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ABSTRACT

Similarities are shown between the algebras of complex differential forms and of complex
Clifford algebra-valued multi-vector functions in an open region of Euclidean space of

even dimension.

RESUMEN

Se presentan las similitudes entre las dlgebras de formas diferenciales complejas y de las
funciones de dlgebras de Clifford complejas con valores de multiples vectores aplicados
en una regién abierta del espacio euclidiano de dimensién par.
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1 Introduction

Usually Clifford analysis is understood to be the study of the solutions of the Dirac equation for
functions defined on the (anti-)Euclidean vector space R®™ and taking values in the correspond-
ing Clifford algebra Rp m. It thus offers a proper analogue to the Cauchy-Riemann equations for
holomorphic functions in the complex plane. For a thorough study of the so-called monogenic
functions of Clifford analysis we refer to the standard textbooks [5] 15l [I7) 18].

The symmetry group of the Dirac equation is either SO(m) or Spin(m), according to the
definition of the group action on the values taken by the functions under consideration. If these
values are in the Clifford algebra with left multiplication, the symmetry group is Spin(m), which
then usually is realized inside the Clifford algebra. In the case of functions with values in the
Clifford algebra with both side action, it is more natural to identify the Dirac equation with the
equation (d+ d*)f =0, and to identify the space of values, in casu the Clifford algebra, as a vector
space, with the Grassmann algebra of R™. This Grassmann algebra may then be decomposed
into the direct sum of its homogeneous parts, which is a decomposition into irreducible parts
under the action of SO(m). In this framework it was shown (see [I3]) that, on the polynomial
level, the space of monogenic functions can be split into a direct sum of solutions of the Hodge-de
Rham equations for homogeneous differential forms. This entails a finer structure of the space of
monogenic functions, which manifests itself explicitly in a finer form of the corresponding Fischer
decomposition (see [14]).

An important ingredient in the latter approach is the translation of spaces and operators from
the language of multivector functions with values in a Clifford algebra to the language of real dif-
ferential forms, as was described in detail in [6]. Let us give a very brief overview. On the one hand
we have the Cartan algebra A(G) of smooth real differential forms in an open subset G of Euclidean
space R™, endowed with exterior multiplication. A fundamental operator on A(G) is the exterior
derivative d with its important property that for any differential form w, d?w = d(dw) = 0.
Introducing the Hodge co-derivative d* leads to the differential operator D = d 4+ d*, by means
of which the so-called ”harmonic” r-forms (0 < r < m) are characterized as smooth differential r-
forms w" satisfying Dw™ = 0. On the other hand we have the algebra £(G) of smooth multi-vector
functions in G. Multi-vector functions arise in a natural way when considering functions defined
in G and taking values in the universal real Clifford algebra R¢ m constructed over RO™ je R™
equipped with an anti-Euclidean metric. If RS m (0 < r < m) denotes the space of r-vectors, then
the Clifford algebra Rg 1, is precisely the associative algebra Rp m = @10 RS 1, and an r-vector
function F; is a map F; : G — R ;. A fundamental operator on the space of smooth multi-vector
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functions, is the rotation-invariant Dirac operator 0x, by means of which the so-called monogenic
functions are characterized as the smooth functions f satisfying 0xf = 0, as already mentioned
above. The spaces of smooth differential forms and of smooth multi-vector functions were shown to
be isomorphic in a natural way: a smooth r-form is identified with a smooth r-vector function, and
the action of the differential operator d + d* on the space A\"(G) of smooth r-forms, is identified
with the action of the Dirac operator dx on the space &:(G) of smooth r-vector functions. Also
other correspondences were studied in detail in [6].

When the dimension is taken to be even (m = 2n), one can make the framework of Clifford
analysis closer to complex analysis by introducing on R?™ a complex structure J. The symmetry
group then reduces to the subgroup U(n) € SO(2n) preserving the chosen complex structure J.
This is the basic setting for so-called Hermitean Clifford analysis, which recently has emerged as
a new and successful branch of Clifford analysis, offering yet a refinement of the Euclidean case.
The functions studied are defined in open regions of C™ and take their values in the complex
Clifford algebra C,,,. More particularly Hermitean Clifford analysis focusses on the simultaneous
null solutions, called Hermitean (or h—) monogenic functions, of two Hermitean Dirac operators
0, and 0,+. A systematic development of this function theory, including the invariance proper-
ties with respect to the underlying Lie groups and Lie algebras, is still in full progress, see e.g.
[9, 1, 2, 7, 8, B, 4, 23, 12]. Part of this program also concerns the study of the finer structure
induced on the space of monogenic functions by the choice of the complex structure J.

When studying the Dirac equation for functions with values in a Clifford algebra, it is well
known that the Clifford algebra can be split into the direct sum of a number of isomorphic copies
of the basic spinor representation. Accordingly, the set of equations will split into a number of
independent subsets of equations for functions with values in the various copies of spinor space. It
is a trivial observation that all these subsystems are equivalent to each other and their solutions
will have the same properties, whence, without any loss of generality, we can restrict the study to
functions with values in the space of spinors (or half-spinors in even dimension). In the standard
situation, this space of values cannot be split further since they are already irreducible under the
(left) action of the Spin(m) group. However, after having fixed the complex structure J, the sym-
metry group is reduced, as explained above, and the spinor space decomposes further into smaller
pieces. If it is realized in a standard way as the Grassmann algebra over the maximal isotropic
subspace in C2™, then this splitting is just the splitting into homogeneous components; for details
see e.g. [2].

Our final aim is to understand the finer structure of the space of monogenic functions induced
by this splitting. A first step towards that goal is to establish a scheme for the translation of spaces
and operators between the language of complex Clifford algebra and the language of complex dif-
ferential forms. In fact this is the complex analogue of the translation in the Euclidean situation
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mentioned above, see [6]. The purpose of the underlying paper is precisely to describe in a rather
formal, yet detailed, way the similarities between complex differential forms in open regions of C™
on the one hand and multivector functions in the Hermitean Clifford analysis setting on the other.
Crucial to this description is the detailed analysis of the structure of complex Clifford algebra as
carried out in [I0]. The Hermitean Dirac operators 0, and 9,+ and the associated operators 0.e,
0.\, 0,18 and 0,+/\, originating by splitting the Clifford or geometric product into its “inner”
or “dot” and “outer” or “wedge” parts, are identified with well-known differential operators for
complex differential forms on Ké&hlerian manifolds in C™. However it should be emphasized that,
in this paper, we restrict ourselves to the flat Kéhlerian metric on C™ with fundamental form
Q= % 00|z/?. The more general approach of Hermitean Clifford analysis on complex Hermitean
manifolds and its comparison with complex analysis on Kéhlerian manifolds is the subject of the
forthcoming paper [I1].

The paper is structured as follows. Sections 2 and 3 are introductory, fixing our definitions
and notations. An identification of all differential operators and forms under consideration in both
pictures is described in Section 4. The relation to the operators which are standard in Kéahlerian
geometry is clarified in Section 5. The last section adds some remarks on the Hodge operator.

2 Multi-vector functions: preliminaries

In this section we recall some basic notions and results from Clifford algebra and Clifford analysis.

The construction of the universal real Clifford algebra is well-known; for an in-depth study
we refer the reader to e.g. [22]. Here we restrict ourselves to a schematic approach. Let R®™ be
the real vector space R™ (m > 1) endowed with a non-degenerate symmetric bilinear form B of
signature (0, m), and let (eq,...,em) be an associated orthonormal basis, i.e.

B(ei,ej)—{; ?i T?, (1<ij<m)
if i

then the anti-Euclidean metric on R®™ is induced by the scalar product
(ei,e5) = —Blei,e5) =845, 1<i,j<m
We first introduce the anti-symmetric outer product by the rules

egNeg = 0, 1T<i<m
egNej+e;ANey = 0, 1<i#j<m
and for each A = {i1,12,...,i,} C M ={1,...,m}, with 1 < 1i; <1i; < ... <1i, < m, ie. ordered in
the natural way, we put
€A = €4, N\ €i, AN /\eir
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while ey = 1. Then for each r = 0,1,...,m, the set {ea : A C M and |A| = 1} is a basis for the
space Rg ., of so-called r-vectors. Next, we introduce the inner product

ei*ej=—(ei,¢) =Blei,e5) = by, T<ij<m
leading to the so-called geometric product of vectors in the Clifford algebra:
eiej=e;*e +egANej, 1<i,j<m

The respective definitions of the inner, the outer and the geometric product are then extended to
r-vectors as follows: for the inner product, we have

T

ej*ea=¢j° (611 AN /\ei,-) = Z(*1 )kéjikeA\{ik}
k=1

with
eA\ﬁk} = ey, VAN /\eik71 N\ [eik/\} i1 VAN /\eir

while for the outer product
ejNea = ejAfey, A ... Ney,)=¢eNey, A ... Ney,, ifjgA
ejNea = 0, ifjeA
and finally, for the geometric product (or product for short)
ejea =¢j®*ea +ejNea

Finally, these definitions are linearly extended to the whole of the Clifford algebra Ro m, which is
the associative algebra

m
Ro,m = @ Rg‘m
r=0

If [ -]y : Ro,m — R{ ,,, denotes the projection operator from Ry m onto Ry, then each Clifford

number a € Ro ;,, may be written as
m

a:Z [al,

r=0

Note that in particular for a T-vector u and an r-vector v, one has

Uvy =ue*vy +uAv,

<uvr — (=1, u)

(uvr + (=1, u)

with
uev, = [uvlg =

UAvV: = uvlep =

Nl = N —
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Usually R and R™ are identified with Rg‘m and Ré‘m respectively. An element X = (X1,...,Xqm) €
R™ is thus identified with the T-vector X = 3, Xje;.

Now let G be an open region in R™. A smooth r-vector function F, is a map

Fr:G =Ry, X Z Fra(X)ea
[Al=1

where for each A, Fr o is a smooth real valued function in G. We denote by &£:(G) the space of

smooth r-vector functions in G, and we put

The projection operator from £(G) onto &,(G) is denoted by [ . .

A fundamental operator in Clifford analysis is the so-called Dirac operator, a first order vector

valued differential operator given by
m
Ox = Z Ox;

Since the multiplication in the Clifford algebra is non-commutative, operators can act from the

left or from the right on a function. For the Dirac operator and a function F = Z eaFa € £(G),

A
these actions are given by

oxF =

W'I\/]a

Z (S1.% XFA and Fa iz €ACj XFA
A i=1 A

A function F € £(G) is called left (resp. right) monogenic in G if and only if it satisfies in G the
equation 0xF =0 (resp. Fox =0).

Restricting the Dirac operator 0x to the space &:(G), we find for an r-vector function F, that
0xFr and F.0x split into an (r — 1)-vector part and an (r 4 1)-vector part:

m
e ® anFT + Zej /\anFr
=1

m
+) 0xFrAe
j=1

m
OxFr = Z j0x,Fr =

M

Il
-

'I\/]g [
M3

-
—_
—_

Fdx =

axi F. ey =



SEJ@BOB Differential forms versus multi-vector functions ...

91

It readily follows that

=
X

o
2
5

|

|
M3

—_

m
e 2 0xFr = (1)) dxFree = (1) [Fax],
j=1

[OxFe],.y = D e AdxF = (-1)7 ) dxFAe = (1) [Fdx]
j=1

T+1

—.
—_

Usually one introduces the notations

al . Fr = [aXFT}T,], 65/\FT = [aXFT]T+]

Fr.al = [Frax}rfly Fr/\aﬁ

[F‘raX]r+1

The action of the Dirac operator 0x on &.(G) thus gives rise to two auxiliary differential operators

aX/\:gT(G)_)gr-H(G); Fr = (a /\)Fr = al/\Fr = [0

Oxe: & (G) = & 1(G); Fr = (ax. B = ox* Fr = [alFr]r71
F

T]r-H

for which it holds that

Their action on &.(G) is two-fold in the sense that they act on the multi-vector by means of the

inner and outer product with basis vectors, and at the same time on the function coefficients

by partial differentiation. We thus have that, for a smooth r-vector function F,, the notions of

left monogenicity and right monogenicity coincide, and moreover that F, is left as well as right

monogenic in G if and only if in G

axFr =0 <= Fdx=0 < {

As the Dirac operator dx factorizes the Laplace operator, viz

3% = dx * dx + dx Adx = dx * Ix = —(dx,0x) = —Am

a monogenic function in G is also harmonic in G, but the converse clearly is not true. As moreover
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we have that

—Am = (3x @ +3x/A)? = dx @ dx A\ +0x A dxe

the two second order differential operators (0x ® 9x/\) and (dx /A dxe) arising above being scalar
operators in the sense that they keep the order of the multi-vector function invariant. However the
function coefficients, while being differentiated, are interchanged w.r.t. the basis multi-vectors.

When allowing for complex constants and moreover taking the dimension to be even: m = 2n,
the same generators (e1,...,en,€ni1,...,e2n) produce the complex Clifford algebra Cj,,, which
is the complexification of the real Clifford algebra Rg s, i.e. Con = Rpn @ iR 2n. Any com-
plex Clifford number A € C,,, may thus be written as A = a +1ib, a,b € Ry 2, an observation
leading to the definition of the Hermitean conjugation AT = (a + ib)T = @ — ib, where the bar
notation stands for the usual Clifford conjugation in Ry 7y, i.e. the main anti-involution for which
€ =—ej,j=1,...,2n. This Hermitean conjugation also leads to a Hermitean inner product and
its associated norm on Cay given by (A, ) = A plo and Al = /AN = (3~ 5 Aal?)1/2.

This is the framework for so—called Hermitean Clifford analysis, a refinement of Euclidean
Clifford analysis. An elegant way of introducing this setting consists in considering a so—called
complex structure, i.e. a specific SO(2n;R)-element ] for which it holds that J? = —1 (see [I} [2]).
Here, ] is chosen to act upon the generators e, ..., ez of the Clifford algebra as

][e]] = —€n+j and Henﬂ} = €j, J = 1»"'»“

With ] one may associate two projection operators %(1 + 1J) which produce the main objects
of the Hermitean setting by acting upon the corresponding objects in the Euclidean framework.
First of all, the so—called Witt basis elements (fj,f})}‘:1 for C,;, are obtained through the action
of i%(l +1J) on the original orthogonal basis:

1

o= 0+l = sle—teny), j=1....n
1 1

fi = —3(1-Ule) = —3lej+iensy), j=1,..m

The Witt basis elements satisfy the Grassmann identities
fihe + hefy = AfL + L =0, j,k=1,...,n

2
including their isotropy: sz = ﬂL =0,j=1,...,n, as well as the duality identities

B+ =6k , Jk=1,...,n

The Witt basis of the complex Clifford algebra C;;, is then obtained, in much the same way as is
done for the basis of the real Clifford algebra, by taking all possible products of Witt basis vectors.
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Introducing the inner and outer products for the Witt basis vectors we have, see also [9],

fef = flefl =0 jk=1,...n
, 1 .
fefk = flef = 38k  gk=T...n
and
f]/\fk = _fk/\f)) jvk:]y-")n
eventually yielding
fifk = fiefk+iAfk = fj Nk, jhk=1,...,mn
fif. = fefl+fiiAf = AR, jk=1,...,n
1 .
Bl = Bef+HARL = 8+ HARL k=1..n

This leads to the Grassmann structure of the complex Clifford algebra
NN A P
Can =P DA,
p=0 q=0

where
P,d . . .
/\2T1 :Spanc{f;r1 /\.../\f}p/\fk] AN i <i2 <. <ip, ki <k2<...<kq}

A vector (Xi,...,X2n) in R%?™ is now denoted by (x1,...,Xn,Y1,...,Yn) and is identified with
the Clifford vector X = Z;; (€5 %5 + en+j Yj); the action of the complex structure ] on X yields
the twisted vector

Xl =JIX] ZZ(ejyj —en+jXj)
i=1

Note that X and X| anti-commute, since they are orthogonal w.r.t. the standard Euclidean scalar
product; more precisely they satisfy the following properties.

Lemma 2.1. One has

(i) XeX|=0
(i) XAXI =23k XjUk(€jex — enikenti) — 25 i €entk(Xxi + Yjyx)
(iif) XIAX =35y Xjyxlexe; — enijenik) — 2\ en+kej(XyXk +Yjyx)

(iv) XX[+X|X =XAX[+ X[AX =0
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The actions of the projection operators on the Clifford vector X then produce the mutually

Hermitean conjugate Hermitean Clifford variables z and z', i.e.

1 1
z = AU = SX+iX)
1 1
T — - 1 = —— —1
z (1 -1)X 7 (X—1X))
which may also be rewritten in terms of the Witt basis elements as
n n
=Y fz and zt = (2)f = ) flzf
j=1 j=1
where n complex variables z; = xj 4+ iy; have been introduced, with complex conjugates z{ =
xj —1yj, j = 1,...,n. Finally, the Hermitean Dirac operators 9, and 0,+ are obtained from the
Euclidean Dirac operator 0x:
1 . 1 .
1 . 1 .
0, = *1(1 —1iJ)ox] = *1(65* i0x)

where also the so—called twisted Dirac operator arises:
n
Ox; =T0x] = D (edy; — ens;Ox;)
j=1

As for 0x, a notion of (twisted) monogenicity may be associated in a natural way to 0x| as well.
Passing to the Witt basis, the Hermitean Dirac operators are expressed as

aézifjazj and 9, = (d T—Zf] s

involving the classical Cauchy—Riemann operators azjc = %(ax,. +i0y, ) and their complex conjugates
0z, = %(6xi —10y, ) in the complex zj-planes, j = 1,...,n. As a consequence of the isotropy of the
Witt basis vectors, the Hermitean vector variables and Dirac operators are isotropic, i.e.

(2)?=(2)>=0 and (9.)% =(9,1)* =0

whence the Laplacian Ay, = 762& = 7a§(| allows for the decomposition
Apn =4(9,0,1 + 0,19,) =4(d, + 0,1)2
while also

(z+z")2 =zzl +2lz =2 = |21]? = [X]* = 1X|I?

The central notion in Hermitean Clifford analysis is that of Hermitean monogenicity. A
continuously differentiable function g on an open region G of R*™ = C™ with values in the complex
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Clifford algebra Cyy, is called (left) Hermitean monogenic (or h-monogenic for short) in G if and
only if it simultaneously is dx— and dx;-monogenic in G, i.e. it satisfies in G the system

0xg=0=0x9

which is equivalent with the system
0,g=0=0,:¢g

Now the multivector functions in the Hermitean Clifford analysis setting are smooth functions
defined in an open region G of R?™ = C™ and taking their values in the Grassmann subspaces
A5:3. They thus take the form

n
PP, Xm, Uty Un) = D 5y kg 1y A AT Afig A A,

where the scalar functions &j,. j, k.., are assumed to be smooth functions in G. The space of
these multivector functions is denoted by P 9(G), and we have

£'(6) = P €96

pt+q=r

Similarly to what was done for the Euclidean Dirac operator dx (and holds for dx, as well),
also the Hermitean Dirac operators may be split into their scalar or ”dot” part and their bivector
or "wedge” part, leading to

RN = iazlﬂ/\
i=1

aé. = ialiﬂ.
i=1

for which it thus holds that
0, \N+0,0=0;, 0,t/\+0,10=0,:

These operators have a two-fold action on £P°9(G) in the sense that they act on the multi-vector
by means of the inner and outer product with Witt basis vectors, and at the same time on the
function coefficients by partial differentiation. They enjoy the following properties, which can be
obtained through direct calculation.

Property 2.2. The Hermitean Dirac dot and wedge operators are interrelated by complex conjuga-
tion as follows:
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(i) (0N)® = =0

(i) (0,0)¢ = —0,re

Property 2.3. The Hermitean Dirac dot and wedge operators act as follows on the spaces EP>9:

(i) 9,A:EPT — gPFLa
(ii) 0 0: &P — gPa-]
(iif) 9\ :EP A — EPrat]
(iv) 0 r0:EP A — g T
Property 2.4. The Hermitean Dirac dot and wedge operators are isotropic:
(i) (0/\)? = (0,0)* = (0,1A)* = (0,10)2 =0
and they show the following anticommutation relations:
(ii) (ag/\)(ag.) + (a;.)(ag/\) =0
(ili) (0,+/\)(0, 1) + (0,10)(0,/\) =0
(iv) (02/A\)(044/\) + (0,1A)(92/\) =0
(v) (020)(0re) + (0,re)(0,0) =0

Property 2.5. Composition of the Hermitean Dirac dot and wedge operators yields the following
actions on the spaces EP9:

(i) WZ —(0,A)(0,0) = (0,0)(0,A\) : EP 9 — gp+l,a-1
(ii) (0, A)(0yr0) = —(9,1A)(Dzr0) = (D,10) (D A) : EPd — £P—Tha]
(iif) (9A)(0,0A) = —(0,:A) (D N) : P29 — gPFTat]

(iv) (0,0)(0,18) = —(,10)(Dz0): EP29 — gP-Toa- T

Property 2.6. The Hermitean Dirac dot and wedge operators establish a decomposition of the
Laplacian in the following ways:

(i) (32A)(0zr@) + (3,10)(3N) = § Azn

(i) (3,4A)(3z0) + (020)(34A) = § Ao
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Property 2.7. The Hermitean Dirac dot and wedge operators establish decompositions of the cor-
responding Euclidean ones as follows:

(1) (9,4/) — (92/\) = JOxA, (9 18) — (0,0) = J0xe

(i) (3A) + (02A) = $0x A, (9,10) 4 (0.0) = L0xe
whence they also decompose the actual Euclidean Dirac operators as follows:

(iii) (9,1A) — (32A) + (35r0) — (3.0) = L3x

(iv) (021/A) + (0z/\) + (0,10) + (0z0) = 70

N e
X

Now, let us come back for a moment to the notion of Hermitean monogenicity for multivector
functions. A multivector function FP9 is h-monogenic if and only if simultaneously 9,F”9 =
(0. ® +0 . A)FP9 = 0 and 0,iF?9 = (0,1 ® +0,+/\)JFP°9 = 0, which, due to Property 2.3 is
equivalent with the system

{0, FP9 =0, 9, AF»9 =0, 3, o F»'9 =0, 9,y AFP9 =0}

In view of Property 277l we then obtain the following remarkable result.

Proposition 2.8. For a multivector function F?9 the notions of dx-monogenicity, dx-monogenicity
and Hermitean monogenicity coincide.

Remark 2.9. Obviously the system of equations describing Hermitean monogenicity will take par-
ticular forms according to the values of the functions considered. In [2] we have shown e.g. that, if
the function takes its values in the subspace of spinor space corresponding to minimal or maximal
degree of homogeneity, then Hermitean monogenicity reduces to (anti-)holomorphy for a function of
several complex variables. In that sense Proposition 2.8 now reveals that one particular Grassmann
cell /\51’1q can not be considered as an appropriate value space to study Hermitean monogenicity,
since in that case it coincides with Euclidean monogenicity. It remains an interesting problem
to discover appropriate value spaces in order to see the Hermitean monogenicity system reduce
to a significant system of differential equations. To that end we have investigated in [10] how
the complex Clifford algebra C,,, decomposes into subspaces leading to exact sequences for the
multiplicative action of the Witt basis vectors.

3 Differential forms: preliminaries

There exists a vast literature on differential forms; in particular we refer to e.g. [19] 24] for real
differential forms and to |20} 21] for complex differential forms. Here we will only recall the basic
concepts needed.
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Let R™ be endowed with the standard Euclidean metric. Denoting by A" R™ the space of
alternating (or skew multilinear) real valued r-forms (0 < r < m), the Grassmann algebra or

exterior algebra over R™ is the graded associative algebra
m T
A\R™ =D A R™
=0

endowed with the exterior multiplication. A basis for A" R™ is obtained as follows. Let {dX', ..., dX™}
be a basis for the dual space (R™)* of R™. If, as before, the set A ={iy,...,i,} c M ={0,1,...,m}
is ordered in the natural way, put

dXA = dxbh AdxB2 A L AdXE

and dX? = 1. Then for each r = 0,1,...,m, the set {dX* : A C M and |A| = 1} is a basis for
A"R™. Note that in particular

dX* AdXt =0, i=0,1,...,m

and
dX* A dX) +dxI AdXt =0, 0<i#j<m

A smooth r-form in an open region G of R™ is a map

WG ARY X o Y wh(Xi, Xp) dXA
[A]=r

where, for each A, w is a smooth real valued function in G. We denote by A"(G) the space of

ANe =DAG
r=0

The projection operator from /A (G) onto A" (G) is denoted by [ - ]". A fundamental linear operator

smooth r-forms in G and we put

on the space of smooth forms is the exterior derivative d. It is first defined as d : \"(G) — /\YH (G)
(r<m), by

=) wadX? — do"=) ) oxwhdX Adx?
[Al=r A

a definition which is then extended to A(G) by linearity. A second fundamental linear operator on
the space of smooth forms is the Hodge co-derivative d*. For A = {ii,...,i;} € M we denote

dXAE = gxit A L AdXE T ATAXYA] dXB A L AdXE

and in a first step we put

a*(whdX?) = Z ) 0x,, wp AXAN
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Then d* is defined as d*: A\"(G) — /\ri] (G) (r>0), by

w' =Y wihdX* — df(w") =) d(whdX?)
|Al=r |A[=r

and this definition again is extended to the whole of A(G) by linearity. A smooth r-form w” in G
is called closed if and only if dw"™ = 0; it is called co-closed if and only if d*w"™ = 0; and it is called
harmonic (in the sense of Hodge) when it is at the same time closed and co-closed. Introducing
the operator D = d + d*, a necessary and sufficient condition for a smooth r-form w” in G to be
harmonic thus reads

(%)

do™ = 0
Dwf—(d+d*)wf—o<:>{ @ )

d*w”
The system (@) is called the Hodge-de Rham system. Note that if w" is harmonic in an open region
G of R™ then automatically w" satisfies A,w"™ =0 in G, since

D2=(d+d) =dd"+d*d=—-An
The converse, however, is not true.
The action of the operators d and d* on differential forms is two-fold in the sense that they
act on the form itself as well as on the function coefficients by partial differentiation. In order to

make this double action explicit we introduce the following symbolic notations for the operators d
and d*:

I
gE

(AX’A) dx,

—_

dr = (dX' *) dx,

hE

1

with

.
dX) e dXt = dX o (dXT A A dX) = ) (—1)F 8y, dXANME
k=1

In this last action we recognize the contraction operators 9x; |, j = 1,...m, given by

Ox, JdXM = 0x, | (dXV A L AdX) = (=) ey, XA
k=1

acting only on the basis elements of the differential form, and not on the function coefficients.
Apparently the contraction operator dx; ] coincides with the "inner product”-operator dX) ¢ up to
a minus sign:

Ax,] =(—dX’*), j=0,1,...,m
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However bear in mind that contractions are more fundamental than dot products. Indeed, they

can be introduced independently of a scalar product, and their behaviour is invariant under dif-
feomorphisms, which is not the case for the dot product. We then indeed have for the operators d
and d*

> (dXIA)ax, > wpdxt| = ) Y (dxwh)dX AdXY = dw'

j=1 |Al=r A= j=1

Y(aX oy | [ D whdxM | = > 3 (—1)¥(0x,, wh) dXM B = drwr
j=1 |Al=r [A]=r k=1

At this moment we make the transition from the Euclidean to the Hermitean Clifford setting,
which, as above, is established by the introduction of the complex structure J, forcing the dimension
to be even: m = 2n. We may now also consider a twisted exterior derivative d| and a twisted
co-derivative d*|, satisfying the following identities.

Property 3.1. It holds that
(i) dd|+d|ld=0=d*d|*+d[*d* =0
(ii) dd*+dl*d =0=d*d|+dld* =0

Appropriate complex linear combinations of these real operators will give rise to complex
exterior derivatives and co-derivatives, but we will first consider the traditional complex differential
forms in C™ or in an open region G of C™. We call A""9(G) the space of complex differential forms
of bidegree (p, q) in G; it contains elements w? 9 of the form

whd= 3 Y wyklzzh) dzy Adzg

[TI=p IK|=q
where wx 1(z1,...,2n,2§,...,25) are smooth functions in G and
dZ] = de1/\.../\dep, j1<j2<...<jp
dzg = dzg, A Adzg,, ki <k <...<kp

The traditional derivatives in this setting are 9, 0¢, 0* and 0*¢. They are defined as follows on a
complex differential form of bidegree (p, q), definition which is then extended by linearity to an



CUBO Differential forms versus multi-vector functions ... 101
13, 2 (2011)
arbitrary complex differential form:
dwPd = 3 3 dwyk Adz Adz
IJI=p |K|=q
wr = 3 Y dwykAdz Adzg
IJI=p |K|=q
o*wP 9 = Z Z 0" (wy xdzy A dzg)
[JI=p [K|=q
0" wP T = Z Z 0" (wy xdzy A dzg)
JI=p |K|=q
with
n
aw]‘K = Z(aziwI,K) dZi
i=1
n
0wk = Z(azgw],K) dz{
i=1
n
0" (wykdzy Adzg) = ) (zcwy k) dzf e (dzy Adzf)
i=1
n
0*¢ (wy kdzy Adzg) = Y (3z,wyx)dzi e (dzy Adz)
i=1
Here we have introduced, for j = 1,...,n, the not commonly used operators dz;e and dz§e, which,

via their Euclidean counterparts, are in fact complex contraction operators. We have indeed, for

allj =1,...,n, that

dz;e (dx; + idy;)e

dzSe

: (dx; — idy;)e

- (anJ —I'ianJ)
- (axiJ B iayiJ)

dx; e +idyje

de L] *ldy] [

The four complex derivatives may thus be written symbolically as

aC

a*

a*C

n
> 0., dz A
i=1

n
D 0. dzf A
i=1

n

D 0.cdzfe
i=1

n

> 0., dzie
i=1

= 20,
= 20, |

where it is explicitly shown that 0 and 0¢ act with a wedge product and 0* and 0*¢ with a dot

product or contraction. They enjoy the following properties.
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Property 3.2. The complex derivatives 9, 9¢, 3* and 9*¢ act as follows on the spaces A"’(G) of

complex differential forms of bidegree (p, q) in G:

(1) 3: APUG) — APTHI(G)
(i) 9 : AP9(G) — AP (G)
(iii) 9*: AP9(G) — AP "9(G)
(iv) 2°¢: AP 9(G) — AP1(6)
Property 3.3. The complex derivatives 9, 0¢, 0* and 0*¢ satisfy the Kéahler identities
(i) 00*¢ 4+0*€0 =0=0%0° + 0°0*
(ii) 00¢+0°0 =0 =0%"0*° 4 0*°0*
(iii) 00* 4+ 9*0 = —%AZn = 0°0*¢ + 0*¢0°
In a very similar way as the Hermitean variables and Dirac operators are linked to their Eu-

clidean counterparts, the Kéhlerian derivatives 0, 0¢, 0* and 9*¢ are linked to the exterior derivative
and co-derivative and their twisted analogues.

Property 3.4. It holds that

(i) ¢+ 09 =4d, 0° — 0 =1id|

(ii) 0* +0*¢ =d*, 0* —9*¢ =1id|*
whence we may also write

(iii) 9¢ = J(d+1d|), d = 1(d—1d|)

(iv) o*

L(d* +1id*), 9*¢ = 3(d* —id")

4 Differential forms and multi-vector functions: an identi-
fication

In [6] it is shown how the world of real differential forms in an open region G of R™ and the world of
Clifford algebra valued multi-vector functions in G may be naturally identified. The fundamental
identification, adapted to the Hermitean setting, reads

ei «—— dx', enyi ¢ dyt, i=1,...,n

resulting in the identifications listed in Table 1. Note that we have listed here only a few of these
identifications; for more details we refer the reader to [6].
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(dxi/\)a +(dy'A)dy, | IXA =) (ei\)dy, + (ensiA)Dy,

o
I
:H I\/I:

Z *)ox, + (dy' *)3y, | 9xe =) (ei *)dx, + (ensi *)0y,

(dx*A)dy, — (dy*A)dy, | dxA =D (eiN)dy, — (en4iA)dy,

0
I\/]:H

dI* = (dX )a (dyi °)axi a&' = Z(ei .)ayl (en-H ')am

'I\’Iﬁﬂ

-
Il
o
o
Il
-

Table 1: Identification of the Euclidean Dirac operators

This identification is now further developed in the Hermitean setting. For the Witt basis

vectors one explicitly obtains the identifications

1 1 1 1
f}/\zfi(ej +ien )\ =—5(e AtenyA) E(dx’/\—i—ldy’/\) —5(dz;A)

1 . 1 . 1 1
ijo = —E(ej +ientj)e = —E(ej o +ienyje) «— z(dx’ o Fidye) = E(dz) o)

1 1 1 : ) 1

and
1 . 1 ) 1 j 1 1
fjo = E(ej —ienyjle = E(ej e —ienje) «— E(dx o —idy'e) = z(dz o)

listed in Table 2. The so-called inflation operator, denoted -], is introduced below.

A | —5ldzA) = 0]
flo | —aldgel = 0]
A | 3(dzA) = 0.
fio | pldzfe) = 0.

Table 2: Identification of the Witt basis vectors
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In the same order of ideas one explicitly obtains for the Hermitean Dirac operators

AN\ = Zach]/\ — Za;EdZC/\ 7(aC/\)

—‘N

— S(0)

N \

agazz(“az; fio Za

1 1
t
0N = Za fIN Zaz) —5)(dziA) = (=35)(3A)
T ke
:Zazjf}. — Za 5)(dzje) = (—3)(0*)
—
as summarized in Table 3.
0,+/\ 1(a°/\)
zt 2
0,1 1(6*0)
zt 2
1
AN 72(6/\)
3.0 | —2(0")
[ )
z 2

Table 3: Identification of the Hermitean Dirac operators

Through these identifications it becomes clear that the properties of the Hermitean Dirac
operators on multivector functions listed in Section 2 and those of the Kéhlerian differential op-
erators on complex differential forms listed in Section 3 are two faces of the same coin. This also
implies that it suffices to prove a property in only one of these two worlds, automatically gaining
the similar property in the other. To give an example, Proposition 2.12 is transposed as follows.
Proposition 4.1. A (p,q)-form wP9 € AP’%(G) is harmonic in an open region G of C™, i.e. it
satisfies the Hodge-de Rham system {dw? 9 = 0,d*w? 9 = 0}, if and only if in G it is Hermitean
monogenic, i.e. it satisfies the system {dw? 9 = 0,0°w? 9 = 0,0*w?P 9 = 0,0*“wP 9 = 0}, which
implies that for a (p, q)-form w9 € AP'9(G) the notions harmonic, twisted harmonic and Her-

mitean monogenic coincide.

Another nice illustration of this identification is procured by the Euler operators. The Her-
mitean Euler operators
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have shown their importance in constructing the Fischer decomposition of homogeneous polyno-

mials in terms of Hermitean monogenic polynomials and the corresponding Howe dual pair (see
[16,[7]). They have a natural close connection with the traditional Euclidean Euler operators, since

1 i
Eg EEK—FiXan
1 i
El = EEK—l—EanK
whence
E.+El = ) (50 +y;dy,) = Ex = Exy = —Xedx = —X|edy
j=1
n
E:—El = 1) (%0, +y;dy) = iXedx = ~iX/edx

It thus becomes clear that the Hermitean Euler operators are mutually complex conjugated scalar
operators; note that they have the same expression in both worlds. In the world of differential
forms we now focus on the contraction operators associated to the Hermitean Euler operators. To
that end recall that we tend to denote contraction of a differential form by means of a ”dot”, more
specifically 0x, | = —dXye, yielding

alj = i ex 0x, ] =— i e dX o = —dXe
a=1 x=1

and also

@

N

—
I

§ T _ § T Co)l —
< f) asz = f] (—z dZ] .) = —2 d;T [ )

n n ] .I
0] = ) f0x] = ) fi(—5dze) = —5dze
j=1

For the contracted Hermitean Euler operators we then obtain

I~

—_

E.] = szaZjJ:(_]i)

zj(dzje) or E,|=2zed,|=-ze dz' e
j

I~

Il
=

z§ (dzje) or El|=2z1e0,i| =—zedze

N

j=1
B = szcazjcjz(_i)
j=1

)

We could as well, for symmetry’s sake, have introduced a so-called inflation operator (see [6]),
denoted by a "wedge”, i.e. 0x, | = —dX4/\, yielding

m m
0x] = Y eadx,]=— ) exdXuA=—dXA
ax=1 a=1
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and

1
i _ T —
fj az,-—| = § fj (—5 deC/\) =73 dZT A

&
&

Il
M-

\_a
Il
-
-

0] = ij 0z¢] = Zf)‘ (_2 dzi/\) = 3 dz A

E.] = szazj]:(—%)z.zj(dzjc/\) or EJ:Z;.@Z}:—;od;f/\
El] = szcazc]:(—%)sz(dzj/\) or El]=2z"e0,1]=—2zledzA

These four contracted and inflated Hermitean FEuler operators enjoy the properties summarized in

the following two propositions.

Proposition 4.2. One has
(i) E.] + El] =Ex]| = X e dXe
(ii) E.] 4+ EL] = Ex] = X @ dXA
(i) E;] —El| =iX| o dXe = —iX e dX|e

(iv) Ez] — El] =1X| @ dXA = —iX e dXIA

1 n
() Eo] +E] = (=3) ) zdzf = —zedz
j=1

(i) ELJ+EL = (-2)) 2 dzj =2 e dz
j=1

Proposition 4.3. One has
2
() (EJ+EL)) = (Ex))* =0

i) (£ +EL) = (Ex])’ =0
(iii) (EZJ + Ezhz =0
2

(iv) (Elj+EH) =0

(v) (E] +E2]) (EL)+EDT) + (EL) + ELT) (Bo) + Eu]) = 122
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(vi) (EZJ + ELJ) (EJ + Ei]) + (EJ + Ei]) (Ez | +EL j) — 12|

These properties may be proven by direct calculation, but things become more transparent
after identification in the multivector setting; to that end we look at the analogues of the operators
involved, given by

E| - (;)gmdzg-)H(;)izmzh-)zz-
B = (—l)izi(dzr)H(—l)iz?(—Zﬂ-)—zT-
j= j=
El = (3) gzj (4Z5A) ¢ (;)gzj (25A) = —2A
EL] = (-1 2 (dmAl e (01 3 5 (21 —2'A

Il
=
-
Il
-

Propositions [4.2] and [£.3] now take a rather trivial form and are easily proven (see also [6]), as may
be observed from their reformulation in the propositions below.

Proposition 4.4. One has
(i) (—ze) + (zfe) = —Xe
(i) (—2zA) + (2fA) = =XA
(iil) (—ze) — (zfe) = —iX|e
(iv) (—2zA) = (2! A) = —XIA
(V) (—zo) + (—2N\) =~z
(vi) (zfe) + (zfA) =2

Proposition 4.5. One has

(i) (—Xe)(Xe) =0
(i) (=XA)XA) =0
(iii) (—zo—2A)* = (-2)* =0
(iv) (2t e +2'A)? = (1) =0
(v) (—2) (z') + (2F) (—2) = —I2*|
(vi) (—ze+zle) (—zA+zIA) + (—z A +2IA) (—z o +2fe) = —|22|
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In the same order of ideas, starting from the operators d and d*, we introduce the contraction

and inflation operators

3

4

|
.I\/]B‘

(AX’A)dx,| = ) (AXA)(—dX *)

—_
—_

d*] (X7 ) ox,] = ) (aX ¢)(—=dX'A)

s

Il
-

I
.I\/]E

Il
=

)

The operators d] and d*] have £7(Q) as an eigenspace since
djw"=rw"” and d*lw"=(m-r)w’

In other words: they measure the order of a differential form. They are sometimes called fermionic

Euler operators. In the Clifford analysis setting they read

m m

OIxA| =) (ejA)(—ej*) and dxe] =) (e *)(—e;A)

X a 2
for which it indeed holds that
OxN\|Fr =1F, and 0xel]F, =(m—1)F,

Note that d], d*],dx/A] and 0xe| are zero operators. The same can be done now with the

Kahlerian derivatives, leading to

] n

0] = (—3))_dzAdze
j=1
] n

o¢] = (_E)Zdz;—/\ dz;
j=1
] n

0" = (_E)Z dzj e dz; e
j=1

*C | - c

0*¢] = (_E)Z dzj e dzj e

j=1
and

1 n

0] = (—3))_dzAdfA
j=1
1 n

0] = (—3))_dzf Adz A
j=1
1 n

0] = (_E)Z dzj e dz; A\
j=1
1 n

o] = (_E)Z dzj e dzi N\

-
—_
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while their Hermitean multivector analogues are given by

Al = =) fiAfe
j=1
0N = Zfi/\f;'

and by
LAl = =) HARHA
j=1
Al = D HAFA
j=1

el = Y efiA
n
0] = =) flefiA
The spaces EP°9 of smooth vector functions of bidegree (p,q) are eigenspaces of the operators

0:/\],0,1/\],0 1] and 0 e]. More precisely we have the following.

Proposition 4.6. For FP>9 € £P»9_ one has
: pa_ (_P)pr.a
() (22A) PPt = (<5 F
(i) (A PP = (§) PP
(i) (0z10]) FP9 = (“2p> FPea

(iv) (3z0]) FP9 = (—T‘;‘*) —

Note that, by similarity, the same eigenvalue equations hold for the operators 9],0¢|,9*] and
0*¢]. Moreover observe that the eigenvalue equations for the operators d| or 9x/A| and d*] or
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Oxe] are refined by the ones of Proposition 6] and may be recovered from them:

(al/\J)Fp’q = Z(ag/\J—ag/\J)Fp*q = 2<%+%) FP.a
= (p+q)Fe
(3xo]) FP9 = 2(3,0] — d,07) FP = z(“z—p_—“;q> —_

= (2n—(p+q) P

Furthermore, it may be verified that 9x/\| and 0xe| indeed are zero operators:

WAl = 2(04A1=A]) =2 Y HATA+Y IAFA] =0
j=1 j=1

@

X
°

| I—
I

2(62T0J—850J) = 2 ijof;fo +Zf;fofjo =0
=1 =1

Finally, also the original expressions for 0x/\| and 0xe| as obtained in [6] may be recovered:

A = 2N —A]) = 2D AT e+ ) I Afe
j=1 j=1
n 2n
= _Zei/\ei°+en+j/\en+j° = —Ze(x/\e(xo

j=1 =1

Oxe] = 2(d 0] —0.0]) =2(> fieff A+) flefA
=1 =1

n 2n
= —E e]-oe)-/\—l—enﬂ-oenﬂ/\:—g ex ® ex/\
j=1 =1

We shall encounter the operators 0,/\] and 0,e] again in the next section in a different context.

5 The Kahlerian metric

We will now use known results from Kéahlerian geometry, however restricted to the flat Kéahlerian
manifold C™, and transpose them to obtain results, not yet known in the Hermitean Clifford
analysis setting. Our guides are [21, 20]. Each K&hlerian metric induces a fundamental form Q,
which is a 2-form derived from the corresponding Kéhler potential U, i.e.

i Cc
QA =300°U

The potential of the flat metric or the canonical Hermitean metric is given by

L S I S PSRN IO SR
U=z =5l j;zlzﬁ;-; = 5z +2'2) = 5IX1? = SIXI
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yielding the flat fundamental form

ON

N e

(—20.N) (20,1 A)l2? = (=20) | )3, fIA (Z azﬁka> 22
j=1 k=1

= (20)) fIAFA = 2i0.A]

j=1

or, in terms of the original basis vectors,

n
QA=) e AeniA
i=1
Introducing the so-called spin-Euler operator, which is a parabivector valued multiplicative con-
stant, i.e. the sum of a scalar and a bivector,

n

B=Y fih=> (Hen+finf)=3+X A
=1 =

j=1

we find that the fundamental form appears as the bivector part of that spin-Euler operator, meaning
that we may write

B="+-0

2

N -

Its complex conjugate is then given by

BC_;ij}—;(ijf}—l—ﬁ/\f}T)_;_Zf;r/\fj_;_;Q

j= j=1
Usually, one also introduces the associated fundamental form

1 n n
@ 7 B=BF"—3

I

Il
-

f Afl
)

For the sake of completeness we recall the following intertwining relations of the spin-Euler operator
and its complex conjugate with the Witt basis vectors; for more of these intertwining relations we
refer to [9].

Proposition 5.1. One has
(i) [, B = fi, [fL, B = —fL
(i) [fL, B<] =1L, [fx, B] = —fx

An important operator in Ké&hler geometry is the so-called L-operator, which is defined by
means of the fundamental form.
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Definition 5.2. The L-operator is defined as L : EP9 — gptha+l . fp.a s O AFP:9, where,

explicitly

QAFPY =3 e Aenyy AFPS =(=2i) ) fIAf AF9 =200, ATF4
j=1 j=1

The L-operator enjoys the properties listed in the proposition below (see also [21]).
Proposition 5.3. One has

(i) [L,0xAl =0, [L,dxe] = —dx /A

and also
(ii) [L, ag/\] =0, [L,0, A =0
(iii) [L, 0 10] =101/, [L,0,0] = —i0,A

The counterpart of the L-operator is the A-operator.

Definition 5.4. The A-operator is defined as A : EP4 —y EP~1a=1 . FP.d )y AFP.9 where,
explicitly

n n
AFp‘q:ZGjOenJrj.Fp’q_ Z ‘f o P9 =2i0 .Jqu
=1 =1
It shows the following properties (see also [21]).
Proposition 5.5. One has

(1) [/\, 65/\] = —6&0, [/\, aXO] = O
and also

(ii) [A,0,+A]l =10 10, [A,0,\] = —i0 e
(iii) [A,0,1] =0, [A,0,0] =0

A rather tedious computation leads to the commutator of the L and A operators.
Proposition 5.6. One has
L, Al FP9=(n—p—q)F"9

n n
Finally, putting for an arbitrary multivector function F = Z Z

ii Mm—p—q)F"%=Mn-20uA]—0A]))F

=0
we obtain the following relations (see also [20]).
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Proposition 5.7. One has

(i) [L, A]=H
(i) [H, Al =2A

(ii) [H, L] = —2L

meaning that the operators (L, A, H) generate the Lie algebra slc(2)

6 The Hodge “star”-operator

The Hodge #-operator for smooth real differential forms in R™ may be defined as follows (see e.g.
[19, 24]).

Definition 6.1. Let {j1,...,5rx} U {rsr, .. dm) = {1,...,m} and {1, .., 3v} 0 fria, oo dmd = 0,
with j; < ... <jr. Then

«(dX;, A AdX;,) = odX;, A dX

Jr+1 Jm

where ¢ is the signature of the permutation (jri1,...,Jm,J1,-+,Jr)-
It constitutes an isomorphism *: A" — A™ ', its inverse being given by
*71 _ (_1)r(m7r)*

which implies that
*2 _ (_])r(mfr]

By means of this x-operator the Hodge co-derivative d* may be expressed in terms of the derivative
d as
d* w" = (_])r % d el w' = (_] )r(m-Hfr) xdx w'

In the actual case of even dimension (m = 2n) we find that the Hodge star-operator is an isomor-
phism * : A% — A" TP for which +~! = (—1)P+9)* & and thus 2 = (—1)PT9* For the

Hodge derivative and co-derivative we then obtain

d*=xd*x and d==xd"x
and similarly for the twisted versions

d*=x*d * and dl ==xd*|*

Simply applying the conversion rules of the foregoing section we obtain the counterparts of these
relations in the setting of multivector functions, involving then the Dirac operators.

Proposition 6.2. One has
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(1) 0xe =* (0x/\) * and dxA\ = (dxe) *

(if) dxj® =+ (xA) * and dx A = * (dxje) *
and also

(iii) 0,0 = (92A\) * and 0, A = * (0,8) *
(iv) O 1@ =+ (9,4A) * and I\ = (018) *

Clearly, we may convert Proposition back to the differential form setting.

Proposition 6.3. One has
(i) 0*¢e =% (0A) *x and 0\ = x (0*e) x
(ii) 0*e =% (0°A\) x and 9\ = x (0%e) x

Of course, it is also possible to express the Hodge star operator in R™ directly in the Clifford
algebra setting; Definition is then converted as follows (see [6]):

r(r+1)

«(ej, -6 ) =(=1)"7 emej ---¢j,
where ep is the so-called pseudoscalar given by epm = ej---em, of which the square equals
m(m+1
e%vl =(-1) S Tt follows that for 1-vectors the x-operation reduces to a multiplication from

the left by —enp. Also x1 =epm and xep = 1.

In the Hermitean case with even dimension m = 2n, let us compute ep in terms of the Witt
basis vectors. We consecutively obtain

2n n
em = [Jex=T106—-1T05+
a=1 j=1

(F =i +1) = =D T 1)

j=1 j=1

A AR ATLA AT AT

—.

j=1

3

— v (1)

showing that the pseudoscalar has bidegree (n,n).

As an example we have, for m = 4,n = 2, that the images under the x-operation of the
Fuclidean basis vectors are 3-vectors given by

* €1 = —ezes3e,, *e) = ejezey, *e3 = —ejeye,, *xeq4 = €1€2€3
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The Witt basis vectors f; and {2, of bidegree (0, 1), transform into (1, 2)-multivectors:

xf1 = —2f1 AR AT
s = 2R AT AR

while ﬂ and f;, of bidegree (1,0), transform into (2, 1)-multivectors:

«fl = 2l ARAT
1, = 2 ARAT

7 Afterword

In the previous sections we established and illustrated a "natural” isomorphism between on the
one hand the algebra of complex differential forms (extended with the Hodge star operator and the
inner product or dot product) with the underlying structure of a Grassmann algebra, and on the
other hand the algebra of multi-vector functions in Hermitean Clifford analysis with the underlying
structure of a complex Clifford algebra. The Hermitean Dirac operators, underlying the notion
of Hermitean monogenicity, may well be identified with the K&hlerian derivatives for complex
differential forms, one of which is the famous 0 operator from several complex variables theory. It
should be emphasized, as was done from the beginning, that only differential forms in C™ or in
open regions thereof were considered, and that actually Hermitean Clifford analysis was developed
only in flat space C™. As was also mentioned Hermitean Clifford analysis on curved K&ahlerian
manifolds is the subject of the forthcoming paper [II]. Finally this paper is by no means a plea
for substituting Hermitean multivector functions for complex differential forms. Both worlds, how
convincing the similarities might be, have their own interest en properties; this paper intended to
illustrate the very close connections between Hermitean Clifford analysis and complex analysis and
the benefits obtained from exchanging knowledge between both.
Received: December 2009. Revised: April 2010.
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