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ABSTRACT

In this paper, we establish the strong convergence theorems for a finite family of k-
strictly asymptotically pseudo-contractive mappings in the framework of Hilbert spaces.
Our results improve and extend the corresponding results of Liu [5] and many others.

RESUMEN

En este trabajo, hemos establecido los teoremas de convergencia para una familia finita
de asignaciones de k-estrictamente asintticamente pseudo-contraccin en el marco de los
espacios de Hilbert. Nuestros resultados mejoran y amplan los resultados correspondi-
entes de Liu [5] y muchos otros.
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1 Introduction

Let H be a real Hilbert space with the scalar product and norm denoted by the symbols (.,.) and

|| . || respectively, and C be a closed convex subset of H. Let T be a (possibly) nonlinear mapping

from C into C. We now consider the following classes:

(1) T is contractive, i.e., there exists a constant k£ < 1 such that

[Tz =Tyl < klz—yl,

for all z,y € C.
(2) T is nonexpansive, i.e.,

1Tz =Tyl < llz—yll,

for all z,y € C.

(3) T is uniformly L-Lipschitzian, i.e., if there exists a constant L > 0 such that

7"z =Tyl < Lllz—yl,

for all z,y € C' and n € N.

(4) T is pseudo-contractive, i.e.,

<T$—Ty,j(l'—y)> < ||Z‘—y||2,

for all z,y € C.

(5) T is strictly pseudo-contractive, i.e., there exists a constant k € [0, 1) such that

1Tz =Tyl < lz—y|* +k|@—Tz) - (y Ty,

(1.1)

(1.4)
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for all z,y € C.

(6) T is asymptotically nonexpansive [3], i.e., if there exists a sequence {r,} C [0,00) with
lim,, o 7 = 0 such that

[T =Ty < (L+m) |z -yl (1.6)

for all z,y € C' and n € N.

(7) T is k-strictly asymptotically pseudo-contractive [6], i.e., if there exists a sequence
{rn} C ]0,00) with lim,_,o 7, = 0 such that

|7 =Ty < (U ra)* [l =yl
|z = T"2) = (y = ") (1.7)

for some k € [0,1) for all z,y € C' and n € N.

Remark 1.1 [6]: If T' is k-strictly asymptotically pseudo-contractive mapping, then it is uni-
formly L-Lipschitzian, but the converse does not hold.

Concerning the convergence problem of iterative sequences for strictly pseudocontractive map-
pings has been studied by several authors (see, e.g., [2, 4, 7, 11, 12]). Concerning the class of
strictly asymptotically pseudocontractive mappings, Liu [5] proved the following result in Hilbert
space:

Theorem 1.1(Liu [5]): Let H be a real Hilbert space, let C' be a nonempty closed convex
and bounded subset of H, and let T: C' — C be a completely continuous uniformly L-Lipschitzian
(A, {kn})-strictly asymptotically pseudocontractive mapping such that > 7 (k2 — 1) < co. Let
{an} C (0,1) be a sequence satisfying the following condition:

0<e<o,<1l—-XA—¢ Vn>1and some e > 0.

Then, the sequence {z, } generated from an arbitrary z; € C' by
Tnt1 = (l—ap)z,+ Tz, Yn>1 (1.8)

converges strongly to a fixed point of T'.



140 Gurucharan Singh Saluja and Hemant Kumar Nashine SE{ES

In 2001, Xu and Ori [12] have introduced an implicit iteration process for a finite family of

nonexpansive mappings in a Hilbert space H. Let C be a nonempty subset of H. Let T1,75,...,Tn
be self-mappings of C' and suppose that F = N F(T;) # 0, the set of common fixed points of
T;,i = 1,2,...,N. An implicit iteration process for a finite family of nonexpansive mappings is

defined as follows, with {¢,} a real sequence in (0,1), zo € C:

r1 = tixg+ (1 — tl)T1$1,

zg = texy + (1 —ta)Tows,

ey = tyen—1+ (1 —tn)TneN,
41 = tnyieny + (1 —tng)Tie Ny,

which can be written in the following compact form:

Tp = tpTp—1+ (1 - t7z)Tn5Una n>1 (19)

where Ty, = Tk mod n- (Here the mod N function takes values in {1,2,..., N}). And they proved
the weak convergence of the process (1.9).

Very recently, Acedo and Xu [1] still in the framework of Hilbert spaces introduced the fol-
lowing cyclic algorithm.

Let C be a closed convex subset of a Hilbert space H and let {Tl}f\; 61 be N k-strict pseudo-
contractions on C' such that F' = ﬂfigl F(T;) # 0. Let zp € C and let {a,} be a sequence in
(0,1). The cyclic algorithm generates a sequence {z, }5>; in the following way:

r1 = QoI+ (1 - Oéo)To:Z?o,

2o = aqry+ (1 —aq)Tiay,

zy = any-12y-1+ (1 —ay_1)IN-1ZN_1,
41 = anzy + (1 —an)lhzy,

In general, {z,41} is defined by

Tp+1l = QpTp+ (1 - aTL)T[n]xnv (110)
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where Tf,) = T; with i = n (mod N),0 <14 < N—1. They also proved a weak convergence theorem
for k-strict pseudo-contractions in Hilbert spaces by cyclic algorithm (1.10). More precisely, they
obtained the following theorem:

Theorem AX [1]: Let C be a closed convex subset of a Hilbert space H. Let N > 1 be
an integer. Let for each 0 < i < N — 1, T;: C — C be a k;-strict pseudo-contraction for some
0 <k; <1l Let k=max{k; : 1 <i < N} Assume the common fixed point the set ﬂﬁ\gol F(Ty)
of {Ti}il\i_ol is nonempty. Given zy € C, let {z,}52, be the sequence generated by the cyclic
algorithm (1.10). Assume that the control sequence {a,} is chosen so that k + € < a,, < 1 — € for
all n and for some € € (0,1). Then {z,} converges weakly to a common fixed point of the family

{135

Motivated by Xu and Ori [12], Acedo and Xu [1] and some others we introduce and study
the following:

Let C be a closed convex subset of a Hilbert space H and let {Tz}fi 61 be N k-strictly asymp-
totically pseudo-contractions on C' such that F = ﬂi]\;l F(T;) # 0. Let x9 € C and let {a,,} be a
sequence in (0,1). The implicit iteration scheme generates a sequence {z,, }2, in the following way:

r1 = ooro+ (1 —a)Tozo,
To = 11+ (1 — Oél)Tll'l,
ey = ay-1zy-1+ (1 —ay_1)Inv-1zNn-1,
2
IN41 = OéN.%‘N-i-(l—OéN)TO.I‘(),
2
zon = oaon—1Zan—1+ (1 —aan—_1)TN_1T2n-1,
3
Tont1 = aonTaon + (1 — aon)T5 o,

In general, {z,} is defined by

Tnt1 = an@p+ (1= an)Tian, (1.11)

where Tjj) =T (00 Ny = T} with n = (s—1)N+iandieI={0,1,...,N—1}.

The aim of this paper is to establish strong convergence theorems of implicit iteration pro-
cess (1.11) for a finite family of k-strictly asymptotically pseudo-contraction mappings in Hilbert
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spaces. Our results extend the corresponding results of Liu [5] and many others.

In the sequel, we will need the following lemmas.

Lemma 1.1: Let H be a real Hilbert space. There holds the following identities:
M llz —yl* = l2l* = |ly|* - 2@ —y,y) YV a,yem.

(i) 1tz + (1= gl = ¢ ol + (1= ) lgll® = 61 = ) |l — 1>

Viel0,1],V z,y € H.

(iii) If {z,} be a sequence in H weakly converges to z, then

limsup ||z, — y||> = limsup ||z, — z||> + ||z — y||* Vy € H.
n—oo

n—oo

Lemma 1.2 [9]: Let {a,}22, {8,}52; and {r,}52; be sequences of nonnegative real num-

bers satisfying the inequality

An+1 S (1 +Tn)an +ﬁnu n Z 1.

If >0 r < ocoand Yoo, 3, < oo, then lim, . a, exists. If in addition {a,}?2, has a

subsequence which converges strongly to zero, then lim,, ., a,, = 0.

2 Main Results

Theorem 2.1: Let C' be a closed convex subset of a Hilbert space H. Let N > 1 be an inte-
ger. Let for each 0 <i < N —1,T;: C — C be N k;-strictly asymptotically pseudo-contraction
mappings for some 0 < k; < 1 and Y .- 7, < co. Let k = max{k; : 0 < i < N — 1} and
rp =max{r,, : 0 <i < N —1}. Assume that F = ﬂﬁigl F(T;) # 0. Given xg € C, let {z,}52, be
the sequence generated by an implicit iteration scheme (1.11). Assume that the control sequence
{ay} is chosen so that k < oy, < 1for all nand Y~ (an, — k)(1 — o) = 0o. Then the iterative
sequence {z,} has the following properties:
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(1) limy,— o0 || — pl| exists for each p € F,

(2) limy,— 00 d(2n, F') exists,

(3) liminf =0,

Ty

(4) the sequence {z,}52, converges strongly to a common fixed point p € F if and only if

lim inf d(z,,, F) = 0.

n—oo

Proof: We divide the proof of Theorem 2.1 into three steps.
(I) First, we proof the conclusions (1)and (2).

For any p € F, it follows from (1.11) and Lemma 1.1(ii), we note that

Han(In _p) + (1 - an xn - H

2
[#nt1 —p

anTy + (1 — an) T an — pH (2.1)

S (07 Hxn - p”2 + (1 - an) ‘T[i]xn 7pH
—an(l—ay) ||zn — [Sn};vn
< [l —pl* + (1= an)[(1+72)? [lzn — p|®
2 2
n — [il}x7z, ]_an( - ) xn
< an(U+70)" 4+ (1= ) (1 +72)°] |l2n — PH
2
—(an = k)(1 = an) ||zn — Tjan
2
< (1 + Tn)Q ||mn _p”2 - (an - k)(l - an) Ty — T[Sn]xn
2
< (L dn) 2 —pl* = (an = k)1 = ) |20 — Ty zn

where d,, = 72 + 2r,, since > >~ r, < 0o thus Y >, d, < 0o and since k < a;, < 1, we get
2 2
[Zn1 — o7 < (1 +dn) |lzn —pll (2.2)

and therefore
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lnsr —pll < (14 da)"? 2 —pl- (2.3)

Since Y07 | d, < oo, it follows from Lemma 1.2, we know that lim,_. ||z, — p|| exists for each
p € F. So that there exists K > 0 such that ||z, — p|| < K for all n > 1. Consequently, we obtain
from (2.3) that

lzn1 = pll < (L4 da)"? |z, —p]
S (1+dn) ”xn_pH
< o —pll + Kdy. (2.4)
Tt follows from (2.4) that
d(xpi1, F) < (1 +dp)d(z,, F), Vn>1 (2.5)

so that it again follows from Lemma 1.2 that lim,,_, d(x,, F') exists.
The conclusions (1)and (2) are proved.

(IT) The proof of conclusion (3).

It follows from (2.1) that

Zn+1 —p||2 < (1+dy) |lzn _pH2 (2.6)

~(an — k)(1 - an) i

where d,, =72 + 2r,, since > - r, < 0o thus Y~ d, < co and since k < a;, < 1, we get
|z —pI? < (1+dy) [lzn —pl? (2.7)

that means the sequence {||z,, —pl||} is decreasing. Now, since Y - d, < oo it follows that
[1:2,(1 4+ d;) < oo, from (2.6), we have

e 2

Z(O‘n - k)(l - an)

n=0

(1+di) [|lzo — p” (2.8)

A
)

AN
31
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Since > (o, — k)(1 — @) = o0, (2.8) implies that

lim inf
n—oo

Tn — T[S

n]zn

(IV) Next, we prove the conclusion (4).

Necessity

If {z,} converges strongly to some point p € F, then from 0 < d(z,, F) < ||z, — p|| — 0 as

n — oo, we have
liminf d(z,, F) = 0. (2.10)

Sufficiency

If lim inf,,_ o d(xn, F') = 0, it follows from the conclusion (2) that lim,,_
d(x,, F) = 0. Next, we prove that {z,} is a Cauchy sequence in C. In fact, since for any = > 0,
1+ z < exp(z), therefore, for any m,n > 1 and for given p € F, from (2.4), we have

[Zntm — 2l < (1 +dngm—1) |Tntm—1 — Dl
< et |z 1 — |
< et e s
< clmimortnin ) oy
< =T Y o - pl
< K'|z, —p| < o0 (2.11)
where K’ = e27=1% < co. Since
lim d(z,, F) = 0, (2.12)
n—o0

for any given € > 0, there exists a positive integer n; such that
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d(z,, F) < ——— , ¥V n>ng. (2.13)

Hence, there exists p; € F' such that

€
lzn —p1ll < wiD Y on>n. (2.14)

Consequently, for any n > ny and m > 1, from (2.11), we have

|Zrntm = 2nll < Zagm —p1ll + |20 — 1|
< K'lzn —pill + |20 — pil]
< (K'+ 1) |lzn —pill
€
< (K'4+1)———=¢.
D =

This implies that {z,} is a Cauchy sequence in C. Let x,, — z* € C. Since liminf,_, o d(z,, F) =
0, and so d(z*, F) = 0. Again since {Ti}i]if)l is a finite family of k-strictly asymptotically pseudo-
contractive mappings, by Remark 1.1 of [6], it is a finite family of uniformly Lipschitzian mappings.
Hence, the set F' of common fixed points of {Ti}il\igl is closed and so z* € F. Thus the sequence
{z,} converges strongly to a common fixed point of the family {Tz}fi_ol This completes the proof.

Theorem 2.2: Let C' be a closed convex compact subset of a Hilbert space H. Let N > 1
be an integer. Let for each 0 < ¢ < N —1,T;: C — C be N k;-strictly asymptotically pseudo-
contraction mappings for some 0 < k; < land Y| 7, < oo. Let k = max{k; : 0 <i < N—1} and
rn = max{r,, : 0 <i < N —1}. Assume that F' = ﬂij\:)l F(T;) # 0. Given zg € C, let {z,,}5° be
the sequence generated by an implicit iteration scheme (1.11). Assume that the control sequence
{a,} is chosen so that k < a,, < 1 for all n. Then {z,} converges strongly to a common fixed
point of the family {T;}~,".

Proof: We only conclude the difference. By compactness of C' this immediately implies that
there is a subsequence {z,,} of {z,,} which converges to a common fixed point of {TANY, say, p.
Combining (2.3) with Lemma 1.2, we have lim, . ||z, — p|| = 0. Thus {z,} converges strongly
to a common fixed point of the family {TZ}fV:f)l This completes the proof.

Remark 2.1 Our results extend and improve the corresponding results of Liu [5] and we
also extend the iteration process (1.8) of [5] to an implicit iteration process for a finite family of
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mappings.
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