show that

P(zan,z2n—1) F PWany,Won—1) < p(zan—1,22n—2) + p(Wan—1,Wan_2).

Thus

p(ZnJr]aZn) +P(Wn+1,Wn) < p(Znsanl) +P(WmWn71 )
Put &5 =p(zn+1,2n) + p(Wn+1,Wn). Then we have

S < Sn_1,m=1,2,3, ...

Thus {0,,} is a non - increasing sequence of non- negitive real numbers and must converge to a real
number, say, & > 0.

Suppose & > 0.

Letting n — oo in (2.3) and using the properties of { and ¢, we get

W(3) <p(8) — 2, lim $(d2n) <P(3)

which is a contradiction. Hence 6 = 0.

Thus
T}E%O[p(ZnJr] yZn) +p(Wni1,wn)l =0 (2.4)
Hence from (p2),
JEI;O[P(Zn,Zn) +p(wn,wn)l =0 (2.5)

From (2.4) and (2.5) we have that

lim p®(zni1,2n) =0 (2.6)
n—oo
and
lim p*(Wni1,Wwn) =0 (2.7)
n—oo

Now we prove that {z2,,} and {w;,} are Cauchy sequences.
On contrary, suppose that {zon} or {wan} is not Cauchy.This implies that p®(zz2m,zan) 7 0 or
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P*(Wam,wan) A 0 as n,m — oo.

Consequently

maX{ps(ZZm>ZZn))ps(WZm)WZn)} 7 0 asn,m — oo.

Then there exist an € > 0 and monotone increasing sequences of natural numbers {2my} and {2ny}
such that ny > my,

maX{PS(Zka,Zan),PS (Wka)Wan)} > € (28)

and

maX{PS (Zka) Zan—Z))pS (WZm) Wan—Z)} < €. (29)

From (2.8) and (2.9), we have

€

IN

Inax{ps (Zka y 221 )»ps (Wka y W2ny )}
max{p® (Z2myyZone—2)s p* (Wam, Wan,—2)}

+max{p®(zon,—2,22n,—1), P°*(Wan, 2, Wan,—1)}

IN

+max{p®(z2n, —1,22n, )y P* (W2n, —1, Wan, )}
< €+ maX{Ps (Zanfz, Znyg—1 )v Ps (Wznrz, Won, —1 )}

+max{p®(zan, —1,22n )y P*Wan, —1, Wan, ).

Letting k — oo and using (2.6) and (2.7) we have

kh_)rr;o max{p®(Z22my, Z2n, )y P° Wam, s, Wan, )} = €. (2.10)
Also,
e < maX{Ps (Zka> Zon, )»Ps (Wka yW2n, )}
S max{ps(Zka»Zkaf1))ps(WkasWkafl)}
+ maX{PS (Zka—l y 221y )»PS (Wka—1 y W2n, )} (2'11)
S max{ps(Zka»Zkaf1))ps(WkasWkafl)}

+ max{p®(z2m, 1, 22m, ), P* (Wam, —1, Wam, )}
+ ma’X{ps (szk’ Zan )) ps (Wka ) Wan )}
= zma’X{ps (Zka)Zkafl)sps (WkasWkaf1 )}

+ max{p®(z2my, Zan, )y P°(Wamy s Wan, )}
Letting k — oo and using (2.6), (2.7), (2.10) and (2.11), we have
len;O max{p®(Z2m,—1,22n, ), P (W2am,—1,Wan, )} = €. (2.12)
On other hand we have

max{p*®(zam,,22n, ), P* (Wam,, Wan, )} < max{p*(z2m,, Zon+1), P°*(Wam, , Wan, +1)}

+max{p®(zan, +1yZ2n )y P* Wan, 41, Wan, )}
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Letting k — oo and using (2.5),(2.6) and (2.7), we have

€< kh~>m maX{Ps (Zka yZ2ny+1 )v Ps (Wka)WanJr] )} +0
o0

k—oo 2p(Wamy s Wane+1) = PWam , Wam, ) — P(Wan, 1, Wan, +1)
S 2 kli)m maX{P(Zka)ZanJﬂ )»p(Wka,WanJrl )}
o0
Thus,

) 2p(z2my s Zoni+1) — P(22mey Zomy ) — P(Z2n 41, Zon+1),
< lim max

€ .
z < lim maX{P(Zka,ZanH )»P(Wka,WanH )}
k—o0

By the properties of 1\

v(3) < ¥ (klggo max(p(z2m, Z2ny +1), POW2mes Wany 11 )})
= l}LH;o maX{ll)(P(szky Z2n +1 ))»II)(P(WkaaWanH ))} (213)
Now
PY(p(zamey z2ne+1)) = Y (p(F(X2myrY2m )y G(X2n+15Yzn,+1)))
1
< zll—’ (p(Zkafl ) Zan) + P(Wkaq ) Wan))
—¢ (P(Zkaq y 221, )+ p(Wkafl yWan, )
1
< z [ll)(p(Zka—hZan)) +¢(P(W2mk—1)W2nk))]
—& (p(z2m—15Z2n, ) T PW2my —1,W2n, )
< max{P(p(zame—1,22n, ), W(PW2m—1, Wan, )}
—¢ (p(z2m—15Z2n, ) T PW2my —1,W2n, )
= ll—’(max{P(Zkafl yZ2ny ), p(Wkafl y Wan, )
—¢ (P(Zkaq y 221, )+ p(Wkafl y Wan, )
Similarly

PpWam, Wan+1)) < W(max{p(zam,—1,22n, )y PW2m, —1, Wan, )}

_¢) (p(Zkathan) + p(Wkafl ,Wan )) M
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Hence from (2.13),(2.5) and (2.12), we have

o(§) < am {w(max{pmmk_1,zhk),p(mmk_l,wan)})}

2 —d (plz2me—1,22n ) F PW2m —1, Wan, )

1 PS(szkq,sz) +P(z2me—15Z2me—1)
2 )
+p(22nk ) Zan )

<  lim 1 |max
k—oo 1 [ PEW2my -1, Wan, ) + Pp(Wamy -1, Wam, 1)
z +pWan,, Wan, )
- ]}L}II;O ¢) (p(Zkafl )Z’an) + p(WkafhWan))
€ .
= 1 (E) — lim ¢ (p(zame—1,22n ) F PW2m—1,Won,))
k—oo
. ] P*(Z2me—1,22m, ) F P(Z2me—1,Z2m—1)
= 11) (E) - kh_{I;o d) Z +p(22nk§ Zan) + ps(Wkaf1 ,Wan)
FPWam —1, Wam—1) + P(W2n, , Wan, )
€ .
= v (5)-lm o),
t—3
. : P (Z2me—1,22n, ) + P(Z2me—1,Z2m,—1)
Where E = k,h—)oo z +p(22nk§ Zan) + ps (Wkaf1 ,Wan)
FPWom, —1, Wom, —1) + P(Wan, , Won, )
€
< v (3)

which is a contradiction. Hence {z;1,} and {w;} are Cauchy sequences in the metric space (X, p*).
Letting n,m — oo in

P*(zan+1y22m+1) — P°(z2ny Z2m)l < P°(22n11,22n) + P°(22m41y Z2m)-

we get

: S
lim p*(z2n41,22m41) =0.
n—oo

Letting n,m — oo in
|PS(W2n+1 y W2m+1 ) - Ps (WZn)WZmN < Ps (W2n+1 )WZn) + Ps (W2m+1 )WZm)

we get

lim p®(Wony1,Womy1) =0.
n—oo

Thus {zon+1} and {wan 41} are Cauchy sequences in the metric space (X,p*).
Hence {z,} and {wy} are Cauchy sequences in the metric space (X, p*).
Hence we have that lim p®(zn,zm) =0= lim p*(wn,wn).

n—oo n—oo
Now from definition of p® and from (2.5) we have

lim p(zn,zm) =0 (2.14)

n—oo
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and

lim p(wn,wm) =0. (2.15)

mn—oo
Suppose f(X) is complete. Since {z2n 11} C f(X) and {won41} C f(X) are Cauchy sequences in the
complete metric space (f(X),p*®), it follows that the sequences {zyn+1} and {wzn 41} are convergent
in (f(X),p*).Thus

lim ps(lzn+],u) =0
n—oo

and

lim p®(wani1,v) =0
n—oo

for some u and v in f(X).

Since u,v € f(X). there exist s,t € X such that u = fs and v = ft.

Since {zn} and {wn} are Cauchy sequences in X and {zon 1} — w and {w2n1} — v, it follows that
{zon} — v and {wyn} — v.

From Lemma 1.1, we have

plu,u) = lim p(zon,u) = lim p(zzni1,u) = lim  p(zn,zm) (2.16)
n—oo n—oo n, m—oo
and
p(v,v) = lim p(wan,v) = lim p(wani1,v) = lim  p(wn, wp) (2.17)
n—oo n—oo n, m—oo

From (2.16), (2.17), (2.14) and (2.15) we have

plu,u) = 0 =plv,v). (2.18)
Now,
P(F(S»t)»u) S p(F(Sv t)s Z2In+1 ) + p(22n+1)u) - P(ZZnH yZ2n+1 )
< p(F(s,t), G(x2n+1,Y2n+1)) + plzant1,u).
Therefore,
I\b(p(F(Ss t)su)) < I\b (p(F(Ss t)s G(X2n+1 yY2n+1 )) + P(ZZnH )u))
< Yp(Fs,t), G(x2n+1,Y2n+1))) + W (p(z2n+1,1)), from (P3)
S %I\b(p(us ZZn) +p(va2n)) -

¢ (p(u,z2n) +p(v, won)) + W(plz2ns1,u).

Letting n — oo and using (2.16), (2.17), (2.18) and (d2), (V1) we get Y(p(F(s,t),u)) < 0. Hence
F(s,t) =u="fs (by ({2)).
Similarly, we have F(t,s) =v = ft.
Since the pair (F,f) is w - compatible, we have fu = F(u,v) and fv = F(v,u). Suppose that fu #u
or fv #£v.

p®(fu, zon) = 2p(fu, zon ) — p(fu, fu) — p(zan, zan)-
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Letting n — oo, we get

ps(fu,u) =2 lim p(fu,zzn) —p(fu,fu) — 0, from (2.5)

n—oo

or
2p(fu,u) —p(fu, fu) —p(u,u) =2 lim p(fu,zzn) — p(fu, fu)

or

p(fu,u) = lim p(fu,zzn), from (2.18).

Similarly, we have p(fv,v) = lim p(fv,w;y).Thus
n—oo

T}Hr;o[p(fv, Zon) + p(fv,won )]l = p(fu,u) + p(fv,v) >0 (2.19)
We have
pfu,u) < plfu,zani1) +plzansr, u) — p(zans1, 22n41)
< p(F(u,v), G(x2n+1,Y2n+1)) + plzani1, u).
Thus,
Ypfu,u)) < bp(F(w,v), Glxant1,Y2n+1)) + ¥ (plz2ns1,u)), from (P3)

IN

(Pl z20) + (R, wan)
_d) (P(ﬁl» ZZn) +P(fV,W2n)) +¢(p(22n+1su))-

Similarly, we have
1
bp(fv,v)) < Sw(p(fu,z2n) +p(fv, won))
—¢ (p(fu, z2n) + p(fv, wan)) + W (p(Wani1, V).

Hence

< Y(pfu,u)) +e(p(fv,v)), from (P3)
< U (p(fu,zan) + p(fv,w2n))
—2¢ (p(fu, z2n) + p(fv,wan))
+(p(zan+1, W) + ¥(p(Wani1,v)).

Y(p(fu,u) +p(fv,v))

Letting n — oo and using (2.19),($1),(2.16),(2.17) and (1), we get

Pp(fu,u) +p(fv,v)) < b(p(fu,u) +pfv,v)).
It is a contradiction. Hence fu = u and fv = v. Thus

F(u,v) = fu=u and F(v,u) = fv=. (2.20)
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Since F(X x X) C g(X), there exist a,b € X such that u = F(u,v) = ga and v = F(v,u) = gb.
Y(plu,Gla,b))) = W(p(F(u,v),Gla,b)))
< (Pl + P v) — & (pl,u) +p(v,v)

= J(0)— (0], [ from (218)
< 0, (since P(0) =0 and ¢(0) > 0).
Hence ¥(p(u, G(a,b))) = 0, which implies that G(a,b) = u = ga.
Similarly, we have G(b,a) =v = gb.
Since the pair (G, g) is w - compatible, we have gu = G(u,v) and gv = G(v,u). Suppose gu # u
or gv # v. We have

Pphwou) = B(p(FWY), Gl v)))
Tb(plu, gu) + (v, g) — b (plu, gu) + plv, gv))

IN

and
Bplvgv)) = Bip(Flv,w), Gv,w)
< 0(plgu) + (v gv) — & (plu, gu) +p(v, gv)).

Hence
P(p(u, gu)) +b(p(v,gv))

<
< Wblplu,gu) +pv,gv)) —2¢ (p(u, gu) +p(v, gv))
< YP(plu,gu)+p(v,gv)) (since d(t) >0V t>0).

P(p(u, gu) +p(v, gv))

Hence gu =u and gv =v.Thus,
u=gu=G(u,v) and v=gv=G(v,u) (2.21)

From (2.20) and (2.21), it follows that (u,v) is a common coupled fixed point of F, G, f and g.
Let (u*,v*) be another common coupled fixed point of F, G, f and g. We have

Ypwu)+pv,vY)) < dpl,u’)) +dpv,v))
< Y(p(Flu,v), Gu”,v))) + b (p(Flv,u), G(vF,u’)))
< %ll’(P(u,u*)+P(v,V*))—¢(P(u,u*)+P(V,V*))

2P0, w) +p(v ) — & (p(,u) +p(v, )
ﬂ)(P(u)u*) +p(V)V*)) _2(1) (P(u)u*) +P(V»V*))
< Yplyu) +plv,v7),
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which is a contradiction. Hence (u,v) is the unique common coupled fixed point of F, G, f and g.
Now we will show that u=v. Suppose u # v.

Vip(wv)) = b(p(Flu,v),G(u,v)))

< J0(P(0,Y) Py, w) — & (pl,v) + plv, W)
< WPl V)~ b (p(w,v)
< V).

Hence u =wv.
Thus u = fu = F(u,u) = G(u,u) = gu, that is, the common coupled fixed point of F, G, f and ¢
has the form (u,u). O
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References

(1) Ishak Altun, Ferhan Sola and Hakan Simsek, Generalized contractions on partial metric
spaces, Topology and its Applications, 157, (2010), 2778 - 2785.

(2) M.Abbas, M.Alikhan and S.Radenovic, Common coupled fixed point
theorems in cone metric spaces for w - compatible mappings, Applied Mathematics and
Computation, Volume 217, Issue 1, (2010),195 - 202.

(3) T. Abdeljawad, E. Karapinar and K. Tas, Existence and uniqueness of a common fixed point
on partial metric spaces, Appl. Math. Lett., Vol.24, Issue 11, (2011), 1900 - 1904.

(4) H. Aydi, Some coupled fixed point results on partial metric spaces, International Journal of
Mathematics and Mathematical Sciences, Volume 2011, (2011), Article ID 647091.

(5) E. Karapinar and I.M. Erhan, Fixed point theorems for operators on partial metric spaces,
Appl. Math. Lett., Vol.24, Issue 11, (2011), 1894 - 1899, d0i:10.1016/j.aml.2011.05.013.

(6) M.Schellekens, The Smyth completion: a common foundation for denotational semantics and
complexity analysis, Electronic Notes in Theoretical Computer Science, vol 1, (1995), 535 -
556.

(7) M.Schellekens, A characterization of partial metrizebility: domains are quantifiable, Theo-
retical Computer Sciences, vol 305, no. 1 - 3, (2003), 409 - 432.

(8) P.Waszkiewicz, Quantitative continuous domains, Applied Categorical Structures, vol 11, no.
1, (2003), 41 - 67.

(9) P.Waszkiewicz, Partial metrizebility of continuous posets, Mathematical Structures in Com-
puter Sciences, vol 16, no. 2, (2006), 359 - 372.



CUBO

A unique common coupled fixed point theorem ... 127
14, 3 (2012)

(10) R. Heckmann, Approximation of metric spaces by partial metric spaces, Appl. Categ. Struc-
tures, no.1 - 2, 7, (1999), 71 - 83.

(11) Sandra Oltra and Oscar Valero, Banach fixed point theorem for partial metric spaces,
Rend.Istit.Mat.Univ. Trieste, vol XXXVI,(2004),17 - 26.

(12) Salvador Romaguera, A Kirk type characterization of completeness for partial metric spaces,
Fixed Point Theory and Applications, vol.2010, (2010) Article ID 493298, 6 pages,
doi:10.1155/2010/493298.

(13) S.G. Matthews, Partial metric topology,Proc. 8th Summer Conference on General Topology
and Applications, in : Ann. New York Acad. Sci., vol. 728, (1994), 183 - 197.

(14) S.J. O’Neill, Partial metrics, valuations and domain theory, in : Proc. 11th Summer Confer-
ence on General Topology and Applications, vol 806 of Annals of the New York Academy of
Sciences, (1996), 304 - 315.

(15) S.Romaguera and M.Schellekens, Partial metric monoids and semi valuation spaces, Topology
and Applications, vol 153, no.5 - 6, (2005), 948 - 962.

(16) S.Romaguera and O.Valero, A quantitative computational modal for complete partial metric
space via formal balls, Mathematical Structures in Computer Sciences, vol.19, no.3, (2009),
541 - 563.

(17) T.G.Bhaskar and V.Lakshmikantham, Fixed point theorems in partially ordered cone metric
spaces and applications, Nonlinear Analysis : Theory, Methods and Applications, 65(7),
(2006), 825 - 832.

(18) Nguyen Van Luong and Nguyen Xuan Thuan, Coupled fixed points in partially order metric
spaces and application, Nonlinear Analysis, 74, (2011), 983 - 992.



