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ABSTRACT

The aim of this paper is to present new results on the existence of solutions for a class
of boundary value problem for differential inclusions involving the Caputo fractional
derivative. Our approach is based on the topological transversality method.

RESUMEN

El objetivo de este trabajo es presentar nuevos resultados sobre la existencia de solu-
ciones para una clase de problemas de contorno para inclusiones diferenciales derivados
de la participacion de Caputo fraccionada. Nuestro enfoque se basa en el método de la
transversalidad topoldgica.
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1 Introduction

This paper deals with the existence of solutions for boundary value problems (BVP for short) for
fractional order differential inclusion of the form

‘D*y(t) € F(t,y(t)), te]:=[0,T], T<a<2, (1.1)

y(0) =vo, y(T)=vyr (1.2)

where D% is the Caputo fractional derivative, F: ] x IR™ — P(IR™) is a Carathéodory multifunc-
tion, Yo,y € IR™. Here P(IR™) denotes the family of all nonempty subsets of P(IR™).

Differential equations of fractional order have recently proved to be valuable tools in the
modeling of many phenomena in various fields of science and engineering. Indeed, we can find
numerous applications in viscoelasticity, electrochemistry, control, porous media, electromagnetic,
etc. (see [111 16} 20, 24], 27) 28]). There has been a significant development in fractional differential
equations and inclusions in recent years; see the monographs of Kilbas et al [21], Lakshmikantham
et al. [22], Miller and Ross [25], Podlubny [28], Samko et al [29] and the survey by Agarwal et al.
[1], Benchohra et al. [5 6} [7], Chang and Nieto [I0], Diethelm et al [II} [12], Ouahab [26], Yu and
Gao [30] and Zhang [31] and the references therein. Very recently, in [4, 8] the authors studied the
existence and uniqueness of solutions of some classes of functional differential equations with infinite
delay and fractional order, and in [3] a class of perturbed functional differential equations involving
the Caputo fractional derivative has been considered. These papers have relied on different methods
such as Banach fixed point theorem, Schaefer’s theorem, Leray-Schauder nonlinear alternative.

In this paper we use a powerful method due to Granas [I7] to prove the existence of solution
to BVP ([LI))-(T2). Granas’ method is commonly known as topological transversality and relies on
the idea of an essential map. The method has been highly useful for proving existence of solutions
for initial and boundary value problem for integer order differential equations, see for example
[9, 14, 18, [19].

This paper is organized as follows: in Section 2 we introduce some backgrounds on fractional
calculus and the topological transversality theorem. In Section 3 we present our main results
and an illustrative example will be presented in Section 4. This paper initiates the application of
the topological transversality method to boundary value problems for fractional order differential

inclusions.

2 Preliminaries

We now introduce notations, definitions, and preliminary facts that will be used in the remainder
of this paper.
We denote by ||y|| the norm of any element y € IR™.
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C(J,IR"™) is the Banach space of all continuous functions from J into IR™ with the usual norm

Yl =sup{ly(t)[: 0 <t <T}.

AC'(J,IR™) is the space of differentiable functions y : ] — IR™, whose first derivative, y’ is
absolutely continuous.

L'(J,IR™) denote the Banach space of functions y : ] — IR™ that are Lebesgue integrable with
the norm

}
Il :L lu(tlat.

2.1 Some Properties of Fractional Calculus

Definition 1. ([211 28]). Given an interval [a,b] of IR. The fractional (arbitrary) order integral of
the function h € L'([a,b],R) of order € R, is defined by

Pt —s)x!

Tah(t) = J Mo

where I is the gamma function. When a = 0, we write I%h(t) = [h * @4](t), where @4(t) =

a—1

M)

Definition 2. ([21I]). For a given function h on the interval [a,b], the Caputo fractional-order

h(s)ds,

for t >0, and @4(t) =0 for t <0, and @, — 6(t) as « — 0, where b is the delta function.

derivative of h, is defined by

cryo 1 t n—a—11(n)
( Da+h)(t) - m] (t—S) h- (S)ds,

where n = [o + 1.

Lemma 3. (Lemma 2.22 [21]). Let « > 0, then the differential equation
‘Dn(t) =0
has solutions
h(t) =co+cit+crt? +...+cnt™ eieR, i=0,1,2,...,n—1, n=[o] + 1.
Lemma 4. (Lemma 2.22 [21]). Let « > 0, then
I Dh(t) = h(t) +co+crt+cat? + ... +enit™ T,

for arbitrary ¢ € IR, 1=0,1,2,...,n—1, n=[a] + 1.
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2.2 Set-valued maps.

Let X and Y be Banach spaces. A set-valued map G : X — P(Y) is said to be compact if
G(X) = L]{G(y)_;y € X} is compact. G has convex (closed, compact) values if G(y) is convex(closed,
compact) for every y € X. G is bounded on bounded subsets of X if G(B) is bounded in Y for every
bounded subset B of X. A set-valued map G is upper semicontinuous (usc for short) at zop € X if
for every open set O containing Gz, there exists a neighborhood V of zy such that G(V) C O. G
is usc on X if it is usc at every point of X if G is nonempty and compact-valued then G is usc if
and only if G has a closed graph. The set of all bounded closed convex and nonempty subsets of
X is denoted by bee(X). A closed valued set-valued map G : ] — P(X) is measurable if for each
y € X, the function t — dist(y, G(t)) is measurable on J. If X C Y, G has a fixed point if there

exists y € X such that y € Gy. Also, ||G(y)||p = sup{lxl;x € G(y)}.
Definition 5. A multivalued map F:J x IR™ — P(IR") is said to be L'-Carathéodory if

(i) t—— F(t,y) is measurable for each x € R™;
(ii) y — F(t,y) is upper semicontinuous for almost each t € J;
(iii) for each q > 0, there exists @4 € L'(J,IR,) such that

[F(t,u)|lp =sup{||v] : v € F(t,y)} < @q(t) for all |ly|| < q and for a.e. t € [0,1].

For each y € C(J,IR™), define the set of selections of F by
S}‘y —{vell(J,R"):v(t) € F(t,y(t)) ae. t €]},

denotes the set of selections of F.

Remark 6. Note that for an L'-Carathéodory multifunction F: ] x IR™ — P(IR") the set S}’y is
not empty (see [23]).

For more details on set-valued maps we refer to [2] [13].

2.3 Topological transversality theory.

Let X be a Banach space, C a convex subset of X and U an open subset of C. Kay(U,P(C))
denotes the set of all set-valued maps G : U — P(C) which are compact, usc with closed convex
values and have no fixed points on 9U (i.e., u € Gu for all u € 0U). A compact homotopy is a
set-valued map H : [0,1] x U — P(C) which is compact, usc with closed convex values.

If u e H(A,u) for every A € [0,1], u € 0U, H is said to be fixed point free on oll.

Two set-valued maps F, G € Kay (U, P(C)) are called homotopic in Kay (U, P(C)) if there exists
a compact homotopy H : [0, 1] x U — P(C) which is fixed point free on 09U and such that H(0,.) = F
and H(1,.) = G. The function G € Kay (U, P(C)) is called essential if every F € Kyy (U, P(C))
such that G |au=F |au, has a fixed point. Otherwise G is called inessential.
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Theorem 7. [IT] Let G : U — P(C) be the constant set-valued map G(u) = uo. Then, if up € U,
G is essential.

Theorem 8. (Topological transversality theorem) [17]. Let F, G be two homotopic maps in Kay (U, P(C))).
Then F is essential if and only if G is essential.

For further details of the Topological Transversality Theory we refer the reader to [I§].

3 Main results

In this section, we are concerned with the existence of solutions for the problem (II)-(LZ). Con-
sider the following spaces

ACLJ,IR™) ={y € AC'(J,R™); y(0) =vyo, y(T)=1yT},

;
ACT¥(J,R™) = [y € ACL(J, R"); L Dy (1)]dt < oo,

ACH%(J,IR™) is a Banach space with norm

Wllact« =max{[[ylleo, [[ylleo, [“Dyl[L1 .
For the existence of solutions for the problem ([I)-(L2), we have the following result which is
useful in what follows.

Definition 9. A function y € ACT%(J,IR"™) is said a solution to BVP (I)-(L2) if there exists a
function v € L'(J,IR) with v(t) € F(t,y(t)), for a.e. t € J, such that
‘Dxy(t) =v(t),aete], 1 < a <2 and the function y satisfies condition (L2)).

Let h: ] — IR™ be continuous, and consider the linear fractional order differential equation
‘D*y(t) =h(t), te], T<a<2 (3.1)

We shall refer to (BI)-(L2) as (LP). For the existence of solutions for the problem (II)-(L2), we
have the following result which is useful in what follows.

Lemma 10. Let 1 < « < 2 and let h: ] — IR™ be continuous. A function y is a solution of the
fractional integral equation

1 (" (Yt —yolt
t)==——1| G(t,s)h(s)d - 2
() = g | Gl sImfs)ds +uo + IO, (32)
if and only if y is a solution of (LP), where G(t,s) is the Green’s function defined by
ox—1

(t—s) ! -5 — 0<s<t<T,
G(t,s) = o T 3.3
o {”TTS) - 0<t<s<T 33
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Proof. Assume y satisfies (), then Lemma [ implies that

_ ] t ax—1
y(t)—Co+C1t+mJ'o(t—s) h(s)ds.

From (2)), a simple calculation gives

Co = Yo,

and

1 (" o YT — Yo
C17_TF(0<)J‘O(T_S) h(s)ds + T

Hence we get equation ([B2)). Inversely, it is clear that if y satisfies equation ([B.2]), then equations
BI)-[T2) hold.

Our main result is

Theorem 11. Assume the following hypotheses hold:

(A7) The function F:J x IR™ — bee(IR™) is a L'-Carathéodory multi-valued map;

(A3) There exist a function p € L'(J, IR, ), and a continuous nondecreasing function 1 : [0, co) —
(0, 00), such that

[F(t,y)ll» <p)d([lyl) for each (t,y) €] x R™

T
A3) limsup —— = +oo.
As) s

Then, the fractional BVP (LI)-(T2]) has a least one solution on J.
Proof. This proof will be given in several steps.
Step 1: Consider the set-valued operator F : C(J,IR™) — P(L'(J,IR™)) defined by

(Fy)(t) = F(t,y(t)).

F is well defined, upper semicontinuous, with convex values and sends bounded subsets of C(J,IR™)
into bounded subsets of L' (J,IR™). In fact, we have

Fy:={u:J] — IR"™, measurable u(t) € F(t,y(t)), a.e.tcJh.
Let z € C(J,IR"™). and u € Fz. Then
[u(®)] < pw(lz(t)]) < pt)b(llzlo).

Hence [Ju|l;1 < ko :=|lp|li1¥(]|z]]o). This shows that F is well defined.
It is clear that F is convex valued.
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Now, let B be a bounded subset of C(J,IR™). Then, there exists k > 0 such that |[uljo < k for
u € B. So, for w € Fu we have |[w||p1 < ky, where ki = ||p|lL1 (k).
Also, we can argue as in [15] to show that F is usc.

Step 2: A priori bounds on solutions.

We shall show that if y be a possible solution of (IT])-(2]), then there exists a positive constant
R*, independent of y, such that

lyllact.« <R

Let y be a possible solution of (LI)-(L2]), by Lemma [I0, there exits v € S}yy such that, for each
te]

1 (" t 1
yﬁ)—rde(HtﬂWﬂd&—<T—4>yo+Tyn (3.4)
where G is given by (B.3]). Let
Go :=sup{[|G(t,s); (t,s) €] x ]},
Po =sup{p(t) : t € Jh

Hence for t € ]

1 T ¢ 1
[y < o ). G(t,s)|v(s)||ds<T]>||yo||+TyT|
Go (" ¢ :
< wc)“op(s)w(lm(s”)dH’(T_])‘90”+T”‘JT”
< S (s)b(fly(s)[Dds + | ||+1H I
= Ta) Jo PO voll + vl

Since 1 is nondecreasing we have

GoY([[ylleo JPoT 1
< 207 Pl PO — [yt
Iyl < ZERETRO 4y -+
Thus GopaT
[[Ylloo < oPo [[yol + [yl —-R
V(lylleo) = Tle)  (llylleo)  Th(flYlleo)
> Iyl
y 00 D
—2 = _ <R 3.5
llylle) 39
Now, the condition 1 in (A3) shows that there exists R} > 0 such that for all R > R}
R ~
—— >R 3.6
PR (30)

Comparing these last two inequalities (3.5]) and (3.0 we see that Ry < R3. Consequently, we obtain

lu(t)| <R forallte].
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From (34) we have for each t € ]

m»wmk—$, (3.7)

1 JT dG(t,s)

y/(t):W o Ot

Using a similar argument as before we can show that there exists R5 > 0 such that

ly'(t)]] <R} forallt€]. (3.8)
Now from (1) and (A1) we have
T T
[ED%y(t)dt < W(R}) | pls)ds = R;. (3.9)
0 0

Hence
lvllact.« < max{R},R3,R3}:=R".

Step 3: Existence of solutions.

For 0 < A <1 consider the one-parameter family of problems

‘D*y(t) € AF(t,y(t)), ae. te], T<a<2, (1))

y(0) =Ayo, y(T)=Ayr (2x)

which reduces to (LI)-(L2) for A =1. For 0 <A < 1, we define the operator
Fr:C(,R™) — P(L'(J,IR™)) by (Fay)(t) = AF(t, y(t)).

Step 1 shows that F, is usc, has convex values and sends bounded subsets of C(J,IR™) into
bounded subsets of L' (J, IR™) and if y is a solution of (15)—(2x) for some A € [0, 1], then [[y|lacr.« <
R*, where R* does not depend on A.

For A € [0, 1], we define the operators

J:ACH(J,R") — C(J,IR™) by (Jy)(t) =ylt),
L:ACh¥(J,IR™) = L'(J,IR"™) by (Ly)(t) = D*y(t).

It is clear that J is continuous and completely continuous and L is linear, continuous and has a

bounded inverse denoted by L~". Let
Vi={y e AC"*(J,R"); |lyllacr.« <R*+ 1
Define a map H:[0,1] x V — AChH*(],IR™) by

HAy) = (L' o Fr o T)(v).
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We can show that the fixed points of H(A, -) are solutions of (1)) —(2x). Moreover, H is a compact

homotopy between H(0,-) = 0 and H(1,-). In fact, H is compact since J is completely continuous,
Fy is continuous and L~ is continuous. Since solutions of (1y) satisfy

lullact.« <R

we see that H(A,.) has no fixed points on 0V. Now H(O0,-) is essential by Theorem [l Hence by
Theorem 8 H(1,-) is essential. This implies that L' o Fj 0 J has a fixed point which is a solution

to problem (LII)-(T2]).

4 An Example

As an application of our results we consider the following boundary value problem
‘D*y(t) e F(t,y), te]:=1[0,1], T<a<2, (4.1)

y(0) =1, y(1)=2, (4.2)

where D% is the Caputo fractional derivative. Set

F(t»y) :{V € IR,Zf] (tvy) <v< fZ(tay)}v

where 1,2 : ] x IR — IR are measurable in t. We assume that for each t € J, f1(t,-) is lower
semi-continuous (i.e, the set {y € IR : f;(t,y) > p} is open for each p € IR), and assume that for
each t € J, f2(t,-) is upper semi-continuous (i.e the set {y € IR : f2(t,y) < p} is open for each
u € IR). Assume that there exists p € L'(J,IR") and & € (0,1) such that

max(|fi (t,y)l, If2(t,y)) <p(H)yl®, te], andally € R.

It is clear that F is compact and convex valued, and it is upper semi-continuous (see [13]). Since
assumptions (A7) — (A3z) hold, Theorem [Tl implies that the BVP ([I)-(2]) has at least one
solution.

Received: November 2009. Revised: July 2010.

References

[1] R.P AGARwAL, M. BENCHOHRA AND S. HAMANI, A survey on existence result for boundary
value problems of nonlinear fractional differential equations and inclusions, Acta. Appl. Math.

109 (3) (2010), 973-1033.

[2] J. P. AuBIN AND A. CELLINA, Differential Inclusions, Springer-Verlag, Berlin-Heidelberg,
New York, 1984.



148 Mouffak Benchohra and Naima Hamidi SEJ@BOE))

[3] A. BELARBI, M. BENCHOHRA, S. HAMANI AND S.K. NTOUYAS, Perturbed functional dif-
ferential equations with fractional order, Commun. Appl. Anal. 11 (3-4) (2007), 429-440.

[4] A. BELARBI, M. BENCHOHRA AND A. OUAHAB, Uniqueness results for fractional functional
differential equations with infinite delay in Fréchet spaces, Appl. Anal. 85 (2006), 1459-1470.

[5] M. BENCHOHRA, J. R. GRAEF AND S. HAMANI, Existence results for boundary value prob-
lems of nonlinear fractional differential equations with integral conditions, Appl. Anal. 87 (7)

(2008), 851-863.

[6] M. BENCHOHRA AND S. HAMANI, Nonlinear boundary value problems for differential in-
clusions with Caputo fractional derivative, Topol. Methods Nonlinear Anal. 32 (1) (2008),
115-130.

[7] M. BENCHOHRA, S. HAMANI AND S.K. NTOUYAS, Boundary value problems for differential
equations with fractional order, Surv. Math. Appl. 3 (2008), 1-12.

[8] M. BENCHOHRA, J. HENDERSON, S.K. NTOUYAS AND A. OUAHAB, Existence results for
fractional order functional differential equations with infinite delay, J. Math. Anal. Appl. 338
(2) (2008), 1340-1350.

[9] A. BoUCHERIF, AND N. CHIBOUB-FELLAH MERABET, Boundary value problems for first
order multivalued differential systems. Arch. Math. (Brno) 41 (2005), 187-195.

[10] Y.-K. CHANG AND J.J. NIETO, Some new existence results for fractional differential inclu-
sions with boundary conditions, Math. Comput. Model. 49 (2009), 605-609.

[11] K. DIETHELM AND A.D. FREED, On the solution of nonlinear fractional order differential
equations used in the modeling of viscoplasticity, in “Scientifice Computing in Chemical Engi-
neering II-Computational Fluid Dynamics, Reaction Engineering and Molecular Properties”
(F. Keil, W. Mackens, H. Voss, and J. Werther, Eds), pp 217-224, Springer-Verlag, Heidelberg,
1999.

[12] K. DIETHELM AND N. J. FORD, Analysis of fractional differential equations, J. Math. Anal.
Appl. 265 (2002), 229-248.

[13] K. DEIMLING, Multivalued Differential Equations, Walter De Gruyter, Berlin-New York, 1992.

[14] P. W. ELOE AND J. HENDERSON, Nonlinear boundary value problems and a priori bounds
on solutions. SIAM J. Math. Anal. 15 (1984), 642-647.

[15] M. FRIGON, M., Application de la transversalite topologique a des problemes non lineaires
pour des equations differentielles ordinaires, Dissertationnes Math. 292, PWN, Warsaw 1990.

[16] W. G. GLOCKLE AND T. F. NONNENMACHER, A fractional calculus approach of self-similar
protein dynamics, Biophys. J. 68 (1995), 46-53.



SEJ@BOB Fractional Order Differential Inclusions via the Topological ... 149

[17] A. GRANAS, Sur la méthode de continuité de Poincaré. C. R. Acad. Sci. Paris Sr. A-B 282
(1976), 983-985.

[18] A. GRANAS AND J. DuGUNDJI, Fixed Point Theory, Springer Verlag, New York, 2003.

[19] J. HENDERSON AND C.C. TISDELL, Topological transversality and boundary value problems
on time scales. J. Math. Anal. Appl. 289 (2004), 110-125.

[20] R. HILFER, Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.

[21] A.A. KiLBAS, HARI M. SRIVASTAVA, AND JUAN J. TRUJILLO, Theory and Applications of
Fractional Differential Equations. North-Holland Mathematics Studies, 204. Elsevier Science
B.V., Amsterdam, 2006.

[22] V. Lakshmikantham, S. Leela and J. Vasundhara, Theory of Fractional Dynamic Systems,
Cambridge Academic Publishers, Cambridge, 2009.

[23] A. Lasota and Z. Opial, An application of the Kakutani-Ky Fan theorem in the theory of
ordinary differential equations, Bull. Acad. Pol. Sci. Ser. Sci. Math. Astronom. Phys. 13 (1965),
781-786.

[24] F. Metzler, W. Schick, H. G. Kilian and T. F. Nonnenmacher, Relaxation in filled polymers:
A fractional calculus approach, J. Chem. Phys. 103 (1995), 7180-7186.

[25] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Differential Equa-
tions, John Wiley, New York, 1993.

[26] A. Ouahab, Some results for fractional boundary value problem of differential inclusions,
Nonlinear Anal. 69 (11) (2008), 3877-3896.

[27] K.B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York, London,
1974.

[28] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[29] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Derivatives. Theory
and Applications, Gordon and Breach, Yverdon, 1993.

[30] C. Yu and G. Gao, Existence of fractional differential equations, J. Math. Anal. Appl. 310
(2005), 26-29.

[31] S. Zhang, Positive solutions for boundary-value problems of nonlinear fractional diffrential
equations, Electron. J. Differential Equations 2006, No. 36, 12 pp.



	Introduction
	Preliminaries
	Some Properties of Fractional Calculus
	Set-valued maps.
	Topological transversality theory.

	Main results
	An Example

