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ABSTRACT

Here we give g—fractional Poincaré type, Sobolev type and Hilbert-Pachpatte type
integral inequalities, involving g—fractional derivatives of functions. We give also their
generalized versions.

RESUMEN

Estudiamos el tipo g—fraccional Poincaré, el tipo Sobolev y el tipo integral de in-
ecuaciones de Hilbert-Pachpatte, involucrando a g—fraccional derivados de funciones.
Damos también las versiones generalizadas.
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1 Introduction

Here we follow [4] in all of this section, see also [3].
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Let ¢ € (0,1), we define

[a}qzzl’q, (a €R). (1)

The g—analog of the Pochhammer symbol (g—shifted factorial) is defined by:

k—1
(@q)y=1, (s:0), =[] (@ —aq") (keNU{}).
i=0
The expansion to reals is
(@), = 2= (aeR); @
(aq*; q)

also define the g—analog

b.
(a—b) = ao‘((a;q);o7 a,b €R, a#0.
4“3 q) o

@ _ a0
(a— )@ =a (q)

The g—gamma function is defined by

Notice that

U ) S 2R - 0.1 —
Fq(x)—i(qw;q)oo (1-¢) ", (zeR-{0,-1,-2,..}). (3)

Clearly
Lg(z+1) = [z],Tq (z). (4)

The g—derivative of a function f (z) is defined by
f(x) = f (gz)

(Dqgf) (z) = T eTg (x#0), (5)
(Dqf) (0) = lim (D f) (z) , (6)
and the g—derivatives of higher order:
DYf=f, Dpf=Dg(Di'f), n=1273. (7)
The g—integral is defined by
(Ig.0f)( / f(t r(1-q))_ f(2q") (0<qg<1), (8)
k=0

and

(oaf) ( /f dt—/f dt—/f (9)
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By [2], we see that: if f(x) > 0, then it is not necessarily true that

b
/ f(z)dsz > 0.
In the case of a = x¢™, then (9) becomes
T n—1
[ t0dt=a-03 1 ()" (10)
zq" k=0

see also [2].
Double g—integration is defined the usual iterative way.

Also we define

It(;,af = f> I;L,af = Iq,a (I;L,gl ) ) n=123,.. (11)
The following are valid:
(Dglgaf) (x) = [ (2), (12)
({gaDqf) (x) = f () = f(a). (13)
Denote
[n]q! = [1]q [2]q... [n]q, n € N;
0! = 1 no|o_ ol
q’ ’ k , [k]q![n—k‘]q!'

In the next we work on (0,b), b > 0, and let a € (0,b). Also the required g—derivatives and
q—integrals do exist.

Definition 1. The fractional g—integral is

3u) @) = £y [ (a50)  ri0ay m

1

= ) /af (x — qt)(aﬂ) f(t)dgt, (a<z, acRY).

The usual fractional integral (see also [1]) is the limit case of (14) as ¢ 1 1, since

. —_ t _1
limz® ! ( ¢=; =(z—t)" . 15
ima (v50) = (o) (15)

Clearly
(I5.0f) (@) = 0. (16)

‘We mention
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Theorem 2. Let o, 3 € RT. The g—fractional integration has the semigroup property

(Igalgaf) (@)= (Ig°f) (@), (a<u). (17)
Corollary 3. For « > n (n € N) it holds
(DgIgaf) (@) = (Iga"f) (z),  (a<wz). (18)

We mention the fractional g—derivative of Caputo type:

Definition 4. The fractional g—derivative of Caputo type is

(Igaf)(x), a<0;

q;a

19
(11D @), a >0, 1

(+Dg . f) (x) =

where [.] denotes the ceiling of the number.

Next we mention the highlight of this introductory section. Again all here come from [4]. So
the following is the fractional g—Taylor formula of Caputo type.

Theorem 5. Let « € Rt — N, a < . Then

lel=1 (DE£Y (4 a
(052 D30t 0 =5 )= 3 R (), (20)

Also we give

Theorem 6. Let « € Rt — N, € RT, a > >0, a < x. Then

(172 «Dgof) (@) = (-D5L7f) () - (21)

f%l . (D3 /) (a) ph—a+s (ﬁ.

Mot Jk—a+pB+1) x’q)k—mrﬁ'

2 Main Results

We need the following g—Holder’s inequality.

Proposition 7. Let x > 0,0 < g < 1; p1,q1 > 1 such that p% + =+ =1;n € N. Then

1
q1

/z: Ot = </x: f e dqt) " (/x: g (8)]" dqt> B (22)

Proof. By the discrete Holder’s inequality we have

[ 15Ol @ldst =200 Y |f (20| g (a0")]| o =

ar k=0
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IN

m—q;f(wqm 97) (o (24)] ("))

1

</w: s dqt) (/z: lg (1) dqt) " .

We present a g—fractional Poincaré type inequality.

Theorem 8. Let x > 0,0 <w <z, 0<¢g<1;a>0,p;,q1 > 1such that p%—kq%:l;nGN. Set

q
L (67 a),

Then

p1 q1 ﬁ
“1A (w)|" 1 / /w ( t )
dow < = - q—;q dgt dqw
/O wa(a—l) ! (Fq (a))(l 0 wqn w a—1 ! !
x w q1 ﬁ
( /0 ( / |« D2 yon f ()] dqt> dqw> : (23)
wq™

Proof. By g—fractional Taylor’s formula (20) we get

A( ) (Igwq” *D((]qu"f) (w): I—I‘l;a(_a) /wn (q;7q) 71( qwq”f)( ) . (24)
Here by (14) and (19), we see that
N t[a—\ a—1 w s N
(P ) O = ey —ay [ (0550) L DI @)oo, (25)

all wg™ <t <w.

Here we observe trivially that

f(#)dqgt

zq™

</ CF )] dyt. (26)

q’VL
Furthermore we see that

( ¢ )al: ((qfu;q)oo I (1 —gtq) oo (1— ™)

_ I
a—;q === ) i=
qaiJ ‘Z)Oo Hi:o (1 — qaiql) 1‘[Z 0 (1 _ —q”“)

” > 0. (27)
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Hence by (22) we obtain

A (w)] <

we v t o
1

17;‘;"(:) (/u: ((qi;‘o (H)’“ dﬁ) g : (/u: (D& g f) )" dqt>q1, (28)

Consequently we derive

A (w)

[ (()) ) " )

and a1
p1 1
el o (i) 1
< - q—;3q dgt | - (30)
wa(ail) (Fq (a))q wq™ w a—1 !
([ 1CD5wry @1 dit).
wq™
Applying g—Hoélder’s inequality (which is also valid on [0, z]) on (30), we see that
“1A (w)™ 1
2P g < — .
/0 wn@=1 "= (T (a)™
z w " p1 2% w
/ (/ ((q;q) ) dqt> . (/ |( Dg‘quf) (t)|q1 dqt> dqw
0 wq™ w a—1 wqn
z w p1 q1 ﬁ
1 / / <qt.q) at) dw) -
N (Fq (a))QI 0 wq™ w’ a—1 I I
1
(/ (/ |( q wq”f) (t )| dqt> dqw> ) (31)
0 wq™
proving the claim. O

Next we give a g—fractional Sobolev type inequality.

Theorem 9. Here all terms and assumptions as in Theorem 8. Additionaly let ri,79 > 1: % + % =

1. Then i N
(U (o5) ) < r
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Pp1
€T w t r1
q—;q dgt dqw
/0 < wq™ (( w >o¢—1> q) !
- TN
/0 < / |+ D2 o f (t)] dqt) dyw : (32)
wq™

Proof. As in the proof of Theorem 8 we get (29), so that

B s (L (05, ) )

S

Hence

(Coy—
I (), ) )™ () emmawnoras) ]

(by g—Holder’s inequality on [0, x])

<(Fq(1a))m /OI (Ljﬂ((q;;q)a_)mdqt)m dgw | - (35)

(/O (/ (*D;wqﬂ,f)(t)‘mdqt) 1dqw> ,
wq™

proving the claim. O

It follows a g—fractional Hilbert-Pachpatte type inequality.

Theorem 10. Let for ¢ = 1,2 that z; > 0, 0 < w; < z;, 0 < ¢ < 1; & > 0, p1,q1 > 1 such that
L+ L —1neN Cal

I Db )

wf (¢"; ), ,
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and a
G = [ (o2.0)
(ws) = q—=q)  dgt2.
waq™ w2 a-1
Then
/ / |A1 w1)| Az (w2)] dowrdows < (37)
(wyuy)* " (Fl) 4 Gleay) TR
1 P1 q1

1
xri X Z1 w1y 1
s ([ ([ Pt 100 )
g wiq™
T2 wa " ﬁ
([ ([t 1))
U}gq

Proof. We notice by (20) that

g—l w; ti )
a q—.q *Daw n fZ (ti) d ti, (38)
Fq (a> / n < w; o1 ( q,wiq ) q

fori=1,2.

Therefore we derive

’wi"*l /wl (q t1 ) q> p1 g p1 (/’w1 | Do f ‘QI (t )d ; >t111 (39)
—; 1 : wign 1 1 .
Fq (a) . w o1 q w1q" q,w1q q

Similarly we obtain

0471 wa t2 N
At < 1205 [ (0250) (D) @] dita <

1
a—1 wo q1 ' 1
Wy / < t2 . ) </ p1 P1
4——3q dgt - D¢ . onfa| ' (t2) dgt . (40)
L'y (@) < waqn ( wy )4 a2 waq | q,waq ‘ 2) ql2

Consequently we get

(wlwg)aﬂ 1 1
Ay (w1)| Az (we)| < —— (F (w1))?r (G (w2)) -
|A1 (w1)] Az (w2)| < T, (@) (F (w1)) 71 (G (w2))

1 1
a1 w2 P1
</ | Dq wlq"fl|q1 (t1) dqtl) ) </ ’*D;wzq"fﬂpl (t2) dqt2> (41)
wyq™ waq™

(by Young’s inequality)

D1 q1

< (wiwp)* ! (F(wl)

2 + G(w2)> .
(Tg (@)
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1 1
w1 a1 w2 1
< / D% o gn [T (1) dqtl) : ( / |+ D2 oan f2|” (tg)dqt2> : (42)
wi1q™ waq™

Therefore
/ / A (wi)[[Az (wa)]
(wrwa)®~ 1<F<w1>+ <w2>) ¢F1%T2 =
1 P1 q1
1
1 /m </w1 ‘ Do f |q1 (t )dt >q1d
4 7 W2 * w1 g™ w :
(Tg (@) \Jo \Juyygn "t t 0T ) T
T2 w2 L
(/ </ | Dq waq™ fQ|p1 (t2) dqt?) dqw2> < (43)
0 waq™
1 1 1
w/(/ D qltdt>dw>m
(Fq (Oé))Q ( 0 wiqn ‘ q7111(1"f1| ( 1) ql1 g1
xo wao 1
</ </ | Dq wzq"f?|p1 (t2) dqt?) dqw2> ) (44)
0 waq™
proving the claim. O

We continue with a generalized g—fractional Poincaré type inequality.

Theorem 11. Letx>0,0<w§x,0<q<1;a>ﬁ>0,p1,q1>1:p%—|—q%:1;n€N. Set

[a]-1 k n
(D f) (wq™)
o [3 k—a+p3 (,n.
K(w) ( quq ) . (Z:ﬁW F —O[—I—ﬁ—‘r]_)w (q 7Q)k7a+ﬁ'

/0 (féwl)')ql s (Fq(lﬁ))‘“' (45)
</0T (/w:n ((q;; q> [“)pl dqt> " dqw) o) |
C(F somator o

Then

Proof. By (21) we get

K 0) = g (D) 0 = o5 [ (050) (D) 0t (a0

Rest of proof goes as in the proof of Theorem 8. O

Next comes a generalized g—fractional Sobolev’s type inequality.
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Theorem 12. Here all terms and assumptions as in Theorem 11. Additionaly let ri,7ro > 1 :

%4—%:1. Then
’ |K<w>|)” ) 1
d,w < . 47
(/ (wﬂ—l ") ST, “7)
xT w t P1 P1
/ / (q;q) det | dqw
0 wq™ w g—1
1
T w 172 T2
a @ q1
( / ( / |« D& g f (1)) dqt) dqw> :
0 wqm

Proof. As in the Theorem 9, using (46). O
We finish with a generalized g—fractional Hilbert-Pachpatte type inequality.
Theorem 13. Let fori =1,2that z; >0, 0 < w; < z;, 0<¢g< l;a> >0, p1,q1 >1:pi1+q%:
1; n € N. Call
Ki (w)) = (D30 fs) () N D) ) s
i \Wi) = |« g w;qn 7,) w;) — — w; 9 59)k—atp>
o Ly(k—a+0+1)
. PW1 tl p1
F* (wy) = / <q; q) dgt1, (48)
wiq™ w1 B_l
) wa t2 q1
G* (w2) = / <q,Q) dgto
waq™ 2 B—1
Then
a1
/‘”1 /”2 | K1 (wr)] | Ko (w2) dowid,wy < 1zt (49)
_ N . qW1GqW2 > 2
e N e ) (Tq (8))
, 1
x1 w1 N “ a1
(/ (/ |+ DS iy gn 1] (tl)dqt1> dqw1> :
0 w1q™
1
T2 w2 o P P
</ </ ’*Dq,wzq"f2| (t2) dqt?) dqw2>
0 waq™

Proof. Similar to the proof of Theorem 10, using (21).

Received: October 2009. Revised: November 2009.
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